NATIONAL ACADEM Y OF SCIENCES OF B E LARUS

STATE COMM ITTEE ON SCIENCE AND TECHNOLOGIES OF REPUBLIC

OF B E LARUS

ASSOTIATION «NOM ATECH»

INSTITUTE OF RESOURCE SAVING PROBLEM S

V.A.BELYI METAL-POLYM ER RESEARCH INSTITUTE OF NASB

M ATERIALS. TECHNOLOGIES. TOOLS

1999, #4, pp. 5-13

M ECHANICS OF STRESSEDLY-DEFORM ED STATE

5

Ex act analytical solution for 1D elastic homog eneous finite lumped line vibr a tion

S.B. Karavashkin

Special Laboratoryfor FundamentalE laboration SELF

187 apt., 38 bldg., Prospect Gagarina, Kharkov 61140, Ukraine

Phone: +38 (0572) 276624; e-mail: sbkarav@altavista.co m

This paper was published fir st in the journalo fNationalAcademy o fSciences ofBelarus "Mater ials.

Techno logies. Tools", 4 (1999), 4, pp.5-13 (in Russian). This is the second ofa large cycle devoted to the new method to obtain the exact analyt icalso lut ions for vibrant elast ic systems, both lumped and distr ibuted. Though the mater ial stated in it is quite simple, as well as the invest igated problems, you can make sure fro mthe presented solut ions that in the exact analyt icalfor mand in alltheir completeness these so lutions were not obtained up to now. It is important that we give the checks here that these solut ions are exact and complete, and the connect ion between the lumped and distributed systems as well.

Ofa great importance is that in vibrat ion systems we can pass fro mthe lumped to distributed systems but in no case vice versa, as is convent ionaland in which the invest igators are abso lutelysure. Also important is that these results are basic for the further investigations which we carr yout for much more complicated models. There we often refer to this introducing paper, so we decided to load it also to the Archive, to make its English versio n available for the English-language readers. You can read some ofthe further papers, visit ing for free our electronic journal "SELF Transaction" at the URL http://angelfire.lycos.com/la3/selftrans .

We willbe thankfulif you express us your opinio n and the more grateful for your wish to go on wit h us in the invest igat ion ofthis huge and prospective theme.

Abstract

We will analyse in this paper the principal demerits of conventional approaches to the problem of vibrant 1D homogeneous finite lumped line and present the exact analytical solutions for forced and free vibrations in finite lines with free ends and with the free end and fixed start. We will analyse these solutions and their distinctions from the conventional concept on the vibration pattern in such lines. We will give the check of presented solutions proving them to be complete and exact

Materials. Technologies. Tools S.B. Karavashkin 2

2

Keywords: Mathematicalphysics, Wave physics, Dynamics, Finite elastic lumped lines, ODE systems, Microwave vibrat ions in elast ic lines

Classification by MSC 2000: 30E25; 70E55; 70J35; 70J60; 70K40; 70F40

Classification by PASC 2001: 02.60.Lj; 05.10.-a; 05.45.-a; 45.30.+s; 46.15.-x; 46.25.Cc; 46.40.-f;

46.40.Fr

1. Intr oduction

In [1] we invest igated the exact analyt icalsolut ions for infinite 1D elast ic lumped lines and showed that on dist inct ofconvent ionalso lut ions, the exact analyt icalso lutions have generally three vibrat ion regimes: per iodical, aper iodicaland cr it ical. With it the vibr ation pattern essent ially changes dependent ly on the line type (semi- finite or infinite) and on the vibrat ion condit ions, i.e., are theyforced or free.

Generally, finite lines have the same dist inct ions, but also some others are inherent in them. In this paper we willstudythese features.

2. The drawbac ks of conve ntional methods

Two basic approaches are current lyapplied to find exact solutions for vibrat ions in 1D finite elast ic lumped lines. Theyare the allowed modes method (see, e.g., [2]) and Kr ylo v method (see, e.g., [3], [4] or

[5]). To see their drawbacks, analyse each br iefly.

In the allowed modes method the standard systemofequat ions

( ) 2

1 1 2

2 r r r r

d y T y y y t ma + - = + -

¶

( 1 ) is taken as the basis. We willstudyit after Pain [2] relativelyto the transversalvibrat ions (see Fig. 1); the essence ofthis technique for those longitudinal is the same. The solut ion ofthis systemo fequations is sought in the fo llowing for m:

j t r r y A e

w = ( 2 )

with the following boundar ycondit io ns for a fixed-ends finite line:

0 1 0 ; 0,1, 2, ...( 1) . n A A r n +

= = = + ( 3 )

Subst ituting r y to the init ial system(1), we yield a systemofalgebraic equat ions ofa fo l lo wing type:

2

1 1 2 0 ,

r r r ma A A A

T w

+ - æ ö

- - + = ç ÷

è ø

( 4 )

which can be naturallypresented as the systemofratios constant for given line parameters and frequency

w:

6

2 2

0 1 1

2

0

2 , r r

r

A A

A w w

w

- +

- + = ( 5 )

Fig. 1. Convent ional model for transversal vibr ations calculat ion in an

infinite lumped line
y
r +1

- y
r

                                                                    y
                                                                         r-1

                                                                                                    a

                                                                                                            y
                                                                                                                 r

a

 y
r+1

                                        y
                                           r

                                              - y
                                                    r-1

              Volume 4 (1999), No 4, pp. 5-13       Solutions for finite elastic lumped lines

3

              where

                                   0

                                                                  .

                                                       T

                                                     ma

                             w=

                            Then one assumes that
                                                                                                                   r

                                                                                                              A

                                                                                                                       can be presented as a product of some constant C into the sine of some

              angle
                                           p

                                    Q constant for the given value
p
w , i.e., for some allowed circular frequency of possible vibr a -

              tions

                                                    sin ,
                                  r p

                              A C

                                       = Q ( 6 )

              where

                                                                                                                  ( )
                                                                        and  .
                                                                                                p p

                                      C const f w

                                              = Q =

                            In its turn, one determines the parameter
p

Q from the boundar y condit io ns (3), whence

                                                                ; 1, 2, 3, ..., .

                                                           1

                                    p

                                                    p
                                                                                    p n

                                                 n

                                                       p
                             Q = =

                                                      +

( 7 )

              Finally, proceeding from the obtained value
p

Q, one finds the resolved circular frequencies
p
w, subst i -

              tuting (6) and (7) into (5):

                                      2 2
                                                           0 lim 0

                                                  2 1 cos ; 2 .

                                                                                                      1

                                      p

                                                                                              p

                                                                                           n

                                                                                                  p
                               w w w w

                                                                æ ö
                                           = - =
                                                                ç ÷
                                                                                                 +
                                                                è ø

( 8 )

                            One can immediately see fro m this br ief analysis that the method of resolved modes can give the e x -

              act solut ions only in case of free vibrat ions and only for a fixed-ends-line. If the forced vibrat ions were

              present in the line, the modelling system o f different ial equat ions cannot be reduced to the system of a l -

              gebraic equat ions (4), because at least in one equatio n of this system there will be present the external

              force parameters breaking the unifor mit y o f (4). And if at least one of the line ends is unfixed, then, as we

              will show below, we cannot indicate a prior i the vibrat ion amplitude value at the line ends, because in

              lumped lines, on distinct from the known so lut ions for those distr ibuted, the vibrat ion maximum will not

              take place at the free ends. Thus, as we see, the limit ations inherent in the allowed modes method are

              quite essent ial, so we cannot think the problem o f elast ic lumped lines to be completely so lved by this a p -

              proach.

                            The second approach to this problem so lut ion is Kr ylo v method grounded on the matrix theor y tool

              which bases on the energy conservation for the connected-bodies-system fr ee vibrat ions that leads one to

              the system o f different ial equat ions similar to (1):

                                       ( )

                                   1

                                                                                              0 ,

                                N

                                               jk k jk k
                              k

                                          a q c q

                                 =

                                                             + =

                             å

                                      � ( 9 )

where ,
                             jk jk

                        a c are the constant parameters character ising the invest igated system o f bodies;
k
q

 is the k
th

body locat ion in the generalised co-ordinates; N  is the bodies quant it y in the invest i gated system.

              Further, assuming that

                                                   ( )
                                         sin ,
                   k k

               q A t

                                                      w e

                         = + ( 10 )

where ,
                             k

                         Ae

                                            are some invar iable values characterising the vibrations of a bodies structure, the system of

equations (9) transfor ms to the determinant of a fo llowing type:

                                                  2 0 .
                      jk jk

                  c aw

                            - =
( 11 )

              In the view of seeking the exact solutions, this method has the fo llowing co mplicat ion. The chara c -

terist ic equat ion (11) is an algebraic equation of 2N power with respect to w; hence, it has 2N roots,

i. e. N eigenvalues

                                                                              ( )
                                                                                              1, 2 ...,
                                                                         k

                                                                                  k N

                                                                   w = . With it, as is known, one can obtain the exact solution o f an alg e -

braic equat ion only up to 4
                                                                                         N

                                                                                                 = (in our case, the bi- N  algebraic equatio n). Thus, the matrix approach to

solve this problem for free vibr ations is much limited by a small number of connected bodies. In case of

forced vibrat ions, Kr ylo v method is based on so lving the problem for free vibrat ions, so the solution is

sought by var iat ion of the constant. With it one naturally obtains the line spectrum of forced vibrat ions.

Materials. Technologies. Tools

S.B. Karavashkin 4

At the same time, as we will show below, in finite lines the forced vibrat ions spectrum has a cont inued

pattern with the infinite resonances at the frequencies corresponding to the bodies structure natural vibr a -

tions. Further more, in a finite structure of connected bodies the forced vibrat ions have three regimes that

cannot be determined on the basis of natural fr e quencies.

              3. Analysis of exact c omplete s olutions and c hec king the res ults obtaine d for finite

lines

              Above we indicated the substant ial limitat ions inherent in exist ing approaches. We can  easy ove r -

come them in frames of method presented as the basic in [1], when obtaining the complete exact solutio ns

for infinite elast ic lumped lines. To show it, consider first the solut ions obtained wit h this method for a f i -

nite unfixed-ends line, i.e., namely for the line whose exact solut ion one cannot obtain in general case,

when the number of elements is large, neit her by the reso lved modes method nor by Kr ylo v method.

7

              Forced vibrations of  a line having the start and end  unfixed (Fig. 2). The fo llowing

system of differential equat ions

                                                                               ( )

                                                         ( )

                                                          ( )

                                 2

                                        1

                                                                                        2 1
                                     2

                                 2

                                                                      1 1
                                     2

                                 2

                                                                        1
                                      2

                                                           ( )

                   ........................................ ......

                                                                                                    2

                   ........................................ ......

                                         i

                                                                  i i i

                                         n

                                                                   n n

                           d

                    m F t s

                              dt

                           d

                    m s

                              dt

                           d

                    m s

                               dt

                                                                   + -

                                                                      -

               ì D

                                              = + D - D
               ï

               ï

               ï

               ï

                                   D
               ï

                                              = D + D - D
               í

               ï

               ï

               ï

                                   D
               ï
                                               = D - D

               ï
               î

( 12 )

corresponds to this model. The same as for infinite lines, (12) has in general case three basically different

solut ions depending on the ratio of  b to 1, where

                                          2

                                                      .

                                       4

                                             m

                                            s

                                   w

               b

                       =

              For finite lines the periodic  so lut ion corresponding to 1b< has the form

                                                                    ( )

                                           0

                                               cos 2 1

,

                                                                         sin 2

                                                                                                                   j t

                     i

                                       F n i

                                                                                                              e

                                                              ms n

                                                                                                                    w

                                                                                                       t

                                                 w t

                                                                             - +
                                                            é ù
                                                            ë û
               D = - ( 13 )

where arcsin

                       t b

                              = .

              This so lution descr ibes standing waves, which is deter mined by the constant phase delay o f vibrat ions

for all line elements. But unlike the conventional so lut ions (6), the exact solut ion structure has basically

other form. With

                                                               Fig. 2. Mechanical model of a finite lumped line
having
 the start and end unfixed

D

n -1

D

n

D

i

D

2

                                                                                                          D

                                                                                                               1

                                                                                          F ( t ) a a

Volume 4 (1999), No 4, pp. 5-13

Solutions for finite elastic lumped lines 5

               2

                   n p

                       t p

                             = ( 14 )

an infinite resonance will take place in the line. But in other cases, the vibrat ion amplitude is finite and

determined by the value sin 2nt. With

               2

                                     2

                   n p

                                    p

                       t p

                             = + ( 15 )

it will be minimal but not zero, as we used to think for resonant lines. The typical vibrat ion pattern is

shown in Fig. 3. But the main that fo llows fro m the obtained so lut ions is that line vibrat ions are not li m -

ited by the cr it ical fr e quency.

              In the aperiodical  regime corresponding to 1b> the exact solut ion takes the form

                               ( )

                                                                       ( ) ( )
                                                                    2 1 2 1

                                                       0

                                                                                        2 2

                                       1 ,

                                                                         n i n i

                                              i
j t

                     i
                                                                                           n n

                                                   F

e

                                                                    ms
w

                                                               g g

                                                       w g g

                                                                           - + - +

                                                                    + -

                                                                                        + -

                                                            é ù
                                                                                        -

                                                            ë û

               D = -

                                                                                é ù
                                                                                                -

                                                                                ë û

( 16 )

where

                                                        2 2
                                                                  1 and 1 .

               g b b g b b

                   - +

                         = - - = + -

              The same as in case of infinite lines in [1], we can see the ant i-phase vibrat ions, but damping not so

fast as in infinite lines. In infinite lines the damping distributes along the entire line. In [1], when analy s -

ing free vibrat ions, we ment ioned the resemblance between  vibrat ions for finite and infinit e lines and that

in the aper iodical case the damping begins fro m the point of energy input into a vibrant system. In Fig. 4

one can see just this phenomenon, when the damping passes fro m the first to the last element, distr ibut ing

unifor mly alo ng the ent ire line, which confir ms the ana l o gy indicated in [1].

              For the critical  regime corresponding to 1b=, the changes are also interesting:

                               ( )

                                                                    ( )

                                                       0

                                                               2 1

                                       1 .

                                                                       4

                                              i
                                                                                                              j t

                     i

                                                   F n i

                                                                                                         e

                                                                           sn

                                                                                                               w

                                                                             - +

                                                            é ù

                                                            ë û

               D = - ( 17 )

              In a finite line these vibrat ions have a damping pattern, not remaining their amplitude, as in infinite

lines. But unlike the aper iodical regime, the damping has not a power-type but linear pattern. We can see

these features in Fig. 4.

8

                                                            Fig. 3 The typical vibr ations in the per iodical regime in an ideal finite

                                                            ho mogeneous elast ic lumped line with the unfixed ends under the

                                                            external lo ngitudinal har monic force acting on the first line element.

                                                            Parameters of the line:  m = 0,01kg ;  s  = 100N/m; a  = 0,01m; n = 8; F

0

 =

                                                            0,6N;  f  = 15 Hz

F ( t )

t

F ( t )

Materials. Technologies. Tools

S.B. Karavashkin 6

              The presented solutions emphasise again a vast diver sit y o f vibrat ion forms and patterns dependent ly

on the line type and parameters.

              Check the correspondence o f presented solutions (13), (16) and (17) to (12). It will be sufficient to

subst itute them sequent ially into the first, arbitrary ith and the last equations of this system.

              For the periodic  regime on the left part of the fir st equation of (12) we yield

                                                                         ( )

                            2

                                    1

                                                                                                              0
                                 2

                                                             cos 2 1

                                                2 ,

                                                                      sin 2

                                                                                                                        j t

                                                                                n
                       d

               m F e

                          dt n
w

                                                                                                  t

                                                     b

                                                                                         t

                                                                                      -
                               D

                                          = ( 18 )

and on the right part

                      ( ) ( )

( ) ( )

                                                    2 1 0
cos 2 3 cos 2 1

                                                                                                             1

2 sin 2

                                                                                                 j t
n n

               F t s F e

n

                                                                                                  w
t t

b t

                                                                                                         ì ü
- - -
é ù
                                                                                                         ï ï
ë û

                                 + D - D = - =
                                                                                                         í ý

                                                                                                         ï ï
                                                                                                         î þ

                                                                     ( ) ( )

                          0 0

                                                          sin 2 2 cos 2 1

                                               1 2 .

                                                                    sin 2 sin 2

                                   j t j t

                                                                             n n

                      F e F e

                                                                                   n n

                                    w w

                                                                                                t t

                                                                                                                       b

                                                                                       t t

                                                                                   - -

                                            ì ü

               = - =
                                            í ý

                                            î þ

( 19 )

For the left part of the ith equation

                                                                                     ( )

                                2

0
                                    2

                                                                cos 2 1

                                                   2 ,

                                                                                  sin 2
j t
                                        i

                                                                                        n i
                          d

                   m F e

                             dt n
w

                                                                                                                        t

                                                        b

                                                                                                     t

                                                                                              - +

                                                                            é ù
                                   D
                                                                            ë û

                                             = ( 20 )

and for the r ight part

                    ( ) ( ) ( )

{

                                                                                                  0

                                 1 1

                                                               2 2 1 cos 2 3

                                                                                       2 sin 2

                                                                                                            j t

                            i i i

                                                                                              F e

               s n i n i

                                                                                                                  n

                                                                                                             w

t

                                                                                            b t

                              + -

                       D + D - D = - - + - + -
é ù é ù

ë û ë û

                                              ( )

                                                                                     }

( )

{

                                                                                                                     0
                    2 cos 2 1 cos 2 1 cos 2

                                                                                                                   sin 2
j t
                                                                                                                F e

                                                 n i n i

n
w

                                                                                t t t

                                                                                                            b t

               - - + == - - + × -

                                     é ù é ù

                                     ë û ë û

                                          ( )

                                                                                 }

( )

0

                                                                                                        cos 2 1

                     cos 2 1 2 .

sin 2
j t
n i

                                             n i F e

n
w
t

                                                                            t b

t

- +

                                                                                                                     é ù

                                                                                                                     ë û

               - - + =

                                 é ù

                                 ë û

                                                                                                                                                                       ( 21 )

For the left part of the last equation of the system

                            2

                                                                                            0
                                 2

                                                                 cos

                                                 2 ,

                                                              sin 2

                                                                                                      j t
                                    n

                       d

               m F e

                          dt n

                                                                                                       w

                                                                             t

                                                      b

                                                                                t

                               D

                                           =         ( 22 )

and for the r ight part

                                                                Fig. 4 The typical vibr ations in the cr it ical regime in an ideal finite

                                                                ho mogeneous elast ic lumped line with the unfixed ends under the

                                                                external lo ngitudinal har monic force acting on the first line element.

                                                                Parameters of the line:   m = 0,01kg ;  s  = 100N/m; a  = 0,01m; n = 8; F

0

 =

                                                                0,6N; f  = f

                                                                                                       crit

                                                                                                                = 31,8 Hz

F ( t )

t

F ( t )

Volume 4 (1999), No 4, pp. 5-13

Solutions for finite elastic lumped lines 7

                    ( ) }

                                                                                                           {

                                                                                  0

                                  1

                                                                                                              cos 3 cos

                                                                       2 sin 2

                                                                                            j t

                             n n

                                                                              F e

               s

                                                                                                 n

                                                                                             w

t t

                                                                           b t

                               -

                       D - D = - - =

                                                                                       2
                                 0

0

                         2 cos

                                                       cos sin 2 .

                             sin 2 sin 2

                                           j t

j t

                             F e

F e

                                             n n

                                            w

w
t

                                                                   t t b

                      b t t

               = × = ( 23 )

Thus, the periodic so lut ion sat isfies (12) completely.

              For the aperiodical  regime it is sufficient to check, whether the solutions sat isfy any equat ion of the

system, because, as we showed in [1], this regime, the same as that critical, is one of the for ms o f the

commo n so lut ion, and if the per iodical so lution satisfied the system, then the aper iodical and cr it ical ones

satisfy too. So make a control check -  for example, for the fir st, the most complicated equation of the

system.

              For its left part we yield

                                                                     ( ) ( )
                                                                       2 1 2 1

                            2

                                    1

0
                                 2 2 2

                                                2 ;

                                                                          n n

j t

                                                                                n n

                       d

               m F e

                          dt
w

                                                                g g

                                                     b

                                                                        g g

                                                                            - -

                                                                     + -

                                                                             + -

                                                             é ù
                                                                                     -

                               D
                                                             ë û

                                          =

                                                                     é ù
                                                                                     -

                                                                     ë û

( 24 )

and for the r ight one

                      ( ) ( )

( ) ( ) ( ) ( )
2 3 2 3 2 1 2 1

                                                    2 1 0
2 2

                                                                                                             1

2
n n n n

                                                                                                 j t

n n

               F t s F e

                                                                                                  w
g g g g

b g g

- - - -

+ - + -

+ -

                                                                                                         ì ü
                                                                                                                        é ù
- + -

                                                                                                         ï ï
                                                                                                                        ë û

                                 + D - D = - =
                                                                                                         í ý

é ù
-

                                                                                                         ï ï
ë û

                                                                                                         î þ

                                                                            ( ) ( )

                                                                                            ( )

                                                                2 3 2 2 3 2

                          0
                                                                                                    2 2

                                                                                              1 1

                                               1

                                                                                 2

                                                                  n n

                                    j t

                                                                                                       n n

                      F e

                                     w

                                                          g g g g

                                                                                     b g g

                                                                     - -

                                                               + + - -

                                                                                                   + -

                                             é ù
                                                                                         + - +

                                             ê ú
               = - =

                                                                                                            -
                                             ê ú

                                             ë û

                                                                       ( )

                                                                                    ( )

( )

( )

                                                            { }

( ) ( )
2 1 2 1

                                                                     2 1 2 1
                                                                                            2 2
                                  0

0
                               2 2 2 2

                                                                                                      1 1 2 .

n n

                                            j t

                                                                         n n j t

                                  n n n n

                              F e

F e

                                             w

w
g g

                                                                g g g g b

                          g g g g

- -

+ -
                                                                            - -

                                                                    + + - -

                              + - + -
é ù
-

ë û

               = + - + =

                      é ù é ù
                                      - -

                      ë û ë û

( 25 )

              Similar ly, on the left part of the fir st equation for critical  regime

                                                ( )

                            2

                                    1

                                                                                 0
                                 2

                                                    2 1

                                                                                          j t

                                                        n
                       d

               m F e

                          dt n

                                                                                            w

                                                              -
                               D

                                          = ( 26 )

 and on the right part

                      ( ) ( ) ( )

( ) ( ) ( )

( )

                                                    2 1

2 3 2 1 2 1

                                                                                                                     1 .

4

                                                                                                         j t j t
n n n

               F t s F t e F t e

n n

                                                                                                          w w

- + - -

                                                                                                                  ì ü

                                 + D - D = + =
                                                                                                                  í ý

                                                                                                                  î þ

( 27 )

              As we can see, if the solut ions were complete and exact, they sat isfy as the general equat ion of the

system as the starting and finishing equat ions as the equation containing the external force. Wit h it, we

can see from the equat ions reduction pattern that the way to reduce is different in each case, because in

the solut ions themselves their own specific mult iplier s corresponding to each equation of the modelling

system are present; in this way they provide the ident it y in each case. This is one more interesting pro p -

erty of the obtained so lut ions, whence it fo llows that one and the same so lut ion sat isfies few types of di f -

ferential equat ions at the same time. This was the main co mplicat ion and main reason of failures when

many generat ions of scie n t ists sought the exact solut ions.

9

              Note one more property of the obtained so lut ions. I f in a finite line in Fig. 2 we retain only one el e -

ment, i.e. 1
                                   n

                                         =, then  i  = 1  and the solution o f (13) will transform to the form

                                                                                                                        0

                    1 0
                                            2 2

                                          2 cos

.

                                                      sin 2

                                                                                         j t j t

                                                                                                                   F

                                                                           F e e

                                               m m

                                                                                          w w

                                              b t

                                     w t w

               D = - = -      ( 28 )

Materials. Technologies. Tools

S.B. Karavashkin 8

              It means, when reducing the number of line elements to 1, the solut ion naturally transfor ms to the e x -

pressio n descr ibing the motion of a so litar y element without constraints. Further we will mult iply see the

solut ions property to transfor m from more complicated models to those simple, which is an important a d -

va n tage of the exact solut ions.

              Free vibrations of a line with unfixed start and end.  As we know, the ho mogeneous system of diffe r -

ent ial equat ions wit hout external force

( )
F t

                                                         ( )

                                                         ( )

                                                          ( )

                                 2

                                        1

                                                                  2 1
                                     2

                                 2

                                                                      1 1
                                     2

                                 2

                                                                        1
                                      2

                   ........................................ ......

                                                                                                    2

                   ........................................ ......

                                         i

                                                                  i i i

                                         n

                                                                   n n

                           d

                    m s

                              dt

                           d

                    m s

                              dt

                           d

                    m s

                               dt

                                                                   + -

                                                                      -

               ì D

                                              = D - D
               ï

               ï

               ï

               ï

                                   D
               ï

                                              = D + D - D
               í

               ï

               ï

               ï

                                   D
               ï
                                               = D - D

               ï
               î

( 29 )

corresponds to the elast ic line free vibr ations.

              On dist inct from the forced vibrat ions, in such system the vibrat ions can ar ise not in the ent ire range

of frequencies but only in its definite part, and their spectrum will be discrete. For the invest igated u n -

fixed-ends model, the condit ions of vibr ations are determined by the e x pressio n

               sin 2 0 ,

                                       p

                              n

                                  t=                                                        ( 30 )

where

2

                                                            arcsin arcsin .

                                          2 4

                            p

                                          p m

                                              n s

                                             p w

                       t b

                                 = = =

              Proceeding fro m (30), the natural (allowed) frequencies are determined by the expre s s io n

( )

                                       4

                                                 sin ; 1, 2, 3, ..., 1 .

                                                              2

                     p

                                            s p

                                                                                     p n

                                        m n

                                                                  p

               w= = - ( 31 )

In accord with the allowed frequencies (31), the solution o f (29) has the for m

                                                           ( )

                                                        ( )

                                      cos 2 1

                                                                                                                       .

                                            cos 2 1

                                                                                                   p j t

                     i

                                                                                       p

                                 A n i

                                                                                                         e

                                                                n

                                                                                                               w

                                                                                              t

                                                                                  t

                                                                    - +

                                                   é ù
                                                   ë û

               D =

                                                                      -

( 32 )

              As we see, the structure of the amplitude expression (32) basically differ s from such in (6). In (32)

the amplitude is presented by the rat io of trigonometr ic functions with a complex system of angular shifts,

while (6) being the basis o f the convent ional so lut ion had the form o f a trivial trigono metr ic funct ion.

Such structure is t ypical for all lines where the reflect ion processes take place, even in a semi-infinite line

presented in [1], because it is just the result of taking into account the process of mult iple reflect ions from

the boundar ies. Due to this, the vibr ation amplitude beco mes dependent on the line length and on the

number of an allowed mode, not only on the element number as in (6); the denominator of (32) dete r -

mines it.

              To determine the stated dependence pattern, convenient ly transfor m the terms o f (32) characterising

the vibrat ion amplitude, noting (30). We yield

                                           ( )

                                        ( )

                                                                                                                      ( )

[ ]

                      cos 2 1 cos 2 1 2

.

                            cos 2 1 cos 2

                                                                                   p

                                                                       p

                A n i A i p n

                                                n p n

                                                                              t p

                                                                 t p

                                                    - + -

                                   é ù é ù
                                   ë û ë û

                                                                                         =

                                                     -

     ( 33 )

              The expressio n (33) shows that with the increasing number of the mode, the deno minator

mo notonously decreases but does not vanish, since

                                      ( )

                    max

                                                    1 .

                p n n

                                = - < ( 34 )

Volume 4 (1999), No 4, pp. 5-13

Solutions for finite elastic lumped lines 9

              In consequence of it, the amplitude grows monotonously but does not reach the infinite value at the

maximally possible mode. Wit h the growing number of elements, this amplitude maximum increases too

and turns into infinit y only when transit ing to a distributed line.

              Thus, we see that with free vibrat ions, only finite vibrat ions can ar ise in lumped lines, though the va l -

ues of natural frequencies co incide with the resonance condit ions (14) for forced vibrat ions. Practically it

means the known fact that if so me so litar y pulse has acted upon a finit e system, then finite vibrat ions

ar ise in it, and if this pulse repeats with resonance frequency, it will lead to the line d e struction.

              Besides, as it follows fro m the carried out analysis, if in the regime of free vibr ations the amplitude

mo notonously changed wit h the mode number, then with the forced vibrat ions in the band of per iodical

regime, the amplitude can mult iply reach the maximu m and minimum dependent ly on the length and p a -

rameters of a line. This difference has the fo llowing reason. The forced vibrat ion spectrum has a contin u -

ous pattern, while in free vibr ations the line spectrum is inherent; this causes the monotonous discrete

sampling standing out of the continuous periodical regular it y.

              In the light of revealed essent ial dist inct ions between the vibrat ion types, we should note that the s o -

lut ion (32) is, nevertheless, similar to (13) in its block structure.

10

              Thus we see that the exact analyt ical so lut ions (32) essentially differ from the conve n t io nal so lutions.

              As before, we can easy check that the expressio ns (32) really are the solut ions, subst ituting them i m -

mediately into the first, ith and last equations of the modelling system (29). For the left part of the fir st

equation

                            2

                                                           2
                                    1

                                 2

                                                                               j t

                       d

               m mA e

                          dt

                                                                                w
                                                    w

                               D

                                          = -      ( 35 )

and for that right

                    ( )

                                                                                                  ( ) ( )

( )
                             2 1

                                                                                      cos 2 3 cos 2 1

                                                                                                                 cos 2 1
p p
                                                                          j t

p

                                                                                                          n n

               s sA e

n

                                                                           w
t t

t

                                                                                  é ù
                                                                                                               - - -

                       D - D = =
                                                                                  ê ú

-
                                                                                  ê ú
                                                                                  ë û

                                                                      ( )

                                                                       ( )

                                                           sin 2 2 sin 2 cos 2 cos 2 sin 2

                      2 2

                                                            sin 2 1 cos 2 cos sin 2 sin

                                                                                                      p p p p p
                                               j t j t

                                                                                                     p p p p p

                                                                              n n n

                                sA e sA e

                                                                               n n n

                                                w w

                                                                                                 t t t t t

                          b b

                                                                                                t t t t t

                                                       é ù é ù
                                                                                   - -

               = = =
                                                       ê ú ê ú

                                                                                    - +
                                                       ê ú ê ú
                                                       ë û ë û

                       Because at the condition (30)

                       cos 2 1 ; sin 2 0 ,

                                                      p p

                                              n n

                                                 t t

                                                            = ± =

 consequently,

                                                                                                 2
                          4 sin .

                                                                       j t j t

                                                             p

                                    sA e mA e

                                                                        w w
                               b t w

               = - = - ( 36 )

For the left part of the ith equation

                                                                                               ( )

                                                                                               ( )

                            2

                                                           2

                                 2

                                                                          cos 2 1

,

                                                                                   cos 2 1
p j t
                                    i

p

                                                                                                  n i
                       d

               m mA e

                          dt n
w
t

                                                    w

t

                                                                                                        - +

                                                                                      é ù
                               D
                                                                                      ë û

                                         = -

                                                                                                             -

       ( 37 )

and for that right

                    ( )

                                 1 1

                                                               2

                            i i i

               s

                              + -

                       D + D - D =

                                  ( )

                                                                                              ( )

                                                                     {

( ) ( )

                                                                         cos 2 1 cos 2 3 2 cos 2 1

                      cos 2 1

                                                 j t

p p p

                                                                p

                                  sA e

                                                                                                 n i n i n i

                                          n

                                                  w

t t t

                                                            t

               = - - + - + - - + =

                                                                                     é ù é ù é ù

                                                                                     ë û ë û ë û

                                                -

                                                                       ( )

                                                         [ ]

( )

( )

2

                      2 cos 2 1 cos 2 1

                                                                                                                        cos 2 1 .

                                              cos 2 1 cos 2 1

                                          j t

                                                                                                              p p j t

p

                                                                                       p p

                           sA e n i n i

mA e

                                                                 n n

                                           w

w

                                                                                                         t t

t w

                                                                                  t t

                                                                                - + - +

                                                              é ù é ù

                                                              ë û ë û

                                                                                                                    é ù
               = - = -

                                                                                                                    ë û

                                                                      - -

( 38 )

For the left part of the last equation

Materials. Technologies. Tools

S.B. Karavashkin 10

                                                            ( )

                                                         2
                     2

                          2

                                                                        cos

                                                cos 2 1

                                                                                        p j t
                             n

                                                                                          p

                                                            mA
                d

                                                                                                e

                   dt n

                                                                                                      w

                                                  w t

                                                                                      t

                        D

                                   = -

                                                                         -

                                                                                                                  ( 39 )

and for the r ight one

                    ( )

                                                                             ( )

                                                                                                                 ( )

                                  1

                                                                                                                    cos 3 cos

                                                                 cos 2 1

                                                                                            j t

                             n n p p

                                                                                                           p

                                                                             sA e

               s

                                                                                     n

                                                                                             w

t t

                                                                                                      t

                               -

                       D - D = - =

                                                                                          -

                                         ( ) ( )

2 cos

                                                                             sin 2 sin .

                             cos 2 1 cos 2 1

                                                        j t

p j t

                                                                                                 p p

                                                                       p p
mA
                                         sA e

e

                                                n n

                                                         w

w
w t

                                                                                            t t

                                                                  t t

               = - = -

                                                      - -

( 40 )

              Proceeding fro m the descr ibed above and considering the theorem of uniqueness of a so lut ion of di f -

ferential equat ion, we can surely say that the presented solut ions are exact, which substant ially changes

the concept of the vibrat ion processes pattern in finite lines. The same as in infinite lines considered in

[1], the solut ions transfor m in correspondence with the line features, but remaining the solut ion block

structure. We can make it sure, consider ing a finite line having an unfixed start and fixed end.

              The forced and free vibrations of an elastic line having unfixed start and fixed end  under an external

har mo nic force

                                                             ( )
                                                      F t action is presented in Fig. 5. The fo llowing system o f di f ferent ial equat ions

                                                                               ( )

                                                         ( )

                                                              ( )

                                 2

                                        1

                                                                                        2 1
                                     2

                                 2

                                                                      1 1
                                     2

                                 2

                                              1

                                                                             2 1
                                        2

                                                           ( )

                   ........................................ ......

                                                                                                    2

                   ........................................ ......

                                                                                        2

                   ........................................ ...

                                         i

                                                                  i i i

                                         n

                                                                       n n

                           d

                    m F t s

                              dt

                           d

                    m s

                              dt

                           d

                    m s

                                 dt

                                                                   + -

                                            -

                                                                          - -

                                   D

                                              = + D - D

                                   D

                                              = D + D - D

                                   D

                                                    = D - D

                                 2

                                      2

                                                                                                             ...

                                                     0

                                         n

                           d

                    m

                               dt

               ì

               ï

               ï

               ï

               ï

               ï

               ï

               ï

               í

               ï

               ï

               ï

               ï

               ï

               ï D

                                               =
               ï

               î

( 41 )

corresponds to this model. Three so lutions correspond to this system:

for the periodical regime at 1

                                                                                              b

                                                                                                      <

                                                                      ( )

                                                                        ( )

                                                  0

                                                      sin 2

                                                                                                                       .

                                                            cos 2 1

                                                                                                              j t

                     i

                                             F n i

                                                                                                         e

                                                 ms n

                                                                                                               w

                                                                                          t

                                     w t

                                                                               -

               D = -

                                                                                      -

( 42 )

The vibrat ion diagram for the per iodical regime is presented in Fig. 6. For the aper iodical regime at 1b>

11

                                                                       F ( t )

D

n  - 1

D

i

D

2

                                                                                          D

                                                                                               1
a
a

                                                  Fig. 5. Mechanical model of a finite lumped line having the unfixed

                                                  start and rigidly fixed end

Volume 4 (1999), No 4, pp. 5-13

Solutions for finite elastic lumped lines 11

                               ( )

                                                                          ( ) ( )
                                                                        2 1 2 1

                                                           0

                                                                                  2 1 2 1

                                       1 .

                                                                            n n

                                              i
j t

                     i
                                                                                     n n

                                                      F

e

                                                              ms
w

                                                                  g g

                                                  w g g

                                                                               - -

                                                                       + -

                                                                                       - -

                                                                                 + -

                                                               é ù
                                                                                       -

                                                               ë û

               D = -

                                                                          é ù
                                                                                              -

                                                                          ë û

( 43 )

Finally, for that critical at 1

                                                                                         b

                                                                                                 = the solut ion has the fo llowing form:

                               ( )

                                                           ( )

                                                      ( )

                                                       0
                                       1 .

                                                          2 1

                                              i
                                                                                       j t

                     i

                                                  F n i

                                                                                  e

                                                  s n

                                                                                        w

                                                                    -

               D = -

                                                                    -

                                                                                                               ( 44 )

              The system of equat ions descr ibing the free vibrat ions in an invest igated line differs from (41) by the

force absence in the first equation; it has the for m

                                                         ( )

                                                         ( )

                                                              ( )

                                 2

                                        1

                                                                  2 1
                                     2

                                 2

                                                                      1 1
                                     2

                                 2

                                              1

                                                                             2 1
                                        2

                   ........................................ ......

                                                                                                    2

                   ........................................ ......

                                                                                        2

                   ........................................ ......

                                         i

                                                                 i i i

                                         n

                                                                       n n

                           d

                    m s

                              dt

                           d

                    m s

                              dt

                           d

                    m s

                                 dt

                           d

                    m

                                                                   + -

                                           -

                                                                          - -

                                   D

                                              = D - D

                                   D

                                              = D + D - D

                                   D

                                                    = D - D

                                 2

                                      2

                                                     0 .

                                         n

                               dt

               ì

               ï

               ï

               ï

               ï

               ï

               ï

               ï

               í

               ï

               ï

               ï

               ï

               ï

               ï D

                                               =

               ï

               î

( 45 )

              The given vibr ations ar ise in an elast ic system at the co n dit ion

                           ( )

               cos 2 1 0 ,

                                                         p

                                   n t

                                        - = ( 46 )

                                           ( )

                                                 ( )

2

                                               2 1

 where  arcsin arcsin .

                                            2 2 1 4

                               p

                                                    p m

                                                         n s

                                                                      p w

                          t b

                                                         -

                                    = = =

                                                               -

              Proceeding fro m (46), the natural frequencies are determined by the expre s s io n

                                                                  ( )

                                                                         ( )

( )

                                                                      2 1
                                         4

                                                   sin ; 1, 2, 3, ... 1 ,

                                                                    2 2 1

                       p

                                                                           p
                                             s

                                                                                                                    p n

                                          m n

                                                                                             p

                w

                                                              é ù
                                                                                 -

                            = = -
                                                              ê ú

                                                                                      -

                                                              ë û

 ( 47 )

                                                       Fig. 6. The typical vibrat ions in the per iodical regime in an ideal finite

                                                       ho mogeneous elast ic lumped line with the r igidly fixed end under the

                                                       external lo ngitudinal har monic force acting on the first line element.

                                                       Parameters of the line: m = 0,01 kg;  s  = 100 N/m; a  = 0,01 m; n = 8; F

0

                                                       = 0,3 N; f

                                                                                           = 15 Hz

F ( t )

F ( t )

t

Materials. Technologies. Tools

S.B. Karavashkin 12

and the equation o f vibrat ion has the for m

                                                       ( )

                                                   ( )

                                      sin 2

                                                                                                     .

                                   sin 2 1

                                                                                p j t

                     i

                                                                             p

                                 A n i

                                                                                      e

                                                       n

                                                                                            w

                                                                           t

                                                                        t

                                                                -

               D =

                                                            -

( 48 )

              In compar ison wit h the line having an unfixed end, in the presented solut ions the substantial changes

really have taken place, though the block structure in the form o f ratio of trigono metric funct ions has r e -

tained.

              For the forced  vibrat ions, the changes concer n to the resonance frequency, because the condit ions of

its r ise gained the for m

               ( )
                  2 1 .

                                                       2

                       n p

                                                     p

                                        t p

                            - = + ( 49 )

The same for the condit ions determining the a m plitude minimum:

               ( )
                  2 1 .

                      n p

                                        t p

                            - = ( 50 )

              It fo llows fro m the condit ions (49) and (50) that due to fixing one of the line ends, in the amplitude

dependence  with respect to t the maximums and minimums shift took place, and not by a quarter of a

per iod, as one could expect, but some more, because on the left parts of these expressio ns we see the

value

                      ( )
                          2 1

                              n t

                                   - , not
                                                                          2

                                                                              n

                                                                                 t
                                                                                        , as it was in (14) and (15). This differ ence disappears as the number of line

elements growing and as the gradual transit ion to the distributed line. When reverse transit ion, this diffe r -

ence is non-restored.

              For free  vibrat ions, the amplitude dependence on the mode number is determined by the condit ions

which we can set up after the fo llowing transfor mat ion of the amplitude part of s o lut ion (48), noting (46):

                                          ( )

                                       ( )

                      sin 2

                      sin 2 1

                                                                        p

                                                                 p

                A n i

                                          n

                                                                   t

                                                            t

                                                   -

                                  é ù
                                  ë û

                                                                              =

                                                -

                                            ( ) ( ) ( )

                                                                                                       ( )

                                                     ( ) ( )

                                                                                                    ( )

( ) ( )

( )

( )

( )

                                               2 1 2 1 2 1 2 1 2 1

                             sin cos

                                                          2 2 2 1 2 2 1

.

                                                        2 1 2 1 2 1

                                     sin cos

                                                                   2 2 2 1 2 2 1

                                                     p i p i p

                       A A

                                                                                                               n n

                                                             p p p

                                                                                                            n n

                                                                       p p p

                                                                               p p p

                                        é ù é ù
                                                           - - - - -

                                                                               -
                                        ê ú ê ú

                                                                                                                     - -
                                        ë û ë û

               = =

                                                 é ù é ù
                                                                   - - -

                                                                                       -
                                                 ê ú ê ú

                                                                                                                 - -
                                                 ë û ë û

( 51 )

              The obtained expressio n (51) shows that as the number of mode pincreases the deno minator of the

expressio n decreases similar ly to (33). It means, the amplitude o f free v i br at ions, the same as in a free-

end line, increases monotonously wit h the increasing mode number and reaches the maximum at

max
p ,

but for a lumped line it never reaches an inf i nite value.

              To complete this analysis, make certain that the presented expressio ns are the solut ions. It is simple to

do so by their direct subst itution to any related equation of the modelling systems, by analogy wit h the

above models. For example, subst itute (48) to the last but one equation of (45). We yield:

12

for the left part

                                                                            ( )

                                                                   2
                            2

                                          1

                                    2

                                                                                  sin 2

,

                                                            sin 2 1

                                                                                                     p j t
                                    n

                                                                                                      p

                                                                      mA
                       d

               m e

                             dt n

                                                                                                                  w

                                                            w t

                                                                                                 t

                                       -

                               D

                                               = -

                                                                                     -

( 52 )

and for the r ight one

                    ( )

                                                                                           ( )

( )

                                  2 1

                                             2 sin 4 2 sin 2

                                                                           sin 2 1

                                                                                                     j t

                             n n p p

                                                                                                                     p

                                                                                       sA e

               s

                                                                                              n

                                                                                                       w

t t

                                                                                                                t

                               - -

                       D - D = - =

                                                                                                    -

Volume 4 (1999), No 4, pp. 5-13

Solutions for finite elastic lumped lines 13

                                         ( )

                                                                          ( )

( )

2
                      2 sin 2 2

                                                                              cos 2 1 .

                         sin 2 1 sin 2 1

                                                                  j t

                                                        p p j t

                                                                                                  p

                                                                   p p

                           sA e mAdin

e

                                            n n

                                                                   w

w

                                                  t w t

                                                                                             t

                                                              t t

               = - = -

                                                  - -

( 53 )

              As wee see, (48) quite simply sat isfies the inco mplete differential equat ion of (45) descr ibing a finit e

fixed-end line, the same as (32) satisfied the differential equat ion of the system (29) for a finite unfixed-

end line.

              4.  Comple te ness of the obtaine d solutions

              In the present paper, the same as in [1], we gave the solut ions for two types of finite lines that cover

the ent ire range of frequencies and descr ibe both forced and free vibrat ions. All given so lut ions are exact

and sat isfying the related systems of different ial equations. This corroborates the completeness and

exactness of the presented solut ions, as well as the method abilit y to invest igate vibr ation processes not

only for infinit e but also for finite ho mogeneous elast ic lines.

              5. Validity to use a distribute d line as an analogue

              Analys ing the exact analyt ical so lutions for two presented finite lines, we practically did not consider

the pattern of vibrat ion process, since this is much alike the convent ional concept. But there are some

dist inct ions.

              For example, one usually thinks that if an elast ic line end was free, the end element bunching

displacement takes place, and if the end was r igidly fixed, one will see a node, but as for displacement

bunching, there will be so me difficult ies connected with the obtained exact solutions. In the view of the

fir st ( i =1) and last ( i = n ) line elements vibrat ion, fro m the expressio n (33) determining the free vibrat ions

amplitude for a line with unfixed ends, we yield the fo llowing expressio ns for the amplitude: for i =1

                    max

                                             cos( / 2 )

                                                                                                       ,

                                          cos( / 2 )

                                       A p n

                A A

                                                         p n

                                                                p

                                                             p

                               = =
       ( 54 )

which is quite natural, proceeding fro m the statement of the given problem, and for i = n

                                                         [ ]

                    max

                                             cos ( 2 1) / 2

                                                                                                             .

                                                    cos( / 2 )

                                       A n n

                A

                                                                   p n

                                                                                    p

                                                                      p

                                                                         -

                               = ( 55 )

It means that for the last line element the amplitude is some less than the value corresponding to the

bunching displacement. And the difference vanishes as one transits to a distr ibuted line.

        Generally, the shown difference between the lumped and distributed lines is t ypical. Before, in that

number in [1], we noted it, when considered the phase delay t being basic in the view of the line

vibration pattern exact descr iption. This all evidences that if we strive to describe the processes exact ly,

then generally it would be incorrect to use a distr ibuted line as the basic model analogous for that lumped.

The more that the shown difference is not limited to the phase and amplitude deviat ions but reflect in the

vibration pattern itself.

              5.  Conclusions

              The carr ied out invest igat ion has revealed the essent ial drawbacks in the known so lut ions for 1D

elast ic lines, because of which one cannot think these solut ions cover ing for finite lines.

              The exact analyt ical so lut ions obtained by the presented original method show that in general case in

a finite ideal elast ic line, the same as in that infinite, three vibrat ion regimes take place, and they

essent ially differ in their properties. The periodical  regime t ypically produces a standing non-damping

wave. The aperiodical  regime makes the vibrat ion process damping alo ng the ent ire line in which the

neighbour ing elements vibrate in ant i-phase. In dist inct ion from infinite lines, the critical regime is

character ised by vibrat ion process damping alo ng the ent ire line, with the ant i-phase vibr ation of the

neighbour ing elements. But unlike the aper iodical regime, the element-to-element damping occurs not as

the power-type but as the linear regular it y. All revealed vibrat ion regimes are different  forms of the

Materials. Technologies. Tools

S.B. Karavashkin 14

general so lut ion, which completely ho lds true the validit y of theorem of uniqueness of so lution of

different ial equat ion. In finite lines the revealed regimes are inherent only in forced vibrat ions. Free

vibrations can exist only in the band of per iodical regime.

13

              Analys ing the structure of the obtained exact solutions, we have revealed that they contain specific

summands and mult iplier s enabling each so lut ion to satisfy at the same time a few t ypes of different ial

equations being a part of the modelling system. For finite lines, the solutions have general structure ˘ a

ratio of trigono metric functions as sines and cosines whose arguments depend on the line length and

parameters, on the frequency of vibr ation process and on the element locat ion in the line. The

completeness of obtained so lut ions is determined by the fo llowing way. On one hand, their assemblage

satisfies both ho mogeneous and heterogeneous systems of the modelling equat ions; and on the other

hand, the solut ions cover the ent ire range of frequencies fro m zero to infinit y.

              For free vibrat ions in a finite line, there is t ypical the discrete frequency band o f per missible

vibrations in which the vibrat ion amplitude increases monotonously as the mode number increases, but in

lumped lines never reaches the infinite value. As opposed, with forced vibrat ions in a finite line, as the

frequency increases the amplitude mult iply reaches the infinite value but never vanishes, and the vibr ation

spectrum is cont inuous. With it the values of per missible frequencies of free vibr ations coincide with the

values of resonance frequencies for forced vibrat ions, and the block structure of solut ions is the same.

              For finite lumped unfixed-end lines, the last element vibrat ion amplitude is not maxima l, as it is

convent ionally thought. Its value is shift ed by the angle t. When transit ing to distributed lines, this

difference disappears. In this connection finite lumped lines cannot be correctly modelled by distributed

lines, because with the limit ing process a number of features disappears and is non-restored with the

reverse transit io n.

              References :

              1
                   . Karavashkin, S.B. Exact analytical solution on infinite one-dimensional elastic lumped-parameters

              line vibration . Materials, Techno logies, Tools. The Journal of Nat ional Academy o f Sciences o f B e -

              larus, v.4, 1999, #3, pp.15-23 (Russian)

               2. Pain, H.J. The Physics of Vibrations and Waves.  Mir, Moscow, 1979; 389 pp. (Russian; fro m

              edit ion: John Wiley and Sons, Ltd. London ˘ New York ˘ Sydney ˘ Toronto, 1976)

              3. Kr ylo v, A.N. On some differential equations of mathematical physics . MGITTL, 1950; 368 pp.

              (Russian)

              4.  Savin, G.N., Kiltchevsky, N.A. and Putyata, G.V. Theoretical mechanics.  Gostechizdat, Moscow, 1963;

              610 pp. (Russian)

              5. Olkhovsky, I.I. The Course of theoretical mechanics for physicists.  Nauka, Moscow, 1970; 447 pp.

              (Russian)

              This paper was submitted on 21.06.99.

              Ó  S.B.Karavashkin, 1999.