Perturbations of the defocusing NLS equation

B. Grébert^1, T. Kappeler^2 February 26, 2002

1. UMR 6629 CNRS, Université de Nantes, 2 rue de la Houssinière, BP 92208, 44322 Nantes cedex 3, France.

2. Institut für Mathematik, Universität Zürich, Winterthurerstrasse 190, CH-8057 Zürich, Switzerland.

Abstract: We prove that many finite dimensional tori, invariant under the flow of the defocusing nonlinear Schrödinger equation, persist under small Hamiltonian perturbations.These invariant tori are not necessarily close to the zero solution.

1 Introduction

Consider the defocusing nonlinear Schrödinger equation NLS with periodic boundary conditions i∂_tφ = −∂^2_x + 2|φ|^2φ; φ(x + 1, t) = φ(x, t) (x ∈ R, t ∈ R). (1) It is a completely integrable system with phase space H^N ≡ H^N (S^1; C ) (N ∈ R_{≥1} ) and Hamiltonian H = H(φ, φ). Here, for N ≥ 0, H^N (S^1; C ) := {φ(x) = ∑ k∈Z e^{2πkx}φ̂(k) | ||φ||_N < ∞} (2) where ||φ||_N := ( ∑ k∈Z (1 + |k|)^{2N} |φ̂(k)|^2)^{1/2} and φ̂(k) (k ∈ Z) denote the Fourier coefficients of φ, viewed as a function of period 1, and, for any φ ∈ H^1, H(φ, φ) := ∫ S^1 ( ∂_xφ∂_xφ + φ^2φ^2 ) dx . (3) The Poisson structure is given by the regular Poisson bracket. {F, G}(φ, φ) := i ∫ S^1 (∂F ∂φ ∂G ∂φ̄ − ∂F ∂φ̄ ∂G ∂φ ) dx (4) where F, G are functionals on L^2 ≡ L^2(S^1; C ) of class C^1. When written in Hamiltonian form, NLS becomes on H^1 ∂_tφ = −i ∂H ∂φ . It is well known that NLS admits a Lax pair representation d dt L(φ) = [L(φ), A(φ)] (5)

where L is the Zakharov-Shabat operator (see [ZS]) L(φ) := i ( 1 0 0 −1 ) d dx + ( 0 φ φ 0 ) , (6)

and A is a rather complicated operator given in [FT]. As a consequence, the periodic spectrum, spec_{per}L(φ), remains invariant under the NLS flow. Here, spec_{per}L(φ) denotes the spectrum of L(φ) when considered on the interval [0,2] with periodic boundary conditions. The periodic spectrum consists of two interlacing sequences (λ^+_j (φ))_{j∈Z}, (λ^−_j (φ))_{j∈Z} of real numbers satisfying

. . . < λ^−_j (φ) ≤ λ^+_j (φ) < λ^−_{j+1}(φ) ≤ . . . . (7)

They are uniquely determined by the sequence of the gap lengths, γ(φ) = (γ_k(φ))_{k∈Z} with γ_k(φ) = λ^+_k (φ) − λ^−_k (φ) (see [GG] and also [GKP]).

To describe the structure of the phase space H^N (S^1; C ) we introduce the model space l^2_N (Z; R^2 ) := {(x, y) = (x_j , y_j)_{j∈Z} | ||(x, y)||_N < ∞} where ||(x, y)||_N := ∑ j∈Z (1 + |j|)^{2N} (x^2_j + y^2_j ) < ∞.

The space l^2_N (Z; R^2 ) is endowed with the Poisson structure induced by the canonical symplectic structure ∑ j∈Z dx_j ∧ dy_j. In [GKP] (cf also [BKM], [KMa], [KPö] and [MV]) we have proved the following result:

Theorem 1.1 There exists a family of diffeomorphisms Φ ≡ Φ^{(N)}, N ∈ R_{>0} ,

Φ : l^2_N (Z; R^2 ) → H^N (S^1; C )

such that

(1) Φ is globally 1-1, onto, bianalytic and preserves the Poisson bracket.

(2) The coordinates (x_j , y_j)_{j∈Z} = Φ^{−1}(φ) are global Birkhoff coordinates for NLS and its hierarchy. That is the transformed NLS Hamiltonian H∘Φ depends only on the actions I_j := (x^2_j +y^2_j )/2, j ∈ Z, with (x_j , y_j) being canonical coordinates in l^2_N (Z; R^2 ).

(3) for N ≥ N^′

Φ^{(N)} = Φ^{(N ′ )}|_l2_N .

As a consequence, the solution φ(x, t) ≡ φ_t(x) of the initial value problem for NLS with initial profile φ_0 = Φ(( √ 2I_j e^{iθj} )_{j∈Z}) in H^N (S^1; C ), with N ≥ 1, is given by

φ_t = Φ(( √ 2I_j e^{i(θj +tωj (I))})_{j∈Z}) where ω_j (I) =^{∂H(I)}_{∂Ij} (j ∈ Z) denote the frequencies of NLS and H = H(I) is the Hamiltonian of NLS when expressed in action variables.

An asymptotic expansion of the frequencies (cf. section 4) shows that ω_k ∼ ω_{−k} for |k| large. In order to control the effect of these “asymptotic” resonnances on perturbed equations we impose symmetry conditions so that the action-angle variables (I_k, θ_k) with k < 0 are uniquely determined by

(I_j, θ_j )_{j≥0}. More precisely, we consider as phase spaces H^N_α (S^1; C ), α ∈ R, defined by, H^N_α (S^1; C ) := Φ(l^2_{N;α}(Z; R^2 )) (8) where ( √ 2I_je^{iθj} )_{j∈Z} ∈ l^2_{N;α} iff ( √ 2I_j e^{iθj} )_{j∈Z} ∈ l^2_N and I_{−j} = I_j ∀j ≥ 0 (9) and θ_{−j} ≡ θ_j + α (mod 2π) ∀j ≥ 0 with I_j ≠ 0. (10) Notice that for α ≢ 0(mod 2π), (10) implies that I_0(φ) = 0 for all φ ∈ H^N_α . It turns out that our analysis applies to more general symmetric phase spaces, see remark at the end of section 5.

The subspaces H^N_α (S^1; C ) are invariant under the NLS-flow. A way to prove this (cf section 3) is to show that the symmetries of the NLS Hamiltonion H when expressed in action-variables, imply that H(I^′) = H(I) where I^′ = (I^′_k)_{k∈Z} is given by I^′_k := I_{−k} (k ∈ Z). As a consequence the frequencies ω_j =^{∂H}_{∂Ij} are symmetric at points where I^′ = I and we have the following Proposition 1.2 (i) H(I^′) = H(I); (ii) if I^′ = I, then ω_j(I) = ω_{−j}(I) ∀j ≥ 1. Moreover, in section 3 (see also [GK3]) we prove H^N_α (S^1; C ) = {φ ∈ H^N (S^1; C ) | e^{iα}φ̌ ≡ φ} where φ̌(x) = φ(−x). In particular, H^N_π ∩ C^∞ (resp. H^N_0 ∩ C^∞) is the phase-space of φ ∈ H^N ∩ C^∞ satisfying a generalized Dirichlet [ Neumann ] condition, i.e. for k ≥ 0

∂^{2k}_x φ(0) = ∂^{2k}_x φ(1) = 0 [ ∂^{2k+1}_x φ(0) = ∂^{2k+1}_x φ(1) = 0 ] .

By a slight abuse of notation, the restriction of Φ to l^2_{N;α}(Z; R^2 ) is again denoted by Φ.

For α ∈ R/2πZ, a finite subset A ⊆ Z_{≥0} (with 0 ∉ A if α ≢ 0 mod 2π) and I_A ∈ (R_{>0} )^{|A|} we denote by T^α_{IA} the |A| dimensional torus of the model space l^2(Z; R^2 ), defined by

T^α_{IA} := {( √ 2J_je^{iθj} )_{j∈Z}|J_j = J_{−j} = I_j (j ∈ A); J_j = J_{−j} = 0 (j ∉ A); θ_j = θ_{−j} + α (j ∈ A)}

(11)

and by T^α_{IA} the |A| dimensional torus in H^N_α , invariant under NLS,

T^α_{IA} := Φ(T^α_{IA} ). (12)

A potential φ ∈ H^N (S^1; C ) is said to be symmetric if I_{−j} = I_j for any j ≥ 1 and is a finite gap [ K-gap with K ∈ Z_{≥1} ] potential if there exists a finite subset B ⊂ Z [ of cardinality |B| = K ] so that

I_j (φ) = 0 iff j ∈ Z \ B .

Hence any element in T^α_{IA} is a symmetric 2|A| gap potential (if 0 ∉ A) or 2|A|−1 gap potential (if 0 ∈ A) and thus in particular smooth by Theorem 1.1 (cf also [GK2]).

For Γ ⊆ (R_{>0} )^{|A|} compact and of positive Lebesgue measure introduce the following union of tori

T^α_Γ := ∪_{IA∈Γ}T^α_{IA} . (13)

We will consider Hamiltonian perturbations, H_ε = H + εK on H^N_α (S^1; C ) with the following properties:

(P1) K is real analytic on some symmetric neighborhood U_Γ of {(φ, φ) | φ ∈ T^α_Γ } in (H^N (S^1; C ))^2 .^1

(P2)^{∂K}_{∂φ} ,^{∂K}_{∂ψ} are bounded as functions from U_Γ into H^N (S^1; C ) and verify the normalization condition sup { || ∂K ∂φ (φ, ψ)||_N + || ∂K ∂ψ (φ, ψ)||_N | (φ, ψ) ∈ U_Γ } ≤ 1. 1U_Γ is said to be symmetric iff (e^{iα}φ̌, e^{−iα}ψ̌) ∈ U_Γ for any (φ, ψ) ∈ U_Γ.

(P3) K satisfies the symmetry condition, ((φ, ψ) ∈ U_Γ) K(φ, ψ) = K(e^{iα}φ̌, e^{−iα}ψ̌). Notice that, together with Proposition 1.2, condition (P3) insures that solutions of^{∂φ}_{∂t} = i^{∂Hε}_{∂φ} for initial data in H^N_α (S^1; C ) evolve in the same space H^N_α (S^1; C ).

Our KAM Theorem states that, for ε small enough, many of the NLSinvariant tori T^α_{IA} persist under perturbation of the NLS Hamiltonian by εK with K satisfying (P1), (P2), and (P3). Moreover these tori and their linear flows are only slightly perturbed. Denote by T^n the n−dimensional torus (R/Z)^n.

Theorem 1.3 Let N ≥ 1, A, Γ, α, U_Γ be given as above. Then, for K satisfying (P1), (P2) and (P3), there exists ε_0 so that for any ε with |ε| ≤ ε_0

(i) there exists a Cantor set Γ_ε ⊂ Γ with meas (Γ \ Γ_ε)^{ε→0}→ 0,

(ii) there exists a Lipschitz family of real analytic torus embeddings Ψ : T^{|A|} × Γ_ε → U_Γ ∩ {(φ, φ)|φ ∈ H^N_α } and (iii) there exists a Lipschitz map f : Γ_ε → R^{|A|}

such that for I_A ∈ Γ_ε and θ_A ∈ T^{|A|}, Ψ(θ_A + tf(I_A), I_A) is a quasiperiodic solution of ∂_tφ = i^{∂H}_{∂φ̄} +iε^{∂K}_{∂φ} . Moreover, the deformed invariant tori, Ψ(T^{|A|}× {I_A}), are linearly stable.

Remarks:

1. Theorem 1.3 generalizes results due to Kuksin-Pöschel [KP] which concern the special case where Γ ⊆ R^{|A|}_+ is contained in a sufficiently small neighborhood of 0 ∈ R^{|A|} and the phase space consists of elements satisfying generalized Dirichlet boundary conditions. In this situation, action-angle variables are not needed as the Fourier coefficients (φ̂(k))_{k∈Z} are a sufficiently good approximation of the Birkhoff coordinates close to the origin.

2. Similarly, the results of [CW] and their generalization by [B], while not directly comparable with our Theorem 1.3, concern only small perturbations of NLS around φ = 0.

3. Our results and methods continue the investigation in [KPö] on the Korteweg-de Vries equation. The purpose of this paper is to document similar features of the defocusing NLS equation.

4. Theorem 1.3 has been announced in [GK1].

2 Birkhoff normal form

By Theorem 1.1, we already know that H, the Hamiltonian of NLS, admits a Birkhoff normal form in a neighborhood U ⊂ (H^N (S^1; C ))^2 of (0, 0). In [KP], S. Kuksin and J. Pöschel have computed explicitely the first few coefficients of the Birkhoff normal form of H when restricted to the reduced phase space formed by functions satisfying generalized Dirichlet boundary conditions.

Using the fact that NLS admits Birkhoff coordinates near φ = 0, the coefficients of the Birkhoff normal form of H up to order 2 (included) can be read off by considering H(φ, φ) as a function of the Fourier coefficients φ̂(k) (k ∈ Z) of φ ∈ H^N (S^1; C ) the full phase space of NLS.

By a slight abuse of notation, we denote also by H the pull back, Φ^∗H := H · Φ, of H by the Birkhoff map Φ. Of course, H is a function of the actions alone, H = H((I_j)_{j∈Z}).

Proposition 2.1 (cf [KP]) In a neighborhood of I = 0,

H = Λ_2 + Λ_4 + 0_6(I) (14)

where

Λ_2(I) := ∑ j∈Z (2πj)^2I_j (15)

Λ_4(I) := 2 ∑ j≠k I_kI_j + ∑ j∈Z I^2_j (16)

and where 0_6(I) is a remainder term of order 6, i.e. 0_6(I) = ∑ |α|≥3 a_αI^α. (The action variables have to be counted as being of order 2.)

Proof: Substitute φ(x) = ∑ k∈Zφ̂(k)e^{2iπkx} into (3), H(φ, φ) = ∑ k∈Z (2πk)^2φ̂(k)φ̂(k) + G(φ, φ) (17)

where G(φ, φ) = ∑ k+l=j+m φ̂(k)φ̂(l)φ̂(j) φ̂(m). (18) Notice that (17) is already in Birkhoff normal form up to order 2. Recall that the Poisson bracket with respect to φ̂(k), φ̂(k) (k ∈ Z) is given by {F, G} = i ∑ k∈Z ( ∂F ∂φ̂(k) ∂G ∂φ̂(k) − ∂F ∂φ̂(k) ∂G ∂φ̂(k) )

and that near φ = 0, the action I_j is close to |φ̂(j)|^2(j ∈ Z). Using the fact that the coefficients in the Birkhoff normal form are unique, we then conclude that Λ_1(I) can be read off from (17)

Λ_1(I) = ∑ k∈Z 4π^2k^2I_k.

Similarly, we can read off the coefficients of the 4’th order from (17). In fact we only have to consider

S := ∑ {k,l}={j,m} φ̂(k)φ̂(l)φ̂(j)φ̂(m).

This sum is split into two parts, S = S_1 + S_2, where S_1 := ∑ k∈Z |φ̂(k)|^4 includes the terms in S with k = l and S_2 := 2 ∑ k≠l |φ̂(k)| 2|φ̂(l)|^2. Therefore arguing as above, we obtain (16).

From Proposition 2.1, we obtain an expansion of the NLS-frequencies, ω_j(I) := ∂H ∂I_j (j ∈ Z) at I = 0 :

Corollary 2.2 In a neighborhood of I = 0,

ω_j (I) = (2πj)^2 + 2(2 ∑ k∈Z I_k − I_j) + 0_4(I); (19)

∂ω_j ∂I_k = 2(2 − δ_{jk}) + 0_2(I); (20)

As a consequence, for any finite set A ⊆ Z with |A| ≥ 2, det (( ∂ω_j ∂I_k ) j,k∈A ) |_{I=0} = −(−1)^{|A|}(2(|A| − 2) + 3) ≠ 0. (21)

Proof: The asymptotics (19) and (20) follow immediately from Proposition 2.1. Towards (21), notice that at I = 0 1 2 ( ∂ω_j ∂I_k )_{j,k∈A} = 2E_{|A|} − Id_{|A|}, where E_{|A|} is the |A| × |A| matrix whose entries are all equal to 1 and where Id_{|A|} is the |A| × |A| identity matrix. By substracting the first column from the other ones and then expanding with respect to the last column, we obtain, with d_n := det(2E_n − I_n),

d_n = −d_{n−1} + (1)^{n+1}2.

Hence, for n ≥ 2, we get d_n = (−1)^{n+1}(2(n − 2) + 3).

3 Symmetries of NLS

In this section, we recall results of [GK3] where symmetries of NLS are expressed in action-angle coordinates and prove Proposition 1.2 stated in the introduction. We briefly describe the steps needed to prove that the reduced phase space H^N_α (S^1; C ) (defined in (8)) is equal to {φ ∈ H^N (S^1; C )|e^{iα}φ̌ = φ}. Introduce the symmetry operator acting on L^2, S_α(φ) := e^{iα}φ̌ where, as above, φ̌ is defined by φ̌(x) = φ(−x) and α ∈ R.

In view of (1), the NLS flow commutes with S_α and from (3) it follows that the Hamiltonian H(φ) ≡ H(φ, φ) is invariant under S_α,

H(S_αφ) = H(φ). (22)

Concerning the periodic spectrum we have (cf [GK3]) the following

Lemma 3.1 For φ ∈ L^2 and α ∈ R, λ^±_k (S_α(φ)) = −λ^∓_{−k}(φ) (k ∈ Z). In particular, spec_{per}(L(S_α(φ))) = −spec_{per}(φ). Using this lemma, the definition of the action and angle variables (see [GKP]) we obtained in [GK3] Lemma 3.2 For φ ∈ L^2 and α ∈ R,

(i) I_k(S_α(φ)) = I_{−k}(φ) (k ∈ Z);

(ii) θ_k(S_α(φ)) ≡ θ_{−k}(φ) + α (mod 2π) ∀k ∈ Z with I_k(S_α(φ)) ≠ 0. As an application of Lemma 3.2 we have Proposition 3.3 For all α ∈ R, H^N_α (S^1; C ) = {φ ∈ H^N (S^1; C )|e^{iα}φ̌ = φ}.

Proof: Introduce G^N_α := {φ ∈ H^N (S^1; C )|e^{iα}φ̌ = φ}. Using Lemma 3.2 and Theorem 1.1, we get G^N_α ⊂ H^N_α . Conversely, if φ ∈ H^N_α , it follows from Lemma 3.2 that I_k(S_α(φ)) = I_k(φ) (k ∈ Z) and θ_k(S_α(φ)) ≡ θ_k(φ)(mod 2π) (∀k ∈ Z with I_k(φ) ≠ 0). Since the Birkhoff map Φ is one to one (cf Theorem 1.1), S_α(φ) = φ, i.e. φ ∈ G^N_α .

Lemma 3.2 can also be used to prove Proposition 1.2, which is stated in the introduction.

Proof (of Propostion 1.2). As in the introduction, denote by I^′(φ) = (I^′_k(φ))_{k∈Z} the sequence I^′_k(φ) := I^′_{−k}(φ) (k ∈ Z). The formula in Lemma 3.2 (i) then reads I(S_α(φ)) = I^′(φ). (23) On the other hand, when expressing the Hamiltonian with respect to action coordinates, formula (22) reads H(I(S_α(φ)) = H(I) (24) Combining (23) and (24) leads to the claimed identity H(I^′) = H(I). This proves (i). Statement (ii) follows immediately from (i).

4 Frequencies of NLS

In this section we obtain formulas for the NLS-frequencies

ω_n := ∂H ∂I_n (n ∈ Z) in terms of differentials defined on the Riemann surface associated to the spectral data of a potential φ. These formulas then lead to the asymptotics of ω_n for n → ±∞ which will be needed for the KAM result.

4.1 Differential forms

Let φ ∈ L^2(S^1; C ) and (λ^±_k )_{k∈Z} ≡ spec (L(φ)). The periodic eigenvalues can be used to define the discriminant Δ(λ) by the following product representation (cf e.g. [GG] or [GKP])

Δ(λ) − 2 = −2(λ^+_0 − λ)(λ^−_0 − λ) ∏ k∈2Z k≠0 (λ^+_k − λ)(λ^−_k − λ) k^2π^2 and Δ(λ) + 2 = 2 ∏ k∈2Z+1 (λ^+_k − λ)(λ^−_k − λ) k^2π^2 . These infinite products converge^2 as the eigenvalues λ^±_k satisfy the asymptotic estimate λ^±_k = kπ + ℓ^2(k), meaning that

(λ^±_k − kπ)_{k∈Z} ∈ ℓ^2(Z). (25)

Denote by Σ_φ the hyperelliptic Riemann surface

Σ_φ := {(λ, y) ∈ C^2 y^2 = Δ(λ)^2 − 4}.

Let Σ^c_φ be the canonical sheet of Σ_φ determined by the normalization i √ Δ(λ)^2 − 4 > 0 for any λ^+_0 < λ < λ^−_1 . (26)

2Given a sequence (a_k)_{k∈Z}, we say that the infinite product ∏ k∈Za_k is convergent if lim_{N→∞} ∏ |k|≤N ak exists.

On Σ^c_φ,^c √ Δ(λ)^2 − 4 is then given by c√ Δ(λ)^2 − 4 = 2i^s √ (λ^−_0 − λ)(λ^+_0 − λ) ∏ k≠0 s√ (λ^−_k − λ)(λ^+_k − λ) kπ where for a, b ∈ R with a ≤ b,^s √ (a − λ)(b − λ) denotes the standard square root, defined on C \[a, b] and determined by s√ (a − λ)(b − λ) < 0 for b < λ < ∞. For any k ∈ Z, let a_k be a counterclockwise oriented cycle on Σ^c_φ around the gap [λ^−_k , λ^+_k ] and denote by β_n (n ∈ Z) the differential on Σ_φ (cf [GKP], [MV])

β_n := ψ_n(λ) √ Δ(λ)^2 − 4 dλ where ψ_n(λ) is an entire function given by, for n ≠ 0,

ψ_n(λ) := −2 ν^n_0 − λ τ_n − λ ∏ k≠0 ν^n_k − λ kπ whereas for n = 0,

ψ_0(λ) := −2 ∏ k≠0 ν^0_k − λ kπ . The zeroes ν^n_k (k ≠ n) of β_n are uniquely determined by the normalization conditions ∫ a_k β_n = 2πδ_{nk} and ν^n_n := τ_n with τ_n = (λ^+_n + λ^−_n )/2. For any k ∈ Z,

λ^−_k ≤ ν^n_k ≤ λ^+_k .

From the asymptotics (25) of the eigenvalues it follows that

ν^n_k = kπ + ℓ^2(k) insuring the convergence of the infinite products defining the β_n. The one-forms β_n are holomorphic except at the points at infinity ∞^± on each of the two sheets Σ^±_φ of Σ_φ. In the case where φ is a finite gap potential, the β_n have a simple pole at infinity and thus are Abelian differentials of the third kind.

To compute the asymptotic expansion of β_n at ∞ on Σ^c_φ we need first to establish an auxilary result for finite gap potentials: Let (x_k)_{k∈Z} be a sequence of real numbers with λ^−_k ≤ x_k ≤ λ^+_k and define

g(λ) := 2(x_0 − λ) ∏ k≠0 x_k − λ kπ . As x_k = kπ + ℓ^2(k), the infinite product above converges and g defines an entire function (cf [GKP] or [GG]).

Lemma 4.1 For any finite gap potential φ and any entire function g as above, i^{g(λ)}√_{Δ(λ)2 −4} admits on Σ^c_φ an asymptotic expansion for |λ| → ∞ of the form i g(λ) c√ Δ(λ)^2 − 4

= 1 + aλ^{−1} + 1 2 ( a^2 + ∑ k (τ^2_k − x^2_k) + 1 4 ∑ k γ^2_k ) λ^{−2} + 0 ( λ^{−3} ) (27)

where

a := ∑ k∈Z (τ_k − x_k) (28)

Remark Note that the sums in (27) and (28) are finite as φ is assumed to be a finite gap potential. Proof Using the definition of^c √ Δ(λ)^2 − 4 one gets g(λ) c√ Δ(λ)^2 − 4 = −i ∏ k∈Z x_k − λ s√ (λ^+_k − λ)(λ^−_k − λ) . With z = −λ^{−1} as a local parameter near ∞ on Σ^c_φ, g(λ) c√ Δ(λ)^2 − 4 = −i ∏ k∈Z 1 + zx_k +√ (1 + zλ^+_k )(1 + zλ^−_k ) where, in view of the definition of the standard root^s √ (λ^+_k − λ)(λ^−_k − λ), s √ (λ^+_k − λ)(λ^−_k − λ) = −λ^+ √ (1 − λ^+_k /λ)(1 − λ^−_k /λ)

for |λ| large enough. In particular, for any k with λ^+_k = λ^−_k one gets s √ (λ^+_k − λ)(λ^−_k − λ) = λ^+_k − λ.

Hence f(z) := i^{g(λ)}_c√_{Δ(λ)2−4}

λ=−z^{−1} is given by f(z) = ∏ k∈Z f_k(z) with

f_k(z) =

1 + x_kz +√ (1 + λ^+_k z)(1 + λ^−_k z)

and f_k(z) ≡ 1 for |k| so sufficiently large. Therefore f(z) admits a Taylor expansion at z = 0,

f(z) = f(0) + f^′(0)z + f^{′′}(0) 2 z^2 + 0(z^3)

where f^′(0) and f^{′′}(0) are given by

f^′(0) = ∑ k∈Z x_k − τ_k (=: −a) and f^{′′}(0) = a^2 + ∑ k∈Z ( τ^2_k + γ^2_k /4 − x^2_k ) . The sums in the expressions for f^′(0) and f^{′′}(0) are finite as φ is assumed to be a finite gap potential. ■

Lemma 4.1 is now applied to complete the asymptotic expansion of the oneform β_n.

Corollary 4.2 For any finite gap potential φ,^{ψn(λ)}_c√_{Δ(λ)2 −4} admits for |λ| → ∞ an asymptotic expansion of the form i ψ_n c√ Δ(λ)^2 − 4 = 1 λ + (τ_n + α_n) 1 λ^2 + ( τ^2_n + α_nτ_n + 1 2 α^2_n + 1 2 ∑ k ( τ_k − (ν^n_k )^2 )

+ 1 8 ∑ k γ^2_k ) 1 λ^3 + 0 ( 1 λ^4 )

where α_n := ∑ k(τ_k − ν^n_k ).

Proof Let φ be a finite gap potential. By definition,

ψ_n(λ) = 1 λ − τ_n 2(ν^n_0 − λ) ∏ k≠0 ν^n_k − λ kπ . Thus combining Lemma 4.1 with 1 λ − τ_n = 1 λ ∑ k≥0 (τ_n/λ)^k the claimed formula follows. ■

4.2 NLS-frequencies

To obtain formulas for the NLS-frequencies we use that according to [GKP] (see also [MV]), the NLS-Hamiltonian appears in the expansion at infinity of the discriminant Δ(λ), or more conveniently of ch^{−1}

(_{Δ(λ)} 2 ) where ch^{−1} denotes the branch of arccosh defined on C \(−∞, 1) which for |z| > 1 is given by

ch^{−1}(z) = log ( z + z^+ √ 1 − 1 z^2 )

with log denoting the principal branch of the logarithm. Denote by H_j (j ≥ 1) the NLS-hierarchy. Recall that H_1, H_2 are given by

H_1 ≡ H_1(φ) :=

∫_1 0 φφ dx for φ ∈ H^0 H_2 ≡ H_2(φ) := i ∫_′ 0 φ^′φ dx for φ ∈ H^1 with φ^′(x) =^d_{dx} φ(x), whereas H_3 is the NLS-Hamiltonian (denoted by H in the introduction)

H_3 ≡ H_3(φ) :=

∫_1 0 ( |φ^′|^2 + |φ|^4 ) dx for φ ∈ H^1 .

According to [MV] (cf also [GKP]) one has

Lemma 4.3 At any finite gap potential, ch^{−1} ( Δ(λ) 2 ) = −iλ + iH_1 2λ + iH_2 4λ^2 + iH_3 8λ^3 + 0 ( 1 λ^4 )

for λ near ∞.

Recall that for any N > 0, (λ, φ) → Δ(λ, φ) is analytic on C ×H^N (S^1; C ). As the Birkhoff map φ → (x_k(φ), y_k(φ))_{k∈Z} is a conformal diffeomorphism from H^N (S^1; C ) to ℓ^2_N (Z; R^2 ) and Δ(λ, φ) is a spectral invariant, Δ(λ) is a function of the actions alone and (λ, (I_k)_{k∈Z}) → Δ(λ) is analytic on C × ℓ^1(Z; R). Hence, for any n ∈ Z, λ → ∂Δ(λ) ∂I_n is an entire function in λ.

For K ≥ 1, denote by G_K the following set of finite gap potentials

G_K := {φ ∈ L^2(S^1; C ) | λ^+_k = λ^−_k iff |k| > K} .

For φ ∈ G_K and |n| ≤ K, λ →^{∂Δ(λ)}_{∂In} vanishes at each λ^+_k with |k| > K and thus

η_n := −2 ∂Δ(λ) ∂I_n √ Δ(λ)^2 − 4 dλ is an Abelian differential on Σ_φ which is holomorphic except possibly at ∞^±. In [GKP] (cf also [MV]) it is proved that H_1 can be expressed in terms of the action variables (I_n)_{n∈Z} as follows

H_1 = ∑ k∈Z I_k.

Hence for any n ∈ Z, ∂H_1 ∂I_n = 1.

Lemma 4.3 then leads to an expansion of η_n at infinity on Σ^c_φ. Introduce, for any n ∈ Z,

w_n := ∂H_2 ∂I_n and ω_n := ∂H_3 ∂I_n .

Corollary 4.4 Let φ be a finite gap potential in G_K for some K ≥ 1. Then for any |n| ≤ K, η_n is a holomorphic one-form on Σ_φ except at ∞^± where it has a simple pole. At infinity ∞^c of the canonical sheet Σ^c_φ, η_n admits an asymptotic expansion of the form

η_n = 1 i ( 1 λ + w_n 2 1 λ^2 + ω_n 4 1 λ^3 + 0 ( 1 λ^4 )) dλ (29)

Proof We already know that η_n is holomorphic on Σ_φ\{∞^±}. Next, let us prove the expansion (29). By a straightforward computation one sees that on Σ^c, for |λ| sufficiently large

η_n = ∂ ∂I_n (−2h(λ)) dλ (30)

where h is given by

h(λ) := log ( Δ(λ) −^c √ Δ(λ)^2 − 4 )

with log denoting the principal branch of the logarithm. Recall that (cf [GG], [GKP]) as |λ| → ∞,

Δ(λ) = 2 cos λ + o(1).

Hence Δ(iy) = 2chy + o(1) and

ℜ (Δ(iy)) > 0 and |Δ(iy)| > 4 for y large enough. By the definition of the canonical root it then follows that c√ Δ(iy)^2 − 4 = −Δ(iy)^+ √ 1 − 4/Δ(iy)^2

and thus h(y) = ch^{−1} ( Δ(iy) 2 )

for y sufficiently large.

In view of Lemma 4.3, it then follows that −η_n = i ( 1 λ + w_n 2λ^2 + ω_n 4λ^3 + 0 ( 1 λ^4 )) dλ as claimed. In the same fashion one shows that η_n admits an expansion at infinity on the second sheet of Σ_φ of the same type as (29). This implies that η_n has simple poles at ∞^±. ■

It turns out that the one forms η_n can be identified with the one-forms β_n introduced in subsection 4.1.

Proposition 4.5 Let φ be a finite gap potential in G_K for some K ≥ 1. Then for any |n| ≤ K

β_n = η_n

Proof Let φ ∈ G_K . By Corollary 4.4, η_n (|n| ≤ K) is a meromorphic oneform on Σ_φ which is holomorphic except at ∞^± where it has simple poles. To compute ∫ a_k ηn, first remark that ∫ a_k η_n = −2 ∫ Γ_k ∂Δ ∂I_n c√ Δ(λ)^2 − 4 dλ where Γ_k is a counterclockwise oriented circuit around [λ^−_k , λ^+_k ] in C . As on Γ_k, ∂ ∂λ ch^{−1} ( Δ(λ) 2 ) = Δ̇(λ) c√ Δ(λ)^2 − 4 and ∂ ∂I_n ch^{−1} ( Δ(λ) 2 ) = ∂Δ ∂I_n (λ) c√ Δ(λ)^2 − 4 one gets, integrating by parts, ∫ a_k η_n = 2 ∫ Γ_k λ ∂ ∂λ (_{∂Δ} ∂I_n c√ Δ(λ)^2 − 4 ) dλ = 2 ∂ ∂I_n ∫ Γ_k λΔ̇(λ) c√ Δ(λ)^2 − 4 dλ = ∂ ∂I_n (2π I_k) = 2πδ_{nk} where we used that by definition

I_k = 1 π ∫ Γ_k λ Δ̇(λ) c√ Δ(λ)^2 − 4 dλ. By the construction of the functions ψ_n, ∫ a_k β_n = 2πδ_{nk} hence for any k ∈ Z ∫ a_k β_n = ∫ a_k η_n. Further η_n and β_n are holomorphic differentials except at ∞^± where they admit simple poles. By Cauchy’s theorem, lim_{j→∞} ∫ C(0,j) β_n = ∑ k∈Z ∫ a_k β_n = ∑ k∈Z 2πδ_{nk} = ∑ k∈Z ∫ a_k η_n = lim_{j→∞} ∫ C(0,j) η_n with C(0, j) denoting the counterclockwise oriented circle of radius j centered at 0 on Σ^c_φ. Hence β_n and η_n have the same residue at ∞^+ and, arguing in the same way, at ∞^−. Thus β_n − η_n is a holomorphic differential on Σ satisfying ∫ a_k (β_n − η_n) = 0 ∀k ∈ Z. This implies that β_n = η_n. ■

Determining the expansion of β_n on Σ^c_φ for |λ| → ∞ and comparing it with η_n leads to a formula for the frequency ω_n.

Theorem 4.6 The frequencies of the 2^{nd} and 3^{rd} Hamiltonian H_2 resp. H_3 in the NLS-hierarchy defined for potentials in the appropriate Sobolev spaces are w_n := ∂H_2 ∂I_n = 2(τ_n + α_n) (31)

ω_n := ∂H_3 ∂I_n = ( (2τ_n)^2 + 4α_nτ_n + 2α^2_n + 2 ∑ k (τ^2_k − (ν^n_k )^2) + 1 2 ∑ k γ^2_k ) (32)

where α_n := ∑ k∈Z (τ_k − ν^n_k )

Proof Let us fix n ∈ Z. It has been shown in [GKP] that the ν^n_k as well as τ_k := (λ^+_k + λ^−_k )/2 and γ^2_k := (λ^+_k − λ^−_k )^2 are real analytic functions of φ. The ν^n_k ’s satisfy the asymptotics ν^n_k − τ_k = γ_kℓ^2(k) and for any φ ∈ L^2(S^1; C ) one has (cf [GK2]) (γ_k)_{k∈Z} ∈ ℓ^2_N (Z; R) ⇐⇒ φ ∈ H^N . Hence left and right hand side of the identities (31) and (32) are well defined on appropriate Sobolev spaces and continuous. As the set of finite gap potentials is dense in any Sobolev space H^N (cf [GK4]), it suffices to prove these identities for the dense set ∪_{K≥1}G_K of finite gap potentials (cf Theorem 1.1). Assume that φ ∈ G_K with |n| ≤ K. By Corollary 4.2, for |λ| sufficiently large i ψ_n c√ Δ(λ)^2 − 4 = 1 λ + (τ_n + α_n) 1 λ^2 + ( τ^2_n + α_nτ_n + 1 2 α^2_n + 1 2 ∑ k ( τ^2_k − (ν^n_k )^2 ) + 1 8 ∑ k γ^2_k ) 1 λ^3 + 0 ( 1 λ^4 ) . Comparing this with the expansion of η_n given in Corollary 4.4, iη_n = ( 1 λ + w_n 2 1 λ^2 + ω_n 4 1 λ^3 + 0 ( 1 λ^4 )) dλ leads in view of Proposition 4.5 to the claimed identities. ■

Formula (32) can be simplified by the following observation.

Lemma 4.7 For any φ ∈ L^2(S^1; C ) and n ∈ Z, α_n = nπ − τ_n. Proof The frequencies w_n of H_2 are the frequencies of the translation flow T_tφ := φ(t + ·) which can be computed to be (cf [GK3]) w_n = 2πn. Combined with formula (31), w_n = 2(τ_n +α_n), we obtain the claimed identity. ■ Remark Lemma 4.1 can be applied to obtain an asymptotic expansion of

Δ̇(λ)

c√_{Δ(λ)2−4} dλ in view of the product representation of Δ̇(λ) =^d_{dλ} Δ(λ),

Δ̇(λ) = 2(λ̇_0 − λ) ∏ k≠0 λ̇_k − λ kπ . Noticing that for any finite gap potential φ and |λ| large,

Δ̇(λ) c√ Δ(λ)^2 − 4 dλ = d ( ch^{−1} ( Δ(λ) 2 ))

one can use the asymptotic expansion of ch^{−1}

(_{Δ(λ)} 2 ) established in Lemma 4.3 to see that for a finite gap potential, i Δ̇(λ) c√ Δ(λ)^2 − 4 dλ = ( 1 + H_1 2 1 λ^2 + H_2 2 1 λ^3 + 3 8 H_3 1 λ^4 + 0 ( 1 λ^5 )) dλ. Comparing the two asymptotic expansions then leads as in the proof of Theorem 4.6 to formulas expressing the Hamiltonians H_j in terms of the spectral data (λ^±_k )_{k∈Z} and (λ̇_k)_{k∈Z}. For H_0 =^1_2 ‖φ‖^2 one obtains in this way

‖φ‖^2 = ∑ k ( (λ^+_k )^2 + (λ^−_k )^2 − 2λ̇^2_k ) .

4.3 Asymptotics of the NLS-frequencies

Theorem 4.6 leads to asymptotics for the NLS-frequencies needed for the KAM result.

Theorem 4.8 For φ in H^1(S^1; C ), ω_n = (2πn)^2 + 0(1) locally uniformly on H^1(S^1; C ). Proof By Theorem 4.6 and Lemma 4.7

ω_n =4τ_nπn + 2(πn − τ_n)^2 + 2 ∑ k (τ_k − ν^n_k )(τ_k + ν^n_k ) + 1 2 ∑ k γ^2_k.

By [GKP] ν^n_k − τ_k = γ_kℓ^2(k) locally uniformly on L^2(S^1; C ) and by [GG] (cf also [Ma], [GK2]) τ_k = kπ + 0 ( 1 k ) and (kγ_k)_{k∈Z} ∈ ℓ^2 locally uniformly on H^1(S^1; C ). Hence 4τ_nπn = (2πn)^2 + 0(1) , ∑ τ_k (τ_k − ν^n_k )(τ_k + ν^n_k ) = ∑ k kγ_kℓ^2(k) = 0(1) and ∑ k γ^2_k = 0(1) locally uniformly on H^1(S^1; C ). Combining these estimates leads to the claimed asymptotics. ■

5 KAM Theorem for NLS

The KAM Theorem for NLS presented in this paper (Theorem 1.3), is derived from an abstract KAM-Theorem with parameters in infinite dimension due to Kuksin [Ku1] (cf also [Ku2] and [Ku3]) and, in a refined form, to Pöschel [Pö]. For the convenience of the reader we present Pöschel’s version in the following paragraph (cf also [KPö] and notation established there).

Unlike as in the case of the Korteweg-de Vries equation, this abstract KAM theorem is well suited for NLS once the equations under consideration are expressed in Birkhoff coordinates (cf Theorem 1.1). In paragraph 5.2 we verify that the assumptions of the abstract KAM theorem are satisfied in the case of NLS by using the results of sections 2 and 4.

5.1 Abstract KAM Theorem

For n ≥ 1 and N ∈ R_{>0} fixed, introduce the real phase space

S^N := T^n × R^n × l^2_N (N; R) × l^2_N (N; R)

and denote by S^N_C its complexification.

Using standard coordinates (x, y, u, v) for S^N the canonical symplectic structure takes the form n∑ j=1 dx_j ∧ dy_j + ∞∑ j=1 du_j ∧ dv_j . We perturb a family of infinite dimensional integrable Hamiltonians, parametrized by ζ ∈ Π, N ≡ N (x, y, u, v; ζ) := n∑ j=1 ω_j(ζ)y_j + 1 2 ∞∑ j=1 Ω_j (ζ)(u^2_j + v^2_j ). (33)

Here Π ⊆ R^n is a compact parameter set of positive Lebesgue measure and ω_j(·) (1 ≤ j ≤ n), Ω_j (·) (j ∈ N) are real functions defined on Π.

Notice that for every value ζ ∈ Π, T_0 := T^n × {0} × {0} × {0} is an invariant torus for N and the Hamiltonian flow on T_0, induced by N , is rotational with frequency vector ω(ζ) := (ω_j(ζ))_{1≤j≤n}. Our aim is to prove the persistence of T_0 under small Hamiltonian perturbations, H = N + P of N for many parameter values ζ.

We need to make the following three assumptions:

Assumption A: Asymptotics of the exterior frequencies (Ω_j (ξ))_{j≥1} The frequencies Ω_j (ζ) are real valued functions of ζ of the form, Ω_j (ζ) = Ω_j + Ω̃_j (ζ), Ω_j being independent of ζ, with the following properties: There exist two real numbers d > 1 and δ < d − 1 so that Ω_j admits a finite expansion in j of order d

Ω_j = cj^d + . . .

where c ≠ 0 and the dots stand for an expansion in lower order terms in j and, (j^{−δ}Ω̃_j (ζ))_{j≥1} is uniformly Lipschitz when considered as a map Π → l^∞(N), ζ → (j^{−δ}Ω̃_j (ζ))_{j≥1}.

Assumption B: Kolmogorov condition and Melnikov condition The map, ζ → ω(ζ), between Π and its image is a homeomorphism which is Lipschitz continuous in both directions. Moreover for every k ∈ Z^n and l ∈ Z^N with 1 ≤ |l| := ∑_∞ j=1 |l_j| ≤ 2, the resonance set R_{k,l} := {ζ ∈ Π | ⟨k, ω(ζ)⟩ + ⟨l, Ω(ζ)⟩ = 0} has Lebesgue measure zero.

The third assumption concerns the perturbation given by the Hamiltonian P . We assume that P is defined on a neighborhood U of T_0 in S^N_C . The corresponding Hamiltonian vectorfield is denoted as follows X_P = (∂_yP, −∂_xP, ∂_vP, −∂_uP ). Assumption C_{U,N} : Regularity of the perturbation

In the neighborhood U of T_0 in S^N_C , the Hamiltonian vectorfield X_P has the following properties:

(C.1) X_P takes values in S^N_C , X_p : U ×Π → S^N_C , and X_p(·; ζ) is real analytic for any given ζ ∈ Π;

(C.2) X_P (x, y, u, v; ·) is uniformly Lipschitz on Π for any given (x, y, u, v) ∈ U. To state the abstract KAM Theorem we need to introduce various domains and norms. For s > 0 and r > 0 denote by D(s, r) the complex neighborhoods of T_0, D(s, r) := {|Imx| < s} × {|y| < r^2} × {||u||_N + ||v||_N < r}

⊆ S^N_C := C^n × C^n × l^2_{N,C} × l^2_{N,C}

where, in C^n , we use the norm |z| = max_{1≤j≤n}|z_j | and l^2_{N,C} := l^2_N (N; C ). On S^N_C we introduce the weighted norm ||W ||_{r,N} of W = (X, Y, U, V ), ||W ||_{r,N} = |X| + 1 r^2 |Y | + 1 r ||U||_N + 1 r ||V ||_N For a map W : U × Π → S^N_C with U a neighborhood of the form D(s, r) we introduce the norms ||W ||^{sup}_{r,N;U×Π} := sup_{(w,ξ)∈U×Π}||W (w, ξ)||_{r,N} ||W ||^{lip}_{r,N;U×Π} := supξ,ζ∈Π_{ξ≠ζ}^{||Δξζ W ||supr,N;U}_{|ξ−ζ|} . where (Δ_{ξζ} W )(w) = W (w, ξ) − W (w, ζ). Similarly we define |Ω̃|^{lip}_{−δ;Π} := sup { j^{−δ}Δ_{ξζ}Ω̃_j |ξ − ζ| | ξ, ζ ∈ Π; ξ ≠ ζ; j ≥ 1 } . By Assumptions A and B, there exist constants M < ∞, L < ∞ such that |ω|^{lip}_Π + |Ω|^{lip}_{−δ;Π} ≤ M; |ω^{−1}|^{lip}_{ω(Π)} ≤ L < ∞. The following result is due to Kuksin [Ku2] and is stated here in a refined version, due to [Pö].

Theorem 5.1 Suppose N is a family of Hamiltonians of the form (5.1) defined on S^N × Π so that Assumptions A and B are satisfied. Given a neighborhood D(s, r) of T_0 with s > 0, r > 0 there exists a positive constant γ, depending only on n, d, the frequencies ω and Ω, and s, and such that for every perturbation H = N +P of N , defined on D(s, r)×Π with P satisfying Assumption C_{D(s,r),N} and the smallness condition ε := ||X_P ||^{sup}_{r,N;D(s,r)×Π} + β M ||X_P ||^{lip}_{r,N;D(s,r)×Π} ≤ βγ (34) for some 0 < β < 1, the following holds: There exist

(i) a Cantor set Π_β ⊂ Π, depending on the perturbation P , with lim_{β→0} meas (Π \ Π_β ) = 0 uniformly for P satisfying Assumption C_{D(s,r),N} and (34)

(ii) a Lipschitz family of real analytic torus embeddings Ψ : T^n × Π_β → S^N

(iii) a Lipschitz map f : Π_β → R^n

such that for each ξ ∈ Π_β, the restriction Ψ|_Tn_{×{ξ}} is a real analytic embedding of a rotational torus with frequencies f(ξ) for the Hamiltonian H = N + P at ξ. In other words, t → Ψ(θ + tf(ξ), ξ) is a real analytic, quasi-periodic solution for the Hamiltonian H(·, ξ) for every θ ∈ T^n and ξ ∈ Π_β .

Moreover, each embedding is analytic on D(s/2) := {|Im x | < s/2} and ||Ψ − Ψ_0||^{sup}_{r,N;D(s/2)×Πβ} + β M ||Ψ − Ψ_0||^{lip}_{r,p;D(s/2)×Πβ} ≤ cε β

|f − ω|^{sup}_{Πβ} + β M |f − w|^{lip}_{ΠP} ≤ cε where Ψ_0 : T^n × Π → T_0, (x, ξ) → (x, 0, 0, 0) is the trivial embedding and c > 0 is a constant which depends on the same parameters as γ.

5.2 Proof of KAM Theorem for NLS

In this paragraph we prove Theorem 1.2 as given in the introduction, by applying the abstract KAM Theorem stated in paragraph 5.1 (Theorem 5.1).

We follow closely the line of arguments presented in [KPö] for the KdV equation.

To simplify notations we consider in this paragraph the phase space l^2_{N;α} (Z; R^2 ) with α = 0. In this case l^2_{N;0}(Z; R^2 ) may be identifyed with l^2_N (Z_{≥0}; R^2 ). (In the case α ≠ 0, l^2_{N;α}(Z; R^2 ) ≃ l^2_N (Z_{≥1}; R^2 )).

As a first step, apply the Birkhoff map Φ of Theorem 1.1, restricted to l^2_N (Z_{≥0}; R^2 ),

Φ̃ : l^2_N (Z_{≥0}; R^2 ) → H^N_0 (S^1; C ).

Again, to simplify notation, let us assume that A = {0, 1, . . . , n − 1}. Let Γ ⊆ (R_+ )^A be a set of positive Lebesgue measure and set

T_Γ := ⋃ I_A∈Γ {( √ 2J_je^{iθj} )_{j≥0} | J_j = I_j , j ∈ A; J_j = 0, j ∉ A}.

Since Φ̃ is analytic, there exists a neighborhood V_Γ of T_Γ in l^2_N (Z_{≥0}; C^2 ) which is mapped bianalytically onto a neighborhood U := Φ̃(V_Γ) of {(φ, φ), φ ∈ T^0_Γ } in H^N (S^1; C ) × H^N (S^1; C ).

Choosing V_Γ and/or U_Γ (defined in the Introduction) smaller, if necessary, we may assume that U = U_Γ. Consider the pull back H̃ = H ∘ Φ̃ of H on U. Notice that H̃ depends only on the actions (I_j )_{j≥0}. Using Taylor’s formula and the definition of the frequencies, ω_j (I) :=^{∂H}_{∂Ij} (I), we obtain

H̃(I + I_0) = H(I_0) + ∑ j≥0 ω_j (I_0)I_j + Q (35)

where Q := ∑ i,j≥0 Qij (I0, I)IiIj with Q_{ij} (I_0, I) :=

∫_1 0 (1 − t)

∂^2H ∂I_i∂I_j (I_0 + tI)dt. (36)

As a second step we introduce symplectic polar coordinates near the tori in the family T_Γ : Near T_Γ, introduce new coordinates (x, y, u, v) = Ψ^{−1}(c, b)

((c, b) ∈ l^2_N (Z_{≥0}; R^2 )) depending on the parameter ξ = (ξ_0, . . . , ξ_{n−1}) ∈ Γ, by setting (0 ≤ j ≤ n − 1) √ ξ_j + y_j e^{−ixj} := c_j + ib_j , √ ξ_j + y_j e^{ixj} = c_j − ib_j and (j ≥ 1)

u_j := c_{n−1+j}; v_j := b_{n−1+j} (j ≥ 1).

For each ξ ∈ Γ, this transformation is real analytic and symplectic on D(s, r) for s > 0 and r > 0 arbitrary but small enough so that D(s, r) ⊂ Ψ(V_Γ). Actually, ξ parametrizes the invariant n-tori and y = (y_j)_{0≤j≤n−1} are shifted action variables contained in a (small) neighborhood of 0. Using the expansion of H̃ in (35) and setting I_0 := (ξ, 0), H̃ = H̃ ∘ Ψ is, up to a constant depending only on ξ, given on D(s, r) by H̃ = N (y, u, v; ξ) + Q(y, u, v; ξ) where

N := n−1∑ j=0 ω_j(ζ)y_j + 1 2 ∞∑ j=1 Ω_j (ζ)(u^2_j + v^2_j )

with Ω_j (ξ) := ω_{n−1+j}(ξ) (j ≥ 1) and Q denotes the higher order rest. As the notation indicates, N will play the role of the integrable normal form, which is perturbed by P := Q + εR with R := K ∘ Φ̃ ∘ Ψ. We now verify the assumptions A, B and C of Theorem 5.1

Write ω_j(ξ) = Ω_j + Ω̃_j (ξ) with

Ω_j := 4π^2(n − 1 + j)^2 and Ω̃_j (ξ) := Ω_j (ξ) − Ω_j = ∂H ∂I_{n−1+j} (ξ, 0) − 4π^2(n − 1 + j)^2.

By Theorem 4.8, Ω̃ : ξ → (Ω̃_j (ξ))_{j≥1} maps Γ into l^∞(Z_{≥1}; R) and is analytic on a neighborhood of Γ. Thus Ω̃ is real analytic on some complex neighborhood of Γ (cf [KPö], Appendix D, Analyticity Lemma).

Hence the map is also Lipschitz by Cauchy’s estimate. In all, we conclude that assumption A is satisfiied with d = 2 and δ = 0.

To verify Assumption B, recall from Corollary 2.2 that on Γ

det(( ∂ω_j ∂ξ_k )_{0≤j,k≤n−1}) ≢ 0. (37) In particular, for any given η > 0 we may excise from Γ a relative open subset Γ_η of Lebesgue measure < η so that on Γ \ Γ_η, the determinant (37) in bounded and uniformly bounded away from 0. Moreover, we may cover Γ\Γ_η by finitely many closed subsets Γ_i so that on each such subset, the map ξ → ω(ξ) is a bianalytic homeomorphism on its image in R^n . We consider each of these parameter sets Γ_i separately. On each such a set we have, by Corollary 2.2, k · ω(ξ) + lΩ(ξ) ≢ 0 for every k ∈ Z^n and l ∈ Z^∞ with 1 ≤ |l| ≤ 2. Since each such expression is analytic in ξ, its zero set is a set of measure zero. Thus, Assumption B is satisfied for each subset Γ_i.

Moreover, we have for some M < ∞, L < ∞ |ω|^{lip}_Π + |Ω|^{lip}_Π ≤ M < ∞ and |ω^{−1}|^{lip}_{ω(Πi\Πη )} ≤ L < ∞. It remains to check Assumption C for the perturbation P := Q + εR. Following the same line of arguments as in [KPö] we prove for any β ≤ M, s > 0, r > 0 small enough and η > 0, ||X_P ||^{sup}_{r,N;D(s,r)×Γ\Γη} + β M ||X_P ||^{lip}_{r,N;D(s,r)×Γ\Γη} ≤ C(r^2 + ε r^2

). (38)

In particular, (38) says that

X_P : U × Γ \ Γ_η → S^N_C

with U ⊆ D(s, r). Thus X_p has the required regularity properties on Γ \ Γ_η for each η > 0. To satisfy the smallness condition (34) of Theorem 5.1 for the perturbation P , choose r^2 := √ ε, β =^{2c}_γ √ ε with c being the constant from (37) and γ chosen as in Theorem 5.1. We then obtain ||X_P ||^{sup}_{r,N;D(s,r)×Γ\Γη} + β M ||X_P ||^{lip}_{r,p;D(s,r)×Γ\Γη} ≤ γβ for all ε as required.

In view of the considerations above, Theorem 5.1 can be applied and Theorem 1.3 is proved.

Remark 1: Theorem 1.3 remains true for a larger class of phase spaces (cf [GK5]),

G^N_{η,±}(S^1; C ) := Φ({(x, y) ∈ l^2_N | S^±_η (x, y) = (x, y)}

where η : l^1_{2N} (Z; R) → l^∞(Z_{≥1}, R), I := (I_k)_{k∈Z} → η(I) is an arbitrary real analytic map and S^±_η is the real analytic isomorphism, S^±_η : l^2_N (Z; R^2 ) → l^2_N (Z; R^2 ), given in action-angle coordinates by

I^′_k := I_{−k} (k ∈ Z \ {0}); I^′_0 := ±I_0 θ^′_k := θ_{−k} + η_k(I) (for k ≥ 1 with I_k ≠ 0); θ^′_k := θ_{−k} − η_{−k}(I) (for k ≤ −1 with I_k ≠ 0); θ^′_0 := θ_0 (if I_0 ≠ 0).

As for φ ∈ G^N_{η,±}(S^1; C ), one has I_k = I_{−k} (k ≥ 1), the frequencies satisfy ω_k(I) = ω_{−k}(I) (k ≥ 1) by Proposition 1.2. Therefore, mutatis mutandis, Theorem 1.3 holds for G^N_η (S^1; C ) as stated in [GK5].

However, we have succeeded in characterizing G^N_η explicitly in terms of the potential φ only in the case where η is a constant, η_j(I) ≡ α with α ∈ R independent of j ≥ 1.

Remark 2: Theorem 1.1, and in turn Theorem 1.3, hold for more general phase spaces. However the version of Theorem 1.1 for Abel-Sobolev spaces H^{N,a}(S^1; C ) in the form announced in [GK5] is not true in view of the fact that nontrivial finite gap potentials are not entire functions.

References

[B] J. Bourgain, “Construction of quasi-periodic solutions for Hamiltonian perturbations of linear equations and applications to nonlinear PDE”, Inter. Math. Res. Not 11 (1994), p 475-497

[BKM] D. Bättig, T. Kappeler and B. Mityagin, “On the Korteweg-de Vries equation: Convergent Birkhoff normal form”, J. Funct. Anal. 140 (1996), p 335-358.

[CW] W. Craig and E. Wayne, “Periodic solutions of Nonlinear Schrödinger equations and Nash Moser method”, Preprint 1993.

[FT] L.D. Faddeev and L.A. Takhtajan, “Hamiltonian methods in the theory of solitons”, Springer, 1987.

[GG] B. Grébert and J.C. Guillot, “Gaps of one dimensional periodic AKNS systems”, Forum Math 5 (1993), p 459-504.

[GK1] B. Grébert and T. Kappeler, “KAM Theorem for the nonlinear Schrödinger equation”, Journal of Nonlinear Mathematical Physics, V.8, Supplement (2001), p. 133-138.

[GK2] B. Grébert, T. Kappeler: ”Gap estimates of the spectrum of the Zakhavov-Shabat system”, Asymptotic Analysis 25 (2001), p. 201-237.

[GK3] B. Grébert and T. Kappeler, “Symmetries of the Nonlinear Schrödinger equation”, preprint.

[GK4] B. Grébert and T. Kappeler, ”Density of finite gap potentials for the Zakharov-Shabat system”, preprint.

[GK5] B. Grébert and T. Kappeler, “Théorème de type KAM pour l’équation de Schrödinger non linéaire”, C. R. Acad. Sci. Paris, t. 327, Série 1 (1998) p 473-478.

[GKP] B. Grébert, T. Kappeler and J. Pöschel, “Normal form theory for the NLS equation”, preprint.

[KMa] T. Kappeler and M. Makarov, ”On Birkhoff coordinates for KdV”, Ann. H. Poincaré 2 (2001), p 807-856.

[KPö] T. Kappeler and J. Pöschel, “Perturbations of KdV equations”, preliminary version.

[KP] S.B. Kuksin and J. Pöschel, “Invariant Cantor manifolds of quasiperiodic oscillations for a nonlinear Schrödinger equation”, Ann. Math. 143 (1996), p 149-179.

[Ku1] S.B. Kuksin, “Perturbation theory for quasi-periodic solutions of infinite-dimensional Hamiltonian systems, and its application to the Korteweg-de Vries equation”, Matem. Sbornik 136 (1988) [Russian]. Englisch translation in Math. USSR Sbornik 64 (1989), p 397-413.

[Ku2] S.B. Kuksin, “Nearly integrable infinite-dimensional Hamiltonian systems”, Lecture Notes in Math. 1556, Springer, 1993.

[Ku3] S.B. Kuksin, “Analysis of Hamiltonian PDEs”, Oxford University Press, 2000.

[Ma] V.A. Marchenko: Sturm-Liouville operators and applications. Operator theory: Advances and Applications 22, Birkhäuser, 1986.

[MV] H.P. McKean, K.L. Vaninsky, “Action-angle variables for the cubic Schrödinger equation”, CPAM 50 (1997), p 489-562.

[Pö] J. Pöschel, “A KAM-theorem for some non linear partial differential equations”, Ann. Sc. Norm. Sup. Pisa 23 (1996), p 119-148.

[ZS] V. Zakharov and A. Shabat, “A scheme for integrating nonlinear equations of mathematical physics by the method of the inverse scattering problem”, Funct. Anal. Appl. 8 (1974), p 226-235