HIGH ENERGY AND SMOOTHNESS ASYMPTOTIC EXPANSION OF THE SCATTERING AMPLITUDE

D.Yafaev Department of Mathematics, University Rennes-1, Campus Beaulieu, 35042, Rennes, France (e-mail : yafaev@univ-rennes1.fr)

Abstract

We find an explicit expression for the kernel of the scattering matrix for the Schrödinger operator containing at high energies all terms of power order. It turns out that the same expression gives a complete description of the diagonal singularities of the kernel in the angular variables. The formula obtained is in some sense universal since it applies both to short- and long-range electric as well as magnetic potentials.

ionsection1-3.5ex plus -1ex minus -.2ex2.3ex plus .2exINTRODUCTION 1. High energy asymptotics of the scattering matrix S(λ) : L_2(S^{d−1}) → L_2(S^{d−1}) for the Schrödinger operator H = −Δ + V in the space H = L_2(R^d ), d ≥ 2, with a real short-range potential (bounded and satisfying the condition V (x) = O(|x|^{−ρ}), ρ > 1, as |x| → ∞) is given by the Born approximation. To describe it, let us introduce the operator Γ_0(λ),

(Γ_0(λ)f)(ω) = 2^{−1/2}k^{(d−2)/2}f̂(kω), k = λ^{1/2} ∈ R_+ = (0, ∞), ω ∈ S^{d−1}, (0.1)

of the restriction (up to the numerical factor) of the Fourier transform f̂ of a function f to the sphere of radius k. Set R_0(z) = (−Δ − z)^{−1}, R(z) = (H − z)^{−1}. By the Sobolev trace theorem and the limiting absorption principle the operators Γ_0(λ)⟨x⟩^{−r} : H → L_2(S^{d−1}) and ⟨x⟩^{−r}R(λ + i0)⟨x⟩^{−r} : H → H are correctly defined as bounded operators for any r > 1/2 and their norms are estimated by λ^{−1/4} and λ^{−1/2}, respectively. Therefore it is easy to deduce (see, e.g., [16, 27]) from the usual stationary representation

S(λ) = I − 2πiΓ_0(λ)(V − V R(λ + i0)V )Γ^∗_0(λ) (0.2)

for the scattering matrix (SM) and the resolvent identity that S(λ) = I − 2πi N∑ n=0 (−1)^nΓ_0(λ)V (R_0(λ + i0)V )^nΓ^∗_0(λ) + σ_N (λ), (0.3)

where ||σ_N (λ)|| = O(λ^{−(N+2)/2}) as λ → ∞. Moreover, the operators σ_N belong to suitable Schatten - von Neumann classes S_{α(N)} and α(N) → 0 as N → ∞.

Nevertheless the Born expansion (0.3) has at least three drawbacks. First, the structure of the n^{th} term is extremely complicated already for relatively small n. Second, (0.3) definitely fails for long-range potentials, and, finally, it fails as λ → ∞ for a perturbation of the operator −Δ by first order differential operators even with short-range coefficients (magnetic potentials).

2. In the particular case when A = 0 and V belongs to the Schwartz class a convenient form of the high-energy expansion of the kernel of SM (called often the scattering amplitude) was obtained in [3] (see also the earlier paper [9]). The method of [3] relies on a preliminary study of the scattering solutions of the Schrödinger equation defined, for example, by the formula ψ_±(ξ) = u_0(ξ) − R(|ξ|^2 ∓ i0)V u_0(ξ), u_0(x, ξ) = exp(i⟨x, ξ⟩), ξ = ξ̂|ξ| ∈ R^d . It is shown in [3] that (at least on all compact sets of x) the function ψ_±(x, ξ) has the asymptotic expansion ψ_±(x, ξ) = e^{i⟨x,ξ⟩}b_±(x, ξ) where

b_±(x, ξ) = b^{(N)}_± (x, ξ) = N∑ n=0 (2i|ξ|)^{−n}b^{(±)}_n (x, ξ), b_0(x, ξ) = 1, N → ∞. (0.4) The function b_±(x, ξ) is determined by the transport equation (see subs. 2.3 below), and the coefficients b^{(±)}_n (x, ξ) = b^{(±)}_n (x, ξ̂) are quite explicit. Therefore it is easy to deduce from (0.2) that, for any N, the kernel of SM admits the asymptotic expansion s(ω, ω^′; λ) = δ(ω, ω^′) − πi(2π)^{−d}k^{d−2} × N∑ n=0 (2ik)^{−n} ∫ Rd e^{ik⟨ω′−ω,x⟩}V (x)b^{(−)}_n (x, ω^′)dx + O(k^{d−3−N} ), (0.5) where δ(·) is of course the Dirac-function on the unit sphere. We emphasize that the functions b^{(−)}_n (x, ω^′) are growing as |x| → ∞ in the direction of ω^′ and the rate of growth increases as n increases. Thus, expansion (0.5) loses the sense (for sufficiently large N) if V (x) decreases only as some power of |x|^{−1}.

The generalization of the results of [3] to the case of short-range potentials V satisfying the condition ∂^αV (x) = O(|x|^{−ρv−|α|}) for some ρ_v > 1 was suggested in [24] where the asymptotics of the scattering amplitude was also deduced from that of the scattering solutions. We note finally the paper [4] where the leading term of the high-energy asymptotics of the scattering amplitude was found for short-range magnetic potentials.

3. In the present paper we suggest a new method which allows us to find an explicit function s_0(ω, ω^′; λ) which describes with arbitrary accuracy the kernel s(ω, ω^′; λ) of the SM S(λ) at high energies (as λ → ∞) both for short- and long-range electric and magnetic potentials. It turns out that the same function s_0(ω, ω^′; λ) gives also all diagonal singularities of the kernel s(ω, ω^′; λ) in the angular variables ω, ω^′ ∈ S^{d−1}. We emphasize that our approach allows us to avoid a study of solutions of the Schrödinger equation.

We consider the Schrödinger operator

H = (i∇ + A(x))^2 + V (x) (0.6) in the space H with electric V (x) and magnetic A(x) = (A_1(x), . . . , A_d(x)) potentials satisfying the assumptions |∂^αV (x)| ≤ C_α(1 + |x|)^{−ρv −|α|}, ρ_v > 0, |∂^αA(x)| ≤ C_α(1 + |x|)^{−ρa−|α|}, ρ_a > 0, } (0.7)

for all multi-indices α. We suppose that potentials are real, that is V (x) = V (x) and A_j(x) = A_j (x), j = 1, . . . , d. Set ρ = min{ρ_v, ρ_a}, and V_0(x) = V (x) + |A(x)|^2, V_1(x) = V_0(x) + idiv A(x).

Then H = −Δ + 2i⟨A(x), ∇⟩ + V_1(x). (0.8) We emphasize that the cases ρ > 1 (short-range potentials) and ρ ∈ (0, 1] (long-range potentials) are treated in almost the same way.

Let us formulate our main result. The answer is given in terms of approximate solutions of the Schrödinger equation −Δψ(x, ξ) + 2i⟨A(x), ∇⟩ψ(x, ξ) + V_1(x)ψ(x, ξ) = |ξ|^2ψ(x, ξ). (0.9) To be more precise, we denote by u_±(x, ξ) = u^{(N)}_± (x, ξ) explicit functions (see Section 2, for their construction) u_±(x, ξ) = e^{iΘ±(x,ξ)}b_±(x, ξ) (0.10) such that (−Δ + 2i⟨A(x), ∇⟩ + V_1(x) − |ξ|^2)u_±(x, ξ) = e^{iΘ±(x,ξ)}r_±(x, ξ) =: q_±(x, ξ) (0.11) and r_±(x, ξ) = r^{(N)}_± (x, ξ) tends to zero faster than |x|^{−p} as |x| → ∞ and |ξ|^{−q} as |ξ| → ∞ where p = p(N) → ∞ and q = q(N) → ∞ as N → ∞ off any conical neighborhood of the direction x̂ = ∓ξ̂. Note that the phase Θ_±(x, ξ) = ⟨x, ξ⟩ if A(x) = 0 and V (x) is a short-range function and Θ_±(x, ξ) satisfies the eikonal equation in the general case. The function b_±(x, ξ) is obtained as a solution of the corresponding transport equation.

As is well known (see [1]), off the diagonal ω = ω^′, the kernel s(ω, ω^′; λ) is a C^∞- function of ω, ω^′ ∈ S^{d−1} where it tends to zero faster than any power of λ^{−1} as λ → ∞. Thus, it suffices to describe the structure of s(ω, ω^′; λ) in a neighborhood of the diagonal ω = ω^′. Let ω_0 ∈ S^{d−1} be an arbitrary point, Π_{ω0} be the plane orthogonal to ω_0 and Ω_±(ω_0, δ) ⊂ S^{d−1} be determined by the condition ±⟨ω, ω_0⟩ > δ > 0. Set x = ω_0z + y, y ∈ Π_{ω0} , (0.12) and s_0(ω, ω^′; λ) = s^{(N)}_0 (ω, ω^′; λ) = ∓πik^{d−2}(2π)^{−d} × (∫ Π_{ω0} ( u_+(y, kω)(∂_zu_−)(y, kω^′) − u_−(y, kω^′)(∂_z u_+)(y, kω) ) dy −2i ∫ Π_{ω0} ⟨A(y), ω_0⟩u_+(y, kω)u_−(y, kω^′)dy ) (0.13) for ω, ω^′ ∈ Ω_± = Ω_±(ω_0, δ). Then, for any p, q and sufficiently large N = N(p, q), the kernel s̃^{(N)}(ω, ω^′; λ) = s(ω, ω^′; λ) − s^{(N)}_0 (ω, ω^′; λ) (0.14)

belongs to the class C^p(Ω × Ω) where Ω = Ω_+ ∪ Ω_−, and its C^p-norm is O(λ^{−q}) as λ → ∞. Thus, all singularities of s(ω, ω^′; λ) both for high energies and in smoothness are described by the explicit formula (0.13). Let S_0(λ) be integral operator with kernel s_0(ω, ω^′; λ). In view of representation (0.10), formula (0.13) shows that we actually consider the singular part S_0(λ) of the SM as a Fourier integral or, more precisely, a pseudo-differential operator (PDO) acting on the unit sphere and determined by its amplitude.

By our construction of functions (0.10), u_+(x, ξ) = u_−(x, −ξ) if A(x) = 0. Therefore in the case A = 0 the singular part s_0(ω, ω^′; λ) satisfies the same symmetry relation (the time reversal invariance) s(ω, ω^′; λ) = s(−ω^′, −ω; λ) as kernel of the SM itself. Kernel (0.13) is also gauge invariant. This means that, for a smooth function φ(x), the integrand in (0.13) is not changed if the functions u_± are replaced by e^{−iφ}u_± and the magnetic potential A is replaced by A − ∇φ. We emphasize however that throughout the paper we do not use any particular gauge.

Formula (0.13) gives the singular part of the scattering amplitude off any neighborhood of the hyperplane Π_{ω0} . Since ω_0 ∈ S^{d−1} is arbitrary, this determines the singular part of s(ω, ω^′; λ) for all ω, ω^′ ∈ S^{d−1}. We note that the leading diagonal singularity of s(ω, ω^′, λ) was found in [26] for ρ_v ∈ (1/2, 1] and A = 0.

4. Our approach to the proof of formula (0.13) relies (even in the short-range case) on the expression of the SM via modified wave operators

W_±(H, H_0; J_±) = s − lim_{t→±∞} e^{iHt}J_±e^{−iH0t}, (0.15)

where PDO J_± are constructed in terms of the functions u_±(x, ξ). Following [11], we kill neighborhoods of “bad” directions x̂ = ∓ξ̂ by appropriate cut-off functions ζ_±(x, ξ). Let

T_± = HJ_± − J_±H_0 (0.16)

be the “effective” perturbation. The SM S(λ) corresponding to wave operators (0.15) admits (see [12, 26, 27, 22]) the representation

S(λ) = S_1(λ) + S_2(λ), (0.17)

where S_1(λ) = −2πiΓ_0(λ)J^∗_+T_−Γ^∗_0(λ) (0.18) and S_2(λ) = 2πiΓ_0(λ)T^∗_+R(λ + i0)T_−Γ^∗_0(λ). (0.19)

Both these expressions are correctly defined which will be discussed in Sections 5 and 4, respectively.

With the help of the so called propagation estimates [19, 14, 13] we show in Section 4 that the operator S_2(λ) has smooth kernel rapidly decaying as λ → ∞. Therefore we call

S_2(λ) the regular part of the SM. The singular part S_1(λ) is given by explicit expression (0.18) not depending on the resolvent of the operator H. However it contains the cutoff functions ζ_±. In Section 5 we get rid of these auxiliary functions and, neglecting C^∞-kernels decaying faster than any power of λ^{−1}, transform the kernel of S_1(λ) to the invariant expression (0.13). Some consequences of (0.13) are discussed in Section 6.

ionsection1-3.5ex plus -1ex minus -.2ex2.3ex plus .2exTHE EIKONAL AND TRANS- PORT EQUATIONS

In this section we give a standard construction of approximate but explicit solutions of the Schrödinger equation. This construction relies on a solution of the corresponding eikonal and transport equations by iterations.

1. Let us plug expression (0.10) into the Schrödinger equation (0.9). Then

(−Δ + 2i⟨A(x), ∇⟩ + V_1(x) − |ξ|^2)(e^{iΘ}b) = e^{iΘ}(|∇Θ|^2b − i(ΔΘ)b − 2i⟨∇Θ, ∇b⟩ − Δb −2⟨A, ∇Θ⟩b + 2i⟨A, ∇b⟩ + V_1b − |ξ|^2b), ∇ = ∇_x. (0.20) We require that the phase Θ(x, ξ) and the amplitude b(x, ξ) be approximate solutions of the eikonal and transport equations, that is

|∇Θ|^2 − 2⟨A, ∇Θ⟩ + V_0 − |ξ|^2 = q_0(x, ξ), (0.21) and −2i⟨∇Θ, ∇b⟩ + 2i⟨A, ∇b⟩ − Δb + (−iΔΘ + idiv A + q_0)b = r(x, ξ). (0.22)

It follows from (0.20) that, for such fuctions Θ and b, equality (0.11) is satisfied with the same function r(x, ξ) as in (0.22). When considering (0.21), (0.22), we always remove either a conical neighborhood of the direction x̂ = −ξ̂ (for the sign “ + ”) or x̂ = ξ̂ (for the sign “ − ”). We choose Θ(x, ξ) = Θ_±(x, ξ) in such a way that q_0(x, ξ) = q^{(±)}_0 (x, ξ) defined by (0.21) is a short-range function of x, and it tends to 0 as |ξ| → ∞. Then we construct b(x, ξ) = b_±(x, ξ) so that r(x, ξ) = r_±(x, ξ) decays as |x| → ∞ as an arbitrary given power of |x|^{−1}. It turns out that r(x, ξ) has a similar decay also in the variable |ξ|^{−1}. If V is short-range and A = 0, then we can set Θ_±(x, ξ) = ⟨x, ξ⟩ and consider the transport equation (0.22) only. However, the eikonal equation (0.21) is necessary for any non-trivial magnetic potential or (and) long-range electric potential V . The transport equation is always unavoidable because, as we shall see below, the function ΔΘ_± decays at infinity as |x|^{−1−ρ} only and hence, for example, the choice b_± = 1 in (0.10) is not sufficient.

We seek Θ_±(x, ξ) in the form

Θ_±(x, ξ) = ⟨x, ξ⟩ + Φ_±(x, ξ), (0.23)

where (∇Φ_±)(x, ξ) tends to zero as |x| → ∞ off any conical neighborhood of the direction x̂ = ∓ξ̂. We construct a solution of equation (0.21) by iterations. Actually, we set

Φ_±(x, ξ) = Φ^{(N0 )}_± (x, ξ) =

N_0∑ n=0 (2|ξ|)^{−n}ϕ^{(±)}_n (x, ξ̂) (0.24) and plug expressions (0.23) and (0.24) into equation (0.21). Comparing coefficients at the same powers of (2|ξ|)^{−n}, n = −1, 0, . . . , N_0 − 1, we obtain the equations ⟨ξ̂, ∇ϕ_0⟩ = ⟨ξ̂, A⟩, ⟨ξ̂, ∇ϕ_1⟩ + |∇ϕ_0|^2 − 2⟨A, ∇ϕ_0⟩ + V_0 = 0, (0.25) ⟨ξ̂, ∇ϕ_{n+1}⟩ + n∑ m=0 ⟨∇ϕ_m, ∇ϕ_{n−m}⟩ − 2⟨A, ∇ϕ_n⟩ = 0, n ≥ 1, (0.26) so that the “error term” equals q_0(x, ξ) = ∑ n+m≥N_0 (2|ξ|)^{−n−m}⟨∇ϕ_n, ∇ϕ_m⟩ − 2(2|ξ|)^{−N0} ⟨A, ∇ϕ_{N0} ⟩. Of course, if A is replaced by Ã = A − ∇φ for some function φ ∈ C^∞(R^d ), then the function ϕ̃_0 = ϕ_0 − φ satisfies the first equation (0.25) with the magnetic potential Ã.

All equations (0.25), (0.26) have the form ⟨ξ̂, ∇ϕ(x, ξ̂)⟩ + f(x, ξ̂) = 0 (0.27) and can be explicitly solved. Let the domain Γ_±(ϵ, R) ⊂ R^d × R^d be distinguished by the condition: (x, ξ) ∈ Γ_±(ϵ, R) if either |x| ≤ R or ±⟨x̂, ξ̂⟩ ≥ −1 + ϵ for some ϵ > 0. Of course, all constants below depend on ϵ and R. The following assertion is almost obvious (see [26], for details). Lemma 0.1 Suppose that |∂^α_x ∂^β_ξ f(x, ξ̂)| ≤ C_{α,β}|ξ|^{−|β|}(1 + |x|)^{−ρ−|α|} (0.28) for x ∈ Γ_±(ϵ, R) and some ρ > 1. Then the function ϕ^{(±)}(x, ξ̂) = ± ∫_∞ 0 f(x ± tξ̂, ξ̂)dt (0.29) satisfies equation (0.27) and the estimates |∂^α_x ∂^β_ξ ϕ^{(±)}(x, ξ̂)| ≤ C_{α,β}|ξ|^{−|β|}(1 + |x|)^{1−ρ−|α|}, x ∈ Γ_±(ϵ, R). (0.30) If estimates (0.28) are fulfilled for some ρ ∈ (0, 1) only, then the function ϕ^{(±)}(x, ξ̂) = ± ∫_∞ 0 ( f(x ± tξ̂, ξ̂) − f(±tξ̂, ξ̂) ) dt (0.31) satisfies both equation (0.27) and estimates (0.30).

Proceeding by induction, we can solve by formulas (0.29) or (0.31) all equations (0.25) and (0.26). The case where V and A are both short-range is discussed specially in subs. 3. Here we focus on the long-range case. Let us formulate the corresponding result. Proposition 0.2 Let assumption (0.7) hold for some ρ ∈ (0, 1). Then estimates |∂^α_x ∂^β_ξ ϕ^{(±)}_n (x, ξ̂)| ≤ C_{α,β}|ξ|^{−|β|}(1 + |x|)^{1−nρ−|α|}, n = 1, 2, . . . , (0.32) and |∂^α_x ∂^β_ξ q^{(±)}_0 (x, ξ)| ≤ C_{α,β}|ξ|^{−N0−|β|}(1 + |x|)^{−N0ρ−|α|}. are fulfilled on the set Γ_±(ϵ, R) for all multi-indices α and β. The function ϕ^{(±)}_0 (x, ξ̂) satisfies the same estimate as ϕ^{(±)}_1 (x, ξ̂).

Corollary 0.3 The function (0.24) satisfies the estimates |∂^α_x ∂^β_ξ Φ_±(x, ξ)| ≤ C_{α,β}|ξ|^{−|β|}(1 + |x|)^{1−ρ−|α|}, x ∈ Γ_±(ϵ, R). (0.33) Below the number N_0 in (0.23) is subject to the only restriction N_0ρ ≥ 2. Of course, in particular cases the procedure above can be simplified. For example, if A = 0 and V is long-range but ρ_v > 1/2, then

Φ^{(±)}(x, ξ) = (2|ξ|)^{−1}ϕ^{(±)}_1 (x, ξ̂) = ±2^{−1} ∫_∞ 0 ( V (x ± tξ) − V (±tξ) ) dt.

2. An approximate solution of the transport equation (0.22) can be constructed by a procedure similar to the one given above. Using (0.23), we rewrite this equation as −2i⟨ξ, ∇b⟩ + 2i⟨A − ∇Φ, ∇b⟩ − Δb + (−iΔΦ + idiv A + q_0)b = r. (0.34) We look for the function b_±(x, ξ) in the form (0.4) with bounded in ξ coefficients b^{(±)}_n (x, ξ). Plugging this expression into (0.34), we obtain the following recurrent equations ⟨ξ̂, ∇b_{n+1}⟩ = 2i⟨A−∇Φ, ∇b_n⟩−Δb_n+(−iΔΦ+idiv A+q_0)b_n, n = 0, 1, . . . , N−1. (0.35) Then r(x, ξ) = r^{(N)}(x, ξ) = (2i|ξ|)^{−N} ⟨ξ̂, ∇b_{N+1}⟩. All these equations have the form (cf. (0.27)) ⟨ξ̂, ∇b_{n+1}(x, ξ)⟩ + f_n(x, ξ) = 0, where a short-range function f_n depends on b_1, . . . , b_n. Therefore they can be solved by one of the formulas (0.29). Thus, using again Lemma 0.1, we obtain Proposition 0.4 Let assumption (0.7) hold, let ρ_1 = min{1, ρ} and let (x, ξ) ∈ Γ_±(ϵ, R). Then functions b^{(±)}_n , n ≥ 1, satisfy the estimates |∂^α_x ∂^β_ξ b^{(±)}_n (x, ξ)| ≤ C_{α,β}|ξ|^{−|β|}(1 + |x|)^{−ρ1n−|α|}. The right-hand side of equation (0.22) satisfies |∂^α_x ∂^β_ξ r^{(N)}_± (x, ξ)| ≤ C_{α,β}|ξ|^{−N−|β|}(1 + |x|)^{−1−ρ1(N+1)−|α|}. (0.36) Corollary 0.5 The function (0.4) satisfies the estimates |∂^α_x ∂^β_ξ b_±(x, ξ)| ≤ C_{α,β}|ξ|^{−|β|}(1 + |x|)^{−|α|}. (0.37) Combining Propositions 0.2 and 0.4, we get the final result.

Theorem 0.6 For the functions Θ^{(N0)}_± (x, ξ) and b^{(N)}_± (x, ξ) constructed in Propositions 0.2 and 0.4, respectively, and for the functions u_±(x, ξ) = u^{(N)}_± (x, ξ) defined by (0.10), equality (0.11) holds with the remainder r^{(N)}_± (x, ξ) satisfying estimates (0.36) in the region Γ_±(ϵ, R).

We emphasize that in contrast to the parameter N_0 which is fixed, we need N → ∞. 3. Of course, the functions b^{(±)}_n (x, ξ) contain different powers of |ξ|^{−1}. However, in the short-range case b^{(±)}_n depend on x and ξ̂ only. Suppose first that A = 0. Then Φ = 0 and equation (0.35) reduces to ⟨ξ̂, ∇b_{n+1}⟩ = −Δb_n + V b_n. Thus, we obtain the following assertion.

Proposition 0.7 Let A = 0 and let V satisfy assumption (0.7) with ρ_v > 1. Let u_±(x, ξ) = e^{i⟨x,ξ⟩}b_±(x, ξ) where b_± is the sum (0.4) and the functions b^{(±)}_n (x, ξ̂) are defined by recurrent formulas b^{(±)}_0 = 1 and

b^{(±)}_{n+1}(x, ξ̂) = ∓ ∫_∞ 0 ( −Δb^{(±)}_n (x ± tξ̂, ξ̂) + V (x ± tξ̂)b^{(±)}_n (x ± tξ̂, ξ̂) ) dt. Then for (x, ξ) ∈ Γ_±(ϵ, R) and ρ_2 = min{2, ρ_v} |∂^α_x ∂^β_ξ b^{(±)}_n (x, ξ̂)| ≤ C_{α,β}|ξ|^{−|β|} (1 + |x|)^{−(ρ2−1)n−|α|} (0.38) and the remainder (0.11) satisfies the estimates |∂^α_x ∂^β_ξ r^{(N)}_± (x, ξ)| ≤ C_{α,β}|ξ|^{−N−|β|} (1 + |x|)^{−(ρ2−1)(N+1)−|α|}. (0.39) Let us write down explicit expressions for the first two functions b_n: b^{(±)}_1 (x, ξ̂) = ∓ ∫_∞ 0 V (x ± tξ̂)dt, (0.40) b^{(±)}_2 (x, ξ̂) = − ∫_∞ 0 t(ΔV )(x ± tξ̂)dt + 1 2 (∫ ∞ 0 V (x ± tξ̂)dt )_2

. (0.41) If a magnetic potential is non-trivial, then Φ_±(x, ξ̂) = ϕ^{(±)}_0 (x, ξ̂) = ∓ ∫_∞ 0 ⟨ξ̂, A(x ± tξ̂)⟩dt (0.42) and q^{(±)}_0 = |∇Φ_±|^2 − 2⟨A, ∇Φ_±⟩ + V_0.

Hence it follows from (0.35) that the coefficients b^{(±)}_n (x, ξ̂) are determined by formulas b^{(±)}_0 = 1 and b^{(±)}_{n+1}(x, ξ̂) = ∓ ∫_∞ 0 f^{(±)}_n (x ± tξ̂, ξ̂)dt, (0.43) where f^{(±)}_n = 2i⟨A − ∇Φ_±, ∇b^{(±)}_n ⟩ − Δb^{(±)}_n +(|∇Φ_±|^2 − 2⟨A, ∇Φ_±⟩ + V_1 − iΔΦ_±)b^{(±)}_n . (0.44) Let us formulate the result obtained.

Proposition 0.8 Let A and V satisfy assumption (0.7) with ρ > 1, and let ρ_2 = min{2, ρ}. Define Θ(x, ξ) by formulas (0.23) and (0.42). Let the functions b^{(±)}_n be constructed by recurrent formulas (0.43), (0.44) and let b_± be the sum (0.4). Then estimates (0.38) on b^{(±)}_n and (0.39) on the remainder (0.11) hold.

ionsection1-3.5ex plus -1ex minus -.2ex2.3ex plus .2ex WAVE OPERATORS AND THE SCATTERING MATRIX

1. Let us recall briefly some basic facts about PDO (see, e.g., [8] or [23]). Let (Af)(x) = (2π)^{−d/2} ∫ Rd e^{i⟨x,ξ⟩}a(x, ξ)f̂(ξ)dξ, where f̂ = Ff is the Fourier transform of f from, say, the Schwartz space S(R^d ) and the symbol a ∈ C^∞(R^d × R^d ). Sometimes it is more convenient to consider more general PDO determined by their amplitudes. We define such operators in terms of the corresponding sesquilinear forms (Af, g) = (2π)^{−d} ∫ Rd ∫ Rd ∫ Rd e^{i⟨x,ξ′−ξ⟩}a(x, ξ, ξ^′)f̂(ξ^′)ĝ(ξ)dξdξ^′dx, (0.45) where the amplitude a(x, ξ, ξ^′) is also a C^∞-function of all its variables.

It is standard to assume that a and a belong to Hörmander classes. Set ⟨x⟩ = (1 + |x|^2)^{1/2}, ⟨ξ⟩ = (1 + |ξ|^2)^{1/2}. By definition, the symbol a (or the corresponding operator A) belongs to the class S^{n,m}(ρ, δ), ρ > 0, δ < 1, if for all multi-indices α and β |(∂^α_x ∂^β_ξ a)(x, ξ)| ≤ C_{α,β}⟨x⟩^{n−|α|ρ+|β|δ}⟨ξ⟩^{m−|β|}. The operators A from these classes send the Schwartz space S(R^d ) into itself. For the amplitudes a we do not have to keep track of the dependence on ξ and ξ^′. Thus, a ∈ S^n(ρ, δ) if for all multi-indices α, β, β^′, any compact set K ⊂ R^d and ξ, ξ^′ ∈ K |(∂^α_x ∂^β_ξ ∂^{β′}_ξ′ a)(x, ξ, ξ^′)| ≤ C_{α,β,β}′ (K)⟨x⟩^{n−|α|ρ+(|β|+|β′|)δ}. Under this assumption the form (0.45) is well-defined as an oscillating integral for f̂, ĝ ∈ C^∞_0 (R^d ). We omit in notation ρ and δ if ρ = 1 and δ = 0. The definition (0.45) makes also sense if x belongs to some subset of R^d .

Actually, we need a more special class of PDO with oscillating symbols a(x, ξ) = e^{iΦ(x,ξ)}α(x, ξ), (0.46) where Φ ∈ S^{1−ρ,0}, ρ ∈ (0, 1), and α ∈ S^{n,m}. We denote by C^{n,m}(Φ) the class of symbols or operators obeying the conditions above. The definition of the class C^n(Φ) in the case of oscillating amplitudes is quite similar. Since C^{n,m}(Φ) ⊂ S^{n,m}(ρ, 1 − ρ), the standard PDO calculus works in the classes C^{n,m}(Φ) if ρ > 1/2. In the general case the oscillating factors exp(iΦ(x, ξ)) or exp(iΦ(x, ξ, ξ^′)) should be explicitly taken into account.

The proof of the following assertion can be found either in [15] or [28]. We often use the notation ⟨x⟩ and ⟨ξ⟩ for the operators of multiplication by these functions in the coordinate and momentum representations, respectively.

Proposition 0.9 Let a ∈ C^{n,m}(Φ), n ≤ 0 and m ≤ 0. Then the operator A⟨x⟩^{−n} is bounded in the space L_2(R^d ).

We need also a class Ξ_± of symbols such that a(x, ξ) = 0 if ∓ ⟨x̂, ξ̂⟩ ≤ ε for some ε > 0. Moreover, we assume that a(x, ξ) = 0 if |x| ≤ ε or |ξ| ≤ ε for symbols from this class. Then we set S^{n,m}_± (ρ, δ) = S^{n,m}(ρ, δ) ∩ Ξ_±, C^{n,m}_± (Φ) = C^{n,m}(Φ) ∩ Ξ_±. 2. Let H_0 = −Δ and the operator H defined by (0.6) act in the space H = L_2(R^d ).

Denote by E_0 and E their spectral projections. Note that, as shown in [10, 25] where the proof of [21] was extended to magnetic potentials, the operator H does not have positive eigenvalues. In the long-range case the wave operators (0.15) exist only for a special choice of identifications J_±. We construct J_± as PDO.

Let σ ∈ C^∞(−γ, γ), γ > 1, be such that σ(τ) = 1 if τ ∈ [−1, 1 − 2ε] for some ε ∈ (0, 1/2) and σ(τ) = 0 if τ ∈ [1 − ε, 1]. Let η ∈ C^∞(R^d ) be such that η(x) = 0 in a neighborhood of zero and η(x) = 1 for large |x|. We denote by ϑ a C^∞(R_+ )-function which equals to zero in a neighborhood of 0 and ϑ(λ) = 1 for, say, λ ≥ λ_0 (for some λ_0 > 0). Set ζ_±(x, ξ) = σ(∓η(x)⟨ξ̂, x̂⟩)ϑ(|ξ|^2). Let u_±(x, ξ) be the function (it depends on N_0 and N) defined in the previous section (see Theorem 0.6). Following [11], we construct J_± by the formula

(J_±f)(x) = (2π)^{−d/2} ∫ Rd u_±(x, ξ)ζ_±(x, ξ)f̂(ξ)dξ. (0.47) Thus, J_± is a PDO with symbol (0.46) where Φ = Φ_± and α_±(x, ξ) = b_±(x, ξ)ζ_±(x, ξ). We emphasize however that in contrast to [11] the symbol a_±(x, ξ) of the operator J_± is quite an explicit function. This is essential for construction of the asymptotic expansion of the SM. Due to the cut-off functions ζ_±(x, ξ) and estimates (0.37) on b_±(x, ξ), we have that α_± ∈ S^{0,0}. The function Φ_±(x, ξ) is of course singular on the set x̂ = ∓ξ̂. However, Φ_±ζ̃_± ∈ S^{1−ρ,0} for a suitable cut-off function ζ̃_±(x, ξ) such that ζ̃_±(x, ξ) = 1 on the support of ζ_±. Abusing somewhat terminology, we write J_± ∈ C^{0,0}(Φ_±). By Proposition 0.9, the operator J_± is bounded.

It is shown in [11, 26, 22] that the wave operators (0.15) exist which implies the intertwining property

W_±(H, H_0; J_±)H_0 = HW_±(H, H_0; J_±).

Moreover, they are isometric on the subspace E_0(λ_0, ∞)H and are complete, that is

Ran (W_±(H, H_0; J_±)E_0(λ_0, ∞)) = E(λ_0, ∞)H.

In the short-range case s − lim_{t→±∞}(J_± − ϑ(H_0))e^{−iH0t} = 0, so that the wave operators W_±(H, H_0; J_±) coincide with the usual wave operators W_±(H, H_0) (times ϑ(H_0)). The scattering operator is defined by the standard relation S = S(H, H_0; J_+, J_−) = W^∗_+(H, H_0; J_+)W_−(H, H_0; J_−).

It commutes with the operator H_0 and is unitary on the space E_0(λ_0, ∞)H.

3. Let us calculate the perturbation (0.16). According to (0.11), we have that g_±(x, ξ) := (−Δ + 2i⟨A(x), ∇⟩ + V_1(x) − |ξ|^2)(u_±(x, ξ)ζ_±(x, ξ)) = q_±(x, ξ)ζ_±(x, ξ) − 2⟨∇u_±(x, ξ), ∇ζ_±(x, ξ)⟩ −u_±(x, ξ)(Δζ_±)(x, ξ) + 2iu_±(x, ξ)⟨A(x), ∇ζ_±(x, ξ)⟩. (0.48) Now it follows from (0.47) that (T_±f)(x) = (2π)^{−d/2} ∫ Rd g_±(x, ξ)f̂(ξ)dξ = (2π)^{−d/2} ∫ Rd e^{i⟨x,ξ⟩} ( t^{(r)}_± (x, ξ) + t^{(s)}_± (x, ξ) ) f̂(ξ)dξ = : (T^{(r)}_± f)(x) + (T^{(s)}_± f)(x), (0.49) where t^{(r)}_± = exp(iΦ_±)τ^{(r)}_± , t^{(s)}_± = exp(iΦ_±)τ^{(s)}_± and

τ^{(r)}_± = r_±ζ_±, τ^{(s)}_± = −2ib_±⟨ξ + ∇Φ_± − A, ∇ζ_±⟩ − 2⟨∇b_±, ∇ζ_±⟩ − b_±Δζ_±.

Due to the cut-off functions ζ_±, ∇ζ_± and Δζ_±, the next result follows directly from Propositions 0.2 and 0.4.

Proposition 0.10 Let assumption (0.7) hold and let ρ_1 = min{1, ρ}. Then t^{(r)}_± ∈ C^{−1−ρ1(N+1),−N} (Φ_±) and t^{(s)}_± ∈ C^{−1,1}_± (Φ_±).

4. Let N = L_2(S^{d−1}), let the operator Γ_0(λ) : S(R^d ) → N be defined by formula (0.1) and let (Uf)(λ) = Γ_0(λ)f. Then U : H → H̃ = L_2(R_+ ; N) extends by continuity to a unitary operator and UH_0U^∗ acts in the space H̃ as multiplication by the independent variable λ. Since SH_0 = H_0S, the operator USU^∗ acts in the space H̃ as multiplication by the operator-function S(λ) : N → N known as the SM.

We need a stationary formula (see [12, 26, 27, 22]) for the SM S(λ) in the case where identifications J_+ and J_− for t → +∞ and t → −∞ are different. Since auxiliary wave operators s − lim_{t→±∞} e^{iH0t}J^∗_+J_−e^{−iH0t} = 0, we have the following result.

Proposition 0.11 Let assumption (0.7) hold. Then the SM admits the representation (0.17) where S_1(λ) and S_2(λ) are given by formulas (0.18) and (0.19), respectively.

Let us discuss here the precise meaning of the expression

A^♭(λ) := Γ_0(λ)AΓ^∗_0(λ)

where A is an operator acting on functions defined on R^d . Put

δ_ε(H_0 − λ) = (2πi)^{−1}(R_0(λ + iε) − R_0(λ − iε)), (0.50)

and let γ_j ∈ C^∞_0 (R_+ ) be an arbitrary function such that γ_j(k) = 1. Taking into account (0.1), we define (see, e.g., [27]) the sesquilinear form (A^♭(λ)w_1, w_2) for w_j ∈ C^∞(S^{d−1}) by the relation

(A^♭(λ)w_1, w_2) = 2k^{−d+2} lim_{ε→0}(Aδ_ε(H_0 − λ)ψ_1, δ_ε(H_0 − λ)ψ_2), (0.51)

where k = λ^{1/2}, ψ̂_j (ξ) = w_j(ξ̂)γ_j(|ξ|), j = 1, 2, (0.52) provided the limit in the right-hand side exists. The form (A^♭(λ)w_1, w_2) is well defined if the limit (0.51) exists for all w_j ∈ C^∞(S^{d−1}). This is, of course, true if G = FAF^∗ is an integral operator with kernel G(ξ, ξ^′) which is continuous near the surface |ξ| = |ξ^′| = k. In this case A^♭(λ) is also an integral operator in L_2(S^{d−1}) with kernel

g(ω, ω^′; λ) = 2^{−1}k^{d−2}G(kω, kω^′). (0.53) G(ξ, ξ^′) Furthermore, by the Sobolev trace theorem, limit (0.51) exists and hence the operator A^♭(λ) is well-defined (and is bounded in the space L_2(S^{d−1})) if A = ⟨x⟩^{−r}B⟨x⟩^{−r} (0.54) for a bounded operator B in L_2(R^d ) and r > 1/2. This means that the operators A^♭(λ) are also well-defined for PDO of order n < −1.

We note that the stationary representation of the SM is determined exactly by the limits as the one in the right-hand side of (0.51).

To estimate in the next section the regular part S_2(λ) of the SM, we need the following obvious remark.

Lemma 0.12 Suppose that (0.54) is satisfied for r > d/2 and set u_0(x, ω, λ) = exp(iλ^{1/2}⟨ω, x⟩). Then the operator A^♭(λ) has continuous kernel g(ω, ω^′; λ) = 2^{−1}k^{d−2}(2π)^{−d}(B⟨x⟩^{−r}u_0(ω^′, λ), ⟨x⟩^{−r}u_0(ω, λ)). (0.55) Moreover, this function belongs to the class C^p(S^{d−1} × S^{d−1}) for p < r − d/2 and its C^p-norm is bounded by Ck^{d−2+p}.

Proof – Representation (0.55) follows from (0.1), as well as from (0.51). The kernel g(ω, ω^′; λ) is continuous because the function ⟨x⟩^{−r}u_0(ω, λ) ∈ L_2(R^d ) depends continuously on ω for any r > d/2. Finally, it remains to notice that ∂u_0/∂ω_j = iλ^{1/2}x_j u_0 for any j. □

To treat the singular part S_1(λ), we apply definition (0.51) to the PDO A = J^∗_+T_− determined by its amplitude a(x, ξ, ξ^′). In this case, by Proposition 0.10, a is of order −1 and hence the operators A^♭(λ) are defined only under special assumptions on a. According to (0.48), (0.49), up to an integral operator with smooth kernel, A has the amplitude which, due to the functions ∇ζ_−(x, ξ^′) and Δζ_−(x, ξ^′), equals zero if ⟨x̂, ξ̂^′⟩ is close to 1 or −1 (in a neighborhood of the conormal bundle of each sphere |ξ^′| = k). In this case, as shown in [28], the operators A^♭(λ) are correctly defined by formula (0.51) in a space of functions on S^{d−1} (the case of PDO determined by their symbols was considered earlier in [17]). Moreover, they are also PDO, and an explicit expression for their amplitudes was given in [28]. However, our construction of the singular part of the scattering matrix in Section 5 is, at least formally, independent of the results of [28]. It is important that this construction allows us to get rid of the cut-off functions ζ_± and to obtain an arbitrary close approximation to the SM.

ionsection1-3.5ex plus -1ex minus -.2ex2.3ex plus .2exTHE REGULAR PART In this section we show that the regular part (0.19) of the SM is negligible.

1. Recall that the functions u_± = u^{(N)}_± were constructed in Theorem 0.6 and that the corresponding operators J_± = J^{(N)}_± and T_± = T^{(N)}_± were defined by equations (0.47) and (0.49), respectively. Our main analytical result here is the following

Proposition 0.13 For any p and q there exists N such that for T_± = T^{(N)}_± the operators B_{p,q,N} (λ) = ⟨x⟩^p⟨ξ⟩^qT^∗_+R(λ + i0)T_−⟨ξ⟩^q⟨x⟩^p are bounded uniformly in λ ≥ λ_0 > 0.

This result will be checked in the following subsections. Let us first of all show that it implies regularity of the operator S_2(λ).

Theorem 0.14 For any p and q there exists N such that for T_± = T^{(N)}_± , the operator (0.19) has kernel s_2(ω, ω^′; λ) which belongs to the class C^p(S^{d−1} × S^{d−1}) and the C^p-norm of this kernel is O(λ^{−q}) as λ → ∞.

Remark that Γ_0(λ)⟨ξ⟩^{−q0} = (1 + λ)^{−q0/2}Γ_0(λ) and hence S_2(λ) = 2πi(1 + λ)^{−q0} Γ_0(λ)⟨x⟩^{−p0} B_{p0,q0,N} (λ)⟨x⟩^{−p0} Γ^∗_0(λ).

Let p_0 > d/2 + p and q_0 ≥ q − 1 + (d + p)/2. We suppose here that N = N(p_0, q_0) is the same as in Proposition 0.13, so that the operators B_{p0,q0,N} (λ) are bounded uniformly in λ ≥ λ_0. Then, as shown in Lemma 0.12, the kernel of the operator S_2(λ) belongs to the class C^p(S^{d−1} × S^{d−1}), and its C^p-norm is bounded by Ck^{d−2+p−2q0} which is estimated by Ck^{−2q}. This concludes the proof of Theorem 0.14.

In the following subsections we shall prove Proposition 0.13.

2. We need some results on the boundedness of combinations of PDO T with symbols t ∈ C^{n,m}_± (Φ) (see subs. 1 of Section 3) where Φ ∈ S^{1−ρ,0} with functions of the generator of dilations A = 1 2 d∑ j=1 (x_j D_j + D_jx_j ).

We denote by P_± = E_A (R_± ) the spectral projection of the operator A .

First we formulate a strengthening of a result of [13].

Proposition 0.15 Let t ∈ C^{n,m}_± (Φ) for one of the signs and some n, m. Then there exists k such that the operator ⟨A ⟩^{−k} T is bounded.

Of course, this result is of interest only if at least one of the indices n or m is positive. We start the proof with the following simple Lemma 0.16 Let T ∈ C^{n,m}_± (Φ) for one of the signs and some n, m. Then there exist PDO S_0 ∈ C^{n−1,m−1} ± (Φ) and S_1 ∈ C^{n−ρ,m−1}_± (Φ) such that T = A S_0 + S_1.

Proof – Suppose, for example, that T ∈ C^{n,m}_− (Φ). Let us set s_0(x, ξ) = (1 + ⟨x, ξ⟩)^{−1}t(x, ξ). Since 1 + ⟨x, ξ⟩ ≥ c(1 + |x|) (1 + |ξ|) on the support of t, we have that s_0 ∈ C^{n−1,m−1}_− (Φ). An elementary calculation shows that the symbol of the operator A S_0 equals t − s_1 where s_1(x, ξ) = (1 + id/2)s_0(x, ξ) + i⟨x, ∇_x⟩s_0(x, ξ). This function belongs to the class C^{n−ρ,m−1}_− (Φ). □

Applying this lemma to both operators S_0, S_1 and repeating this procedure several times, we obtain more general Lemma 0.17 Let the assumptions of Lemma 0.16 be satisfied. Then for any positive k there exist PDO S_0 ∈ C^{n−k,m−k}_± (Φ), S_1 ∈ C^{n−k+1−ρ,m−k}_± (Φ), . . . , S_k ∈ C^{n−kρ,m−k}_± (Φ) such that T = A^k S_0 + A^{k−1} S_1 + · · · + S_k. (0.56) Let k be such that kρ ≥ n, k ≥ m. Then, by Proposition 0.9, all operators S_0, S_1, · · · , S_k are bounded. Hence equation (0.56) implies that the operator ⟨A ⟩^{−k} T is also bounded.

Proposition 0.15 can be formulated in a slightly different form.

Proposition 0.18 Let t ∈ C^{0,0}_± (Φ) for one of the signs, and let p, q be arbitrary numbers. Then there exists k such that the operator ⟨A ⟩^{−k} T ⟨ξ⟩^q⟨x⟩^p is bounded.

The proof reduces to obvious commutations of the operator ⟨x⟩^p with the operators ⟨ξ⟩^q and T .

The following assertion is also motivated by the results of [13].

Proposition 0.19 Let t ∈ S^{n,m}_± (ρ, δ) for some n, m and ρ > 0, δ < 1. Then the operator ⟨A ⟩^k P_±T ⟨ξ⟩^q⟨x⟩^p is bounded for arbitrary p, q and k.

Commutating the operator ⟨x⟩^p with the operators ⟨ξ⟩^q and T and using that n, m are arbitrary, we reduce the problem to the case p = q = 0.

Let us check Proposition 0.19, for example, for the upper sign. We standardly diagonalize the operator A by the Mellin transform. Let the operator M : K = L_2(R) ⊗ L_2(S^{d−1}) → L_2(R^d ) be defined by the equality (Mf)(r, ω) = (2π)^{−1/2}r^{−d/2} ∫_∞ −∞ e^{is ln r}f(s, ω)ds. Then M is unitary and A = MΣM^∗, where Σ is the operator of multiplication by independent variable s ∈ R in the space K.

It follows that (⟨A ⟩^k P_+f)(r, ω) = (2π)^{−1/2}r^{−d/2} ∫_∞ 0 e^{is ln r}(1 + s^2)^{k/2}g(s, ω)ds, where g = M^∗f and ||g|| = ||f||. Hence (⟨A ⟩^k P_+f, T h) = (2π)^{−(d+1)/2} lim_{ϵ→0} ∫_∞ 0 drφ(ϵr)r^{d/2−1} × ∫ Sd−1 dω ∫_∞ 0 dse^{is ln r}(1 + s^2)^{k/2}g(s, ω) ∫ Rd e^{−ir⟨ω,ξ⟩}t(rω, ξ)ĥ(ξ)dξ, where φ ∈ C^∞_0 (R_+ ) and φ(0) = 1. Interchanging here the order of integrations, we find that (⟨A ⟩^k P_+f, T h) = (2π)^{−(d+1)/2} lim_{ϵ→0} ∫ Sd−1 dω ∫_∞ 0 ds ×(1 + s^2)^{k/2}g(s, ω) ∫ Rd K_ϵ(ξ, s, ω)ĥ(ξ)dξ, (0.57) where K_ϵ(ξ, s, ω) = ∫_∞ 0 φ(ϵr)t̃(rω, ξ)e^{−ir⟨ω,ξ⟩+is ln r}dr (0.58) and t̃(rω, ξ) = r^{d/2−1}t(rω, ξ). The proof of Proposition 0.19 reduces to a direct integration by parts. To that end, we formulate

Lemma 0.20 Let K_ϵ(ξ, s, ω) = ∫_∞ 0 φ(ϵr)t(rω, ξ, s)e^{−ir⟨ω,ξ⟩+is ln r}dr, (0.59) where t ∈ Ξ_+ uniformly in s ≥ 0 and for some n and γ |(∂^α_x t)(x, ξ, s)| ≤ C_α⟨x⟩^{n−|α|ρ}(|ξ| + s)^{−γ} , ρ > 0. (0.60) Then K_ϵ(ξ, s, ω) = ∫_∞ 0 (ϵφ^′(ϵr)t_0(rω, ξ, s) + φ(ϵr)t_1(rω, ξ, s))e^{−ir⟨ω,ξ⟩+is ln r}dr, (0.61) where t_j ∈ Ξ_+, j = 0, 1, and satisfy the estimate (0.60) with n_0 = n, γ_0 = γ and n_1 = n − ρ/2, γ_1 = γ + ρ/2.

Proof – Integrating by parts in (0.59), we find that (0.61) holds with t_0(x, ξ, s) = it(x, ξ, s)r(−⟨x, ξ⟩ + s)^{−1} and t_1(x, ξ, s) = (∂_rt_0)(x, ξ, s). Since t ∈ Ξ_+, we have that on the support of t | − ⟨x, ξ⟩ + s| ≥ ε|x| |ξ| + s. Taking into account (0.60), we obtain the necessary estimates on t_0 and t_1. □ Applying this lemma p times to the function (0.58), we find that K_ϵ(ξ, s, ω) = ∫_∞ 0 (ϵ^pφ^{(p)}(ϵr)t_0(rω, ξ, s) + . . . + φ(ϵr)t_p(rω, ξ, s))e^{−ir⟨ω,ξ⟩+is ln r}dr, (0.62) where |t_k(x, ξ, s)| ≤ C⟨x⟩^{n+d/2−1−kρ/2}(|ξ| + s)^{−kρ/2}. (0.63) Using expression (0.62) for the kernel K_ϵ(ξ, s, ω), we can now pass to the limit ϵ → 0 in (0.57). Due to the estimates (0.63), for sufficiently large p, all terms containing the derivatives of φ disappear in this limit, and we obtain (⟨A ⟩^k P_+f, T h) = (2π)^{−(d+1)/2} ∫ Sd−1 dω ∫_∞ 0 ds ×(1 + s^2)^{k/2}g(s, ω) ∫ Rd K_0(ξ, s, ω)ĥ(ξ)dξ, (0.64) where |K_0(ξ, s, ω)| ≤ C_N (|ξ| + s)^{−N} , N = pρ/2. Since N is arbitrary large, it follows from (0.64) that |(⟨A ⟩^k P_+f, T h)| ≤ C ∫ Sd−1 dω ∫_∞ 0 ds(1 + s^2)^{k/2}|g(s, ω)| × ∫ |ξ|≥ε (|ξ| + s)^{−N} |ĥ(ξ)|dξ ≤ C_1||g|| ||ĥ|| = C||f|| ||h||. This concludes the proof of Proposition 0.19.

3. The following resolvent estimates were deduced in [19, 14, 13] from the famous Mourre estimate [18].

Proposition 0.21 Let assumption (0.7) hold. Then for Re z > 0, Im z ≥ 0 the operatorfunctions ⟨A ⟩^{−p} R(z)⟨A ⟩^{−p} , p > 1/2, (0.65) ⟨A ⟩^{−1+p2} P_−R(z)⟨A ⟩^{−p1} , ⟨A ⟩^{−p1} R(z)P_+⟨A ⟩^{−1+p2} (0.66) for each p_1 > 1/2, p_2 < p_1 and ⟨A ⟩^p P_−R(z)P_+⟨A ⟩^p (0.67) for arbitrary p are continuous in norm with respect to z.

The proof of Proposition 0.21 in [13] relies on the two following analytical facts. Since the operator H does not have positive eigenvalues, for any λ > 0, sufficiently small ε and Λ = (λ − ε, λ + ε), the Mourre estimate iE(Λ)[H, A ]E(Λ) ≥ cE(Λ), c > 0, (0.68) holds. Let B_1 = [H − H_0, A ], B_2 = [B_1, A ], . . . , B_{n+1} = [B_n, A ].

Then all operators B_n(H_0 + I)^{−1}, n = 1, 2, . . ., are bounded. As shown in [13], these two results imply Proposition 0.21.

Remark 0.22 If a family of operators H^{(κ)} satisfies (0.68) with a common constant c and the corresponding operators B^{(κ)}_n are bounded uniformly in κ, then the norms of the operators (0.65) − (0.67) are bounded on any compact set of z uniformly in κ.

To extend Proposition 0.21 to high energies, we make the dilation transformation (G^{(κ)}f)(x) = κ^{−d/2}f(κ^{−1}x).

The operators A and P_± commute with G^{(κ)} and HG^{(κ)} = κ^{−2}G^{(κ)}H^{(κ)}, (0.69) where H is given by (0.8), H^{(κ)} = −Δ + 2i⟨A^{(κ)}(x), ∇⟩ + V^{(κ)}_1 (x) and A^{(κ)}(x) = κA(κx), V^{(κ)}_1 (x) = κ^2V_1(κx).

Let us now apply Proposition 0.21 to the family of operators H^{(κ)} for κ ≤ κ_0 and sufficiently small κ_0. Clearly, i[H_0, A ] = 2H_0, i[V^{(κ)}_1 , A ] = −κ^3⟨x, (∇V_1)(κx)⟩, [⟨A^{(κ)}, ∇⟩, A ] = −iκ⟨A(κx), ∇⟩ − κ^2 d∑ j=1 ⟨x, ∇A_j (κx)⟩D_j, and hence under assumption (0.7) ||V^{(κ)}_1 || ≤ Cκ^2, ||⟨A^{(κ)}, ∇⟩(H_0 + I)^{−1}|| ≤ Cκ, ||[V^{(κ)}_1 , A ]|| ≤ Cκ^2, ||[⟨A^{(κ)}, ∇⟩, A ](H_0 + I)^{−1}|| ≤ Cκ.

Therefore estimate (0.68) for the operators H^{(κ)} is satisfied in a neighborhood of, say, the point λ = 1 with a constant c which does not depend on κ. Quite similarly, it can be checked that all operators B^{(κ)}_n (H_0 + I)^{−1} are bounded by C_nκ. Thus, it follows from Proposition 0.21 and Remark 0.22 that estimates (0.65) – (0.67) for the resolvents of the operators H^{(κ)} are satisfied in a neighborhood of the point λ = 1 uniformly in κ ∈ (0, κ_0).

Let us now set κ = λ^{−1/2}. Then it follows from (0.69) that, for example, ||⟨A ⟩^{−p} R(λ + i0)⟨A ⟩^{−p} || = λ^{−1}||⟨A ⟩^{−p} (H^{(κ)} − 1 − i0)^{−1}⟨A ⟩^{−p} || and similarly for the operators (0.66), (0.67). Thus, we obtain Proposition 0.23 Let assumption (0.7) hold. Then the norms of the operators (0.65) − (0.67) at z = λ + i0 are bounded by Cλ^{−1} as λ → ∞.

4. Now we are able to check Proposition 0.13. Let us first show that the operators ⟨x⟩^p⟨ξ⟩^q(T^{(r)}_+ )^∗R(λ + i0)T^{(r)}_− ⟨ξ⟩^q⟨x⟩^p are uniformly bounded provided N is large enough. Note that the operators ⟨x⟩^σT^{(r)}_± ⟨ξ⟩^q⟨x⟩^p are bounded by Propositions 0.9 and 0.10 if (N + 1)ρ_1 ≥ σ + p − 1 and N ≥ q. Thus, it suffices to use that ||⟨x⟩^{−σ}R(λ + i0)⟨x⟩^{−σ}|| = O(λ^{−1/2}), σ > 1/2, which follows, for example, from the result of Proposition 0.23 about operator (0.65).

Let us further consider the singular part T^{(s)}_± of T_±. Recall that, according to Proposition 0.10, T^{(s)}_± ∈ C^{−1,1}_± (Φ_±). We need to prove the uniform boundedness of four operators ⟨x⟩^p⟨ξ⟩^q(T^{(s)}_+ )^∗P_−R(λ + i0)P_+T^{(s)}_− ⟨ξ⟩^q⟨x⟩^p, (0.70) ⟨x⟩^p⟨ξ⟩^q(T^{(s)}_+ )^∗P_+R(λ + i0)P_−T^{(s)}_− ⟨ξ⟩^q⟨x⟩^p (0.71) and ⟨x⟩^p⟨ξ⟩^q(T^{(s)}_+ )^∗P_±R(λ + i0)P_±T^{(s)}_− ⟨ξ⟩^q⟨x⟩^p. (0.72) The operator (0.70) can be factorized into a product of three operators ⟨x⟩^p⟨ξ⟩^q(T^{(s)}_+ )^∗⟨A ⟩^{−k} , ⟨A ⟩^k P_−R(λ + i0)P_+⟨A ⟩^k and ⟨A ⟩^{−k} T^{(s)}_− ⟨ξ⟩^q⟨x⟩^p. The first and the third factors are bounded for sufficiently large k by Proposition 0.18 while the second operator has the form (0.67), and hence it is bounded by Cλ^{−1} by Proposition 0.23.

The operator (0.71) can be factorized into a product of three operators ⟨x⟩^p⟨ξ⟩^q(T^{(s)}_+ )^∗P_+⟨A ⟩^σ , ⟨A ⟩^{−σ} R(λ + i0)⟨A ⟩^{−σ} and ⟨A ⟩^σ P_−T^{(s)}_− ⟨ξ⟩^q⟨x⟩^p. The first and the third factors are bounded for each σ by Proposition 0.19 while the second operator has the form (0.65), and hence it is bounded for any σ > 1/2 by Cλ^{−1} by Proposition 0.23.

Finally, we factorize the operator (0.72) (for the sign “ + ”, for example) into a product of three operators ⟨x⟩^p⟨ξ⟩^q(T^{(s)}_+ )^∗P_+⟨A ⟩^σ , ⟨A ⟩^{−σ} R(λ + i0)P_+⟨A ⟩^{−1+σ−ε} , ε > 0, and ⟨A ⟩^{1−σ+ε} T^{(s)}_− ⟨ξ⟩^q⟨x⟩^p. The first factor is bounded for any σ by Proposition 0.19. The second operator has the form (0.66), and hence it is bounded for any σ > 1/2 by Cλ^{−1} by Proposition 0.23. The last factor is bounded by Proposition 0.18 if σ is sufficiently large.

The cross-terms containing T^{(r)}_+ and T^{(s)}_− can be considered quite similarly. We need to prove the uniform boundedness of two operators ⟨x⟩^p⟨ξ⟩^q(T^{(r)}_+ )^∗R(λ + i0)P_τ T^{(s)}_− ⟨ξ⟩^q⟨x⟩^p, where τ = “ + ” or τ = “ − ”. First, using Proposition 0.10, for any l we can choose N such that the operator ⟨x⟩^p⟨ξ⟩^q(T^{(r)}_+ )^∗⟨A ⟩^l is bounded and hence it suffices to consider the operators ⟨A ⟩^{−l} R(λ + i0)P_τ T^{(s)}_− ⟨ξ⟩^q⟨x⟩^p. (0.73) If τ = “ − ”, then the operators (0.73) are uniformly bounded for any l > 1/2 according to Proposition 0.19 and the estimate of Proposition 0.23 on the operator (0.65). If τ = “ + ”, then according to Proposition 0.18 the operator ⟨A ⟩^{−k} T^{(s)}_− ⟨ξ⟩^q⟨x⟩^p is bounded for sufficiently large k. So it remains to use that the operator ⟨A ⟩^{−l} R(λ + i0)P_+⟨A ⟩^k has the form (0.66), and hence it is bounded by Cλ^{−1} for l > k + 1 by Proposition 0.23.

This concludes our proof of Proposition 0.13 and hence of Theorem 0.14. ionsection1-3.5ex plus -1ex minus -.2ex2.3ex plus .2exTHE SINGULAR PART 1. Let us discuss the precise meaning of the formula (0.13). Recall that ω_0 ∈ S^{d−1} is an arbitrary point, Π = Π_{ω0} is the hyperplane orthogonal to ω_0 and Ω_± = Ω_±(ω_0, δ) ⊂ S^{d−1} is determined by the condition ±⟨ω, ω_0⟩ > δ > 0. The coordinates (z, y) in R^d are defined by equation (0.12). Set h_±(x, ξ) = e^{iΦ±(x,ξ)}b_±(x, ξ), (0.74) so that u_±(x, ξ) = e^{i⟨x,ξ⟩}h_±(x, ξ). Then (0.13) can be rewritten as

s_0(ω, ω^′; λ) = (2π)^{−d+1} ∫ Π e^{ik⟨y,ω′−ω⟩}a_0(y, ω, ω^′; λ)dy, (0.75) where ω, ω^′ ∈ Ω_± and

a_0(y, ω, ω^′; λ) = ±2^{−1}k^{d−2} ( k⟨ω + ω^′, ω_0⟩h_+(y, kω)h_−(y, kω^′) +ih_−(y, kω^′)(∂_zh_+)(y, kω) − ih_+(y, kω)(∂_zh_−)(y, kω^′) −2⟨A(y), ω_0⟩h_+(y, kω)h_−(y, kω^′) ) . (0.76)

Formula (0.75) shows that S_0(λ) is, actually, regarded as a PDO with amplitude a_0(y, ω, ω^′; λ). Of course, we can replace the amplitude a_0(y, ω, ω^′; λ) by the corresponding symbol a_0(y, ω; λ) (as shown in [28], this procedure is possible for any ρ > 0 due to the oscillating nature of a_0). However, the expression for a_0(y, ω; λ) is much more complicated than (0.76), and the representation of s_0(ω, ω^′; λ) in terms of a_0(y, ω; λ) is not symmetric.

It is convenient to define the operator S_0(λ) via its sesquilinear form. Indeed, suppose, for example, that ω ∈ Ω = Ω_+ and denote by Σ and ζ the orthogonal projections of Ω and of a point ω ∈ Ω on the hyperplane Π which we identify with R^{d−1} . We also identify below points ω ∈ Ω and ζ ∈ Σ and functions w(ω) = w̃(ζ) (0.77) on Ω and Σ. Set ã_0(y, ζ, ζ^′; λ) = (1 − |ζ|^2)^{−1/2}(1 − |ζ^′|^2)^{−1/2}a_0(y, ω, ω^′; λ).

Then it follows from (0.75) that for arbitrary w_j ∈ C^∞_0 (Ω), j = 1, 2,

(S_0(λ)w_1, w_2) = (2π)^{−d+1} ∫ Π ∫ Π ∫ Π e^{ik⟨y,ζ′−ζ⟩}ã_0(y, ζ, ζ^′; λ)w̃_1(ζ^′)w̃_2(ζ)dζdζ^′dy. (0.78) Since ã_0 ∈ S^0(ρ, 1 − ρ), the right-hand side of the last equation is well-defined as an oscillating integral which gives the precise sense to its left-hand side. Indeed, integrating by parts in the variable ζ (or ζ^′), we see that (S_0(λ)w_1, w_2) = (2π)^{−d+1} ∫ Π ∫ Π ∫ Π e^{ik⟨y,ζ′−ζ⟩}⟨ky⟩^{−n}w̃_1(ζ^′) ×⟨D_ζ ⟩^n(ã_0(y, ζ, ζ^′; λ)w̃_2(ζ))dζdζ^′dy, and for sufficiently large n this integral is absolutely convergent. Of course, we can make the change of variables y → k^{−1}y in (0.78) transforming PDO S_0(λ) to the standard form, but this operation is not really necessary. It follows from (0.74) that amplitude (0.76) contains an oscillating factor exp(iΞ) where Ξ(y, ω, ω^′; k) = Φ_−(y, kω^′) − Φ_+(y, kω), (0.79) and hence the operator S_0(λ) is bounded according to Proposition 0.9.

2. It follows from Theorem 0.14 that the operator (0.18) contains all power terms of the high-energy expansion of the SM as well as of its diagonal singularity. However, the obvious drawback of the expression (0.18) is that it depends on the cut-off functions ζ_±. Our final goal is to show that, up to negligible terms, it can be transformed to the invariant expression (0.13). We recall that according to (0.51) the singular part of the SM is determined by its sesquilinear form

(S_1(λ)w_1, w_2) = −4iπk^{−d+2} lim_{ε→0}(T_−F^∗δ_ε(|ξ|^2 − λ)ψ̂_1, J_+F^∗δ_ε(|ξ|^2 − λ)ψ̂_2), (0.80) where the functions ψ̂_j and defined by (0.52) and (cf. (0.50)) δ_ε(|ξ|^2 − λ) = επ^{−1} ( (|ξ|^2 − λ)^2 + ε^2 )_{−1} . Let us first consider the operator J^∗_+T_−. Recall that J_+ and T_− are PDO defined by formulas (0.47) and (0.49), respectively. Therefore for all f_1, f_2 ∈ S

(T_−f_1, J_+f_2) = (2π)^{−d} ∫ Rd (∫ Rd ∫ Rd e^{i⟨x,ξ′−ξ⟩}a(x, ξ, ξ^′)f̂_1(ξ^′)f̂_2(ξ)dξdξ^′ ) dx, (0.81) where a(x, ξ, ξ^′) = j_+(x, ξ)t_−(x, ξ^′) (0.82)

and j_+, t_− are the symbols of the operators J_+, T_−, respectively. According to Propositions 0.2, 0.4 and 0.10, the amplitude a(x, ξ, ξ^′) belongs to the Hörmander class S^{−1}(ρ, 1− ρ). To obtain a convenient representation for (0.81), we have to change the order of integrations over x and ξ, ξ^′ in (0.81) and then calculate the integral over x. To that end, let us introduce as usual a function φ(ϵx) such that φ ∈ C^∞_0 (R^d ) and φ(0) = 1. Then

(T_−f_1, J_+f_2) = (2π)^{−d} lim_{ϵ→0} ∫ Rd ∫ Rd G^{(ϵ)}(ξ, ξ^′)f̂_1(ξ^′)f̂_2(ξ)dξdξ^′, (0.83)

where G^{(ϵ)}(ξ, ξ^′) = ∫ Rd e^{i⟨x,ξ′−ξ⟩}a(x, ξ, ξ^′)φ(ϵx)dx. (0.84) We set ζ = ζ_−, then ζ_+(x, ξ) = ζ(x, −ξ). It follows from (0.47), (0.49) and (0.82), (0.84) that G^{(ϵ)}(ξ, ξ^′) = ∫ Rd u_+(x, ξ)ζ(x, −ξ)g_−(x, ξ^′)φ(ϵx)dx. (0.85) Note that, at least formally, G = (2π)^dFJ^∗_+T_−F^∗ is integral operator with kernel G^{(0)}(ξ, ξ^′).

Let us first consider the function G^{(ϵ)}(ξ, ξ^′) for ξ ≠ ξ^′. Choosing j such that d^{1/2}|ξ_j − ξ^′_j| ≥ |ξ − ξ^′| and integrating by parts in (0.84) n times, we find that

G^{(ϵ)}(ξ, ξ^′) = (ξ_j − ξ^′_j)^{−n} ∫ Rd e^{i⟨x,ξ′−ξ⟩}D^n_{xj} ( a(x, ξ, ξ^′)φ(ϵx) ) dx. If nρ > d − 1, then the limit as ϵ → 0 of this expression exists and equals G(ξ, ξ^′) = (ξ_j − ξ^′_j)^{−n} ∫ Rd e^{i⟨x,ξ′−ξ⟩}D^n_{xj} a(x, ξ, ξ^′)dx. (0.86) This integral is absolutely convergent. Moreover, function (0.86) can be differentiated p times in ξ or ξ^′ for p < nρ − d + 1. Since n is arbitrary, it also follows from (0.82) and (0.86) that |(∂^β_ξ ∂^{β′}_ξ′ G)(kω, kω^′)| ≤ Ck^{−2q}, |β| + |β^′| = p, for ω ≠ ω^′ and any q.

Applying (0.80) to functions w_1 and w_2 with disjoint supports, we now see that off the diagonal ω = ω^′ the kernel s_1(ω, ω^′, λ) of the operator S_1(λ) satisfies the relation (cf. (0.53)) s_1(ω, ω^′; λ) = −πik^{d−2}G(kω, kω^′), ω ≠ ω^′. (0.87) Combining these results with Theorem 0.14, we obtain

Theorem 0.24 Let assumption (0.7) hold, and let ω ∈ Ω, ω^′ ∈ Ω^′ for some open sets Ω, Ω^′ ⊂ S^{d−1} such that dist (Ω, Ω^′) > 0. Then for any p and q the kernel s(ω, ω^′, λ) of the SM belongs to the space C^p(Ω × Ω^′) and its C^p-norm is bounded by Cλ^{−q} as λ → ∞.

3. Our study of the function (0.85) in a neighborhood of the diagonal ξ = ξ^′ relies on integration by parts. To that end, we need the following simple

Lemma 0.25 Suppose that G^{(ϵ)}(ξ, ξ^′) = ∫ Rd e^{i⟨x,ξ′−ξ⟩}a(x, ξ, ξ^′)(∂_j ζ)(x, ξ^′)φ(ϵx)dx (0.88) where a ∈ S^p(ρ, δ) for some p and ρ > 0, δ < 1. Then

G^{(ϵ)}(ξ, ξ^′) = − ∫ Rd ∂_j ( e^{i⟨x,ξ′−ξ⟩}a(x, ξ, ξ^′) ) ζ(x, ξ^′)φ(ϵx)dx + R^{(ϵ)}(ξ, ξ^′), and for all f̂_1, f̂_2 ∈ C^∞_0 (R^d ) lim_{ϵ→0} ∫ Rd ∫ Rd R^{(ϵ)}(ξ, ξ^′)f̂_1(ξ^′)f̂_2(ξ)dξdξ^′ = 0. (0.89) Proof - Integrating by parts in (0.88), we see that R^{(ϵ)}(ξ, ξ^′) = −ϵ ∫ Rd e^{i⟨x,ξ′−ξ⟩}a(x, ξ, ξ^′)ζ(x, ξ^′)(∂_j φ)(ϵx)dx. (0.90) Let us insert this expression into (0.89) and use the formula e^{−i⟨x,ξ⟩} = ⟨x⟩^{−n}⟨D_ξ⟩^ne^{−i⟨x,ξ⟩}. Integrating in (0.89) by parts in ξ sufficiently large number of times, we see that its lefthand side is a product of ϵ and of an absolutely convergent integral which is uniformly bounded in ϵ. □

Let us plug (0.48) into (0.85) and denote by G^{(ϵ)}_j (ξ, ξ^′), j = 1, 2, 3, 4, the integrals corresponding to the four functions in the right-hand side of (0.48):

G^{(ϵ)}_1 (ξ, ξ^′) = ∫ Rd u_+(x, ξ)ζ(x, −ξ)q_−(x, ξ^′)ζ(x, ξ^′)φ(ϵx)dx, G^{(ϵ)}_2 (ξ, ξ^′) = −2 ∫ Rd u_+(x, ξ)ζ(x, −ξ)⟨∇u_−(x, ξ^′), ∇ζ(x, ξ^′)⟩φ(ϵx)dx, G^{(ϵ)}_3 (ξ, ξ^′) = − ∫ Rd u_+(x, ξ)ζ(x, −ξ)u_−(x, ξ^′)Δζ(x, ξ^′)φ(ϵx)dx, G^{(ϵ)}_4 (ξ, ξ^′) = 2i ∫ Rd u_+(x, ξ)ζ(x, −ξ)u_−(x, ξ^′)⟨A(x), ∇ζ(x, ξ^′)⟩φ(ϵx)dx.

Let us consider first the function G^{(ϵ)}_1 where q_− = e^{iΘ−} r_−. By virtue of Theorem 0.6, the function b_+(x, ξ)ζ(x, −ξ) satisfies estimates (0.37) for all x, ξ ∈ R^d and the function r_−(x, ξ^′)ζ(x, ξ^′) satisfies estimates (0.36) for all x, ξ^′ ∈ R^d . Hence we can pass to the limit ϵ → 0 in the expression for G^{(ϵ)}_1 . Moreover, the integrand in G^{(0)}_1 (ξ, ξ^′) is estimated by C|ξ|^{−N} (1 + |x|)^{−1−ρ1(N+1)}, where N can be chosen arbitrary large. Using also the estimates on derivatives of these functions and estimates (0.33) on the phase functions Φ_±, we see that G^{(0)}_1 (ξ, ξ^′) is a smooth function of ξ, ξ^′ rapidly decreasing as |ξ| = |ξ^′| → ∞.

Let ω and ω^′ belong to some conical neighborhood of a point ω_1 ∈ S^{d−1} where, for example, ⟨ω_1, ω_0⟩ > 0. Then ζ(x, −ξ)(∇ζ)(x, ξ^′) = (∇ζ)(x, ξ^′) so that the function ζ(x, −ξ) in the integrals G^{(ϵ)}_j (ξ, ξ^′), j = 2, 3, 4, can be omitted. All these integrals will be transformed by integration by parts. Here we use Lemma 0.25 which shows that the terms containing derivatives of φ can be neglected. Such terms will be denoted by R^{(ϵ)}(ξ, ξ^′).

Integrating in the integral G^{(ϵ)}_3 (ξ, ξ^′) by parts, we find that G^{(ϵ)}_2 (ξ, ξ^′) + G^{(ϵ)}_3 (ξ, ξ^′) = R^{(ϵ)}_{23} (ξ, ξ^′) + ∫ Rd ⟨u_−(x, ξ^′)(∇u_+)(x, ξ) − u_+(x, ξ)(∇u_−)(x, ξ^′), ∇ζ(x, ξ^′)⟩φ(ϵx)dx. (0.91) Due to the function ∇ζ(x, ξ^′), the integrals (0.91) as well as G^{(ϵ)}_4 (ξ, ξ^′) are actually taken over the half-space z ≥ 0 only. Therefore integrating once more by parts and taking into account the equality ζ(y, ξ^′) = 1, we obtain that G^{(ϵ)}_2 (ξ, ξ^′) + G^{(ϵ)}_3 (ξ, ξ^′) = R̃^{(ϵ)}_{23} (ξ, ξ^′) + ∫ z≥0 ( u_+(x, ξ)(Δu_−)(x, ξ^′) − u_−(x, ξ^′)(Δu_+)(x, ξ) ) ζ(x, ξ^′)φ(ϵx)dx + ∫ Π ( u_+(y, ξ)(∂_zu_−)(y, ξ^′) − u_−(y, ξ^′)(∂_zu_+)(y, ξ) ) φ(ϵy)dy (0.92) and G^{(ϵ)}_4 (ξ, ξ^′) = −2i ∫ z≥0 div ( A(x)u_+(x, ξ)u_−(x, ξ^′) ) ζ(x, ξ^′)φ(ϵx)dx −2i ∫ Π ⟨A(y), ω_0⟩u_+(y, ξ)u_−(y, ξ^′)φ(ϵy)dy + R^{(ϵ)}_4 (ξ, ξ^′). (0.93) It is now convenient to formulate an intermediary result.

Proposition 0.26 The function (0.85) is the sum G^{(ϵ)} = G^{(ϵ)}_1 + G^{(ϵ)}_2 + G^{(ϵ)}_3 + G^{(ϵ)}_4 .

Here G^{(ϵ)}_1 (ξ, ξ^′) has (for any fixed ξ, ξ^′) the limit G^{(0)}_1 (ξ, ξ^′) which is a smooth function of ξ, ξ^′ rapidly decreasing as |ξ| = |ξ^′| → ∞. The functions G^{(ϵ)}_2 + G^{(ϵ)}_3 and G^{(ϵ)}_4 satisfy equalities (0.92) and (0.93), respectively.

4. In the following we need to calculate the limits lim_{ε→∞}(Gδ_ε(|ξ|^2 − λ)ψ̂_1, δ_ε(|ξ|^2 − λ)ψ̂_2), (0.94) for two classes of operators G defined by their kernels (0.84) where the variable x belongs either to the hyperplane z = 0 or to the half-space z ≥ 0. We always suppose that a(x, ξ, ξ^′) is supported as a function of ξ and ξ^′ in a small neighborhood of some point ξ_0 ∈ R^d , ⟨ξ_0, ω_0⟩ > 0, |ξ_0| = k. In this neighborhood we choose coordinates |ξ| and the orthogonal projection ζ of the point ξ̂ on the hyperplane Π.

The operators from the first class are formally defined by their kernels G(ξ, ξ^′) = ∫ Π e^{i⟨y,ξ′−ξ⟩}a(y, ξ, ξ^′)dy, where a ∈ S^p(ρ, δ) for some p and ρ > 0, δ < 1. As always, the precise definition of the operator G is given in terms of its sesquilinear form

(Gf̂_1, f̂_2) = lim_{ϵ→0} ∫ Rd ∫ Rd dξdξ^′f̂_1(ξ^′)f̂_2(ξ) ∫ Π dye^{i⟨y,ξ′−ξ⟩}φ(ϵy)a(y, ξ, ξ^′), (0.95) where f̂_1, f̂_2 ∈ S. Let us set ã(y, |ξ|, ζ, |ξ^′|, ζ^′) = (1 − |ζ|^2)^{−1/2}(1 − |ζ^′|^2)^{−1/2}a(y, ξ, ξ^′) and integrate by parts n times in the variable ζ (or ζ^′). If n is sufficiently large, after that we can pass to the limit ϵ → 0 in (0.95), which yields

(Gf̂_1, f̂_2) = ∫_∞ 0 ∫_∞ 0 |ξ|^{d−1}d|ξ| |ξ^′|^{d−1}d|ξ^′| ∫ Σ ∫ Σ dζdζ^′ ∫ Π dye^{i⟨y,|ξ′|ζ′−|ξ|ζ⟩} ×f̂_1(ξ^′)⟨|ξ|y⟩^{−n}⟨D_ζ ⟩^n ( ã(y, |ξ|, ζ, |ξ^′|, ζ^′)f̂_2(ξ) ) . (0.96) If n(1 − δ) > p + d − 1, then this integral is absolutely convergent.

Representation (0.96) allows us to pass directly to the limit ε → 0 in the expression (0.94) where according to (0.52), (0.77) ψ̂_j (ξ) = w̃_j (ζ)γ_j(|ξ|), j = 1, 2, (0.97) and γ_j ∈ C^∞_0 (R_+ ), γ_j(k) = 1. Making the change of variables |ξ|^2 = s and |ξ^′|^2 = s^′, we get lim_{ε→0}(Gδ_ε(|ξ|^2 − λ)ψ̂_1, δ_ε(|ξ|^2 − λ)ψ̂_2) = 2^{−2}λ^{d−2} ∫ Π ∫ Π ∫ Π dζdζ^′dye^{ik⟨y,ζ′−ζ⟩}w̃_1(ζ^′)⟨ky⟩^{−n}⟨D_ζ ⟩^n ( ã(y, k, ζ, k, ζ^′)w̃_2(ζ) ) . (0.98) We emphasize that the crucial point in the proof above was that, for regularization of integrals, we integrated by parts in the variable ζ only. If we integrated by parts in |ξ|, then a derivative would have fallen on δ_ε(|ξ|^2 − λ) and hence destroyed the limit (0.98). Thus, we have proven the following result.

Proposition 0.27 Let an operator G be defined by its form (0.95) where a ∈ S^p(ρ, δ) for some p and ρ > 0, δ < 1. Then the relation (0.98) holds for all λ > 0.

Of course, we can integrate in (0.98) back by parts, understanding the expression obtained as an oscillating integral. Proposition 0.27 means that the operator (F^∗GF)^♭(λ) exists for all λ > 0 and is the integral operator on the unit sphere with kernel (cf. (0.53)) g(ω, ω^′; λ) = 2^{−1}k^{d−2} ∫ Π e^{ik⟨y,ω′−ω⟩}a(y, kω, kω^′)dy, ω, ω^′ ∈ Ω_+.

The operators from the second class are formally defined by their kernels G(ξ, ξ^′) = ∫ z≥0 e^{i⟨x,ξ′−ξ⟩}a(x, ξ, ξ^′)dx, (0.99) where again a ∈ S^p(ρ, δ) for some p and ρ > 0, δ < 1. Our main assumption is that a(x, ξ, ξ^′) = 0 if ⟨η, x⟩ ≥ c_0|η| |x| (0.100) for η = ξ + ξ^′ and some c_0 ∈ (0, 1). As before, the precise definition of the operator G is given in terms of the corresponding sesquilinear form and is quite similar to (0.95). We write it choosing in the half-space z ≥ 0 the coordinates (y, t), y ∈ Π, t ≥ 0, such that x = ηt + y. Let us set ã(y, t, |ξ|, ζ, |ξ^′|, ζ^′) = σ(ξ, ξ^′)a(ηt + y, ξ, ξ^′)e^{i(|ξ′|2−|ξ|2)t}, (0.101) where

σ(ξ, ξ^′) = |ξ|σ_0(ζ, ζ^′) + |ξ^′|σ^{−1}_0 (ζ, ζ^′) and σ_0(ζ, ζ^′) = (1 − |ζ|^2)^{1/4}(1 − |ζ^′|^2)^{−1/4}. Then, for f̂_1, f̂_2 ∈ S,

(Gf̂_1, f̂_2) = lim_{ϵ→0} ∫_∞ 0 ∫_∞ 0 |ξ|^{d−1}d|ξ| |ξ^′|^{d−1}d|ξ^′| ∫ Σ ∫ Σ dζdζ^′f̂_1(ξ^′)f̂_2(ξ) × ∫ Π dye^{i⟨y,|ξ′|ζ′−|ξ|ζ⟩} ∫_∞ 0 dtφ(ϵ(ηt + y))ã(y, t, |ξ|, ζ, |ξ^′|, ζ^′). (0.102) Note that, by (0.100), a(ηt + y, ξ, ξ^′) = 0 if t ≥ c_1|y| for a suitable c_1 > 0, so that the last integral (0.102) is actually taken over a finite interval t ∈ (0, c_1|y|).

Let us integrate by parts in the variable ζ (or ζ^′) n times and then pass to the limit ϵ → 0 in (0.102). We must show that if the function φ(ϵ(ηt+y)) is differentiated m times, 1 ≤ m ≤ n, then the limit of the corresponding expression is zero. Using the condition a ∈ S^p(ρ, δ), we see that the integral (0.102) over y and t is estimated by ϵ^m ∫ Π dy⟨y⟩^{−n} ∫_{c1|y|} 0 dtt^m|φ^{(m)}(ϵ(ηt + y))|(1 + t + |y|)^{p+δ(n−m)}. Since φ ∈ C^∞_0 (R^d ), we have that φ^{(m)}(ϵ(ηt + y)) = 0 for sufficiently large ϵ|y|. Hence this expression is estimated by ϵ^m ∫ |y|≤cϵ^{−1} ⟨y⟩^{−(1−δ)(n−m)+1+p}dy. It suffices to consider the case (1 − δ)(n − m) ≤ p + d, when the integral over y is not bounded as ϵ → 0. In this case the last expression is estimated by ϵ^s where s = (1 − δ)n + δm − p − d − 1 > 0 if n is sufficiently large. Thus, the function φ disappears in the limit ϵ → 0 in (0.102), which yields

(Gf̂_1, f̂_2) = ∫_∞ 0 ∫_∞ 0 |ξ|^{d−1}d|ξ| |ξ^′|^{d−1}d|ξ^′| ∫ Σ ∫ Σ dζdζ^′ ∫ Π dye^{i⟨y,|ξ′|ζ′−|ξ|ζ⟩} ×f̂_1(ξ^′)⟨|ξ|y⟩^{−n}⟨D_ζ ⟩^n ( a^♮(y, |ξ|, ζ, |ξ^′|, ζ^′)f̂_2(ξ) ) , (0.103) where a^♮(y, |ξ|, ζ, |ξ^′|, ζ^′) = ∫_∞ 0 ã(y, t, |ξ|, ζ, |ξ^′|, ζ^′)dt. (0.104) Due to assumption (0.100), this integral is taken over an interval (0, c_1|y|), and hence the integral (0.103) is absolutely convergent for sufficiently large n.

The rest of the proof is essentially similar to that of Proposition 0.27. Representation (0.103) allows us to pass directly to the limit ε → 0 in the expression (0.94), where the functions ψ̂_j (ξ) are defined by (0.97). Let us formulate the final result taking into account formulas (0.101) and (0.104).

Proposition 0.28 Let an operator G acting on functions of ξ ∈ R^d have kernel (0.99) where a ∈ S^p(ρ, δ) for some p and ρ > 0, δ < 1, and let a satisfy assumption (0.100). Then the limit exists lim_{ε→0}(Gδ_ε(|ξ|^2 − λ)ψ̂_1, δ_ε(|ξ|^2 − λ)ψ̂_2) = ∫ Σ ∫ Σ dζdζ^′ ∫ Π dye^{ik⟨y,ζ′−ζ⟩}w̃_1(ζ^′)w̃_2(ζ)a^♭(y, ζ, ζ^′; k), (0.105) where the integral

a^♭(y, ζ, ζ^′; k) = 2^{−2}λ^{d−2}(σ_0(ζ, ζ^′) + σ^{−1}_0 (ζ, ζ^ime)) ∫_∞ 0 a((ω + ω^′)t + y, kω, kω^′)dt is taken over a finite interval and a^♭ ∈ S^{p+1}(ρ, δ). The right-hand side of (0.105) is understood as an oscillating integral.

Actually, we need only Corollary 0.29 Let G satisfy the assumptions of Proposition 0.28 and let G̃(ξ, ξ^′) = (|ξ|^2 − |ξ^′|^2)G(ξ, ξ^′). Then the limit (0.94) for the operator G̃ with this kernel equals zero.

5. Now we are in a position to derive formula (0.13) for the singular part of the SM. To that end, we have to calculate the limit in the right-hand side of (0.80) and show that the expression obtained coincides, up to negligible terms, with the form (S_0(λ)w_1, w_2). Let us proceed from representation (0.83) where the function G^{(ϵ)}(ξ, ξ^′) satisfies Proposition 0.26.

According to (0.53) the contribution of G^{(ϵ)}_1 to S_1(λ) is given by the expression −πik^{d−2} × G^{(0)}_1 (kω, kω^′) which is a smooth function of ω, ω^′ and rapidly decays as k → ∞. Hence this term can be neglected.

Let us further consider the integrals (0.92) and (0.93) over Π. According to Proposition 0.27, the contribution of each integral to the kernel of S_1(λ) equals its value at ξ = kω, ξ^′ = kω^′ times (compare with (0.87)) the numerical factor −πik^{d−2}(2π)^{−d}. The sum of this expressions coincides with (0.13).

It remains to show that the sum of the integrals over the half-space z ≥ 0 in (0.92) and (0.93) is negligible. It follows from relation (0.11) that

u_+(x, ξ)(Δu_−)(x, ξ^′) − u_−(x, ξ^′)(Δu_+)(x, ξ) − 2idiv ( A(x)u_+(x, ξ)u_−(x, ξ^′) ) = ( q_+(x, ξ)u_−(x, ξ^′) − q_−(x, ξ^′)u_+(x, ξ) ) + (|ξ|^2 − |ξ^′|^2)u_+(x, ξ)u_−(x, ξ^′).

To consider the integral ∫ z≥0 e^{iΘ−(x,ξ′)−iΘ+(x,ξ)} ( r_+(x, ξ)b_−(x, ξ^′) − r_−(x, ξ^′)b_+(x, ξ) ) ζ(x, ξ^′)dx, (0.106) we use again that, by Proposition 0.4 and Corollary 0.5, the functions r_−(x, ξ^′)ζ(x, ξ^′) and b_−(x, ξ^′)ζ(x, ξ^′) satisfy estimates (0.36) and (0.37), respectively, for all x, ξ^′ ∈ R^d . The same result for the functions b_+(x, ξ) and r_+(x, ξ) holds true in the half-space z ≥ 0 which does not contain the “bad” direction x̂ = −ξ̂. By Corollary 0.3, the function

Φ_−(x, ξ^′) − Φ_+(x, ξ)

satisfies estimates (0.33) for all z ≥ 0 off a conical neighborhood of the direction x̂ = ξ̂^′ where ζ(x, ξ^′) = 0. Therefore the integral (0.106) is a smooth function of ξ, ξ^′ rapidly decreasing as |ξ| = |ξ^′| → ∞. Hence, similarly to the function G^{(ϵ)}_1 (ξ, ξ^′), this integral does not contribute to S_0(λ).

Let us, finally, consider the function

G^{(ϵ)}_0 (ξ, ξ^′) = (|ξ|^2 − |ξ^′|^2)G̃^{(ϵ)}_0 (ξ, ξ^′),

where G̃^{(ϵ)}_0 (ξ, ξ^′) = ∫ z≥0 e^{i⟨x,ξ′−ξ⟩}h_+(x, ξ)h_−(x, ξ^′)ζ(x, ξ^′)ϕ(ϵx)dx and the functions h_±(x, ξ) are defined by formula (0.74). The amplitude here belongs to the class S^0(ρ, 1 − ρ) and, due to the factor ζ(x, ξ^′), it satisfies condition (0.100). Therefore, by Corollary 0.29, the limit (0.94) for the operator G_0 equals zero.

Now we can formulate our main result on the asymptotics of the kernel s(ω, ω^′; λ) of the SM.

Theorem 0.30 Let assumption (0.7) hold, let p, q be arbitrary numbers and N = N(p, q) be sufficiently large. Let functions Θ^{(N0)}_± (x, ξ) and b^{(N)}_± (x, ξ) be constructed in Propositions 0.2 and 0.4, respectively, and let u^{(N)}_± (x, ξ) be defined by formula (0.10). Define, for ω, ω^′ ∈ Ω_±, the kernel s^{(N)}_0 (ω, ω^′; λ) by formula (0.13). Then the remainder (0.14) belongs to the class C^p(Ω × Ω) and the C^p-norm of this kernel is O(λ^{−q}) as λ → ∞.

This result gives simultaneously the high-energy and smoothness expansion of the kernel of the SM. As was already mentioned, we actually formulate the result in terms of the corresponding amplitude a_0(y, ω, ω^′; λ) related to the kernel of the SM by formula (0.75). Indeed, it follows from (0.74), (0.76) and (0.79) that

a_0(y, ω, ω^′; λ) = ±2^{−1}k^{d−1} exp(iΞ(y, ω, ω^′; k)) N∑ n=0 (2ik)^{−n}σ_n(y, ω, ω^′), (0.107)

where Ξ(y, ω, ω^′; k) = N_0∑ n=0 (2k)^{−n}θ_n(y, ω, ω^′), (0.108) θ_n(y, ω, ω^′) = ϕ^{(−)}_n (y, ω^′) − ϕ^{(+)}_n (y, ω) and the functions ϕ^{(±)}_n are constructed in Proposition 0.2. Note that θ_0 ∈ S^{1−ρa} and θ_n ∈ S^{1−nρ} for n ≥ 1. The coefficients σ_n(y, ω, ω^′) are expressed in terms of functions ϕ^{(±)}_n and b^{(±)}_n constructed in Proposition 0.4. It is easy to see that σ_n ∈ S^{−nρ1} for n ≥ 0. In particular, S_0(λ) ∈ C^0(Ξ).

ionsection1-3.5ex plus -1ex minus -.2ex2.3ex plus .2exAPPLICATIONS Theorem 0.30 allows us to replace the kernel s(ω, ω^′; λ) of SM by the explicit function s_0(ω, ω^′; λ) and thus find different limits of s(ω, ω^′; λ) as λ → ∞ or (and) ω − ω^′ → 0. We emphasize that although approximation (0.13) is valid in all cases, these limits are very sensitive to the behavior of potentials at infinity.

1. Let us first distinguish the leading term S_{00}(λ) of the operator S_0(λ). Recall that b^{(±)}_0 (x, ξ) = 1 and hence, according to (0.74), (0.76),

σ_0(y, ω, ω^′) = ⟨ω + ω^′, ω_0⟩ (0.109)

for any V and A. Therefore keeping only the term corresponding to n = 0 in (0.107), we obtain

a_{00}(y, ω, ω^′; λ) = ±2^{−1}k^{d−1}⟨ω + ω^′, ω_0⟩ exp(iΞ(y, ω, ω^′; k)), ω ∈ Ω_±. (0.110)

Now we define S_{00}(λ) as the PDO on S^{d−1} with this amplitude or, to put it differently, S_{00}(λ) is the integral operator with kernel

s_{00}(ω, ω^′; λ) = ±2^{−1}⟨ω + ω^′, ω_0⟩(2π)^{−d+1} × ∫ Π_{ω0} exp ( i⟨y, ω^′ − ω⟩ + iΞ(y/k, ω, ω^′, k) ) dy. (0.111)

To be quite precise, the operator S_{00}(λ) is defined by (0.111) on Ω_+ and Ω_−. However taking into account Theorem 0.24 and that the point ω_0 ∈ S^{d−1} is arbitrary, we can naturally extend definition of S_{00}(λ) to the whole sphere. As always, the operators with arbitrary smooth kernels which decay faster than any power of λ^{−1} as λ → ∞ are neglected.

It follows from Proposition 0.9 that the operators S_{00}(λ) are uniformly bounded in L_2(S^{d−1}). The operators S_{00}(λ) approximate S(λ) both for high energies λ → ∞ and in terms of smoothness of their kernels. Comparing representations (0.107) and (0.110), we obtain

Proposition 0.31 Let assumption (0.7) be fulfilled and let ρ_1 = min{1, ρ}. Then the operator S(λ) − S_{00}(λ) belongs to the class C^{−ρ1} (Ξ), and hence it is compact. Moreover, ||S(λ) − S_{00}(λ)|| = O(λ^{−1/2}), λ → ∞. This assertion can be made more precise if both A and V are short-range. If moreover A = 0, then Ξ(y, ω, ω^′; k) = 0 and hence S_{00}(λ) = I. In the general case, it follows from (0.42) and (0.79) that

Ξ(y, ω, ω^′) = θ_0(y, ω, ω^′) = ∫_∞ 0 ⟨A(y − tω^′), ω^′⟩dt + ∫_∞ 0 ⟨A(y + tω), ω⟩dt (0.112) and hence Ξ(y, ω, ω^′) = O(|y|^{−ε}), ε = ρ_a − 1 > 0, as |y| → ∞. Therefore we can expand exp(iΞ) in the Taylor series which gives the representation a_0(y, ω, ω^′; λ) = ±2^{−1}k^{d−1} N∑ n=0 (2ik)^{−n}σ̃_n(y, ω, ω^′) with σ̃_0 = σ_0 and σ̃_n ∈ S^{−n(ρ2 −1)}. Of course, σ̃_n = σ_n if A = 0. Note that, by virtue of (0.111), the first term in the expansion of s(ω, ω^′; λ) is always the Dirac-function. Thus, we arrive at Proposition 0.32 Let assumption (0.7) be fulfilled with ρ_a > 1, ρ_v > 1 and let ρ_2 = min{2, ρ}. Then the operator S(λ)−I belongs to the class S^{−ρ2+1}, and hence it is compact.

The coefficients σ_n(y, ω, ω^′), n ≥ 1, in (0.107) are determined by the coefficients b^{(±)}_n (x, ξ̂) (see Proposition 0.8). Let us write down the first two coefficients supposing for simplicity that A = 0. According to (0.40)

σ_1(y, ω, ω^′) = ⟨ω + ω^′, ω_0⟩ (∫ ∞ 0 V (y + tω)dt + ∫_∞ 0 V (y − tω^′)dt ) . (0.113)

We shall write down the expression for the next coefficient keeping in mind that the functions b_1 and b_2 are given by formulas (0.40) and (0.41), respectively:

σ_2(ω, ω^′, y) = ⟨ω + ω^′, ω_0⟩(b^{(+)}_2 (y, ω) − b^{(+)}_1 (y, ω)b^{(−)}_1 (y, ω^′) + b^{(−)}_2 (y, ω^′)) +2⟨ω_0, ∇(b^{(+)}_1 (y, ω) + b^{(−)}_1 (y, ω^′))⟩.

The expressions for other coefficients σ_n can be obtained in a similar way.

Finally, we note that setting ω = ω^′ in σ_n(y, ω, ω^′), we make some error which depends on n. For example, it follows from (0.113) that σ_1(y, ω, ω) = 2⟨ω, ω_0⟩ ∫_∞ −∞ V (y + tω)dt, which differs from (0.113) by a term of order |ω − ω^′|⟨y⟩^{−ρv+1}.

2. Let us further consider the limit λ → ∞. The assertion below follows from Proposition 0.2 and representations (0.108) and (0.111).

Lemma 0.33 Under assumption (0.7), for any smooth functions w_1, w_2, the form (S_{00}(λ)w_1, w_2) converges as λ → ∞ to the form of the operator of multiplication by e^{iθ0(0,ω,ω)}.

In the short-range case the expression for θ_0 is given by the formula (0.112). In the long-range case

θ_0(y, ω, ω^′) = ∫_∞ 0 (⟨A(y − tω^′), ω^′⟩ − ⟨A(−tω^′), ω^′⟩)dt + ∫_∞ 0 (⟨A(y + tω), ω⟩ − ⟨A(tω), ω⟩)dt (0.114) and, in particular, θ_0(0, ω, ω^′) = 0.

Let us now combine Proposition 0.31 and Lemma 0.33. Furthermore, using the unitarity of S(λ), we can replace the weak convergence by the strong one.

Proposition 0.34 Let assumption (0.7) be fulfilled. Then the SM S(λ) has the strong limit as λ → ∞ which is the identity, except the case when a short-range magnetic potential is present. In this case the strong limit of S(λ) is the operator of multiplication by the function exp ( i ∫_∞ −∞ ⟨A(tω), ω⟩dt ) . According to Proposition 0.34, in the long-range case the behavior of S(λ) as λ → ∞ is more regular than in the short-range magnetic case. This is not surprising since the effect of a long-range interaction is to a large extent included via the operators J_± in the definition of the SM.

We emphasize that, except in the case of a short-range V and A = 0, the SM does not converge as λ → ∞ in the sense of the norm.

3. Let us now study the diagonal singularity of s(ω, ω^′; λ) as ω − ω^′ → 0 and λ is fixed in the case, where at least one of potentials V or A is long-range. For example, if A is long-range, then, by (0.114), θ_0(y, ω, ω^′) tends to infinity as |y| → ∞. Let us write the second coefficient in (0.108) as θ_1 = θ^{(0)}_1 + θ̃_1 where

θ^{(0)}_1 (y, ω, ω^′) = ∫_∞ 0 (V (tω) − V (y + tω))dt + ∫_∞ 0 (V (−tω^′) − V (y − tω^′))dt (0.115) and the part θ̃_1 depends on the magnetic potential only. Clearly, for long-range V , the function θ^{(0)}_1 also tends to infinity as |y| → ∞.

We shall find the leading term of the diagonal asymptotics of s(ω, ω^′; λ). Therefore we keep only the term corresponding to n = 0 in (0.107) which yields again expression (0.111). The asymptotics of s(ω, ω^′; λ) as ω − ω^′ → 0 is determined by the fall-off of potentials V (x) and A(x) at infinity and can be found by the stationary phase method (see, e.g., [7]). Let us formulate the result supposing, for example, that V (x) decays slower than A(x), that is ρ_v < ρ_a. We assume that ρ_v < 1, but ρ_a can be both smaller or larger than 1. We omit details of calculation since they are practically the same as in [26] for the case ρ_v ∈ (1/2, 1).

We assume for simplicity that V (x) is a homogeneous function for sufficiently large |x|: V (x) = V_∞(x) := v(x̂)|x|^{−ρ}, ρ = ρ_v, v ∈ C^∞(S^{d−1}), |x| ≥ r_0. (0.116) It follows from (0.115) and (0.116) that for sufficiently large |y|

θ^{(0)}_1 (y, ω, ω) = ∫_∞ −∞ ( V (tω) − V (y + tω) ) dt = V(y, ω) + ν(ω), (0.117)

where ω ∉ Π = Π_{ω0} , y ∈ Π, V(y, ω) = ∫_∞ −∞ ( V_∞(tω) − V_∞(y + tω) ) dt = V(ŷ, ω)|y|^{1−ρ} (0.118)

is a homogeneous function of order 1 − ρ and ν(ω) = ∫_r −r ( V (tω) − V_∞(tω) ) dt, r ≥ r_0, does not depend on y (and r). Let us introduce the Hessian H(y, ω) of the function (0.118), i.e., H(y, ω) is the (d − 1) × (d − 1) - matrix with elements H_{jk}(y, ω) = − ∫_∞ −∞ ∂^2V_∞(y + tω)/∂y_j∂y_k dt, y ∈ Π. Set also h(y, ω) = | det H(y, ω)|^{−1/2} exp ( iπ sgn H(y, ω)/4 ) . (0.119) Let us fix ω and let φ be the orthogonal projection of ω^′ − ω on the plane Π. Then ⟨ω^′ − ω, y⟩ = ⟨φ, y⟩. (0.120) According to (0.108), (0.115) and (0.117) F (y, ω, ω^′, λ) : = k⟨y, φ⟩ + Ξ(y, ω, ω^′; k) = k⟨y, φ⟩ + (2k)^{−1}V(y, ω) + f(y, ω, ω^′, λ), (0.121) where f(y, ω, ω^′, λ) = θ_0(y, ω, ω^′) + (2k)^{−1} ( ν(ω) + θ^{(0)}_1 (y, ω, ω^′) − θ^{(0)}_1 (y, ω, ω) +θ̃_1(y, ω, ω^′) ) + N_0∑ n=2 (2k)^{−n}θ_n(y, ω, ω^′). (0.122) Thus, it follows from (0.111), (0.120) and (0.121) that

s_{00}(ω, ω^′; λ) = ±2^{−1}k^{d−1}⟨ω + ω^′, ω_0⟩(2π)^{−d+1} ∫ Π exp ( iF (y, ω, ω^′, λ) ) dy. (0.123)

Let us make here the change of variables y = k^{−2γ} |φ|^{−γ}u with γ = ρ^{−1}. Then s_{00}(ω, ω^′; λ) = ±2^{−1}k^{−σ(d−1)}|φ|^{−γ(d−1)}⟨ω + ω^′, ω_0⟩(2π)^{−d+1} × ∫ Π exp ( ik^{−σ}|φ|^{1−γ} G(u, ω, ω^′, λ) ) du, (0.124) where σ = 2γ − 1, G(u, ω, ω^′, λ) = ⟨u, φ̂⟩ + 2^{−1}V(u, ω) + k^σ|φ|^{−1+γ} f(λ^{−γ}|φ|^{−γ} u, ω, ω^′, λ) (0.125) and φ̂ = φ|φ|^{−1}. Since |φ|^{1−γ} → ∞ as φ → 0, the asymptotics of the integral (0.124) is determined by the stationary points u_1(φ̂), . . . , u_m(φ̂) satisfying the equation ∇_uG(u, ω, ω^′, λ) = 0. (0.126) It follows from definition (0.122) that the last term in (0.125) tends to zero as φ → 0. Therefore equation (0.126) can be solved by successive approximations starting from the solutions u^{(0)}_1 (φ̂), . . . , u^{(0)}_m (φ̂) of the simplified equation 2φ̂ = ∫_∞ −∞ (∇_yV_∞)(u + tω)dt, u ∈ Π, (0.127) obtained from (0.126) by setting f = 0. Applying the stationary phase method to integral (0.124), we get

Theorem 0.35 Let assumptions (0.7) where ρ_v < 1, ρ_v < ρ_a and (0.116) be satisfied. Fix k > 0, ω ∈ S^{d−1}, ω ∉ Π, and let φ be the orthogonal projection of ω^′ − ω on the plane Π. Suppose that for a given φ̂ there is a finite number of points u^{(0)}_1 (φ̂), . . . , u^{(0)}_m (φ̂) satisfying equation (0.127). Assume that det H(u^{(0)}_j (φ̂), ω) ≠ 0 for all j = 1, . . . , m, and let h(y, ω) be defined by formula (0.119). Then the kernel of the SM admits as ω^′ → ω or, equivalently, φ → 0 the representation s(ω, ω^′; λ) = |⟨ω, ω_0⟩| τ(k) |φ|^{−(d−1)(1+γ)/2} × m∑ j=1 h(u^{(0)}_j (φ̂), ω) exp ( ik^{−σ}|φ|^{1−γ} G(u_j(φ̂), ω, ω^′, λ) ) (1 + O(|φ|^ε)), (0.128)

where γ = ρ^{−1}, σ = 2γ − 1, τ(k) = (πk^σ)^{−(d−1)/2} and ε = ε(ρ) > 0. Remark It is possible, of course, that for some φ̂ there are no points u satisfying (0.127). In this case s_{00}(ω, ω^′; λ) → 0 as φ → 0 faster than any power of |φ| so that the kernel s(ω, ω^′; λ) of the SM remains bounded. However, typically (see [26], for concrete examples) equation (0.127) has one or several solutions.

Remark In the case ρ_v ∈ (1/2, 1), A = 0 formula (0.128) reduces of course to the corresponding formula from the paper [26]. In this case the points u_j(φ̂) = u^{(0)}_j (φ̂) are defined as solutions of the equation (0.127) and f = (2k)^{−1}ν(ω).

Suppose now that ρ_a < 1 and ρ_a < ρ_v, that is the magnetic potential is dominating. We assume that, for some ω ∈ S^{d−1}, the magnetic potential A(x) satisfies the condition ⟨A(x), ω⟩ = A_∞(x, ω) := a(x̂, ω)|x|^{−ρ}, ρ = ρ_a, a(·, ω) ∈ C^∞(S^{d−1}), (0.129) for |x| ≥ r_0. By virtue of (0.114), the role of (0.118) is played by the function A(y, ω) = ∫_∞ −∞ ( A_∞(y + tω, ω) − A_∞(tω, ω) ) dt. The functions ν(ω), H(y, ω) and h(y, ω) are defined quite similarly to the electric case if V , V_∞ are replaced by A, A_∞, respectively. Instead of (0.121), (0.122), we have now that F (y, ω, ω^′, λ) = k⟨y, φ⟩ + A(y, ω) + f(y, ω, ω^′, λ), where f(y, ω, ω^′, λ) = θ_0(y, ω, ω^′) − θ_0(y, ω, ω) + ν(ω) + N_0∑ n=1 (2k)^{−n}θ_n(y, ω, ω^′). Choose any ω_0 such that ω ∉ Π_{ω0} =: Π. Now we make in (0.123) the change of variables y = k^{−γ} |φ|^{−γ}u with γ = ρ^{−1}. Then the role of (0.124), (0.125) is played by the equalities s_{00}(ω, ω^′; λ) = ±2^{−1}k^{(1−γ)(d−1)}|φ|^{−γ(d−1)}⟨ω + ω^′, ω_0⟩(2π)^{−d+1} × ∫ Π exp ( ik^{1−γ} |φ|^{1−γ}G(u, ω, ω^′, λ) ) du, where G(u, ω, ω^′, λ) = ⟨u, φ̂⟩ + A(u, ω) + k^{−1+γ} |φ|^{−1+γ}f(k^{−γ} |φ|^{−γ} u, ω, ω^′, λ).

With such choice of G the equation (0.126) for stationary points is preserved and the role of (0.127) is played by the equation

φ̂ + ∫_∞ −∞ (∇_yA_∞)(u + tω, ω)dt = 0, u ∈ Π, (0.130)

Thus, instead of Theorem 0.35, we have

Theorem 0.36 Let assumptions (0.7) where ρ_a < 1, ρ_a < ρ_v and (0.129) for some ω ∈ S^{d−1} be satisfied. Suppose that for a given φ̂ there is a finite number of points u^{(0)}_1 (φ̂), . . . , u^{(0)}_m (φ̂) satisfying equation (0.130) and that det H(u^{(0)}_j (φ̂), ω) ≠ 0 for all j = 1, . . . , m. Then the kernel of the SM admits as ω^′ → ω the representation (0.128) where σ = γ − 1 and τ(k) = (2πk^σ)^{−(d−1)/2} .

Thus, compared to Theorem 0.35, in the magnetic case only the dependence on the spectral parameter k is different.

Remark Formula (0.128) does not exclude that λ → ∞ as long as k^{−σ}|ϑ|^{1−γ} → ∞. Moreover, in the magnetic case when σ = γ − 1, representation (0.128) hints (cf. Proposition 0.37 below) that s(ω, ω^′; λ) behaves as ck^{d−1} if k(ω − ω^′) = const.

We emphasize that the diagonal singularity |φ|^{−(d−1)(1+γ)/2} in (0.128) is stronger than that of the singular integral operator. Nevertheless the SM is a bounded operator in the space L_2(S^{d−1}) due to oscillations of the factors exp ( ik^{−σ}|φ|^{1−γ} G(u_j(ϑ̂), ω, ω^′, λ) ) .

4. Let us now consider a more special limit as ω^′ → ω, k → ∞ but k(ω − ω^′) = ξ ≠ 0 remains fixed. This method allows us to reconstruct potentials A and V .

The first assertion is an immediate consequence of Theorem 0.30 (cf. (0.75), (0.107), (0.108) and (0.109), (0.112), (0.114)).

Proposition 0.37 Let assumption (0.7) hold and let ξ ≠ 0 be an arbitrary fixed vector of R^d . Suppose that k → ∞, ω^′ → ω ∉ Π = Π_{ω0} in such a way that k(ω − ω^′) = ξ. Then lim k^{−d+1}s(ω, ω^′; λ) = |⟨ω, ω_0⟩|(2π)^{−d+1} ∫ Π e^{−i⟨y,ξ⟩}e^{iθ0(y,ω,ω)}dy, (0.131) where θ_0(y, ω, ω) = ∫_∞ −∞ ⟨A(y + tω), ω⟩dt, ρ_a > 1, and θ_0(y, ω, ω) = ∫_∞ −∞ (⟨A(y + tω), ω⟩ − ⟨A(tω), ω⟩)dt, ρ_a < 1. Of course, the right-hand side of (0.131) is the (d − 1)-dimensional Fourier transform of a simple function of the magnetic potential.

Let us now reconstruct the electric potential. By the proof, we suppose for definiteness that V is long-range although our construction remains of course true in the short-range case.

Proposition 0.38 Let assumption (0.7) hold, A = 0 and let ξ ≠ 0 be an arbitrary fixed vector of R^d . Suppose again that k → ∞, ω^′ → ω in such a way that k(ω − ω^′) = ξ. Then lim k^{−d+2}s(ω, ω^′; λ) = −πi(2π)^{−d/2}V̂ (ξ). (0.132) Proof – Let us choose ω_0 such that ω ∉ Π_{ω0} =: Π. Then the orthogonal projection η of ξ on Π is not zero. Let the first coordinate axis be directed along η. It follows from representations (0.75) and (0.107) that s(ω, ω^′; λ) = k^{d−1}(2π)^{−d+1}|⟨ω, ω_0⟩| ∫ Π e^{−i⟨y,ξ⟩}e^{iΞ(y,ω,ω′,k)}dy(1 + O(k^{−1})). Let us integrate here by parts in the first variable. Using (0.108) where θ_0 = 0 and θ_1 = θ^{(0)}_1 is defined by (0.115), we obtain s(ω, ω^′; λ) = −2^{−1}k^{d−2}|η|^{−1}(2π)^{−d+1}|⟨ω, ω_0⟩| ∫ Π e^{−i⟨y,ξ⟩}e^{iΞ(y,ω,ω′,k)}dy × ∫_∞ −∞ (∂_1V )(y + tω)dt(1 + O(k^{−1})).

Continuing integration by parts in the same variable and taking into account that all derivatives of Ξ contain inverse powers of k, we obtain s(ω, ω^′; λ) = −2^{−1}k^{d−2}|η|^{−p}i^{−p+1}(2π)^{−d+1}|⟨ω, ω_0⟩| ∫ Π e^{−i⟨y,ξ⟩}e^{iΞ(y,ω,ω′ ,k)}dy × ∫_∞ −∞ (∂^p_1 V )(y + tω)dt(1 + O(k^{−1})). (0.133) Let us now make in (0.133) the change of variables x = y+tω. Then |⟨ω, ω_0⟩|dydt = dx and ⟨y, ξ⟩ = ⟨x, ξ⟩−t⟨ω, ξ⟩ where ⟨ω, ξ⟩ = O(k^{−1}). If p is sufficiently large, then integral (0.133) is absolutely convergent which allows us to replace e^{i⟨ω,ξ⟩t} and e^{iΞ(y,ω,ω′,k)} by 1 + O(k^{−1}). This yields the relation s(ω, ω^′; λ) = −2^{−1}k^{d−2}|η|^{−p}i^{−p+1}(2π)^{−d+1} ∫ Rd e^{−i⟨x,ξ⟩}(∂^p_1 V )(x)dx(1 + O(k^{−1})), which is equivalent to (0.132). □

Formula (0.132) goes back to [6] where very short-range potential were considered. For long-range potentials V such that ρ_v > 1/2 this formula was obtained in [12].

Finally, we note that there are other ways of understanding the high-energy limit discussed in the papers [5, 2, 20].

REFERENCES

[1] S. Agmon, Some new results in spectral and scattering theory of differential operators in R^n , Seminaire Goulaouic Schwartz, Ecole Polytechnique, 1978.

[2] S. Arians, Geometric approach to inverse scattering for the Schrödinger equation with magnetic and electric potentials, J. Math. Phys. 38 (1997), 2761-2773.

[3] V. S. Buslaev, Trace formulas and certain asymptotic estimates of the resolvent kernel for the Schrödinger operator in three-dimensional space, in Topics in Math. Phys. 1, Plenum Press, 1967.

[4] V. S. Buslaev, Dispersion relations in nonrelativistic scattering theory with spin-orbit interaction, Soviet Physics JETP 12 (1960), 990-992.

[5] V. Enss, R. Weder, The geometrical approach to multidimensional inverse scattering, J. Math. Phys. 36 (1995), 3902-3921.

[6] L. D. Faddeev, The uniqueness of solutions for the scattering inverse scattering, Vestnik Leningrad Univ. 7 (1956), 126-130. (Russian)

[7] L. Hörmander, The Analysis of Linear Partial Differential Operators I, Springer- Verlag, 1983.

[8] L. Hörmander, The Analysis of Linear Partial Differential Operators III, Springer- Verlag, 1985.

[9] W. Hunziker, Potential scattering at high energies, Helv. Phys. Acta 36 (1963), 838- 856.

[10] T. Ikebe, J. Uchiyama, On the asymptotic behavior of eigenfunctions of second-order elliptic operators, J. Math. Kyoto Univ. 11 (1971), 425-448.

[11] H. Isozaki, H. Kitada, Modified wave operators with time-independent modifies, J.

Fac. Sci, Univ. Tokyo, 32 (1985), 77-104.

[12] H. Isozaki, H. Kitada, Scattering matrices for two-body Schrödinger operators, Sci.

Papers College Arts and Sci., Univ. Tokyo, 35 (1985), 81-107.

[13] A. Jensen, Propagation estimates for Schrödinger-type operators, Trans. Amer.

Math. Soc. 291 (1985), 129-144.

[14] A. Jensen, E. Mourre, P. Perry, Multiple commutator estimates and resolvent smoothness in quantum scattering theory, Ann. Inst. Henri Poincaré, Phys. théor. 41 (1984), 207-225.

[15] H. Kitada, Micro-local resolvent estimates for 2-body Schrödinger operators, J. Math.

Soc. Japan 39 (1987), 455-476.

[16] L. D. Landau and E. M. Lifshitz, Quantum mechanics, Pergamon Press, 1965.

[17] N. Lerner, D. Yafaev, Trace theorems for pseudo-differential operators, J. Analyse Math. 74 (1998), 113-164.

[18] E. Mourre, Absence of singular continuous spectrum for certain self-adjoint operators, Comm. Math. Phys. 78 (1981), 391-408.

[19] E. Mourre, Opérateurs conjugués et propriétés de propagation, Comm. Math. Phys.

91 (1983), 279-300.

[20] F. Nicoleau, A stationary approach to inverse scattering for Schrödinger operators with first order perturbation, Comm. Partial Diff. Eq. 22 (1997), 527-553.

[21] M. Reed and B. Simon, Methods of Modern Mathematical Physics IV, Academic Press, 1978.

[22] P. Roux and D. R. Yafaev, The scattering matrix for the Schrödinger equation with a long-range electromagnetic potential, Preprint IRMAR, Rennes (2002).

[23] M. A. Shubin, Pseudodifferential Operators and Spectral Theory, Springer-Verlag, 1987.

[24] M. M. Skriganov, Uniform coordinate and spectral asymptotics for solutions of the scattering problem for the Schrödinger equation, J. Soviet Math. 10, no. 1 (1978), 120-141.

[25] J. Uchiyama, Polynomial growth or decay of eigenfunctions of second-order elliptic operators, Publ. RIMS, Kyoto Univ., 23 (1987), 975-1006.

[26] D. R. Yafaev, The scattering amplitude for the Schrödinger equation with a longrange potential, Comm. Math. Phys. 191 (1998), 183-218.

[27] D. R. Yafaev, Scattering theory: some old and new problems, Lect. Notes Math.

1735, Springer-Verlag, 2000.

[28] D. R. Yafaev, A class of pseudo-differential operators with oscillating symbols, St.

Petersburg Math. J. 11 no. 2 (2000).