EXISTENCE OF RESONANCES FOR MATRIX SCHRÖDINGER OPERATORS.

L. NÉDÉLEC

Abstract. We study the resonances of matrix Schrödinger operators, in the semi-classical limit, motivated by the Born-Oppen-heimer approximation. Precisely, we are interested in a lower bound on the number of resonances near a point. We obtain the lower bound Ch^{−1}|lnh|^{− 32} for n = 3.

1. Introduction

In this paper we study the spectral properties of matrix Schrödinger operators. Such operators appear in the Born-Oppenheimer approximation. The justification of this approximation and a classification of matrix Schrödinger operators can be found in the work of Hagedorn [5], Klein, Martinez, Seiler, and Wang [10], and Combes, Duclos, and Seiler [2] .

More precisely, we are interested in resonances, which in physics are associated with quasi-stable states. For the definition of resonances, see the work of Aguilar and Combes [1], Helffer and Martinez [6], and Sjöstrand and Zworski [17].

We find a link between the properties of the potential and the number of resonances for the self-adjoint Schrödinger operator

P_0 = −h^2Δ + V_0

on R^n , where V_0 is a Hermitian smooth function and n is odd.

When V_0 is scalar, Sjöstrand proved [14] that there exist O(h^{−n}) resonances near any point of the analytic singular support of the distribution ν defined as ν(E) = ∫ x,V_0(x)≥E dx (if V0(x) → 0 when |x| → ∞ and E > 0). (There could also exist many resonances near regular points of the distribution ν.) This result is an application of the local trace formula of Sjöstrand, see [15] and [16].

In the paper [11], we proved a similar trace formula for matrix operators and that there exist O(h^{−n}) resonances near any point of the analytic singular support of a distribution ν when the dimension n is even.

We are interested in the number of resonances near a point that is not in the singular support of the distribution ν. The considered case is the generic crossing of two eigenvalues of a Hermitian matrix V_0 1

when n = 3. With this paper, we continue the classification which was started in [11].

The proof of the lower bound on the number of resonances uses a computation of the trace included in Theorem 2.1, using mainly the residue theorem. The estimate on the number of resonances is in Theorem 2.2. The number of resonances, near the point studied, is at least Ch^{−1}|lnh|^{− 3}2 . For related results on the same model, see [4], [5] and [9].

2. notation and results

Let n > 0 be an odd integer. Denote by M_r(C ) the set of Hermitian matrices of size (r, r), and let ‖M‖ = sup_{‖u‖=1} ‖Mu‖. There exists C > 0 such that |TrM| ≤ C‖M‖. Let x → V_0(x) be a bounded smooth function of R^n with values in M_r(C ). Let x = rx̂ with r = |x|, x̂ ∈ S^{n−1}. We make the following assumptions on V_0 :

(H1): There exist θ_0 ∈ [0,^π_2 [, ε > 0, R > 0, R̃ > R > 0 such that for all x̂ ∈ S^{n−1}, r → V_0(rx̂) extends to an analytic function on S ⊂ C , where S = { r ∈ C ; r ∈ C , |r| > R, arg r ∈ [−ε, θ_0 + ε[ } ∪ { r; r ∈ C , |r| < R̃ } . (H2): There exist V_∞ ∈ M_r(C ), ñ ∈ R ñ > n and C > 0 such that : ∀r ∈ S, ‖V_0(x) − V_∞‖ ≤ C⟨x⟩^{−ñ}. Let I_r be the identity matrix of size (r, r). Let P_0 be the operator −h^2Δ⊗I_r +V_0(x) with domain D = H^2(R^n ). Set P_∞ = −h^2Δ⊗I_r +V_∞. Let λ_{1,∞} ≤ λ_{2,∞} ≤ · · · ≤ λ_{r,∞} be the eigenvalues of V_∞. For all x ∈ R^n , denote by λ_{1,0}(x), λ_{2,0}(x), · · · , λ_{r,0}(x) the eigenvalues of V_0(x). Set ξ = ρξ̂ with ξ̂ ∈ S^{n−1}.

Remark 1. Under these assumptions, the operators P_0 and P_∞ are self-adjoint. For all x̂ ∈ S^{n−1}, the functions r → λ_{j,0}(rx̂) can be labeled so that they are holomorphic functions in a neighbourhood of 0 in C .

(H3): Let E_0 ∈ R \ {0} and E_0 /∈ {λ_{j,∞}}^n_{j=1}. Assume that • ∀j, λ_{j,0}(0) = E_0.

• There exists a neighborhood S_0 ⊂ S of 0 such that for all r ∈ S_0 \ {0}, λ_{j,0}(rx̂) is a simple eigenvalue of V_0(rx̂).

• For all r such that λ_{j,0}(rx̂) = 0 we have ∇_rλ_{j,0}(rx̂) ≠ 0. In what follows, the bracket [L_•]^∞_0 will denote the difference L_∞ − L_0. Denote ⟨w⟩ = (1 + w^2)^12 . Let λ be a positive constant (that will later depend on h). Let a > 0, b > 0, b_0 > 0, Ω = [−a, a] + [−ib, ib_0] ⊂ C .

such that λ_{j,∞} /∈ Ω+E_0. Let (z, λ) → f(z, λ) be a holomorphic function in z defined on Ω + E_0, satisfying the following four conditions :

(H4): For all 0 < b̌ < b, there exist Cˇ_b > 0 and C̃ˇ_b > 0 such that |f(z + E_0, λ)| ≤ C̃ˇ_be^{−Cb̌λ}. uniformly in λ ≥ 0 and for all z ∈ [−a, a] + [−ib̌, −ib].

(H5): There exist 0 < ã < a, b_0 > 0, C_0 > 0, and C̃_0 > 0 such that |f(z + E_0, λ)| ≤ C̃_0e^{−C0λ} uniformly in λ ≥ 0 and for all z ∈ Ω_0,

Ω_0 = ([−a, −ã] + [−ib, ib_0]) ∪ ([ã, a] + [−ib, ib_0]). (H6): There exists C̃ > 0 and C_1 > 0 such that |f(z + E_0, λ)| ≤ C̃e^{C1λ}. uniformly in λ ≥ 0 for all z ∈ Ω.

(H7): f(E_0) ≠ 0.

An example of such a function is f(z, λ) = e^{−iλ(z−E0)}e^{−λ(z−E0)2} for Ω a small enough neighborhood of 0. We will choose 0 < b < a, and b_0 arbitrary small. Let ã < â < a. Let χ ∈ C^∞_0 ( ] − â + E_0, â + E_0[ ) be a function such that χ(x + E_0) = 1 for all x ∈ [−ã, ã]. Let b̃_0 < b̂_0 < b_0, and b̃ < b̂ < b. Let χ̃ be an almost-analytic extension of χ of support strictly included in Ω, satisfying ∂χ̃(z) = O(|Im(z)|^∞), χ̃(z + E_0) = 1 for z ∈ [−ã, ã] + [−ib̃, ib̃_0], χ̃(z + E_0) = 0 for Im(z) ≥ b̂_0 or Im(z) ≤ −b̂ or |Re(z)| ≥ â. Let m ∈ N be a constant such that m − 1 >^n_2 . Let z_0 be an element of C \ Ω such that Im(z_0) > 0. Let f̃(z, λ) = f(z, λ)(z − z_0)^m. (2.1) Denote by ‖f‖_∞ = sup_{x∈Ω} ‖f(x + E_0, λ)‖. Denote r_{0,0}(x, ξ, z) = (ξ^2 + V_0(x) − z)^{−1} and D =^∂_i . Recall that x = rx̂, r = |x|, x̂ = x/|x| ∈ S^{n−1}, ξ = ρξ̂, ρ = |ξ|, ξ̂ = ξ/|ξ| ∈ S^{n−1}. Denote L(dx̂) the measure given by dx = r^{n−1}drL(dx̂), and L(dξ̂) given 3

by dξ = ρ^{n−1}dρL(dξ̂), and ‖A‖_{Tr} the trace norm of A. Let μ(x, ξ, z) = ∑ i { Tr ( − r^3_{0,0}(x, ξ, z)(D_{xi} V_0(x))r_{0,0}(x, ξ, z)(D_{xi} V_0(x)) + 1 2 r^2_{0,0}(x, ξ, z)(D_{xi} V_0(x))r^2_{0,0}(x, ξ, z)(D_{xi} V_0(x)) )}

+ n∑ i=1 { 2ξ^2_i Tr ( − r^2_{0,0}(x, ξ, z)(D_{xi} V_0(x))r^3_{0,0}(x, ξ, z)(D_{xi} V_0(x))

+ r^4_{0,0}(x, ξ, z)(D_{xi} V_0(x))r_{0,0}(x, ξ, z)(D_{xi} V_0(x)) )} . Let ∂D(z, ε) = {z^′ ∈ C , |z − z^′| = ε}, and D(z, ε) = {z^′ ∈ C , |z − z^′| ≤ ε}. Theorem 2.1. The operator χf(P_∞, λ) − χf(P_0, λ) is of trace class and there exists C_2 > 0 and < ν, f >∈ C such that : Tr[(χf)(P_•, λ)]^∞_0 =< ν, f > h^{2−n} + ‖f‖_∞O(h^{4−n}) + O(e^{−C2λ}h^{−n}). (2.2)

Furthermore, there exist ρ_0, r̃_0 such that for all r_1 ≤ r̃_0 there exist μ_1(r_1) such that < ν, f >= − (2π)^{−n} 16iπ n∑ j=1 sgn(∂_rλ_{j,0}(0)) ∫∫ x̂,ξ̂∈S^{n−1} ∫ ρ∈e^{−i π}4 R,|ρ|≤ρ_0 ∫ ∫ r∈∂D(0,r_1) z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ)μ(x, ξ, z) r^{n−1}drL(dx̂)L(dξ̂)ρ^{n−1}dρdz. for all μ_1 ≤ μ_1(r_1)

A similar formula to 2.2 was obtained in [11] with the main term h^{−n} instead of h^{2−n} for the case n even.

For the special case r = 2, V_0 is Hermitian so there exist (a_j (x))_{1≤j≤3}, b(x) such that

V_0(x) = b(x)I_2 + ( a_1(x) a_2(x) − ia_3(x) a_2(x) + ia_3(x) −a_1(x) ) . We denote Vol(S^2) the volume of S^2 with respect to Lebesgue measure.

Theorem 2.2. Let n = 3 and r = 2. Suppose V_0 satisfy a_1(0) = a_2(0) = a_3(0) = 0, b(0) = E_0, {∇a_j(0)}^3_{j=1} are linearly independent. Let (a_1, a_2, a_3) be local coordinates and denote by ∇_{a1,a2,a3} b the gradient of b for these coordinates. Suppose |∇_{a1,a2,a3} b(0)| < 1 and suppose that r → (λ_{1,0} − λ_{2,0})(rx̂) has a zero of order one at r = 0.

Then there exist C(V_0) > 0, and ρ_0 > 0 such that : < ν, f >= i 2^5π^2

Vol(S^2)C(V_0) ∫ |ρ|≤ρ_0 f(E_0 + ρ^2, λ) ρ^2dρ, 4

with

C(V_0) = π 3 det(∇a_1(0), ∇a_2(0), ∇a_3(0))^{−1} 3∑ j=1 |∇a_j(0)|^2. Denote Res(P_0) the set of resonances of P_0. We then have the following

Theorem 2.3. With the same hypotheses as in Theorem 2.2, for any neighborhood W of E_0, there exist h_0 > 0 and C > 0 such that

∀h ∈ ]0, h_0[, card{Res(P_0) ∩ W } ≥ Ch^{−1}|lnh|^{− 32} .

Throughout the proofs, we will denote by C any constants.

3. reduction using functional calculus In this section we use the functional calculus to get an expression for [(χf)(P_∞, λ) − (χf)(P_0, λ)], using only the operator (P_• − z)^{−1} for z such that Im(z) = δ, up to a remainder. The main result of this section is Lemma 3.1. A similar reduction can be found in Dimassi-Sjöstrand [3]. For the functional calculus, we use the Helffer-Sjöstrand formula, see [7].

Let b > b̌ > b̂. Let â ∈]ã, ǎ[. Denote by L(dz) = d(Re(z))d(Im(z)). Let δ be a constant such that 0 < δ < Min{b̃_0, b̃, 1}. By the functional calculus we get (for f̃ see (2.1))

[(χf)(P_•, λ)]^∞_0 = 1 π ∫ z∈Ω f̃(z, λ)∂χ̃(z) [(P_• − z)^{−1}(P_• − z_0)^{−m}]^∞_0 L(dz). (3.1)

We have the following lemma

Lemma 3.1. With Z = {z ∈ Ω; Im(z) = δ}

[(χf)(P_•, λ)]^∞_0 = − 1 2iπ ∫ Z f̃(z, λ)χ̃(z)[(P_• − z)^{−1}(P_• − z_0)^{−m}]^∞_0 dz + O(h^{−n})e^{− min{C0,Cb̃}λ}. The remainder is estimated with the trace norm.

Proof : Denote ϖ(z) = f̃(z, λ)∂χ̃(z) [(P_• − z)^{−1}(P_• − z_0)^{−m}]^∞_0 . Using Stokes formula and (3.1), we get

[(χf)(P_•, λ)]^∞_0 = 1 π ∫ z∈Ω Im(z)≥δ ϖ(z)L(dz) + 1 π ∫ z∈Ω;|Im(z)|≤δ ϖ(z)L(dz) + 1 π ∫ z∈Ω;Im(z)≤−δ ϖ(z)L(dz) =:A_0 + A_1 + A_2.

Stokes theorem again gives

A_0 = − 1 2iπ ∫ Z f̃(z, λ)χ̃(z)[(P_• − z)^{−1}(P_• − z_0)^{−m}]^∞_0 dz.

Proposition A.3 implies

‖A_1‖_{Tr} = ‖ ‖ 1 π ∫ z∈Ω;|Im(z)|≤δ ϖ(z)L(dz) ‖ ‖ Tr ≤ O(h^{−n})e^{−C0λ}. and ‖A_2‖_{Tr} ≤ ‖ ‖ 1 π ∫ z∈Ω;Im(z)≤−δ ϖ(z)L(dz) ‖ ‖_{Tr} ≤ O(h^{−n})e^{−Cb̃λ}. This finishes the proofs of Lemma 3.1

4. symbolic calculus In this section we use the pseudo-differential calculus to simplify the right hand side in Lemma 3.1. Some notation and results are recalled in the appendix. To be able to compute the trace of [(χf)(P_•, λ)]^∞_0 we reduce the operator (P_• − z)^{−1}(P_• − z_0)^{−m} to a pseudo-differential operator with a symbol of finite expansion in h. The following lemma is the main result of this section. Denote by Op^w(r^N_• ) an approximation of (P_• − z)^{−1} given by r^N_• (x, ξ, z) = ∑ j<N h^j r_{j,•}(x, ξ, z) with r_{j+1,•}(x, ξ, z) = − r_{0,•}(x, ξ, z) × ∑ 0≤l≤j ,l+|α|+|β|=j+1 Γ(α, β) × (∂^α_ξ D^β_x (p_• − zI_r)(x, ξ))(∂^β_ξ D^α_x r_{l,•}(x, ξ, z)), Γ(α, β) = (−1)^{|β|} α!β!2^{|α|+|β|} , r_{0,•}(x, ξ, z) = (p_•(x, ξ) − zI_r)^{−1}. Lemma 4.1. Let b^N_• be the sum of the (N − 1) first terms of the expansion in powers of h of the symbol of Op^w(r^N_• )(P_• − z_0)^{−m}. Then

Tr[(χf)(P_•, λ)]^∞_0 = − Tr ( 1 2iπ ∫ Z χ̃(z)f̃(z, h)Op^w ([ b^N_• (x, ξ, z) ]_∞ 0 ) dz )

+ ‖f‖_∞O_δ(h^{N−n}) + O(h^{−n})e^{−Min{C0,Cb̃}λ}. Remark 2. The remainder could be improved to obtain, uniformly in δ, for all M, ‖f‖_∞O(h^{N−n})δ^{−3−2N} + O(h^{−n})δ^M e^{−Min{C0,Cb̃}λ}. Proof : The demonstration is quite usual, unless we care about the integration in x of any remainder (for that we use the difference V_0 − V_∞), and we get estimates uniformly in z for z ∈ Z. Let us first recall some properties of the approximation of (P_• − zI_r)^{−1} for z ∈ Z. Let p_• 6

be the symbol of P_•, then p_• − z ∈ S(⟨ξ⟩^2, 1, 1) (the definition is in the appendix). For all α, β ∈ N and z ∈ Z we get ‖∂^α_x ∂^β_ξ r_{j,•}(x, ξ, z)‖ ≤ C⟨ξ⟩^{−2}, ‖∂^α_x ∂^β_ξ (r_{j,∞} − r_{j,0})(x, ξ, z)‖ ≤ C⟨ξ⟩^{−2}⟨x⟩^{−ñ}. Hence r_{j,•}(x, ξ, z) ∈ S(⟨ξ⟩^{−2}, 1, 1) and [r^N_• ]^∞_0 (x, ξ, z) ∈ S(⟨ξ⟩^{−2}⟨x⟩^{−ñ}, 1, 1), uniformly in z for fixed δ. The symbol of (P_• − z_0)^{−l}, denoted by (p_• − z_0)^{−#l}(x, ξ), belongs to S(⟨ξ⟩^{−2l}, 1, 1). We have choosen r^N_• such that r^N_• (x, ξ, z)#(p_•(x, ξ) − z) − 1 =: s^N_• (x, ξ, z) ∈ h^N S(1, 1, 1), uniformly in z.

We now use the above mentioned propreties to simplify the right hand side in Lemma 3.1.

For 1 ≤ k ≤ m, let us denote A_k = − 1 2iπ ∫ Z f̃(z, λ)χ̃(z) × ( P_∞ − z )_{−1} (P_∞ − z_0)^{−k}(V_0 − V_∞)(P_0 − z_0)^{−m−1+k}dz, B = − 1 2iπ ∫ Z f̃(z, λ)χ̃(z)[(P_• − z)^{−1}]^∞_0 (P_0 − z_0)^{−m}dz.

Using the expression

[(P_• − z)^{−1}(P_• − z_0)^{−m}]^∞_0 = m∑ k=1 (P_∞ − z)^{−1}(P_∞ − z_0)^{−k}(V_0 − V_∞)

× (P_0 − z_0)^{−m−1+k} + [(P_• − z)^{−1}]^∞_0 (P_0 − z_0)^{−m}, we obtain, in trace norm, that

[(χf)(P_•, λ)]^∞_0 = m∑ k=1 A_k + B + O(h^{−n})e^{−Min{C0,Cb̃}λ}. (4.1)

We first simplify the expression for A_k. Using Proposition A.1 and [s^N_• ]^∞_0 = [r^N_• ]^∞_0 #(p_∞ − z) + r^N_0 #(p_∞ − p_0), we get a control in x : [s^N_• (x, ξ, z)]^∞_0 ∈ h^N S(⟨x⟩^{−ñ}, 1, 1). (4.2) The equation

(Op^w(p_• − z))^{−1} = Op^w(r^N_• ) − (Op^w(p_• − z))^{−1} Op^w(s^N_• ) gives

A_k = − 1 2iπ ∫ Z f̃(z, λ)χ̃(z)Op^w(r^N_∞)Op^w((p_∞ − z_0)^{−#k})

× (V_0 − V_∞)Op^w((p_0 − z_0)^{−#m+1−k})dz + 1 2iπ ∫ Z f̃(z, λ)χ̃(z) (Op^w(p_∞ − z))^{−1} Op^w(s^N_∞)

× Op^w ( (p_∞ − z_0)^{−#k} ) (V_0 − V_∞)Op^w((p_0 − z_0)^{−#m+1−k})dz =:Â_k + Ã_k.

We get

‖ (Op^w(p_∞ − z))^{−1} ‖_L2_{→L}2 ≤ C|Im(z)|^{−1} = Cδ^{−1}. and the operator

Op^w(s^N_∞)Op^w ( (p_∞ − z_0)^{−#k} ) (V_∞ − V_0)Op^w ( (p_0 − z_0)^{−#(m+1−k)} ) therefore belongs to Σ(h^N ⟨x⟩^{−ñ}⟨ξ⟩^{−2m−2}, 1, 1), so Ã_k is a trace class operator, and we get ‖Ã_k‖_{Tr} ≤ ‖f‖_∞O(h^{−n+N} ). We get from this inequality the simplification for A_k : m∑ k=1 A_k = − 1 2iπ ∫ Z f̃(z, λ)χ̃(z)Op^w(r^N_∞#[(p_• − z_0)^{−#m}]^∞_0 )dz + ‖f‖_∞O(h^{−n+N} ). (4.3)

We return to the term B of the equation (4.1). We get, using (4), B = − 1 2iπ ∫ Z f̃(z, λ)χ̃(z)[Op^w(r^N_• ]^∞_0 (P_0 − z_0)^{−m}dz + 1 2iπ ∫ Z f̃(z, λ)χ̃(z) × [(Op^w(p_• − z))^{−1}]^∞_0 Op^w(s^N_∞)Op^w(p_0 − z_0)^{−#m} + 1 2iπ ∫ Z f̃(z, λ)χ̃(z) × (Op^w(p_0 − z))^{−1} [Op^w(s^N_• )]^∞_0 Op^w ( (p_0 − z_0)^{−#m} ) dz =:F_0 + F_1 + F_2.

A basic calculus gives

F_1 = 1 2iπ ∫ Z f̃(z, λ)χ̃(z) (Op^w(p_∞ − z))^{−1} (V_0 − V_∞)

(Op^w(p_0 − z))^{−1} Op^w(s^N_∞#(p_0 − z_0)^{−#m})dz. Using the cyclicity of the trace and the fact that

s^N_∞#(p_0 − z_0)^{−#m}#(V_0 − V_∞) ∈ S(h^N ⟨x⟩^{−ñ}⟨ξ⟩^{−2m}, 1, 1), we get : ‖TrF_1‖ ≤ ‖f‖_∞ ∫ Z ‖ ‖Op^w(s^N_∞#(p_0 − z_0)^{−#m}#(V_0 − V_∞) ‖ ‖_{Tr} |dz| ≤ ‖f‖_∞O(h^{−n+N} ). (4.4)

The relation (4.2) proves that ‖F_2‖ ≤ ‖ ‖ ‖ 1 2iπ ∫ Z f̃(z, λ)χ̃(z) × (Op^w(p_0 − z))^{−1} Op^w ( [s^N_• ]^∞_0 #(p_0 − z_0)^{−#m} ) dz ‖ ‖ Tr ≤ ‖f‖_∞O(h^{−n+N} ) (4.5)

We finally obtain form (4.4), (4.5), (4.3) and (4.1) :

Tr[(χf)(P_•, λ)]^∞_0 = − 1 2iπ Tr ( ∫ Z f̃(z, λ)χ̃(z) × Op^w[r^N_• #(p_• − z_0)^{−#m}]^∞_0 dz ) + O(h^{−n})e^{−Min{C0,Cb̃}λ} + ‖f‖_∞O(h^{N−n}). We still do not have a symbol with finite expansion in h, so we compare the symbol [r^N_• #(p_• − z_0)^{−#m}]^∞_0 with the first terms of its expansion. Denote

(p_• − z_0)^{−#m}(x, ξ) =: N−1∑ k=0 h^kl_{k•}(x, ξ) + h^N S(⟨ξ⟩^{−2m}, 1, 1) =: l^N_• (x, ξ) + h^N S(⟨ξ⟩^{−2m}, 1, 1).

Proposition A.1 proves that :

[r^N_• (x, ξ, z)#(p_• − z_0)^{−#m}(x, ξ)]^∞_0 =[b^N_• (x, ξ, z)]^∞_0 + h^N S(⟨x⟩^{−ñ}⟨ξ⟩^{−m−1}, 1, 1), with b^N_• (x, ξ, z) = N−1∑ k=0 1 k! ( ( ih 2 σ(D_x, D_ξ; D_y, D_η))^kr^N_• (x, ξ, z)l^N_• (y, η) ) |_{y=x,η=ξ}

=: N−1∑ j=0 h^jb_{j•}(x, ξ, z), where b_{j•}(x, ξ, z) = ∑ k+p+m=j i^k k! 2^{−k}(σ(D_x, D_ξ; D_y, D_η))^k ( r_{p•}(x, ξ, z)l_{•m}(y, η) ) |_{y=x,η=ξ}. This gives Lemma 4.1._9

5. simplification of the trace In this section we compute the trace of the right hand side in Lemma 4.1. Using the residue theorem in z we prove Lemma 5.2 below. In this lemma the symbol of (P_• − z_0)^{−m} is used for technical reasons. Lemma 5.1 is the similar result with the symbol of (P_• − z_0)^{−m}(P_• − z)^{−1} replaced by the symbol of (P_• − z)^{−1}, and is the main result of this section. Denote by dL = r^{n−1}drL(dx̂)ρ^{n−1}dρL(dξ̂) and D = {ρ ∈ e^{−i π}4 R, |ρ| ≤ ρ_0, x̂, ξ̂ ∈ S^{n−1}}. Lemma 5.1. There exist ρ_0 and r̃_0 such that for all r_1 ≤ r̃_0 there exists μ_1(r_1) > 0 such that

Tr[(χf)(P_•, λ)]^∞_0 = − (2πh)^{−n} 16iπ ∫ D ∫ r∈∂D(0,r_1) n∑ j=1 sgn(∂_rλ_{j,0}(0)) × ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ)Tr ( r^N_0 (x, ξ, z) ) dzdL + O(h^{−n})e^{−C2λ} + ‖f‖_∞O(h^{N−n}). for all μ_1 ≤ μ_1(r_1), with C_2 = inf{C_0, C~_b, C~_{b−μ0} } > 0. Lemma 5.2. There exist ρ_0 and r̃_0 such that for all r_1 ≤ r̃_0 there exists μ_1(r_1) > 0 such that

Tr[(χf)(P_•, λ)]^∞_0 = − (2πh)^{−n} 16iπ ∫ D ∫ r∈∂D(0,r_1) n∑ j=1 sgn(∂_rλ_{j,0}(0)) ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f̃(z, λ)Tr(b^N_0 (x, ξ, z))dzdL + O(h^{−n})e^{−C2λ} + ‖f‖_∞O(h^{N−n}), for all μ_1 ≤ μ_1(r_1), with C_2 = inf{C_0, C~_b, C~_{b−μ0} } > 0. Proof : Denote B_• = − 1 2iπ ∫ Z χ̃(z)f̃ (z, λ)Op^w(b^N_• (x, ξ, z))dz. From Lemma 4.1 and the standard expression ([12]) for the trace of a pseudo-differential operator, we get Tr[B_•]^∞_0 = −1 2iπ(2πh)^n ∫ ∫∫ x,ξ∈R^n,Z χ̃(z)f̃ (z, λ)Tr[b^N_• (x, ξ, z)]^∞_0 dz dx dξ. Let x = rx̂, ξ = ξ̂ρ. For the first time we use the fact that n is odd:

Tr[B_•]^∞_0 = − (2πh)^{−n} 8iπ ∫ r∈R ∫ ∫ x̂,ξ̂∈S^{n−1} ∫ ρ∈R ∫ Z χ̃(z)f̃ (z, λ)Tr[b^N_• (x, ξ, z)]^∞_0 dL dz. 10

The function (r, ρ) → ∫ Z χ̃(z)f̃ (z, λ)Tr[b^N_• (rx̂, ρξ̂, z)]^∞_0 r^{n−1}ρ^{n−1} dz is analytic in every convex domain in (r, ρ) ∈ C^2 where Im(λ_{j,0}(rx̂) + ρ^2) ≠ δ for all j and r ∈ S_0 (we use (H3)). Studying b_{j,•} we obtain uniformly in ι in the domain in x, ξ, z such that ∀k, d(λ_{k,•}(x)+ξ^2, z) ≥ ι and ∀k, d(λ_{k,•}(x) + ξ^2, z_0) ≥ C⟨ξ⟩^2, x ∈ S, ‖ ‖ ‖∂^α_x ∂^β_ξ [bj,•(x, ξ, z)]^∞_0 ‖ ‖ ‖ ≤ C Min{ι, ι^{r(2j+α+β+1)}}^{−1}⟨x⟩^{−ñ}⟨ξ⟩^{−2m−2}. (5.1)

There exists r_0 > 0 such that for all s ∈ [0, r_0] we get (C1) ∀j, r ∈ R, |Im(λ_{j,•}((r + is)x̂))| ≤ δ 2 . Using the analyticity in r and ρ to change the integration path, and (5.1), we get

Tr[B_•]^∞_0 = − (2πh)^{−n} 16iπ ∫ r∈{R+ir_0}∪{R−ir_0} ∫∫ x̂,ξ̂∈S^{n−1} ∫ ρ∈e^{−i π}4 R ∫ Z χ̃(z)f̃(z, λ)Tr[b^N_• (x, ξ, z)]^∞_0 dLdz Denote Tr[B_•]^∞_0 =: A_1 + A_2 with

A_1 = − (2πh)^{−n} 16iπ ∫ r∈{R+ir_0}∪{R−ir_0} ∫∫ x̂,ξ̂∈S^{n−1} ∫ ρ∈e^{−i π}4 R ∫ z∈Ω;Im(z)=δ+^1_2 Im(ρ^2) χ̃(z)f̃ (z, λ)Tr[b^N_• (x, ξ, z)]^∞_0 dLdz,

A_2(r) = − (2πh)^{−n} 16iπ ∫ r∈{R+ir_0}∪{R−ir_0} ∫ ∫ x̂,ξ̂∈S^{n−1} ∫ ρ∈e^{−i π}4 R ∫ z∈Ω;δ+^1_2 Im(ρ^2)≤Im(z)≤δ ∂_zχ̃(z)f̃ (z, λ)Tr[b^N_• (x, ξ, z)]^∞_0 dLdz. We obtain, using (5.1), A_2 = O(h^{−n})e^{−Min{C0 ,Cb̃}λ}. Let ρ_0 be a positive constant such that

(C2) b̃ ≤ 1 2 ρ^2_0 − δ. 11

We cut A_1 in two

A_1 = − (2πh)^{−n} 16iπ ∫ r∈{R+ir_0}∪{R−ir_0} ∫ D ∫ z∈Ω;Im(z)=δ+^1_2 Im(ρ^2 ) χ̃(z)f̃(z, λ)Tr[b^N_• (x, ξ, z)]^∞_0 dLdz − (2πh)^{−n} 16iπ ∫ r∈{R+ir_0}∪{R−ir_0} ∫ ρ∈e^{−i π}4 R,|ρ|≥ρ_0 ∫∫ x̂,ξ̂∈S^{n−1} ∫ z∈Ω;Im(z)=δ+^1_2 Im(ρ^2 ) χ̃(z)f̃(z, λ)Tr[b^N_• (x, ξ, z)]^∞_0 dLdz =:A_{11} + A_{12}.

(5.2)

We observe, using (C2), that

A_{12} = O(h^{−n})e^{−Cb̃λ}.

Let r̃_0 ≤ r_0. Let γ be a path in z included in χ̃ = 0 and {z ∈ C , Im(z) ≤ δ}, starting in the region {z ∈ C , Im(z) = δ+^1_2 Im(ρ^2), Re(z) = −a}, and ending in the region {z ∈ C , Im(z) = δ +^1_2 Im(ρ^2), Re(z) = a}. Let μ_0 > 0 be a constant small enough such that the following hypotheses are satisfied :

• (C3) d(γ, Suppχ̃) > 2μ_0, • (C4) μ_0 ≤^δ_2 , • (C5) inf_{R±ir0,i≠j} d(λ_{j,0}(x), λ_{i,0}(x)) ≥ 2μ_0, • (C6) Supp(1_{Suppχ̃} − χ̃) + D(0, μ_0) ∈ Ω + E_0, • (C7) Suppχ̃ + D(0, 2μ_0) ∈ Ω + E_0, • (C8) D(λ_{j∞}, μ_0) + iR /∈ Suppχ̃, and • (C9) inf_{r /∈D(0,r̃0)} d(λ_{j,0}(rx̂), λ_{i,0}(rx̂)) ≥ 2μ_0.

Mostly these conditions are necessary to define the future integration that we will use. The main point we use is that the discs ∂D(λ_{0,j} (x), μ_0) for |Im(x)| = r_0 are disjoint ((C5)) and included in {z, Im(z) ≤ δ} ((C1), (C4)). Changing the integration path Im(z) = δ +^1_2 Im(ρ^2) 12

into the path γ in the formula (5.2), using (C7) and (C3), gives :

Tr[B_•]^∞_0 = − (2πh)^{−n} 16iπ ∫ r∈{R±ir_0} ∫ D dL [ ∫ Im(z)≤δ+^1_2 Im(ρ^2 ) z /∈∪_j D(λ_{j,•}(x)+ξ^2,μ_0) ∂_zχ̃(z)f̃(z, λ)Tr(b^N_• (x, ξ, z))L(dz) ]_∞ 0 − (2πh)^{−n} 16iπ ∫ r∈{R±ir_0} ∫ D dL [ ∫ z∈(∪_j ∂D(λ_{j,•}(x)+ξ^2,μ_0)) χ̃(z)f̃(z, λ)Tr(b^N_• (x, ξ, z))dz ]_∞ 0 + O(h^{−n})e^{−C2λ}. We get from (5.1) that − (2πh)^{−n} 16iπ ∫ r∈{R±ir_0} ∫ D dL [ ∫ Im(z)≤δ+^1_2 Im(ρ^2) z /∈∪_j D(λ_{j,•}(x)+ξ^2,μ_0) ∂_zχ̃(z)f̃(z, λ)Tr(b^N_• (x, ξ, z)) ]_∞ 0 L(dz) = O(h^{−n})e^{−C2λ}. The condition (C9) implies that

Tr[B_•]^∞_0 = (2πh)^{−n} 16iπ ∫ ∫ r∈{R±ir_0} z∈(∪_j ∂D(λ_{j,0}(x)+ξ^2,μ_0)) ∫ D dL χ̃(z)f̃ (z, λ)Tr(b^N_0 (x, ξ, z))dz + O(h^{−n})e^{−C2λ}. Since Supp(1_{Suppχ̃} − χ̃) + D(0, μ_0) is included in a region where f is defined (C6), and included in a region where f is bounded by e^{−C2λ}, we get from (5) and (C5) that

Tr[B_•]^∞_0 = (2πh)^{−n} 16iπ ∫ D n∑ j=1 ∫ ∫ r∈{R±ir_0} z∈∂D(λ_{j,0}(x)+ξ^2,μ_0) 1_{Suppχ̃}(λ_{j,0}(x) + ξ^2) χ̃(z)f̃(z, λ)Tr(b^N_0 (x, ξ, z))dzdL + O(h^{−n})e^{−C2λ} = (2πh)^{−n} 16iπ n∑ j=1 ∫∫ r∈{R±ir_0} z∈∂D(λ_{j,0}(x)+ξ^2,μ_0) ∫ D χ̃(λ_{j,0}(rx̂) + ξ^2) f̃(z, λ)Tr(b^N_0 (x, ξ, z))dzdL + O(h^{−n})e^{−C}2^λ. Let, for ρ ∈ e^{−i π}4 R, g(r) = n∑ j=1 χ̃(λ_{j,0}(rx̂) + ξ^2) ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_0) f̃(z, λ)Tr(b^N_0 (x, ξ, z))dz. 13

We get lim_{|r|→∞,r∈S} λ_{j,0}(rx̂) = λ_{j∞} and (C8) so g is of compact support. (H3) implies that there exist r̃_1 and C_{V0} ( dependent of V_0) such that for all r_1 < r̃_1, r ∈ S_0 and all j satisfying ∂_rλ_j(0) > 0 we have Im(λ_{j,0}((r − ir_1)x̂)) ≤ −C_{V0} r_1 (resp. for all j satisfying ∂_rλ_{j,0}(0) < 0 we have Im(λ_{j,0}((r + ir_1)x̂)) ≤ −C_{V0} r_1.) Let us add the last condition on μ_0 and b̂ :

(C10) C_{V0}r̃_1 ≥ b̃, C_{V0}r̃_1 − μ_0 ≥ b̃.

There exist paths r → γ_j(r) such that γ_j(r) = r for large r, γ_j(r) = r ± ir̃_1 for r near 0 and Im(λ_{j,0}(γ_j(r)x̂) ≤ −b̃ − μ_0

for r such that λ_{j,0}(rx̂)+ξ^2 ∈ Suppχ̃. Changing one of the paths R±ir_0 into γ_j, using (C9), gives :

Tr[B_•]^∞_0 = (2πh)^{−n} 8iπ n∑ j=1 ∫ r∈γ_j ∫ D χ̃(λ_{j,0}(rx̂) + ρ^2) ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_0) f̃(z, λ)Tr(b^N_0 (x, ξ, z))dzdL

− (2πh)^{−n} 16iπ n∑ j=1 sgn(∂_rλ_{j,0}(0)) × ∫ D ∫∫ r∈∂D(0,r̃_0) z∈∂D(λ_{j,0}(x)+ξ^2,μ_0) χ̃(λ_{j,0}(rx̂) + ρ^2)

× ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_0) f̃(z, λ)Tr(b^N_0 (x, ξ, z))dzdL + O(h^{−n})e^{−C}2^λ. Assumption (H4) gives

Tr[B_•]^∞_0 = − (2πh)^{−n} 16iπ n∑ j=1 sgn(∂_rλ_{j,0}(0)) ∫ D ∫ r∈∂D(0,r̃_0) ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_0) f̃(z, λ)Tr(b^N_0 (x, ξ, z))dzdL + O(h^{−n})e^{−C2λ}. The function z → f̃(z, λ)Tr(b^N_0 (x, ξ, z)) is holomorphic in z in a neighborhood of λ_{j,0}(x) + ξ^2 except at the points λ_{j,0}(x) + ξ^2. Therefore for all μ_1 ≤ μ_0 ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_0) f̃(z, λ)Tr(b^N_0 (x, ξ, z))dz = ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f̃(z, λ)Tr(b^N_0 (x, ξ, z))dz. 14

Due to analyticity in r, we get for all r_1 ≤ r̃_0 and

μ_1 ≤ 1 2 inf r∈∂D(0,r_1),i≠j d(λ_{j,0}(x), λ_{i,0}(x))

Tr[B_•]^∞_0 = − (2πh)^{−n} 16iπ n∑ j=1 sgn(∂_rλ_{j,0}(0)) ∫ D ∫∫ r∈∂D(0,r_1) z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f̃(z, λ)Tr(b^N_0 (x, ξ, z))dzdL + O(h^{−n})e^{−C2λ}. This gives Lemma 5.2.

Proof of Lemma 5.1 : An iteration will prove ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ)Tr(r^N_0 (x, ξ, z)) dz = ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f̃(z, λ)Tr(b^N_0 (x, ξ, z)) dz.

(5.3)

Let c^{N,m}(x, ξ, z) be the sum of the N − 1 first terms of the expansion in h of the symbol of (P_0 − z)^{−1}(P_0 − z_0)^{−m}. Let d^{N,m}(x, ξ) be the sum of the N −1 first terms of the expansion in h of the symbol of (P_0 −z_0)^{−m}. We get by the Weyl calculus : c^{N,m}#(p_0 − z_0) = c^{N,m−1}, c^{N,0} = r^N_0 and c^{N,m} = b^N_0 . Let c^{N,m} = ∑_{j=N−1} j=0 h^j c^{N,m}_j . The functions c^{N,m}_j satisfy c^{N,m−1} j (x, ξ, z) = ∑ k+p=j i^k k!2^k (σ(D_x, D_ξ; D_y, D_η))^kc^{N,m}_p (x, ξ, z) ×(p_0 − z_0)(y, η)|_{y=x,η=ξ} = ∑ k+p=j,k>0 i^k k!2^k (σ(D_x, D_ξ; D_y, D_η))^kc^{N,m}_p (x, ξ, z)(p_0 − z_0)(y, η)|_{y=x,η=ξ} +c^{N,m}_j (x, ξ, z)(p_0 − z_0)(x, ξ). For k > 0 we have σ(D_x, D_ξ; D_y, D_η)^kc^{N,m}_p (x, ξ, z)(p_0 − z_0)(y, η)|_{y=x,η=ξ} = σ(D_x, D_ξ; D_y, D_η)^kc^{N,m}_p (x, ξ, z)(p_0 − z)(y, η)|_{y=x,η=ξ}. Therefore, the difference c^{N,m−1} j (x, ξ, z) − c^{N,m}_j (x, ξ, z)(z − z_0) is a function independent of z. This proves that ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) (z − z_0)^{m−1}f(z, λ)Tr(c^{N,m−1}_j (x, ξ, z)) dzr^{n−1} dr L(dx̂) = ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) (z − z_0)^mf(z, λ)Tr(c^{N,m}_j (x, ξ, z)) dzr^{n−1} dr L(dx̂). The iteration proves the relation (5.3).

6. cancellations We compute the first terms of the expansion in powers of h of Tr[χf(P_•, λ)]^∞_0 up to errors of order O(h^{−n})e^{−C2λ}.

Define the numbers T_s by the equation Tr[(χf)(P_•, λ)]^∞_0 = ∑ s≤N h^{−n+s}T_s + O(h^{−n})e^{−C2λ} + O(h^{N+1−s})‖f‖_∞. We prove that T_0 = 0 :

T_0 = − (2π)^{−n} 16iπ n∑ j=1 sgn(∂_rλ_{j,0}(0)) ∫ r∈∂D(0,r_1) ∫ D ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ)Tr(r_{0,0}(x, ξ, z)) dz dL. Since r_{0,•}(x, ξ, z) = (ξ^2 + V_•(x) − z)^{−1} we have that 1 2iπ ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ)Tr(r_{0,0}(x, ξ, z)) dz = 1 2iπ ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ) r∑ k=1 (ξ^2 + λ_{k,0}(x) − z)^{−1} dz

= − f(ξ^2 + λ_{j,0}(x), λ). Then

T_0 = 1 8(2π)^{−n} ∑ j,∂_rλ_{j,0}(0)>0 ∫ D ∫ r∈∂D(0,r_1) f(ξ^2 + λ_{j,0}(x), λ) dL

− 1 8 (2π)^{−n} ∑ j,∂_rλ_{j,0}(0)<0 ∫ D ∫ r∈∂D(0,r_1) f(ξ^2 + λ_{j,0}(x), λ) dL. The function r → f(ξ^2 + λ_{j,0}(rx̂), λ) is analytic so, T_0 = 0. Next, we prove T_1 = 0. A computation gives that

r_{1,0} = n∑ i=1 ξ_i(r^2_{0,0}(D_{xi} V )r_{0,0} − r_{0,0}(D_{xi} V )r^2_{0,0}),

(6.1)

so Tr (r_{1,0}) = 0._{16}

Let us compute the term T_2 :

T_2 = − (2π)^{−n} 16iπ n∑ j=1 sgn(∂_rλ_{j,0}(0)) ∫ D ∫ r∈∂D(0,r_1) ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ)Tr(r_{2,0}(x, ξ, z)) dz dL. We get : r_{2,0}(x, ξ, z) = − r_{0,0}(x, ξ, z) × 1 8 ( ∑ i 2(D^2_{xi} r_{0,0})(x, ξ, z) + ∑ i,j (D^2_{xi,xj} V )(x)∂_{ξi} ∂_{ξj} r_{0,0}(x, ξ, z) )

− r_{0,0}(x, ξ, z) 1 2 ( ∑ i 2ξ_i(D_{xi} r_{1,0})(x, ξ, z) − (D_{xi} V_0)∂_{ξi} r_{1,0}(x, ξ, z) ) .

(6.2)

Let A_1 = −r_{0,0} 1 8 [ ∑ i 2(D^2_{xi} r_{0,0}) + ∑ i,j (D^2_{xi,xj} V_0)∂_{ξi} ∂_{ξj} r_{0,0} ] (x, ξ, z). Let A_2 = r_{2,0}(x, ξ, z) − A_1. Then A_1 = 1 4 ∑ i r^2_{0,0}(x, ξ, z)(D^2_{xi} V_0)r_{0,0}(x, ξ, z) − 1 2 ∑ i r^2_{0,0}(x, ξ, z)(D_{xi} V_0)r_{0,0}(x, ξ, z)(D_{xi} V_0)r_{0,0}(x, ξ, z) − ∑ i,j ξ_iξ_jr_{0,0}(x, ξ, z)(D^2_{xi,xj} V_0)r^3_{0,0}(x, ξ, z) + 1 4 ∑ i r_{0,0}(x, ξ, z)(D^2_{xi} V_0)r^2_{0,0}(x, ξ, z). So TrA_∞ =Tr ( 1 2 ∑ i r^3_{0,0}(x, ξ, z)(D^2_{xi} V_0) )

− Tr ( 1 2 ∑ i r^3_{0,0}(x, ξ, z)(D_{xi} V_0)r_{0,0}(x, ξ, z)D_{xi} V_0 )

− Tr ( ∑ i,j ξ_iξ_j (D^2_{xi,xj} V_0)r^4_{0,0}(x, ξ, z) ) . Now we need the following remark:_{17}

Remark 3. If D(x, ξ) is a matrix holomorphic in r, then there exist d_j(x, ξ), holomorphic in r ∈ S_0 \ {0}, such that for all p : Tr ( D(x, ξ)r^p_{0,0}(x, ξ, z) ) = ∑ j d_j(x, ξ)(ξ^2 + λ_{j,0}(x) − z)^{−p}, and the function r → 1 2iπ ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ)Tr ( D(x, ξ)r^p_{0,0}(x, ξ, z) ) dz is holomorphic, for all j.

This remark proves that ∫ r∈∂D(0,r_1) ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ)Tr ( A_1(x, ξ, z) ) dzr^{n−1}dr = ∫ ∫ r∈∂D(0,r_1) z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ) ×Tr ( − 1 2 ∑ i r^3_{0,0}(x, ξ, z)(D_{xi} V_0)r_{0,0}(x, ξ, z)(D_{xi} V_0) ) r^{n−1}drdz. Next, let us compute the next term in (6.2):

A_2 = − 1 4 r_{0,0}(x, ξ, z) ∑ i ( 2ξ_i(D_{xi} r_{1,0}) − (D_{xi} V_0)(∂_{ξi} r_{1,0}) ) (x, ξ, z). (6.3)

Recall that r_{1,0} is given in (6.1). Therefore : D_{xi} r_{1,0}(x, ξ, z) = n∑ j=1 ξ_j ( − r_{0,0}(D_{xi} V_0)r^2_{0,0}(D_{xj} V_0)r_{0,0}

− r^2_{0,0}(D_{xi} V_0)r_{0,0}(D_{xj} V_0)r_{0,0} − r^2_{0,0}(D_{xj} V_0)r_{0,0}(D_{xi} V_0)r_{0,0} + r^2_{0,0}(D^2_{xj ,xi} V_0)r_{0,0} + r_{0,0}(D_{xi} V_0)r_{0,0}(D_{xj} V_0)r^2_{0,0}

− r_{0,0}(D^2_{xj ,xi} V_0)r^2_{0,0} + r_{0,0}(D_{xj} V_0)r_{0,0}(D_{xi} V_0)r^2_{0,0}

+ r_{0,0}(D_{xj} V_0)r^2_{0,0}(D_{xi} V_0)r_{0,0} ) , and ∂_{ξi} r_{1,0}(x, ξ, z) = ( r^2_{0,0}(D_{xi} V_0)r_{0,0} − r_{0,0}(D_{xi} V_0)r^2_{0,0} )

+ n∑ j=1 2ξ_jξ_i ( −2r^3_{0,0}(D_{xj} V_0)r_{0,0} + 2r_{0,0}(D_{xj} V_0)r^3_{0,0} ) . 18

Plugging this into (6.3), we get

TrA_2 = 1 2 n∑ i=1 Tr ( r^2_{0,0}(D_{xi} V_0)r^2_{0,0}(D_{xi} V_0) − r^3_{0,0}(D_{xi} V_0)r_{0,0}(D_{xi} V_0) )

+ n∑ i=1 n∑ j=1 2ξ_jξ_iTr ( − r^2_{0,0}(D_{xi} V_0)r^3_{0,0}(D_{xj} V_0) + r^4_{0,0}(D_{xi} V_0)r_{0,0}(D_{xj} V_0) ) . So we obtain ∫∫ r∈∂D(0,r_1) z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ)Tr ( r_{2,0}(x, ξ, z) ) r^{n−1}drdz

= ∫∫ r∈∂D(0,r_1) z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) ∑ i Tr (1 2 r^2_{0,0}(x, ξ, z)(D_{xi} V_0)r^2_{0,0}(x, ξ, z)(D_{xi} V_0)

− r^3_{0,0}(D_{xi} V_0)r_{0,0}(D_{xi} V_0) ) f(z, λ)r^{n−1}drdz + ∫ ∫ r∈∂D(0,r_1) z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) n∑ i=1 n∑ j=1 2ξ_jξ_iTr ( − r^2_{0,0}(D_{xi} V_0)r^3_{0,0}(D_{xj} V_0)

+ r^4_{0,0}(D_{xi} V_0)r_{0,0}(D_{xj} V_0) ) f(z, λ)r^{n−1}drdz. We get by symmetry, for i ≠ j, ∫ ξ̂ ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ)L(dξ̂)dz2ξ_jξ_i Tr ( − r^2_{0,0}(D_{xi} V_0)r^3_{0,0}(D_{xj} V_0) + r^4_{0,0}(D_{xi} V_0)r_{0,0}(D_{xj} V_0) ) = 0.

We then get the expression of T_2. Next, we prove, by induction, that for all j : r_{j+1,•}(x, −ξ, z) = (−1)^{j+1}r_{j+1,•}(x, ξ, z). The relation is true for j = 0 : r_{0,•}(x, ξ, z) = (p_•(x, ξ) − zI_r)^{−1}. Then the iteration is obtained by the relation (A.3).

For s odd,

T_s = − (2π)^{−n} 16iπ ∫ D ∫ r∈∂D(0,r_1) n∑ j=1 sgn(∂_rλ_{j,0}(0)) ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ)Tr(r_{s,0}(x, ξ, z)) dz dL = − (2π)^{−n} 16iπ ∫ D ∫ r∈∂D(0,r_1) n∑ j=1 sgn(∂_rλ_{j,0}(0)) ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ)Tr(r_{s,0}(x, −ξ, z)) dz dL = − T_s

So T_s = 0 for s odd. This finishes the proof of Theorem 2.1.

7. Resonances due to the matrix potential In this section we prove that the potential V_0 generate resonances, using techniques similar to the ones used in [14].

Proof of Theorem 2.2 : We improve the computation obtained above in Theorem 2.1 in the case r = 2 and n = 3. This is done using the residue theorem in r.

Remark 4. Let B_i(x, ξ) and B_j (x, ξ) be two matrices independent of z. Let α > 0 and β > 0. For fixed x, and for P such that P^{−1}V_0P is diagonal, denote

P^{−1}B_iP = ( b_{1,i} b_{2,i} b_{3,i} b_{4,i} ) ,

Tr r^α_{0,0}B_ir^β_{0,0}B_j =b_{1,i}b_{1,j} (ξ^2 + λ_{1,0} − z)^{−α−β} + b_{2,i}b_{3,j} (ξ^2 + λ_{1,0} − z)^{−α}(ξ^2 + λ_{2,0} − z)^{−β} + b_{3,i}b_{2,j} (ξ^2 + λ_{2,0} − z)^{−α}(ξ^2 + λ_{1,0} − z)^{−β} + b_{4,i}b_{4,j} (ξ^2 + λ_{2,0} − z)^{−α−β} .

Then, for α ≠ 1 and β ≠ 1, ∫ z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ)Tr(r^α_{0,0}B_ir^β_{0,0}B_j)dz = 0.

This remark proves : ∫ ∫ r∈∂D(0,r_1) z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ)Tr(r_{2,0}(x, ξ, z)) r^2drdz =

− ∫ ∫ r∈∂D(0,r_1) z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ) n∑ j=1 Tr(r^3_{0,0}(D_{xj} V_0)r_{0,0}(D_{xj} V_0)) r^2drdz

+ ∫∫ r∈∂D(0,r_1) z∈∂D(λ_{j,0}(x)+ξ^2,μ_1) f(z, λ) n∑ j=1 2ξ^2_j Tr(r^4_{0,0}(D_{xj} V_0)r_{0,0}(D_{xj} V_0)) r^2drdz.

Define

P^{−1}(D_{xi} V_0)P = ( a^0_i b^0_i c^0_i d^0_i ) .

Denote dL^3 = r^2drL(dx̂)ρ^2dρL(dξ̂), D^3 = {x, ξ ∈ S^2, ρ ∈ e^{−i π}4 R, |ρ| ≤ ρ_0}. Suppose ∂_rλ_{1,0}(0) > 0, then ∂_rλ_{2,0}(0) < 0 and so ⟨ν, f⟩ = 1 4^3π^3 ∫ D^3 ∫ r∈∂D(0,r_1) { ( ∑ i d^0_i b^0_i )(x)

(f(λ_{2,0}(x) + ξ^2, λ) + f(λ_{1,0}(x) + ξ^2, λ))(λ_{1,0} − λ_{2,0})^{−3} } dL^3 + 1 4^3π^3 ∫ D^3 ∫ r∈∂D(0,r_1) (f(λ_{1,0}(x) + ξ^2, λ) − f(λ_{2,0}(x) + ξ^2, λ)) n∑ j=1 2ξ^2_j (d^0_i b^0_i )(x) [ (λ_{1,0} − λ_{2,0})(x) ]_{−4} dL^3. Then the residue theorem gives ⟨ν, f⟩ = i 4π^2 ∫ D^3 {∂_r(λ_{1,0} − λ_{2,0})(0, x̂))}^{−3}L(dx̂)L(dξ̂)ρ^2dρ × [ ( ∑ i d^0_i b^0_i )(0, x̂)f(ρ^2 + E_0, λ) + ∑ i ( (d^0_i b^0_i )(0, x̂)ξ^2_i ) f^′(ρ^2 + E_0, λ) ] . A deformation of the contour in ρ gives ⟨ν, f⟩ = i 4π^2 ∫ ∫ x̂,ξ̂∈S^2 ∫ ρ∈R,|ρ|≤ √ a {∂_r(λ_{1,0} − λ_{2,0})(0, x̂))}^{−3} L(dx̂)L(dξ̂) [ ( ∑ i d^0_i b^0_i )(0, x̂)f(ρ^2 + E_0, λ) + ( ∑ i (d^0_i b^0_i )(0, x̂)ξ^2_i ) f^′(ρ^2 + E_0, λ) ] ρ^2dρ. We get, for all j ∈ {1, n}, that ∫ ξ̂∈S2 ξ^2_j L(dξ̂) =

Vol(S^2) 3 ρ^2, ∫ ρ∈R,|ρ|≤ √ a f^′(ρ^2 + E_0, λ)ρ^4dρ = − 3 2 ∫ ρ∈R,|ρ|≤ √ a f(ρ^2 + E_0, λ)ρ^2 dρ + O(e^{−C2λ}). Up to a remainder, included in (2.2), we get ⟨ν, f⟩ = i 2(4π)^2

Vol(S^2) ∫ x̂∈S^2 ∫ ρ∈R,|ρ|≤ √ a f(ρ^2 + E_0, λ) × [ ( ∑ i d^0_i b^0_i )(0, x̂){∂_r(λ_{1,0} − λ_{2,0})(0, x̂)}^{−3} ] L(dx̂)ρ^2dρ, with

C(V_0) = ∫ x̂∈S^2 ( ∑ i d^0_i b^0_i ) (0, x̂)∂_r(λ_{1,0} − λ_{2,0})(0, x̂)^{−3}L(dx̂). 21

Denote by a_1, a_2, a_3 ∈ R^3 the vectors such that the first order Taylor expansion of V_0(x) − b(x)I_3 is

Ṽ_0(x) = ( a_1ẋ a_2ẋ + ia_3ẋ a_2ẋ − ia_3ẋ −a_1ẋ )

We get C(V_0) = C(Ṽ_0). Using the change of coordinates y_1 = a_1ẋ, y_2 = a_2ẋ, y_3 = a_3ẋ, y = sŷ, ŷ ∈ S^2, we obtain :

C(Ṽ_0) =det(a_1, a_2, a_3)^{−1} × ∫ ŷ∈S^2 ( ∑ i d^0_i b^0_i )(0, ŷ)(∂_r(λ_{1,0} − λ_{2,0})(0, ŷ))^{−3}L(dŷ).

A computation gives {∂_s(λ_{1,0} − λ_{2,0})(0, ŷ)}^{−3} =^1_8 , and ∫ ŷ∈S^2 ( ∑ i d^0_i b^0_i )(0, ŷ) L(dŷ) = 8π 3 3∑ j=1 |a_j|^2. So C(V_0) = π 3 (det(a_1, a_2, a_3))^{−1} 3∑ j=1 |a_j|^2 > 0

This implies Theorem 2.2.

Proof of Theorem 2.3 : We compute a Fourier-Bros-Iagolnitzer transform of ν ( see [13] for the definition).

Let H be the Heaviside function. Let f be the function f(u, λ) = e^{−iλ(u−E0)}e^{−λ(u−E0)2} and let g(u) = f(u + E_0, λ). Denote by F the Fourier transform. Then there exists a ∈ R such that : ⟨ν, f⟩ =C ∫_a^1_4

−a^14 g(u) √ uH(u)du = C ∫_∞ −∞ g(u) √ uH(u)du + O(e^{−C0λ}) =C ∫_∞ −∞ Fg(ξ)F( √ uH(u))(ξ)dξ + O(e^{−C0λ}). There exists C ∈ R such that F( √ uH(u))(ξ) = C(ξ − i0)^{− 3}2 . Using this and Fg(ξ) =^{1√}_λ e^{−2λ−1(ξ−λ)2} , therefore ⟨ν, f⟩ =C ∫_∞ −∞ e^{−2λ−1(ξ−λ)2} √ 2 λ (ξ − i0)^{− 32} dξ + O(e^{−C0λ}) =Cλ^{−2} ∫_∞ −∞ e^{−2λv2} (v + 1 − i0)^{− 32} dv + O(e^{−C0λ}).

The theorem of stationary phase gives, for large λ, that ⟨ν, f⟩ = 2Cλ^{−3/2} + O(λ^{−5/2}) + O(e^{−C0λ}).

So there exists λ_0 > 0 such that for all λ > λ_0 |⟨ν, f⟩| ≥ Cλ^{− 32} . We next recall the local trace formula [11]:

Theorem 7.1. Let f = f(z, λ) be holomorphic in z on Ω, dependent on h ∈ R, and such that for all z ∈ Ω \ W for some closed set W , |f(z, λ)| ≤ 1. Then the operator (χf)(P_0, λ) − (χf)(P_∞, λ) is of trace class and Tr [ (χf)(P_•, λ) ]_∞ 0 = − ∑ z_j ∈Res(P_0)∩W f(z_j , λ) + O(h^{−n})‖f‖_{Ω\W} . We choose W such that Ω + E_0 \ W ⊂ Ω_0 + E_0. The function f gives Cˇ_b = b̌ + o(b̌), C_1 = b_0 + o(b_0) and C_0 = ã^2 − b_0 + o(b_0). Recall that C_2 = inf{C_0, C~_b, C~_{b−μ0} }. We can choose b_0 as small as we need to get C_1 < C_2. The function f satisfies all the hypotheses (H4) − (H7) so Tr[(χf)(P_•, λ)]^∞_0 = − ∑ z_j ∈Res(P_0)∩W f(z_j , λ) + e^{−C2λ}O(h^{−3}). (7.1) The result of the previous section gives for λ ≥ λ_0 :

|Tr[(χf)(P_•, λ)]^∞_0 | ≥ Cλ^{− 32} h^{−1} + O(h)e^{C1λ} + O(h^{−3})e^{−C2λ}.

(7.2) The comparison of (7.2) and (7.1) gives that ∑ z_j ∈Res(P_0)∩W |f(z_j, λ)| ≥ Ch^{−1}λ^{− 32} + O(h)e^{C1λ} + O(h^{−3})e^{−C2λ}. Let us choose Ĉ such that C_1 < 2Ĉ < C_2. Let h_1 be defined by lnh_1 = −Ĉλ_0. Now we fix the relation between λ and h, we choose lnh = −Ĉλ. There exist h_0 ≤ h_1 such that for h < h_0 we obtain :

Ch^{−1}λ^{− 32} + O(h)e^{C1λ} + O(h^{−3})e^{−C2λ}

= Ce^{C̃λ}λ^{− 32} + O(1)e^{(C1−C̃)λ} + O(1)e^{(3C̃−C2)λ} ∼ Ce^{C̃λ}λ^{− 32} . Hence

2Ch^{−1}λ^{− 32} + O(h)e^{C1λ} + O(h^{−3})e^{−C2λ} ≥ C|lnh|^{− 32} h^{−1}. For f we see that |f(z, λ)| ≤ 1 for Im(z) ≤ 0. We conclude that card{Res(P_0) ∩ W } = ∑ z_j ∈Res(P )∩W 1 ≥ ∑ z_j ∈Res(P )∩W |f(z_j, λ)| ≥ Ch^{−1}|lnh|^{− 32} . This finishes the proof of Theorem 2.3._{23}

Appendix A. Weyl calculus We gather in this appendix some results on the Weyl calculus of h speudo differential operators needed various places in the paper. Let m(x, ξ) be a tempered function on R^{2n} (i.e. there exists N > 0 and C > 0 such that : ∀(x, ξ, u, v) ∈ R^{4n} × C , |m(x + u, ξ + v)| ≤ C|m(x, ξ)|(1 + u^2 + v^2)^N ). Let Ω be a compact set. We denote by S(m(x, ξ), 1, 1) the set of functions a ∈ C^∞(R^{2n} ), depending on h and z, called symbols, with values in M_r(C ) such that, for all (α, β) ∈ N^{2n} , there exist C_{α,β} such that : ∀(x, ξ, h, z) ∈ R^{2n} ×]0, h_0[×Ω : ‖∂^α_x ∂^β_ξ a(x, ξ, h)‖ ≤ C_{α,β} m(x, ξ)). A symbol a is h-admissible if and only if there exists symbols a_j ∈ S(m(x, ξ), 1, 1) such that for all N : a(x, ξ, h, z) = ∑ j<N h^j a_j (x, ξ, z) + h^N a^′_N (x, ξ, h, z), with a^′_N ∈ S(m(x, ξ), 1, 1). To an h-admissible symbol a we associate an operator by the relation : ( Op^w(a)u ) (x, z) = (2πh)^{−n} ∫ R^{2n} e^{i⟨x−y,ξ⟩/h}a( x + y 2 , ξ, h, z)u(y) dy dξ. An operator A belongs to Σ(m, 1, 1) if and only if there exists a symbol a ∈ S(m, 1, 1) such that A = Op^w(a). Standard techniques of Weyl calculus, as described in [8] and [12], give the following proposition : Proposition A.1. For h-admissible symbols a ∈ S(m_1, 1, 1) and b ∈ S(m_2, 1, 1) and for all N, there exists symbols c and d such that

Op^w(a)Op^w(b) = Op^w(c) + h^N Op^w(d) where c ∈ S(m_1m_2, 1, 1) is a h-admissible symbol and d is an element of S(m_1m_2, 1, 1). The symbol c is given by : c(x, ξ) = N−1∑ j=0 h^j c_j(x, ξ) (A.3)

with c_j(x, ξ) = 1 2^j ∑ |α|+|β|=j (−1)^{|β|} α!β! (∂^α_ξ D^β_x a)(∂^β_ξ D^α_x b)(x, ξ), 0 ≤ j < N We denote c + h^N d = a#b

To determine if an operator belongs to the trace class we have : Proposition A.2. [12] If ∫ R^{2n} m(x, ξ)dxdξ is finite, every operator

A ∈ Σ(m, 1, 1) is of trace class and satisfies ‖A‖_{Tr} = O(h^{−n}). 24

Let us recall the following results [11] for the operator P_0 :

Proposition A.3. The operator [(P_• − z)^{−1}(P_• − z_0)^{−m}]^∞_0 is of trace class and we have, uniformly in z ∈ C \ R,

‖[(P_• − z)^{−1}(P_• − z_0)^{−m}]^∞_0 ‖_{Tr} =

O(h^{−n})(1 + z^2)^12 |Im(z)|^2 . Proposition A.4. For all g ∈ C^∞_0 (R) the operator (g(P_∞) − g(P_0)) is of trace class and

Tr(g(P_∞) − g(P_0)) = O(h^{−n}) ∫ m(x, ξ)dxdξ. References

[1] J. Aguilar and J.M. Combes. A class of analytic pertubations for one body Schrödinger Hamiltonians. Commun. Math. Phys., 22:269–279, 1971.

[2] J.M. Combes, P. Duclos, and R. Seiler. The Born Oppenheimer approximation.

Rigorous Atomic and molecular Physics, pages 185–212, 1981. [3] M. Dimassi and J. Sjöstrand. Spectral asymptotics in the semi-classical limit.

Cambridge University Press, Lecture Note Series 268, 1999.

[4] C. Fermanian and P. Gerard. Mesures semi-classiques et croisement de modes.

Seminaire EDP, 1999-2000 Exp. No XVIII Ecole polytechnique, To appear in Bulletin de la SMF.

[5] G.A. Hagedorn. Molecular propagation through electron energy level crossings.

Memoirs A.M.S. 536, 111, 1994.

[6] B. Helffer and A. Martinez. Comparaison entre les diverses notions de résonances. Helvetica Physica Acto, 60:992– 1003, 1987.

[7] B. Helffer and J. Sjöstrand. Analyse semi-classique pour l’équation de Harper.

Memoire de la S.M.F., 34, 1988.

[8] L. Hörmander. The analysis of linear partial differential operators I-IV.

Springer Verlag, 1983.

[9] T. Jecko. Estimation de la révolvante pour une molécule diatomique dans l approximation de born-oppenheimer. Commun. in Math.. Phys., 195,3:585– 612, 1998.

[10] M. Klein, A. Martinez, R. Seiler, and X.P. Wang. On the Born-Oppenheimer expansion for polyatomic molecules. Comm. Math. Phys., 143:607–639, 1992.

[11] L. Nédélec. Resonances for matrix Schrödinger operators. Duke Mathematical Journal, 106,2:209–236, 2001.

[12] D. Robert. Autour de l’approximation semi-classique. Progress in Mathematics, Birkhäuser, 1983.

[13] J. Sjöstrand. Singularités analytiques microlocales, volume 95. Astérisque, 1982.

[14] J. Sjöstrand. A trace formula for resonances and application to semi-classical schrödinger operators. Séminaire Equations aux dérivées partielles,exposé n11, 1996-1997.

[15] J. Sjöstrand. A trace formula and review of some estimates for resonances.

NATO ASI Series C., 490:377–437, 1997.

[16] J. Sjöstrand. Resonances for bottles and trace formulae. Math. Nachrichten, 221:95–149, 2001.

[17] J. Sjöstrand and M. Zworski. Complex scaling and the distribution of scattering poles. J. Amer. Math. Soc., 4:4–729–769, 1991. 25

L.A.G.A., Université de Paris Nord, av. J.B. Clément, F-93430 Villetaneuse, IUFM de l’academie de Rouen, France E-mail address: nedelec@math.univ-paris13.fr