AVERAGING THEOREM FOR QUASILINEAR HAMILTONIAN PDEs IN ARBITRARY SPACE DIMENSIONS

Dario BAMBUSI

Dipartimento di Matematica, Università degli studi di Milano Via Saldini 50, 20133 MILANO, Italy.

Abstract. We study the dynamics of quasilinear Hamiltonian wave equations with Dirichlet boundary conditions in an n–dimensional parallepided. We prove an averaging theorem according to which the solution corresponding to an arbitrary small amplitude smooth initial datum remains arbitrarily close to a finite dimensional torus up to very long times. We expect the result to be valid for a very general class of quasilinear Hamiltonian equations.

1. Introduction

In this paper we study the dynamics of Hamiltonian partial differential equation of quasilinear type (in the sense of Kato [1,2]) in arbitrary space dimension. To be definite we will concentrate on a nonlinear wave equation in an n–dimensional parallelepiped R with Dirichlet boundary conditions (see eq.(2.1) below): under a nonresonance condition that will be proved to have probability 1 we will construct infinitely many approximate integrals of motion, and deduce that solutions corresponding to small amplitude smooth initial data remain O(ϵ^M ) close to a finite dimensional torus up to times O(ϵ^{−2}), ϵ being the norm of the initial datum and M an arbitrary integer.

The proof is obtained by generalizing to PDEs a classical algorithm of construction of integrals of motion [3,4,5,6], which is commonly used in celestial mechanics (we will recall it in sect. 3). To generalize such an algorithm to PDEs we need a nonresonance condition for the frequencies of the linearized system. Here we will use a new diophantine type condition (see eq. (2.13) below) that will be proved to be fulfilled for almost all values of the parameters of the system. Such condition allows to treat small denominators as “derivatives” (see lemma 4.5 below), in a way similar to that used by Shatah in [7] and by Craig in [8]. Once this is done, an almost straightforward application of the classical algorithm allows to construct the candidate approximate integrals of motion, namely functions whose Lie derivative is small in a neighbourhood of the origin of a sufficiently smooth Sobolev space. Then we have to prove that, up to the times we are interested in, such functions remain approximately

21.10.2002 constant. This is obtained by showing that solution with sufficiently small initial datum at most double their size up to such times, and therefore they do not leave the considered neighbourhood of the origin. In turn this is proved by using Kato’s theory with the addition of explicit estimates on the existence times and on the size of the solution. We expect the techniques just described to be applicable to a very general class of equations.

We recall that while many results have been obtained on the dynamics of semilinear Hamiltonian PDEs in one space [9, 10, 11, 12, 13, 14, 15, 16, 17], very little is known for equations in higher space dimensions and of general quasilinear type. In particular, in higher dimensional equations only persistence of periodic orbits [18] (see also [19]) has been proved in quite general models, while persistence of finite dimensional invariant tori is known only in some special cases [20, 21]. For what concerns other solutions, averaging methods have been used to study the dynamics corresponding to initial data in which the energy is initially essentially concentrated on finitely many linear modes [22]. However the methods of [22] give no informations for general initial data and for quasilinear equations. We point out that in the latter case (where the perturbation involves derivatives) one cannot use Gronwall lemma to estimate the difference between the true and the approximate solution, and this is the main difficulty related to this kind of equations. We point out that also KAM theory allows to deal with some quasilinear equations [23,24], but, due to well known results on the formation of singularities in quasilinear equations [25], one cannot expect KAM theory to be applicable to general quasilinear models.

Finally we recall the papers [26,27,28] where averaging techniques have been used together with a priori estimates in order to construct approximate solutions of some semilinear PDEs by a method closely related to the present one.

Plan of the paper. In sect. 2 we state the main results of the paper. In sect. 3 we recall the formal algorithm of construction of the integrals of motion in Hamiltonian systems. In sect. 4 we proof the main result of the paper. In sect. 5 we show that the diophantine condition we use is fulfilled with probability one. Finally in the appendix we use Kato’s theory to estimate the size of the solution of the nonlinear wave equation.

2. Statement of the main result

Having fixed a vector a = (a_1, ..., a_n) ∈ IR^n fulfilling a_i > 0, consider the n dimensional parallelepiped R with sides of length π/ √ a_i, namely

R := { x ≡ (x_1, ..., x_n) ∈ IR^n : 0 < x_i < π √ a_i }

and the nonlinear wave equation

u_{tt} − Δu + mu − b_{ij} (u, ∇u)∂_i∂_j u + g(u, ∇u) = 0 , x ∈ R u | ∂R = 0 ,

(2.1)

21.10.2002 where we used the summation convention for the indexes i, j = 1, ..., n, we denoted by ∇u ≡ (∂_1u, ..., ∂_nu) the derivatives of u with respect to the space variables, and b_{ij}, g are functions of class C^∞ in a neighbourhood of the origin. Moreover we assume that the system is Hamiltonian, i.e. that there exists a C^∞ function W = W (u, s_1, ..., s_n) such that

b_{ij} (u, s_1, ..., s_n) =

∂^2W ∂s_i∂s_j

(u, s_1, ..., s_n) , g = ∂W ∂u − ∂^2W ∂u∂s_k

∂_ku ,

so that the Hamiltonian function of the system is given by

H(u, v) = ∫ R [ v^2 2 + ‖∇u‖^2 2 + mu 2 + W (u, ∇u) ] d^nx , (2.2)

where v = u̇ is the momentum conjugated to u, and we denoted by ‖ . ‖ the euclidean norm of a vector of IR^n.

Finally we assume that W has a zero of order p + 2 at the origin, namely that

|W (u, s)| ≤ C (|u| + ‖s‖)^{p+2} , p ≥ 1 ,

and that the potential W is even in each of the arguments, namely

W ((−)^{c0} u, (−)^{c1} s_1, ..., (−)^{cn} s_n) = W (u, s_1, ..., s_n) , ∀(c_0, c_1, ..., c_n) ∈ (Z_2)^{n+1} , (2.3)

from which in particular it follows p ≥ 2.

We remark that from (2.3) it follows that

b_{ij}((−)^{c0} u, (−)^{c1} s_1, ..., (−)^{cn} s_n) = (−)^{ci+cj} b_{ij} (u, s_1, ..., s_n) , g((−)^{c0} u, (−)^{c1} s_1, ..., (−)^{cn} s_n) = (−)^{c0} (u, s_1, ..., s_n) ,

(2.4)

two conditions that will be required to ensure the smoothness of the solution of (2.1)^∗.

For example one can take W (u) = u^4/4 which gives the standard semilinear Klein Gordon equation u_{tt} − Δu + mu + u^3 = 0 .

Other choices are possible, for example one can take W (∇u) = ‖∇u‖^4 /4 or W (u, ∇u) = u^2 ‖∇u‖^2 that give

u_{tt} − ( 1 + ‖∇u‖^2 ) Δu + mu − 2(∂_iu)(∂_ku)∂_k∂_iu = 0,

u_{tt} − (1 + 2u^2)Δu + mu − 2 ‖∇u‖^2 u = 0

(2.5)

respectively, which are true quasilinear equations.

∗ In particular it ensures that the compatibility conditions^{[2]} of the nonlinear system reduce to those of the linear system.

21.10.2002

Expand u in Fourier series in the space variable, namely write

u(x, t) = ∑ j≡(j_1,...,j_n)

u_j(t) n∏ i=1 a^{1/4}_i sin( √ a_ij_ix_i) , (2.6)

with

j ≡ (j_1, ..., j_n) ∈ N̄^n := { k ≡ (k_1, ..., k_n) ∈ Z̄^n : k_i ≥ 1 , i = 1, ..., n } , so that (2.1) is converted into the infinite system

ü_j + ω^2_j u_j = f_j(u) , j ∈ N̄^n

where f is of order at least p + 1 in u, and

ω_j := √ a_1j^2_1 + a_2j^2_2 + ... + a_nj^2_n + m . (2.7)

In the linear approximation (f_j ≡ 0) the solution is almost periodic and moreover all the actions I_j(u, v) := v^2_j + ω^2_j u^2_j 2ω_j

, (2.8)

as well as all their linear combinations are constant of motion.

To study the nonlinear system we first introduce a topology in the phase space. This is done by defining the phase spaces F_s of the functions (u, v) ∈ H^{s+1} ⊕ H^s fulfilling the compatibility conditions

(−Δ)^j u | |_{∂R} = 0 , 0 ≤ j ≤ [ s 2 ] , (−Δ)^j v | |_{∂R} = 0 , 0 ≤ j ≤ [ s + 1 2 ] − 1 .

In F_s we will use the norm

‖(u, v)‖^2_s := ∫ R ( (D^{s+1}u)^2 + (D^sv)^2 ) d^nx , D := (−Δ)^{1/2} .

Existence and uniqueness of the solution the Cauchy problem is obtained by applying Kato’s theory (see [2]). Precisely, denoting by (u_0, v_0) the initial data for u and v, one has Theorem 2.1. Let b_{ij} and g be C^∞ functions fulfilling (2.4). Let (u_0, v_0) ∈ F_s, where s ≥ [n/2] + 2. Then there exists T > 0 and a unique solution

u ∈ C^0((−T, T ); H^{s+1}) ∩ C^1((−T, T ); H^s) ∩ ... ∩ C^{s+1}((−T, T ); H^0) (2.9)

of (2.1) with u(0) = u_0 and ∂_tu(0) = v_0.

It is also possible to estimate (from below) the existence time for small amplitude solution and to give a first estimate of the solution. In the statement of the corresponding

21.10.2002 result and in the rest of the paper C will denote a (large) constant independent of all the relevant quantities. Its value changes through the paper.

Theorem 2.2. Consider the Cauchy problem for equation (2.1), and assume that b_{ij} and g are of class C^∞ and fulfill (2.4). Fix an arbitrary s > n and an arbitrary R_1 > 1. Then there exist positive ϵ_∗, C such that if the initial datum fulfills

ϵ := ‖(u_0, v_0)‖_s ≤ ϵ_∗ , (2.10)

then the above theorem 2.1 holds with T = 1 Cϵ^p

, (2.11)

and moreover the solution fulfills sup |t|≤1/Cϵ^p

‖(u(t), u̇(t))‖_s ≤ ϵR_1 . (2.12)

We think that this theorem should be well known, however, since it is crucial for our developments and we were not able to find a proof in literature, we will give a prove of it in the appendix.

We are now going to state our main result. To this end we need the frequencies to fulfill a diophantine type condition. Fix a set j := (j^{(1)}, ..., j^{(N)}) with j^{(l)} ∈ N̄^n, then, given a choice σ of N signs, define the vector k :=

∑_N

l=1 ±e_j(l) where e_j(l) ∈ Z^{N̄n} is the vector with all components equal to zero but the j^{(l)}–th which is equal to 1, so that

k · ω = ±ω_j(1) ± ω_j(2) ± ... ± ω_j(N)

We consider only choices of σ such that k ≠ 0. Such choices will be called allowed choices. We assume that ∀N there exist positive γ and τ such that | |ω_{j(1)} ± ω_{j(2)} ± ... ± ω_{j(N)} | | ≥ γ ‖ ‖j(1) ‖ ‖^τ ‖ ‖j(2) ‖ ‖^τ ... ‖ ‖j(N) ‖ ‖^τ , (2.13)

holds for any allowed choice of the signs and of the indixes.

The validity of such a condition for the frequencies (2.7) will be ensured by a suitable choice of the parameters a_i and m (see theorem 2.7 and corollary 2.8 below).

In the statement of the main theorem we will use again the notation (2.8) for the actions of the linearized system. Consider the Cauchy problem for equation (2.1) with initial conditions u(x, 0) = u_0(x) and u̇(x, 0) = v_0(x): the following theorem holds Theorem 2.3. Fix M ≥ 4 and an integer r ≥ 0, and assume that the frequencies fulfill (2.13), then there exist positive constants s^′ and ϵ_∗ and infinitely many functions Φ^j defined and analytic in a neighbourhood U of the origin of F_{r+s}′ , such that if the initial datum fulfills ϵ := ‖(u_0, v_0)‖_{r+s}′ ≤ ϵ_∗ (2.14)

21.10.2002 then along the corresponding solution one has sup |t|≤1/Cϵ^p

|Φ^j(t) − Φ^j(0)| ≤

Cϵ^M ‖j‖^{2r}

, (2.15)

moreover, one has

|I_j(u, v) − Φ^j(u, v)| ≤ C

‖(u, v)‖^{p+2}_{r+s}′ ‖j‖^{2r}

(2.16)

for all (u, v) in the considered neighbourhood.

Corollary 2.4. Fix M^′ ≥ 4 and an integer s ≥ 0 and assume that the frequencies fulfill (2.13), then there exist positive constants s^{′′} and ϵ_∗ such that the following holds true: if the initial datum is small enough, namely if

ϵ := ‖(u_0, v_0)‖_{s+s}′′ ≤ ϵ_∗ (2.17)

then there exists a finite dimensional torus T_0 smoothly embedded in F_s with the property that sup |t|≤1/Cϵ^p

d_s(ζ(t), T_0) ≤ Cϵ^{M ′} (2.18)

where d_s is the distance in F_s, and ζ(t) := (u(t), v(t)) is the solution of (2.1).

Remark 2.5. The technique of proof applies to all quasilinear Hamiltonian equations (in the sense of Kato) with discrete imaginary spectrum fulfilling (2.13). Moreover, one has to assume that the compatibility conditions^{[2]} of the linearized systems coincide with those of the nonlinear system.

Remark 2.6. The strongest limitation of the present result rests in its time of validity. Indeed, in the finite dimensional case, and also in the case of semilinear equations in one space dimension^{[16]}, a similar description of the dynamics has been proved to hold up to times of order ϵ^{−M} for any M. Due to results of the kind of [25] we expect the time (2.11) to be optimal unless one restricts the considered class of equations. We have no ideas on how this should be done and on the actual time of validity of (2.18) in semilinear equations.

We now discuss the validity of the nonresonance condition (2.13). To this end fix the vector a = (a_1, ..., a_n) to be diophantine, namely such that there exist γ_1 > 0 and τ̄ with the property that^∗

|a_1k_1 + ... + a_nk_n| ≡ |a · k| ≥ γ_1 |k|^{τ̄}

, ∀k ∈ Z^n \ {0} . (2.19)

∗ We recall that the subset of IR^n formed by the vectors a for which this is true has full measure.

21.10.2002

We will prove that, having fixed a positive m_1, for most values of m ∈ I := [0, m_1], the condition (2.13) holds. To be precise fix γ > 0, τ, j := (j^{(1)}, ..., j^{(N)}) and any choice σ of N signs, and define

R^σ_j (γ, τ) := { m ∈ I : | |ω_{j(1)} ± ω_{j(2)} ± ... ± ω_{j(N)} | | < γ ‖ ‖j(1) ‖ ‖^τ ‖ ‖j(2) ‖ ‖^τ ... ‖ ‖j(N) ‖ ‖^τ } . (2.20)

Theorem 2.7. Fix N and τ > Nn + 2N^2(2τ̄ + 2), then one has | | | | ⋃ j,σ R^σ_j (γ, τ) | | | | ≤ γ^{1/N} C|I| , (2.21)

where |M| denotes the Lebesgue measure of the set M and j varies in (N̄^n)^N and σ over all allowed choices of signs.

This theorem will be proved in sect. 5.

Corollary 2.8. There exists a set J ⊂ I with measure m_1 = |I|, with the property that, if m ∈ J then the frequencies (2.7) fulfill (2.13) with suitable constants γ, τ.

3. The classical algorithm

Here we recall the classical algorithm for constructing the formal integrals of motion of a Hamiltonian system. Consider a Hamiltonian system of the form H = ∑ k≥0 H_k (3.1)

where H_k is a homogeneous polynomial of degree k+2 and H_0 is of the form ∑ l ω_l(p^2_l +q^2_l )/2 with ω = (ω_1, ..., ω_N ) which is a nonresonant vector, namely such that ω · k ≠ 0 for any k ∈ Z^N \{0}. Let I = ∑ j c_j (p^2_j + q^2_j )/2 be a linear combination of the actions, we aim to construct an integral of motion of the form Φ := I + ∑ l≥1 Φ_l with Φ_l a homogeneous polynomial of degree l + 2. Clearly Φ has to fulfill the equation {H, Φ} = 0. Inserting the Taylor expansions of H and of Φ and equating terms of the same degree we get the recursive system L_{H0} Φ_l = Ψ_l , l ≥ 1 , L_{H0} := {H_0, . } (3.2)

21.10.2002 where Ψ_l is determined by

Ψ_1 = {I, H_1}

Ψ_l = l−1∑ j=1 {Φ_j , H_{l−j} } + {I, H_l}

(3.3)

So, provided one is able to solve the homological equation (3.2), the formal integral of motion can be computed.

In order to solve the homological equation we remark that at the l-th step (3.2) appears as a linear equation in the finite dimensional space of the polynomials of degree l + 2. So, if one is able to diagonalize the linear operator L_{H0} , then equation (3.2) is easily solved. To this end we introduce the variables

ξ_j := 1 √ 2 (q_j − ip_j ) , η_j := 1 √ 2 (q_j + ip_j) , (3.4)

which give the unperturbed Hamiltonian the form H_0 = ∑ ω_lξ_lη_l (and the symplectic form becomes idξ_l ∧ dη_l), so that one has

L_{H0} ξ^jη^k = [i(k − j) · ω] ξ^jη^k , ξ^jη^k ≡ ξ^{j1}_1 ...ξ^{jN}_N η^{k1}_1 ...η^{kN}_N

i.e. the monomial ξ^jη^k form the basis of the space of polynomials on which L_{H0} is diagonal. So, (3.2) is easily solvable provided Ψ_l has no component on the kernel of L_{H0} , a fact that can be easily verified recursively in the case where H_k(p, q) depends only on q^∗.

As is well known the series defining the integral of motion are in general divergent, so, following [6], we stop the construction at a given order and we estimate the Poisson bracket of the so obtained function with the Hamiltonian. To this end remark that, defining

Φ^{(M)} := I + M∑ l=1 Φ_l ,

one has

Φ̇^{(M)} = { H, Φ^{(M)} } = {_∞ ∑ k=M+1

H_k, Φ^{(M)} } + M∑ k,j=0 k+j>M

{H_k, Φ_j } (3.5)

where we denoted for simplicity Φ_0 := I. In particular the quantity (3.5) has a zero of order M + 3 at the origin, so it follows that, in a ball of radius ϵ it is smaller that Cϵ^{M+3}. Finally in order to obtain a long time estimate of the solution one uses the function Φ^{(M)} as a Lyapunov function in order to control that the domain of construction of such a function is not left by the solution up to the considered times.

∗ Indeed, a component on the Kernel of L_{H0} is always even in the momenta p, while from the construction of Ψ_k such a function always turns out to be skewsymmetric in p (see [6]).

21.10.2002

In the infinite dimensional case the situation is more difficult essentially because of three problems: the first is the solution of the homological equation (3.2), indeed one has that even in the absence of exact resonances the linear combination with integer coefficients of the frequencies accumulate to zero at any finite order. The second problem is constituted by the fact that the vector field of a Hamiltonian function is typically only densely defined: as a consequence one has that the domain of the Poisson Bracket of two functions is only dense in the domain of the original functions. The third problem is that one cannot use the function Φ^{(M)} as a Lyapunov function since it does not have the so called potential well property, i.e. it does not provide a good estimate of the norm of the solution. These are the problems we will solve in the next section.

4. Proof theorem 2.3

First we give the Hamiltonian (2.2) the form we need. It is useful to scale the independent variable x by defining x̃_i = x_i √ a_i, so that the equation turns out to be defined in Q := {x = (x_1, ..., x_n) ∈ IR^n : 0 < x_i < π}

and takes the form u_{tt} − a_{ij}∂_i∂_j u + mu + g(u, ∇u) = 0 (4.1)

with a_{ij} (u, ∇u) = a_j δ_{ij} + b_{ij} (u, ∇u)

and redefined functions b_{ij} , g; in what follows we will omit the tildes from x. Moreover it is useful to study eq.(4.1) in T^n ≡ IR^n/2πZ^n: the original problem being obtained by restricting the initial data to the submanifold A of the functions which are skewsymmetric in each variable, namely that fulfill

u((−)^{c1} x_1, ..., (−)^{cn} x_n) = (−)^{c1+...+cn} u(x_1, ..., x_n) .

Clearly one has F_s ≃ A ∩ (H^{s+1}(T^n) × H^s(T^n)). Due to the symmetry properties (2.4), the subspace A is invariant under the dynamics of (4.1) in T^n. For our aim it will be enough to consider (4.1) in a space of functions with zero average; this is what we will do. To work in T^n allows us to use the Fourier expansions on the basis of the exponentials, and this greatly simplifies the analytic estimates that we will need. We point out that one could avoid this extension but the resulting formalism would be more complicated.

Expand u and v in Fourier series:

u(x) = 1 (2π)^{n/2} ∑ j∈Z̄^n

q_j √ ω_je^{ij·x} , v(x) = 1 (2π)^{n/2} ∑ j∈Z̄^n

p_j √ω_j e^{ij·x}

21.10.2002 where Z̄^n = Z^n \{0}, ω_j is still given by (2.7), and q_j turns out to be conjugated to p_{−j}. Then we pass to complex variables ξ_j and η_j by

ξ_j := 1 √ 2 (q_j − ip_j) , η_j := 1 √ 2 (q_j + ip_j) , (4.2)

in terms of which the symplectic form becomes idξ_j ∧ dη_{−j}. We define the topology in the phase space as follows. Consider the space ℓ^2_s of the complex sequences ξ ≡ {ξ_j}_{j∈}¯_Zn such that ‖ξ‖^2_ℓ2_s := ∑ j∈Z̄^n

‖j‖^{2s} |ξ_j|^2 < ∞ , ‖j‖ := √ j^2_1 + ... + j^2_n

and define P_s := ℓ^2_s ⊕ ℓ^2_s ∋ ζ ≡ ( {ξ_j}_{j∈}¯_Zn , {η_j}_{j∈}¯_Zn ) ; this is the family of phase spaces we will use. In P_s we will use the norm ‖ζ‖^2_s = ‖ξ‖^2_ℓ2_s + ‖η‖^2_ℓ2_s , and will denote by B_s(R) the ball of radius R centered at the origin of P_s. For the Hamiltonian vector field of a Hamiltonian function H we will use the notation X_H , so that the Hamilton equations are ζ̇ = X_H (ζ). Explicitly they are given by d dt ξ_j = i ∂H ∂η_{−j} , d dt η_j = −i ∂H ∂ξ_{−j} . Then the Hamiltonian (2.2) takes the form

H := H_0 + f (4.3)

with H_0(ξ, η) := ∑ j∈Z̄^n

ω_jξ_jη_{−j} , (4.4)

and f of class C^∞ on P_s for any s > n/2 + 1/2. Actually f has more properties: we are now going to give the corresponding definitions.

Definition. Consider a polynomial h(ξ, η) homogeneous of degree n_1 in ξ and of degree n_2 in η, namely h(ξ, η) = ∑ k,j h_{k,j}ξ_k(1) ...ξ_k(n_1) η_j(1) ...η_j(n_2) (4.5)

where k = (k^{(1)}, ..., k^{(n1)}), j = (j^{(1)}, ..., j^{(n2)}). We will say that it satisfies the zero momentum condition if

h_{k,j} ≠ 0 =⇒ k^{(1)} + k^{(2)} + ... + k^{(n1 )} + j^{(1)} + ... + j^{(n2)} = 0 .

21.10.2002

Definition. Consider a polynomial h(ξ, η) homogeneous of degree n_1 in ξ and of degree n_2

in η, fulfilling the zero momentum condition; the quantity

|h|_r := sup_{k,j}

|h_{k,j}| ‖ ‖k(1) ‖ ‖^r ‖ ‖k(2) ‖ ‖^r ... ‖ ‖k(n1 ) ‖ ‖^r ‖ ‖j(1) ‖ ‖^r ‖ ‖j(2) ‖ ‖^r ... ‖ ‖j(n2 ) ‖ ‖^r (4.6)

will be called modulus of order r of h.

Definition. Given a homogeneous polynomial h of degree N, we will write it as h = ∑ n_1+n_2 =N

h^{n1 ,n2}

with h^{n1 ,n2} homogeneous of degree n_1 in ξ and of degree n_2 in η. Assume that h^{n1,n2} satisfy

the zero momentum condition, then

|h|_r := ∑ n_1+n_2=N

|h^{n1 ,n2} |_r

is called modulus of order r of h; if such a quantity is finite for some r then we will say that

h is of class C_r and we will write h ∈ C_r.

Proposition 4.1. Let H_k be the homogeneous polynomial of degree k + 2, k ≥ 1 in the

Taylor expansion of the Hamiltonian (2.2), then H_k ∈ C_{1/2}.

Proof. Clearly one has

H_k(u) = ∫ T^n ∑ |j|+l=k+2

f_{j,l}u^l(∇u)^jd^nx , (∇u)^j ≡ (∂_1u)^{j1} ...(∂_nu)^{jn}

We concentrate on the term with l = 0, that contains all the difficulties. Such a term is the

linear combination of finitely many terms of the form ∫ T^n

∂_{j1} u...∂_{jk+2} ud^nx = 1 (2π)^{nk/2} i^{k+2} ∑ l^{(1)},...,l^{(k+2)} ∫ T^n

l_{j1} ...l_{jk+2} q_l(1) ...q_l(k+2) √ ω_l(1) ...ω_l(k+2) e^{i(l(1)+...+l(k+2))·x}d^nx

= 1 (2π)^{nk/2} i^{k+2} ∑ l^{(1)}+...+l^{(k+2)}=0

l_{j1} ...l_{jk+2} q_l(1) ...q_l(k+2) √ ω_l(1) ...ω_l(k+2)

which shows that it satisfies the zero momentum condition and that, due to the asymp-

totic of the frequencies, the coefficients of the monomials q_l(1) ...q_l(k+2) , when divided by ‖ ‖l(1) ‖ ‖^{1/2} ... ‖ ‖l(k+2) ‖ ‖^{1/2} form a bounded sequence. Moreover it is clear that such proper-

ties are not modified by the introduction of the complex variables ξ, η, and therefore the

statement holds.

21.10.2002

Now we would like to apply the algorithm of the previous section to construct the approximate integrals of motion, but previously it has to be slightly modified. This is due to the fact that, when we extended the system to the torus we introduced many oscillators with the same frequency as the original ones. As a consequence, in the case of periodic boundary conditions, the operator L_{H0} turns out to have a quite large kernel and the equation (3.2) is in general not solvable. So, given a polynomial h on the phase space, we split it as

h = h̃ + h̄

with h̃ in the range of L_{H0} and h̄ in the kernel of L_{H0} . Then we fix an index j_0 ∈ N̄^n and define I := ‖j_0‖^{2r} I_{j0} : the modified algorithm of construction of the integrals of motion is given by the recursive system L_{H0} Φ_l = Ψ̃_l , l ≥ 1 , (4.7)

where Ψ_l is determined by

Ψ_1 = {I, H_1}

Ψ_l = l−1∑ j=1 {Φ_j , H_{l−j} } + {I, H_l}

(4.8)

Remark 4.2. One has Ψ̄_l|_A = 0; indeed due to the properties (2.4), one has

{H_0, Ψ_l} |_A = {H_0|_A, Ψ_l|_A}

and therefore Ψ_l|_A is in the kernel of the restriction of L_{H0} to A. But on this space the frequencies are nonresonant, and therefore the kernel of L_{H0} restricted to A fulfills the properties described in the previous section. In particular it contains only functions which are even in the variables p, while, by the same discussion of the previous section Ψ_l|_A, is always odd in p.

Finally to compute the Lie derivative of the approximate integral it is useful not to expand H in series, so we fix once for ever the order M ≥ 2 that we want to reach, and we split the Hamiltonian into an effective and an inessential part according to H = M∑ k=0 H_k + R

where R is the remainder of the expansion; we compute the Lie derivative of Φ^{(M)} and we restrict to A. We thus get (in virtue of remark 4.2)

Φ̇^{(M)} | |_A = { R, Φ^{(M)} }| |_A + M∑ k,j=1 k+j>M

{H_k, Φ_j}|_A (4.9)

which is the formula we will use to compute the variation in time of Φ^{(M)}.

21.10.2002

Remark that also in this case the algorithm is composed by some building blocks which are the computation of Poisson Brackets and the solution of the Homological equation; so, first of all we study the behavior of the classes C_r under these operations. In order to estimate (4.9) we will also need an estimate of the vector field of a function of class C_r.

We will denote by Π_N the set of the homogeneous polynomial of degree N.

Lemma 4.3. Let h ∈ C_r ∩ Π_N , then, for any s^′ such that s^′ + r > n/2, one has sup ζ∈B_{2r+s}′ (R)

‖X_h(ζ)‖_s′ ≤ C|h|_rR^{N−1} .

Proof. Consider first the case where h is homogeneous of degree n_1 in ξ and of degree n_2 in η. Consider the functional

ȟ(ξ̌, η̌) := ∫ T^n

[D^rξ̌(x)]^{n1} [D^rη̌(x)]^{n2} d^nx , D ≡ (−Δ)^{1/2}

where ξ̌(x) := 1 (2π)^{n/2} ∑ j ξ_je^{ij·x} , η̌(x) := 1 (2π)^{n/2} ∑ j η_je^{ij·x} .

Now, exploiting the property of algebra of the Sobolev space H^s with s > n/2 one has that the vector field of such a functional is an analytic function from P_{2r+s}′ to P_s′ . Then, for any pair s, s^{′′} in the allowed range of values, one has sup ζ∈B_s′′ (R)

‖X_h(ζ)‖_s ≤ sup_{ζ∈B}

s′′ (R)

‖Xˇ_h(ζ)‖_s .

This can be easily seen by writing the vector fields of h and ȟ in Fourier coordinates and writing explicitly the above norms (for more details, in a similar situation, see [16] proof of lemma 5.1).

Then in order to obtain the statement of the lemma one has to estimate the norm of the vector field of ȟ. Working in the x space one has that the ξ̌ component [Xˇ_h]ˇ_ξ of Xˇ_h is given by [Xˇ_h]ˇ_ξ(x) = i n_2 { D^r [( D^rξ̌

)_{n1} (D^rη̌)^{n2−1} ]} (x) Its H^s norm is easily estimated giving the thesis in the considered case. The general case easily follows.

Lemma 4.4. Consider two homogeneous polynomial h ∈ C_r ∩ Π_{N1} , g ∈ C_r′ ∩ Π_{N2} , N_1, N_2 ≤ M + 2 then one has {h, g} ∈ C_{r+r}′ , and

|{h, g}|_{r+r}′ ≤ C|h|_r|g|_r′ .

21.10.2002

Proof. Consider first the case where h depends only on ξ and g depends only on η. Denote

φ := {h, g}, then

φ(ξ, η) = i ∑ t ∂h ∂ξ_t ∂g ∂η_{−t}

, (4.10)

and therefore

φ(ξ, η) = ∑ k^{(2)},...,k^{(N}1^),j^{(2)},...,j^{(N}2^)

φ_k(2)_{,...,k}(N_1)_{,j}(2)_{,...,j}(N_2) ξ_k(2) , ..., ξ_k(N_1) η_j(2) ...η_j(N_2)

with

φ_k(2)_{,...,k}(N_1)_{,j}(2)_{,...,j}(N_2) = N_1N_2 ∑ j^{(1)}

h_{−j}(1)_{,k}(2)_{,...,k}(N_1) g_j(1)_{,j}(2)_{,...,j}(N_2)

= N_1N_2h_{−j}(1)_{,k}(2)_{,...,k}(N_1) g_j(1)_{,j}(2)_{,...,j}(N_2) δ^{k(2)+...+k(N1)}

j^{(1)} δ j^{(2)}+...+j^{(N2)}

−j^{(1)} .

where we used the standard notation for the Kronecker δ and for the last equality we used

the zero momentum condition. So the modulus of order r + r^′ of φ is given by

|φ|_{r+r}′

N_1N_2

= sup

k(2),...,k(N1)

j(2),...,j(N2)

|h_{−j}(1)_{,k}(2)_{,...,k}(N_1) | |g_j(1)_{,j}(2)_{,...,j}(N_2) |δ^{k(2)+...+k(N1)}

j^{(1)} δ j^{(2)}+...+j^{(N2)}

−j^{(1)} ‖ ‖k(2) ‖ ‖^{r+r′} ... ‖ ‖k(N1) ‖ ‖^{r+r′} ‖ ‖j(2) ‖ ‖^{r+r′} ... ‖ ‖j(N2) ‖ ‖^{r+r′}

≤ sup

k(2),...,k(N1)

j(2),...,j(N2)

|h|^r ‖ ‖k^{(2)} + ... + k^{(N}1^) ‖ ‖^{r′} ‖ ‖k^{(2)} ‖ ‖^r ... ‖ ‖k^{(N}1^) ‖ ‖^r ‖ ‖k(2) ‖ ‖^{r+r′} ... ‖ ‖k(N1 ) ‖ ‖^{r+r′}

× |g|_r′ ‖ ‖j(2) + ... + j(N2) ‖ ‖^r ‖ ‖j(2) ‖ ‖^{r′} ... ‖ ‖j(N1) ‖ ‖^{r′} ‖ ‖j(2) ‖ ‖^{r+r′} ... ‖ ‖j(N2) ‖ ‖^{r+r′}

≤ |h|_r|g|_r′ sup

k^{(2)},...,k^{(N}1^) ‖ ‖k(2) + ... + k(N1 ) ‖ ‖^{r′} ‖ ‖k(2) ‖ ‖^{r′} ... ‖ ‖k(N1 ) ‖ ‖^{r′} sup j^{(2)},...,j^{(N}2^) ‖ ‖j(2) + ... + j(N2) ‖ ‖^r ‖ ‖j(2) ‖ ‖^r ... ‖ ‖j(N2) ‖ ‖^r .

The suprema are bounded and therefore the thesis follows in the considered case. The

general case easily follows.

Lemma 4.5. Assume that the frequencies fulfill the nonresonance condition

|ω_k(1) ± ω_k(2) ± ... ± ω_k(M+2) | ≥ γ ‖ ‖k(1) ‖ ‖^τ ‖ ‖k(2) ‖ ‖^τ ... ‖ ‖k(M+2) ‖ ‖^τ , (4.11)

for some positive γ and τ and any choice of the signs and of the indexes such that the left

hand side of (4.11) does not vanishes identically; Let f ∈ C_r ∩ Π_N , N ≤ M + 2 be a function

with no components on Ker(L_{H0} ), then the homological equation

L_{H0} χ = f

21.10.2002 has a solution χ ∈ C_{r+τ} ∩ Π_k fulfilling the estimate

|χ|_{r+τ} ≤ C|f|_r .

Proof. Assume for simplicity that f is homogeneous of degree N_1 in ξ and of degree N_2 in η and expand f as

f(ξ, η) = ∑ j^{(1)},...,j^{(N}1^),k^{(1)},...,k^{(N}2^)

f_{j,k}ξ_j(1) ...ξ_j(N_1) η_k(1) ...η_k(N_2) ;

the coefficients χ_{j,k} of the analogous expansion for χ are given by

χ_{j,k} := if_{j,k} ω_j(1) + ... + ω_j(N_1) − ω_k(1) − ... − ω_k(N_2)

Since N_1 + N_2 ≤ M + 2 the denominator can be controlled by (4.11), and therefore the statement is a simple application of the definition of class C_r.

We conclude by estimating the Lie derivative of Φ^{(M)}. Lemma 4.6. Let I ∈ C_r, and consider the function Φ^{(M)} = I +

∑_M l=1 Φ_k with Φ_k generated by the above construction. Then one has Φ^{(M)} ∈ C_{M(1/2+τ)+r} and there exists R_∗ and s^′ such that, for any R < R_∗ sup B_{r+s}′ (R) | |{H, Φ_{(M)}} |_A | | ≤ CR_{M+3} (4.12)

sup B_{r+s}′ (R) | | |Φ^{(M)} − I | | | ≤ CR^{p+2} (4.13)

Proof. It is easily seen recursively that Φ_k ∈ C_{k(1/2+τ)+r} and that its modulus of order k(1/2 + τ) + r is bounded. To obtain the estimate (4.12) recall that by remark 4.2 the Lie derivative of Φ^{(M)} when restricted to A is given by (4.9). The second term of this equation is the sum of finitely many terms of the form {H_k, Φ_l} with k + l > M and k, l ≤ M which are easily estimated using lemma 4.4 and lemma 4.3. We study in detail only the first term, namely { R, Φ^{(M)} } . (4.14)

The quantity (4.14) is estimated by

‖X_Φ(M) (ξ, η)‖_s ‖dR(ξ, η)‖_{Ps →Ps} ; (4.15)

provided s > n/2 + 1/2 the quantity ‖dR(ξ, η)‖_{Ps →Ps} can be estimated using the standard Lagrange formula for the remainder of the Taylor series of a smooth function (recall that under this condition H is of class C^∞). So ‖dR(ξ, η)‖_{Ps →Ps} ≤ CR^{M+2}. Concerning

21.10.2002

X_Φ(M) (ξ, η), it is the sum of finitely many terms. The less smooth one is X_{ΦM} which maps P_{2r}′_{+s} to P_s, where r^′ = M(r + τ) + 1/2, and s is such that r^′ + s > n/2 + 1/2. So take s = n/2 + 1, s^′ = (2M − 1)r + 2Mτ + 2 + n/2 and it follows that (4.15) is bounded by a constant time R^{M+3} in the considered domain. Concerning the estimate (4.13), it can be obtained by remarking that in the expansion of Φ^{(M)} the first correction to I is of order p + 2.

Proof of theorem 2.3. Define Φ^{j0} :=^{Φ(M)}_{‖j0‖2r} . To obtain the proof just use theorem 2.2 together with the estimate (4.12). Indeed given in initial datum fulfilling (2.10) in the space F_s with s = r + s^′ then, up to the times we are interested in, the solution fulfills (2.12). Take now R := ϵR_1 and use the estimate (4.12) this gives exactly (2.15) provided one takes the M of this formula equal to the M of (4.12) plus 3. The estimate (2.16) immediately follows from (4.13).

Proof of corollary 2.4. To define the torus we proceed as follows: First remark that due to the two inequalities (2.15) and (2.16) one has, up to the considered times

I_j(t) ≤

Cϵ^{p+2} ‖j‖^{2r} .

Fix N, and split the solution ζ(t) ≡ (u(t), v(t)) into a part ζ_f (t) which is the projection on the Fourier modes with index j with ‖j‖ ≤ N and ζ_∞(t) which is the projection on the remaining modes. Then one has

d_s(ζ(t), ζ_f (t)) = √ ∑ ‖j‖>N

‖j‖^{2s} I_j(t) ≤ ϵ^{(p+2)/2} ∑ ‖j‖>N C ‖j‖^{2(r−s)} .

Provided r > s + n/2 this tends to zero as N → ∞. It follows that provided N is large enough such a quantity can be bounded by Cϵ^{M ′} . So, consider the projection ζ_f (0) of the initial datum on the modes with ‖j‖ ≤ N and define

T_0 := { ζ ∈ F_s :

Φ^j(ζ_f (0)) = Φ^j(ζ) , ‖j‖ ≤ N I_j(ζ) = 0 , ‖j‖ > N } .

It can be easily seen that this is a smooth torus. Then the thesis follows provided the indexes are chosen in a suitable way.

5. Measure Estimates

In this section we will prove theorem 2.7.

21.10.2002

Lemma 5.1. For any K ≤ N, let j^{(1)}, ..., j^{(K)} be K different indexes belonging to N̄^n; then one has | | | | | | | | | ω_j(1) ω_j(2) . . . ω_j(K)

dω_{j(1)} dm dω_{j(2)}

dm . . .^{dωj(K)}_{dm} . . . . . . . . . . . .

d^{K−1} ω_{j(1)} dm^{K−1} d^{K−1}ω_{j(2)} dm^{K−1} . . .

d^{K−1} ω_{j(K)} dm^{K−1}

| | | | | | | | | ≥ C ‖ ‖j(1) ‖ ‖^{K(τ̄+2)−1} ‖ ‖j(2) ‖ ‖^{K(τ̄+2)−1} ... ‖ ‖j(K) ‖ ‖^{K(τ̄+2)−1} .

(5.1)

Proof. First remark that, by explicit computation one has

d^N ω_i dm^N = (2N − 3)!

2^{N−2}(N − 2)!2^N

(−)^{N+1} (μ_j + m)^{N− 1}2

. (5.2)

where μ_j := ∑ l a_lj^2_l . Substituting (5.2) in the l.h.s. of (5.1) we get the determinant to be estimated. To obtain the estimate factorize from the l − th column the term (μ_j(l) + m)^{1/2}, and from the j − th row the term^{(2j−3)!}_{2j−2(j−2)!2j} . Forgetting the inessential powers of −1, we obtain that the determinant to be estimated is given by [_K ∏ l=1 ω_j(l) ] K−1∏ j=1 (2j − 3)!

2^{j−2}(j − 2)!2^j

×

| | | | | | | | | | |

1 1 1 . . . 1 x_j(1) x_j(2) x_j(3) . . . x_j(K) x^2_{j(1)} x^2_{j(2)} x^2_{j(3)} . . . x^2_{j(K)} . . . . . . . . . . . . . . . . . . . . .

x^{K−1}_{j(1)} x^{K−1}_{j(2)} x^{K−1}_{j(3)} . . . x^{K−1}_{j(K)}

| | | | | | | | | | |

(5.3)

where we denoted by x_j := (μ_j + m)^{−1} ≡ ω^{−2}_j . The last determinant is a Vandermonde determinant whose value is given by ∏ l<N≤K

(x_k(l) − x_j(N) ) (5.4) .

Now one has |x_k − x_j| = | | | 1 μ_k + m − 1 μ_j + m | | | = |μ_k − μ_j| ω^2_kω^2_j

(5.5)

Using the assumption that a is diophantine the numerator is estimated by

|μ_k − μ_j| = | | | | ∑ l a_l(k^2_l − j^2_l ) | | | | ≥ γ_1 ( ∑ l |k^2_l − j^2_l |)^{τ̄} ,

21.10.2002 from the estimate ∑ l |k^2_l − j^2_l | < C ‖k‖^2 ‖j‖^2

and the asymptotic of the frequencies one has that the l.h.s. of (5.5) is larger than C ‖k‖^{2τ̄+2} ‖j‖^{2τ̄+2} , and therefore, denoting y_k := ‖k‖^{−(2τ̄+2)}, (5.4) is estimated by K∏ l=2 l−1∏ N=1 Cy_k(l) y_k(N) = C

∑_K

l=2(l−1) K∏ l=2 ( y^{l−1}_{k(l)} l−1∏ N=1 y_k(N) ) = C K∏ l=1 y^K_{k(l)} ,

from which the thesis immediately follows.

The rest of the proof follows very closely the proof of theorem 6.16 of [16]. We repeat the main steps for completeness.

Lemma 5.2. (Proposition of Appendix B in [29]) Let u^{(1)}, ..., u^{(K)} be K independent vectors with ‖ ‖u(i) ‖ ‖_{ℓ1} ≤ 1. Let w ∈ IR^K be an arbitrary vector, then there exist i ∈ [1, ..., K], such that

|u^{(i)} · w| ≥

‖w‖_ℓ1 det(u^{(i)}) K^{3/2} , where det(u^{(i)}) is the determinant of the matrix formed by the components of the vectors u^{(i)}.

For the proof see [29].

Corollary 5.3. Let w ∈ IR^{N̄n} be a vector with only K components different from zero, namely those with index k^{(1)}, ..., k^{(K)}; assume K ≤ N. Then, for any m ∈ I there exists, an index i ∈ [0, ..., K − 1] such that | | |w · d^iω

dm^i (m) | | | ≥ C ‖w‖^{ℓ1} ∏_K l=1 ‖ ‖k(l) ‖ ‖^β

where ω is the frequency vector, and β = N(2τ̄ + 2).

Proof. The proof is obtained by considering the vectors

u^{(i)} := 1‖ ‖ d^iω_{dmi} ‖ ‖^d iω dm^i if ‖ ‖ ‖^{diω}_{dm}i ‖ ‖ ‖ > 1

d^iω dm^i if ‖ ‖ ‖^{diω}_{dm}i ‖ ‖ ‖ ≤ 1

and applying lemma 5.2. For more details see [16] proof of corollary 6.10. Lemma 5.4. (Lemma 8.4 of [30]) Let g : I → IR be N times differentiable, and assume that (1) ∀m ∈ I there exists i ≤ N − 1 such that^{dig}_{dmi} (m) > d (2) there exists A such that |g^{(i)}(m)| ≤ A ∀m ∈ I, and ∀i with 1 ≤ i ≤ N.

21.10.2002

Define I_h := {m ∈ I : |g(m)| ≤ h} ,

then |I_h| |I| ≤ A d 2(2 + 3 + ... + r + 2d^{−1})h^{1/N}

For the proof see [30] and [31].

By combining lemma 5.4 and lemma 5.3 we get the following Lemma 5.5. For any choice of k and any acceptable choice σ of the signs, one has | | |R^σ_k(γ, τ) | | | ≤ |I|C γ^{1/N} ∏_N l=1 ‖ k^{(l)}

‖_δ (5.6)

with δ = −2β + τ/N.

Proof of theorem 2.7. By (5.6) one has | | | | | ⋃ k^{(1)}∈N̄^n ⋃ k^{(2)}∈N̄^n ⋃ k^{(N)}∈N̄^n ⋃ σ R^σ_k | | | | | ≤ ∑ k^{(1)},...,k^{(N)},σ | |R^σ_k | | ≤ Cγ^{1/N} |I|2^N ∑ k∈N̄^n 1 ‖k‖^δ N ,

from which, remarking that the condition on τ ensures exactly δ > n, one has that the series is convergent and therefore the thesis.

Appendix A.

In this appendix we prove theorem 2.2. First of all we introduce scaled variables ũ by u = ϵũ, so that equation (4.1) is converted into

u_{tt} − a^ϵ_{ij} ∂_i∂_j u + mu = ϵ^pg_ϵ(u, ∇u) (A.1)

where we omitted tildes, and used the notations

a^ϵ_{ij} (u, ∇u) = a_iδ_{ij} + ϵ^pb^ϵ_{ij} (u, ∇u) ;

in what follows we will omit the index ϵ for g, a_{ij} and b_{ij} .

As in sect. 4 we consider equation (A.1) in T^n; moreover we will assume that the initial datum has zero average and that the vector field lives invariant the space of functions with zero average (this is ensured by (2.4)). Since we are interested in the case of Dirichlet boundary condition this is not restrictive.

21.10.2002

Theorem 2.2 amounts to an estimate of the existence time of the solution. To obtain the wanted estimate we write equation (A.1) as an evolution equation in X := H^s × H^{s−1} ∋ (u, v), namely ∂_tζ = A(ζ)ζ + f(ζ)

with ζ ≡ (u, v), f(ζ) ≡ (0, ϵ^pg(u, ∇u)) and

A(ζ) := ( 0 1l A(u) 0 ) , A(u) := a_{ij} (u, ∇u)∂_i∂_j − m

Following Kato (see [1]) we will also introduce the space Y ≡ H^{s+1} × H^s.

Moreover, for any fixed w ∈ C^0(I; H^{s+1})∩C^1(I; H^s) with I := [−T, T ], we will consider the family of linear operators

A^w(t) ≡ ( 0 1l A(w(t)) 0 )

and the linear time dependent equation

ζ̇ = A^w(t)ζ (A.2)

in X; it is well known that the corresponding evolution operator U(t, s) exists^∗. We recall that if one denotes by M, β the stability constants of the operator family A^w(t) (for the definition see e.g. [1]) then sup 0≤t≤s≤T

‖U(t, s)‖_{X→X} ≤ Me^{βT} .

Lemma A.1. Fix M_1 > 0 and, for any T > 0 and any function w ∈ C^0(I; H^{s+1}) ∩ C^1(I; H^s) fulfilling sup_{t∈I} ‖(w(t), ẇ(t))‖_Y ≤ M_1 (A.3)

consider the linear differential equation (A.2). Assume that the corresponding evolution operator fulfills sup 0≤s≤t≤T

‖U(t, s)‖_{Y,Y} ≤ Me^{CϵpT} (A.4)

with suitable constants independent of ϵ and T . Then there exists C such that for any initial datum fulfilling ‖(u_0, v_0)‖_Y ≤ 1/C

the existence time for the corresponding solution of (A.1) is larger than 1/(Cϵ^p) and moreover one has the estimate sup 0≤t≤1/Cϵ^p

‖(u(t), u̇(t))‖_Y ≤ M_1 (A.5)

∗ We recall that this is defined by the property that the solution of (A.2) fulfilling ζ(s) = ζ_0 is given ζ(t) = U(t, s)ζ_0.

21.10.2002

Proof. Let u be the solution of the Cauchy problem for (A.1), then by standard continuation argument it can be continued at least until

‖(u(t), u̇(t))‖_Y < M_1 (A.6)

holds. Let T̄ be the first time at which (A.6) is violated, then one has ‖ ‖(u(T̄ ), u̇(T̄ )) ‖ ‖_Y = M_1.

So, ζ(t) := (u(t), u̇(t)) fulfills the “linear” equation

∂_tζ = A^u(t)ζ + f^u(t), 0 ≤ t ≤ T̄ (A.7)

where, obviously f^u(t) := (0, ϵ^pg(u(t), ∇u(t))), and the estimate (A.4) holds until time T̄ . By theorem 2 of [1] (which follows from the formula of variation of constants) the solution of (A.7) satisfies the estimate

M_1 = ‖ ζ(T̄ ) ‖ Y ≤ Me^{CϵpT̄} ( ‖ζ_0‖_Y + Cϵ^pT̄ )

which, provided ‖ζ_0‖_Y is small enough, implies T̄ > 1/Cϵ^p with a suitable C.

So the problem is reduced to the estimate the stability constants of the family of linear operators A^w(t) in Y .

We fix an arbitrary w ∈ C^0(I; H^{s+1}) ∩ C^1(I; H^s). We begin by estimating the stability constants of the operator family A^w(t) in X. To this end it is useful to make reference to the the second order equation ü = A^w(t)u (A.8)

where A^w(t) := a_{ij} (w(t), ∇w(t))∂_i∂_j . We remark that the corresponding first order equation is (A.2), and that, since w(t) is fixed with the smoothness properties (2.9) and fulfills the estimates (A.3) one has b_{ij} ∈ C^0(I; H^s) ∩ C^1(I; H^{s−1}) with bounded norms. The proof will be based on proposition 9.3 of [2], so first of all we recall its statement. Proposition A.2. [Proposition 9.3 of [2]]. Assume that:

(i’a) H and H^′ have structures of real Hilbert spaces, with inner products ⟨ . ⟩_t and ⟨ . ⟩^′_t depending on t ∈ I, such that the norms induced by them are equivalent to the standard norms ‖ ‖_H and ‖ ‖_H′ , respectively. These inner products are Lipschitz continuous in t, in the sense that |⟨u, v⟩_t − ⟨u, v⟩_s| ≤ c|t − s| ‖u‖_H ‖v‖_H , and similarly for ⟨ . ⟩^′_t. (i’b) {A(t)} is a family of (unbounded) linear operators in H, such that A(t) = A_S(t)+A_R(t), where A_S (t) is selfadjoint and uniformly positive definite with respect to inner product ⟨ . ⟩_t, while A_R(t) is uniformly bounded (with bound K, say) from H^′ to H. Moreover D(A_S(t)) ⊂ H^′ and

⟨A_S(t)u, v⟩_t = ⟨u, v⟩^′_t (u ∈ D(A_S(t)), v ∈ H^′) . (A.9)

Then the family

A(t) := ( 0 1l A(t) 0 )

21.10.2002 is a stable family in H^′ ⊕ H with stability constants M, β := 2c + K, where M depends on the relation between the equivalent norms ‖ ‖_H and ⟨ , ⟩^{1/2}_0 .

Lemma A.3. The evolution operator of the equation (A.2) fulfills the estimate sup 0≤s≤t≤T

‖U(s, t)‖_{X,X} ≤ Me^{CϵpT}

with constants M, C independent of T and ϵ.

Proof. We define the spaces H := H^{s−1}, and H^′ := H^s. The standard scalar product in H^{s−1} is defined by

⟨u, v⟩_H ≡ ⟨u, v⟩_Hs−1 ≡ ∫ (D^{s−1}u)(D^{s−1}v) , D := (−Δ)^{1/2}

and the integral is taken over the whole torus. The standard scalar product in H^′ is defined in the same way with s in plase of s−1. Define the scalar product ⟨ , ⟩_t := ⟨ , ⟩_H (independent of t), and the operator A_S

A_Su := −D^{−(s−1)} ( ∂_j ( a_{jk}∂_k(D^{s−1}u) )) + mu .

Then ⟨ , ⟩^′_t is defined by (A.9). It is easy to see that the operator A_S is uniformly elliptic (just use positivity of a_{ij} ). We will study the relation of this operator with Ã := ∂_j (a_{jk}∂_k) + m, who in turn is related to A^w(t) by

Ãu = Au + (∂_j a_{jk})(∂_ku) .

Remark that the second term defines an operator whose norm, as an operator from H^′ to H, is bounded by a constant time ϵ^p.

We now compare the operators Ã and A_S. For simplicity we restrict to the simplest case where s − 1 = 2r, i.e. s is odd^∗. One has

A_S = Ã + D^{−(s−1)} [ Ã, D^{s−1} ] = Ã + D^{−(s−1)}∂_j [a_{jk}∂_k, D^{s−1}] .

So, it is enough to compute [a_{jk}∂_k, (∂_l∂_l)^r]u (summation convention!). To this end consider

(∂_l∂_l)^r (a_{jk}∂_ku) = ∂_{l1} ∂_{l1} ...∂_{lr} ∂_{lr} (a_{jk}∂_ku)

which is the sum of terms of the form

c_α ( ∂^{|α|} ∂x^α a_{jk} ) ( ∂^{|β|} ∂x^β u )

∗ The general case can be dealt with using the operators S_i defined in the proof of lemma A.4 21.10.2002 where α and β are multindices fulfilling |α|+|β| = 2r. The only term with |β| = 2r is the one where the Laplacians act entirely on u so it disappears when computing the commutator. It is easy to see that all the other terms define operators which are bounded as operators from H^′ to H, provided s > [n/2]. And moreover the norms of such operators are bounded by a constant times ϵ^p. Applying the remaining two operators (namely D^{−(s−1)} and ∂_j ) one has that A = A_S + A_R ,

with A_R : H^′ → H having norm bounded by a constant times ϵ^p. Finally, it is very easy to see that | ⟨u, v⟩^′_t − ⟨u, v⟩^′_s | ≤ Cϵ^p ‖u‖_Hs ‖v‖_Hs |t − s| .

So, proposition A.2 gives the result.

To estimate the linear flow in Y we construct an isomorphism S : Y → X such that SA^wS^{−1} = A^w + ϵ^pB with an operator B : X → X uniformly bounded.

We define S := ( D 0 0 D ) (A.10) .

Lemma A.4. One has SA^wS^{−1} = A^w + ϵ^pB

with B uniformly bounded as an operator from X to X Proof. One has SA^wS^{−1} = ( 0 1l DA^wD^{−1} 0 ) , so it is enough to prove that DA^wD^{−1} = A^w + ϵ^pB

with B : H^s → H^{s−1} uniformly bounded. To prove this fact remark that

ϵ^pB = [D, A^w]D^{−1} = [D, ϵ^pb_{ij} ∂_i∂_j ]D^{−1}

so the result is equivalent [D, b_{ij}∂_i∂_j] : H^{s+1} → H^{s−1} continuously. But [D, b_{ij} ∂_i∂_j]u = [D, b_{ij}]∂_i∂_j u, so it is enough the prove that ∀b ∈ H^s one has [D, b] : H^{s−1} → H^{s−1} continuously. To prove this fact we compute the commutator in the Fourier space. Denoting by a “hat” the (space) Fourier coefficients of a function one has

{[D, b]u}^∧ (k) = ‖k‖ ∑ l b̂_{k−l}û_l − ∑ l b̂_{k−l} ‖l‖ û_l = ∑ l b̂_{k−l}û_l (‖k‖ − ‖l‖)

The last brackett can be rewritten in the form

k^2_1 + ... + k^2_n − l^2_1 − ... − l^2_n ‖k‖ + ‖l‖

= (k_1 − l_1) k_1 + l_1 ‖k‖ + ‖l‖

+ ... + (k_n − l_n) k_n + l_n ‖k‖ + ‖l‖ . 21.10.2002

Define now the bilinear operators S_i by

{S_i(b, u)}^∧ (k) := ∑ l b̂_{k+l}û_l k^i + l^i ‖k‖ + ‖l‖ ,

then one has [D, b]u = ∑ i S_i(∂_ib, u) .

We prove now that S_i : H^{s−1} × H^{s−1} → H^{s−1} continuously, and from this the thesis will immediately follow. Since S_i is bilinear it is enough to prove that

‖S_i(v, u)‖_Hs−1 ≤ C ‖v‖_Hs−1 ‖u‖_Hs−1 .

One has

‖S_i(v, u)‖^2_Hs−1 = ∑ k ‖k‖^{2(s−1)} ( ∑ l v̂_{k−l}û_l k_i + l_i ‖k‖ + ‖l‖

)_2

≤ ∑ k ‖k‖^{2(s−1)} ( ∑ l |v̂_{k−l}û_l|

)_2 [

sup_{k,l} | | | k_i + l_i ‖k‖ + ‖l‖ | | | ]_2

= C ∑ k ‖k‖^{2(s−1)} ( ∑ l |v̂_{k−l}| |û_l|

)_2 .

(A.11)

Define now u^+(x) := ∑ k |û_k|e^{ik·x}, and similarly for v^+. Then one has ‖u^+‖_Hs−1 = ‖u‖_Hs−1 , and therefore the square root of the last line of (A.11) is given by C ‖ ‖u^+v^+ ‖ ‖_{Hs−1} ≤ C ‖ ‖u^+ ‖ ‖_{Hs−1} ‖ ‖v^+ ‖ ‖_{Hs−1} = C ‖u‖_{Hs−1} ‖v‖_{Hs−1}

(with a different C), which is the thesis.

Then the estimate (3.3) of [1] gives Corollary A.5. The evolution operator of equation (A.2) fulfills the estimate sup 0≤s≤t≤T

‖U(s, t)‖_{Y,Y} ≤ Me^{CϵpT}

with constants M, C independent of T and ϵ.

¿From this, recalling lemma A.1, theorem 2.2 immediately follows.

References

21.10.2002

[1] T. Kato: Quasi-linear Equations of Evolution, with Applications to Partial Differential Equations. in Lect. Notes Math. 448 (Springer, New York 1975).

[2] T. Kato: Abstract Differential Equations and nonlinear Mixed Problems. Lezioni Fermiane, Scuola Normale Superiore, Pisa 1985 [3] E.T. Whittaker: On the adelphic integral of the differential equations of dynamics, Proc.

Roy. Soc. Edinburgh, Sect. A, 37, 95–109, (1916).

[4] T.M. Cherry: On integrals deveopable about a singular point of a Hamiltonian system of differential equations. Proc. Camb. Phil. Soc. 22, 325–349 (1924).

[5] T.M. Cherry: On integrals deveopable about a singular point of a Hamiltonian system of differential equations, II. Proc. Camb. Phil. Soc. 22, 510–533 (1924).

[6] A. Giorgilli: Rigorous results on the power expansions for the integrals of a hamiltonian system near an elliptic equilibrium Ann. Inst. Henri Poincaré, 48 423–439 (1988).

[7] J. Shatah: Normal forms and quadratic nonlinear Klein Gordon Equations, Comm.

Pure and Appl. Math. 38, 685-696 (1985).

[8] W. Craig: Birkhoff normal form for water waves, in “Mathematical problems in the theory of water waves, F.Dias, J.M.Ghidaglia, J.C.Saut editors. Contemporary mathematics 200 (1996).

[9] S.B. Kuksin: Hamiltonian Perturbations of Infinite-dimensional Linear Systems with Imaginary Spectrum. Funktsional. Anal. i Prilozhen. 21, (3), 22-37 (1987) = Funct. Anal. Appl. 21 (1987).

[10] S.B. Kuksin, J. Pöschel: Invariant Cantor manifolds of quasi-periodic oscillations for a nonlinear Schrödinger equation Ann. of Math. 142 149–179 (1995).

[11] C.E. Wayne: Periodic and Quasi-periodic Solutions of Nonlinear Wave Equation via KAM Theory. Commun. Math. Phys. 127, 479-528 (1990).

[12] W. Craig, C.E. Wayne: Newton’s Method and Periodic Solutions of Nonlinear Wave Equations Comm. Pure and Appl. Math. 46 1409-1501 (1993).

[13] J. Bourgain: On diffusion in high dimensional Hamiltonian systems and PDE J. Anal.

Math. 80, 1-35 (2000).

[14] D. Bambusi: Nekhoroshev theorem for small amplitude solutions in nonlinear Schrödinger equations. Math. Z. 130, 345–387, (1999).

[15] D. Bambusi, N.N. Nekhoroshev: A property of exponential stability in nonlinear wave equation near the fundamental linear mode. Physica D 122, 73-104 (1998).

[16] D. Bambusi: Birkhoff normal form for some nonlinear PDEs. Commun. Math. Phys.

(to appear).

At present available in http://users.mat.unimi.it/~bambusi/elenco.html. [17] J. Bourgain: Construction of approximative and almost periodic solutions of perturbed linear Schrödinger and wave equation GAFA 6 201–230 (1995).

[18] J. Bourgain: Construction of periodic solutions of nonlinear wave equations in higher

21.10.2002 dimension. GAFA 5, 629-639 (1995) [19] D. Bambusi, S. Paleari: Families of periodic orbits for some PDEs in higher dimensions.

Commun. in Pure and Appl. Analysis 1 269–279 (2002).

[20] J. Bourgain: Quasi periodic solutions of Hamiltonian perturbations of 2D linear Schrödinger equation. Ann. of Math. 148, 363–439 (1998).

[21] J. Geng, J. You: KAM theory for higher dimensional nonlinear beam equations. Preprint 2002.

[22] S.B. Kuksin: An Averaging Theorem for Distributed Conservative Systems and its Application to Von Karman’s Equation, PMM U.S.S.R. 53, 150-157 (1989).

[23] S. Kuksin: Analysis of Hamiltonian PDEs. Oxford University press 2000. [24] T. Kappeler, J. Pöschel: KdV & KAM. Ergebnisse der Mathematik, Springer Verlag, 2003.

[25] S. Kleinerman, A. Majda: Formation of Singularities for Wave Equations Including the Nonlinear Vibrating String. Comm. Pure and Appl. Math. 33, 241-263 (1980).

[26] A.C.J. Stroucken, F. Verhulst: The Galerkin–averaging method for nonlinear, undanped continuous systems. Math. meth. in the appl. Sci. 9, 520-549 (1987).

[27] H. Pals: The Galerkin–averaging method for the Klein Gordon equation in two space dimensions. Nonlinear Anal. TMA. 27, 841-856 (1996).

[28] M.S. Krol: On Galerkin–averaging method for weakly nonlinear wave equations. Math.

meth. in the appl. Sci. 11, 649–664 (1989).

[29] G. Benettin, L. Galgani, A. Giorgilli: A Proof of Nekhoroshev’s Theorem for the Stability Times in Nearly Integrable Hamiltonian Systems Cel. Mech. 37, 1-25, (1985).

[30] D. Bambusi: On long time stability in Hamiltonian perturbations of nonresonant linear PDE’s, Nonlinearity 12, 823-850, (1999).

[31] J. Xu, J. You, Q. Qiu: Invariant tori for nearly integrable Hamiltonian systems with degeneracy Math. Z. 226, 375–387 (1997).

21.10.2002