SPECTRAL ANALYSIS OF DARBOUX TRANSFORMATIONS FOR THE FOCUSING NLS HIERARCHY

RADU C. CASCAVAL, FRITZ GESZTESY, HELGE HOLDEN, AND YURI LATUSHKIN

Abstract. We study Darboux-type transformations associated with the focusing nonlinear Schrödinger equation (NLS_−) and their effect on spectral properties of the underlying Lax operator. The latter is a formally J -selfadjoint (but non-self-adjoint) Dirac-type differential expression of the form

M(q) = i

(_d dx −q −q −^d_{dx} ) , satisfying J M(q)J = M(q)^∗, where J is defined by J =

(_{0 1} 1 0 ) C, and C denotes the antilinear conjugation map in C^2 , C(a, b)^⊤ = (a, b)^⊤, a, b ∈ C . As one of our principal results we prove that under the most general hypothesis q ∈ L^1_{loc}(R) on q, the maximally defined operator D(q) generated by M(q) is actually J -self-adjoint in L^2(R)^2 . Moreover, we establish the existence of Weyl–Titchmarsh-type solutions Ψ_+(z, ·) ∈ L^2([R, ∞))^2 and Ψ_−(z, ·) ∈ L^2((−∞, R]) for all R ∈ R of M(q)Ψ_±(z) = zΨ_±(z) for z in the resolvent set of D.

The Darboux transformations considered in this paper are the analog of the double commutation procedure familiar in the KdV and Schrödinger operator contexts. As in the corresponding case of Schrödinger operators, the Darboux transformations in question guarantee that the resulting potentials q are locally nonsingular. Moreover, we prove that the construction of Nsoliton NLS_− potentials q^{(N)} with respect to a general NLS_− background potential q ∈ L^1_{loc}(R), associated with the Dirac-type operators D ( q^{(N)} ) and D(q), respectively, amounts to the insertion of N complex conjugate pairs of L^2(R)^2 -eigenvalues {z_1, z_1, . . . , z_N , z_N } into the spectrum σ(D(q)) of D(q), leaving the rest of the spectrum (especially, the essential spectrum σ_e(D(q))) invariant, that is, σ ( D ( q^{(N)} )) = σ(D(q)) ∪ {z_1, z_1, . . . , z_N , z_N },

σ_e ( D ( q^{(N)} )) = σ_e(D(q)).

These results are obtained by establishing the existence of bounded transformation operators which intertwine the background Dirac operator D(q) and the Dirac operator D ( q^{(N)} ) obtained after N Darboux-type transformations.

Date: October, 2002.

1991 Mathematics Subject Classification. Primary: 34L05, 34L40, 35Q51, 35Q55. Secondary: 34B20, 47A10.

Key words and phrases. Dirac operator, focusing nonlinear Schrödinger equation, transformation operators, Darboux transformations, J-self-adjointness, Weyl–Titchmarsh solutions. 1

1. Introduction

Various methods of inserting eigenvalues in spectral gaps of one-dimensional Schrödinger operators H(q) associated with differential expressions of the type

L(q) = − d^2 dx^2

+ q (1.arabic@¸ equation)

in L^2(R) (or in L^2((a, ∞)), a ≥ −∞), with q real-valued and locally integrable, have attracted an enormous amount of attention. This is due to their prominent role in diverse fields such as the inverse scattering approach, supersymmetric quantum mechanics, level comparison theorems, as a tool to construct soliton solutions of the Korteweg-de Vries (KdV) hierarchy relative to (general) KdV background solutions, and in connection with Bäcklund transformations for the KdV hierarchy. The literature on this subject is too extensive to go into details here, but we refer to the detailed accounts given in [14], [15], [16, App. G], [17], [18] and the references cited therein. Historically, these methods of inserting eigenvalues go back to Jacobi [24] and Darboux [9] with decisive later contributions by Crum [8], Schmincke [40], and, especially, Deift [10].

Two particular methods turned out to be of special importance: The single commutation method, also called the Crum-Darboux method [8], [9] (actually going back at least to Jacobi [24]) and the double commutation method, to be found, for instance, in the seminal work of Gel’fand and Levitan [13]. (The latter can be obtained by a composition of two separate single commutation steps, explaining the name double commutation.)

The single commutation method, although very simply implemented, has the distinct disadvantage of relying on positivity properties of certain solutions ψ of H(q)ψ = λψ, which confines its applicability to the insertion of eigenvalues below the spectrum of H(q) (assuming H(q) to be bounded from below). A complete spectral characterization of this method has been provided by Deift [10] (see also [40]) on the basis of unitary equivalence of A^∗A|_{ker(A)}⊥ and AA^∗|_{ker(A}∗_)⊥ for a densely defined closed linear operator A in a (complex, separable) Hilbert space.

The double commutation method on the other hand, allows one to insert eigenvalues into any spectral gap of H(q). Although relatively simply implemented also, a complete spectral characterization of the double commutation method for Schrödinger-type operators was more recently achieved in [14] on the basis of Weyl– Titchmarsh m-function techniques and subsequently in [18] (for general Sturm– Liouville operators on arbitrary intervals) using a functional analytic approach based on the notion of (intertwining) transformation operators.

In this paper we concentrate on the analog of the double commutation method for Dirac-type operators associated with the Lax operator for the focusing nonlinear Schrödinger (NLS_−) hierarchy. Assuming q to be locally integrable, the Diractype operator corresponding to the Lax differential expression in the NLS_− case is associated with the 2 × 2 matrix-valued differential expression

M(q) = i

�_d dx −q −q −^d_{dx} � (1.arabic@¸ equation)

for x ∈ R (cf., e.g., [12, Part I, Sect. I.2], [46], and [47]). The maximally defined Dirac-type operator associated with M(q) in the (two-component) Hilbert space L^2(R)^2 will then be denoted by D(q). By way of contrast, the corresponding (formally self-adjoint) Lax differential expression for the defocusing NLS_+ case is given by i �_d dx −q q −^d_{dx} � . (1.arabic@¸ equation)

As it turns out there is no natural analog of the single commutation method for the Dirac operators associated with the focusing and defocusing nonlinear Schrödinger hierarchies (NLS_±). However, the complexified version of the NLS_± hierarchies, the Ablowitz–Kaup–Newell–Segur (AKNS) hierarchy, supports two natural analogs of the single commutation method. In order to briefly describe them, we recall that the Dirac-type Lax differential expression associated with the AKNS hierarchy is given by

M(p, q) = i

�_d

dx −q p −^d_{dx} � (1.arabic@¸ equation)

(cf. e.g., [1] and [16, Ch. 3]) in terms of two locally integrable coefficients p, q on R. The focusing (NLS_−) and defocusing (NLS_+) nonlinear Schrödinger hierarchies are then associated with the constraints

NLS_±: p(x) = ±q(x), (1.arabic@¸ equation)

respectively. In this paper we will concentrate on the focusing NLS_− case only.

The two analogs of the single commutation method for the AKNS case, which are usually called elementary Darboux transformations, can then be described as follows. Suppose

M(p, q)Ψ(z_1, x) = z_1Ψ(z_1, x), Ψ(z_1, x) = (ψ_1(z_1, x), ψ_2(z_1, x))^⊤, (z_1, x) ∈ C × R, (1.arabic@¸ equation) and M(p, q)~Ψ(z̃_1, x) = z̃_1 ~Ψ(z̃_1, x), ~Ψ(z̃_1, x) = (ψ̃_1(z̃_1, x), ψ̃_2(z̃_1, x))^⊤, (z̃_1, x) ∈ C × R. (1.arabic@¸ equation)

Then the two elementary Darboux transformations in the AKNS context are given by (cf. [27], [28])

(p, q) → (p̂_{z1} , q̂_{z1} ), (1.arabic@¸ equation)

where

p̂_{z1} (x) = −ψ_2(z_1, x)/ψ_1(z_1, x), q̂_{z1} (x) = q^′(x) − ψ_2(z_1, x)/ψ_1(z_1, x)q(x)^2 + 2iz_1q(x),

(1.arabic@¸ equation) and (p, q) → (p̌_{z̃1} , q̌_{z̃1} ), (1.arabic@¸ equation)

where

p̌_{z̃1} (x) = −p^′(x) + ψ̃_1(z̃_1, x)/ψ̃_2(z̃_1, x)p(x)^2 + 2iz̃_1p(x), q̌_{z̃1} (x) = ψ̃_1(z̃_1, x)/ψ̃_2(z̃_1, x).

(1.arabic@¸ equation)

Similar to the case of Schrödinger operators, the analog of the double commutation method for Dirac-type operators associated with (1.arabic@¸ equation) is then obtained by an appropriate composition of the two elementary Darboux transformations (1.arabic@¸ equation) and (1.arabic@¸ equation). This two-step procedure is denoted by

(p, q) → (p^{(1)}_{z1,z̃1} , q^{(1)}_{z1,z̃1} ) (1.arabic@¸ equation)

and leads to (cf., e.g., [27], [28], [34, Sect. 4.2], [39])

p^{(1)}_{z1,z̃1} (x) = p(x) − 2i(z̃_1 − z_1)ψ_2(z_1, x)ψ̃_2(z̃_1, x)/W (Ψ(z_1, x), Ψ̃(z̃_1, x)),

q^{(1)}_{z1 ,z̃1} (x) = q(x) − 2i(z̃_1 − z_1)ψ_1(z_1, x)ψ̃_1(z̃_1, x)/W (Ψ(z_1, x), Ψ̃(z̃_1, x)). (1.arabic@¸ equation)

(Here W (F, G) denotes the Wronskian of F, G ∈ C^2). In contrast to (1.arabic@¸ equation), (1.arabic@¸ equation) and (1.arabic@¸ equation), (1.arabic@¸ equation), the two-step procedure (1.arabic@¸ equation), (1.arabic@¸ equation) with z̃_1 = z_1, is compatible with the NLS_± cases and one explicitly obtains the following Darboux-type transformation in the NLS_− case,

q(x) → q^{(1)}_{z1} (x) = q(x) + 4 Im(z_1) ψ_1(z_1, x)ψ_2(z_1, x) |ψ_1(z_1, x)|^2 + |ψ_2(z_1, x)|^2

. (1.arabic@¸ equation)

The transformation (1.arabic@¸ equation) for Dirac-type operators assoiated with (1.arabic@¸ equation) in the NLS_− context represents the analog of the double commutation method for Schrödinger operators and leads to locally nonsingular NLS_− potentials q^{(1)}_{z1} , assuming q to be free of local singularities.

By analogy to the KdV and Schrödinger operator case, one expects the NLS_− potential q^{(1)}_{z1} (x) to produce an eigenvalue at the spectral point z_1 for the associated Dirac operator D � q^{(1)}_{z1} � , assuming z_1 to be a point in the resolvent set of the “background” operator D(q). Actually, by a simple symmetry consideration, one expects a pair of eigenvalues (z_1, z_1) in the point spectrum of D � q^{(1)}_{z1} � . To prove this fact and to show that the remaining spectral characteristics (especially, the essential spectrum of D(q)) remain invariant under the Darboux-type transformation (1.arabic@¸ equation), is the principal purpose of this paper. More precisely, if we denote by q^{(N)}_{z1,...,zN} the NLS_− potential obtained after an N-fold iteration of the Darboux-type transformation and by D � q^{(N)}_{z1,...,zN} � the resulting Dirac operator, we will prove that σ � D � q^{(N)}_{z1,...,zN} � = σ(D(q)) ∪ {z_1, z_1, . . . , z_N , z_N }, (1.arabic@¸ equation)

σ_p � D � q^{(N)}_{z1,...,zN} � = σ_p(D(q)) ∪ {z_1, z_1, . . . , z_N , z_N }, (1.arabic@¸ equation)

σ_e � D � q^{(N)}_{z1,...,zN} � = σ_e(D(q)). (1.arabic@¸ equation)

(Here σ(S), σ_p(S), and σ_e(S) denote the spectrum, point spectrum, and essential spectrum of a densely defined closed operator S in a complex separable Hilbert space H, cf. Section 5 for more details on spectra, etc.) Actually, we will go a step beyond (1.arabic@¸ equation)–(1.arabic@¸ equation) and establish the existence of bounded transformation operators which intertwine D � q^{(N)}_{z1,...,zN} � and D(q).

When trying to embark on proving results of the type (1.arabic@¸ equation)– (1.arabic@¸ equation) for Dirac-type operators associated with the differential expression (1.arabic@¸ equation) in the NLS_− context, one finds oneself at a distinct disadvantage when compared to the case of Schrödinger operators with real-valued potentials: While L in (1.arabic@¸ equation) is formally self-adjoint for q real-valued,

M(q) in (1.arabic@¸ equation) is never self-adjoint (except, in the trivial case q = 0). As a consequence, the original approach to a complete spectral characterization of the double commutation method for Schrödinger operators in [14], based on Weyl– Titchmarsh theory and hence on spectral theory, is doomed from the start as there simply is no spectral theory for non-self-adjoint Dirac-type operators associated with (1.arabic@¸ equation) under our general hypothesis q ∈ L^1_{loc(R)}. That leaves one with only one possible line of attack, the analog of the transformation operator approach developed in the general Sturm–Liouville context in [18]. As it will turn out in Section 6, this approach is indeed successful although it requires more sophisticated and elaborate arguments compared to those in [18].

While the differential expression M(q) in (1.arabic@¸ equation) is never formally self-adjoint (if q ≠ 0), it is, however, formally J -self-adjoint, that is,

J M(q)J = M(q)^∗. (1.arabic@¸ equation)

Here J is defined by J = � 0 1 1 0 � C, (1.arabic@¸ equation)

and C denotes the antilinear conjugation map in C^2,

C(a, b)^⊤ = (a, b)^⊤, a, b ∈ C. (1.arabic@¸ equation)

As one of our principal results in this paper we will prove in Section 3 that under the most general hypothesis q ∈ L^1_{loc}(R), the maximally defined Dirac operator D(q) associated with M(q) is in fact J -self-adjoint,

J D(q)J = D(q)^∗ (= D(−q)). (1.arabic@¸ equation)

As an aside we should mention that the corresponding maximally defined Lax operator associated with the defocusing NLS_+ differential expression (1.arabic@¸ equation) is in fact self-adjoint assuming q ∈ L^1_{loc}(R) only (this is proved in the references mentioned in Section 3). This should be contrasted with the case of onedimensional Schrödinger differential expressions L(q) in (1.arabic@¸ equation) (the Lax differential expression associated with the KdV hierarchy). If q ∈ L^1_{loc}(R) in (1.arabic@¸ equation) is real-valued, then L(q) is formally self-adjoint but the maximally defined operator H(q) in L^2(R) associated with L(q) may not be self-adjoint. The latter situation occurs precisely when L(q) is in the limit circle case (as opposed to the limit point case) at +∞ and/or −∞ (cf. [7, Ch. 9]). This is in sharp contrast to the focusing (respectively, defocusing) NLS case where D(q) is always J -self-adjoint (respectively, self-adjoint).

Summarizing, we derive the following principal new results in this paper, assuming the optimal condition q ∈ L^1_{loc}(R):

− J -self-adjointness of D(q).

− The existence of Weyl–Titchmarsh-type solutions of M(q)Ψ = zΨ for all z ∈ ρ(D(q)).

− The existence and boundedness of transformation operators intertwining the operators D � q^{(N)} � and D(q).

− A spectral analysis of NLS_− Darboux transformations (cf. (1.arabic@¸ equation)– (1.arabic@¸ equation)).

Finally we briefly describe the content of each section. Section 2 first introduces our main notation and then proceeds to a review of Darboux transformations for AKNS and NLS_− systems. Section 3 is devoted to a proof of the J -selfadjointness property (1.arabic@¸ equation) of D(q), assuming q ∈ L^1_{loc(R)} only. Sec-

tion 4 constructs eigenvalues of D � q^{(1)}_{z1} � at pairs z_1, z_1, z_1 ∈ ρ(D(q)) and associated L^2(R)^2-eigenfunctions. Section 5 derives some basic spectral properties of general Dirac-type operators D(q) and establishes the existence of Weyl–Titchmarsh-type solutions associated with M(q). This shows a remarkable similarity to self-adjoint systems and appears to be without precedent in this non-self-adjoint context. Our final Section 6 establishes the existence of bounded transformation operators intertwining D � q^{(1)}_{z1} � and D(q) and then employs these transformation operators to prove the spectral properties (1.arabic@¸ equation)–(1.arabic@¸ equation).

All results in the principal part of this paper, Sections 3–6, are proved under the optimal condition q ∈ L^1_{loc(R)}. Moreover, practically all results in Sections 3–6 are new as long as one goes beyond bounded or periodic potentials q. In particular, Theorem 6.14 (characterizing transformation operators) and Theorem 6.15 (proving (1.arabic@¸ equation)–(1.arabic@¸ equation)) appear to be the first of their kind under any assumptions on q.

In this paper we confine ourselves to a stationary (i.e., time-independent) approach only. Applications to the time-dependent focusing NLS_− equation and to nonlinear optics will be made in a subsequent paper [3].

2. Darboux-type Transformations for AKNS and NLS_− Systems

In this section we take a close look at Darboux-type transformations for non-self-adjoint Dirac-type differential expressions M(q) (cf. (2.arabic@¸ equation)) applicable to AKNS systems, with special emphasis on the case of the focusing nonlinear Schrödinger equation NLS_− (cf. (2.arabic@¸ equation)).

Throughout this paper we use the following notation:^′ = d/dx; for a matrix A with complex-valued entries, A^⊤ denotes the transposed matrix, A the matrix with complex conjugate entries, and A^∗ = A^⊤ = A^⊤ the adjoint matrix. Occasionally, we use the following 2 × 2 matrices,

I_2 = � 1 0 0 1 � , σ_1 = � 0 1 1 0 � , σ_3 = � 1 0 0 −1 � , σ_4 = � 0 1 −1 0 � , σ_5 = � 1 0 0 0 � , σ_6 = � 0 0 0 1 � . (2.arabic@¸ equation)

If A = (a_1, a_2)^⊤ and B = (b_1, b_2)^⊤ are 2×1 column-vectors, then (A, B)_C2 = B^∗A = a_1b_1 + a_2b_2 denotes the usual scalar product in C^2, ‖A‖_C2 = (|a_1|^2 + |a_2|^2)^{1/2} the associated norm, and A^⊥ = (a_2, −a_1) = A^⊤σ_4 the 1 × 2 row-vector perpendicular to A (in the sense that A^⊥A = 0). We also use the notation

W (A, B) = B^⊥A = −A^⊥B = a_1b_2 − a_2b_1 = � A, B^⊥ � C^2 (2.arabic@¸ equation)

for the Wronskian of A and B. The space of 2 × 2 matrices with entries in C is denoted by C^{2×2} and the operator norm of a 2 × 2 matrix A induced by the usual norm in C^2 is denoted by ‖A‖_C2×2 . In the following, Ω ⊆ R denotes an open subset of R and AC_{loc(Ω)}2×m , m = 1, 2, denotes the set of 2 × m matrices with locally absolutely continuous entries on Ω (for 2 × 1 columns we use the corresponding notation AC_{loc(Ω)}2 ). We define^1 L^p(Ω)^{2×m} and L^p_{loc}(Ω)^{2×m}, m = 1, 2, to consist of 2 × m matrices with entries in L^p(Ω) and L^p_{loc}(Ω), respectively. In the special case Ω = R and F, G ∈ L^2(R)^2, the scalar product of F and G is denoted by (F, G)_L2 = � R dx (F (x), G(x))_C2 with associated norm of F given by ‖F ‖_L2 = � R dx ‖F (x)‖^2_{C2}

�_{1/2}

. Finally, the open complex upper (respectively, lower) half-plane is denoted by C_+ (respectively, C_−); the domain, range, and kernel (null space) of a linear operator T are denoted by dom(T ), ran(T ), and ker(T ), respectively.

Hypothesis 2.1. Let Ω ⊆ R open and assume p, q ∈ L^1_{loc(Ω)}.

Assuming Hypothesis 2.1 and z ∈ C, we introduce the 2 × 2 matrix U(z, p, q) and the 2 × 2 matrix-valued differential expression M(p, q) by

U(z, p, q) = � −iz q p iz � , M(p, q) = i

�_d dx −q p −^d_{dx} � . (2.arabic@¸ equation)

The functions p and q in (2.arabic@¸ equation) are referred to as AKNS potentials due to the fact that M(p, q) is the Lax differential expression associated with the AKNS hierarchy (see, e.g., [1] and [16, Ch. 3]). The particularly important special case p = −q will be referred to as the NLS_− case (due to the obvious connection of (2.arabic@¸ equation) with the zero curvature representation and the Lax operator for the focusing nonlinear Schrödinger equation, see, e.g., [12, Part 1, Sect. I.2], [46], and [47]), and then q is called an NLS_− potential. For given z ∈ C, Ω ⊆ R, and AKNS potentials (p, q), a function Ψ(z, ·) ∈ AC_{loc(Ω)}2 is called a z-wave function associated with (p, q) on Ω if Ψ^′(z, x) = U(z, p, q)Ψ(z, x) holds for a.e. x ∈ Ω, that is, if Ψ = (ψ_1, ψ_2)^⊤ satisfies the following first-order system of differential equations ψ^′_1(z, x) = −izψ_1(z, x) + q(x)ψ_2(z, x), ψ^′_2(z, x) = izψ_2(z, x) + p(x)ψ_1(z, x)

(2.arabic@¸ equation)

for a.e. x ∈ Ω. Equivalently, Ψ(z) = (ψ_1(z), ψ_2(z))^⊤ ∈ AC_{loc(Ω)}2 is a z-wave function associated with (p, q) on Ω if and only if M(p, q)Ψ(z) = zΨ(z) on Ω in the distributional sense. If for some z ∈ C, Ψ(z) and Φ(z) are z-wave functions associated with (p, q) on Ω, their Wronskian is well-known to be constant with respect to x ∈ Ω, d dx W (Ψ(z, x), Φ(z, x)) = 0, x ∈ Ω. (2.arabic@¸ equation)

More generally, if Ψ(z_1) and Φ(z_2) are z_1- and z_2-wave functions associated with (p, q) on Ω, then d dx W (Ψ(z_1, x), Φ(z_2, x)) = i(z_2 − z_1)[ψ_1(z_1, x)ϕ_2(z_2, x) + ψ_2(z_1, x)ϕ_1(z_2, x)]

= i(z_2 − z_1)Ψ(z_1, x)^⊤σ_1Φ(z_2, x), (2.arabic@¸ equation)

Ψ(z_1) = (ψ_1(z_1), ψ_2(z_1))^⊤, Φ(z_2) = (ϕ_1(z_2), ϕ_2(z_2))^⊤, z_1, z_2 ∈ C, x ∈ Ω. In the NLS_− case p = −q we use the notation

U(z, q) = � −iz q(x) −q(x) iz � , M(q) = i

�_d dx −q −q −^d_{dx} � (2.arabic@¸ equation)

1For brevity we write L^p(Ω) for L^p(Ω; dx) and suppress the Lebesgue measure dx whenever possible.

instead of (2.arabic@¸ equation), and we then call any distributional solution Ψ(z) of M(q)Ψ(z) = zΨ(z) an NLS_− z-wave function associated with q.

If Ψ(z) is a z-wave function associated with (p, q), and Ψ(z, x_0) = 0 for some x_0 ∈ Ω, then Ψ(z, x) vanishes identically for all x in an open neighborhood of x_0 in Ω by the unique solvability of the Cauchy problem for (2.arabic@¸ equation). Therefore, we will always assume that Ψ(z, x) ≠ 0 for all x ∈ Ω.

If q = 0 (and analogously if p = 0) a.e. on Ω, then the system (2.arabic@¸ equation) decomposes and yields

ψ_1(z, x) = C_1 exp(−izx),

ψ_2(z, x) = C_1

� �_x

x_0

dx^′ p(x^′) exp(−2izx^′) � exp(izx) + C_2 exp(izx)

(2.arabic@¸ equation)

for some constants C_1, C_2 ∈ C, x_0 ∈ Ω.

For further use we collect some simple consequences of (2.arabic@¸ equation). First we introduce the antilinear (i.e., conjugate linear) operator J defined by

J = σ_1C = � 0 1 1 0 � C, J^2 = I_2, (2.arabic@¸ equation)

with C the antilinear conjugation map

C(a, b)^⊤ = (a, b)^⊤, a, b ∈ C. (2.arabic@¸ equation)

Moreover, we introduce the antilinear involution K defined by

K = σ_4C = � 0 1 −1 0 � C, K^2 = −I_2. (2.arabic@¸ equation)

We also note that

‖J F ‖_C2 = ‖F ‖_C2 , ‖KF ‖_C2 = ‖F ‖_C2 , F ∈ C^2. (2.arabic@¸ equation)

Lemma 2.2. Assume Hypothesis 2.1, z ∈ C, and suppose Ψ(z) = (ψ_1(z), ψ_2(z))^⊤ is a z-wave function associated with (p, q) on Ω. Then the following assertions hold. (i) ϕ(z, x) = −ψ_2(z, x)/ψ_1(z, x) satisfies the Riccati-type equation

−ϕ^′(z, x) + q(x)ϕ(z, x)^2 + 2izϕ(z, x) − p(x) = 0 (2.arabic@¸ equation)

on the set {x ∈ Ω | ψ_1(z, x) ≠ 0}.

(ii) φ(z, x) = ψ_1(z, x)/ψ_2(z, x) satisfies the Riccati-type equation

−φ^′(z, x) − p(x)φ(z, x)^2 − 2izφ(z, x) + q(x) = 0 (2.arabic@¸ equation)

on the set {x ∈ Ω | ψ_2(z, x) ≠ 0}.

Assume in addition the NLS_− case p = −q. Then the following assertions hold. (iii) If Ψ(z) = (ψ_1(z), ψ_2(z))^⊤ is a z-wave function associated with q then

KΨ(z) = σ_4CΨ(z) = � ψ_2(z), −ψ_1(z)

�_⊤ = (Ψ(z)^⊥)^∗ (2.arabic@¸ equation)

is a z-wave function associated with q and

M(q) = −KM(q)K. (2.arabic@¸ equation)

(iv) The following identity holds � ‖Ψ(z, x)‖^2_C2

�_′ = 2Im(z) � |ψ_1(z, x)|^2 − |ψ_2(z, x)|^2 � . (2.arabic@¸ equation)

(v) M(q) and M(q)^∗ are formally unitarily equivalent in the sense that M(q)^∗ = σ_3M(q)σ_3 = M(−q). (2.arabic@¸ equation) In addition, M(q) is formally J -self-adjoint in the following sense J M(q)J = M(q)^∗. (2.arabic@¸ equation) Consider AKNS potentials p, q ∈ L^1_{loc(Ω)}. Fix z, z_1, z̃_1 ∈ C, a z_1-wave function Ψ(z_1), and a z̃_1-wave function Ψ̃(z̃_1) associated with (p, q). Our objective is to construct new potentials p^{(1)}, q^{(1)} ∈ L^1_{loc(Ω(1) )} for some open set Ω^{(1)} ⊆ Ω, and the corresponding z-wave functions associated with (p^{(1)}, q^{(1)}) on Ω^{(1)}. In the NLS_− case p = −q we choose z̃_1 = z_1 and Ψ̃(z_1) = KΨ(z_1), see Lemma 2.2 (iii). Remark 2.3. Let Γ ∈ AC_{loc(Ω)}2×2 , A, B ∈ L^1(Ω)^{2×2} for some open subset Ω ⊆ R, suppose that the following identity holds

Γ^′(x) + Γ(x)A(x) − B(x)Γ(x) = 0 for a.e. x ∈ Ω, (2.arabic@¸ equation) and assume that Φ ∈ AC_{loc(Ω)}2 satisfies the first-order system Φ^′ = AΦ on Ω. Then the function Φ^{(1)}, defined by Φ^{(1)} = ΓΦ, satisfies Φ^{(1)} ∈ AC_{loc(Ω)}2 and the first-order system (Φ^{(1)})^′ = BΦ^{(1)} on Ω.

Lemma 2.4. Assume Hypothesis 2.1 and z, z_1 ∈ C. In addition, suppose Ψ(z_1) = (ψ_1(z_1), ψ_2(z_1))^⊤ is a z_1-wave function associated with (p, q) on Ω and introduce Ω̂_{z1} = {x ∈ Ω | ψ_1(z_1, x) ≠ 0}. (2.arabic@¸ equation)

Define p̂_{z1} , q̂_{z1} , Γ̂_0(q, p̂_{z1} ), and Γ̂(z, q, p̂_{z1} ) on Ω̂_{z1} by

p̂_{z1} (x) = −ψ_2(z_1, x)/ψ_1(z_1, x), q̂_{z1} (x) = q^′(x) + p̂_{z1} (x)q(x)^2 + 2iz_1q(x), (2.arabic@¸ equation) Γ̂_0(x, q, p̂_{z1} ) = − 1 2 � q(x)p̂_{z1} (x) q(x) p̂_{z1} (x) 1 � , (2.arabic@¸ equation) Γ̂(z, x, q, p̂_{z1} ) = i(z − z_1)σ_5 + Γ̂_0(x, q, p̂_{z1} ). (2.arabic@¸ equation)

Then Γ = Γ̂ satisfies (2.arabic@¸ equation) on Ω̂_{z1} with A and B given by A(z, x) = U(z, p, q), B(z, x, z_1) = U(z, p̂_{z1} , q̂_{z1} ), x ∈ Ω̂_{z1} . (2.arabic@¸ equation) Proof. Using Lemma 2.2 (i) one verifies that Γ = Γ̂_0 satisfies (2.arabic@¸ equation) with A = U(z_1, p, q) and B = U(z_1, p̂_{z1} , q̂_{z1} ). Since U(z) = U(z_1) − i(z − z_1)σ_3, the conclusion follows.

Similarly, by Lemma 2.2 (ii), one has the following analogous result. Lemma 2.5. Assume Hypothesis 2.1 and let z, z̃_1 ∈ C. In addition, suppose that Ψ̃(z̃_1) = (ψ̃_1(z̃_1), ψ̃_2(z̃_1))⊤ is a z̃_1-wave function associated with (p, q) on Ω and introduce Ω̌_{z̃1} = {x ∈ Ω | ψ̃_2(z̃_1, x) ≠ 0}. (2.arabic@¸ equation)

Define p̌_{z̃1} , q̌_{z̃1} , Γ̌_0(p, q̌_{z̃1} ), and Γ̌(z, p, q̌_{z̃1} ) on Ω̌_{z̃1} by

p̌_{z̃1} (x) = −p^′(x) + q̌_{z̃1} (x)p(x)^2 + 2iz̃_1p(x), q̌_{z̃1} (x) = ψ̃_1(z̃_1, x)/ψ̃_2(z̃_1, x), (2.arabic@¸ equation)

Γ̌_0(x, p, q̌_{z̃1} ) = 1 2 � −1 q̌_{z̃1} (x) p(x) −p(x)q̌_{z̃1} (x) � , (2.arabic@¸ equation)

Γ̌(z, x, p, q̌_{z̃1} ) = i(z − z̃_1)σ_6 + Γ̌_0(x, p, q̌_{z̃1} ). (2.arabic@¸ equation)

Then Γ = Γ̌ satisfies (2.arabic@¸ equation) on Ω̌_{z̃1} with A and B given by

A(z, x) = U(z, p, q), B(z, x, z̃_1) = U(z, p̌_{z̃1} , q̌_{z̃1} ), x ∈ Ω̌_{z̃1} . (2.arabic@¸ equation)

The Darboux-type transformations characterized by (2.arabic@¸ equation) and (2.arabic@¸ equation) are also called elementary Darboux transformations. They have been discussed, for instance, in [27] and [28]. In the special context of algebrogeometric AKNS solutions, the effect of elementary Darboux transformations on the underlying compact hyperelliptic curve (in connection with the insertion and deletion of eigenvalues as well as the isospectral case) was studied in detail in [15], [16, App. G] (see also [19], [20]).

Next, we will construct the transformation matrix Γ(z, Ψ(z_1), Ψ̃(z̃_1)) that satisfies equation (2.arabic@¸ equation) with A(z, x) = U(z, p, q) and B(z, x) = U � z, p^{(1)}_{z1,z̃1} , q^{(1)}_{z1 ,z̃1} � as the product of Γ̂(z, p̂_{z1} , q̌_{z̃1} ) and Γ̌(z, q, p̂_{z1} ). Since we will choose z̃_1 = z_1 in the NLS_− context, we omit the z̃_1-dependence in p^{(1)}, q^{(1)}, Ω^{(1)}, Φ^{(1)}, etc., in the NLS_− case in the following.

Theorem 2.6. Assume Hypothesis 2.1.

(i) Suppose z, z_1, z̃_1 ∈ C, and assume that Ψ(z_1) = (ψ_1(z_1), ψ_2(z_1))^⊤ and Ψ̃(z̃_1) = (ψ̃_1(z̃_1), ψ̃_2(z̃_1))^⊤ are z_1- and z̃_1-wave functions, respectively, associated with (p, q) on Ω. In addition, introduce

Ω^{(1)}_{z1,z̃1} = {x ∈ Ω | W (Ψ(z_1, x), Ψ̃(z̃_1, x)) ≠ 0}. (2.arabic@¸ equation)

Define p^{(1)}_{z1,z̃1} , q^{(1)}_{z1,z̃1} , and Γ(z, Ψ(z_1), Ψ̃(z̃_1)) on Ω^{(1)}_{z1,z̃1} by

p^{(1)}_{z1,z̃1} (x) = p(x) − 2i(z̃_1 − z_1)ψ_2(z_1, x)ψ̃_2(z̃_1, x)/W (Ψ(z_1, x), Ψ̃(z̃_1, x)), (2.arabic@¸ equation)

q^{(1)}_{z1,z̃1} (x) = q(x) − 2i(z̃_1 − z_1)ψ_1(z_1, x)ψ̃_1(z̃_1, x)/W (Ψ(z_1, x), Ψ̃(z̃_1, x)), (2.arabic@¸ equation)

Γ(z, x, Ψ(z_1), Ψ̃(z̃_1)) = − i 2 zI_2 − i 2 W (Ψ(z_1, x), Ψ̃(z̃_1, x))^{−1} × � z̃_1Ψ̃(z̃_1, x)Ψ(z_1, x)^⊥ − z_1Ψ(z_1, x)Ψ̃(z̃_1, x)^⊥ � . (2.arabic@¸ equation)

Then Γ satisfies the first-order system

Γ^′(z, x, Ψ(z_1), Ψ̃(z̃_1)) + Γ(z, x, Ψ(z_1), Ψ̃(z̃_1))U(z, p, q) − U � z, p^{(1)}_{z1,z̃1} , q^{(1)}_{z1,z̃1} � Γ(z, x, Ψ(z_1), Ψ̃(z̃_1)) = 0 (2.arabic@¸ equation) a.e. on Ω^{(1)}_{z1,z̃1} . Thus, if Υ(z) is a z-wave function associated with (p, q) on Ω, then Υ^{(1)}_{z1,z̃1} (z), defined by

Υ^{(1)}_{z1,z̃1} (z, x) = Γ(z, x, Ψ(z_1), Ψ̃(z̃_1))Υ(z, x), (2.arabic@¸ equation) is a z-wave function associated with (p^{(1)}_{z1,z̃1} , q^{(1)}_{z1,z̃1} ) on Ω^{(1)}_{z1,z̃1} .

(ii) Assume the NLS_− case p = −q and z, z_1 ∈ C. Then, for z̃_1 = z_1, Ψ̃(z̃_1) = KΨ(z_1) = � ψ_2(z_1), −ψ_1(z_1)

�_⊤ , and Ω^{(1)}_{z1} = {x ∈ Ω | W (Ψ(z_1, x), KΨ(z_1, x)) ≠ 0}, (2.arabic@¸ equation) formulas (2.arabic@¸ equation)–(2.arabic@¸ equation) simplify to

q^{(1)}_{z1} (x) = q(x) + 4Im(z_1)ψ_1(z_1, x)ψ_2(z_1, x)‖Ψ(z_1, x)‖^{−2}_{C2} , (2.arabic@¸ equation) p^{(1)}_{z1} (x) = p(x) − 4Im(z_1)ψ_2(z_1, x)ψ_1(z_1, x)‖Ψ(z_1, x)‖^{−2}_{C2}

= −q^{(1)}_{z1} (x), (2.arabic@¸ equation) Γ(z, x, Ψ(z_1), KΨ(z_1)) = −(i/2)(z − z_1)I_2 + Im(z_1)‖Ψ(z_1, x)‖^{−2}_{C2} KΨ(z_1, x)Ψ(z_1, x)^⊥ (2.arabic@¸ equation) for x ∈ Ω^{(1)}_{z1} . In particular, if Υ(z) is a z-wave function associated with q on Ω, then Υ^{(1)}_{z1} (z), defined by

Υ^{(1)}_{z1} (z, x) = Γ(z, x, Ψ(z_1), KΨ(z_1))Υ(z, x), (2.arabic@¸ equation) is a z-wave function associated with q^{(1)}z_1 on Ω^{(1)}z_1 (which may vanish identically w.r.t. x ∈ Ω^{(1)}_{z1} , cf. Remark 2.8).

Proof. First, we use Lemma 2.4 for z = z̃_1 and Ψ(z_1) to construct p̂_{z1} , q̂_{z1} , Γ̂(z̃_1, q, p̂_{z1} ) as in (2.arabic@¸ equation)–(2.arabic@¸ equation). Define Ψ̂_{z1} (z̃_1) = Γ̂(z̃_1, q, p̂_{z1} )Ψ(z̃_1). By Lemma 2.4 and Remark 2.3 we conclude that Ψ̂_{z1} (z̃_1) is a z̃_1-wave function associated with (p̂_{z1} , q̂_{z1} ). Moreover,

Ψ̂_{z1} (z̃_1, x) = i(z̃_1 − z_1)ψ_1(z̃_1, x) � 1 0 �

− 1 2 � q(x) 0 0 1 � � p̂_{z1} (x)ψ_1(z̃_1, x) + ψ_2(z̃_1, x)

� �1 1 � , (2.arabic@¸ equation) where p̂_{z1} is defined in (2.arabic@¸ equation). We now apply Lemma 2.5 replacing Ψ̃(z̃_1) by Ψ̂_{z1} (z̃_1) and (p, q) by (p̂_{z1} , q̂_{z1} ). Then q̌_{z1,z̃1} = ψ̂_{1,z1} (z̃_1)/ψ̂_{2,z1} (z̃_1), as required by (2.arabic@¸ equation), coincides with q^{(1)}_{z1,z̃1} , as defined in (2.arabic@¸ equation), q̌_{z1,z̃1} (x) = q^{(1)}_{z1 ,z̃1} (x). (2.arabic@¸ equation) By formula (2.arabic@¸ equation) for p̌_{z̃1,z1} and Lemma 2.2 (i) for p̂_{z1} = −ψ_2(z_1)/ψ_1(z_1) one infers

p̌_{z̃1,z1} (x) = −p̂^′_{z1} (x) + q^{(1)}_{z1,z̃1} (x)p̂_{z1} (x)^2 + 2iz̃_1p̂_{z1} (x) = − � q(x)p̂_{z1} (x)^2 + 2iz_1p̂_{z1} (x) − p(x) � + q^{(1)}_{z1 ,z̃1} (x)p̂_{z1} (x)^2 + 2iz̃_1p̂_{z1} (x) = p^{(1)}_{z1,z̃1} (x). (2.arabic@¸ equation)

Using (2.arabic@¸ equation) and (2.arabic@¸ equation)–(2.arabic@¸ equation) one computes

Γ̌(z, p̂_{z1} , q̌_{z1,z̃1} )Γ̂(z, q, p̂_{z1} ) = − � (z − z̃_1)σ_6 + i 2 � 1 0 0 −p̂_{z1} � � 1 −q̌_{z1,z̃1} 1 −q̌_{z1,z̃1} � �

× � (z − z_1)σ_5 + i 2 � q 0 0 1 � � p̂_{z1} 1 p̂_{z1} 1 � �

= −(i/2)zI_2 − (i/2)W (Ψ(z_1), Ψ̃(z̃_1))^{−1} × � z̃_1ψ_2(z_1)ψ̃_1(z̃_1) − z_1ψ_1(z_1)ψ̃_2(z̃_1) −(z̃_1 − z_1)ψ_1(z_1)ψ̃_1(z̃_1) (z̃_1 − z_1)ψ_2(z_1)ψ̃_2(z̃_1) −z̃_1ψ_1(z_1)ψ̃_2(z̃_1) + z_1ψ_2(z_1)ψ̃_1(z̃_1) �

= Γ(z, Ψ(z_1), Ψ̃(z̃_1)). (2.arabic@¸ equation) To check (2.arabic@¸ equation) one uses Lemmas 2.4 and 2.5,

Γ^′(z, Ψ(z_1), Ψ̃(z̃_1)) = Γ̌^′(z, p̂_{z1} , q̌_{z1,z̃1} )Γ̂(z, q, p̂_{z1} ) + Γ̌(z, p̂_{z1} , q̌_{z1,z̃1} )Γ̂^′(z, q, p̂_{z1} ) = [−Γ̌(z, p̂_{z1} , q̌_{z1,z̃1} )U(z, p̂_{z1} , q̂_{z1} )

+ U(z, p̌_{z1,z̃1} , q̌_{z1,z̃1} )Γ̌(z, p̂_{z1} , q̌_{z1,z̃1} )]Γ̂(z, q, p̂_{z1} ) + Γ̌(z, p̂_{z1} , q̌_{z1,z̃1} )[−Γ̂(z, q, p̂_{z1} )U(z, p, q) + U(z, p̂_{z1} , q̂_{z1} )Γ̂(z, q, p̂_{z1} )] = U(z, p̌_{z1,z̃1} , q̌_{z1,z̃1} )Γ(z, Ψ(z_1), Ψ̃(z̃_1)) − Γ(z, Ψ(z_1), Ψ̃(z̃_1))U(z, p, q). (2.arabic@¸ equation) Formulas (2.arabic@¸ equation)–(2.arabic@¸ equation) follow from (2.arabic@¸ equation)– (2.arabic@¸ equation) since by Lemma 2.2 (iii),

W (Ψ(z_1), Ψ̃(z_1)) = W (Ψ(z_1), KΨ(z_1)) = −‖Ψ(z_1)‖^2_C2 . (2.arabic@¸ equation)

For a general treatment of Bäcklund (Darboux) and gauge transformations and their interrelations we refer, for instance, to [34, Sect. 4.1] and [39].

Finally we add a few more facts valid in the NLS_− case.

Remark 2.7. Assume the NLS_− case p = −q. If Υ(z) = (υ_1(z), υ_2(z))^⊤ is a zwave function associated with q, then KΥ(z, x) is a z-wave function associated with q and Υ^{(1)}_{z1} (z, x) = Γ(z, x, Ψ(z_1), KΨ(z_1))Υ(z, x) = Γ(z, x, Ψ(z_1), KΨ(z_1))KΥ(z, x) = � υ^{(1)}_{2,z1} (z, x), −υ^{(1)}_{1,z1} (z, x)

�_⊤

= KΥ^{(1)}_{z1} (z, x) (2.arabic@¸ equation)

is a z-wave function associated with q^{(1)}_{z1} (cf. Lemma 2.2 (iii)). Remark 2.8. Assume the NLS_− case p = −q. (i) Take z = z_1 and Υ(z_1) = Ψ(z_1) in Theorem 2.6. Then

Ψ^{(1)}_{z1} (z_1, x) = Γ(z_1, x, Ψ(z_1), KΨ(z_1))Ψ(z_1, x) = 0 (2.arabic@¸ equation) since Ψ(z_1)^⊥Ψ(z_1) = 0.

(ii) Take z = z_1 and KΥ(z_1) = KΨ(z_1) in Theorem 2.6. Then

KΨ^{(1)}_{z1} (z_1, x) = Γ(z_1, x, Ψ(z_1), KΨ(z_1))KΨ(z_1, x) = 0 (2.arabic@¸ equation)

since Ψ(z_1)^⊥KΨ(z_1) = ‖Ψ(z_1)‖^2_{C2} by Lemma 2.2 (iii).

In the NLS_− case, Theorem 2.6 also shows that q^{(1)}z_1 is locally nonsingular whenever q is. More precisely, one has the following result.

Corollary 2.9. Assume the NLS_− case p = −q and suppose z_1 ∈ C. Then, if q ∈ L^p_{loc(R)} for some p ∈ [1, ∞) ∪ {∞} (respectively, if q ∈ C^k(R) for some k ∈ N_0),

the NLS_− potential q^{(1)}z_1 given by (2.arabic@¸ equation) also satisfies q^{(1)}z_1 ∈ L^p_{loc(R)}

(respectively, q^{(1)}z_1 ∈ C^k(R)).

Proof. Since � �ψ_1(z_1, x)ψ_2(z_1, x) � �‖Ψ(z_1, x)‖^{−2}_{C2} ≤ 1/2, one concludes from (2.arabic@¸ equation)

that (q^{(1)}_{z1} − q) ∈ L^∞(R). Again by (2.arabic@¸ equation), q and q^{(1)}_{z1} share the same L^p_{loc} and C^k properties since by (2.arabic@¸ equation) (with p = −q) one has ∂^m_x ψ_j (z_1, ·) ∈ AC_{loc}(R), j = 1, 2, whenever ∂^m_x q ∈ L^1_{loc(R)}.

3. J -Self-Adjointness of NLS_− Dirac-Type Operators

It is a known fact that the Dirac-type Lax differential expression in the defocusing NLS_+ case is always in the limit point case at ±∞. Put differently, the maximally defined Dirac-type operator corresponding to the defocusing NLS_+ case (cf. (1.arabic@¸ equation)) is always self-adjoint. Classical references in this context are [32, Sect. 8.6], [45], which use some additional conditions (such as realvaluedness and/or regularity) of the coefficient q. A simple proof of this fact under most general conditions on q was recently communicated to us by Hinton [23] (cf. also [5], [6] and [29] for matrix-valued extensions of this result). In this section we show that the analogous result holds for Dirac-type differential expressions M(q) in (2.arabic@¸ equation) in the focusing NLS_− case, when self-adjointness is replaced by J -self-adjointness.

First, we recall some basic facts about J -symmetric and J -self-adjoint operators in a complex Hilbert space H (see, e.g., [11, Sect. III.5] and [21, p. 76]) with scalar product denoted by (·, ·)_H (linear in the first and antilinear in the second place) and corresponding norm denoted by ‖ · ‖_H. Let J be a conjugation operator in H, that is, J is an antilinear involution satisfying

(J u, v)_H = (J v, u)_H for all u, v ∈ H, J^2 = I. (3.arabic@¸ equation)

In particular,

(J u, J v)_H = (v, u)_H, u, v ∈ H. (3.arabic@¸ equation)

A densely defined linear operator S in H is called J -symmetric if

S ⊆ J S^∗J (equivalently, if J SJ ⊆ S^∗). (3.arabic@¸ equation)

Clearly, (3.arabic@¸ equation) is equivalent to

(J u, Sv)_H = (J Su, v)_H, u, v ∈ dom(S). (3.arabic@¸ equation)

Here S^∗ denotes the adjoint operator of S in H. If S is J -symmetric, so is its closure S. The operator S is called J -self-adjoint if

S = J S^∗J (equivalently, if J SJ = S^∗). (3.arabic@¸ equation)

Finally, a densely defined, closable operator T is called essentially J -self-adjoint if its closure T is J -self adjoint, that is, if

T = J T^∗J . (3.arabic@¸ equation)

Next, assuming S to be J -symmetric, one introduces the following inner product (·, ·)_∗ on dom(J S^∗J ) = dom(S^∗J ) according to [26] (see also [37]),

(u, v)_∗ = (J u, J v)_H + (S^∗J u, S^∗J v)_H, u, v ∈ dom(J S^∗J ), (3.arabic@¸ equation)

which renders dom(J S^∗J ) a Hilbert space. Then the following theorem holds (I denotes the identity operator in H).

Theorem 3.1 (Race [37]). Let S be a densely defined closed J -symmetric operator. Then

dom(J S^∗J ) = dom(S) ⊕_∗ ker((S^∗J )^2 + I), (3.arabic@¸ equation)

where ⊕_∗ means the orthogonal direct sum with respect to the inner product (·, ·)_∗. In particular, a densely defined closed J -symmetric operator S is J -self-adjoint if and only if

ker((S^∗J )^2 + I) = {0}. (3.arabic@¸ equation)

We will apply (3.arabic@¸ equation) to (maximally defined) Dirac-type operators associated with the differential expression M(q) in (2.arabic@¸ equation) relevant to the focusing NLS_− hierarchy and prove the fundamental fact that such Dirac operators are always J -self-adjoint under most general conditions on the coefficient q (cf. Theorem 3.5).

It will be convenient to make the following NLS_− assumption throughout the remainder of this section.

Hypothesis 3.2. Suppose q ∈ L^1_{loc(R)} and assume the NLS_− case p = −q.

Given Hypothesis 3.2, we now introduce the following maximal and minimal Dirac-type operators in L^2(R)^2 associated with the differential expression M(q),

D_{max}(q)F = M(q)F, (3.arabic@¸ equation)

F ∈ dom(D_{max}(q)) = � G ∈ L^2(R)^2 � � G ∈ AC_{loc(R)2; M(q)G∈L2(R)2}�_,

D_{min}(q)F = M(q)F, (3.arabic@¸ equation) F ∈ dom(D_{min}(q)) = {G ∈ dom(D_{max}(q)) | supp(G) is compact}.

It follows by standard techniques (see, e.g., [32, Ch. 8] and [45]) that under Hypothesis 3.2, D_{min}(q) is densely defined and closable in L^2(R)^2 and D_{max}(q) is a densely defined closed operator in L^2(R)^2. Moreover (cf. (2.arabic@¸ equation)), one infers (see, e.g., [32, Lemma 8.6.2] and [45] in the analogous case of symmetric Dirac operators)

D_{min}(q) = D_{max}(−q)^∗, or equivalently, D_{min}(q)^∗ = D_{max}(−q). (3.arabic@¸ equation)

The following result will be the crucial ingredient in the proof of Theorem 3.5, the principal result of this section.

Theorem 3.3. Assume Hypothesis 3.2. Let N(q) be the following (formally selfadjoint ) differential expression

N(q) = i

�_d

dx −q q^d_{dx} � (3.arabic@¸ equation)

and denote by ~D_{max}(q) the maximally defined Dirac-type operator in L^2(R)^2 associated with N(q),

~D_{max}(q)F = N(q)F, (3.arabic@¸ equation)

F ∈ dom( ~D_{max}(q)) = � G ∈ L^2(R)^2 � � G ∈ AC_{loc(R)2; N(q)G∈L2(R)2}�_.

Then one infers:

(i) The following identity holds M(−q)M(q) = N(q)^2. (3.arabic@¸ equation)

(ii) Let U_q = U_q (x) satisfy the initial value problem

U^′_q = � 0 q −q 0 � U_q , U_q (0) = I_2. (3.arabic@¸ equation)

Then {U_q(x)}_{x∈R} is a family of unitary matrices in C^2 with entries in AC_{loc}(R) ∩ L^∞(R) satisfying

U^{−1}_q N(q)U_q = i d dx I_2. (3.arabic@¸ equation)

(iii) Let U_q denote the multiplication operator with U_q(·) on L^2(R)^2. Then ~D_{max}(q) is unitarily equivalent to the maximally defined operator in L^2(R)^2 associated with the differential expression i^d_{dx} I_2,

U^{−1}_q ~D_{max}(q)U_q = � i d dx I_2 � max , (3.arabic@¸ equation) dom � i d dx I_2 � max � = H^{1,2}(R)^2 = � F ∈ L^2(R)^2 � � F ∈ AC_{loc}(R)^2; F^′ ∈ L^2(R)^2�.

Moreover,

U^{−1}_q D_{max}(−q)D_{max}(q)U_q = � − d^2 dx^2

I_2 � max , (3.arabic@¸ equation) dom � − d^2 dx^2

I_2 � max � = H^{2,2}(R)^2 = � F ∈ L^2(R)^2 � � F, F^′ ∈ AC_{loc}(R)^2; F^′, F^{′′} ∈ L^2(R)^2�.

Proof. That N(q) is formally self-adjoint and M(−q)M(q) = N(q)^2 as stated in (i) is an elementary matrix calculation.

To prove (ii), we note that the initial value problem (3.arabic@¸ equation) is wellposed in the sense of Carathéodory since q ∈ L^1_{loc}(R) (cf., e.g., [22, p. 45–46]) with a solution matrix U_q with entries in AC_{loc(R)}. Moreover, for each x ∈ R, U_q(x) is a unitary matrix in C^2, since U^′_q = −B(q)U_q, with B(q) =

�_{0 −q} q 0 � skew-adjoint.

Thus, the entries U_{q,j,k}, 1 ≤ j, k ≤ 2 of U_q (as well as those of U^{−1}_q ) actually satisfy U_{q,j,k} ∈ AC_{loc}(R) ∩ L^∞(R), 1 ≤ j, k ≤ 2. (3.arabic@¸ equation) Next, fix F ∈ AC_{loc}(R)^2, such that U^{−1}_q F ∈ H^{1,2}(R)^2. Then

U_q � i d dx I_2 � U^{−1}_q F = i d dx F + iU_q d dx (U^{−1}_q )F = i d dx F + iU_q(U^{−1}_q B(q)^∗)F = N(q)F, (3.arabic@¸ equation) where we used the fact that (U^{−1}_q )^′ = U^{−1}_q B(q)^∗. Thus, (ii) follows. Moreover, by (3.arabic@¸ equation) one concludes dom( ~D_{max}(q)) = U_qH^{1,2}(R)^2 by (3.arabic@¸ equation) and the fact that U_q is unitary in C^2. This proves (3.arabic@¸ equation). Clearly (i) and (ii) yield the relation

U^{−1}_q M(−q)M(q)U_q = − d^2 dx^2

I_2. (3.arabic@¸ equation) Thus, (3.arabic@¸ equation) will follow once we prove the following facts:

(i) U_qF ∈ L^2(R)^2 if and only if F ∈ L^2(R)^2, (3.arabic@¸ equation) (ii) U_q F ∈ AC_{loc(R)}2_{if and only if F ∈ACloc(R)2 ,} (3.arabic@¸ equation) (iii) M(q)U_q F ∈ L^2(R)^2 if and only if F^′ ∈ L^2(R)^2, (3.arabic@¸ equation) (iv) M(q)U_q F ∈ AC_{loc(R)}2_{if and only if F} ′_{∈ACloc(R)2 ,} (3.arabic@¸ equation) (v) M(−q)M(q)U_qF ∈ L^2(R)^2 if and only if F^{′′} ∈ L^2(R)^2. (3.arabic@¸ equation) Clearly (3.arabic@¸ equation) and (3.arabic@¸ equation) hold since U_q is unitary in C^2. (3.arabic@¸ equation) is valid since U_{q,j,k}, U^{−1}_{q,j,k} ∈ AC_{loc}(R) ∩ L^∞(R), j, k = 1, 2. Next, an explicit computation yields

M(q)U_q F = i � U_{q,1,1}f^′_1 + U_{q,1,2}f^′_2 −U_{q,2,1}f^′_1 − U_{q,2,2}f^′_2 � , F = (f_1, f_2)^⊤. (3.arabic@¸ equation)

Introducing

V_q = σ_3U_qσ_3 = � U_{q,1,1} −U_{q,1,2} −U_{q,2,1} U_{q,2,2} � , (3.arabic@¸ equation)

one infers V_{q,j,k} , V^{−1}_{q,j,k} ∈ AC_{loc}(R) ∩ L^∞(R), j, k = 1, 2 and V^{−1}_q M(q)U_q F = i(f^′_1, −f^′_2)^⊤, (3.arabic@¸ equation) and hence (3.arabic@¸ equation) and (3.arabic@¸ equation) hold. This proves (3.arabic@¸ equation).

Remark 3.4. We note that by (3.arabic@¸ equation), ~D_{max}(q), the maximally defined, self-adjoint operator in L^2(R)^2 associated with the 2 × 2 matrix-valued differential expression N(q) has a purely absolutely continuous spectrum that equals R, σ( ~D_{max}(q)) = σ_{ac}( ~D_{max}(q)) = R. (3.arabic@¸ equation)

(We refer to Section 5 for a discussion of various spectral decompositions. In the present context we just note that σ(T ) and σ_{ac}(T ) denote the spectrum and absolutely continuous spectrum of a self-adjoint operator T in a separable complex Hilbert space H.)

The principal result of this section then reads as follows.

Theorem 3.5. Assume Hypothesis 3.2. Then the minimally defined Dirac-type operator D_{min}(q) associated with the Lax differential expression

M(q) = i

�_d dx −q −q −^d_{dx} � (3.arabic@¸ equation)

introduced in (3.arabic@¸ equation) is essentially J -self-adjoint in L^2(R)^2, that is, D_{min}(q) = J D_{min}(q)^∗J , (3.arabic@¸ equation) where J is the conjugation defined in (2.arabic@¸ equation). Moreover, D_{min}(q) = D_{max}(q) (3.arabic@¸ equation) and hence D_{max}(q) is J -self-adjoint.

Proof. We first recall (cf. (3.arabic@¸ equation)) D_{min}(q)^∗ = D_{max}(−q) (3.arabic@¸ equation) and also note J D_{max}(−q)J = D_{max}(q). (3.arabic@¸ equation)

Since D_{min}(q) is closed and J -symmetric (cf. (2.arabic@¸ equation)), its J -selfadjointness is equivalent to showing that (cf. (3.arabic@¸ equation)) ker � D_{min}(q)^∗J D_{min}(q)^∗J + I � = ker(D_{max}(−q)D_{max}(q) + I) = {0}. (3.arabic@¸ equation) Since by (3.arabic@¸ equation) D_{max}(−q)D_{max}(q) is unitarily equivalent to (−d^2/dx^2I_2)_{max} ≥ 0, one concludes D_{max}(−q)D_{max}(q) ≥ 0 and hence (3.arabic@¸ equation) obviously holds. The fact (3.arabic@¸ equation) then follows from (3.arabic@¸ equation) and (3.arabic@¸ equation) since

D_{min}(q) = J D_{min}(q)^∗J = J D_{max}(−q)J = D_{max}(q). (3.arabic@¸ equation)

As mentioned in the introductory paragraph to this section, Theorem 3.5 in the J -self-adjoint context can be viewed as an analog of the result of the corresponding (self-adjoint) Dirac operator relevant in the defocusing NLS_+ case of the nonlinear Schrödinger equation.

4. Constructing L^2(R)^2-Wave Functions for J -Self-Adjoint Dirac-Type Operators In this section we discuss how to construct L^2(R)^2-wave functions for non-self-adjoint (but J -self-adjoint) Dirac-type operators associated with the Lax differential expression for the NLS_− system.

By Remark 2.8, in order to obtain a nonzero z_1-wave function associated with q^{(1)}z_1 , we have to apply the transformation matrix Γ(z_1, Ψ(z_1), KΨ(z_1)) to a z_1-wave function Φ(z_1) associated with q that is linearly independent with the original z_1- wave function Ψ(z_1) associated with q. Similarly, in order to obtain a nonzero z_1-wave function associated with q^{(1)}z_1 , we have to apply the transformation matrix Γ(z_1, Ψ(z_1), KΨ(z_1)) to a z_1-wave function KΦ(z_1) associated with q that is linearly independent with the original z_1-wave function KΨ(z_1) associated with q. The function Φ(z_1) is constructed as follows.

Let Ψ(z) = (ψ_1(z), ψ_2(z))^⊤, z ∈ C, be a z-wave function associated with q on R and introduce Ω_z = {x ∈ R | ψ_1(z, x)ψ_2(z, x) ≠ 0}. (4.arabic@¸ equation) Next, consider

Ψ^#(z, x) = (1/2)(ψ_2(z, x)^{−1}, −ψ_1(z, x)^{−1})^⊤, x ∈ Ω_z , (4.arabic@¸ equation) such that W (Ψ^#(z, x), Ψ(z, x)) = 1. (4.arabic@¸ equation) Let x_0, x ∈ Ω_z such that [x_0, x] ⊆ Ω_z and define

R(z, x, x_0) = − 1 2 �_x

x_0

dx^′ � q(x^′) ψ_2(z, x^′)^2 + q(x^′) ψ_1(z, x^′)^2 � , (4.arabic@¸ equation)

Φ(z, x) = Ψ^#(z, x) + R(z, x, x_0)Ψ(z, x), [x_0, x] ⊆ Ω_z. (4.arabic@¸ equation) Using (2.arabic@¸ equation), we have (Ψ^#)^′ = U(p, q)Ψ^# −R^′Ψ. Thus, W (Φ, Ψ) = 1 and Φ(z) is a z-wave function associated with q, since

Φ^′ = (Ψ^#)^′ + R^′Ψ + RΨ^′ = UΨ^# − R^′Ψ + R^′Ψ + RUΨ = UΦ. (4.arabic@¸ equation) We note that Ψ^⊥Ψ^# = 1 implies KΨ(z)Ψ(z)^⊥Φ(z) = KΨ(z).

Thus, if Γ(z, Ψ(z_1), KΨ(z_1)) is defined using Ψ(z_1) as in (2.arabic@¸ equation), then the z_1-wave function Φ^{(1)}_{z1} (z_1) associated with q^{(1)}_{z1} , as prescribed in Theorem 2.6, is computed as follows

Φ^{(1)}_{z1} (z_1, x) = Γ(z_1, x, Ψ(z_1), KΨ(z_1))Φ(z_1, x) = Im(z_1)‖Ψ(z_1, x)‖^{−2}_{C2} KΨ(z_1, x). (4.arabic@¸ equation) Moreover, by Remark 2.7, KΦ^{(1)}z_1 (z_1) is computed as

KΦ^{(1)}_{z1} (z_1, x) = Γ(z_1, x, Ψ(z_1), KΨ(z_1))KΦ(z_1, x) = −Im(z_1)‖Ψ(z_1, x)‖^{−2}_{C2} Ψ(z_1, x). (4.arabic@¸ equation) By (4.arabic@¸ equation) and (2.arabic@¸ equation), for each z ∈ C, the z-wave function Φ^{(1)}z_1 (z) associated with q^{(1)}z_1 (constructed using the z-wave function Φ(z) associated with q) is computed by

Φ^{(1)}_{z1} (z, x) = Γ(z, x, Ψ(z_1), KΨ(z_1))Φ(z, x)

= −(i/2)(z − z_1)Φ(z, x) + Φ^{(1)}_{z1} (z_1, x)Ψ(z_1, x)^⊥Φ(z, x) = −(i/2)(z − z_1)Φ(z, x) − W (Ψ(z_1, x), Φ(z, x))Φ^{(1)}_{z1} (z_1, x). (4.arabic@¸ equation)

Formulas (2.arabic@¸ equation) and (4.arabic@¸ equation) now imply

q^{(1)}_{z1} (x) = q(x) + 4ϕ^{(1)}_{1,z1} (z_1, x)ψ_1(z_1, x), (4.arabic@¸ equation)

where Φ^{(1)}z_1 (z, x) = (ϕ^{(1)}_{1,z1} (z, x), ϕ^{(1)}_{2,z1} (z, x))^⊤, Ψ(z, x) = (ψ_1(z, x), ψ_2(z, x))^⊤.

Remark 4.1. We emphasize that while R(z, x, x_0) in (4.arabic@¸ equation), and hence Φ(z, x) in (4.arabic@¸ equation), in general, will have singularities on R, the formulas (4.arabic@¸ equation)–(4.arabic@¸ equation) are well-defined for all x ∈ R.

The next hypothesis will be crucial in our attempt to construct z_1- and z_1-wave functions in L^2(R)^2 associated with the Dirac-type differential expression M � q^{(1)}_{z1} � . Hypothesis 4.2. Suppose q ∈ L^1_{loc}(R), assume the NLS_− case p = −q, and let z_0 ∈ C. Suppose Ψ(z_0) to be a z_0-wave function associated with q that satisfies the condition ‖Ψ(z_0, ·)‖^{−1}_{C2} ∈ L^2(R), that is, �_∞ −∞ dx ‖Ψ(z_0, x)‖^{−2}_{C2} < ∞. (4.arabic@¸ equation)

If a z_0-wave function Ψ(z_0) associated with q satisfies condition (4.arabic@¸ equation), we will henceforth say that Ψ(z_0) satisfies Hypothesis 4.2 at z_0.

Remark 4.3. Assume Hypothesis 3.2 and suppose that Ψ(z) satisfies Hypothesis 4.2 at z. Then, (i) by Hölder’s inequality, Ψ(z) ∉ L^2((−∞, R])^2 ∪ L^2([R, ∞))^2 for all R ∈ R. (ii) KΨ(z) satisfies Hypothesis 4.2 at z by Lemma 2.2 (iii).

Remark 4.4. Assume Hypothesis 3.2 and let λ ∈ R. Then all λ-wave functions Ψ(λ) associated with q satisfy ‖Ψ(λ, x)‖_C2 = c(λ) (independently of x ∈ R). In particular, ‖Ψ(λ, ·)‖_C2 , ‖Ψ(λ, ·)‖^{−1}_{C2} /∈ L^2([R, ±∞)), R ∈ R, and hence there exists no λ-wave function associated with q that satisfies Hypothesis 4.2 at λ ∈ R.

The principal result of this section then reads as follows.

Theorem 4.5. Assume Hypothesis 3.2. Let z_1 ∈ C\R and suppose that the z_1- wave function Ψ(z_1) associated with q satisfies Hypothesis 4.2 at z_1. Let q^{(1)}_{z1} be given by (2.arabic@¸ equation). Then z_1 and z_1 are eigenvalues of the maximal Dirac-type operator D_{max} � q^{(1)}z_1 � associated with M � q^{(1)}z_1 � of geometric multiplicity equal to one. The corresponding eigenfunctions Φ^{(1)}z_1 (z_1) and KΦ^{(1)}z_1 (z_1) are given by (4.arabic@¸ equation) and (4.arabic@¸ equation), respectively, that is, one has

Φ^{(1)}_{z1} (z_1), KΦ^{(1)}_{z1} (z_1) ∈ dom � D_{max} � q^{(1)}_{z1} � , (4.arabic@¸ equation)

D_{max} � q^{(1)}_{z1} � Φ^{(1)}_{z1} (z_1) = z_1Φ^{(1)}_{z1} (z_1), (4.arabic@¸ equation)

D_{max} � q^{(1)}_{z1} � KΦ^{(1)}_{z1} (z_1) = z_1KΦ^{(1)}_{z1} (z_1). (4.arabic@¸ equation)

Proof. Indeed, using (4.arabic@¸ equation) at z_1 one obtains 0 < � �Φ^{(1)}_{z1} (z_1) � �^2_{L2} = |Im(z_1)|^2

�_∞ −∞ dx ‖Ψ(z_1, x)‖^{−4}_{C2} ‖Ψ(z_1, x)‖^2_C2 < ∞.

(4.arabic@¸ equation)

In order to show that z_1 has geometric multiplicity equal to one as an eigenvalue of D_{max} � q^{(1)}z_1 � , we next assume that Φ^{(1)}z_1 (z_1, ·) ∈ L^2(R)^2 and Φ̃^{(1)}z_1 (z_1, ·) ∈ L^2(R)^2 are linearly independent z_1-wave functions associated with q^{(1)}_{z1} . Then clearly Φ^{(1)}_{z1} (z_1, ·), Φ̃^{(1)}_{z1} (z_1, ·) ∈ dom � D_{max} � q^{(1)}_{z1} � and W � Φ^{(1)}_{z1} (z_1, ·), Φ̃^{(1)}_{z1} (z_1, ·) � ∈ L^1(R). (4.arabic@¸ equation)

However, since by (2.arabic@¸ equation), W (Φ^{(1)}_{z1} (z_1, x), Φ̃^{(1)}_{z1} (z_1, x)) is constant with respect to x ∈ R, (4.arabic@¸ equation) represents a contradiction and hence z_1 has geometric multiplicity equal to one. The analogous arguments apply to z_1.

The argument that D_{max} � q^{(1)}_{z1} � has only eigenvalues of geometric multiplicity equal to one applies of course in complete generality to any D(q) with q ∈ L^1_{loc(R)}.

Next we show that condition (4.arabic@¸ equation) is preserved under iterations, a fact of great relevance in connection with the multi-soliton solutions relative to arbitrary backgrounds discussed at the end of Section 6.

Lemma 4.6. Assume Hypothesis 3.2 and let z_1, z_2 ∈ C. Fix a z_1-wave function Ψ(z_1) and a z_2-wave function Φ(z_2) associated with q. Using Ψ(z_1), construct the NLS_− potential q^{(1)}_{z1} by formula (2.arabic@¸ equation) and consider the transformation matrix Γ(z_2, Ψ(z_1), KΨ(z_1)) given by formula (2.arabic@¸ equation) for z = z_2. Let Φ^{(1)}z_1 (z_2) be the z_2-wave function associated with q^{(1)}z_1 as in (4.arabic@¸ equation). If Φ(z_2) satisfies Hypothesis 4.2 at z_2, then Φ^{(1)}z_1 (z_2) satisfies Hypothesis 4.2 at z_2.

Proof. Without loss of generality we may assume Im(z_1)Im(z_2) ≥ 0. Formulas (2.arabic@¸ equation), (4.arabic@¸ equation), and (4.arabic@¸ equation) imply � Φ^{(1)}_{z1} (z_2)

�_2

C^2 = 1 4 |z_2 − z_1|^2‖Φ(z_2)‖^2_C2 + 1 4 |z_1 − z_1|^2‖Ψ(z_1)‖^{−4}_{C2} ‖KΨ(z_1))Ψ(z_1)^⊥Φ(z_2)‖^2_C2 − 1 2 Re � ((z_2 − z_1)Φ(z_2), (z_1 − z_1)‖Ψ(z_1)‖^{−2}_{C2} KΨ(z_1)Ψ(z_1)^⊥Φ(z_2))_C2 �

= 1 4 |z_2 − z_1|^2‖Φ(z_2)‖^2_C2 + 1 4 |z_1 − z_1|^2‖Ψ(z_1)‖^{−2}_{C2} |Ψ(z_1)^⊥Φ(z_2)|^2 + 1 2 ‖Ψ(z_1)‖^{−2}_{C2} |Ψ(z_1)^⊥Φ(z_2)|^2Re((z_2 − z_1)(z_1 − z_1)) = 1 4 |z_2 − z_1|^2‖Φ(z_2)‖^2_C2 + ‖Ψ(z_1)‖^{−2}_{C2} |Ψ(z_1)^⊥Φ(z_2)|^2Im(z_1)Im(z_2) ≥ 1 4 |z_2 − z_1|^2‖Φ(z_2)‖^2_C2 . (4.arabic@¸ equation)

Thus, if

�_∞ −∞ dx ‖Φ(z_2, x)‖^{−2}_{C2} < ∞, then

�_∞ −∞ dx � �Φ^{(1)}_{z1} (z_2, x) � �^{−2}_{C2} < ∞.

It will be shown in Remark 6.1 that for any z ∈ ρ � D_{max} � q^{(1)}_{z1} � all but two z-wave functions of D_{max} � q^{(1)}_{z1} � satisfy Hypothesis 4.2 at z.

5. Some Spectral Properties and the Existence of Weyl–Titchmarsh-type Solutions for J -Self-Adjoint Dirac-Type Operators

The principal purpose of this section is to establish the existence of Weyl– Titchmarsh-type solutions for formally J -self-adjoint Dirac differetial expressions M(q) associated with the focusing NLS_− case. The latter are well-known to exist in the case of self-adjoint Dirac operators (in particular, they are well-known to exist in the context of the defocusing NLS_+ equation) and are known to be a fundamental ingredient in the spectral analysis in the self-adjoint context (cf., for instance, [31, Chs. 3, 4,]). As far as we know, no such result appears to be known in the general J -self-adjoint case studied in this section. Along the way we also collect some results concerning spectral properties of D_{max}(q).

Thus, assuming the NLS_− case and hence the basic Hypothesis 3.2 throughout this section, we adopt the simplified notation (cf. Section 3)

D(q) = D_{min}(q) = D_{max}(q), q ∈ L^1_{loc}(R). (5.arabic@¸ equation)

We also denote by I_2 the identity operator in L^2(R)^2 (as well as in C^2). Moreover, we find it convenient to introduce the following notations,

L^2_{loc}([−∞, ∞)) = � f : R → C is measurable � f ∈ L^2((−∞, R]) for all R ∈ R � , L^2_{loc}((−∞, ∞]) = � f : R → C is measurable � f ∈ L^2([R, ∞)) for all R ∈ R � . (5.arabic@¸ equation)

We start with the following auxiliary result (the variation of parameters formula).

Lemma 5.1. Assume Hypothesis 3.2 and let (z, x_0) ∈ C × R. Let Ψ_1(z) and Ψ_2(z) be linearly independent z-wave functions for M(q) defined on [x_0, ∞) and denote by Ξ(z, x) = � Ψ_1(z, x), Ψ_2(z, x)] the 2 × 2 fundamental matrix solution of M(q)Ξ(z) = zΞ(z). Assume the Wronskian of Ψ_1 and Ψ_2 satisfies W (Ψ_1(z, x), Ψ_2(z, x)) = det(Ξ(z, x)) = 1 for some (and hence for all ) x ∈ [x_0, ∞). Moreover, suppose B ∈ L^1_{loc}([x_0, ∞))^{2×2}. Then Φ(z, ·) ∈ AC_{loc}(R)^2 satisfies M(q)Φ(z) = zΦ(z) + BΦ(z) if and only if

Φ(z, x) = Ξ(z, x)C +

�_x

x_0

dx^′ Ξ(z, x)Ξ(z, x^′)^{−1}B(x^′)Φ(z, x^′), x ≥ x_0

(5.arabic@¸ equation)

for some C = (c_1, c_2)^⊤ ∈ C^2 independent of x. Moreover, Φ(z, x) = 0 for all x ≥ x_0 if and only if C = 0.

Proof. The computation

M(q) � Φ(x) −

�_x

x_0

dx^′ Ξ(x)Ξ(x^′)^{−1}B(x^′)Φ(x^′) �

= zΦ(x) + B(x)Φ(x) − M(q) � Ξ(x)

�_x

x_0

dx^′ Ξ(x^′)^{−1}B(x^′)Φ(x^′) �

= z � Φ(x) −

�_x

x_0

dx^′ Ξ(x)Ξ(x^′)^{−1}B(x^′)Φ(x^′) � (5.arabic@¸ equation)

shows that Φ satisfies M(q)Φ(z) = zΦ(z)+BΦ(z) if and only if Φ satisfies (5.arabic@¸ equation) since Ξ is a fundamental matrix for the first-order linear differential system M(q)Ψ(z) = zΨ(z). That Φ(z, x) = 0 for all x ≥ x_0 if and only if C = 0 follows upon iterating the Volterra-type integral equation (5.arabic@¸ equation) in a standard manner.

Next, we find it convenient to recall a number of basic definitions and well-known facts in connection with the spectral theory of non-self-adjoint operators (we refer to [11, Chs. I, III, IX], [21, Sects. 1, 21–23], and [38, p. 178–179] for more details). Let S be a densely defined closed operator in a complex Hilbert space H. Denote by B(H) the Banach space of all bounded linear operators on H. The spectrum, σ(S), point spectrum (the set of eigenvalues), σ_p(S), continuous spectrum, σ_c(S), residual spectrum, σ_r(S), approximate point spectrum, σ_a(S), essential spectrum, σ_e(S), field of regularity, π(S), resolvent set, ρ(S), and Δ(S) are defined by σ(S) = {λ ∈ C | (S − λI)^{−1} ∈ B(H)}, (5.arabic@¸ equation) σ_p(S) = {λ ∈ C | ker(S − λI) ≠ {0}}, (5.arabic@¸ equation) σ_c(S) = {λ ∈ σ(S) | ker(S − λI) = {0} and ran(S − λI) is dense in H but not equal to H}, (5.arabic@¸ equation) σ_r(S) = {λ ∈ C | ker(S − λI) = {0} and ran(S − λI) is not dense in H}, (5.arabic@¸ equation) σ_a(S) = {λ ∈ C | there exists a sequence {f_n}_{n∈N} with ‖f_n‖_H = 1, n ∈ N, and lim_{n→∞} ‖(S − λI)f_n‖_H = 0}, (5.arabic@¸ equation) σ_e(S) = {λ ∈ C | there exists a sequence {f_n}_{n∈N} s.t. {f_n}_{n∈N} contains no convergent subsequence, ‖f_n‖_H = 1, n ∈ N, and lim_{n→∞} ‖(S − λI)f_n‖_H = 0}, (5.arabic@¸ equation) π(S) = {z ∈ C | there exists k_z > 0 s.t. ‖(S − zI)u‖_H ≥ k_z‖u‖_H for all u ∈ dom(S)}, (5.arabic@¸ equation) ρ(S) = C\σ(S), (5.arabic@¸ equation) Δ(S) = {z ∈ C | dim(ker(S − z)) < ∞ and ran(S − z) is closed}, (5.arabic@¸ equation) respectively. One then has

σ(S) = σ_p(S) ∪ σ_c(S) ∪ σ_r(S) (disjoint union) (5.arabic@¸ equation) = σ_p(S) ∪ σ_e(S) ∪ σ_r(S), (5.arabic@¸ equation) σ_c(S) ⊆ σ_e(S)\(σ_p(S) ∪ σ_r(S)), (5.arabic@¸ equation) σ_r(S) = σ_p(S^∗)^∗\σ_p(S), (5.arabic@¸ equation) σ_a(S) = {λ ∈ C | for all ε > 0, there exists 0 ≠ f_ε s.t. ‖(S − λ)f_ε‖_H ≤ ε‖f_ε‖_H} (5.arabic@¸ equation) = C\π(S), (5.arabic@¸ equation) σ(S)\σ_a(S) ⊆ σ_r(S), σ(S)\σ_a(S) is open, (5.arabic@¸ equation) σ_e(S) = {λ ∈ C | there exists a sequence {g_n}_{n∈N} s.t. w-lim_{n→∞} g_n = 0, ‖g_n‖_H = 1, n ∈ N, and lim_{n→∞} ‖(S − λI)g_n‖_H = 0} (5.arabic@¸ equation) = C\Δ(S), (5.arabic@¸ equation) σ_e(S) ⊆ σ_a(S) ⊆ σ(S) (all three sets are closed), (5.arabic@¸ equation) ρ(S) ⊆ π(S) ⊆ Δ(S) (all three sets are open). (5.arabic@¸ equation) Here ω^∗ in the context of (5.arabic@¸ equation) denotes the complex conjugate of the set ω ⊆ C, that is, ω^∗ = {λ ∈ C | λ ∈ ω}. (5.arabic@¸ equation) For future reference we note that the sequence {f_n}_{n∈N} in (5.arabic@¸ equation) (and the sequence {g_n}_{n∈N} in (5.arabic@¸ equation)) is called a singular (or Weyl ) sequence of S corresponding to λ. We also note that there are several versions of the concept of the essential spectrum in the non-self-adjoint context (cf. [11, Ch. IX]) but we will only use the one in (5.arabic@¸ equation) (respectively, (5.arabic@¸ equation)) in this paper.

In the special case where S is J -self-adjoint one obtains the following simplifications (cf. [11, p. 118], [21, p. 76]):

σ(S) = σ_p(S) ∪ σ_c(S) (5.arabic@¸ equation) = σ_p(S) ∪ σ_e(S), (5.arabic@¸ equation) σ_r(S) = ∅, (5.arabic@¸ equation) σ_p(S) = σ_p(S^∗)^∗, (5.arabic@¸ equation) σ_a(S) = σ(S), (5.arabic@¸ equation) π(S) = ρ(S), (5.arabic@¸ equation) whenever S is J -self-adjoint. Note that π(S) = ∅ may occur for J -symmetric operators (see [37]) in sharp contrast to the case of densely defined, closed, symmetric operators T , where any nonreal number is in the field of regularity π(T ).

Returning to the NLS_− case, we next recall an elementary but useful consequence of (2.arabic@¸ equation) and (2.arabic@¸ equation). Lemma 5.2. Assume Hypothesis 3.2. Then KD(q)K = −D(q), (5.arabic@¸ equation) σ_3D(q)σ_3 = D(q)^∗ = D(−q). (5.arabic@¸ equation) Consequently, σ(D(q))^∗ = σ(D(q)) = σ(D(−q)). (5.arabic@¸ equation) Moreover,

if z_0 ∈ σ_p(D(q)) and D(q)F = z_0F for some F ∈ dom(D(q)), then D(q)KF = z_0KF. (5.arabic@¸ equation) Proof. Relations (5.arabic@¸ equation) and (5.arabic@¸ equation) are clear from (2.arabic@¸ equation), (2.arabic@¸ equation), (3.arabic@¸ equation), (3.arabic@¸ equation), and (5.arabic@¸ equation). Since (D(q)^∗ − zI_2)^{−1} = [(D(q) − zI_2)^{−1}]^∗, σ(D(q)^∗) = σ(D(q))^∗ and hence (5.arabic@¸ equation) follows from (5.arabic@¸ equation). Finally, (5.arabic@¸ equation) is clear from (5.arabic@¸ equation) and K^2 = −I_2.

Next we introduce the basic hypothesis to be assumed for the remainder of this section.

Hypothesis 5.3. Suppose q ∈ L^1_{loc}(R), assume the NLS_− case p = −q, and suppose that the (J -self-adjoint ) operator D(q) has nonempty resolvent set, ρ(D(q)) ≠ ∅. Recalling the standard notation

nul(T ) = dim(ker(T )), (5.arabic@¸ equation) def(T ) = dim(ran(T )^⊥) = dim(ker(T^∗)) = nul(T^∗), (5.arabic@¸ equation) where T denotes a densely defined closed operator in H, we can state the following fundamental result, establishing the existence of Weyl–Titchmarsh-type solutions for J -self-adjoint Dirac-type operators relevant to the NLS_− case.

Theorem 5.4. Assume Hypothesis 5.3 and pick z ∈ ρ(D(q)). Then there exist two unique (up to constant multiples) linearly independent z-wave functions Ψ_−(z, ·) and Ψ_+(z, ·) associated with q satisfying

Ψ_−(z, ·) ∈ L^2_{loc}([−∞, ∞)), Ψ_+(z, ·) ∈ L^2_{loc}((−∞, ∞]), (5.arabic@¸ equation) ‖Ψ_−(z, ·)‖^{−1}_{C2} ∈ L^2_{loc}((−∞, ∞]), ‖Ψ_+(z, ·)‖^{−1}_{C2} ∈ L^2_{loc}([−∞, ∞)), (5.arabic@¸ equation) lim x→±∞

‖Ψ_±(z, x)‖_C2 = lim_{x→∓∞} ‖Ψ_±(z, x)‖^{−1}_{C2} = 0, (5.arabic@¸ equation)

sup_{r∈R}

�_r −∞ dx ‖Ψ_−(z, x)‖^2_C2

� �_∞ r dx ‖Ψ_+(z, x)‖^2_C2 � < ∞.

(5.arabic@¸ equation)

The corresponding z-wave functions KΨ_±(z, x) associated with q satisfy (5.arabic@¸ equation)– (5.arabic@¸ equation) with z replaced by z.

Proof. We prove the existence of the two z-wave functions following the lines of [11, Sect 10.4]. To this end we introduce the operators

D_{max}(q; −∞)F = M(q)F, F ∈ dom(D_{max}(q; −∞)) = � G ∈ L^2((−∞, 0]) | G ∈ AC_{loc}((−∞, 0]), (5.arabic@¸ equation) M(q)G ∈ L^2((−∞, 0]) � , D_{min}(q; −∞)F = M(q)F, F ∈ dom(D_{min}(q; −∞)) = {G ∈ dom(D_{max}(q; −∞)) | G(0) = 0; (5.arabic@¸ equation) supp(G) ⊂ (−∞, 0] is compact}, D_{max}(q; ∞)F = M(q)F, F ∈ dom(D_{max}(q; ∞)) = � G ∈ L^2([0, ∞)) | G ∈ AC_{loc}([0, ∞)), (5.arabic@¸ equation) M(q)G ∈ L^2([0, ∞)) � , D_{min}(q; ∞)F = M(q)F, dom(D_{min}(q; ∞)) = {G ∈ dom(D_{max}(q; ∞)) | G(0) = 0; (5.arabic@¸ equation) supp(G) ⊂ [0, ∞) is compact}.

In close analogy to [11, Theorem III.10.20] one can prove that for all z ∈ ρ(D(q)), def � D_{min}(q) − zI_2 � = def � D_{min}(q; −∞) − zI_2 � + def � D_{min}(q; ∞) − zI_2 � − 2.

(5.arabic@¸ equation)

Since D(q) = D_{min}(q) is J -self-adjoint and z ∈ ρ(D(q)), we necessarily have (see, e.g., [11, Theorem III.5.5]) that def � D_{min}(q) − zI_2 � = def(D(q) − zI_2) = 0. (5.arabic@¸ equation)

Thus, def � D_{min}(q; −∞) − zI_2 � + def � D_{min}(q; ∞) − zI_2 � = 2. (5.arabic@¸ equation)

We claim that the only possibility is def � D_{min}(q; −∞) − zI_2 � = def � D_{min}(q; ∞) − zI_2 � = 1. (5.arabic@¸ equation)

Indeed, arguing by contradiction, we assume, for instance, that def � D_{min}(q; −∞) − z_0I_2 � = 0. (5.arabic@¸ equation)

This implies nul � D_{max}(−q; ∞) − z_0I_2 � = 2 (5.arabic@¸ equation)

since (D_{min}(q); ∞)^∗ = D_{max}(−q; ∞). Thus all z_0-wave functions for the NLS_− potential −q are in L^2_{loc}((−∞, ∞])^2. According to Remark 4.4, this is clearly impossible for z_0 ∈ R ∩ ρ(D(−q)). Next we show that this is impossible also for z_0 ∈ (C\R) ∩ ρ(D(−q)). Using Lemma 2.2 (iii), we can simplify notations and replace z_0 by z_0 without loss of generality. Moreover, to avoid confusion with the change q → −q and the corresponding change for q^{(1)}_{z0} , we simply use q instead of −q in the proof of (5.arabic@¸ equation) below.

To this end, we fix z_0 ∈ ρ(D(q)) with Im(z_0) ≠ 0 and Ψ_1(z_0), Ψ_2(z_0) two linearly independent z_0-wave functions associated with the background potential q. The latter are in L^2([0, ∞))^2 by hypothesis (5.arabic@¸ equation). Then for any z_0-wave function Ψ(z_0) = (ψ_1(z_0), ψ_2(z_0))^⊤ associated with the NLS_− potential q, one infers (cf. (4.arabic@¸ equation) and (4.arabic@¸ equation)) that Φ^{(1)}_{z0} (z_0) = Im(z_0)KΨ(z_0)‖Ψ(z_0)‖^{−2}_{C2} is a z_0-wave function associated with the NLS_− potential

q^{(1)}_{z0} = q + 4Im(z_0)ψ_1(z_0)ψ_2(z_0)‖Ψ(z_0)‖^{−2}_{C2} . (5.arabic@¸ equation)

Thus Φ^{(1)}_{z0} (z_0) satisfies

z_0Φ^{(1)}_{z0} (z_0) = M(q^{(1)})Φ^{(1)}_{z0} (z_0) = M(q)Φ^{(1)}_{z0} (z_0) − B(z_0)Φ^{(1)}_{z0} (z_0), (5.arabic@¸ equation)

where

B(z_0, x) = 4iIm(z_0)‖Ψ(z_0, x)‖^{−2}_{C2} � 0 ψ_1(z_0, x)ψ_2(z_0, x) ψ_1(z_0, x)ψ_2(z_0, x) 0 �

(5.arabic@¸ equation)

belongs to L^∞(R)^{2×2}. In particular,

ess sup_{x∈R}‖B(z_0, x)‖_C2×2 ≤ 2|Im(z_0)|. (5.arabic@¸ equation)

Since no confusion can arise we occasionally suppress the explicit z_0-dependence in the calculations below. The variation of parameters formula (5.arabic@¸ equation) then yields the following for the fundamental system of solutions Ξ = [Ψ_1, Ψ_2], W (Ψ_1, Ψ_2) = 1, associated with q and z_0:

Φ^{(1)}_{z0} (x) = Ξ(x)C +

�_x a dx^′ Ξ(x)Ξ(x^′ )^{−1}B(x^′)Φ^{(1)}_{z0} (x^′) (5.arabic@¸ equation)

= c_1Ψ_1(x) + c_2Ψ_2(x) + Ξ(x)

�_x a dx^′ Ξ(x^′)^{−1}B(x^′)Φ^{(1)}_{z0} (x^′), x ≥ a > 0,

where C = (c_1, c_2)^⊤ ≠ 0 depends on a and we assume W (Ψ_1, Ψ_2) = 1 according to Lemma 5.1. Hence one obtains

‖Ξ(x)‖_C2×2 ≤ 2^{1/2} max � ‖Ψ_1(x)‖_C2 , ‖Ψ_2(x)‖_C2 � . (5.arabic@¸ equation)

Moreover, writing Ψ_j = (ψ_{1,j} , ψ_{2,j} )^⊤, j = 1, 2, one infers

‖ψ_{k,j} (z_0, ·)‖_L2_{([a,∞))} ≤ K(a), j, k = 1, 2 (5.arabic@¸ equation)

for some constant K(a) > 0 with

lim_{a↑∞} K(a) = 0. (5.arabic@¸ equation)

Hence,

�_x a dx^′ ‖Ξ(x^′)^{−1}‖^2_C2×2 ≤ 2

�_x a dx^′ max � � � � ψ_{2,2}(x^′)

−ψ_{2,1}(x^′) � � � � 2 C^2 , � � � � � −ψ_{1,2}(x^′)

ψ_{1,1}(x^′) � � � � 2 C^2 �

≤ 4K(a)^2. (5.arabic@¸ equation)

Thus, (5.arabic@¸ equation)–(5.arabic@¸ equation) yield for x ≥ a, � �Φ^{(1)}_{z0} (x) � �_{C2} ≤ |c_1|‖Ψ_1(x)‖_{C2} + |c_2|‖Ψ_2(x)‖_{C2} (5.arabic@¸ equation)

+ 2^{1/2}4|Im(z_0)|K(a) max � ‖Ψ_1(x)‖_C2 , ‖Ψ_2(x)‖_C2 � � �_x a dx^′ � �Φ^{(1)}_{z0} (x^′) � �^2_{C2}

�_{1/2} . Squaring (5.arabic@¸ equation) and integrating the result from a to x, one estimates �_x a dx^′ � Φ^{(1)}_{z0} (x^′)

�_2

C^2

≤ 3|c_1|^2

�_x a dx^′ ‖Ψ_1(x^′)‖^2_C2 + 3|c_2|^2

�_x a dx^′ ‖Ψ_2(x^′)‖^2_C2

+ 96|Im(z_0)|^2K(a)^2

�_x a dx^′

�_x′ a dx^{′′} max � ‖Ψ_1(x^′)‖_C2 , ‖Ψ_2(x^′)‖_C2 � Φ^{(1)}_{z0} (x^{′′}) � �^2_{C2}

≤ 6K(a)^2 � |c_1|^2 + |c_2|^2 � + 96|Im(z_0)|^2K(a)^2

�_x a dx^{′′}

�_x

x^{′′}

dx^′ max � ‖Ψ_1(x^′)‖_C2 , ‖Ψ_2(x^′)‖_C2 � Φ^{(1)}_{z0} (x^{′′}) � �^2_{C2}

≤ 6K(a)^2 � |c_1|^2 + |c_2|^2 � + 96|Im(z_0)|^2K(a)^2

�_x a dx^{′′} � �Φ^{(1)}_{z0} (x^{′′}) � �^2_{C2}

�_x a dx^′ max � ‖Ψ_1(x^′)‖_C2 , ‖Ψ_2(x^′)‖_C2 �

≤ 6K(a)^2 � |c_1|^2 + |c_2|^2 � + 192|Im(z_0)|^2K(a)^4

�_x a dx^{′′} � �Φ^{(1)}_{z0} (x^{′′}) � �^2_{C2} .

(5.arabic@¸ equation)

Here we applied the Fubini–Tonelli theorem to the integrand max � ‖Ψ_1(x^′)‖_C2 , ‖Ψ_2(x^′)‖_C2 � Φ^{(1)}_{z0} (x^{′′}) � �^2_{C2} χ_{[a,x′]}(x^{′′}) ≥ 0 (5.arabic@¸ equation)

(χ_Λ the characteristic function of the set Λ ⊂ R) to prove equality of the iterated

integrals

�_x a dx^′

�_x′ a dx^{′′} · · · and

�_x a dx^{′′}

�_x

x^{′′} dx

′ · · · in (5.arabic@¸ equation). Hence,

if one chooses a large enough (such that 192|Im(z_0)|^2K(a)^4 < 1), then � 1 − 192|Im(z_0)|^2K(a)^4

� �^x a dx^′ � �Φ^{(1)}_{z0} (z_0, x^′) � �^2_{C2} ≤ 6K(a)^2�|c_1|^2 + |c_2|^2�,

(5.arabic@¸ equation)

and thus, Φ^{(1)}_{z0} (z_0, ·) ∈ L^2([a, ∞))^2. Since � �Φ^{(1)}_{z0} (z_0, ·) � �_{C2} = ‖Ψ(z_0, ·)‖^{−1}_{C2} this con-

tradicts the assumption Ψ(z_0, ·) ∈ L^2([0, ∞))^2. This proves (5.arabic@¸ equation).

Finally, if Ψ_−(z) and Ψ_+(z) satisfying (5.arabic@¸ equation) were linearly dependent then it would follow that z ∈ σ_p(D(q)) by (5.arabic@¸ equation), contradicting the initial assumption z ∈ ρ(D(q)). Summing up, (5.arabic@¸ equation) implies existence and uniqueness (up to constant multiples) of Ψ_±(z) satisfying (5.arabic@¸ equation).

To prove (5.arabic@¸ equation) we assume without loss of generality that

W (Ψ_−(z, x), Ψ_+(z, x)) = 1, x ∈ R. (5.arabic@¸ equation)

Then one computes

1 + |(Ψ_−(z, x), Ψ_+(z, x))_C2 |^2 = ‖Ψ_+(z, x)‖^2_C2 ‖Ψ_−(z, x)‖^2_C2 ≥ 1 (5.arabic@¸ equation)

and hence,

‖Ψ_∓(z, x)‖^{−1}_{C2} ≤ ‖Ψ_±(z, x)‖_C2 , x ∈ R. (5.arabic@¸ equation)

Thus, ‖Ψ_−(z, ·)‖^{−1}_{C2} ∈ L^2_{loc}((−∞, ∞]). The fact that ‖Ψ_+(z, ·)‖^{−1}_{C2} ∈ L^2_{loc}([−∞, ∞)) in (5.arabic@¸ equation) is proved analogously.

By (5.arabic@¸ equation) and (5.arabic@¸ equation) one infers

lim inf

x→±∞

‖Ψ_±(z, x)‖_C2 = lim inf_{x→±∞} ‖Ψ_∓(z, x)‖^{−1}_{C2} = 0. (5.arabic@¸ equation)

To prove (5.arabic@¸ equation) one first integrates (2.arabic@¸ equation) to obtain

‖Ψ_±(z, x_2)‖^2_C2 − ‖Ψ_±(z, x_1)‖^2_C2 = 2Im(z)

�_{x2}

x_1 dx � |ψ_{1,±}(z, x)|^2 − |ψ_{2,±}(z, x)|^2 � . (5.arabic@¸ equation)

Thus, lim_{x→±∞} ‖Ψ_±(z, x)‖_C2 exist and hence equal 0 by (5.arabic@¸ equation). By (5.arabic@¸ equation) one then infers lim x→±∞

‖Ψ_∓(z, x)‖^{−1}_{C2} = 0. (5.arabic@¸ equation)

What remains to be proved is (5.arabic@¸ equation). To this end consider the Green’s function for the Dirac-type operator D(q). It can be written in terms of the z-wave functions

Ψ_−(z, x) = (ψ_{1,−}(z, x), ψ_{2,−}(z, x))^⊤, Ψ_+(z, x) = (ψ_{1,+}(z, x), ψ_{2,+}(z, x))^⊤, (5.arabic@¸ equation)

whose existence is guaranteed by (5.arabic@¸ equation) and whose Wronskian is still assumed to satisfy (5.arabic@¸ equation). More precisely, define the 2 × 2 matrixvalued function on R^2

G(z, x, y) = − � Ψ_+(z, x)Ψ_−(z, y)^⊤, x ≤ y, Ψ_−(z, x)Ψ_+(z, y)^⊤, x ≥ y, z ∈ ρ(D(q)).

(5.arabic@¸ equation)

Explicitly,

G(z, x, y) = −

� � � � � � �

� ψ_{1,+}(z, x)ψ_{1,−}(z, y) ψ_{1,+}(z, x)ψ_{2,−}(z, y) ψ_{2,+}(z, x)ψ_{1,−}(z, y) ψ_{2,+}(z, x)ψ_{2,−}(z, y) � , x ≤ y, � ψ_{1,−}(z, x)ψ_{1,+}(z, y) ψ_{1,−}(z, x)ψ_{2,+}(z, y) ψ_{2,−}(z, x)ψ_{1,+}(z, y) ψ_{2,−}(z, x)ψ_{2,+}(z, y) � , x ≥ y.

(5.arabic@¸ equation) To prove that (5.arabic@¸ equation) indeed represents the Green’s function associated with the J -self-adjoint operator D(q) one can argue as follows. One introduces a densely defined operator R(z) in L^2(R)^2 by

(R(z)F )(x) = � R dx^′ G(z, x, x^′)F (x^′), z ∈ ρ(D(q)), x ∈ R, (5.arabic@¸ equation) F ∈ dom(R(z)) = � G ∈ L^2(R))^2 | supp(G) is compact � . (5.arabic@¸ equation) By inspection one infers that

R(z)F ∈ AC_{loc}(R)^2 ∩ L^2(R)^2 and M(q)R(z)F ∈ L^2(R)^2. (5.arabic@¸ equation) Thus, R(z) maps L^2(R)^2-elements of compact support into the domain of D(q). Moreover, an explicit computation shows that

(M(q) − z) � R(z)F − (D(q) − z)^{−1}F � = (D(q) − z) � R(z)F − (D(q) − z)^{−1}F � = 0, F ∈ dom(R(z)).

(5.arabic@¸ equation) Since by hypothesis, z ∈ ρ(D(q)), (5.arabic@¸ equation) implies

R(z)F = (D(q) − z)^{−1}F, F ∈ dom(R(z)). (5.arabic@¸ equation) Hence R(z) extends boundedly to all of L^2(R)^2 and its closure coincides with the resolvent (D(q)−z)^{−1} of D(q). Thus, z ∈ ρ(D(q)) is equivalent to the boundedness of the operator

L^2(R)^2 ∋ F (x) −→ � R G(z, x, y)F (y) dy (5.arabic@¸ equation)

= Ψ_+(z, x)

�_x −∞ Ψ_−(z, y)^⊤F (y)dy

+ Ψ_−(z, x)

�_∞ x Ψ_+(z, y)^⊤F (y)dy

in L^2(R). Taking z ∈ ρ(D(q)) and F = (f, 0)^⊤ and F = (0, f)^⊤ it follows that the operators

L^2(R) ∋ f(x) → ψ_{j,+}(z, x)

�_x −∞ ψ_{k,−}(z, y)f(y)dy

+ ψ_{j,−}(z, x)

�_∞ x ψ_{k,+}(z, y)f(y)dy, j, k = 1, 2 (5.arabic@¸ equation) are bounded in L^2(R). The last statement implies the relations (in fact, it is equivalent to them, cf. [35] and Lemma 6.2)

sup_{r∈R}

�_r −∞ |ψ_{k,−}(x)|^2 dx

� �_∞ r |ψ_{j,+}(x)|^2 dx � < +∞, j, k = 1, 2.

(5.arabic@¸ equation)

Indeed, we will prove next that (5.arabic@¸ equation) follows from (5.arabic@¸ equation). For simplicity we consider the case j = k = 1. (The proof for the remaining combinations of indices j, k proceeds analogously, cf. also [4]). Assuming (5.arabic@¸ equation) for j = k = 1, there exists a constant C > 0 such that � R � � �ψ^{1,+}(x)

�_x −∞ ψ_{1,−}(y)f(y) dy + ψ_{1,−}(x)

�_∞ x ψ_{1,+}(y)f(y)dy � � � 2 dx ≤ C � R |f(x)|^2 dx. (5.arabic@¸ equation)

For fixed r ∈ R and f ∈ L^2(R) satisfying f(x) = 0, for all x > r, the inequality (5.arabic@¸ equation) implies (restricting the interval of integration)

�_∞ r |ψ_{1,+}(x)|^2 dx � � � � �_r −∞ ψ_{1,−}(y)f(y) dy � � � 2 ≤ C �_r −∞ |f(x)|^2 dx.

(5.arabic@¸ equation)

Thus, choosing f(x) = ψ_{1,−}(x), for x ≤ r and f(x) = 0 otherwise (then clearly f ∈ L^2(R)) one obtains (5.arabic@¸ equation) with j = k = 1. Since ‖Ψ_±(x)‖^2_{C2} = |ψ_{1,±}(x)|^2 + |ψ_{2,±}(x)|^2, (5.arabic@¸ equation) yields (5.arabic@¸ equation).

Finally, ‖KΨ(x)‖_C2 = ‖Ψ(x)‖_C2 proves the statement about the z-wave functions associated with q.

The solutions Ψ_±(z, x) in (5.arabic@¸ equation) are analogs of the familiar Weyl– Titchmarsh solutions in the context of self-adjoint Dirac-type operators (cf. [31, Ch. 3]).

The following is a consequence of (5.arabic@¸ equation) and Remark 4.4.

Corollary 5.5. Assume q ∈ L^1_{loc}(R) and suppose the NLS_− case p = −q. Then σ_c(D(q)) ⊇ R, (5.arabic@¸ equation) σ_e(D(q)) ⊇ R, (5.arabic@¸ equation) σ_p(D(q)) ∩ R = ∅. (5.arabic@¸ equation)

Proof. Relation (5.arabic@¸ equation) holds by Remark 4.4 which excludes the existence of an L^2(R)^2 solution F of M(q)F = λF near ±∞ for all λ ∈ R. To prove (5.arabic@¸ equation) we can restrict ourselves to the case in which ρ(D(q)) ≠ ∅. Pick λ_0 ∈ R. Then Remark 4.4, (5.arabic@¸ equation), and (5.arabic@¸ equation) imply that λ_0 /∈ ρ(D(q)) ∪ σ_p(D(q)). Since σ_r(D(q)) = ∅ by (5.arabic@¸ equation), it follows that λ_0 ∈ σ_c(D(q)) by (5.arabic@¸ equation). Relation (5.arabic@¸ equation) is then obvious from (5.arabic@¸ equation).

As a consequence of (5.arabic@¸ equation), our frequent assumption z ∈ ρ(D(q)) (especially in the next Section 6) automatically implies z ∈ C\R.

Interesting restrictions on the permissible location of eigenvalues of J -self-adjoint Dirac-type operators D(q) under strong additional constraints on q were recently derived in [25].

Remark 5.6. Given normalized Weyl–Titchmarsh-type solutions Ψ_±(z, x, x_0) of M(q)Ψ(z, x) = zΨ(z, x) for z ∈ ρ(D(q)) satisfying

ψ_{1,±}(z, x_0, x_0) = 1, z ∈ ρ(D(q)) (5.arabic@¸ equation)

for some x_0 ∈ R, one can formally introduce associated Weyl–Titchmarsh mfunctions as follows. Denote by Ξ(z, x, x_0) a normalized 2 × 2 fundamental system of solutions of

M(q)Ψ(z, x) = zΨ(z, x), z ∈ C (5.arabic@¸ equation)

at some x_0 ∈ R, that is, Ξ(z, x, x_0) satisfies (5.arabic@¸ equation) for a.e. x ∈ R and

Ξ(z, x_0, x_0) = I_2, z ∈ C. (5.arabic@¸ equation)

One then partitions Ξ(z, x, x_0) as

Ξ(z, x, x_0) = (Θ(z, x, x_0) Φ(z, x, x_0)) = � θ_1(z, x, x_0) ϕ_1(z, x, x_0) θ_2(z, x, x_0) ϕ_2(z, x, x_0) � , (5.arabic@¸ equation)

where θ_j (z, x, x_0) and ϕ_j (z, x, x_0), j = 1, 2, are entire with respect to z ∈ C and normalized according to (5.arabic@¸ equation). Then the normalized Weyl–Titchmarsh solutions Ψ_±(z, x, x_0) can be expressed in terms of the basis (Θ(z, x, x_0) Φ(z, x, x_0)) as Ψ_±(z, x, x_0) = Θ(z, x, x_0) + m_±(z, x_0)Φ(z, x, x_0), z ∈ ρ(D(q)) (5.arabic@¸ equation)

for some coefficients m_±(z, x_0). Clearly, m_±(z, x_0) are analytic on ρ(D(q)) and they are the obvious analogs of the half-line Weyl–Titchmarsh coefficients, familiar from (second-order scalar and first-order 2 × 2) self-adjoint differential and difference operators (cf., e.g., [2, § VII.1], [31, Chs. 2, 3]). It is tempting to conjecture that appropriate boundary values of m_±(z, x_0) as z approaches σ(D(q)) encode the spectral information on D(q), but this is left for future investigations.

6. Transformation Operators for J -Self-Adjoint Dirac-Type Operators

The principal goal in this section is to construct transformation operators in L^2(R)^2 that intertwine the J -self-adjoint operators D(q) and D � q^{(1)}_{z1} � corresponding to the Lax differential expressions M(q) and M � q^{(1)}_{z1} � in the focusing NLS_−-case and to use these transformation operators to relate the spectra of D(q) and D � q^{(1)}_{z1} � , the principal goal of this paper.

In the following we always assume Hypothesis 5.3 and freely use the notation established in Section 5 for D(q) as the maximally defined J -self-adjoint Dirac operator in the focusing NLS_− case and the Weyl–Titchmarsh-type solutions Ψ_±(z, x), z ∈ ρ(D(q)), established in Theorem 5.4.

We start with an elementary but important observation.

Remark 6.1. Since the two z-wave functions Ψ_−(z) and Ψ_+(z) of D(q) are linearly independent,

W (Ψ_−(z, x), Ψ_+(z, x)) = c(z) ≠ 0, (6.arabic@¸ equation) all other (nontrivial ) z-wave functions Ψ satisfy

Ψ(z) = αΨ_−(z) + βΨ_+(z) for some α, β ∈ C\{0}. (6.arabic@¸ equation) In addition, as we will prove next, ‖Ψ(z, ·)‖^{−1}_{C2} ∈ L^2(R). (6.arabic@¸ equation) Indeed, Ψ(z) = αΨ_−(z) + βΨ_+(z) and hence

‖Ψ(z)‖^{−1}_{C2} ≤ � �|α|‖Ψ_+(z)‖_{C2} − |β|‖Ψ_−(z)‖_{C2} � �^{−1}, (6.arabic@¸ equation)

(5.arabic@¸ equation), and the fact that Ψ_±(z, ·) ∈ AC_{loc(R)}2 , yield the existence of constants C_± > 0 such that

‖Ψ(z, x)‖^{−1}_{C2} = � ‖Ψ_±(z, x)‖_C2 ‖Ψ(z, x)‖^{−1}_{C2} � ‖Ψ_±(z, x)‖^{−1}_{C2} ≤ C_±‖Ψ_±(z, x)‖^{−1}_{C2} , x ∈ R. (6.arabic@¸ equation) By (5.arabic@¸ equation) this implies that all z-wave functions Ψ(z) associated with q, except Ψ_±(z), satisfy (4.arabic@¸ equation). Hence, Hypothesis 5.3 guarantees the existence of z-wave functions Ψ(z) satisfying Hypothesis 4.2 for all z ∈ ρ(D(q)). In particular, all but two z-wave functions of D(q) (viz., Ψ_±(z)) satisfy Hypothesis 4.2 at z ∈ ρ(D(q)).

Without loss of generality we will restrict our considerations to the special case α = β = 1 in (6.arabic@¸ equation) for the remainder of this section up to (6.arabic@¸ equation), that is, we choose Ψ(z) = Ψ_−(z) + Ψ_+(z) (6.arabic@¸ equation) in the following.

Next, we pick some fixed z_1 ∈ ρ(D(q)). We take Ψ(z_1) as in (6.arabic@¸ equation), Ψ(z_1) = Ψ_−(z_1)+Ψ_+(z_1), where Ψ_±(z_1) satisfy (5.arabic@¸ equation)–(5.arabic@¸ equation) with z replaced by z_1, and let KΨ(z_1) be the corresponding z_1-wave function associated with q. By Theorem 5.4, KΨ_±(z_1, ·) satisfy (5.arabic@¸ equation)–(5.arabic@¸ equation) with z replaced by z_1. Moreover, KΨ(z_1) = KΨ_−(z_1) + KΨ_+(z_1). (6.arabic@¸ equation)

Define the NLS potential q^{(1)}_{z1} as in (2.arabic@¸ equation) and consider the z_1- wave function Φ^{(1)}_{z1} (z_1) = (ϕ^{(1)}_1 (z_1), ϕ^{(1)}_2 (z_1))^⊤ associated with q^{(1)}_{z1} as defined in (4.arabic@¸ equation),

Φ^{(1)}_{z1} (z_1, x) = Im(z_1)‖Ψ(z_1, x)‖^{−2}_{C2} KΨ(z_1, x), (6.arabic@¸ equation)

and the z_1-wave function KΦ^{(1)}z_1 (z_1) associated with q^{(1)}z_1 as defined in (4.arabic@¸ equation),

KΦ^{(1)}_{z1} (z_1, x) = −Im(z_1)‖Ψ(z_1, x)‖^{−2}_{C2} Ψ(z_1, x). (6.arabic@¸ equation) We recall that according to (4.arabic@¸ equation) the new NLS_− potential is then given by

q^{(1)}_{z1} (x) = q(x) + 4ϕ^{(1)}_1 (z_1, x)ψ_1(z_1, x). (6.arabic@¸ equation)

Of course, both D(q) and D � q^{(1)}_{z1} � (associated with the differential expressions M(q) and M � q^{(1)}z_1 � , respectively) are J -self-adjoint by Theorem 3.5 and Corollary 2.9.

In order to motivate the introduction of transformation operators one can argue as follows. Since

Γ(z, Ψ(z_1), KΨ(z_1)) = −(i/2)(z − z_1)I_2 + Φ^{(1)}_{z1} (z_1)Ψ(z_1)^⊥, (6.arabic@¸ equation) one computes, for every z-wave function Υ(z, ·) associated with q,

Υ^{(1)}_{z1} (z, x) = Γ(z, x, Ψ(z_1), KΨ(z_1))Υ(z, x) = −(i/2)(z − z_1)Υ(z, x) + Φ^{(1)}_{z1} (z_1, x)Ψ(z_1, x)^⊥Υ(z, x) = −(i/2)(z − z_1)Υ(z, x) − Φ^{(1)}_{z1} (z_1, x)W (Ψ(z_1, x), Υ(z, x)) = −(i/2)(z − z_1)Υ(z, x) − Φ^{(1)}_{z1} (z_1, x)W (Ψ_−(z_1, x) + Ψ_+(z_1, x), Υ(z, x))

= −(i/2)(z − z_1) � Υ(z, x) + 2Φ^{(1)}_{z1} (z_1, x) × � �_x −a dx^′ Ψ_−(z_1, x^′)^⊤σ_1Υ(z, x^′) −

�_a x dx^′ Ψ_+(z_1, x^′)^⊤σ_1Υ(z, x^′) �

(6.arabic@¸ equation) − Φ^{(1)}_{z1} (z_1, x)[W (Ψ_−(z_1, −a), Υ(z, −a)) + W (Ψ_+(z_1, a), Υ(z, a))], a > 0.

To arrive at (6.arabic@¸ equation), we used the integrated form of (2.arabic@¸ equation). Replacing Υ(z) by F ∈ L^2(R)^2 in (6.arabic@¸ equation), noting that

lim inf a↑∞ |W (Ψ_±(z_1, ±a), F (±a))| = 0, F ∈ L^2(R)^2, (6.arabic@¸ equation)

and repeating the same argument with Υ(z) replaced by KΥ(z), then leads to the introduction of the following transformation operators T_{z1} and ~T_{z1} in L^2(R)^2,

L^2(R)^2 ∋ F (x) → (T_{z1} F )(x) = F (x) + 2Φ^{(1)}_{z1} (z_1, x) (6.arabic@¸ equation) × � �_x −∞ dx^′ Ψ_−(z_1, x^′)^⊤σ_1F (x^′) −

�_∞ x dx^′ Ψ_+(z_1, x^′)^⊤σ_1F (x^′) � , L^2(R)^2 ∋ F (x) → ( ~T_{z1} F )(x) = F (x) + 2KΦ^{(1)}_{z1} (z_1, x) (6.arabic@¸ equation) × � �_x −∞ dx^′ (KΨ_−(z_1, x^′))^⊤σ_1F (x^′) −

�_∞ x dx^′ (KΨ_+(z_1, x^′))^⊤σ_1F (x^′) � , z_1 ∈ ρ(D(q)).

That T_{z1} and ~T_{z1} are in fact bounded operators in L^2(R)^2 follows from Lemmas 6.2 and 6.3 below.

Lemma 6.2 (Talenti [42], Tomaselli [44] (see also [4], [35]).

Let f ∈ L^2(R), U ∈ L^2((−∞, R]), V ∈ L^2([R, ∞)) for all R ∈ R. Then the following assertions (i)–(iii) are equivalent: (i) There exists a finite constant C > 0 such that � R dx � � � �U(x)

�_∞ x dx^′ V (x^′)f(x^′) � � � � 2 ≤ C � R dx |f(x)|^2. (6.arabic@¸ equation)

(ii) There exists a finite constant D > 0 such that � R dx � � �V (x)

�_x −∞ dx^′ U(x^′)f(x^′) � � � 2 ≤ D � R dx |f(x)|^2. (6.arabic@¸ equation)

(iii)

sup_{r∈R}

� �_r −∞ dx |U(x)|^2

� �_∞ r dx |V (x)|^2 � < ∞. (6.arabic@¸ equation)

Lemma 6.3. Assume Hypothesis 5.3 and z_1 ∈ ρ(D(q)). Then the operators

L^2(R) ∋ f(x) → 1 ‖Ψ_±(z_1, x)‖_C2

�_x ±∞ dx^′ ‖Ψ_±(z_1, x^′)‖_C2 f(x^′),

(6.arabic@¸ equation)

L^2(R) ∋ f(x) → ‖Ψ_±(z_1, x)‖_C2

�_x ∓∞ dx^′ 1 ‖Ψ_±(z_1, x^′)‖_C2 f(x^′) (6.arabic@¸ equation)

are bounded in L^2(R).

Proof. Using (5.arabic@¸ equation), (5.arabic@¸ equation), (5.arabic@¸ equation), and (5.arabic@¸ equation) one obtains

sup_{r∈R}

�_r −∞ dx ‖Ψ_−(z_1, x)‖^2_C2

� �_∞ r dx ‖Ψ_−(z_1, x)‖^{−2}_{C2} � < ∞ (6.arabic@¸ equation) and sup_{r∈R}

�_r −∞ dx ‖Ψ_+(z_1, x)‖^{−2}_{C2}

� �_∞ r dx ‖Ψ_+(z_1, x)‖^2_C2 � < ∞.

(6.arabic@¸ equation) By Lemma 6.2, (6.arabic@¸ equation) is a necessary and sufficient condition for the operators associated with Ψ_−(z_1, ·) in (6.arabic@¸ equation) and (6.arabic@¸ equation) to be bounded in L^2(R). Similarly, (6.arabic@¸ equation) is a necessary and sufficient condition for the operators associated with Ψ_+(z_1, ·) in (6.arabic@¸ equation) and (6.arabic@¸ equation) to be bounded in L^2(R).

Thus, (6.arabic@¸ equation), (4.arabic@¸ equation), and (4.arabic@¸ equation) imply the following result.

Corollary 6.4. Assume Hypothesis 5.3 and z_1 ∈ ρ(D(q)). Then the operators T_{z1} and ~T_{z1} defined in (6.arabic@¸ equation) and (6.arabic@¸ equation) are bounded operators in L^2(R)^2.

Proof. By (6.arabic@¸ equation) one obtains � �Φ^{(1)}_{z1} (z_1, x) � �_{C2} = |Im(z_1)|‖Ψ(z_1, x)‖^{−1}_{C2} .

Applying (6.arabic@¸ equation) then yields the existence of constants C_± > 0 such that � �Φ^{(1)}_{z1} (z_1, x) � �_{C2} = |Im(z_1)|‖Ψ(z_1, x)‖^{−1}_{C2}

≤ |Im(z_1)|C_±‖Ψ_±(z_1, x)‖^{−1}_{C2} , x ∈ R. (6.arabic@¸ equation) At this point an application of Lemma 6.3 proves the boundedness of T_{z1} in L^2(R)^2. Since ‖KG‖_C2 = ‖G‖_C2 for all G ∈ C^2, the same arguments prove boundedness of ~T_{z1} in L2(R)2.

In order to motivate the introduction of the inverse transformation operators, one inverts the matrix Γ(z, Ψ(z_1), KΨ(z_1)) to obtain

Γ(z, Ψ(z_1), KΨ(z_1))^{−1} = c(z, z_1) � − (i/2)(z − z_1)I_2 + KΨ(z_1)KΦ^{(1)}_{z1} (z_1)^⊥ � , (6.arabic@¸ equation) where

c(z, z_1) = −4(z − z_1)^{−1}(z − z_1)^{−1}. (6.arabic@¸ equation)

Thus, for z-wave functions Υ^{(1)}_{z1} (z, x) associated with q^{(1)}_{z1} ,

Υ(z, x) = Γ(z, x, Ψ(z_1), KΨ(z_1))^{−1}Υ^{(1)}_{z1} (z, x) = c(z, z_1) � − (i/2)(z − z_1)Υ^{(1)}_{z1} (z, x) + KΨ(z_1, x)KΦ^{(1)}_{z1} (z_1, x)^⊥Υ^{(1)}_{z1} (z, x) � = c(z, z_1) � − (i/2)(z − z_1)Υ^{(1)}_{z1} (z, x) − KΨ(z_1, x)W � KΦ^{(1)}_{z1} (z_1, x), Υ^{(1)}_{z1} (z, x) � = c(z, z_1) � − (i/2)(z − z_1)Υ^{(1)}_{z1} (z, x) − [KΨ_−(z_1, x) + KΨ_+(z_1, x)]W � KΦ^{(1)}_{z1} (z_1, x), Υ^{(1)}_{z1} (z, x) � = 2i(z − z_1)^{−1} � Υ^{(1)}_{z1} (z, x) + 2KΨ_+(z_1, x)

�_x −a dx^′ � KΦ^{(1)}_{z1} (z_1, x^′)

�_⊤

σ_1Υ^{(1)}_{z1} (z, x^′)

− 2KΨ_−(z_1, x)

�_a x dx^′ � KΦ^{(1)}_{z1} (z_1, x^′)

�_⊤ σ_1Υ^{(1)}_{z1} (z, x^′) �

− c(z, z_1) � KΨ_−(z_1, x)W � KΦ^{(1)}_{z1} (z_1, −a), Υ^{(1)}_{z1} (z, −a) � + KΨ_+(z_1, x)W � KΦ^{(1)}_{z1} (z_1, a), Υ^{(1)}_{z1} (z, a) � , a > 0.

(6.arabic@¸ equation)

Replacing Υ^{(1)}_{z1} (z) by F ∈ L^2(R)^2 in (6.arabic@¸ equation), and repeating the same argument for KΥ^{(1)}z_1 (z) instead of Υ^{(1)}z_1 (z) , then leads to the introduction of the following (inverse) transformation operators ^S_{z1} and ~S_{z1} in L^2(R)^2,

L^2(R)^2 ∋ F (x) →( ^S_{z1} F )(x) = F (x)

+ 2KΨ_+(z_1, x)

�_x −∞ dx^′ � KΦ^{(1)}_{z1} (z_1, x^′)

�_⊤ σ_1F (x^′)

− 2KΨ_−(z_1, x)

�_∞ x dx^′ � KΦ^{(1)}_{z1} (z_1, x^′)

�_⊤ σ_1F (x^′), (6.arabic@¸ equation) L^2(R)^2 ∋ F (x) →( ~S_{z1} F )(x) = F (x)

+ 2Ψ_+(z_1, x)

�_x −∞ dx^′ Φ^{(1)}_{z1} (z_1, x^′)^⊤σ_1F (x^′) (6.arabic@¸ equation)

− 2Ψ_−(z_1, x)

�_∞ x dx^′ Φ^{(1)}_{z1} (z_1, x^′)^⊤σ_1F (x^′), z_1 ∈ ρ(D(q)).

Equations (6.arabic@¸ equation), (4.arabic@¸ equation), and (4.arabic@¸ equation) then imply the following result.

Corollary 6.5. Assume Hypothesis 5.3 and z_1 ∈ ρ(D(q)). Then the operators ^S_{z1} and ~S_{z1} defined in (6.arabic@¸ equation) and (6.arabic@¸ equation) are bounded operators in L^2(R)^2.

Proof. Using again the estimate (6.arabic@¸ equation), one can follow the arguments in the proof of Corollary 6.4.

We define two vectors F, G ∈ L^2(R)^2 to be J -orthogonal if

(F, J G)_L2 = 0, (6.arabic@¸ equation)

and we then write

F ⊥_J G. (6.arabic@¸ equation)

Since

(F (x), J G(x))_C2 = (J G(x))^∗F (x) = G(x)^⊤σ_1F (x), (6.arabic@¸ equation)

F ⊥_J G is equivalent to (F, J G)_L2 = � R dx G(x)^⊤σ_1F (x) = 0, F, G ∈ L^2(R)^2.

We also introduce the following notation of the J -orthogonal complement V^{⊥J} to a subset V ⊂ L^2(R)^2,

V^{⊥J} = {F ∈ L^2(R)^2 | F ⊥_J G for all G ∈ V}. (6.arabic@¸ equation)

In analogy to the orthogonality property of eigenvectors corresponding to different (necessarily real) eigenvalues of a symmetric operator in some complex Hilbert space H, one infers the J -orthogonality of eigenvectors corresponding to different eigenvalues of a J -symmetric operator S in H. Indeed, Sf_j = z_j f_j , j = 1, 2, with z_1 ≠ z_2 implies

z_2(J f_1, f_2)_H = (J f_1, Sf_2)_H = (J Sf_1, f_2)_H = (J z_1f_1, f_2)_H = z_1(J f_1, f_2)_H (6.arabic@¸ equation)

and hence

(z_1 − z_2)(f_1, J f_2)_H = 0, implying (f_1, J f_2)_H = 0. (6.arabic@¸ equation)

Next, let σ_0 be an isolated subset of σ � D � q^{(1)}z_1 � in the sense that σ_0 can be surrounded by a positively oriented, rectifiable, simple, closed countour γ_{σ0} ⊂ ρ � D � q^{(1)}_{z1} � separating σ_0 from the remaining spectrum σ � D � q^{(1)}_{z1} � \σ_0. Then the Riesz projection onto the spectral subspace corresponding to σ_0 is given by

P^{(1)}_{z1} (σ_0) = − 1 2πi � γ_{σ0} dz � D � q^{(1)}_{z1} � − zI_2

�_{−1} . (6.arabic@¸ equation)

The spectral subspace Σ^{(1)}_{z1} (σ_0) corresponding to σ_0 is then the range of the Riesz projection, Σ^{(1)}_{z1} (σ_0) = P^{(1)}_{z1} (σ_0)L^2(R)^2.

We record the following result.

Lemma 6.6. Assume Hypothesis 5.3. (i) Let z_0, z̃_0 ∈ σ_p � D � q^{(1)}_{z1} � , z_0 ≠ z̃_0. Then the L^2(R)^2-eigenfunctions Φ^{(1)}_{z1} (z_0), Φ^{(1)}_{z1} (z̃_0) corresponding to z_0 and z̃_0, respectively, are J -orthogonal,

Φ^{(1)}_{z1} (z_0)⊥_J Φ^{(1)}_{z1} (z̃_0). (6.arabic@¸ equation)

(ii) Let z_0 ∈ σ_p � D � q^{(1)}_{z1} � and σ_0 an isolated subset of σ � D � q^{(1)}_{z1} � which does not contain z_0. Then the L^2(R)^2-eigenfunction Φ^{(1)}_{z1} (z_0) corresponding to z_0 is J -orthogonal to the spectral subspace Σ^{(1)}_{z1} (σ_0) corresponding to σ_0,

Φ^{(1)}_{z1} (z_0)⊥_J Σ^{(1)}_{z1} (σ_0). (6.arabic@¸ equation)

Proof. Assertion (i) is clear from (6.arabic@¸ equation) and (6.arabic@¸ equation). To

prove (ii), one chooses a positively oriented, rectifiable, simple, closed contour γ_{σ0}

which separates σ_0 and {z_0}. For F ∈ L^2(R)^2 one then computes � P^{(1)}_{z1} (σ_0)F, J Φ^{(1)}_{z1} (z_0) � L^2 = − 1 2πi � γ_{σ0} dz � D � q^{(1)}_{z1} � − zI_2

�_{−1}

F, J Φ^{(1)}_{z1} (z_0) � L^2 = − 1 2πi � γ_{σ0} dz � F, J � D � q^{(1)}_{z1} � − zI_2

�_{−1} Φ^{(1)}_{z1} (z_0) � L^2 = − 1 2πi � γ_{σ0}

dz (z_0 − z)^{−1} � F, J Φ^{(1)}_{z1} (z_0) � L^2 = 0.

Here we used the fact that since D � q^{(1)}z_1 � is J -self-adjoint, so is � D � q^{(1)}z_1 � − zI_2

�_{−1} .

Remark 6.7. From Lemma 6.6 and Theorem 4.5 one concludes that

Φ^{(1)}_{z1} (z_1)⊥_J KΦ^{(1)}_{z1} (z_1) (6.arabic@¸ equation)

since z_1 is a nonreal eigenvalue. Thus,

Φ^{(1)}_{z1} (z_1) ∈ � KΦ^{(1)}_{z1} (z_1)

�_{⊥J}

. (6.arabic@¸ equation)

Remark 6.8. By Corollary 6.5, the operator ^S_{z1} , z_1 ∈ ρ(D(q)), is well-defined

and bounded in L^2(R)^2. However, for future considerations it is more appropriate

to restrict it to the closed subspace � KΦ^{(1)}_{z1} (z_1)

�_{⊥J} . Hence from now on, we will

denote by S_{z1} the restriction of ^S_{z1} to � KΦ^{(1)}z_1 (z_1)

�_{⊥J} , S_{z1} = ^S_{z1} � �_{KΦ(1)z}

1 (z_1)

�_{⊥J} , z_1 ∈ ρ(D(q)). (6.arabic@¸ equation)

An elementary computation (based on (6.arabic@¸ equation)) then reveals that

(S_{z1} G)(x) = ( ^S_{z1} G)(x) = G(x) + 2KΨ(z_1, x)

�_x −∞ dx^′ � KΦ^{(1)}_{z1} (z_1, x^′)

�_⊤

σ_1G(x^′), G ∈ � KΦ^{(1)}_{z1} (z_1)

�_{⊥J} . (6.arabic@¸ equation)

Next, we prove several results leading up to the principal theorems of this section.

Lemma 6.9. Assume Hypothesis 5.3 and z_1 ∈ ρ(D(q)). Then

ran(T_{z1} ) ⊆ � KΦ^{(1)}_{z1} (z_1)

�_{⊥J} , Φ^{(1)}_{z1} (z_1) ∈ ker(S_{z1} ), (6.arabic@¸ equation) � Φ^{(1)}_{z1} (z_1), J Φ^{(1)}_{z1} (z_1) � L^2 = Im(z1)(2W (Ψ+(z1), Ψ−(z1)))

−1 ≠ 0,

(6.arabic@¸ equation)

T_{z1} S_{z1} G = G − � G, J Φ^{(1)}z_1 (z_1) � L^2 � Φ^{(1)}z_1 (z_1), J Φ^{(1)}z_1 (z_1) � L^2

Φ^{(1)}_{z1} (z_1), G ∈ � KΦ^{(1)}_{z1} (z_1)

�_{⊥J} , (6.arabic@¸ equation)

S_{z1} T_{z1} F = F, F ∈ L^2(R)^2. (6.arabic@¸ equation)

Proof. For brevity, we introduce

ξ(x; F ) =

�_x −∞ dx^′ Ψ_−(z_1, x^′)^⊤σ_1F (x^′) −

�_∞ x dx^′ Ψ_+(z_1, x^′)^⊤σ_1F (x^′), (6.arabic@¸ equation) F ∈ L^2(R)^2, x ∈ R,

such that

(T_{z1} F )(x) = F (x) + 2Φ^{(1)}_{z1} (z_1, x)ξ(x; F ), F ∈ L^2(R)^2. (6.arabic@¸ equation)

Using

ξ_x(x; F ) = Ψ(z_1, x)^⊤σ_1F (x) for a.e. x ∈ R, (6.arabic@¸ equation)

one computes � T_{z1} F, J KΦ^{(1)}_{z1} (z_1) � L^2 = � F, J KΦ^{(1)}_{z1} (z_1) � L^2 + 2 � Φ^{(1)}_{z1} (z_1)ξ(·; F ), J KΦ^{(1)}_{z1} (z_1) � L^2 = � F, J KΦ^{(1)}_{z1} (z_1) � L^2 − (Im(z1)) −1 � R dx � Φ^{(1)}_{z1} (z_1, x) � �^2_{C2} �_xξ(x; F ) = � F, J KΦ^{(1)}_{z1} (z_1) � L^2 + (Imz1) −1 � R dx � �Φ^{(1)}_{z1} (z_1, x) � �^2_{C2} Ψ(z_1, x)^⊤σ_1F (x) = � F, J KΦ^{(1)}_{z1} (z_1) � L^2 + Im(z1) � R dx ‖Ψ(z_1, x)‖^{−2}_C Ψ(z_1, x)^⊤σ_1F (x)

= 0, F ∈ L^2(R)^2. (6.arabic@¸ equation)

To justify the integration by parts step in (6.arabic@¸ equation) one can argue as follows. By (6.arabic@¸ equation), the estimate � �Φ^{(1)}_{z1} (z_1, x) � �^2_{C2} |ξ(x; F )|

≤ |Im(z_1)|^2‖Ψ(z_1, x)‖^{−2}_{C2}

� �_x −∞ dx^′ ‖Ψ_−(z_1, x^′)‖_C2 ‖F (x^′)‖_C2 + �_∞ x dx^′ ‖Ψ_+(z_1, x^′)‖_C2 ‖F (x^′)‖_C2 �

≤ |Im(z_1)|^2‖Ψ(z_1, x)‖^{−1}_{C2} � C_−‖Ψ_−(z_1, x)‖^{−1}_{C2}

�_x −∞ dx^′ ‖Ψ_−(z_1, x^′)‖_C2 ‖F (x^′)‖_C2

+ C_+‖Ψ_+(z_1, x)‖^{−1}_{C2}

�_∞ x dx^′ ‖Ψ_+(z_1, x^′)‖_C2 ‖F (x^′)‖_C2 �

(6.arabic@¸ equation)

yields � �Φ^{(1)}_{z1} (z_1, ·) � �^2_{C2} |ξ(·; F )| ∈ L^1(R), (6.arabic@¸ equation)

using (6.arabic@¸ equation) and (6.arabic@¸ equation). Thus,

lim inf

x→±∞ � �Φ^{(1)}_{z1} (z_1, x) � �^2_{C2} |ξ(x; F )| = 0 (6.arabic@¸ equation)

(actually, lim_{x→±∞} | · · · | = 0 in (6.arabic@¸ equation) since all Lebesgue integrals involved in (6.arabic@¸ equation) are finite), which was to be proven. Hence, one concludes KΦ^{(1)}z_1 (z_1)⊥_J ran(T_{z1} ).

Next, using (2.arabic@¸ equation), Lemma 2.2 (iii), (6.arabic@¸ equation), (6.arabic@¸ equation),

and (6.arabic@¸ equation), one computes � S_{z1} Φ^{(1)}_{z1} (z_1) � (x) = Φ^{(1)}_{z1} (z_1, x) + 2KΨ(z_1, x)

�_x −∞ dx^′ � KΦ^{(1)}_{z1} (z_1, x^′)

�_⊤

σ_1Φ^{(1)}(z_1, x^′)

= Φ^{(1)}_{z1} (z_1, x) − 2KΨ(z_1, x)(2Im(z_1))^{−1}W � KΦ^{(1)}_{z1} (z_1, x), Φ^{(1)}_{z1} (z_1, x) � = Φ^{(1)}_{z1} (z_1, x) − KΨ(z_1, x)(Im(z_1))^{−1} � �Φ^{(1)}_{z1} (z_1, x) � �^2_{C2}

= Φ^{(1)}_{z1} (z_1, x) − Im(z_1)‖Ψ(z_1, x)‖^{−2}_{C2} KΨ(z_1, x)

= 0 (6.arabic@¸ equation)

and hence Φ^{(1)}z_1 (z_1) ∈ ker(S_{z1} ).

For the proof of (6.arabic@¸ equation) we next assume G ∈ � KΦ^{(1)}_{z1} (z_1)

�_{⊥J}

. Using

2Im(z)Ψ_∓(z_1, x)^⊤σ_1KΨ(z_1, x) = W (Ψ_∓(z_1, x), KΨ(z, x))_x (6.arabic@¸ equation)

(cf. (2.arabic@¸ equation)), one then computes

(T_{z1} S_{z1} G)(x) = (S_{z1} G)(x) + 2Φ^{(1)}_{z1} (z_1, x)ξ(x; S_{z1} G)

= G(x) + 2KΨ(z_1, x)

�_x −∞ dx^′ � KΦ^{(1)}_{z1} (z_1, x^′)

�_⊤

σ_1G(x^′) + 2Φ^{(1)}_{z1} (z_1, x)ξ(x; G)

+ 2(Im(z_1))^{−1}Φ^{(1)}_{z1} (z_1, x) (6.arabic@¸ equation) × � �_x −∞ dx^′ W (Ψ_−(z_1, x^′), KΨ(z_1, x^′))_x′

�_x′ −∞ dx^{′′} � KΦ^{(1)}_{z1} (z_1, x^{′′})

�_⊤

σ_1G(x^{′′}) − �_∞ x dx^′ W (Ψ_+(z_1, x^′), KΨ(z_1, x^′))_x′

�_x′ −∞ dx^{′′} � KΦ^{(1)}_{z1} (z_1, x^{′′})

�_⊤

σ_1G(x^{′′}) � . By (6.arabic@¸ equation) one estimates � � �W (Ψ_∓(z_1, x), KΨ(z_1, x))

�_x ∓∞ dx^′ � KΦ^{(1)}_{z1} (z_1, x^′)

�_⊤

σ_1G(x^′) � � � ≤ ‖Ψ_∓(z_1, x)‖_C2 ‖Ψ(z_1, x)‖_C2

�_x ∓∞ dx^′ � �Φ^{(1)}_{z1} (z_1, x^′) � �_{C2} ‖G(x^′)‖_{C2}

≤ ‖Ψ_∓(z_1, x)‖_C2 ‖Ψ(z_1, x)‖_C2 |Im(z_1)|

�_x ∓∞ dx^′ � �Ψ(z_1, x^′) � �^{−1}_{C2} ‖G(x^′)‖_{C2}

≤ |Im(z_1)|C_±‖Ψ_∓(z_1, x)‖_C2 [‖Ψ_−(z_1, x)‖_C2 + ‖Ψ_+(z_1, x)‖_C2 ] × �_x ∓∞ dx^′ � �Ψ_±(z_1, x^′) � �^{−1}_{C2} ‖G(x^′)‖_{C2} , (6.arabic@¸ equation)

and hence the left-hand side of (6.arabic@¸ equation) is in L^1((∓∞, R]) for all R ∈ R

by Lemma 6.3. Thus,

lim inf

x→∓∞ � � � �W (Ψ^∓(z^1, x), KΨ(z^1, x))

�_x ∓∞ dx^′ � KΦ^{(1)}_{z1} (z_1, x^′)

�_⊤

σ_1G(x^′) � � � � = 0.

(6.arabic@¸ equation)

An integration by parts, using (6.arabic@¸ equation) and

(Im(z_1))^{−1}Φ^{(1)}_{z1} (z_1, x)W (Ψ(z_1, x), KΨ(z_1, x)) = −KΨ(z_1, x), (6.arabic@¸ equation) then yields

(T_{z1} S_{z1} G)(x) = G(x) + 2Φ^{(1)}_{z1} (z_1, x)ξ(x; G) − 2(Im(z_1))^{−1}Φ^{(1)}_{z1} (z_1, x) × � �_x −∞ dx^′ W (Ψ_−(z_1, x^′), KΨ(z_1, x^′)) � KΦ^{(1)}_{z1} (z_1, x^′)

�_⊤

σ_1G(x^′) − �_∞ x dx^′ W (Ψ_+(z_1, x^′), KΨ(z_1, x^′)) � KΦ^{(1)}_{z1} (z_1, x^′)

�_⊤

σ_1G(x^′) �

= G(x) + 2Φ^{(1)}_{z1} (z_1, x) × � �_x −∞ dx^′ Θ_−(z_1, x^′)^⊤σ_1G(x^′) −

�_∞ x dx^′ Θ_+(z_1, x^′)^⊤σ_1G(x^′) � . (6.arabic@¸ equation) (Again, lim_{x→±∞} | · · · | = 0 in (6.arabic@¸ equation) since all Lebesgue integrals involved are finite). Here we introduced the abbreviation

Θ_±(z_1, x) = Ψ_±(z_1, x) + Ψ(z_1, x)‖Ψ(z_1, x)‖^{−2}_{C2} W (Ψ_±(z_1, x), KΨ(z_1, x)). (6.arabic@¸ equation) Actually, using the Jacobi identity

AW (B, C) + BW (C, A) + CW (A, B) = 0, A, B, C ∈ C^2, (6.arabic@¸ equation) one infers Ψ_±(z_1)W (KΨ(z_1), Ψ(z_1)) + Ψ(z_1)W (Ψ_±(z_1), KΨ(z_1)) = KΨ(z_1)W (Ψ_±(z_1), Ψ(z_1)), (6.arabic@¸ equation) which in turn implies

Θ_±(z_1, x) = (Im(z_1))^{−1}W (Ψ_±(z_1, x), Ψ_∓(z_1, x))Φ^{(1)}_{z1} (z_1, x). (6.arabic@¸ equation) Combining (6.arabic@¸ equation) and (6.arabic@¸ equation) results in

(T_{z1} S_{z1} G)(x) = G(x) + 2(Im(z_1))^{−1}W (Ψ_−(z_1, x), Ψ_+(z_1, x))Φ^{(1)}_{z1} (z_1, x) × � R dx^′ Φ^{(1)}_{z1} (z_1, x^′)^⊤σ_1G(x^′). (6.arabic@¸ equation) Thus,

(T_{z1} S_{z1} G)(x) = G(x)

+ 2(Im(z_1))^{−1}W (Ψ_−(z_1, x), Ψ_+(z_1, x)) � G, J Φ^{(1)}_{z1} (z_1) � L^2 Φ (1) z_1 (z1, x).

(6.arabic@¸ equation) Applying (6.arabic@¸ equation) to G = Φ^{(1)}_{z1} (z_1) ∈ � KΦ^{(1)}_{z1} (z_1)

�_{⊥J}

, one obtains the relation

0 = 1 + 2(Im(z_1))^{−1}W (Ψ_−(z_1, x), Ψ_+(z_1, x)) � Φ^{(1)}_{z1} (z_1), J Φ^{(1)}_{z1} (z_1) � L^2 ,

(6.arabic@¸ equation) which proves (6.arabic@¸ equation). Insertion of (6.arabic@¸ equation) into (6.arabic@¸ equation) proves (6.arabic@¸ equation).

Finally, let F ∈ L^2(R)^2. Then T_{z1} F ∈ � KΦ^{(1)}z_1 (z_1)

�_{⊥J}

by (6.arabic@¸ equation) and hence (6.arabic@¸ equation) yields

(S_{z1} T_{z1} F )(x) = F (x) + 2Φ^{(1)}_{z1} (z_1, x)ξ(x; F )

+ 2KΨ(z_1, x)

�_x −∞ dx^′ � KΦ^{(1)}_{z1} (z_1, x^′)

�_⊤

σ_1 � F (x^′) + 2Φ^{(1)}(z_1, x^′)ξ(x^′; F ) �

= F (x) + 2Φ^{(1)}_{z1} (z_1, x)ξ(x; F ) + 2KΨ(z_1, x)

�_x −∞ dx^′ � KΦ^{(1)}_{z1} (z_1, x^′)

�_⊤ σ_1F (x^′)

− 2(Im(z_1))^{−1}KΨ(z_1, x)

�_x −∞ dx^′ � W � KΦ^{(1)}_{z1} (z_1, x^′), Φ^{(1)}(z_1, x^′) � x^′ ξ(x

′, F ),

(6.arabic@¸ equation)

using

−2Im(z_1) � KΦ^{(1)}_{z1} (z_1, x)

�_⊤

σΦ^{(1)}_{z1} (z_1, x) = W � KΦ^{(1)}_{z1} (z_1, x), Φ^{(1)}_{z1} (z_1, x) � x. (6.arabic@¸ equation)

The estimate � �KΨ(z_1, x)W �KΦ^{(1)}_{z1} (z_1, x), Φ^{(1)}_{z1} (z_1, x)�ξ(x; F ) � �_{C2}

≤ ‖Ψ(z_1, x)‖_C2 2|Im(z_1)| � �Φ^{(1)}_{z1} (z_1, x)�‖^2_{C2} |ξ(x; F )|

≤ 2|Im(z_1)|^3‖Ψ(z_1, x)‖^{−1}_{C2} |ξ(x; F )|

= 2|Im(z_1)|^3‖Ψ(z_1, x)‖^{−1}_{C2}

� �_x −∞ dx^′ ‖Ψ_−(z_1, x^′)‖_C2 ‖F (x^′)‖_C2 + �_∞ x dx^′ ‖Ψ_+(z_1, x^′)‖_C2 ‖F (x^′)‖_C2 �

≤ 2|Im(z_1)|^3 � C_−‖Ψ_−(z_1, x)‖^{−1}_{C2}

�_x −∞ dx^′ ‖Ψ_−(z_1, x^′)‖_C2 ‖F (x^′)‖_C2

+ C_+‖Ψ_+(z_1, x)‖^{−1}_{C2}

�_∞ x dx^′ ‖Ψ_+(z_1, x^′)‖_C2 ‖F (x^′)‖_C2 �

(6.arabic@¸ equation)

then proves � KΨ(z_1)W � KΦ^{(1)}_{z1} (z_1), Φ^{(1)}_{z1} (z_1) � ξ(·; F ) � C^2 ∈ L

2(R) (6.arabic@¸ equation)

by (6.arabic@¸ equation). An integration by parts in the last term of (6.arabic@¸ equation), using (6.arabic@¸ equation), (6.arabic@¸ equation), and

lim inf

x↓−∞ � �KΨ(z_1, x)W �KΦ^{(1)}_{z1} (z_1, x), Φ^{(1)}_{z1} (z_1, x)�ξ(x; F ) � �_{C2}

≤ |2Im(z_1)| lim inf_{x↓−∞} ‖Ψ(z_1, x)‖_C2 � �Φ^{(1)}_{z1} (z_1, x) � �^2_{C2} |ξ(x; F )| = 0 (6.arabic@¸ equation)

by (6.arabic@¸ equation) (in fact, lim_{x↓−∞} | · · · | = 0 in (6.arabic@¸ equation) since all Lebesgue integrals involved are finite), then proves S_{z1} T_{z1} F = F and hence (6.arabic@¸ equation).

Next, we further restrict S_{z1} and define the operator S_{z1,z1} by

S_{z1,z1} = S_{z1} � {Φ^{(1)}_{z1} (z_1),KΦ^{(1)}_{z1} (z_1)}^{⊥J} =

^S_{z1} �_{{Φ(1)z1 (z1),KΦ(1)z1 (z1)}⊥J} .

(6.arabic@¸ equation)

Lemma 6.10. Assume Hypothesis 5.3 and z_1 ∈ ρ(D(q)). Then

ker(T_{z1} ) = {0}, ran(T_{z1} ) = � Φ^{(1)}_{z1} (z_1), KΦ^{(1)}_{z1} (z_1)

�_{⊥J}

, (6.arabic@¸ equation)

ker(S_{z1} ) = span{Φ^{(1)}_{z1} (z_1)}, ran(S_{z1} ) = L^2(R)^2. (6.arabic@¸ equation)

Moreover, S_{z1,z1} is the inverse of T_{z1} , that is,

ker(S_{z1,z1} ) = {0}, ran(S_{z1,z1} ) = L^2(R)^2, (6.arabic@¸ equation)

S_{z1,z1} T_{z1} = I_2 on L^2(R)^2, (6.arabic@¸ equation)

T_{z1} S_{z1,z1} = I_2 on � Φ^{(1)}_{z1} (z_1), KΦ^{(1)}_{z1} (z_1)

�_{⊥J}

. (6.arabic@¸ equation)

Proof. Suppose T_{z1} F = 0 for some F ∈ L^2(R)^2. Then (6.arabic@¸ equation) yields 0 = S_{z1} T_{z1} F = F and hence ker(T_{z1} ) = {0}. The assertion ran(S_{z1} ) = L^2(R)^2 in (6.arabic@¸ equation) is also clear from (6.arabic@¸ equation). Next, assume S_{z1} G = 0 for some G ∈ dom(S_{z1} ) = � KΦ^{(1)}_{z1} (z_1)

�_{⊥J}

(cf. (6.arabic@¸ equation)). Then (6.arabic@¸ equation) implies

0 = T_{z1} S_{z1} G = G − � G, J Φ^{(1)}_{z1} (z_1) � L^2 � Φ^{(1)}_{z1} (z_1), J Φ^{(1)}_{z1} (z_1) � L^2

Φ^{(1)}_{z1} (z_1), G ∈ � KΦ^{(1)}_{z1} (z_1)

�_{⊥J} , (6.arabic@¸ equation)

and hence G = cΦ^{(1)}_{z1} (z_1) for some c ∈ C. This proves (6.arabic@¸ equation).

Next, suppose G ∈ � Φ^{(1)}z_1 (z_1), KΦ^{(1)}z_1 (z_1)

�_{⊥J} . Then � G, J Φ^{(1)}z_1 � L^2 = 0 and

(6.arabic@¸ equation) imply T_{z1} S_{z1} G = G and hence � Φ^{(1)}_{z1} (z_1), KΦ^{(1)}_{z1} (z_1)

�_{⊥J}

⊆ ran(T_{z1} ) ⊆ � KΦ^{(1)}_{z1} (z_1)

�_{⊥J}

, (6.arabic@¸ equation)

taking ran(T_{z1} ) ⊆ � KΦ^{(1)}_{z1} (z_1)

�_{⊥J}

in (6.arabic@¸ equation) into account. The computation � Φ^{(1)}_{z1} (z_1), J T_{z1} S_{z1} G � L^2 = � Φ^{(1)}_{z1} (z_1), J G � L^2 − � G, J Φ^{(1)}_{z1} (z_1) � L^2 = 0

(6.arabic@¸ equation)

then proves Φ^{(1)}z_1 (z_1)⊥_J ran(T_{z1} ) and

ran(T_{z1} ) = � Φ^{(1)}_{z1} (z_1), KΦ^{(1)}_{z1} (z_1)

�_{⊥J} (6.arabic@¸ equation)

since ran(S_{z1} ) = L^2(R)^2.

Finally, (6.arabic@¸ equation) and (6.arabic@¸ equation) are clear from (6.arabic@¸ equation), (6.arabic@¸ equation), (6.arabic@¸ equation), and (6.arabic@¸ equation).

Next we state an auxiliary result.

Lemma 6.11. Assume Hypothesis 3.2 and let ξ ∈ AC_{loc}(R), Φ = (ϕ_1, ϕ_2)^⊤ ∈ AC_{loc}(R)^2, F = (f_1, f_2)^⊤ ∈ dom(D(q)), and

A_− ∈ � G ∈ AC_{loc}(R)^2 � � G, M(q)G ∈ L^2_{loc}([−∞, ∞))^2�, (6.arabic@¸ equation)

A_+ ∈ � G ∈ AC_{loc}(R)^2 � � G, M(q)G ∈ L^2_{loc}((−∞, ∞])^2�. (6.arabic@¸ equation)

Then,

(M(q)ξΦ)(x) = iξ^′(x)(ϕ_1(x), −ϕ_2(x))^⊤ + ξ(x)(M(q)Φ)(x) for a.e. x ∈ R (6.arabic@¸ equation) and �_x −∞ dx^′ A_−(x^′)^⊤σ_1(M(q)F )(x^′) =

�_x −∞ dx^′ (M(q)A_−)(x^′)^⊤σ_1F (x^′) + iA_−(x)^⊥F (x), (6.arabic@¸ equation) �_∞ x dx^′ A_+(x^′)^⊤σ_1(M(q)F )(x^′) =

�_∞ x dx^′ (M(q)A_+)(x^′)^⊤σ_1F (x^′) − iA_+(x)^⊥F (x) (6.arabic@¸ equation) for all x ∈ R.

Proof. Assertion (6.arabic@¸ equation) follows directly from the definition of M(q). To prove assertion (6.arabic@¸ equation) one integrates by parts and obtains

�_x −∞ dx^′ A_−(x^′)^⊤σ_1(M(q)F )(x^′) = i[a_{2,−}(x)f_1(x) − a_{1,−}(x)f_2(x)] + i �_x −∞ dx^′ (−a_{1,−}qf_1 − a_{2,−}qf_{2,−} + a^′_{1,−}f_2 − a^′_{2,−}f_1)(x^′) = �_x −∞ dx^′ ((M(q)A_−)(x^′))^⊤σ_1F (x^′) + iA_−(x)^⊥F (x), (6.arabic@¸ equation)

using lim inf_{x↓−∞} |A_−(x)^⊥F (x)| = 0 (actually, lim_{x↓−∞} | · · · | = 0). Relation (6.arabic@¸ equation) is proved analogously.

The following result shows that T_{z1} and S_{z1} intertwine D � q^{(1)}_{z1} � and D(q).

Lemma 6.12. Assume Hypothesis 5.3 and z_1 ∈ ρ(D(q)). Then, D � q^{(1)}_{z1} � T_{z1} = T_{z1} D(q), (6.arabic@¸ equation) S_{z1} D � q^{(1)}_{z1} � = D(q)S_{z1} . (6.arabic@¸ equation) Proof. Using formulas (4.arabic@¸ equation) one infers M � q^{(1)}_{z1} � − M(q) = 4i � 0 −ϕ^{(1)}_{1,z1} (z_1)ψ_1(z_1) ϕ^{(1)}_{2,z1} (z_1)ψ_2(z_1) 0 � . (6.arabic@¸ equation)

Relation (6.arabic@¸ equation) applied to M(q^{(1)}) with Φ = Φ^{(1)}_{z1} (z_1) and (cf. (6.arabic@¸ equation))

ξ(x) = ξ(x; F ) =

�_x −∞ dx^′ Ψ_−(z_1, x^′)^⊤σ_1F (x^′) −

�_∞ x dx^′ Ψ_+(z_1, x^′)^⊤σ_1F (x^′), F ∈ dom(D(q)) (6.arabic@¸ equation) then yields � M � q^{(1)}_{z1} � ξ(·; F ) Φ^{(1)}_{z1} (z_1) � (x) = iΨ(z_1, x)^⊤σ_1F (x)(ϕ^{(1)}_{1,z1} (z_1, x), −ϕ^{(1)}_{2,z1} (z_1, x))^⊤ + z_1Φ^{(1)}_{z1} (z_1, x)ξ(x; F ) (6.arabic@¸ equation) since M � q^{(1)}_{z1} � Φ^{(1)}_{z1} (z_1) = z_1Φ^{(1)}_{z1} (z_1). By (6.arabic@¸ equation), with A_− = Ψ_−(z_1)

and A_+ = Ψ_+(z_1), one infers

�_x ±∞ dx^′ Ψ_±(z_1, x^′)^⊤σ_1(M(q)F )(x^′) = z_1

�_x ±∞ dx^′ Ψ_±(z_1, x^′)^⊤σ_1F (x^′)

+ iΨ_±(z_1, x)^⊥F (x), F ∈ dom(D(q))

(6.arabic@¸ equation)

since (M(q)Ψ_±(z_1))^⊤ = z_1Ψ_±(z_1)^⊤. Thus, � M � q^{(1)}_{z1} � T_{z1} − T_{z1} M(q) � F = � M � q^{(1)}_{z1} � − M(q) � F + 2M � q^{(1)}_{z1} � Φ^{(1)}(z_1)ξ(·; F ) � − 2Φ^{(1)}_{z1} (z_1)ξ(·; M(q)F )

= 4i � − ϕ^{(1)}_{1,z1} (z_1)ψ_1(z_1)f_2, ϕ^{(1)}_{2,z1} (z_1)ψ_2(z_1)f_1

�_⊤

+ 2i � Ψ(z_1)^⊤σ_1F � ϕ^{(1)}_1 (z_1), −ϕ^{(1)}_2 (z_1)

�_⊤

+ 2z_1Φ^{(1)}_{z1} (z_1)ξ(·; F )

− 2z_1Φ^{(1)}_{z1} (z_1)ξ(·; F ) − 2i � Ψ(z_1)^⊥F � ϕ^{(1)}_{1,z1} (z_1), ϕ^{(1)}_{2,z1} (z_1)

�_⊤

= 0, F ∈ dom(D(q)). (6.arabic@¸ equation)

This computation also proves that

T_{z1} dom(D(q)) ⊆ dom � D(q^{(1)}_{z1} ) � and hence T_{z1} D(q) ⊆ D � q^{(1)}_{z1} � T_{z1} .

(6.arabic@¸ equation)

Next, choosing G ∈ dom(D(q)S_{z1} ) (i.e., G ∈ L^2(R)^2 such that S_{z1} G ∈ dom(D(q))),

(6.arabic@¸ equation) implies

S_{z1} D(q^{(1)}_{z1} )T_{z1} S_{z1} G = S_{z1} D(q^{(1)}_{z1} ) � G − � Φ^{(1)}_{z1} (z_1), J Φ^{(1)}_{z1}

�_{−1}

L^2 � G, J Φ^{(1)}_{z1} (z_1) � L^2 � = S_{z1} D(q^{(1)}_{z1} )G = S_{z1} T_{z1} D(q)S_{z1} G = D(q)S_{z1} G, G ∈ dom(D(q)S_{z1} ).

(6.arabic@¸ equation)

Here we successively used (6.arabic@¸ equation), S_{z1} Φ^{(1)}z_1 (z_1) = 0 (cf. (6.arabic@¸ equation)),

and (6.arabic@¸ equation). Thus, one concludes dom � D(q^{(1)}_{z1} ) � ⊆ dom(D(q)S_{z1} ) and hence S_{z1} D � q^{(1)}_{z1} � ⊆ D(q)S_{z1} .

(6.arabic@¸ equation)

Hence, dom � D(q^{(1)}_{z1} )T_{z1} � = � F ∈ L^2(R)^2 � � T_{z1} F ∈ dom�D(q^{(1)}_{z1} )� ⊆ dom(D(q))

(6.arabic@¸ equation)

since S_{z1} (T_{z1} F ) = F ∈ dom(D(q)) for F ∈ dom � D � q^{(1)}_{z1} � T_{z1} � by (6.arabic@¸ equation).

Combining (6.arabic@¸ equation) and (6.arabic@¸ equation) then proves (6.arabic@¸ equation).

Equations (6.arabic@¸ equation), (6.arabic@¸ equation), and (6.arabic@¸ equation) in

turn imply

S_{z1} D(q^{(1)}_{z1} )T_{z1} S_{z1} = S_{z1} D(q^{(1)}_{z1} ) � I − � Φ^{(1)}_{z1} (z_1), J Φ^{(1)}_{z1}

�_{−1}

L^2 � ·, J Φ^{(1)}_{z1} (z_1) � L^2 � = S_{z1} D(q^{(1)}_{z1} ) = S_{z1} T_{z1} D(q)S_{z1} = D(q)S_{z1} (6.arabic@¸ equation)

and hence (6.arabic@¸ equation).

Remark 6.13. One can prove, similarly to Lemma 6.12, that D � q^{(1)}_{z1} � ~ T_{z1} = ~T_{z1} D(q) and ker( ~T_{z1} ) = {0}, ~S_{z1} D�q^{(1)}_{z1} � = D(q) ~S_{z1} and ker( ~S_{z1} ) = span �KΦ^{(1)}_{z1} (z_1)� (6.arabic@¸ equation)

and that ~T_{z1} and ~S_{z1} � �_{Φ(1)z}

1 (z_1),KΦ^{(1)}_{z1} (z_1 )

�_{⊥J} are transformation operators (inverse to

each other ).

Summarizing the results of Corollaries 6.4 and 6.5 and Lemmas 6.9–6.12 obtained thus far, we are now in position to state one of the principal results of this section.

Theorem 6.14. Assume Hypothesis 5.3 and z_1 ∈ ρ(D(q)). Then T_{z1} and S_{z1} are bounded linear operators in L^2(R)^2 which intertwine the operators D(q) and D � q^{(1)}_{z1} � , D � q^{(1)}_{z1} � T_{z1} = T_{z1} D(q), (6.arabic@¸ equation)

S_{z1} D � q^{(1)}_{z1} � = D(q)S_{z1} . (6.arabic@¸ equation)

Moreover,

ker(T_{z1} ) = {0}, ran(T_{z1} ) = � Φ^{(1)}_{z1} (z_1), KΦ^{(1)}_{z1} (z_1)

�_{⊥J} , (6.arabic@¸ equation)

ker(S_{z1} ) = span � Φ^{(1)}_{z1} (z_1) � , ran(S_{z1} ) = L^2(R)^2, (6.arabic@¸ equation)

and S_{z1,z1} (cf. (6.arabic@¸ equation)) is the inverse of T_{z1} , that is,

S_{z1,z1} T_{z1} = I_2 on L^2(R)^2, (6.arabic@¸ equation)

T_{z1} S_{z1,z1} = I_2 on � Φ^{(1)}_{z1} (z_1), KΦ^{(1)}_{z1} (z_1)

�_{⊥J}

. (6.arabic@¸ equation)

An analogous statement can be formulated when z_1 is replaced by z_1, that is, for the operators T_{z1} and ~S_{z1} , but we chose not to dwell on it here due to the symmetry of the arguments.

We conclude with the principal spectral theoretic result of this paper.

Theorem 6.15. Assume Hypothesis 5.3 and^2 z_1 ∈ ρ(D(q)). Then σ(D � q^{(1)}_{z1} � ) = σ(D(q)) ∪ {z_1, z_1}, (6.arabic@¸ equation)

σ_p � D � q^{(1)}_{z1} � = σ_p(D(q)) ∪ {z_1, z_1}, (6.arabic@¸ equation)

σ_e � D � q^{(1)}_{z1} � = σ_e(D(q)). (6.arabic@¸ equation)

In other words, constructing the new NLS_− potential q^{(1)}z_1 amounts to inserting a pair of complex conjugate (nonreal ) L^2(R)^2-eigenvalues, z_1 and z_1, into the spectrum of the background operator D(q), leaving the rest of its spectrum invariant.

Proof. We will prove (6.arabic@¸ equation) and (6.arabic@¸ equation) from which (6.arabic@¸ equation) follows by (5.arabic@¸ equation). By Theorem 4.5 one has z_1, z_1 ∈ σ_p � D � q^{(1)}_{z1} � . Thus, (6.arabic@¸ equation) is equivalent to

σ_p � D � q^{(1)}_{z1} � \{z_1, z_1} = σ_p(D(q)). (6.arabic@¸ equation)

Next we denote

X^{(1)} = � Φ^{(1)}_{z1} (z_1), KΦ^{(1)}_{z1} (z_1)

�_{⊥J} . (6.arabic@¸ equation)

2We recall that z ∈ ρ(D(q)) implies z ∈ C \R by Corollary 5.5.

Since D(q^{(1)}_{z1} ) is J -self-adjoint, X^{(1)} is a closed, D � q^{(1)}_{z1} � -invariant subspace. In

addition, we denote by D � q^{(1)}_{z1} � X^{(1)} the part of D � q^{(1)}_{z1} � in X^{(1)} with dom � D � q^{(1)}_{z1} � X^{(1)} � = X^{(1)} ∩ dom � D � q^{(1)}_{z1} � . (6.arabic@¸ equation)

From (6.arabic@¸ equation) and Theorem 6.14 it follows that D � q^{(1)}_{z1} � X^{(1)} = T D(q)T

−1 on X^{(1)} (6.arabic@¸ equation) and D(q) = T^{−1}D � q^{(1)}_{z1} � X^{(1)} T on L

2(R)^2, (6.arabic@¸ equation)

with T = T_{z1} and T^{−1} = ^S_{z1} � �_{Φ(1)z}

1 (z_1),KΦ^{(1)}_{z1} (z_1)

�_{⊥J} (cf. Lemma 6.10). Assuming

μ ∈ σ_p(D(q)) and

D(q)F (μ) = μF (μ), 0 ≠ F (μ) ∈ dom(D(q)), (6.arabic@¸ equation)

then (6.arabic@¸ equation) implies D � q^{(1)}_{z1} � X^{(1)} T F (μ) = μT F (μ). (6.arabic@¸ equation)

Since ker(T ) = {0} (cf. (6.arabic@¸ equation)), this implies

σ_p(D(q)) ⊆ σ_p � D � q^{(1)}_{z1} � and hence σ_p(D(q)) ⊆ σ_p � D � q^{(1)}_{z1} � \{z_1, z_1}.

(6.arabic@¸ equation)

Conversely, assuming ν ∈ σ_p � D � q^{(1)}_{z1} � \{z_1, z_1} and D � q^{(1)}_{z1} ) � X^{(1)} F

(1)(ν) = νF^{(1)}(ν), 0 ≠ F^{(1)}(ν) ∈ dom � D � q^{(1)}_{z1} � , (6.arabic@¸ equation)

one infers from (6.arabic@¸ equation) that

D(q)T^{−1}F^{(1)}(ν) = νT^{−1}F^{(1)}(ν). (6.arabic@¸ equation)

Since ker(T^{−1}) = {0} (cf. (6.arabic@¸ equation)), one concludes T^{−1}F^{(1)}(ν) ≠ 0 and

hence

σ_p(D(q)) ⊇ σ_p � D � q^{(1)}_{z1} � \{z_1, z_1}, (6.arabic@¸ equation)

implying (6.arabic@¸ equation).

Next, one observes that (6.arabic@¸ equation) also implies

σ_e(D(q)) = σ_e � D � q^{(1)}_{z1} � X^{(1)} � . (6.arabic@¸ equation)

To prove (6.arabic@¸ equation) we note that (6.arabic@¸ equation) implies

σ_e(D(q)) = σ_e � D � q^{(1)}_{z1} � X^{(1)} � ⊆ σ_e � D � q^{(1)}_{z1} � . (6.arabic@¸ equation)

Conversely, let λ ∈ σ_e � D � q^{(1)}_{z1} � and {G_n}_{n∈N} be a singular sequence of D � q^{(1)}_{z1} � corresponding to λ, that is, a bounded sequence in dom � D � q^{(1)}z_1 � without any

convergent subsequence such that lim_{n→∞} � D � q^{(1)}z_1 � − λI � G_n = 0. Since L^2(R)^2

permits the direct sum decomposition (not to be confused with an orthogonal direct

sum decomposition)

L^2(R)^2 = X^{(1)} ˙+ span � Φ^{(1)}_{z1} (z_1), KΦ^{(1)}_{z1} (z_1) � (6.arabic@¸ equation)

(here one uses the fact that Φ^{(1)}_{z1} (z_1)⊥_J KΦ^{(1)}_{z1} (z_1), cf. (6.arabic@¸ equation)), one can write

G_n = F_n + � G_n, J Φ^{(1)}z_1 (z_1) � L^2 � Φ^{(1)}_{z1} (z_1), J Φ^{(1)}_{z1} (z_1) � L^2

Φ^{(1)}_{z1} (z_1) + � G_n, J KΦ^{(1)}z_1 (z_1) � L^2 � KΦ^{(1)}_{z1} (z_1), J KΦ^{(1)}_{z1} (z_1) � L^2

KΦ^{(1)}_{z1} (z_1),

(6.arabic@¸ equation)

where F_n ∈ X^{(1)} ∩ dom � D � q^{(1)}z_1 � is the projection of G_n onto the space X^{(1)}, the projection being parallel to the subspace span � Φ^{(1)}_{z1} (z_1), KΦ^{(1)}_{z1} (z_1) � . Since the coefficients of Φ^{(1)}_{z1} (z_1) and KΦ^{(1)}_{z1} (z_1) in (6.arabic@¸ equation) are bounded with respect to n ∈ N, one can assume that they are convergent by restricting to a subsequence. Thus, for some real numbers c_1 and c_2, one has � D � q^{(1)}_{z1} � − λI � F_n →_{n→∞} c_1Φ^{(1)}_{z1} (z_1) + c_2KΦ^{(1)}_{z1} (z_1). (6.arabic@¸ equation)

Since X^{(1)} is D � q^{(1)}_{z1} � -invariant, F_n ∈ X^{(1)} implies � D � q^{(1)}_{z1} � − λI � F_n ∈ X^{(1)}, and since X^{(1)} is closed, the limit c_1Φ^{(1)}_{z1} (z_1)+c_2KΦ^{(1)}_{z1} (z_1) also belongs to X^{(1)}. But this implies c_1 = c_2 = 0, because � Φ^{(1)}z_1 (z_1), J KΦ^{(1)}z_1 (z_1) � L^2 = 0 (cf. (6.arabic@¸ equation)) and � Φ^{(1)}_{z1} (z_1), J Φ^{(1)}_{z1} (z_1) � L^2 ≠ 0, � KΦ^{(1)}_{z1} (z_1), J KΦ^{(1)}_{z1} (z_1) � L^2 ≠ 0 (cf. (6.arabic@¸ equation)).

Thus, one concludes that {F_n}_{n∈N} ⊂ X^{(1)} is a singular sequence of D � q^{(1)}_{z1} � X^{(1)}

corresponding to λ since it is bounded and has no convergent subsequence. (Otherwise, by (6.arabic@¸ equation), {G_n}_{n∈N} would have a convergent subsequence, contradicting the assumption that it is a singular sequence). It follows that λ ∈ σ_e � D � q^{(1)}_{z1} � X^{(1)} � = σ_e(D(q)) and hence σ_e(D(q)) = σ_e � D � q^{(1)}_{z1} � X^{(1)} � ⊇ σ_e � D � q^{(1)}_{z1} � , proving (6.arabic@¸ equation).

Theorems 6.14 and 6.15 are new. We note that they are proven under the optimal assumption q ∈ L^1_{loc}(R) (but they seem to be new under virtually any assumptions on q).

In the special periodic case where the machinery of Floquet theory can be applied, the issue of isospectral Darboux transformations is briefly mentioned in [33, Theorem 3]. This excludes the insertion of eigenvalues as in Theorem 6.15. Inserting eigenvalues into the spectrum of a self-adjoint one-dimensional Dirac operator (not applicable in the present NLS_− context) was investigated by means of transformation operators (along the lines of [18]) in [43].

We conclude this section with a few facts on N-soliton NLS_− potentials. As shown in Lemma 4.6, the insertion of pairs of complex conjugate eigenvalues into the spectrum of the background operator D(q) can be iterated. To fix the proper notation, we now slightly extend our approach of Section 6 and we consider a more general linear combination Ψ_{γk} (z, x) of Ψ_±(z, x): Assuming z_k ∈ C\R, k = 1, . . . , N, one defines

Ψ_{γk} (z_k, x) = Ψ_−(z_k, x) + γ_kΨ_+(z_k, x), γ_k ∈ C\{0}, k = 1 . . . , N (6.arabic@¸ equation)

(as opposed to to our choice γ = 1 in (6.arabic@¸ equation)). In obvious notation one then denotes the corresponding Nth iteration of the construction of q^{(1)}_{z1} (x) presented in Sections 2 and 4 (cf. (2.arabic@¸ equation), (4.arabic@¸ equation)), identifying Ψ(z_1, x) and Ψ_{γ1} (z_1, x), by q^{(N)}z_1,...z_N ,γ_1,... ,γ_N (x).

In order to describe a well-known explicit formula for q^{(N)}_{z1,...zN ,γ1,... ,γN} (x) (cf.,

e.g., [34, Sect. 4.2], [36], [41]) one introduces the quantities

φ_k(x) = ψ_{2,−}(z_k, x) + γ_kψ_{2,+}(z_k, x)

ψ_{1,−}(z_k, x) + γ_kψ_{1,+}(z_k, x)

, (6.arabic@¸ equation)

and the 2N × 2N Vandermonde-type matrices

V_{2N} (x) =

� � � � � � � � � � �

1 z_1 . . . z^{N−1}_1 φ_1 z_1φ_1 . . . z^{N−1}_1 φ_1 . . . . . . . . . . . . 1 z_N . . . z^{N−1}_N φ_N z_N φ_N . . . z^{N−1}_N φ_N

1 z_{N+1} . . . z^{N−1}_{N+1} φ_{N+1} z_{N+1}φ_{N+1} . . . z^{N−1}_{N+1} φ_{N+1} . . . . . . . . . . . . 1 z_{2N} . . . z^{N−1}_{2N} φ_{2N} z_{2N} φ_{2N} . . . z^{N−1}_{2N} φ_{2N}

� � � � � � � � � � � (6.arabic@¸ equation) and

~V_{2N} (x) =

� � � � � � � � � � �

1 z_1 . . . z^{N−1}_1 φ_1 z_1φ_1 . . . z^N_1 . . . . . . . . . . . . 1 z_N . . . z^{N−1}_N φ_N z_N φ_N . . . z^N

1 z_{N+1} . . . z^{N−1}_{N+1} φ_{N+1} z_{N+1}φ_{N+1} . . . z^N_{+1} . . . . . . . . . . . . 1 z_{2N} . . . z^{N−1}_{2N} φ_{2N} z_{2N} φ_{2N} . . . z^N_{2N}

� � � � � � � � � � � .

(6.arabic@¸ equation)

The Nth iteration q^{(N)}z_1,...z_N ,γ_1,... ,γ_N (x) is then explicitly given by

q^{(N)}_{z1,...zN ,γ1,... ,γN} (x) = q(x) − 2i det( ~V_{2N} (x))

det(V_{2N} (x))

. (6.arabic@¸ equation)

Denoting by D(q^{(N)}z_1 ,...z_N ,γ_1,... ,γ_N ) the associated J -self-adjoint operator in L^2(R)^2,

repeated application of Theorem 6.15 then yields

σ(D(q^{(N)}_{z1 ,...zN ,γ1,... ,γN} )) = σ(D(q)) ∪ {z_1, z_1, . . . , z_N , z_N }, (6.arabic@¸ equation)

σ_p(D(q^{(N)}_{z1 ,...zN ,γ1,... ,γN} )) = σ_p(D(q)) ∪ {z_1, z_1, . . . , z_N , z_N }, (6.arabic@¸ equation)

σ_e(D(q^{(N)}_{z1 ,...zN ,γ1,... ,γN} )) = σ_e(D(q)). (6.arabic@¸ equation)

Acknowledgements. We are indebted to Igor Verbitsky for a crucial discussion

on boundedness of transformation operators in connection with Lemma 6.2. We

also gratefully acknowledge discussions and a critical reading of our manuscript by

Konstantin Makarov and Alexander Motovilov.

F. G. gratefully acknowledges support from Simula Research Laboratory. F. G.

and H. H. were supported in part by the Research Council of Norway. Y. L. was

partially supported by the Twinning Program of the National Academy of Sciences

and National Science Foundation, and by the Research Council and Research Board

of the University of Missouri.

References

[1] M. J. Ablowitz, D. J. Kaup, A. C. Newell, and H. Segur, The inverse scattering transform – Fourier analysis for nonlinear problems, Stud. Appl. Math. 53, 249–315 (1974).

[2] Ju. M. Berezanskii, Expansions in Eigenfunctions of Selfadjoint Operators, Transl. Math.

Monographs, Vol. 17, Amer. Math. Soc., Providence, RI, 1968. [3] R. C. Cascaval, F. Gesztesy, H. Holden, and Y. Latushkin, in preparation. [4] R. S. Chisholm and W. N. Everitt, On bounded integral operators in the space of integrablesquare functions, Proc. Roy. Soc. Edinburgh Sect. A 69, 199–204 (1970/71).

[5] S. L. Clark, On the absolutely continuous spectrum of a vector-matrix Dirac system, Proc.

Roy. Soc. Edinburgh 124A, 253–262 (1994).

[6] S. Clark and F. Gesztesy, Weyl–Titchmarsh M-function asymptotics, local uniqueness results, trace formulas, and Borg–type theorems for Dirac operators, Trans. Amer. Math. Soc. 354, 3475–3534 (2002).

[7] E. A. Coddington and N. Levinson, Theory of Ordinary Differential Equations, Krieger, Malabar, 1985.

[8] M. M. Crum, Associated Sturm-Liouville systems, Quart. J. Math. Oxford Ser. (2) 6, 121–127 (1955).

[9] G. Darboux, Sur une proposition relative aux équations linéaire, C. R. Acad. Sci. Paris Sér.

I Math. 94, 1456–1459 (1882).

[10] P. A. Deift, Applications of a commutation formula, Duke Math. J. 45, 267–310 (1978). [11] D. E. Edmunds and W. D. Evans, Spectral Theory and Differential Operators, Clarendon Press, Oxford, 1989.

[12] L. D. Faddeev and L. A. Takhtajan, Hamiltonian Methods in the Theory of Solitons, Springer, Berlin, 1987.

[13] I. M. Gelfand and B. M. Levitan, On the determination of a differential equation from its spectral function, Izv. Akad. Nauk SSR. Ser. Mat. 15, 309–360 (1951) (Russian); English transl. in Amer. Math. Soc. Transl. Ser. 2 1, 253–304 (1955).

[14] F. Gesztesy, A complete spectral characterization of the double commutation method, J.

Funct. Anal. 117, 401–446 (1993).

[15] F. Gesztesy and H. Holden, Darboux–type transformations and hyperelliptic curves, J. reine angew. Math. 527, 151–183 (2000).

[16] F. Gesztesy and H. Holden, Soliton Equations and Their Algebro–Geometric Solutions, Vol.

I: (1 + 1)-Dimensional Continuous Models, Cambridge Studies in Advanced Mathematics, Cambridge University Press, Cambridge, 2003.

[17] F. Gesztesy, B. Simon and G. Teschl, Spectral deformation of one-dimensional Schrödinger operators, J. Analyse Math. 70, 267–324 (1996).

[18] F. Gesztesy and G. Teschl, On the double commutation method, Proc. Amer. Math. Soc. 124, 1831–1840 (1996).

[19] F. Gesztesy and R. Weikard, A characterization of all elliptic algebro-geometric solutions of the AKNS hierarchy, Acta Math. 181, 63–108 (1998).

[20] F. Gesztesy and R. Weikard, Elliptic algebro-geometric solutions of the KdV and AKNS hierarchies – an analytic approach, Bull. Amer. Math. Soc. 35, 271–317 (1998).

[21] I. M. Glazman, Direct Methods of Qualitative Spectral Analysis of Singular Differential Operators, Moscow, 1963. English Translation by Israel Program for Scientific Translations, 1965.

[22] P. Hartman, Ordinary Differential Equations, Birkhäuser, Boston, 1982. [23] D. B. Hinton, private communication, September 1999.

[24] C. G. T. Jacobi, Über eine neue Methode zur Integration der hyperelliptischen Differentialgleichungen und über die rationale Form ihrer vollständigen algebraischen Integralgleichungen, J. Reine Angew. Math. 32, 220–226 (1846).

[25] M. Klaus and J. K. Shaw, On the eigenvalues of Zakharov–Shabat systems, SIAM J. Math.

Anal., to appear.

[26] I. W. Knowles, On the boundary conditions characterizing J–selfadjoint extensions of J– symmetric operators, J. Diff. Eqs. 40, 193-216 (1981).

[27] B. G. Konopelchenko, Elementary Bäcklund transformations, nonlinear superposition principle and solutions of the integrable equations, Phys. Lett. 87A, 445-448 (1982).

[28] B. G. Konopelchenko, C. Rogers, Bäcklund and reciprocal transformations: gauge connections, in Nonlinear Equations in the Applied Sciences, W. F. Ames and C. Rogers (eds.), Academic Press, San Diego, 1992, pp. 317-362.

[29] M. Lesch, M. Malamud, On the deficiecy indices and self-adjointness of symmetric Hamiltonian systems, J. Diff. Eq., to appear.

[30] B. M. Levitan, Inverse Sturm–Liouville Problems. Utrecht: VNU Science Press, 1987. [31] B. M. Levitan and I. S. Sargsjan, Introduction to Spectral Theory: Selfadjoint Ordinary Differential Operators, Transl. Math. Monographs, Vol. 39, Amer. Math. Soc., Providence, RI, 1975.

[32] B. M. Levitan and I. S. Sargsjan, Sturm-Liouville and Dirac Operators, Kluwer, Dordrecht, 1991.

[33] Y. Li and D. McLaughlin, Morse and Melnikov functions for NLS Pde’s, Commun. Math.

Phys. 162, 175–214 (1994).

[34] V. B. Matveev, M. A. Salle, Darboux Transformations and Solitons, Springer Verlag, New York, 1991.

[35] B. Muckenhoupt, Hardy’s inequality with weights, Studia Math. 44, 31–38 (1972). [36] G. Neugebauer and R. Meinel, General N-soliton solutions of the AKNS class on arbitrary background, Phys. Lett. A 100, 467–470 (1984).

[37] D. Race, The theory of J–selfadjoint extensions of J–symmetric operators, J. Diff. Eqs., 57, 258–274 (1985).

[38] M. Reed and B. Simon, Methods of Modern Mathematical Physics, IV. Analysis of Operators, Academic Press, New York, 1978.

[39] D. H. Sattinger and V. D. Zurkowski, Gauge theory of Bäcklund transformations. II, Physica 26 D, 225–250 (1987).

[40] U.-W. Schmincke, On Schrödinger’s factorization method for Sturm–Liouville operators, Proc. Roy. Soc. Edinburgh Sect. A 80, 67–84 (1978).

[41] H. Steudel, Vandermonde-like determinants and N-fold Darboux/Bäcklund transformations, J. Math. Phys. 38, 4692–4695 (1997).

[42] G. Talenti, Osservazioni sopra una classe di disuguaglianze, Rend. Sem. Mat. Fis. Milano 39, 171–185 (1969).

[43] G. Teschl, Deforming the point spectra of one-dimensional Dirac operators, Proc. Amer.

Math. Soc. 126, 2873–2881 (1998).

[44] G. Tomaselli, A class of inequalities, Boll. Un. Mat. Ital. 21, 622–631 (1969). [45] J. Weidmann, Oszillationsmethoden für Systeme gewöhnlicher Differentialgleichungen, Math.

Z. 119, 349–373 (1971).

[46] V. E. Zakharov and A. B. Shabat, Exact theory of two-dimensional self-focusing and onedimensional self-modulation of waves in nonlinear media, Soviet Phyiscs JETP 34, 62–69 (1972).

[47] V. E. Zakharov and A. B. Shabat, Interaction between solitons in a stable medium, Soviet Phyiscs JETP 37, 823-828 (1973).

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: radu@math.missouri.edu

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: fritz@math.missouri.edu URL: http://www.math.missouri.edu/people/fgesztesy.html

Department of Mathematical Sciences, Norwegian University of Science and Technology, NO–7491 Trondheim, Norway, and Simula Research Laboratory, PO Box 134, NO–1325 Lysaker, Norway

E-mail address: holden@math.ntnu.no URL: http://www.math.ntnu.no/~holden/

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: yuri@math.missouri.edu