GLOBAL CONTINUITY OF THE INTEGRATED DENSITY OF STATES FOR RANDOM LANDAU HAMILTONIANS

DEDICATED TO LEONID PASTUR ON THE OCCASION OF HIS 65^{T H} BIRTHDAY

JEAN MICHEL COMBES, PETER D. HISLOP, FRÉDÉRIC KLOPP, AND GEORGI RAIKOV

Abstract. We prove that the integrated density of states (IDS) for the randomly perturbed Landau Hamiltonian is Hölder continuous at all energies with any Hölder exponent 0 < q < 1. The random Anderson-type potential is constructed with a nonnegative, compactly supported single-site potential u. The distribution of the iid random variables must be absolutely continuous with a bounded, compactly supported density. This extends a previous result [4] that was restricted to magnetic fields having rational flux through the unit square. Furthermore, we prove that the IDS is Hölder continuous as a function of the nonzero magnetic field strength, and that the density of states is in L^p_{loc}(R), for any 1 ≤ p < ∞.

June 12, 2003

1. Introduction

In this note, we prove a new result on the Hölder continuity of the integrated density of states (IDS) for Landau Hamiltonians with random, Anderson-type potentials. The unperturbed Landau Hamiltonian H_L(B) on L^2(R^2) has the form

(1.1) H_L(B) = (−i∇ − A)^2, where A(x_1, x_2) = B 2 (−x_2, x_1),

where B ≠ 0 is the magnetic field strength. The spectrum of H_L(B) is pure point and consists of an increasing sequence of degenerate, isolated eigenvalues {E_j (B) = (2j + 1)|B| | j = 0, 1, . . . , }, each of infinite multiplicity. As the spectrum is independent of the sign of B, we will always assume B > 0. The perturbed family of Landau Hamiltonians is given by (1.2) H_ω(B) = H_L(B) + V_ω. The random potential V_ω is the Anderson-type random perturbation of the form

(1.3) V_ω(x) = ∑ j∈Z^2

ω_ju(x − j).

The single-site potential function u, and the random coupling constants {ω_j | j ∈ Z^2}, satisfy the following two hypotheses:

(H1): The single-site potential u is a nonnegative, compactly-supported function with u ∈ L^∞(R^2), satisfying u > u_0 > 0 on some nonempty open set, for some constant u_0 > 0.

(H2): The random coupling constants {ω_j | j ∈ Z^2}, are independent and identically distributed.

The distribution has a compactly-supported density h_0 ∈ L^∞(R) with supp h_0 ⊂ [−m, M], for 0 ≤ m, M < ∞.

We note that there is no limitation in taking u normalized so that ‖u‖_∞ ≤ 1, that we assume from now on, as the results are uniform with respect to ‖V_ω‖_∞.

The traditional manner to define the integrated density of states (IDS) N_0(E; B) for H_0 = H_L(B), and N(E; B) for H_ω, is to use the local Hamiltonians associated with finite-area regions Λ ⊂ R^2. For a regular, bounded region Λ ⊂ R^2, we define the local Hamiltonians H^Λ_0 and H^Λ_ω to be the self-adjoint operators on

PDH supported in part by NSF DMS-0202656.

FK supported in part by FNS 2000 “Programme Jeunes Chercheurs” and by the Chilean Science Foundation Fondecyt under Grant 7020737.

GR supported in part by Chilean Science Foundation Fondecyt under Grants 1020737 and 7020737. 1

L^2(Λ) obtained by restricting H_0 and H_ω to Λ, with self-adjoint boundary conditions. We assume that these local operators are lower bounded with a uniform, finite lower bound independent of Λ. The IDS is defined using the eigenvalue counting function for the local Hamiltonian. Let N^Λ_0 (E; B), respectively, N^Λ_ω (E; B), be the number of eigenvalues of H^Λ_0 , respectively H^Λ_ω , less than or equal to E. The function N^Λ_ω (E; B) depends on the realization ω. The integrated density of states for H_ω is defined by

(1.4) N(E; B) = lim_{|Λ|→∞}

N^Λ_ω (E; B) |Λ| , when this limit exists. Similarly, we define N_0(E; B) using the counting function N^Λ_0 (E; B) for H^Λ_0 . Because N_0(E; B) and N(E; B) are monotonic functions of E, each has at most a countable number of discontinuities. We assume that each has been defined to be right continuous.

It will be convenient for us to use an equivalent formulation of the IDS as presented, for example, in [25]. Let Λ ⊂ R^2 be a finite-area region as above. Let χ_Λ be the characteristic function for the region Λ. For any bounded function f of compact support, the operator χ_Λf(H_ω) is a trace class operator. Let J ⊂ R be a bounded Borel set. The density of states measure ν is defined by

(1.5) ν(J) ≡ lim_{|Λ|→∞} 1 |Λ| T r(χ_ΛE_ω(J)χ_Λ),

when this limit exists. The IDS is given by N(E; B) = ν((−∞, E]), when E is a point of continuity of N.

The IDS for both H_0 and H_ω exist under the hypotheses given above, and we refer to [10, 16, 24] for proofs of these facts (we mention [2, 19, 25] for discussions of the IDS without magnetic fields). Because of Z^2-ergodicity with respect to the magnetic translation group (see section 2), the IDS N(E; B) is almost surely independent of the realization ω. The IDS N_0(E; B) for the unperturbed Landau Hamiltonian H_L(B) (1.1) is a piecewise constant, monotone increasing function (cf. the example in [24]) given by

(1.6) N_0(E; B) = B 2π { 0 if E < B ℓ if (2ℓ − 1)B ≤ E < (2ℓ + 1)B

Consequently, it is not locally Hölder continuous at all energies. The effect of the random potential V_ω is to improve the regularity of the IDS almost surely. Let us also note that because of gauge invariance, the IDS for H_0 and H_ω are independent of the choice of the vector potential A provided B = ∂_1A_2 − ∂_2A_1. We will often write N_0(E) and N(E), for N_0(E; B) and N(E; B), respectively, when the explicit dependence on B is not needed.

1.1. The Main Results on the IDS. It is known that N(E) for the random family H_ω is locally Lipschitz continuous in the following sense. Given an N > 0, there is a B_N > 0 so that for B > B_N , the IDS N(E) is Lipschitz continuous on (0, 2(N + 1)B)\{E_j (B) | j = 0, 1, . . . , N} almost surely [3, 17, 32]. Under some additional conditions, Wang [33] also proved that N(E) is smooth outside of a given Landau level for sufficiently large magnetic field strength (depending on the level). There has been some discussion as to the behavior of the IDS at the Landau energies E_j (B), when B is not necessarily large relative to the level j. If the single-site potential u in (1.3) satisfies u|Λ_1(0) > ϵχ_{Λ1(0)} > 0, for some ϵ > 0, then the IDS is locally Lipschitz continuous at all energies for any B ≠ 0. More recently, some of us in [4] extended these results and proved global Hölder continuity of the IDS at all energies, provided the magnetic field strength B satisfies B ∈ 2πQ, the rational flux condition for the unit square Λ_1(0). This condition allows the problem to be treated using the method of Floquet decomposition. The case of irrational flux was not resolved in that paper because of lack of explicit control on how a constant that enters from an application of the unique continuation principle depends on B. In this paper, we compute this constant explicitly, and, by using a new method, avoid the use of the Floquet decomposition. These two advances allow us to modify the argument of [4] and prove the following general theorem that extends these known results. This more general technique will be thoroughly explored in [15].

Theorem 1.1. Let H_L(B) be the Landau Hamiltonian (1.1) with magnetic field B ≠ 0, and assume hypotheses (H1)–(H2). Then the IDS N(E) is locally uniformly Hölder continuous at all energies with any 2

exponent 0 < q < 1. That is, for any exponent 0 < q < 1, and for any bounded interval I ⊂ R, there is a finite constant C_{I,q} > 0, locally uniformly bounded in B for B ≠ 0, so that for any E, E^′ ∈ I, we have (1.7) |N(E) − N(E^′)| ≤ C_{I,q}|E − E^′|^q.

This result follows from a regularity property of the density of states (DOS) measure ν defined in (1.5) above.

Theorem 1.2. Under the hypotheses (H1)–(H2), the DOS measure ν defined in (1.5) for H_ω exists and is globally absolutely continuous with respect to Lebesgue measure. Furthermore, for any exponent 0 < q < 1, and for any bounded interval I ⊂ R, there is a finite constant C_{I,q} > 0 so that for any Borel J ⊂ I, we have (1.8) ν(J) ≤ C_{I,q}|J|^q.

The density of the measure, i.e. the Radon-Nikodym derivative (dν/dλ), belongs to L^p_{loc}(R), for any 1 ≤ p < ∞. We also prove a Hölder continuity result on the IDS as a function of B. We do not believe that the Hölder exponent in the following theorem is optimal.

Theorem 1.3. Under hypotheses (H1)–(H2), the IDS N_B (E) is a Hölder continuous function of B, for B ≠ 0. That is, for any exponent 0 < α < 1/4, and any bounded interval J ⊂ R\{0}, there is a finite constant C_{(α,J,E)} > 0 so that for any B, B_0 ∈ J, we have (1.9) |N(E; B) − N(E; B_0)| ≤ C_{(α,J,E)}|B − B_0|^α.

In the proof of this theorem, we use the regularity of N(E; B) as a function of E. This idea was used by B. Simon [30] who proved that the IDS for H_L(B) + V_{per}, where V_{per} is a Z^2-periodic potential, is continuous in the field strength B at any energy E that is a point of continuity for the IDS. As a consequence of Theorems 1.1 and 1.3, we have the following corollary on joint continuity in E and B. Corollary 1.1. Under hypotheses (H1)–(H2), the IDS is jointly Hölder continuous on any compact subset of R × R\{0} in the (E, B) energy-magnetic field plane.

1.2. Contents of this Article. In section 2, we review the group of magnetic translations and the ergodicity of the perturbed Landau Hamiltonians. In section 3 we prove a Wegner estimate that will imply the main result, Theorem 1.1, given a certain positivity estimate. This key positivity estimate is proved for Landau Hamiltonians in section 4. In section 5, we prove the continuity of the IDS with respect to the magnetic field. In section 6, the appendix, we collect various technical estimates needed in the proofs.

2. The Magnetic Translation Group and Ergodicity The magnetic translations for the constant magnetic field problem in two-dimensions are defined as follows. Much of this discussion applies to Schrödinger operators with constant magnetic fields in higher dimensions (cf. [31]). For any field strength B ∈ R, any vector α ∈ R^2, and f ∈ C^∞_0 (R^2), we define the magnetic translation by α as (2.1) U^B_α f(x) ≡ e^{iB2 (x1α2−x2α1)}f(x + α). For α, β ∈ R^2, we have the relations:

(2.2) U^B_α U^B_β = e^{iB(α1 β2−α2β1)}U^B_β U^B_α .

In a standard way, the family {U^B_α | α ∈ R^2}, defined in (2.1)–(2.2), extends to a projective unitary representation of R^2 on L^2(R^2). We note that for any magnetic field strength B, (2.3) U^B_α H_L(B)U^B_{−α} = H_L(B).

We define two fundamental vectors in R^2, (2.4) α_1 = (L_1, 0), and α_2 = (0, L_2), 3

for any L_1, L_2 ∈ R, and write U^B_j , for j = 1, 2, for the corresponding unitaries as in (2.1). It follows from (2.2) that we have the commutation rules:

(2.5) U^B_1 U^B_2 = e^{iBL1L2} U^B_2 U^B_1 .

It is clear that {U^B_1 , U^B_2 } generate a two-parameter Abelian group provided the following integer flux condition for the square [0, L_1] × [0, L_2] is satisfied: (2.6) BL_1L_2 ∈ 2πZ.

More generally, suppose that only the rational flux condition for the square [0, L_1] × [0, L_2] is satisfied: (2.7) BL_1L_2 = 2πp/q, for p, q ∈ Z, with p, q having no common divisors. Then, assuming (2.7), the unitary operators {(U^B_1 )^q, U^B_2 } satisfy the commutation relations (2.8) (U^B_1 )^qU^B_2 = e^{iqBL1L2} U^B_2 (U^B_1 )^q = U^B_2 (U^B_1 )^q, so the pair {(U^B_1 )^q, U^B_2 } generate an Abelian group. Under the rational flux condition, we used Floquet theory relative to this Abelian group in order to study the IDS for H_ω in [4].

Let us now consider the transformation properties of H_ω with respect to the magnetic translations by Z^2. The mapping γ = (n_1, n_2) ∈ Z^2 → U^B_γ of Z^2 into a family of unitary operators defined in (2.1) is a strongly continuous, unitary ray representation of the additive group Z^2. For γ, γ^′ ∈ Z^2, we have (2.9) U^B_γ U^B_γ′ = e^{i B2 γ∧γ′} U^B_{γ+γ}′ , where γ ∧ γ^′ ≡ n_1n^′_2 − n_2n^′_1. In order to compute the action of U^B_γ on H_ω, we recall the invariance of H_0 in (2.3), and consider a related action by Z^2 on the probability space Ω. For each γ = (n_1, n_2) ∈ Z^2, we define a map T_γ : Ω → Ω whose action on the random coupling constants satisfies (2.10) (T_γ ω)_{(j1,j2)} = ω_{(j1+n1,j2+n2)}.

It is clear, under (H2), that this action is the usual ergodic group of translations on the probability space Ω. It follows from this remark, the identity (2.3), and the form of the random potential (1.3), that (2.11) U^B_γ H_ωU^B_{−γ} = H_{Tγ ω}, for all γ ∈ Z^2. From this identity, the general theory of ergodic Schrödinger operators developed by Kirsch and Martinelli [20, 21] states that there is a set Σ ⊂ R so that σ(H_ω) = Σ with probability one. Furthermore, the IDS exists and is independent of ω almost surely (for the details, cf. [10, 16, 24]).

3. Proof of a Wegner Estimate The proof of the Hölder continuity of the DOS measure, Theorem 1.2, follows from a locally uniform estimate on the following quantity (3.1) 1 |Λ| IE{T r(χ_ΛE_ω(·)χ_Λ)}, where we denote the spectral family of H_ω by E_ω(·), and IE(·) is the expectation with respect to the random variables ω_j, j ∈ Z^2. Such an estimate is related to the Wegner estimate [34], except that the Hamiltonian H_ω in (3.1) is the infinite-area operator (1.2). We will prove the following result in this section, and then use it to prove Theorem 1.2.

Theorem 3.1. Let q satisfy 0 < q < 1, and let I ⊂ R be a bounded interval. There is a finite constant C_{I,q} > 0 so that for any subinterval O ⊂ I, there is a length scale L_O, such that for all L > L_O, we have (3.2) IE{T r(χ_LE_ω(O)χ_L)} ≤ C_{I,q}|O|^qL^2, where χ_L is the characteristic function of the square Λ_L of side length L. 4

The proof of this estimate will follow the general ideas of the proof of the Wegner estimate given in [4]. One difference is that the length scale L_O depends on the interval O. Of course, this does not affect the infinite area limit, and, consequently, the properties of the DOS, as will be shown in the proof of Theorem 1.2 below. The main positivity estimate that we need to prove Theorem 3.1 is the following. We will prove this estimate in section 4.

Theorem 3.2. Let H_L(B) be the Landau Hamiltonian in (1.1) and let Π_n be the projector onto the infinitedimensional eigenspace for H_L(B) corresponding to the eigenvalue E_n(B). Let u ≥ 0 be a single-site potential satisfying hypothesis (H1), and define the potential Ṽ by

(3.3) Ṽ (x) ≡ ∑ j∈Z^2

u(x − j).

Then, there exists a finite constant 0 < C_n(B, u) < ∞, so that

(3.4) Π_nṼ Π_n ≥ C_n(B, u)Π_n.

Proof of the Wegner Estimate (3.2) given Theorem 3.2.

1. We begin with the observation that it suffices to prove the theorem for bounded intervals Δ ⊂ R sufficiently small so that they contain at most one Landau level for H_L(B). Since the separation of the eigenvalues of H_0 ≡ H_L(B) is 2B, this can be done provided |Δ| < 2B. We note that it follows from the proof that the constant C_{I,q} in (3.2) is uniform with respect to any subintervals on I. Suppose that Δ is centered on an arbitrary, but fixed, energy E_0. For Δ ⊂ R, let f_Δ(λ) ∈ C^∞_0 (R) be a smooth, nonnegative function of compact support with f_Δ|Δ = 1, 0 ≤ f_Δ ≤ 1, and |supp f_Δ| < 2|Δ|, so that supp f_Δ contains at most one Landau level, the same as Δ. We then have the operator inequality E_ω(Δ) ≤ f_Δ(H_ω). We begin with an estimate on (3.5) IE{T r(χ_ΛE_ω(Δ)χ_Λ)} ≤ IE{T r(χ_Λf_Δ(H_ω)^2χ_Λ)}.

First, if Δ contains one Landau level, E_n(B), we write a decomposition of the trace on the right in (3.5) as

T rχ_Λf_Δ(H_ω)^2χ_Λ = T rχ_Λf_Δ(H_ω)Π^⊥_n f_Δ(H_ω)χ_Λ +T rχ_Λf_Δ(H_ω)Π_nf_Δ(H_ω)χ_Λ.

(3.6) We will use the fact that H_0 − E_0 is boundedly invertible on the range of Π^⊥_n ≡ 1 − Π_n. Second, if Δ does not contain a Landau level, we know directly that H_0 − E_0 is boundedly invertible. Let d_0 ≡ min{dist (E_0, E_q(B)) | E_q(B) ∉ Δ}, so d_0 > 0. We begin with the first case when E_n(B) ∈ Δ. It is easy to estimate the term in (3.6) involving Π^⊥_n . We write

T rχ_Λf_Δ(H_ω)Π^⊥_n f_Δ(H_ω)χ_Λ = T rχ_Λf_Δ(H_ω)(H_ω − E_0)(H_0 − E_0)^{−1}Π^⊥_n f_Δ(H_ω)χ_Λ −T rχ_Λf_Δ(H_ω)V_ωΠ^⊥_n (H_0 − E_0)^{−1}f_Δ(H_ω)χ_Λ.

(3.7) To estimate the second term in (3.7), we expand the trace in the eigenfunctions ψ_j of the nonnegative, compact operator f_Δ(H_ω)χ_Λf_Δ(H_ω). Applying a quadratic inequality, this results in the bound,

|T rχ_Λf_Δ(H_ω)V_ωΠ^⊥_n (H_0 − E_0)^{−1}f_Δ(H_ω)χ_Λ| ≤^1_{2d20} T rχ_Λf_ΔV^2_ω f_Δχ_Λ +^1_2 T rχ_Λf_ΔΠ^⊥_n f_Δχ_Λ,

(3.8)

where we write f_Δ for f_Δ(H_ω), when convenient. The first term in (3.7) is easily seen to be bounded above by (3.9) |T rχ_Λf_Δ(H_ω)(H_ω − E_0)(H_0 − E_0)^{−1}Π^⊥_n f_Δ(H_ω)χ_Λ| ≤ |Δ| d_0

T rχ_Λf^2_Δχ_Λ.

Bringing the second term on the right in (3.8) to the left in (3.7), we obtain an upper bound for the complementary term

(3.10) T rχ_Λf_Δ(H_ω)Π^⊥_n f_Δ(H_ω)χ_Λ ≤ 1 d^2_0

T rχ_Λf_ΔV^2_ω f_Δχ_Λ +

2|Δ| d_0

T rχ_Λf^2_Δχ_Λ. 5

2. We use the lower bound (3.4) in order to estimate the second term on the right in (3.6). Substituting this into the trace for Π_n, we obtain

T rχ_Λf_ΔΠ_nf_Δχ_Λ ≤ 1 C_n(B, u)

T rχ_Λf_ΔΠ_nṼ Π_nf_Δχ_Λ ≤ 1 C_n(B, u) { T rχ_Λf_ΔṼ f_Δχ_Λ

−T rχ_Λf_ΔΠ^⊥_n Ṽ Π_nf_Δχ_Λ − T rχ_Λf_ΔΠ_nṼ Π^⊥_n f_Δχ_Λ } , (3.11)

where we dropped the positive term T rχ_Λf_ΔΠ^⊥_n Ṽ Π^⊥_n f_Δχ_Λ since it occurs with a negative sign. As in [4], the two terms on the last line of (3.11) can be estimated in the same manner. We note that it follows from hypothesis (H1) that there exists a finite constant D_0 > 0 , depending only on u, so that Ṽ^2 ≤ D_0Ṽ . Using this constant, the second term on the last line in (3.11) is bounded above by

|T rχ_Λf_ΔΠ^⊥_n Ṽ Π_nf_Δχ_Λ| ≤

D^2_0 C_n

T rχ_Λf_ΔΠ^⊥_n f_Δχ_Λ + C_n 4 T rχ_Λf_ΔΠ_nf_Δχ_Λ,

(3.12)

where C_n ≡ C_n(B, u) is the constant occurring in (3.4). We then obtain for the direct term

(3.13) T rχ_Λf_ΔΠ_nf_Δχ_Λ ≤ 2 C_n

T rχ_Λf_ΔṼ f_Δχ_Λ +

4D^2_0 C^2_n

T rχ_Λf_ΔΠ^⊥_n f_Δχ_Λ.

3. We now combine (3.10) and (3.13) and obtain T rχ_Λf_Δ(H_ω)^2χ_Λ = T rχ_Λf_Δ(H_ω)Π_nf_Δ(H_ω)χ_Λ + T rχ_Λf_Δ(H_ω)Π^⊥_n f_Δ(H_ω)χ_Λ ≤ 2|Δ| d_0 { 1 + 4D^2_0 C^2_n } T rχ_Λf^2_Δχ_Λ + 2 C_n

T rχ_Λf_ΔṼ f_Δχ_Λ + { 1 d^2_0 + 4D^2_0 C^2_nd^2_0 } T rχ_Λf_ΔV^2_ω f_Δχ_Λ.

(3.14)

We first choose |Δ| sufficiently small so that the coefficient of T rχ_Λf_Δ(H_ω)^2χ_Λ in (3.14) satisfies

(3.15)

2|Δ| d_0 { 1 + 4D^2_0 C^2_n } < 1/2.

Hence, this term can be moved to the left in (3.14). Second, in order to evaluate the last term in (3.14), we note that hypotheses (H1) and (H2) imply that there exists a finite constant C_1(u, h_0) > 0 so that V^2_ω ≤ C_1(u, h_0)Ṽ . Using this inequality, we can combine the two remaining terms on the right in (3.14). Upon choosing |Δ| smaller, if necessary, we find that there exists a finite constant C_2 > 0 so that (3.16) T rχ_ΛE_ω(Δ)χ_Λ ≤ C_2T rχ_Λf_ΔṼ f_Δχ_Λ, where

(3.17) C_2 ≡ 2 { 2 C_n

+ C_1 ( 1 d^2_0 + 4D^2_0 C_1 C^2_nd^2_0 )} . In the second case, when Δ does not contain a Landau level, we find by an analogous, but simpler, computation

(3.18) T rχ_ΛE_ω(Δ)χ_Λ ≤

C_1 d_0

T rχ_Λf_ΔṼ f_Δχ_Λ.

4. In order to estimate the trace on the right in (3.16) and (3.18), we must replace the potential Ṽ by a local potential using the localization due to the characteristic function χ_Λ. Let us suppose that Λ = Λ_L = [−L/2, L/2] × [−L/2, L/2] is a square of side length L > 0. For any 0 < ϵ < 1, we denote by Λ_ϵ ⊂ Λ_L the square of side length (1 − ϵ)L. We write ∂Λ_ϵ for the annular region Λ_{(1+ϵ)L}\Λ_{(1−ϵ)L}, so that the area of this annular region is 4ϵL^2. Finally, we denote the complement R^2\Λ_{(1+ϵ)L} by Λ^c_ϵ. As above, 6

we use the notation χ_X for the characteristic function of the set X ⊂ R^2. The sets defined here provide a partition of R^2 as (3.19) 1_R2 = χ_{Λϵ} + χ_{∂Λϵ} + χ_Λc_ϵ . Using this partition of unity, we write (3.20) χ_Λf_ΔṼ f_Δχ_Λ = χ_Λf_ΔṼ χ_{Λϵ} f_Δχ_Λ + χ_Λf_ΔṼ χ_{∂Λϵ} f_Δχ_Λ + χ_Λf_ΔṼ χ_Λc_ϵ f_Δχ_Λ. The first term on the right in (3.20) is the main term. We estimate the expectation of the trace of this term using the estimate on the spectral shift function proved in [7]. The two remainder terms in (3.20) are dealt with using either the smallness of the boundary term or the decay of the kernel of the operator χ_Λf_Δ(H_ω)χ_Λc_ϵ that follows from the fact that the regions Λ and Λ^c_ϵ are disjoint with a positive distance ϵL/2 between them.

5. We calculate the trace of the first term on the right in (3.20) as follows. Let g(λ) ∈ C^∞(R) be a smooth function with support of g^′ containing Δ, and so that f_Δ(λ) ≤ −2|Δ|g^′(λ). We can then write T rχ_Λf_ΔṼ χ_{Λϵ} f_Δχ_Λ ≤ T rf_ΔṼ χ_{Λϵ} ≤ −2|Δ|T rg^′(H_ω)Ṽ χ_{Λϵ} .

(3.21) A key formula in this setting is (3.22) ∑ j∈Λ̃_ϵ ∂ ∂ω_j

T r(g(H_ω) − g(H_0))χ_{Λϵ} = T rg^′(H_ω)Ṽ χ_{Λϵ} .

We can now follow the calculation in [7] and [4] using the spectral shift function. As a result, we find that for each 0 ≤ q < 1, there exists a finite, positive constant C_{q,1} > 0, so that (3.23) IE{T rχ_Λf_ΔṼ χ_{Λϵ} f_Δχ_Λ} ≤ C_{q,1}|Δ|^q(1 − ϵ)^2L^2.

6. We now calculate the two remainder terms in (3.20). The boundary term is easily seen to be bounded above by

(3.24) T rχ_Λf_ΔṼ χ_{∂Λϵ} f_Δχ_Λ ≤ 4ϵL^2 ( sup j∈∂Λ_ϵ

‖χ_Λf_Δ(H_ω)u^{1/2}_j ‖^2_{HS} ) . The term involving the unbounded complementary region is bounded above by (3.25) T rχ_Λf_ΔṼ χ_Λc_ϵ f_Δχ_Λ ≤ ‖χ_Λf_Δ(H_ω)χ_Λc_ϵ ‖^2_{HS} .

In the appendix, section 6, we prove two estimates on the Hilbert-Schmidt norms of the localized operators appearing in (3.24) and (3.25). We assume that f_Δ is obtained from a function f by scaling, so the derivatives of f are order one. In this way, the k^{th}-derivative f_Δ is of order |Δ|^{−k}. For the unscaled function f, we introduce the following notation that is used in the estimates of the appendix:

(3.26) |||f|||_k ≡ k∑ l=0 d_l ∫ R |f^{(l)}(ξ)| dξ,

where the finite constants d_j > 0 depend only on the function σ used in the construction of the almost analytic extension given in (6.1). First, we prove that there is a finite constant C_0 > 0, depending on B and independent of j, so that (3.27) ‖χ_Λf_Δ(H_ω)u^{1/2}_j ‖_{HS} ≤ C_0|||f|||_3 |Δ|^{−2}. Consequently, for the boundary term (3.24), we obtain (3.28) T rχ_Λf_ΔṼ χ_{∂Λϵ} f_Δχ_Λ ≤ C_2ϵL^2|Δ|^{−4}.

Second, we consider f_Δ(H_ω) localized between two disjoint regions. Let χ_j , for j = 1, 2 be characteristic functions on two disjoint regions, at least one of which is bounded, and let d_{12} ≡ dist(suppχ_1, suppχ_2). For any M ∈ N, and for any f ∈ C^{k+1}_0 (R), with k ≥ M + 1, there is a constant 0 < B_M < ∞, independent of f and d_{12}, so that (3.29) ‖χ_1f_Δ(H_ω)χ_2‖_{HS} ≤ B_M d^{−M}_{12} |||f|||_{k+1}. 7

Hence, setting k = M + 1, and taking into account the scaling of f_Δ, we obtain a bound for the term involving the interior and the disjoint exterior (3.25), (3.30) T rχ_Λf_ΔṼ χ_Λc_ϵ f_Δχ_Λ ≤ B^2_M |||f|||^2_{M+2}(ϵL)^{−2M} |Δ|^{−2M−2}. 7. To complete the proof, we combine the estimates (3.23), (3.28), and (3.30), to obtain (3.31) IE{T rχ_ΛE_Δχ_Λ} ≤ C_{q,1}|Δ|^q(1 − ϵ)^2L^2 + C_2ϵL^2|Δ|^{−4} + C_3(ϵL)^{−2M} |Δ|^{−2M−2}, where the constants depend on f and its derivatives, but are independent of L and |Δ|. For any given Δ, we choose ϵ = |Δ|^5 and M = 2. Then, for all L > L_Δ ≡ |Δ|^{−9/2}, we have (3.32) IE{T rχ_ΛE_Δχ_Λ} ≤ C_q|Δ|^q|Λ|, proving the first part of the theorem. We next need to check the uniformity of the constants with respect to subintervals of Δ. To see this, notice that the constant C_2 in (3.17) depends on Δ only through d_0 and if U ⊂ Δ, then d_0 increases, so that C_2 is uniform with respect to all subintervals of Δ. The same result holds for the constant in (3.18). Similarly, the constant C_{q,1} in (3.23) depends only on the uniform norm ‖g‖_∞ of the function g in (3.21). This norm is is independent of Δ. In the same manner, one checks that the constants C_2 and C_3 in (3.31) depend only on the norm |||f|||_3 of the unscaled function f. Thus, these constants are independent of Δ. It follows that the constant C_{I,q} in (3.2) is uniform with respect to all subintervals of I. This completes the proof of Theorem 3.1. □

We now give a proof of Theorem 1.2, given Theorem 3.1. The key fact we use is the uniformity of constant C_{I,q} in the Wegner estimate with respect to subintervals. Proof of Theorem 1.2 given Theorem 3.1.

We fix a bounded interval I ⊂ R. Let U ⊂ I be an open interval. From Theorem 3.1, there is a length scale L_U so that for L > L_U , we have (3.33) IE{T r(χ_LE_ω(U)χ_L)} ≤ C_{I,q}L^2|U|^q, where χ_L is the characteristic function on the square Λ_L. Dividing by L^2 and taking the limit L → ∞, we find that the DOS measure ν satisfies (3.34) ν(U) ≤ C_{I,q}|U|^q.

Next, let O ⊂ I be an arbitrary open subset. There is a countable collection {O_n} of disjoint, open intervals so that O = ∪_nO_n. From (3.34), it follows that (3.35) ν(O) ≤ C_{I,q} ∑ n |O_n|^q = C_{I,q}|O|^q.

We now consider an arbitrary Borel subset J ⊂ I. For any ϵ > 0, there is an open set O_ϵ containing J so that |O_ϵ ∼ J| ≤ ϵ. It follows from part 1 of the proof that the constant constant C_{I,q} > 0 is independent of ϵ, and we have (3.36) ν(J) ≤ ν(O_ϵ) ≤ C_{I,q}|O_ϵ|^q ≤ C_{I,q}(|J| + ϵ)^q. Since ϵ > 0 is arbitrary, we find that (3.37) ν(J) ≤ C_{I,q}|J|^q, which is the main estimate of Theorem 1.2. The fact that (3.37) implies that the density (dν/dλ) is in L^p_{loc}(R), for 1 ≤ p < ∞ is given, for example, in [6]. □

4. Positivity Estimates for Landau Projectors The key local positivity estimate (3.4) follows from an explicit calculation of a lower bound for the left side of (3.4) employing explicit formulas for the infinite-dimensional projectors for the Landau levels. In this case, we are able to make a fairly explicit calculation of the constant appearing in (3.4). This provides a quantitative version of the unique continuation principle, as used in [4]. Recall that Π_n = Π_n(B), n ∈ Z_+ is 8

the orthogonal projection on eigenspace corresponding to the n-th Landau level for the Landau Hamiltonian H_0 = H_L(B) with constant magnetic field B > 0, and that the potential Ṽ is defined by

(4.1) Ṽ (x) ≡ ∑ j∈Z^2

u(x − j),

for a single-site potential u satisfying (H1).

Theorem 4.1. For any n ∈ Z_+, for a single-site potential u satisfying (H1), and for any B > 0, there is a finite, positive constant C_n(B, u), so that the potential Ṽ satisfies (4.2) Π_nṼ Π_n ≥ C_n(B, u)Π_n, n ∈ Z_+.

In order to prove Theorem 4.1, we need several auxiliary assertions. The basic technical observation comes from the work of Raikov and Warzel [26]. Lemma 4.1 summarizes Lemmas 3.2 and 3.3, and Remark 3.2 of this paper [26].

Lemma 4.1. Let V ∈ L^p(R^2), p > 1. Then, the operator Π_nV Π_n, n ∈ Z_+, is selfadjoint and compact in Π_nL^2(R^2). Moreover, if V is radially symmetric, then the eigenvalues μ_{n,k}(V ), k ∈ Z_+, of Π_nV Π_n are equal to ⟨V φ_{n,k}, φ_{n,k}⟩, where ⟨., .⟩ denotes the scalar product in L^2(R^2), and the functions φ_{n,k} are given by

φ_{n,k}(x) := √ n! πk! ( B 2 )_{(k−n+1)/2} (x_1 + ix_2)^{k−n}L^{(k−n)}_n ( B|x|^2/2 ) e^{−B|x|2/4}, x ∈ R^2,

where L^{(k−n)}_n are the generalized Laguerre polynomials given by

L^{(k−n)} n (ξ) := n∑ l=max{0,n−k} ( k n − l ) (−ξ)^l l! , ξ ≥ 0, n ∈ Z_+, k ∈ Z_+.

Finally, the normalized eigenfunctions of Π_nV Π_n corresponding to the eigenvalues μ_{n,k}(V ), k ∈ Z_+, are equal to φ_{n,k}. In particular, the eigenfunctions are independent of V .

Remark: Note that in [26] the eigenvalues ⟨V φ_{n,k}, φ_{n,k}⟩ and the eigenfunctions φ_{n,k} are enumerated starting with k = −n, and not with k = 0, as is done here.

We will apply this result by noting that hypothesis (H1) guarantees that the single-site potential u is strictly positive on some open set. We denote by D(x, R) the disk of radius R > 0, centered at x ∈ R^2. We set ν_{n,k}(R) := μ_{n,k}(χ_{D(0,R)}).

Corollary 4.1. The eigenvalues ν_{n,k}(R), k ∈ Z_+, of the operator Π_nχ_{D(0,R)}Π_n, n ∈ Z_+, can be written as

(4.3) ν_{n,k}(R) = n! k! ∫_ϱ 0 ξ^k L^{(k−n)}_n (ξ)^2 e^{−ξ} dξ,

where ϱ = ϱ(R) := BR^2/2. Moreover, the asymptotic relation

(4.4) ν_{n,k}(R) = e^{−ϱ}ϱ^{−n+1} n! k^{2n−1}ϱ^k k! (1 + o(1)), k → ∞,

holds uniformly with respect to R ∈ [R_1, R_2], 0 < R_1 < R_2 < ∞.

Proof. Using Lemma 4.1, passing to polar coordinates (r, θ) in the integral ⟨χ_{D(0,R)}φ_{n,k}, φ_{n,k}⟩, and changing the variable Br^2/2 = ξ, we immediately obtain (4.3). In order to check (4.4), we assume first of all that k ≥ n. In this case, we have

(4.5) ν_{n,k}(R) = n! k! n∑ l=0 n∑ m=0 (−1)^{l+m} 1 m!l! ( k n − l )( k n − m

) ∫_{ϱ(R)} 0 e^{−ξ}ξ^{k−n+m+l}dξ.

We note that

(4.6) lim_{k→∞} k^{s−n} ( k n − s ) = 1 (n − s)!

, s ∈ {0, . . . , n}, 9

(see e.g. [1, Eq. 6.1.46]). Moreover, the asymptotic relation

(4.7)

∫_ϱ 0 e^{−ξ}ξ^{k+α}dξ = e^{−ϱ}ϱ^{α+1} ϱ^k k (1 + o(1)), k → ∞,

holds for any fixed α ∈ R uniformly with respect to ϱ ∈ [ϱ_1, ϱ_2] with 0 < ϱ_1 < ϱ_2 < ∞. Combining (4.6) and (4.7), we find that the leading asymptotic term of the sum in (4.5) corresponds to m = l = 0. Employing (4.5), (4.6) with s = 0, and (4.7) with α = −n, we get (4.4). □

Lemma 4.2. Let n ∈ Z_+. For each 0 < ε < R, λ > 1, and η > 0, there exists a constant C_0 = C_0(n, ε, R, η) > 0, such that (4.8) Π_nχ_{D(0,ε)}Π_n ≥ C_0 ( Π_nχ_{D(0,R)}Π_n − η Π_nχ_{D(0,λR)}Π_n ) . Proof. We fix δ ∈ (0, 1), and, bearing in mind (4.4), pick K such that k ≥ K implies

(4.9) (1 − δ) e^{−ϱ(R0 )}ϱ(R_0)^{k−n+1} n! k^{2n−1} k! ≤ ν_{n,k}(R_0) ≤ (1 + δ) e^{−ϱ(R0 )}ϱ(R_0)^{k−n+1} n! k^{2n−1} k! , R_0 ∈ [R/2, 2λR].

We will show that if 0 < ε < R, λ > 1, and k_0 ≥ K, then the operator inequality (4.10) Π_nχ_{D(0,ε)}Π_n ≥ C_1 ( Π_nχ_{D(0,R)}Π_n − C_2Π_nχ_{D(0,λR)}Π_n ) holds with

(4.11) C_1 = C_1(n, ε, R, k_0) := min_{k∈{0,...,k0}} ν_{n,k}(ε) ν_{n,k}(R) , and (4.12) C_2 :=

1 + δ 1 − δ λ^{−2(k0−n+1)}e^{−ϱ(R)+ϱ(λR)} .

By Lemma 4.1, the operators Π_nχ_{D(0,ε)}Π_n, Π_nχ_{D(0,R)}Π_n, and Π_nχ_{D(0,λR)}Π_n, are diagonalizable in the same basis {φ_{n,k}}_{k∈Z+} . Hence, in order to prove (4.10), it suffices to check that the numerical inequalities (4.13) ν_{n,k}(ε) ≥ C_1 (ν_{n,k}(R) − C_2 ν_{n,k}(λR)) hold for each k ∈ Z_+. If k ≤ k_0, then (4.13) is valid because in this case (4.11) implies ν_{n,k}(ε) ≥ C_1ν_{n,k}(R) which obviously entails (4.13). If k > k_0, by (4.11) and (4.12) we have ν_{n,k}(R) − C_2ν_{n,k}(λR)

≤ (1 + δ) e^{−ϱ(R)}ϱ(R)^{−n+1} n! k^{2n−1}ϱ(R)^k k! − 1 + δ 1 − δ λ^{−2(k0−n+1)}e^{−ϱ(R)+ϱ(λR)} (1 − δ) e^{−ϱ(λR)} ϱ(λR)^{−n+1} n! k^{2n−1}ϱ(λR)^k k! = (1 + δ) e^{−ϱ(R)} n! k^{2n−1}ϱ(λR)^{k−n+1} k! λ^{2(n−1)} ( λ^{−2k} − λ^{−2k0} ) . Since λ > 1, we find that ν_{n,k}(R) − C_2ν_{n,k}(λR) ≤ 0, if k > k_0, which again implies (4.13). To complete the proof of the lemma, we fix η > 0. Taking into account (4.12), we choose k_0 = k_0(η) ≥ K so large that C_2 ≤ η. The main estimate (4.8), with C_0 = C_1(n, ε, R, k_0(η)), now follows from (4.13). □

Remark: If n = 0, then (4.3) implies

e^{−ϱ(R)} ϱ(R)^{k+1} (k + 1)!

≤ ν_{0,k}(R) ≤ ϱ(R)^{k+1} (k + 1)!

, ∀k ∈ Z_+.

Because of this improved estimate, we also have (4.13) with the constants

C̃_1 := e^{−ϱ(R)} ( ϱ(ε) ϱ(R)

)_{k0+1}

= e^{−ϱ(R)} ( ε R )_{2(k0+1)} , C̃_2 := e^{ϱ(λR)−ϱ(R)}λ^{−2(k0+1)},

which are more explicit that the ones given by (4.11) – (4.12).

We now give the proof of the positivity result, Theorem 4.1. 10

Proof. For j ∈ Z^2, the invariance of H_L(B) with respect to group of magnetic translations (2.3) gives

(4.14) U^B_j Π_nχ_{D(0,ε)}Π_nU^B_{−j} = Π_nχ_{D(j,ε)}Π_n.

Hypothesis (H1) on the single-site potential u guarantees that there exists an ϵ > 0 so that

(4.15) Ṽ (x) ≥ ∑ j∈Z^2

u(x − j) ≥ ∑ j∈Z^2

χ_{D(j,ε)}(x).

We now choose R > √ 2/2 so that ∑ j∈Z^2 χD(j,R) ≥ χR^2 . We fix λ > 1. Then, there is a finite constant

K_0 > 0 so that ∑ j∈Z^2 χD(j,λR) ≤ K0. It now follows from Lemma 4.2 that for any 0 < η < 1, there is a

constant C_0 so that

Π_nṼ Π_n ≥ ∑ j∈Z^2

Π_nχ_{D(j,ε)}Π_n ≥ ∑ j∈Z^2

C_0 ( Π_nχ_{D(j,R)}Π_n − ηΠ_nχ_{D(j,λR)}Π_n )

≥ C_0(1 − ηK_0)Π_n.

(4.16)

We now choose η = 1/2K_0. The resulting constant depends on the Landau level index n, the function u, and the field strength B. □

5. Continuity of the IDS with respect to the Magnetic Field The proof of the continuity of the IDS with respect to magnetic field strength follows from the vague convergence of the density of states measures with respect to the magnetic field strength. The proof of this theorem, given below, relies on the following representation of the density of states (DOS) measure:

(5.1) ν_B(f) ≡ ∫ f(λ)dν_B (λ) = IE{T r[χ_0f(H_ω(B))χ_0]},

where χ_0 is the characteristic function on the unit cube. This representation follows from the definition of the DOS and the ergodicity of the Hamiltonian, expressed in (2.11). A proof can be found in [16]. Using this representation, we have the following proposition on the vague convergence of the density of states measures with respect to the magnetic field.

Proposition 5.1. For any f ∈ C^5_0 (R), there is a finite constant C(f^{(5)}) > 0, depending on f^{(j)}, with j = 1, . . . 5, so that for any B, B^′ ∈ R^+, we have

(5.2) | | | ∫ f(λ)(dν_B (λ) − dν_B′ (λ)) | | | ≤ C(f^{(5)}) δ̃(B, B^′),

where

(5.3) δ̃(B, B^′) = max (|B − B^′|, |(B^′)^2 − B^2|).

If we use a scaled function f(s/λ), for λ > 0, so that |f^{(j)}| ∼ λ^{−j}, for j = 1, . . . , 5, then C(f^{(5)}) = O(λ^{−4}).

Proof.

1. We prove the theorem using the Helffer-Sjöstrand formula (6.2) of the appendix, section 6, and the representation formula (5.1). We write the left side of (5.2) using the representation formula (5.1) as

(5.4) ∫ f(λ)(dν_B (λ) − dν_B′ (λ)) = IE{T r[χ_0(f(H_ω(B)) − f(H_ω(B^′)))χ_0]}.

We fix any λ_0 satisfying −∞ < λ_0 < 2min (0, inf σ(H_ω)), and define a function F (s) = (−λ_0 + s)f(s). This function F is in C^5_0 (R) like f (note that it is sufficient to consider those f with support in [min (0, λ_0/2), ∞)). Let F̃ be a compactly supported almost analytic extension of order 5 of F , as constructed in (6.1). We write 11

z = ξ + iη ∈ C. An extension F̃ of order 5, as in (6.1)), satisfies the estimate |∂_zF̃ (ξ + iη)| ∼ |η|^4|F^{(5)}(ξ)|, as |η| → 0. With these choices, the Helffer-Sjöstrand formula for the operator f(H) has the form

(5.5) f(H) = 1 π ∫ C ∂_zF̃ (z)(H − λ_0)^{−1}(H − z)^{−1} dξ dη.

The extra power of the resolvent helps in the calculation of the trace norm in our case. Let us denote by R^B_ω (z) the resolvent (H_ω(B) − z)^{−1}, and by R^B_0 (z) the resolvent (H_L(B) − z)^{−1}. We write the right side of (5.4) using the Helffer-Sjöstrand formula (5.5) as

(5.6) f(H_ω(B)) − f(H_ω(B^′)) = 1 π ∫ C ∂_zF̃ (z)[R^B_ω (λ_0)R^B_ω (z) − R^{B′}_ω (λ_0)R^{B′}_ω (z)] dξ dη.

This integral is a priori convergent because of the vanishing of ∂_zF̃ as |η| → 0, and since F̃ has compact support.

2. From (1.1), the difference of the two perturbed Landau Hamiltonians is (5.7) δ(B, B^′) ≡ H_ω(B) − H_ω(B^′) = (B^′ − B)Â · p + (1/4)(B^2 − (B^′)^2)Â · Â, where the normalized vector potential Â is given by Â = (−x_2, x_1), and p = −i∇. The operators (p_k − A_k)^j, for j = 1, 2, are relatively-H_L(B) bounded, and satisfy the norm estimate, (5.8) ‖(p_k − A_k)^j R^B_0 (z)‖ ≤ C_0|η|^{−1}.

In Lemma 6.1 of the appendix, we prove the two following the basic estimates, using the boundedness of the potential V_ω, and the relative-bound estimate (5.8). Let B^∗ denote either B or B^′, and let χ be any smooth function χ of compact support. Then, we have (5.9) ‖δ(B, B^′)R^{B∗}_ω (z)χ‖ ≤ C_0δ̃(B, B^′)|η|^{−3}, and (5.10) ‖δ(B, B^′)R^{B∗}_ω (z)R^{B∗}_ω (λ_0)[H_ω(B^∗), χ]‖ ≤ C_1δ̃(B, B^′)|η|^{−3}, where the constants C_0 and C_1 depend on B^∗.

3. We expand the difference of operators on the right side of (5.6) as follows: χ_0(R^B_ω (λ_0)R^B_ω (z) − R^{B′}_ω (λ_0)R^{B′}_ω (z))χ_0 = −χ_0R^B_ω (λ_0)R^B_ω (z)δ(B, B^′)R^{B′}_ω (z))χ_0 −χ_0R^B_ω (λ_0)δ(B, B^′)R^{B′}_ω (λ_0)R^{B′}_ω (z))χ_0 = I + II.

(5.11) To compute the trace norm of I, we use commutators to push the cut-off function through to the left so that we can use estimate (5.6) and the Hölder inequality for trace ideals (cf. [29]) in order to express the trace norm in terms of Hilbert-Schmidt norms. In what follows, χ_{0,j} will denote smooth functions with compact support so that χ_{0,j−1}χ_{0,j} = χ_{0,j}. After standard manipulations, we find

‖I‖_1 ≤ { ‖χ_0R^B_ω (λ_0)‖_{HS} ‖χ_{0,1}R^B_ω (z)‖_{HS} +‖χ_0R^B_ω (λ_0)‖_{HS} ‖χ_{0,1}R^B_ω (z)‖_{HS} ‖[H_ω(B), χ_{0,2}]R^B_ω (λ_0)‖ +‖χ_0R^B_ω (λ_0)‖_{HS} ‖χ_{0,3}R^B_ω (λ_0)‖_{HS} ‖R^B_ω (z)‖ ‖[H_ω(B), χ_{0,1}]R^B_ω (λ_0)[H_ω(B), χ_{0,2}]‖ } ×‖δ(B, B^′)R^{B′}_ω (z)χ_0‖.

(5.12) Similarly, the second term II in (5.11) can be bounded as

‖II‖_1 ≤ ‖χ_0R^B_ω (λ_0)‖_{HS} ‖R^{B′}_ω (λ_0)χ_0‖_{HS} { ‖δ(B, B^′)R^{B′}_ω (z)χ_0‖

+ ‖δ(B, B^′)R^{B′}_ω (z)R^{B′}_ω (λ_0)[H_ω(B^′), χ_{0,1}]‖ } . (5.13)

We use the estimates (5.9) and (5.10) in order to estimate the terms involving the operator norm in (5.12) and (5.13). We see that it suffices to estimate the Hilbert-Schmidt norms ‖χ_0R^B_ω (λ_0)‖_{HS} and ‖χ_0R^B_ω (z)‖_{HS} . For the latter, we use the resolvent formula and write

(5.14) ‖χ_0R^B_ω (z)‖_{HS} ≤

C_0 |η| ‖χ_0R^B_ω (λ_0)‖_{HS} .

4. Hence, it suffices to estimate the Hilbert-Schmidt norm of χ_0R^B_ω (λ_0). Squaring this norm, we write ‖R^B_ω (λ_0)χ_0‖^2_{HS} = ‖χ_0|R^B_ω (λ_0)|^2χ_0‖_1 (cf. [29]). In order to estimate this trace norm, we need some facts about the resolvent R^B_L (z) ≡ (H_L(B) − z)^{−1} of the Landau Hamiltonian presented in the appendix, section 6. It follows from (6.3)–(6.4) that

(5.15) ‖χ_0R^B_L (z)‖^2_{HS} = ‖χ_0|R^B_L (z)|^2χ_0‖_1 = B 2π ∑ n≥0 1 |E_n(B) − z|^2 . Note that this is summable for any z ≠ E_m(B), for some m ∈ N. We will use this for z = λ_0, so there is no divergence coming from this term. Now, returning to the estimate of ‖R^B_ω (λ_0)χ_0‖_{HS} , as the random potential V_ω is bounded, we can replace R^B_ω (λ_0) by R^B_L (λ_0) using the second resolvent formula:

(5.16) R^B_ω (λ_0) = R^B_L (λ_0) − R^B_L (λ_0)V_ωR^B_ω (λ_0), and ‖V_ωR^B_ω (λ_0)‖ ≤ C(h_0, u, λ_0), for some finite constant C(h_0, u, λ_0) > 0, depending only on supp h_0, the energy λ_0, and the single-site potential u. Consequently, we can write χ_0(R^B_ω (λ_0))^2χ_0 = χ_0(R^B_L (λ_0))^2χ_0 −χ_0R^B_L (λ_0)R^B_ω (λ_0)V_ωR^B_L (λ_0)χ_0 −χ_0R^B_L (λ_0)V_ωR^B_ω (λ_0)R^B_L (λ_0)χ_0 +χ_0R^B_L (λ_0)V_ω(R^B_ω (λ_0))^2V_ωR^B_L (λ_0)χ_0.

(5.17) Using the estimate (5.15), and this identity, we obtain (5.18) ‖χ_0R^B_ω (λ_0)‖^2_{HS} = ‖χ_0|R^B_ω (λ_0)|^2χ_0‖_1 ≤ C_1.

5. We return to the right side of (5.4). The trace of (5.6) is estimated by writing (5.11) and using estimate (5.9) and (5.18). We see that the singularity of the trace on the real axis behaves like |η|^{−4}. As the function ∂_zF̃ (ξ + iη)| ∼ |η|^4, as η vanishes, we see that the integral over η is convergent. This completes the proof. □ Theorem 5.1. For any E > 0, the IDS N(E; B) is a Hölder continuous function of B, for B ≠ 0. That is, for any exponent 0 < α < 1/4, there is a finite constant C_{(α,B0,E)} > 0, locally uniform on compact subsets of E, so that for B_0, B ≠ 0, with |B_0 − B| sufficiently small, (5.19) |N(E; B) − N(E; B_0)| ≤ C_{(α,B0,E)}|B − B_0|^α.

Proof.

1. Let Σ_0 ≡ inf σ(H_ω(B)), almost surely. For any K ⊂ R, let χ_K be the characteristic function for the set K. For any E ≥ Σ_0, and for any 0 < η < 1, let f^+_E ∈ C^5_0 (R) be a nonnegative function with 0 ≤ f^+_E ≤ 1, and such that f^+_E is monotone decreasing on [Σ_0 − 1, E + η], with χ_{[Σ0,E]}f^+_E = χ_{[Σ0,E]}. We define f^−_E (x) = f^+_E (x − η) so that χ_{[Σ0−1,E−η]}f^−_E = χ_{[Σ0−1,E−η]}. In this way, we have 0 ≤ f^+_E − f^−_E ≤ 1, and the difference (f^+_E − f^−_E )χ_{[Σ0,∞]} is supported in [E − η, E + η].

2. We fix E > 0 and take any B_0 > 0, without loss of generality, since N(E; B) is an even function of B. We consider any B > 0 with |B − B_0| << 1. If N(E; B) > N(E; B_0), then monotonicity implies that (5.20) 0 ≤ N(E; B) − N(E; B_0) ≤ ν_B (f^+_E ) − ν_{B0} (f^−_E ), whereas, if N(E; B) < N(E; B_0), we have (5.21) 0 ≤ N(E; B_0) − N(E; B) ≤ ν_{B0} (f^+_E ) − ν_B (f^−_E ). 13

In the case of (5.20), we have 0 ≤ N(E; B) − N(E; B_0) ≤ ν_B(f^+_E ) − ν_{B0} (f^−_E ) ≤ |ν_B (f^+_E ) − ν_{B0} (f^+_E )| + ν_{B0} (f^+_E − f^−_E ) ≤ C((f^+_E )^{(5)})δ̃(B, B_0) + ν_{B0} (f^+_E − f^−_E ),

(5.22) where we used Proposition 5.1 to evaluate the first term on the right in (5.22). To study the second term on the right of the last line in (5.22), we recall that supp (f^+_E − f^−_E ) = [E − η, E + η], and that 0 ≤ f^+_E − f^−_E ≤ 1. We know from Theorem 4.3 that the IDS is Hölder continuous in energy at B_0, so for any 0 < q < 1, there is a constant C_{(q,B0,E)} > 0, locally uniform in the energy, so that (5.23) |ν_{B0} (f^+_E − f^−_E )| ≤ C_{(q,B0,E)}η^q.

We recall from Proposition 5.1 that C((f^+_E )^{(5)}) ∼ η^{−4}. We take η = |B − B_0|^σ, for an appropriate small constant σ > 0. Since we assume that |B − B_0| < 1, we have δ̃(B, B_0) = |B − B_0|. Hence, for Hölder continuity, we want 1 − 4σ > 0, or 0 < σ < 1/4. This implies that 0 < qσ < 1/4, since 0 < q < 1 is arbitrary. If we have the case in (5.21), we find a similar calculation yields 0 < N(E; B_0) − N(E; B) ≤ ν_{B0} (f^+_E ) − ν_B (f^−_E ) ≤ ν_{B0} (f^+_E − f^−_E ) + |ν_{B0} (f^−_E ) − ν_B(f^−_E )| ≤ ν_{B0} (f^+_E − f^−_E ) + C((f^−_E )^{(j)})δ̃(B, B_0) ≤ C_{(α,B0,E)}|B − B_0|^α,

(5.24) for some 0 < α < 1/4, as above. We used η = |B − B_0|^σ, for any 0 < σ < 1/4, Proposition 5.1, and (5.23). For both cases, we find that for |B − B_0| < 1, and for any 0 < α < 1/4, there is a finite constant C_{(α,B0,E)} > 0 so that (5.25) |N(E; B) − N(E; B_0)| ≤ C_{(α,B0,E)}|B − B_0|^α. This proves the result. □

6. Appendix: Some Technical Estimates We briefly recall the Helffer-Sjöstrand formula for functions of self-adjoint operators, and refer to Davies’ book [9] for more details. Let f ∈ C^{(k+1)}_0 be a real-valued function. We construct an almost analytic extension of f of order k with the aid of a smooth cut-off function σ(η) satisfying supp σ = [−1, 1] and σ|[−1/2, 1/2] = 1. An almost analytic extension of f, denoted by f̃(z), with z = ξ + iη, is constructed as

(6.1) f̃(z) = k∑ j=0 f^{(j)}(ξ) j! (iη)^j σ(η).

This compactly-supported function satisfies f̃(ξ) = f(ξ), and |∂_zf̃(ξ + iη)| ∼ |η|^k|f^{(k+1)}(ξ)|, as |η| ↓ 0. The Helffer-Sjöstrand formula for f(H), where H is a self-adjoint operator and function f is as above, is

(6.2) f(H) = i 2π ∫ C ∂_zf̃(z)(H − z)^{−1} dξ dη.

The resolvent of the Landau Hamiltonian R_0(z) = (H_L(B) − z)^{−1} has an integral kernel given by

(6.3) R_0(z)(x, y) = ∑ n≥0 Π_n(x, y) E_n(B) − z , for (x, y) ∈ R^2 × R^2. This sum converges in the strong operator sense for ℑz ≠ 0. Let Π_n be the projection onto the infinitely-degenerate subspace corresponding to the Landau level E_n(B) = (2n+1)B. The projector Π_n has an explicit kernel given by

(6.4) Π_n(x, y) = L_n( B 2 |x − y|^2)Π_0(x, y), 14

where L_n is the n^{th}-Laguerre polynomial normalized so that L_n(0) = 1 (see the definition of L_n = L^{(0)}_n in Lemma 4.1). The projectors satisfy

(6.5) Π_n(x, x) = L_n(0)Π_0(x, x) = B 2π . The ground state projector Π_0 has the explicit kernel

(6.6) Π_0(x, y) = ( B 2π ) e^{− B4 |x−y|2} e^{−i B2 x∧y}.

Proposition 6.1. Let χ_j, for j = 1, 2, be two bounded, real-valued functions of compact support, and suppose that f ∈ C^3_0 (R) is real-valued. Then, the operator χ_1f(H_ω)χ_2 is in the Hilbert-Schmidt class, and there exists a finite, positive constant C_2 > 0, independent of B and f, so that

‖χ_1f(H_ω)χ_2‖_{HS} ≤ C_2(1 + B^2)^{1/2}B^{−1/2}‖χ_2‖_∞ |supp χ_2|^{1/2} × ‖χ_1‖_∞|supp χ_1|^{1/2}|supp f|^{1/2}‖f‖_∞ + 3∑ j=0 d_j ∫ |f^{(j)}(ξ)|dξ , (6.7)

where the finite constants d_j > 0, for j = 0, 1, 2, 3 depend only on σ appearing in (6.1). Proof.

1. From the resolvent formula for R_ω(z) and R_0(z), and Helffer-Sjöstrand formula (6.2), we have

(6.8) f(H_ω) = f(H_L(B)) − 1 π ∫ ∫ ∂_zf̃(z)R_ω(z)V_ωR_0(z) dξ dη,

where we write z = ξ + iη. It follows that it suffices to estimate the Hilbert-Schmidt norm of (6.9) χ_1f(H_L(B))χ_2, and of (6.10) χ_1R_ω(z)V_ωR_0(z)χ_2.

2. To estimate the Hilbert-Schmidt (HS) norm of (6.9), the compactness of the support of f means that it contains at most finitely-many Landau levels E_k(B), for k = i_1, . . . , i_L. If supp f does not contain a Landau level, the operator f(H_L(B)) vanishes. In the former case, we have f(H_L(B)) =

∑_{iL}

k=i_1 f(Ek(B))Πk, and

we can use the the explicit form of the projector Π_k given in (6.4) to calculate the HS norm,

‖χ_1f(H_L(B))χ_2‖^2_{HS} ≤

i_L∑

k=i_1

|f(E_k(B))|^2 ∫ ∫ χ_1(x)^2|L_k( B 2 |x − y|^2)Π_0(x, y)|^2χ_2(y)^2 d^2x d^2y

≤ ( B 2π )_{iL}∑

k=i_1

|f(E_k(B))|^2 |supp χ_1|‖χ_1‖^2_∞‖χ_2‖^2_∞,

(6.11)

where we used the fact that

∫_∞ 0 e^{−w}L^2_k(w) dw = 1 (cf. [1]).

3. As for the main term (6.10), we use the fact that the random potential satisfies ‖V_ω‖ ≤ M_0 < ∞, and the norm bound (6.12) ‖R_ω(z)‖ ≤ 1/|η|, with z = ξ + iη. Since ‖A‖^2_{HS} = ‖A^∗A‖_1, we have to estimate

(6.13) ‖R_0(z)χ_2‖^2_{HS} = ‖χ_2|R_0(z)|^2χ_2‖_1. The operator χ_2|R_0(z)|^2χ_2 is a positive operator with an explicit kernel K_0(x, y; z) given by

(6.14) K_0(x, y; z) = ∞∑ n=0 χ_2(x)Π_n(x, y)χ_2(y) |E_n(B) − z|^2 = ∞∑ n=0 χ_2(x)Π_n(x, y)χ_2(y) |(2n + 1)B − z|^2 , 15

that converges in the strong operator sense for ℑz ≠ 0. For the diagonal part of the kernel, it follows from (6.5) that

(6.15) K_0(x, x; z) =

Bχ_2(x)^2 2π ∞∑ n=0 1 ((2n + 1)B − ξ)^2 + η^2 . It is easy to see that

(6.16) K_0(x, x; z) ≤ ( B‖χ_2‖^2_∞ 2π ) { 1 η^2 + π^2 4B^2 } . Consequently, the trace norm is bounded as

(6.17) ‖χ_2|R_0(z)|^2χ_2‖_1 ≤ ‖χ_2‖^2_∞ |supp χ_2| ( B 2π ) { 1 η^2 + π^2 4B^2 } . We substitute this estimate into the second term of (6.8) and obtain ‖ ∫ ∫ ∂_zf̃(z)χ_1R_ω(z)V_ω R_0(z)χ_2 dξ dη‖_{HS}

≤ C_1M_0 ∫ ∫ |∂_zf̃(z)| |η| { 1 η^2 + π^2 4B^2

}_{1/2}

dηdξ,

(6.18)

where the constant C_1 is (6.19) C_1 = ‖χ_2‖_∞|supp χ_2|^{1/2}(B/2π)^{1/2}.

4. In order to evaluate the integral (6.18), we take an almost analytic extension f̃ of order 3, as in (6.1). We note that ∂_zf̃ has one term depending on f^{(3)}, and another term that is multiplied by σ^′(η). This latter term vanishes in a neighborhood of the real axis η = 0, so it can be estimated directly. As for the contribution of the former term to the integral (6.18), as the coefficient of this term vanishes as |η|^2, the integral is finite. Combining (6.11) and (6.18), we obtain the bound (6.7), proving the proposition. □ Proposition 6.2. Let χ_j , for j = 1, 2, be two bounded, real-valued functions with disjoint supports, so that dist (supp χ_1, supp χ_2) ≡ d_{12} > 0, and suppose that χ_1 has compact support. For any positive integer M, let f ∈ C^{k+1}_0 (R), for k ≥ M + 1, be a real-valued function. Then, there exists a constant C_M > 0, independent of f and d_{12}, so that

(6.20) ‖χ_1f(H_ω)χ_2‖_{HS} ≤ ( C_M d^M_{12} ) k+1∑ j=0 d_j ∫ R |f^{(j)}(ξ)| dξ , where the finite constants d_j depend only on σ appearing in (6.1).

Proof.

1. The proof of this proposition is based on the polynomial decay of the operator f(H_ω) when localized between two functions of disjoint support. This result depends on the decay of the localized resolvent χ_1R_ω(z)χ_2 that in turn follows from the Combes-Thomas method [8]. These results are well-known, see, for example, [13] or [22]. Here, we note that we can obtain the estimate in the Hilbert-Schmidt norm under the above hypotheses. The basic Combes-Thomas estimate for resolvent of H_ω has the form

(6.21) ‖χ_1R_ω(z)χ_2‖_{HS} ≤

C_1 (dist (z, σ(H_ω ))) e^{−C2}dist^{(z,σ(Hω ))d12} ,

where the constants can be chosen independent of z. For our purposes, it suffices to use the following simple estimate,

(6.22) e^{−t} ≤ b_M t^M

, for t ≥ 0, with b_M = e^{−M} M^M ,

so that

(6.23) ‖χ_1R_ω(z)χ_2‖_{HS} ≤ ( 1 d^M_{12} ) ( C_1b_M C^M_2 ) ( 1 dist (z, σ(H_ω ))^{1+M} ) . 16

2. We use the estimate (6.23) and the Helffer-Sjöstrand formula (6.2) to calculate the norm (6.20). For any integer M, there is a finite constant C_M > 0 so that if the order k of the almost analytic extension of f satisfies k ≥ M + 1, then

‖χ_1f(H_ω)χ_2‖_{HS} ≤ C_1 ∫ ∫ |∂_zf̃(z)| ‖χ_1R_ω(z)χ_2‖_{HS} dξ dη ≤ C_M d^M_{12} ∫ ∫ |∂_zf̃(z)||η|^{k−(M+1)}|f(ξ)^{(k+1)}(ξ)| dξ dη

+(finite terms depending on f^{(j)}, j = 1, . . . , k),

(6.24) giving the main result. □

Finally, we prove two technical bounds used in section 5. Let χ be a smooth function with compact support.

Lemma 6.1. For any B, B^′ ≠ 0, we define δ(B, B^′) ≡ H_ω(B) − H_ω(B^′), and define δ̃(B, B^′) = max (|B − B^′|, |(B^′)^2 − B^2|). We then have (6.25) ‖δ(B, B^′)R^{B∗}_ω (ξ + iη)χ_0‖ ≤ C_0(B^∗)δ̃(B, B^′)|η|^{−3}, where B^∗ is either B or B^′, the constant C_0(B^∗) > 0 depends on B^∗ and χ. Furthermore, we have (6.26) ‖δ(B, B^′)R^{B∗}_ω (z)R^{B∗}_ω (λ_0)[H_ω(B^∗), χ]‖ ≤ C_1(B^∗)δ̃(B, B^′)|η|^{−3}, where the constant C_1(B^∗) depends on B^∗ and χ.

Proof. It is slightly more convenient to do the computation in the Landau gauge A = B(0, x_1). We write the difference δ(B, B^′) as δ(B, B^′) = (B^2 − (B^′)^2)x^2_1 + 2(B^′ − B)x_1p_2 = {(B^2 − (B^′)^2) + 2B^∗(B^′ − B)}x^2_1 + 2(B^′ − B)x_1V^∗_2 ,

(6.27) where V^∗_2 = p_2 − B^∗x_1. To prove (6.25), it suffices to estimate x^2_1R^{B∗}_ω χ, and x_1V^∗_2 R^{B∗}_ω χ. Since ‖p_1R^{B∗}_ω ‖ = ‖V^∗_2 R^{B∗}_ω ‖ = O(|η|^{−1}), and ‖x^2_1χ‖ is bounded, we easily obtain the estimates by commuting the powers of x_1 to the right. The proof of (6.26) is similar. Here, we make use of the fact that one of the resolvents is evaluated at the fixed value λ_0, and hence does not contribute to the singularity in η. The proof is again obtained by commuting the powers of x_1 to the right. □

References

[1] Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, Eds. M. Abramowitz, I. Stegun, National Bureau of Standards, Applied Mathematics Series 55, 1964.

[2] R. Carmona, J. Lacroix, Spectral theory of random Schrödinger operators, Boston: Birkhaüser, 1990. [3] J. M. Combes, P. D. Hislop: Landau Hamiltonians with Random Potentials: Localization and the Density of States, Commun. Math. Phys. 177, 603–629 (1996).

[4] J. M. Combes, P. D. Hislop, F. Klopp: Hölder continuity of the integrated density of states for for some random operators at all energies, International Mathematics Research Notices 2003, 179–209 (2003).

[5] J. M. Combes, P. D. Hislop, F. Klopp: Local and global continuity of the integrated density of states, to appear in Contemporary Mathematics.

[6] J. M. Combes, P. D. Hislop, F. Klopp, S. Nakamura: The Wegner estimate and the integrated density of states for some random operators, Proc. Indian Aca. Sci. Math. Sci. 112, 31–53 (2002).

[7] J. M. Combes, P. D. Hislop, S. Nakamura: The L^p-theory of the spectral shift function, the Wegner estimate, and the integrated density of states for some random operators, Commun. Math. Phys. 218, 113–130 (2001).

[8] J. M. Combes, L. Thomas: Asymptotic behavior of eigenfunctions for multi-particle Schrödinger operators, Commun.

Math. Phys. 34, 251–270 (1973).

[9] E. B. Davies: Spectral theory and differential operators, Cambridge Studies in Advanced Mathematics 42, Cambridge, UK: Cambridge University Press, 1995.

[10] S. Doi, A. Iwatsuka, T. Mine: The uniqueness of the integrated density of states for the Schrödinger operator with magnetic field, Math. Z. 237, 335–371 (2001).

[11] T. Dorlas, N. Macris, J. Pulé: Characterization of the spectrum of the Landau Hamiltonian with delta impurities, Commun.

Math. Phys. 204, 367–396 (1999). 17

[12] F. Germinet, A. Klein: Explicit finite volume criteria for localization in random media and applications, preprint 2002. [13] F. Germinet, A. Klein: Operator kernel estimates for functions of generalized Schrödinger operators, Proc. Amer. Math.

Soc. 131, 911–920 (2003).

[14] B. Helffer, J. Sjöstrand: Equation de Schrödinger avec champ magnétique et équation de Harper, in Schrödinger operators, Sonderborg DK 1988, ed. H. Holden and A. Jensen, Lecture Notes in Physics 345, Berlin: Springer 1989.

[15] P. D. Hislop, F. Klopp: Localization and the density of states for random, homogeneous potentials, in preparation. [16] T. Hupfer, H. Leschke, P. Müller, S. Warzel: Existence and uniqueness of the integrated density of states for Schrödinger operators with magnetic fields and unbounded random potentials, Reviews in Math. Phys. 13, 1547–1581 (2001).

[17] T. Hupfer, H. Leschke, P. Müller, S. Warzel: The absolute continuity of the integrated density of states for magnetic Schrödinger operators with certain unbounded random potentials, Commun. Math. Phys. 221, 229–254 (2001).

[18] D. Jerison, C. Kenig: Unique continuation and absence of positive eigenvalues for Schrödinger operators, Annals of Mathematics 121, 463–494 (1984).

[19] W. Kirsch: Random Schrödinger operators: A course, in Schrödinger operators, Sonderborg DK 1988, ed. H. Holden and A. Jensen, Lecture Notes in Physics 345, Berlin: Springer 1989.

[20] W. Kirsch, F. Martinelli: On the ergodic properties of the spectrum of general random operators, J. Reine Angew. Math.

334, 141–156 (1982).

[21] W. Kirsch, F. Martinelli: On the spectrum of Schrödinger operators with random potential, Commun. Math. Phys. 85, 329–350 (1982).

[22] F. Klopp: A low concentration asymptotic expansion for the density of states of a random Schrödinger operator with Poisson disorder, J. Funct. Anal. 145, 267–295 (1997).

[23] N. Macris, J. Pulé: Density of states of random Schrödinger operators with uniform magnetic field, Letters in Mathematical Physics 24, 307–321 (1992).

[24] S. Nakamura: A remark on the Dirichlet-Neumann decoupling and the integrated density of states, J. Func. Anal. 173, 136–152 (2001).

[25] L. Pastur, A. Figotin: Spectra of random and almost-periodic operators, Berlin: Springer-Verlag, 1992. [26] G. D. Raikov, S. Warzel: Quasi-classical versus non-classical spectral asymptotics for magnetic Schrödinger operators with decreasing electric potentials, Rev. Math. Phys. 14, 1051–1072 (2002).

[27] M. Reed, B. Simon: Methods of Modern Mathematical Physics, vol. IV: Analysis of Operators. Academic Press, 1978. [28] B. Simon: Functional integration and quantum physics, New York: Academic Press, 1979. [29] B. Simon: Trace ideals and their applications. London Mathematical society Lecture Series 35, Cambridge: Cambridge University Press, 1979.

[30] B. Simon: Continuity of the density of states in a magnetic field, J. Phys. A 15, 2981–2983 (1982). [31] J. Sjöstrand: Microlocal analysis for the periodic magnetic Schrödinger equation and related questions, in CIME Lectures, July 1989.

[32] W-M. Wang: Microlocalization, percolation, and Anderson localization for the magnetic Schrödinger operator with a random potential, J. Funct. Anal. 146, 1–26 (1997).

[33] W-M. Wang: Supersymmetry and density of states of the magnetic Schrödinger operator with a random potential revisited, Commun. Part. Diff. Eqns. 25, 601–679 (2000).

[34] F. Wegner: The density of states for disordered systems, Zeit. Phy. B 44, 9–15 (1981).

[35] T. Wolff: Recent work on sharp estimates in second-order elliptic unique continuation problems, in Fourier analysis and partial differential equations (Miraflores de la Sierra, 1992), pages 99–128. CRC, Boca Raton, FL, 1995.

(Jean Michel Combes) Département de Mathématiques, Université de Toulon et du Var, 83130 La Garde, France

E-mail address: combes@cpt.univ-mrs.fr

(Peter Hislop) Department of Mathematics, University of Kentucky, 753 Patterson Office Tower, Lexington, Kentucky 40506-0027, USA E-mail address: hislop@ms.uky.edu

(Frédéric Klopp) LAGA, U.M.R. 7539 C.N.R.S, Institut Galilée, Université de Paris-Nord, 99 Avenue J.-B. Clément, F-93430 Villetaneuse, France E-mail address: klopp@math.univ-paris13.fr

(Georgi Raikov) Departamento de Matemáticas, Faculdad de Ciencias, Universidad de Chile, Las Palmeras, 3425 Casilla 653, Santiago 29504 Chile E-mail address: graykov@uchile.cl