SOM E FEATURES OF THE FORCED VIBRATIONS

M ODELLING

FOR 1D HOM OGENEOUS ELASTIC LUM PED LINES

SergeyB. Karavashkin and Olga N. Karavashkina

SpecialLaboratoryfor FundamentalElaboration SELF

187 apt., 38 bldg., Prospect Gagarina, Kharkov 61140 Ukraine

Phone: 38 (0572); e-mail:

selflab@go.com , selflab@mail.ru

25 February, 2002

This is the third leading paper ofa large cycle devoted to our new method to obtain the exact an a - lyticalsolutions for vibrant elastic lumped and distributed systems. Its initialversion was published in

"Materials. Technologies. Tools", the journalofNationalAcademyofSciences ofBelarus, 5 (2000), 3, pp.14-19 (in Russian). In the present version we retained generallythe originalpart ofthe published p a - per, so the English-language readers can consider it as the elaborated version ofthe published paper. We have essentiallywiden the conventional methods analysis; in our view, it presents more brightlythe a d - vantages which our method adds to the calculation scope and which we embodyin our investigations, both published and being about publishing in the nearest future.

You can find this and other papers ofthis cycle in our electronic journalSELF Transactions (for free) at http://angelfire.lycos.com/la3/selftrans , as wellas manyother interesting results, both there and on our web site at http://angelfire.lycos.com/la3/SELFlab . We willbe verygrateful ifyou visit it and express us your opinion ofour results or your interest to join us in our r e search.

Abstract

In this paper we survey the conventional methods to calculate the systems modelling vibrant 1D elastic lumped lines, in comparison with the newnon-matrix method to obtain the exact analytical s o - lutions for such systems. We consider the features arising when an external force acts on an interior element of such system. We analyse the conditions of the limiting process to the distributed lines and derive the conditions, when a lumped line can be modelled by the methods conventional for distributed lines.

Keywords: Mathematicalphysics; Wave physics; Theoryofmany-bodysystems; ODE systems; F i - nite deformation; Oscillation theory; Dynamicalsystems

Classification by MSC 2000: 34A34, 34C15, 37N05, 37N15, 70E55, 70J40, 70K30, 70K40,

70K75, 74H45.

Classification by PASC 2001: 02.60.Lj; 05.45.-a; 45.05.+x; 45.10.-b; 45.20.-d; 45.20.Dd;

45.30.+s; 45.50.-j; 45.50.Jf; 46.15.-x; 46.25.Cc; 46.40.-f; 46.40.Cd; 46.40.Ff; 46.50.+a; 46.70.-p;

46.70.Lk

1. Introduction

We know the multiple types ofvibrations, though theyare caused bya smallnumber ofparameters:

such as the systemelements masses, the constraints stiffness, the type ofdissipative forces and some others. The dependence ofvibrations on the modelstructure conditions it and makes necessaryto use a broad gamut ofthe basic models describing these processes. Even the most generalclassification divides the models into 1D, 2D and 3D, lumped and distributed, homogeneous and heterogeneous, dissipative and not, having one or few degrees of freedom, forced and free vibrations etc. For each ofthe me n - tioned types ofbasic models a specialapproach has been developed, and for most ofthemeven several different approaches whose results often do not match. The more, most ofthe methods have quite na r - row specialisation; it essentiallyhinders the generalstudying ofthe vibration process regularities. As we willshow below, the methods used for distributed systems cannot give the exact analyticalsolutions for the entire complex oflumped models; the methods used for infinite models are inapplicable to those f i - nite, and so on.

Manymethods which one conventionallythinks analyticalcan be actuallyclassified as numericalby their essence. Theycannot give a complete pattern ofall interconnections ofa dynamicalprocesses. To move over this limitation, we have developed the originalnon-matrix method to obtain exact analytical solutions. In [1], [2] and [3] we presented some results which we have obtained for infinite and finite elastic lumped lines. Stating them, we proceeded, on one hand, fromthe mind that it willbe convenient to present the new method, beginning with the simple models easycomparable with the known results in some particular cases. On the other hand, ’’in the engineering viewpoint, the particular case is important when the oscillators are put in series so that the n th oscillator is connected onlywith the previous

( n - 1)th and next ( n +1)th ones. As an example we can take a shaft with the disks fitted on it. The disks behave as the vibrant masses, and the between-the-disks shaft sections serve as the elastic constraints’’

[4, p.277]. The integrating feature ofthe models considered in the mentioned sources is that the external force acted always on the start ofline. But practicallywe often meet a case when the externalforce acts on the interior elements ofa line. This difference essentiallyeffects both on the pattern ofsolution and on the pattern of forced vibrations produced in the line.

In this paper we willanalyse the features ofvibrations caused bythe mentioned reason. In this way we willdevelop the solutions obtained bythe new method, extending themto the more complicated models ofelastic systems.

2. Comparative analysis of conventional basic methods

With alldiversityofthe used methods, we can emphasise a few being basic for themall.

To construct the mathematical modelper se, one uses mainlytwo basic methods: the Lagrange method based on the energybalance, and the method of force balance on the elastic systemelements.

The first ofthemgives the scope to state the problemdirectlyin the generalised co-ordinates for the systems having manydegrees of freedom; this is advantageous in the fundamentalresearch ofcomplex vibration processes. The second method is more visualand simple, when constructing the particular models ofelastic systems, so it is used more often in the applied calculation. Both methods give identical results, so at this stage ofmathematical modelling the difficulties are rare, theyarise when seeking the solutions. Analysing them, we willconfine ourselves to ideal1D elastic lines related to the subject ofthis paper.

The conventional methods to find analyticalsolutions are usuallybased on one ofthree approaches to solving the problemofvibrant elastic systems:

- the direct use ofthe matrix methods (see, e.g., [4]-[10]);

- the integralequations method (see, e.g., [11]);

- using the modified methods basing on the matrix properties; the oscillatory, Voronoy, Toeplitz matrixes etc. are related to them(see, e.g., [12], [13]);

V. 2, No 1 Some features of forced vibration modelling 3

- the indirect methods based on the revealed regularities in the particular modelling systems ofdi f - ferentialequations (see, e.g., [4], [14], [15]).

In their turn, the problems of forced vibrations are usuallybased on the investigation ofa homog e - neous systemofdifferentialequations corresponding to free vibrations in an elastic model, due to the fact that the resonance frequencies coincide for the forced and free vibrations. So it willbe efficient to begin our analysis with this type ofmethods.

In the matrix methods, the following structure ofsolutions is inherent. Using the Lagrange equation ofthe second kind

, j j j

d T T dT q q q

¶ ¶ ¶P

- = -

¶ ¶ ¶

� �

( 1 )

(where

,

1

2 jk j k

j k

T a q q = å � � is the systemkinetic energy;

,

1

2 jk j k

j k c q q P = å is the systempotentialenergy;

j q and k q are the generalised co-ordinates ofsystem) one yields the systemofo r dinarylinear second-

order differentialequations

1

0 .

s

jk k jk k

k

T a q c q

=

= + = å � ( 2 )

One seeks its solution in the form

( ) sin , k k q A t

l e = + ( 3 ) where , k Al and e are the constants that are to be determined. Substituting (3) into (2), after an obv i - ous reduction, one obtains an algebraic systemofa following type:

( ) 2

1

0 .

s jk k jk k k k

a q c q A l

=

+ = å � ( 4 )

’’This systemto have a non-trivialsolution, it is necessaryand sufficient, its determ i nant to be zero:

2 0 " jk jk

c al D = - = ( 5 )

[8, p.529]. ’’The characteristic equation (5) is an algebraic equation ofthe 2 s -order with respect to l, hence, it has 2 s solutions, i.e. 2 s eigenvalues ( ) 1, 2...2 s a

l a= . After one substitutes the solution a

l to the system(4), this systemwilldetermine the relationship b e tween the ’amplitudes’ k C:

( ) ( ) 2

1

0; 1, ... .

s jk jk k k

a c C j s a

l

=

+ = = å ( 6 )

One can write the generalsolution of(2) as a real(or imaginary) part ofthe sumofpartialsolutions, i.e., as

( ) 2

1

Re 1, ... ,

s t k k q C e k s a l a a=

= = å ( 7 ) where the amplitudes k C a (or rather their relationship) are determined by(6), and solutions a

l - by(5)’’

[7, p.263].

As we see fromthis consideration, the matrix method, though it is thought analytical, is numerical in its essence, since in generalcase allmain vibration parameters can be obtained onlyas the numbers. ’’The solution ofthese equations requires first to find the proper determinants. Their formand anysizeable number oflines make it practicallyimpossible or extremelylaborious’’ [6, p.98]. ’’It stands to reason that we could not find the determinant of ( ) 2 4 4 n + elements directly(4 n integration conditions plus 4 boundaryconditions), and it would be useless, since its root values might be calculated onlynumerically, not with a literalpresentation’’ [6, p.191]. Even to find the frequencyand shape ofthe first main oscill a - tion ofa system, one uses different approximate methods, since the exact solution ofa problem is i m - possible at a large number ofdegree of freedom’’ [9, p.162]. Above all, when calculating the finite elastic systems, this demerit stronglylimits the matrix methods applicabilityand causes the indirect analytical methods to calculate the vibration processes main parameters. As we mentioned before, these methods are based on some regularities revealed for the specific mathematical models, so their applicabilityis narrower.

One ofthe mostlyused indirect methods is described byK. Magnus. According to this method, ’’to calculate the naturalvibrations, consider an infinite 1D elastic line. At equal masses p m m = and spring stiffnesses p c c = we obtain

( ) ( )

1 1 . p p p p p

mx c x x c x x - +

= - - - -

� ( 8 )

We willseek the known to be existing main vibration ofthe p th mass in the form

( ) . p p x X s t w w j = -

Substituting this solution into (8), we willyield

( ) ( ) ( ) 2

1 1 2 cos 0 " p p p

c m X c X X t w w j

- +

é ù - - + - = ë û ( 9 )

[[4, pp.278-282]. After some modification, (9) reduces to

( ) 2

1 2

2 , p p p

c h c c

- -

= - -

( 10 ) where

( ) 2

1 ; / ; 1, 2, ... . p p

m

X X p n a

w h c = = =

’’Fromthis we can sequentiallycalculate all p

c, since the boundaryconditions, i.e. the conditions at both ends ofa chain, are known’’ [4, p.279]. Further the author limits himself, considering the case when both ends ofan elastic line are fixed rigidly, i.e.

0 1 0 . n X X +

= = ( 11 )

Then (10) lead us to the following result:

2 4 2 6 4 2

1 2 3 4

1; 2; 4 3; 6 10 4 . c c h c h h c h h h

= = + = - + = - + - + ( 12 )

These functions ’’are often used to calculate the naturalfrequencies ofvibrant chains (particularly, [16]).

The naturalfrequencies can be calculated as zero values of( n +1)th frequencyfunction (12). It means, for the unitless naturalfrequency q

h

( )

1 0 n q

c h

+

= is true. Thus, the naturalfrequencies distinguish bythe feature that for themthe boundarycondition

1 0 n

c

+

= specified at the line end is true automatically. The zero tables for the frequencyfunctions up to n =11 are given in [16, vol. II, chapter XIII]’’ [4, p.279].

Fromthis briefdescription we can see the demerits ofthe method. To find the naturalfrequencies, we have to solve the power equation allthe same; as is known, the equations higher than the 4th power

(in this case of8 th power) cannot be solved exactlyin the analyticalform. The author gives also the an a - lytical method. ’’We can express the naturalfrequencyalso in the explicit form. In order to do so, tryto find the solution of sin . p X C pa = ( 13 )

With it the first condition of(11) is satisfied automatically. To satisfythe second one, the equality

1

q n

p a=

+ or

( ) ( )

1 1, 2, ...

n q q a p + = = ( 14 ) has to be true. On the other hand, when substituting (13) into (9), we obtain

( ) 2 sin 2 2 cos 0 .

C pa h a - - = ( 15 )

As the values C =0 and sin 0 p a= are not ofour interest, this condition can be true onlywhen

( ) ( ) 2 2 2 1 cos 4 sin / 2 h a a

= - = ( 16 ) or

( )

0 0 2 sin / 2 , w hw w a

= = ( 17 )

( ) 0

2 "

2 1 q

q n

p w w =

+

( 18 )

[4, p.280].

Despite the effective transformation, the cited method does not resolve finallythe problems of seeking an analyticalsolution. Even if q

w is determined exactly, the vibration amplitude has to be ca l - culated on the basis ofpolynomials (12), with the complication growing as n grows. And h willbe n u - mericalallthe same, so this method cannot be thought rigorouslyanalytical. Furthermore, the technique to find q

wanalyticallyis limited not onlybyhomogeneous finite lines but also bythe boundarycond i - tions. As it was shown above, for the fixed ends the method gives a solution, but ifat least one end is loaded or free, the entire structure ofthis technique willbe destroyed. Actually, as is shown in [1], for a line with unfixed ends ’’according to the allowed frequencies, the s o lution ofthis systemhas the form

( )

( )

cos 2 1

; 1, 2, ... " , cos 2 1

p j t i p

A n i e i n n

w

t t

- + é ù ë û D = =

-

( 19 ) where i

D is the i -th element shift, A is the first element vibration amplitude, 2arcsin / 4 p m s t w = is the parameter corresponding to the allowed frequencies p

w which are calculated analyticallyin the process ofsolution, and s is the line stiffness coefficient. We can see from(19) that at i=n , at the end ofa line, the vibration amplitude willnot be maximal, as we used to think for a distributed line, but willbe shifted bysome phase p

t depending on the allowed mode number. This effect willbe especiallyperceptible at high frequencies, when p

t is comparable with 1. And the denominator of(19) willalso effect on the amplitude. It means, doing not knowing the exact analyticalsolutions presented in [1], one cannot state a priorithe boundaryconditions for a free-ends line. However without this the entire Magnus method does not work.

True, for todayit is practicable to extend the boundaryconditions which are true for distributed lines to those lumped. In particular, this procedure is used in [6, pp.149-150] and [11, pp.48-49] when studying a shaft with n fitted disks and a beamhaving n lumped masses. None the less, as is shown in

[1], (19) fullysatisfies the conventional modelling systemofdifferentialequations. Therefore, when ca l - culating the exact analyticalsol u tions for a lumped line, we have to consider this difference.

As regards to the known methods to describe the infinite models, this direction is even less clear.

The solutions are mainlylimited byfinding the phase delayofa process along an infinite elastic line by the dispersion characteristics (see, e.g., [14, p.169], [15, pp.106-107]). At the same time Pain writes:

’’The utmost ultrasonic frequencyachieved for todayis approximately10 times less than 0 / 2 c n pa =

(the criticalfrequency). At the range from 125 10× to 131 10× Hz one should expect manyinteresting e x - perimentalresults’’ [14, p.169]. Actually, the results presented in [2] show that in the infinite elastic sy s - tems both forced and free vibrations can exist. Theycan take place not onlyat the subcriticalregime

(less than criticalfrequency), as in finite lines, but also at the overcriticalband, when the entire vibration energylocalises at a smallregion, but is not distributed along the entire infinite elastic line. In this case the energyaccumulated in an infinite line can be finite. This conclusion is especiallyimportant, since manyrealprocesses, e.g., in crystals, can be modelled with the help ofan ideal infinite model[15, p.105]. The more, such modelling is valid also for the finite elastic lines loaded bya wave impedance.

So this is a great demerit that for todayin this area one cannot take into account the line features, the externalforce application point, the description ofthe pattern ofprocesses etc. To a definite extent this gap was filled in [2]. In the present paper we willstudyone more important factor - the externalforce application point influence. But the material interesting and important for the researchers and engineers is wellmore voluminous and requires a sp e cialattention to this research direction.

Passing to the analysis ofthe methods to calculate the forced vibrations in an elastic system, we should mark first ofallthat the matrix methods can be divided into two basic ones: the direct solution method (see e.g. [7, pp.296-297]) and the normalco-ordinates method (see e.g. [5], [8, pp.539-560]).

In accord to this first, one seeks the solution ofa systemofa following type:

( ) { } ( )

1

s e jk k jk jk k jk k j k

a b c Q t x g x x

=

+ - + = å � � ( 20 ) in the form

( ) ( )

1, 2, ..., . e e e k j t i e k k a e e j s w b b x + D = = ( 21 )

’’This systemofthe linear heterogeneous equations has the following solution:

( )

( ) , e k

k e i e k e

a e b

l l

D

D

=

D

( 22 ) where ( ) e

l D is the characteristic determinant of(20) taken at the value e

l , and ( ) k e

l D is the determ i - nant obtained fromthe characteristic equation bywayofsubstituting the k th column elements composed of

1 2

, , ... e e e s Q Q Q ’’ [7, p.296].

In (22) the same problems are inherent as in the above method for the free vibrations calculation.

For elastic systems having a large number ofelements, one has first calculate numericallyall e

l , and then, again numerically, to calculate the determinants in (22). It means that in the essence this method is not analyticaltoo, because it does not indicate in analyticalformthe pattern ofthe vibration process d e - pendence on the acting force fr e quencyand the systemparameters.

The second matrix method bases on the modification ofthe initialgeneralised co-ordinates ofa sy s - temto the normalco-ordinates:

1

N i i

q q a a a

d d

=

¶ = Q

¶Q

å ( 23 ) where a

Q are the normalco-ordinates). In these co-ordinates, the generalised force has a form

( ) 2

1 1

N N i j j j j j

q P Q Q a a

l

= =

¶

= = D

¶Q

å å . ( 24 )

’’Using the expression for the kinematic and potentialenergyin the normalco-ordinates, find

( ) " A C P t aa a aa a a

Q + Q = � ( 25 )

[8, p.539].

The equation (25) is similar to a modelling differentialequation for a single bodyhaving idealelastic constraints. ’’We can integrate (25) using the symbolic method ofintegration. If P ( t ) was the integrable function with respect to time t 1 , we can present the int e gralof(25) in the following form:

( ) ( )

0

1 2 1 1 1

1 cos sin sin

t t

C t C t P t t t dt

A a a a a a a a aa a

l l l l

Q = + + - ò , ( 26 ) where C 1 a and C 2 a are the integration constants, a

l is the free vibration frequencyand t 0 is the initial moment oftime. The termcontaining ( ) P t a is a particular solution of(25)’’ [8, p.539].

Using this technique, A.N. Krylov [6, pp.161-173] has considered the problemof forced vibrations ofa shaft with n fitted gears. In the case ’’when at the points for which the variable x values being

1 2 3

, , , ... n a a a a there have been applied the forces

1 2 3

, , , ... n Q Q Q Q and the pairs whose moments are

1 2 3

, , , ... n M M M M ’’ [6, p.166], ’’the elastic line equation, when the end ofthe shaft x =0 is supported, willbe

( ) ( ) ( ) . y BT x DV x x

= + + F ( 27 )

But when this end is embedded,

( ) ( ) ( ) y CU x DV x x

= + + F ( 28 ) and when it is free,

( ) ( ) ( ) y AS x BT x x

= + + F ( 29 )

(where

( ) ( ) 1 cosh cos

2

S x x x = + ; ( ) ( ) 1 sinh sin

2

T x x x = + ; ( ) ( ) 1 cosh cos

2

U x x x = - ;

( ) ( ) 1 sinh sin

2

V x x x = - are so-called unit matrixes, which Caushyused in manyworks), and ( ) x F is in allthese cases one and the same function determined as

( ) ( ) ( ) ( )

3

1 , . x f V a x d x x x a

F = - ò ( 30 )

The constant arbitraryvalues are determined bythe boundaryconditions for the shaft end corr e - sponding to the value x =1’’ [6, p.166].

’’The problem is solvable, ifallforces and moments are given . But for a rotating shaft neither forces nor moments cannot be given, there are known onlytheir expressions through the masses and inertia moments ofthe pulleys and sags and inclinations at the places oftheir fixation’’ [6, p.167]. In this case, considering the systemofequations composed for the boundaries ofallhomogeneous sections ofa shaft, Krylov comes to a conclusion: ’’We can see fromthe formulas that, beginning with 0 y , we can compose s e quentiallyallother functions that always have the form

1 2

, Bx Dx + where x 1 and x 2 are the functions composed bya definite wayfor the known functions with respect to the argument kx . Therefore it is obvious that the boundaryconditions willhave the form

( ) ( )

( ) ( )

0

0 ,

BG k DH k

BL k DN k

+ =

+ =

( 31 ) and the equation for calculation the criticalfrequencies willbe

( ) ( ) ( ) ( ) ( ) 0 . k G k N k H k L k D = × - × = ( 32 )

This expression willbe so complicated that one can solve it onlybysequentialapproximations, needing for themonlya scope to calculate the particular values ( ) k D specified bythe particular value k ’’ [6, p.173].

The similar results are obtained when one uses the integralequations method. ’Ifan integralequation ofa vibrant systemwith continuouslyand discretelydistributed masses has been composed, then, using the Fredholm method, we can find the eigenvalues. The essence ofthis method is that the eigenvalues are found as the roots ofFredholmseries

( )

( )

0

1

,

!

n n n n

C

D n

l l ¥

=

-

= å ( 33 ) where the coefficients ofthis series having ( n - 1) discrete masses are calculated as

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

1

1

1 0

1

2

1 0 0 0

1 1

1 1

, ,

, , , ,

2

, , , ,

, ,

.

, ,

n n n n

l n i i l l l n i i i i n n j j j i j i i j i i

C K x s ds K s s

K x x K x s K x s K x s

C dsdx dx

K s x K s s K s s K s s

K s s K s s

K s s K s s

-

=

-

=

- -

= =

= +

= + +

+

å ò å ò ò ò å å

( 34 )

Actually, the eigenvalues calculation needs to construct preliminarythe Green function and to find the complicated coefficients C n , especiallywhen calculating a high-order eigenvalue. Note also that there exists a whole class ofthe boundaryproblems for which it is impossible to construct the so-named ge n - eralised Green function’’ [11, p.38]. Using this method, Kuhta and Kravtchenko reduced a particular problemof forced vibrations to the numerical modelling. ’’To calculate the roots ( ) 0 r D = (the freque n - cies ofthe considered problem), one estimates their lower boundary. Then, combining the chord tec h - nique with the selection technique which is suitablyrealised bycomputing in the case ofas simple as multiple roots, one determines the necessarynumber of frequencies in the increasing order’’ [11, p.47].

The considered matrix method has allabove demerits, since it works onlyat the known values a

l which one has to find numerically. But not onlythe common demerits unite these methods. In their e s - sence, theyare variations ofone and the same approach, since, on one hand, ’’since the characteristic equation has 2 s roots a

l, then ( ) a

l D can be presented as the product

( ) ( ) 2

1

, s e a a a a

l l l

=

D = - P ( 35 ) where a is some constant’’ [7, p.296]. On the other hand, the introduction ofthe main co-ordinates amounts to the simultaneous reducing oftwo quadratic forms T and U to the canonicalform[7, p.266].

We can conclude fromit that both matrix methods can predict in analyticalformonlythe fact that ’’ifthe attenuation is small, then each amplitude e k

a willhave s resonance peaks at s frequencies

( ) 1, 2, ...,

k s a

w w a

» = . These maximums turn into infinityifthe energydissipation is absent, i.e.,

0 e

m® . In this case

V. 2, No 1 Some features of forced vibration modelling 9

( ) 2 2

1

1 " e s e

a a a

a w w

=

- P

� ( 36 )

[7, p.297].

The techniques using the Voronoy, Toeplitz and other particular matrixes have the essentialdra w -

backs too. Despite allattempts to put these matrixes in order and to reduce themto the diagonalform,

these techniques work well, onlyifthe succession ofnumbers

0 1 2

0, 0, 0, ...

p p p

> ³ ³ was specified.

Then at the condition

0

( 0, 1, 2, ...)

n

n k P p n = = å [17, p.120] one can tryto find the solutions. However

the task is just to find these

0 1 2

, , , ...

p p p , and especially p 0 , which determine the line start reaction to an

externalaction. But to find these parameters, even in case ofsimple models, as we showed in [1], one

cannot use a priorisome stable phase delay, because even in cases ofsemi-finite and finite lines the line

element parameters being under the force action are different. Furthermore, these techniques, the same

as the integraland classicalmatrix, see onlyone r e gime - under the criticalvibrations.

As a counterpoise to this, the exact analyticalsolutions obtained bythe originalnon-matrix method

in [1] show not one but three vibration regimes: periodical ( )

0 w w < , critical ( )

0 w w = and aperiodical

( )

0 w w > . In particular, for a line having one (right) fixed end, these solutions have the following form:

at 0 w w <

( )

( ) 0 sin 2

,

cos 2 1 j t

i

F n i

e

ms n w t

w t

-

D =

-

( 37 )

at 0 w w =

( )

( )

( ) 0 1

2 1 i j t

i

F n i

e

s n w

-

D = -

-

( 38 )

and at

0 w w >

( )

( ) ( ) 2 2

0

2 1 2 1

1 , n i n i

i j t

i n n

F

e

ms w g g

w g g

- -

+ -

- -

+ - é ù - ë û D = -

é ù - ë û

( 39 )

where 2 1 g b b

+

= + - and 2 1 g b b

-

= - - .

Comparing (37)-(39) with (36), we see themclearlydetermined as to the externalforce parameters

as to the elastic line parameters as to the resonance frequencies. With it, when n growing, the difficulty

ofanalysis does not increase. These solutions can be easyextended to a distributed line, which is unr e -

alisable analyticallybythe matrix methods. Outwardlyone can even doubt, whether (37)-(39) are rel i -

able? As [1] shows, (37)-(39) completelysatisfythe conventional modelling systemofdifferentialequ a -

tions. And the aperiodicalregime is not so much unexpected. The indirect methods, though theygive the

applicabilitylimitation and incomplete results, in particular cases also corroborate the physicalrealityof

this vibration regime. As an example, consider the original indirect method described byMagnus [4,

pp.282-285]. It willbe the more interesting for us that when presenting his method, Magnus studied a

finite line with the fixed right end too, so we can compare the results.

Magnus has drawn his attention to the relation between a and h in (17); true, in this expression a

took the discrete values (14). Besides, considering the forced vibrations, he lifted the fixation ofthe left

end ofan elastic line (filter) and made it to move periodicallyas

SELF S. B. Karavashkin and O. N. Karavashkina 10

0 cos e e x x X t

= = W . ( 40 )

In doing so, he naturallyviolated one ofthe boundaryconditions that had to lead himto the definite di f -

ficulties. Getting themround, he supposed that ’’with it in the motion equations (8) nothing willchange

for the individual masses, so we can seek the periodicalsolution having the same frequencyas the exc i -

tation, and coming or in phase or in anti-phase with the excitation, supposing

cos . p p x X t

= W ( 41 )

As a merit ofMagnus method we can mark, he did not follow the conventionalway, introducing the

boundaryconditions for an unfixed end, but suggested a complex wayto get over the discrepancyof

solutions. ’’We can now write the cited expression (13) for the amplitude p X as

( ) sin . p X C pa b

= + ( 42 )

The introduced constant b gives us the scope to ’adjust’ the solution to the boundarycondition in the

line beginning. The value a makes it impossible, because when substituting (42) into the amplitude r e -

lationship (9), we see that the relation between a and h is determined by(16). The distinction fromthe

previous itemrelation is, when studying the naturalvibrations, we have first to find h as a relative nat u -

ralfrequency, and vice versa, for the forced vibrations the relative frequencyofexcitation h is known’’

[4, p.282]. On this grounds Magnus has replaced the discrete relation between a and h (14) bythe

continuous relation ( ) a h .

Further, ’’at the boundarycondition given here, taking into account (42), the following requirements

are imposed on the amplitudes:

( )

0

1 sin

0 sin 1 " e

n

X X C

X C n b

a b

+

= =

= = + + é ù ë û

( 43 )

[4, p.283]. The result is

( )

( ) sin 1

cos .

sin 1 p e n p

x X t

n a

a

+ -

= W

+

( 44 )

To compare (44) with (37), note that e X corresponds to the amplitude ofthe first element (40),

0 1 p n £ £ + , while 1i n

£ £ . Noting these features, on the basis of(37), we obtain

( )

( ) 0

0 sin 2 1

.

cos 2 3

F n

X

ms n t

w

+

=

+

( 45 )

Noting moreover that according to (16) and (19)

2 a t = ( 46 )

and substituting (45) into (37), we obtain

( )

( ) 0 sin 1

,

sin 1 j t

p n p

X e

n w a

a

+ -

D =

+

( 47 )

which fullycorresponds to (44).

The demerits ofMagnus method are seen fromthe consideration. Iflifting the fixation fromthe se c -

ond end ofa line, the condition (43) willbe violated and the whole method willnot work. Besides, the

Magnus method has established the relationship between the vibration amplitudes ofthe p th and the first

body, but did not establish the relation between this bodyvibration and the externalforce parameters. As

we see from(45), this relationship is quite complex. Basically, this demerit reflects the impossibilityto

specifyvibrations exactlyat the free end ofa line with the help ofboundaryconditions, since, as it fo l -

V. 2, No 1 Some features of forced vibration modelling 11

lows from(45), this amplitude vitallydepends on the externalforce parameters. None the less, despite

these demerits, the Magnus method completelycorroborates (37)-(39) validityin the particular case ofa

finite line having one end free. And not onlyin the band ofperiodicalregime. Basing on (44), Magnus

considered further also aperiodical(overcritical) regime. ’’First ofallwe see that for allfrequencies

0

2 w W > , i.e. for all * i a a p

= - , the signs before the amplification coefficients alternate, so the chain

masses always vibrate in anti-phase with the neighbouring masses’’ [4, p.284]. ’’It follows fromthe h y -

perbolic sine function behaviour that in the most generalcase for each mass, with the growing *a, the

more this mass is remote fromthe chain start the more the amplification coefficient value decreases. For

the last mass ofa chain ( ) p n = the amplific a tion coefficient is

( )

( )

* 1 .

1 * n

n sh V

sh n a

a

= -

+

( 48 )

At quite large n this function decreases so much with the growing frequencythat practicallywe can say,

the frequencyhigher than that boundaryis cut off. The chain does not pass the frequencies 0 2 w W > , it

works as a low-frequencyfilter’’ [4, p.285]. Blakemore [15] in his calculation also obtains the anti-phase

vibrations in criticalregime for an infinite 1D crystalline lattice. But he considers neither criticalnor

aperiodicalregimes, thinking, due to the incompleteness ofhis solutions, that the phase delayat the

overcriticaldomain willexceed p. And due to the strong absorption, ’’the waves having angular fr e -

quencyexceeding

0

2 / m v a w= cannot exist in an imaginary1D crystal’’ [15, p.110]. None the less, in

manyproblems ofthe applied mechanics, solid physics etc., not onlythe energytransmission byan ela s -

tic line but also the process ofenergyaccumulation and redistribution within the line is important. The

localaccumulation and redistribution ofthe vibration energyis inherent in the aperiodicalregime. This is

just the case when, for example, under an externalforce the reaction at the support is absent, even under

the dynamical load in the excitation region being criticalfor the elastic constraints. This is a veryimpo r -

tant aspect, when studying the fatigue processes in elastic systems. We should note here, at the period i -

calregime the neighbouring elements vibrate in the anti-phase - it means that the constraints are loaded

maximally. In this view the case is important when the externalforce acted on the line interior elements.

With it both supports willnot experience the load, while in the excitation region the criticalvibrations

can take place, crushing the internalconstraints ofan elastic line. And when the externalforce "action

radius" dependence on the frequencyand elastic systemparameters is complicated, it is important to

obtain the solutions ofmodelling systemequations in the analyticalform. These indicate the most e x -

actlythe measure ofeach factor effect and allow choosing qualitativelythe elastic line parameters

dependentlyon the externalforce type.

Unfortunately, neither in practical investigation (see e.g. [6], [16]) nor in the fundamentalresearch

on the basis ofintegralequations (see e.g. [11], [12]) this vibration regime is not considered and taken

into account. ’’The resolving ofthe boundaryproblems ofthe vibration theoryreduces, in the essence, to

the calculation ofeigenvalues caused bythe naturalfrequencies or other parameters ofthe studied sy s -

temand to the calculation ofeigenfunctions (vibration forms). Ifthe eigenvalues and eigenfunctions

have been determined, we can think the boundaryproblemsolved... At present a great amount ofa p -

proximative methods to calculate the eigenvalues has been developed, however theyallare quite labor i -

ous, give a scope to find onlythe first eigenvalues and, the main, do not generalise the studying ofthe

systems having discrete or continuous mass distribution. So, as manyauthors correctlythink, the eige n -

values calculus is up to now one ofthe most important and laborious problems that manyresearchers are

stillinvolved in, in that number we can list Kellatz, Guld, Wilkinson in their latelypublished fundamental

monographs devoted to the problems ofnaturalvibrations. We can find the endeavours to establish the

SELF S. B. Karavashkin and O. N. Karavashkina 12

mathematicalunification and synthesis of1D discrete and continuous problems as long ago as in the

works byEuler and Lagrange. However up to now setting up the analogies between such boundary

problems is under process, for example, in the works byKrain, Atkinson and others’’ [11, pp.3-4].

In view ofthe new analytical method, we can figurativelyexplain the high-order eigenvalues pro b -

lem, using the modelconsisting ofthree sections ofelasticallylinked masses. Ifthe first k 1 bodies have

the element mass m 1 , the second k 2 bodies have the mass m 2 > m 1 and the rest ( )

1 2 1 n k k k

- - ¹ bodies -

again m 1 , then, when the naturalfrequencies are subcriticalfor allsections, the resonance frequencies e i -

genvalues transformed bythe mutual influence ofsections willcorrespond to each section. At the fr e -

quencies overcriticalfor a ’heavy’ section, the line definitively’divides’ into three regions. The first and

the third ones willremain the periodicalvibration regime, and the second one - aperiodical. Ifthe vibr a -

tions are free, we can expect the ’partial’ resonances at anyofthree sections - two in the subcriticalr e -

gion and two in the outer sections - in the overcriticalregion. But ifthe vibrations are forced, then the

solution willdepend on the e x ternalforce application point.

So, describing the line bythe unified matrix ofintegral method and doing not taking into consider a -

tion the possible transitions in some sections (or individual masses) to the aperiodicalregime, we will

naturallyrun into the insurmountable problems in describing the processes in a line. And the fact that

neither matrix method nor integralequation method do not revealthe overcriticalvibration regime ev i -

dences onlysome incompleteness ofthese methods and necessityto develop and to consider the features

vibration process. The new non-matrix method can be also useful. Some results obtained with its help

were presented in [1]-[3], and the solutions analysed in this paper have been obtained bythis method

too.

3. Impact of the external force application point

Finite line with unfixed ends. To make convenient the comparison with solutions presented in [2],

consider a finite free-ends line on whose k th element (1 £ k £ n ) an externalharmonic force acts. The

generalformofsuch line is given in Fig. 1. A modelling systemofequations has the form

2

1

2 1 2

2

2

3 1 2 2

2

1 1 2

2

1 2

( )

( 2 )

........................................ ......

( ) ( 2 )

........................................ ......

( ) , k k k k

n n n d m s

dt

d

m s

dt

d

m F t s

dt

d

m s

dt

+ -

- ì D

= D - D ï

ï

D ï = D + D - D ï

ï

ï

í

D ï = + D + D - D ï

ï

ï

ï D

= D - D ï

î

( 49 )

where ( )

0 j t F t F e w

= is the externalforce acting on the k th element ofthe line, m is the mass ofthe line

element, s is the constraints stiffness coefficient and i

D is the momentaryshift ofthe i th element from

the state ofrest.

This systemhas the following solution:

for the periodicalregime ( ) 1 b <

V. 2, No 1 Some features of forced vibration modelling 13

0 cos( 2 1) cos[ 2( ) 1] ; 1

cos( 2 1) cos[ 2( ) 1] ; , cos sin 2 j t

i i n k i k F e

k n i k i n ms n w t t

t t w t t

- - + £ £ ì

D = - ´ í - - + £ £ î

( 50 )

for the aperiodicalregime ( ) 1 b >

( 2 1) ( 2 1) [ 2 ( ) 1] [ 2 ( ) 1]

( 1) 0

2 2 ( 2 1) ( 2 1) [ 2 ( ) 1] [ 2 ( ) 1]

( )( ); 1

( 1)

( )( ) ( )( );

i i n k n k j t

i k

i n n k k n i n i i k F e

ms k i n w g g g g

w g g g g g g g g

- - - + - +

+ - + - - +

- - - + - +

+ - + - + - + - ì - - £ £ ï D = - ´ í

- - - - £ £ ï î

( 51 )

and for the criticalregime ( ) 1 b =

( 1) 0

( 2 1)[ 2( ) 1]; 1

( 1)

( 2 1)[ 2( ) 1]; , 4 j t i k

i i n k i k F e

k n i k i n sn w - +

- - + £ £ ì

D = - ´ í - - + £ £ î

( 52 )

where

2

2 2 1 ; 1 ; arcsin ; .

4 m

s w

g b b g b b t b b

- +

= - - = + - = = ( 53 )

Comparing those with the corresponding solutions (13), (16) and (17) presented in [2], we see that

in (50)-(52) the additional multipliers appear and the solutions themselves bifurcate into two ones d e -

scribing the pattern ofelements before and after the k th one, which reflects the formation oftwo stan d -

ing waves in one line. With it the vibration diagramwillessentiallyvary, depending on the number k and

the frequency. Thus, in the periodicalregime with

( 2 1) , or [ 2( ) 1]

2 2 k p n k p p p t p t p

- = + - + = + ( 54 )

the vibration amplitude vanishes in some line sections, while in the other sections the vibrations remain.

This is shown in Fig. 2 presenting the pattern ofthe process. In the left diagrams ofFigures 2a and 2b,

the vibrations in the left and right parts ofthe line are absent, while in the left diagramofFig. 2c we see

the standing waves ofthe complex structure. Depending on the vibration frequency, the pattern of

standing waves can essentiallyvary, too. For example, with decreasing frequencythere can formthe

standing waves having the oblique infle c tions divergent to both sides ofthe k th element.

In the aperiodicalregime, the vibration structure also depends on the number k , though, in distin c -

tion fromthe periodicalregime, vibrations themselves are non-annihilated in anyline section. This is well

seen in the right diagrams ofFigures 2 a, b, c.

At the same time, the solutions presented here are more generalthan the corresponding solutions in

[2]. Thus, for the periodicalregime at 1k=, the first expression of(50) takes the following form:

0 cos( 2 1)

,

sin 2 j t

i

F n

e

ms n w t

w t

-

D = - ( 55 )

.

D n

F ( t )

D 1 D 2 D k D n -1 a a

Fig.1. General form of finite elastic line under external force affec t -

ing upon its k th element

           SELF                           S. B. Karavashkin and O. N. Karavashkina 14

a)

d