Localization transition of (d + 1)-friendly walkers

Hideki Tanemura and Nobuo Yoshida Chiba University and Kyoto University

Abstract

Friendly walkers is a stochastic model obtained from one-dimensional simple random walks { ~S^k_n}_{n≥0}, k = 1, 2, . . . , d + 1 by introducing “noncrossing condition”: ~S^1_j ≥ ~S^2_j ≥ . . . ≥ ~S^{d+1}_j , j = 1, 2, . . . , n and “reward for collisions” characterized by parameters β_1, . . . , β_d ≥ 0. Here, the reward for collisions is described as follows. If there are exactly m collisions at time j, i.e., m = ♯{1 ≤ k ≤ d : ~S^k_j = ~S^{k+1}_j } ≥ 1, then the probabilistic weight for the walkers increases by multiplicative factor exp(β_m) ≥ 1. We study the localization transition of this model in terms of the positivity of the free energy. In particular, we prove the existence of the critical surface in the d-dimensional space for the parameters (β_1, . . . , β_d).

AMS 2000 subject classifications. 82B41, 82B26, 82D60, 60G50, Key words and phrases. Random walks, random surfaces, lattice animals, Phase transitions, Polymers, random walks.

Contents

1 Introduction 2 1.1 The model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Preliminaries 8 2.1 A reformulation of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.2 The free energy of small excursions . . . . . . . . . . . . . . . . . . . . . . . . . 9

3 Proof of Theorems 11 3.1 Proof of Theorem 1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.2 Proof of Theorem 1.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

4 Proof of Lemmas 13 4.1 Proof of Lemma 3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 4.2 Proof of Lemma 3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 4.3 Proof of Lemma 3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

5 Concluding remarks 20

1 Introduction

1.1 The model

Friendly walkers is a stochastic model studied mainly by physicists in connection with the Domany-Kinzel model, directed percolation, wetting and various other models; See [2, 5, 6] and references therein. Roughly speaking, the (d+1)-friendly walkers (of the length n) is obtained from one-dimensional simple random walks { ~S^k_n}_{n≥0}, k = 1, 2, . . . , d + 1 by introducing the following additional rules:

• Non-crossing condition; the walkers are conditioned to preserve the order ~S1_j ≥ ~S2_j ≥ . . . ≥ ~S^{d+1}_j , j = 1, 2, . . . , n. • Reward for collisions; if there are exactly m collisions at time j, i.e., m = ♯{1 ≤ k ≤ d : ~S^k_j = ~S^{k+1}_j } ≥ 1, then the probabilistic weight for the walkers increases by multiplicative factor exp(β_m) ≥ 1.

By the non-crossing condition, the walkers repel each other to avoid violating the order. On the other hand, the reward for collisions introduces an attractive interaction among the walkers, which encourages the walkers to stay close.

Our formulation of this model is based on a (d + 1)-dimensional random walk ( ~S_n, ~P^x_d ) such that the coordinates { ~S^k_n}_{n≥0}, k = 1, 2, . . . , d + 1, are independent simple random walk on Z. To be consistent with the non-crossing condition and to ensure the possibility of collisions, we always take the starting point x from the set;

Z^{d+1}_≥^{def.}= {x = (x^j )^{d+1}_{j=1} ∈ Z^{d+1} ; x^j − x^{j+1} 2 ∈ N, j = 1, . . . , d}, (1.1) where N = {0, 1, 2, . . . }. We will refer to the number d as the “dimension” of the model. For β = (β_1, β_2, . . . , β_d) ∈ [0, ∞)^d, the reward for collisions at time n is defined by;

χ_n(β) = β_m, if ♯{1 ≤ k ≤ d : ~S^k_n = ~S^{k+1}_n } = m ≥ 1 0 if ♯{1 ≤ k ≤ d : ~S^k_n = ~S^{k+1}_n } = 0.

(1.2)

We then define

β_1 β_2

β_1

S̃1S̃1

S̃3 S̃2 β_1 β_1

Figure 1: An example of 3-friendly walkers.

L_n(β) = n−1∑ j=0 χ_j(β), n ≥ 1, (1.3) z_{n,d}(β) = exp(L_n(β))1{ ~S_j ∈ Z^{d+1}_≥ , j = 1, 2, . . . , n}, n ≥ 1, (1.4) z_{0,d}(β) = 1, (1.5) where 1{· · · } denotes the indicator function.

In this paper, we are concerned with the existence and the the positivity of the free energy:

ψ_d(β) = lim_{n→∞} 1 n ln Z^x_{n,d}(β), (1.6)

where Z^x_{n,d}(β) is the partition function^1 :

Z^x_{n,d}(β) = ~P^x_d [z_{n,d}(β)]. (1.7)

For d = 1, it is known [3, 4] that

ψ_1(β_1) =

0, if β_1 ≤ ln^4_3 , ln{^{eβ1}_4 (1 + √_{eβ1} e^{β1} −1 )} > 0, if β1 > ln 4 3 . (1.8)

So, we are mainly concerned with the higher dimensional case: d ≥ 2.

The system is said to be localized if ψ_d(β) > 0 and delocalized if ψ_d(β) = 0. Plausibility of this terminology might be explained as follows. Consider a probability measure μ^x_n, x ∈ Z^{d+1}_≥ , defined by μ^x_n(dω) = 1 Z^x_{n,d}(β) ~P^x_d [z_{n,d}(β) : dω]. (1.9)

We look at the paths under this probability measure. Then, as is usual the case with models in statical mechanics, we see competition of energy (=−L_n, in this case) and entropy.

• The strategy for walkers to minimize the energy (i.e., maximize the reward) is to travel together, so that they can collect as much reward as possible. In this case, the “width” ~S^{d+1}_n − ~S^1_n of the group of walkers should remain small as n ↗ ∞ (localization). On the other hand, this strategy lowers the entropy considerably, and therefore, can be optimal only when β_j’s are large so that the gain in energy exceeds the loss in entropy.

• The entropy is maximized when the walkers travel separately as they would do if β_j ≡ 0, with only a small number of collisions which can be ignored

1In the sequel, we often omit the subscript d when we deal with a generic dimension d.

in a macroscopic scale. In this case, the “width” ~S^{d+1}_n − ~S^1_n should diverge as n ↗ ∞ (delocalization). On the other hand, this strategy does not let the walkers pick up much reward, and therefore, can be optimal only when β_j’s are small so that the gain in entropy makes up the loss in energy.

Then problem now is to determine which strategy becomes “typical” depending on the choice of β_j’s. The answer to this question is believed to be given by the positivity of the free energy mentioned above. In fact, Isozaki and Yoshida [4] prove for d = 1 the following;

• For β_1 > ln(4/3), the profile of the width ( ~S^2_k − ~S^1_k )^n_{k=1} remains bounded and converges to an exponentially mixing Markov chain.

• For β_1 ≤ ln(4/3), the width ( ~S^2_k − ~S^1_k )^n_{k=1} diverges like √ n, and, if properly scaled (i.e., divided by √ n), converges to Brownian meander if β_1 < ln(4/3) and to reflecting Brownian motion if β_1 = ln(4/3).

For d ≥ 2, our knowledge of the localization transition is in much more primitive stage, i.e., at the level of the free energy rather than the pathwise description. However, the results in this paper provide fairly precise information about when localization should occur.

1.2 Main Results

The main result of this paper is the following theorem. We introduce an event

Δ_n = { ~S^1_n = ~S^2_n = . . . = ~S^{d+1}_n }

and its partition function

Z^{x,0}_{n,d}(β) = ~P^x_d [z_{n,d}(β) : Δ_n]. (1.10)

Theorem 1.1 For d ≥ 2 and β = (β_1, β_2, . . . , β_d) ∈ [0, ∞)^d, the following limits exsit and are independent of x ∈ Z^{d+1}_≥ ;

ψ_d(β) = lim_{n→∞} 1 n ln Z^x_{n,d}(β), ψ^0_d(β) = lim_{n→∞} 1 n ln Z^{x,0}_{n,d}(β). (1.11)

Moreover, these limits are related as;

ψ_d(β) = max_{1≤k≤d} ψ^0_k(β). (1.12)

Although ψ_k and ψ^0_k, 1 ≤ k ≤ d are functions of (β_1, β_2, . . . , β_k), we often regard them as functions of β = (β_1, β_2, . . . , β_d).

Let us now turn to the positivity of the free energy. For higher dimensions, we have a set of thermodynamic parameters (β_1, . . . , β_d), so that we should have a critical surface in d-dimensional space of the paramerters. To describe the critical surface, we introduce;

W_{n,d}(β_1, . . . , β_{d−1}) = ~P^0_d [z_{n,d}(β_1, . . . , β_{d−1}, 0) : Δ^c_1 ∩ . . . ∩ Δ^c_{n−1} ∩ Δ_n],(1.13) ^W_{1,d}(β_1, . . . , β_{d−1}) = ∑ n≥1 W_{n,d}(β_1, . . . , β_{d−1}) ∈ (0, ∞]. (1.14)

Theorem 1.2 Define a concave, decreasing function β^{crit}_d : [0, ∞)^{d−1} −→ [−∞, ∞) by

β^{crit}_d (β_1, . . . , β_{d−1}) = ln^4_3 , if d = 1, − ln ( ^W_{1,d}(β_1, . . . , β_{d−1}) ) ∈ [−∞, ∞) if d ≥ 2. (1.15)

Then, it enjoys the following properties; (a) β^{crit}_d (β^∗_1 , . . . , β^∗_{d−1}) ≥ β^∗_d , where β^∗_j = ln

2^{j+1} j + 2

> 0 j = 1, 2, . . . . (1.16)

(b) ψ^0_d(β_1, . . . , β_d) > 0 if and only if β_d > β^{crit}_d (β_1, . . . , β_{d−1}).

(c) ψ_d(β_1, . . . , β_d) > 0 if and only if β_k > β^{crit}_k (β_1, . . . , β_{k−1}) for some k = 1, . . . , d. Remark 1.1 Part (a) of the above theorem can be made more precise;

β^{crit}_d (β^∗_1 , . . . , β^∗_{d−1}) { = β^∗_d if d = 1, 2, > β^∗_d if d ≥ 3.

β^{crit}_2 (β_1) ln2

β_1 β_2

ln^4_3 delocalized

Figure 2: The delocalized phase for 3-friendly walkers.

The proof is based on the following observations. If β = (β^∗_j )^d_{j=1}, then the measure (1.9) defines a reversible Markov chain which is recurrent for d = 1, 2 and is transient for d ≥ 3.

Consider now a special case β_k = kβ_1, k = 1, . . . , d. Then we get the “friendly walkers” in the sense of [5] (with p = exp(−β_1) and τ = 1 in notations there), for which we have the following. Corollary 1.1 ψ_d (β_1, 2β_1, . . . , dβ_1) > 0 if and only if β_1 > ln(4/3). (1.17) Proof. The “if” part follows immediately from Theorem 1.2 (c). Suppose that β_1 ≤ β^∗_1 . Since β^∗_k > kβ^∗_1 ≥ kβ_1, we see that β^{crit}_d (β_1, 2β_1, . . . , (d − 1)β_1) ≥ β^{crit}_d (β^∗_1 , . . . , β^∗_{d−1}) ≥ β^∗_d > dβ_1, and hence that ψ_d (β_1, 2β_1, . . . , dβ_1) = 0. □

2 Preliminaries

2.1 A reformulation of the model

Our original formulation of the friendly walkers was based on a (d+1)-dimensional random walk conditioned to stay below diagonal. We now explain that the model can be reformulated in terms of a d-dimensional nearest neighbor random walk conditiond to stay in the first quadrant N^d . Define a map Θ_d : R^{d+1} −→ R^d by

Θ_d(y^1, y^2, . . . , y^{d+1}) = ( y^1 − y^2 2 , y^2 − y^3 2 , . . . , y^d − y^{d+1} 2 ). Then the non-crossing condition reads:

S_j = (S^1_j , S^2_j , . . . , S^d_j ) = Θ_d ~S_j ∈ N^d , j = 1, 2, . . . , n. (2.1)

It is often convenient to look at this d-dimensional nearest neighbor random walk S_·, rather than ~S_· itself. We denote^2 by P^x_d the law of the d-dimensional random walk S_· starting from x. The transition function of S_· can be described as follows. Let R_d be the set of points x = (x_1, x_2, . . . , x_d) ∈ {−1, 0, 1}^d satisfying ℓ∑ j=k x_j ∈ {−1, 0, 1}, 1 ≤ k < ℓ ≤ d. (2.2)

The transition function p(x, y) of the random walk {S_j }_{j≥0} is given by

p(x, y) = 2^{−d}, if y = x 2^{−d−1}, if y − x ∈ R_d \ {0}, 0, otherwise.

(2.3)

Recall that the random variable z_{n,d} is a function of differences ( ~S^{k+1}_· − ~S^k_· )^{d+1}_{k=1}. We can therefore regard z_{n,d} as a function of S_·, so that we have Z^x_{n,d} = P^{Θd(x)}_d [z_{n,d}], x ∈ Z^{d+1}_≥ . 2We often omit the subscript d when we deal with a generic dimension d.

1/8 1/8

1/8

1/8 1/8

1/8 1/4

Figure 3: The transition function p(0, ·) for d = 2.

2.2 The free energy of small excursions

Lemma 2.1 (a) The following upper and lower limits are independent of x ∈ Z^{d+1}_≥ ;

ψ_d(β)^{def.}= lim sup_{n→∞} 1 n ln Z^x_{n,d}(β), lim inf_{n→∞} 1 n ln Z^x_{n,d}(β) (b) The following limit exists and is independent of x ∈ Z^{d+1}_≥ ;

ψ^0_d(β) = lim_{n→∞} 1 n ln Z^{x,0}_{n,d}(β). (2.4)

Proof. (a) We set Z^{x,y}_n = P^x[z_n : S_n = y] in this proof. Take x, y ∈ N^d , then

R^x_m^{def.}= {z ∈ N^d ; Z^{x,z}_m > 0} ∋ y for some m ≥ 1.

If n > m, we have

Z^x_n = ∑ z∈R^x_m Z^{x,z}_m Z^z_{n−m}

≥ ( min_{z∈Rxm} Z^{x,z}_m ) Z^y_{n−m} and therefore,

lim sup n→∞ 1 n ln Z^x_n ≥ lim sup_{n→∞} 1 n ln Z^y_n lim inf_{n→∞} 1 n ln Z^x_n ≥ lim inf_{n→∞} 1 n ln Z^y_n.

(b)The same calculation as above proves that the following upper and lower limits are independent of x ∈ Z^{d+1}_≥ ; lim sup n→∞ 1 n ln Z^{x,0}_{n,d}(β), lim inf_{n→∞} 1 n ln Z^{x,0}_{n,d}(β). Therefore, it is enough to consider the case of x = 0, in which the existence of the limit is guaranteed by the superadditivity; Z^{00}_{n+n}′ (β) ≥ Z^{00}_n (β)Z^{00}_n′ (β), n, n^′ ≥ 1. (2.5) □ We set ^W_s(β) = ∑ n≥1 s^nW_n(β), ^Z^{00}_s (β) = ∑ n≥1 s^nZ^{00}_{n,d}(β). (2.6) Then we show the following lemma. Lemma 2.2 ^Z^{00}_s (β) = ∑ m≥1 [e^{βd} ^W_s(β)]^m. (2.7) In particular, ψ^0_d(β) is characterized by the relation; exp ( −ψ^0_d(β) ) = sup{s : e^{βd} ^W_s(β) < 1}. (2.8) Proof. We set η^0 ≡ 0 and η^j_0 = inf{k > η^{j−1}_0 : S_k = 0}, j ≥ 1. We then have that W_n(β) = P^0[z_{n,d}(β_1, β_2, . . . , β_{d−1}, 0) : η^1_0 = n], (2.9) and hence by the Markov property that

Z^{00}_n (β) = P^0[z_n(β) : S_n = 0] = n∑ m=1 ∑ 0<i_1<···<i_{m−1}<n P^0[z_n(β) : η^1_0 = i_1, η^2_0 = i_2, . . . , η^m_0 = i_m]

= n∑ m=1 e^{βdm} ∑ 0<i_1<···<i_{m−1}<n m∏ k=1 P^0[z_{ik −ik−1} (β_1, . . . , β_{d−1}, 0) : η_0 = i_k − i_{k−1}]

= n∑ m=1 e^{βdm} ∑ j_1,j_2,...,j_m≥1 j_1+j_2+···+j_m=n W_{j1} (β)W_{j2} (β) . . . W_{jm} (β), where we put i_0 = 0 and i_m = n. The desired equality (2.7) is now immediately obtained by computing the generating function of the right-hand-side. □ We introduce an event Θ_{n,M} = {S_n = 0, η^i_0 − η^{i−1}_0 ≤ M, 0 ≤ i ≤ τ_n} (2.10) and its partition function:

Z^{00}_n (β, M) = ~P^0_d [z_{n,d}(β) : Θ_{n,M} ], (2.11) where η^i_0, i ≥ 0 are stopping times defined in the proof of Lemma 2.2 and τ_n( ~S) = max{m : η^m_0 ≤ n}.

The event Θ_{n,M} can be understood as the “phase of small excursions”. The following lemma relates ψ^0_d (β) with Z^{00}_n (β, M). Lemma 2.3 ψ^0_d(β) = lim_{M→∞} lim_{n→∞} 1 n ln Z^{00}_{n,d}(β, M). (2.12) Proof. The first limit (in n) on the right-hand-side exists by the superadditivity while the second one (in M) by monotonicity. To identify the limit, take any c < ψ^0_d(β). Then, by Lemma 2.2, we can take a positive integer M(c) such that M(c)∑

n=1 e^{−cn}W_{n,d}(β)e^{βd} ≥ 1. (2.13) By the same procedure to show Lemma 2.2 we have lim_{n→∞} 1 n ln Z^{00}_{n,d}(β, M(c)) ≥ c. (2.14) This proves (2.12). □

3 Proof of Theorems

3.1 Proof of Theorem 1.1

We begin by presenting three lemmas, which the proof of Theorem 1.1 is based on. The proofs of these lemmas are postponed to Section 4.

For ℓ ≥ 0, we introduce an event Ξ^ℓ_n = {|S_j| > ℓ, 1 ≤ j ≤ n} and its partition function:

V^x_{n,d}(β) = P^x_d [z_{n,d}(β) : Ξ^ℓ_n]. (3.1) It is then easy to see that the following upper limit is independent of the choice of x ∈ {x ∈ N^d ; |x| ≥ ℓ}; φ^ℓ_d(β) = lim sup_{n→∞} 1 n ln V^x_{n,d}(β). (3.2) (c.f.the proof of Lemma 2.1) . φ^ℓ_d(β) can be understood as free energy for “a large excursion from 0 ∈ N^d ”. We then have the following lemma, which decomposes the free energy ψ_d(β) into the contribution from small excursions (i.e., ψ^0_d(β)) and that from a large excursion (i.e., φ^ℓ_d(β)). Lemma 3.1 ψ_d(β) = ψ^0_d(β) ∨ φ^ℓ_d(β), ℓ ≥ 0. (3.3) The next lemma says that the free energy for a large enough excursion is absorbed in those for lower dimensional subsystems. Lemma 3.2 Suppose that d ≥ 2. Then lim sup ℓ→∞ φ^ℓ_d(β) ≤ max_{1≤k≤d−1} ψ_k(β). (3.4) Lastly, we present the following Lemma 3.3 If 1 ≤ k ≤ d, then lim inf n→∞ 1 n ln ~P^0_d [z_{n,d}(β) : Δ_{n,k}] ≥ ψ^0_k(β), (3.5) where Δ_{n,k} = { ~S^1_n = . . . = ~S^{k+1}_n }.

Proof of Theorem 1.1: By Lemma 3.1 and Lemma 3.2, ψ_d(β) ≤ ψ^0_d(β) ∨ max_{1≤k≤d−1} ψ^0_k(β) = max_{1≤k≤d} ψ^0_k(β). (3.6) Combining Lemma 3.3 and the above, we have Theorem 1.1.

3.2 Proof of Theorem 1.2

(b): By (2.8), the positivity of ψ^0_d (β) is equivalent to that ^W_s(β) > exp (−β_d) for some s < 1. (3.7) On the other hand, we have by monotone convergence theorem that lim_{s↗1} ^W_s(β) = ^W_1(β) = exp ( −β^{crit}_d (β_1, . . . , β_{d−1}) ) . (3.8) If β_d > β^{crit}_d (β_1, . . . , β_{d−1}), then we see from (3.8) that (3.7) holds. Conversely, if (3.7) holds true, then ^W_1(β) > exp(−β_d), and hence β_d > β^{crit}_d (β_1, . . . , β_{d−1}). Since p(x, N^d )e^{β∗m} = 1 if ♯{k ∈ {1, 2, . . . , d} : x^k = 0} = m ≥ 1, it is not difficult to see that Z^x_n (β^∗_1 , . . . , β^∗_d ) = Z^x_1 (β^∗_1 , . . . , β^∗_d ) n ≥ 1 and hence that ψ_d(β^∗_1 , . . . , β^∗_d ) = 0. We therefore have β^∗_d ≤ β^{crit}_d (β^∗_1 , . . . , β^∗_{d−1}) by part (b).

(c): This follows from part (b) and (1.12). □

4 Proof of Lemmas

4.1 Proof of Lemma 3.1

We put D_n = {0 ≤ j ≤ n : |S_j| ≤ ℓ}, d_n = max D_n and k_{m,n} = 1{|S_{m+1}| > ℓ, |S_{m+2}| > ℓ, . . . , |S_n| > ℓ}, 0 ≤ m < n. Since for 0 ≤ m < n, z_n(β)1{d_n = m} = z_m(β)1{|S_m| ≤ ℓ}z_{n−m}(β)k_{m,n}, we have

Z^0_n(β) = P^0[ n−1∑ m=0 z_n(β)1{d_n = m} + z_n(β)1{d_n = n}]

= n−1∑ m=0 P^0[z_m(β), |S_m| = ℓ, P_{Sm} [z_{n−m} : Ξ^ℓ_{n−m}]] + P^0[z_n(β), |S_n| = ℓ].

We now set Z^ℓ_n(β) = P^0[z_n(β) : |S_n| = ℓ], V^ℓ_n(β) = max_{x∈Nd ,|x|=ℓ} V^x_{n,d}(β), V^ℓ_n(β) = min_{x∈Nd ,|x|=ℓ} V^x_{n,d}(β). We then have Z^0_n(β) ≤ n−1∑ m=0 Z^ℓ_m(β)V^ℓ_{n−m}(β) + Z^ℓ_n(β), (4.1)

Z^0_n(β) ≥ n−1∑ m=0 Z^ℓ_m(β)V^ℓ_{n−m}(β) + Z^ℓ_n(β), (4.2)

φ^ℓ_d(β) = lim sup_{n→∞} 1 n ln V^ℓ_n(β) = lim sup_{n→∞} 1 n ln V^ℓ_n(β), (4.3) ψ^0_d(β) = lim sup_{n→∞} 1 n ln Z^ℓ_n(β) (4.4) (c.f.the proof of Lemma 2.1) . The relation (3.3) is now clear from (4.1), (4.2),(4.3) and (4.4). □

4.2 Proof of Lemma 3.2

It is convenient to introduce the following notations; Z^{uni}_{n,d} (β) = sup x∈Z^{d+1}_≥ Z^x_{n,d}(β), (4.5) V^ℓ_{n,d}(β) = sup_{x∈Nd ,|x|≥ℓ} V^x_{n,d}(β). (4.6) It would be clear that the Lemma 3.2 is a consequence of the following two inequalities; lim_{ℓ→∞} lim sup n→∞ 1 n ln V^ℓ_{n,d}(β) ≤ lim sup_{n→∞} 1 n ln Z^{uni}_{n,d−1}(β), (4.7) lim sup n→∞ 1 n ln Z^{uni}_{n,d} (β) ≤ max_{1≤k≤d} ψ_k(β) (4.8) Proof of (4.7): We let ψ^{uni}_{d−1} denote the right-hand-side of (4.7) and take 0 ≤ s < exp(−ψ^{uni}_{d−1}). We will show that if ℓ is sufficiently large, then ^V^ℓ_{s,d}(β) = ∑ n≥1 s^nV^ℓ_{n,d}(β) < ∞, (4.9) which implies (4.7). We now define a sequence of stopping times σ^i, i ≥ 0 by σ^0 = 0 and σ^i = inf{n > σ^{i−1} ; S^d_n = 0}, i ≥ 1. By the Markov property, we have for any x with |x| ≥ ℓ that

V^{x,ℓ}_{n,d} (β) = P^x[z_{n,d}(β) : Ξ^ℓ_n] = P^x[z_{n,d}(β) : Ξ^ℓ_n, σ^1 > n] + n∑ m=1 ∑ 0<i_1<···<i_{m−1}≤n P^x[z_{n,d}(β) : Ξ^ℓ_n, σ^1 = i_1, · · · , σ^{m−1} = i_{m−1}, σ^m > n] = P^x[z_{n,d}(β) : Ξ^ℓ_n, σ > n] + n∑ m=1 ∑ j_1,j_2,...,j_m≥1 j_1+j_2+···+j_m=n

P^x[z_{j1} (β) : Ξ^ℓ_{j1} , σ = j_1, P^{Sj1} [z_{j2} (β) : Ξ^ℓ_{j2} , σ = j_2,

· · · P^{Sjm−2} [z_{jm−1} (β) : Ξ^ℓ_{jm−1} , σ = j_{m−1}, P^{Sjm−1} [z_{jm} (β) : Ξ^ℓ_{jm} , σ > j_m]]...]]. We put

U^ℓ_n(β) = max x∈N^d :|x|≥ℓ P^x[z_{n,d}(β) : Ξ^ℓ_n, σ > n], ^U^ℓ_s (β) = ∑ n≥1 s^nU^ℓ_n(β), W^ℓ_n(β) = max x∈N^d :|x|≥ℓ P^x[z_{n,d}(β) : Ξ^ℓ_n, σ = n], ^W^ℓ_s (β) = ∑ n≥1 s^nW^ℓ_n(β). We then have that

V^ℓ_n (β) ≤ U^ℓ_n(β) + n∑ m=1 ∑ j_1,j_2,...,j_m≥1 j_1+j_2+···+j_m=n W^ℓ_{j1} (β) . . . W^ℓ_{jm−1} (β)U^ℓ_{jm} (β),

and therefore that ^V^ℓ_s (β) ≤ ^U^ℓ_s (β) + ^U^ℓ_s (β) ∑ m≥1 ^W^ℓ_s (β)^m. (4.10)

Hence (4.9) is obtained from the following: ^U^ℓ_s (β) < ∞ and lim_{ℓ→∞} ^W^ℓ_s (β) < 1. (4.11) Consider now a projection map; x ∈ N^d → x = (x_j )^{d−1}_{j=1} ∈ N^{d−1} .

Note that P^x_d [z_{d−1,n}(β)] = P^x_{d−1}[z_{d−1,n}(β)] and that z_{n,d}(β) ≤ z_{n,d−1}(β) on the event {σ ≥ n}. Therefore, P^x_d [z_{n,d}(β) : Ξ^ℓ_n, σ > n] ≤ P^x_d [z_{d−1,n} : Ξ^ℓ_n, σ > n] ≤ Z^{uni}_{n,d−1}(β). This implies that ^U^ℓ_s (β) ≤ ∑ n≥1 s^nZ^{uni}_{n,d−1}(β). (4.12)

As for ^W^ℓ_s (β), we have ^W^ℓ_s (β) ≤ ∑ n≥^ℓ_d s^nZ^{uni}_{n,d−1}(β). (4.13)

by a similar calculation as above, together with an observation: P^x_d [z_{n,d}(β) : Ξ^ℓ_n, σ = n] = 0 if n < ℓ d . We now obtain (4.11) from (4.12),(4.13) and the choice of s. □

Proof of (4.8): We prove (4.8) by the induction on the dimension d. For d = 1, (4.8) can be obtained from [4, Lemma 4.2]. Suppose that we have (4.8) up to d − 1. Then, it follows from (4.7) and the induction hypothesis that lim_{ℓ→∞} lim sup n→∞ 1 n ln V^ℓ_{n,d}(β) ≤ max_{1≤k≤d−1} ψ_k(β). (4.14) On the other fand, it is not difficult to repeat the proof of Lemma 3.1 to see that ^Z^{uni}_{s,d} (β) ≤ ^V^ℓ_{s,d}(β) + ^V^ℓ_{s,d}(β) ^Z^ℓ_{s,d}(β) + ^V^ℓ_{s,d}(β)^2 ^Z^ℓ_{s,d}(β). (4.15) We now obtain (4.8) from (4.4), (4.14) and (4.15). □

4.3 Proof of Lemma 3.3

Lemma 4.1 For any ε > 0 and M > 0, there exists an L ≥ 1 such that ~P^0_d [z_{n,d}(β), Δ_n ∩ Λ_d(L, ε)] ≥ 1 2 Z^{00}_n (β, M), n > L, (4.16) where Λ_d(L, ε) = ∩_{j≥L}{ ~S^{d+1}_j > −εj}.

Proof. First we introduce spaces of (d+1)-dimensional finite paths W(n), W_+(n) n ≥ 1 defined by W(n) = { ~w = { ~w_j}^n_{j=1} : | ~w^i_j − ~w^i_{j−1}| = 1, 1 ≤ j ≤ n, 1 ≤ i ≤ d + 1, ~w^1_0 = ~w^i_0, ~w^1_n = ~w^i_n, 2 ≤ i ≤ d + 1}, W_+(n) = { ~w ∈ W(n) : ~w_0 = 0, Θ_d ~w_j ≠ 0, 1 ≤ j ≤ n − 1}.

For ~w^′ ∈ W(n_1) and ~w^{′′} ∈ W(n_2), n_1, n_2 ≥ 1, ~w^′ · ~w^{′′} represent the path in W(n_1 + n_2) defined by

( ~w^′ · ~w^{′′})_j = ~w^′_j, if 0 ≤ j ≤ n_1, ~w^′_{n1} + ~w^{′′}_{j−n1} − ~w^{′′}_0 , if n_1 ≤ j ≤ n_1 + n_2.

(4.17)

Suppose that η^m_0 [S_·] = n. Then we define ~w(i) ∈ W_+(η^i_0 − η^{i−1}_0 ), 1 ≤ i ≤ m as ~w_j(i) = ~S_ηi−1_{0 +j} − ~S_ηi−1_0 , 0 ≤ j ≤ η^i_0 − η^{i−1}_0 . (4.18) It is clear that ~S_j = ( ~w(1) · ~w(2) · · · ~w(m))_j , for 0 ≤ j ≤ n. We introduce the map r from W_+(n) to W_+(n) defined by (r ~w)_j = ~w_{n−j} − ~w_n, 0 ≤ j ≤ n, ~w ∈ W_+(n). (4.19)

(0,0)

(n, − ~w^1_n) r ~w

(n, ~w^1_n)

(0,0) ~w

Figure 4: Examples of ~w and r ~w.

For ξ ∈ {−1, 1}^m we define ~S^ξ inductively by

~S^ξ_j = ~S^ξ_{ηi−10} + ~w(i)_{j−ηi−10} , if η^{i−1}_0 ≤ j ≤ ηi_0, ξ(i) = 1, 1 ≤ i ≤ m, ~S^ξ_{ηi−10} + (r ~w(i))_{j−ηi−10} , if η^{i−1}_0 ≤ j ≤ ηi_0, ξ(i) = −1, 1 ≤ i ≤ m, ~Sξ_n + ~S_j − ~S_n, if j > n.

~w(1)

~w(3) ~w(2)

~S

~w(1) ~w(3) r ~w(2) ~Sξ

Figure 5: Examples of ~S and ~S^ξ, in the case that n = 3, ξ(1) = 1, ξ(2) = −1 and ξ(3) = 1.

Note that z_n(β)[ ~S_·] = z_n(β)[ ~S^ξ_· ], ξ ∈ {−1, 1}^m. (4.20) We put T_i( ~S) = ~S^1_{ηi0} − ~S^1_{ηi−10} . Then we see that T_i( ~S) = ~S^ℓ_{ηi0} − ~S^ℓ_{ηi−10} = ~w^ℓ(i)_ηi_{0−η}i−1_0 , 1 ≤ ℓ ≤ d + 1, and T_i( ~S^ξ) = ξ(i)T_i( ~S). (4.21) Hence,

~P^0_d [z_n(β) : Δ_n ∩ Λ_d(L, ε)] ≥^n ∑ m=1 ~P^0_d [z_n(β) : Λ_d(L, ε) ∩ Θ_{n,M,m}], (4.22) where Θ_{n,M,m} = Θ_{n,M} ∩ {τ_n = m}. Note that ~S ∈ Θ_{n,M,m} ⇐⇒ ~S^ξ ∈ Θ_{n,M,m} and therefore that the right-hand-side of (4.22) equals n∑ m=1 1 2^m ∑ ξ∈{−1,1}^m ~P^0_d [z_n(β) : { ~S^ξ ∈ Λ_d(L, ε)} ∩ Θ_{n,M,m}].

If η^i_0 − η^{i−1}_0 ≤ M, 0 ≤ i ≤ τ_n = m, then

( ~S^ξ)^{d+1}_j ≥ τ_j∑

i=1 ξ(i)T_i( ~S) − M, L ≤ j ≤ n. Thus

~P^0_d [z_n(β) : Δ_n ∩ Λ_d(L, ε)] ≥^n ∑ m=1 ~P^0_d [z_n(β)ρ_{L,m}( ~S) : Θ_{n,M,m}]. (4.23)

where ρ_{L,m}( ~S) = 1 2^m ∑ ξ∈{−1,1}^m 1{ τ_j∑

i=1 ξ(i)T_i( ~S) > −εj + M, L ≤ j} Since m ≥^n_M , τ_L ≥^L_M and ∑_j i=1 ξ(i)T_i( ~S) is a mean-zero martingale with bounded increments, we can use Azuma’s inequality [1, page85] to have a constant L, independent of ~S and m such that ρ_{L,m}( ~S) ≥ 1 2 (4.24) We now obtain (4.16) by plugging (4.24) into (4.23). □

Proof of Lemma 3.3: We may assume that k ≤ d − 1. For ε ∈ (0,^1_{2d} ) we define q_1, q_2, . . . , q_{d+1} ∈ (0, 1) by

q_i = 1 2 , 1 ≤ i ≤ k + 1, q_i = 1 2 − (i − k − 1)ε, k + 2 ≤ i ≤ d + 1, We then consider independent random walks { ~S^i_n}_{n≥0}, i = 1, 2, . . . , d + 1, whose transition functions are give by

q^i(x, y) = q_i, if y = x + 1, 1 − q_i, if y = x − 1, 0, otherwise,

(4.25) i = 1, 2, . . . , d + 1. We let ~P_{d,ε} denote the law of the d + 1-dimensional random walk ~S_· = ( ~S^i_· )^{d+1}_{i=1} . We see from a simple comparison of the transition probability that ~P^0_d [A] ≥ (1 + 2dε)^{−nd} ~P^0_{d,ε}[A]

for any A ∈ σ[ ~S_1, . . . , ~S_n]. Hence, to prove Lemma 3.3 it is enough to show that

lim inf n→∞ 1 n ln ~P^0_{d,ε}[z_{n,d}(β) : Δ_{n,k}] ≥ ψ^0_k(β), for any ε ∈ (0, 1/2d). (4.26) To do so, take any M ≥ 1 and then L = L(M) ≥ 1 by Lemma 4.1 so that ~P^0_k [z_{n,k}(β) : Δ_{n,k} ∩ Λ_k(L, ε)] ≥ 1 2 Z^{00}_{n,k}(β, M), n > L. We put Γ_k(L, ε) = ∩_{j≥L}{ ~S^{d+1}_j < ~S^d_j < · · · < ~S^{k+2}_j < −εj}. By the independence of ~S^i, i = 1, . . . , d + 1 and the definition of z_{n,d}(β), we have ~P_{d,ε}[z_{n,d}(β)] ≥ ~P_{d,ε}[z_{n,d}(β), Γ_k(L, ε) ∩ Δ_{n,k} ∩ Λ_k(L, ε)] = ~P^0_{d,ε}[Γ_k(L, ε)] ~P^0_k [z_{n,k}(β) : Δ_{n,k} ∩ Λ_k(L, ε)] ≥ C(L) ~P^0_k [z_{n,k}(β) : Δ_{n,k} ∩ Λ_k(L, ε)] ≥^1_2 C(L)Z^{00}_{n,k}(β, M). (4.27) where C(L) = ~P^0_ε [Γ_k(L, ε)] > 0. We therefore have that

lim inf n→∞ 1 n ln ~P^0_{d,ε}[z_{n,d}(β) : Δ_{n,k}] ≥ lim_{n→∞} 1 n ln Z^{00}_{n,k}(β, M) (4.28) By Lemma 2.3, the desired inequality (4.26) is now obtained by letting M → ∞ in (4.28). □

5 Concluding remarks

In this section we discuss the asymptotic behavior of the friendly walkers as t → ∞. By virtue of Theorem 1.1 we can consider the following phases D_k, k = 1, . . . , d + 1: D_1 = {β ∈ [0, ∞)^d : ψ_d(β) = 0},

D_k = {β ∈ [0, ∞)^d : ψ^0_{k−1}(β) > ψ^0_j (β), 1 ≤ j ≤ d, j ≠ k − 1}, k = 2, 3, . . . , d+1. The phase D_1 is the delocalized phase, the phase D_k is that of k-walkers collision, for k = 2, 3, . . . , d + 1, and the complement of ∪^{d+1}_{k=1}D_k is the region of critical values. We call D_{d+1} the completely localized phase, and D_k, k = 2, 3, . . . , d intermediate phases. For example, the 3-friendly walkers could have the following three phases:

• (The delocalized phase D_1) The walkers collide finitely many often and the each width between two walkers diverges.

• (The intermediate phase D_2) Two of three walkers collide infinitely many often but the other walker does collide finitely many often.

• (The completely localized phaseD_3) Three walkers collide together infinitely many often.

(1) (2) (3) Figure 6: Examples of trajectories of 3-friendly walkers in (1) the delocalized phase, (2) the intermediate phase, and (3) the completely localized phase. Define functions ^β^{crit}_j : [0, ∞)^{j−1} −→ [−∞, ∞), j = 2, 3, . . . , d by ^β^{crit}_j (β) = ^β^{crit}_j (β_1, . . . , β_{j−1}) = − ln ( ^W_{e−ψj−1(β),j}(β_1, . . . , β_{j−1}) ) , where ^W_{s,j}(β_1, . . . , β_{j−1}) = ∑ n≥1 s^nW_{n,j}(β_1, . . . , β_{j−1}), s > 0. It is obvious that ^β^{crit}_j (β) = β^{crit}_j (β), if ψ_{j−1}(β) = 0, (5.1) and β ∈ D_k if and only if β_{k−1} > ^β^{crit}_{k−1}(β), β_j < ^β^{crit}_j (β), k ≤ j ≤ d, (5.2) for 2 ≤ k ≤ d − 1, β ∈ D_{d+1} if and only if β_d > ^β^{crit}_d (β). (5.3) Therefore, the phase diagram can be determined by the functions ^W_e−ψ_{k−1}(β)_{,k}(β), k = 2, 3, . . . , d. For instane, the intermideate phase D_k would not exist if ^W_{e−ψk−1(β),k}(β) = ∞, for any β with ψ_{k−1}(β) > 0.

Acknowledgement: The authors thank Professor Makoto Katori for pointing out physical relevant of the problem and helpful discussions. The first author thanks Professor John Cardy for his valuable comments at the seminar.

References

[1] Alon,N., Spencer, J. H., Erdös, P.: “The probabilistic method” John Wiley & Sons (1992). [2] Cardy,J., Colaiori,F.: Directed percolation and generalized friendly walkers Phys. Rev.

Lett. 82 No. 11, 2232-2235, (1999).

[3] Fisher, M. E. : Walks, walls, wetting, and melting, J. Stat. phys.34, Nos 5/6, 667-729, (1984).

[4] Isozaki, Y., Yoshida, N : Weakly pinned random walk on the wall: pathwise descriptions of the phase transition. to appear in Stoch. Proc. Appl. (2001) [5] Katori, M.: Percolation transition and wetting transitions in stochastic models, Brazil. J.

of Phys. 30, No. 1, 83-96, (2000) [6] Tsuchiya, T., Katori, M. : Chiral Potts Models, friendly walkers and Directed percolation problems, J. Phys. Soc. Jpn. 67 No. 5, 1655-1666, (1998)

Hideki Tanemura Department of Mathematics and Informatics, Faculty of Science, Chiba University, 1-33, Yayoi-cho, Inage-ku, Chiba 263-8522, JAPAN.

e-mail:- tanemura@math.s.chiba-u.ac.jp

Nobuo Yoshida Division of Mathematics Graduate School of Science Kyoto University, Kyoto 606-8502, Japan.

e-mail:- nobuo@kusm.kyoto-u.ac.jp