SCUOLA NORMALE SUPERIORE DI PISA Classe di Scienze

TESI DI PERFEZIONAMENTO IN MATEMATICA Ph.D. Thesis

Limite idrodinamico di un sistema disordinato

Hydrodynamic limit of a disordered system

Dott.ssa Alessandra Faggionato

Relatore: Prof. Fabio Martinelli

2

Contents

Introduction 5

1 Hydrodynamic limit of a disordered system 21 1.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 1.2 The model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 1.3 Hydrodynamic limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 1.4 Energy estimate and identification of the hydrodynamic equation . . . . . 28 1.5 Proof of theorem 1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 1.6 Martingale estimate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 1.7 Reduction to the microscopic case . . . . . . . . . . . . . . . . . . . . . . . 33 1.7.1 Replacing currents by averages of currents . . . . . . . . . . . . . . . 33 1.7.2 Introducing fluctuations . . . . . . . . . . . . . . . . . . . . . . . . . 34 1.7.3 An equivalent version of theorem 1.3 . . . . . . . . . . . . . . . . . . 35 1.8 Entropy inequality and Feynman-Kac formula . . . . . . . . . . . . . . . . . 35 1.9 Telescopic averages . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 1.10 Eigenvalue estimate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 1.11 Integration by parts formula . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 1.12 Central limit theorem variance . . . . . . . . . . . . . . . . . . . . . . . . . 41 1.13 Estimates by the central limit theorem variance . . . . . . . . . . . . . . . 45 1.14 Moving Particles Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 1.15 Two Blocks estimate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 1.16 Reduction to the Two Blocks estimate . . . . . . . . . . . . . . . . . . . . . 50 1.17 Proof of proposition 1.10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 1.17.1 Ω_0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 1.17.2 Ω_1, Ω_2, Ω_3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 1.17.3 Ω_4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 1.17.4 Ω_5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 1.18 Proof of lemma 1.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2 Equivalence of Ensembles and Spectral Gap 59 2.1 Equivalence of ensembles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 2.2 A key bound on special covariances . . . . . . . . . . . . . . . . . . . . . . . 66 2.3 Spectral Gap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 2.3.1 A theorem for the recursive procedure . . . . . . . . . . . . . . . . . 74 2.3.2 Recursive Estimate . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4 CONTENTS

3 The method of long jumps revisited 85 3.1 Criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 3.2 Main statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 3.2.1 Step 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 3.2.2 Step 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 3.2.3 Step 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 3.2.4 Step 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 3.2.5 Step 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 3.2.6 Step 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4 Fluctuations in the gradient of the density field 97 4.1 The main theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 4.1.1 Roadmap of the proof of theorem 4.2. . . . . . . . . . . . . . . . . . 101 4.2 An estimate of ∇_y [ τ_xϕ̂_{n,s} ] . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 4.3 An example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106 4.4 Perturbation theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 4.5 From n^{−1}ϕ_{n,n} to n^{−1}ϕ_{n,s} with s = O(ϵ^{− 1d+2} ) and n ↑ ∞, ϵ ↓ 0 . . . . . . . . 112 4.6 From s^{−1}ϕ_{s,s} to s^{−1}ϕ_{s,s}′ with s = O(ϵ^{− ad+2} ) and s^′ = O(ϵ^{− bd+2} ) . . . . . . . 117 4.7 Estimates to pass from n^{−1}ϕ_{n,s} to s^{−1}ϕ_{s,2s} . . . . . . . . . . . . . . . . . . . 119 4.8 From n^{−1}ϕ_{n,s} to s^{−1}ϕ_{s,s} with s = O(ϵ^{− 1d+2} ) and n ↑ ∞, ϵ ↓ 0 . . . . . . . . 121 4.9 From s^{−1}ϕ_{s,s} to (s^′)^{−1}ϕ_s′_{,s}′ with s = O(ϵ^{− 1d+2} ) and s^′ = O(ϵ^{− 2d+2 +γ} ) . . . . 122 4.10 Strong Two Blocks estimate . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5 Central Limit Theorem Semi-norm 129 5.1 Table of computations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 5.2 Semi-norm V^{1/2}_m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132 5.3 Forms on Ω . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133 5.4 Forms on Ω̃ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138 5.5 Connection between V_m and closed forms . . . . . . . . . . . . . . . . . . . 144 5.6 Cauchy sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148 5.7 Decomposition of currents . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

6 Comments on [21] 157

Appendix 162

A 163 A.1 Technical tools . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163 A.2 Some theorems on Markov processes . . . . . . . . . . . . . . . . . . . . . . 169 A.3 Space D([0, 1], M_1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

Bibliography 173

Introduction

We consider the motion of free electrons in a doped crystal. When there is no impurity the crystal creates a periodic electromagnetic field which influences the electron transport. In order to model the presence of impurities, we think of the field as given randomly and the electrons as lattice-gas particles with site exclusion (in conformity to Pauli exclusion principle) and random walks whose jump rates depend locally on the field. We neglect the interactions between electrons while the random field (the disorder) is given by a random chemical potential field.

In order to analyze the hydrodynamic behavior of the system it is necessary to distinguish between the macroscopic scale and the microscopic one. The macroscopic space is given by T^d, the d−dimensional torus, and each deterministic macroscopic state is described by a Lebesgue absolutely continuous measure on T^d. The microscopic scale parameter is given by ϵ, inverse of an integer, and for any ϵ the microscopic space is given by T^d_ϵ , the discrete torus of size ϵ^{−1}. A statistical microscopic state is described by a probability measure on the particle configurations on T^d_ϵ .

The disorder configuration α is stochastically chosen by a translation invariant product probability measure P on [−B, B]^{Zd} , where B is a fixed positive number. For any ϵ, α induces a disorder configuration on T^d_ϵ by identifying this with a cube of side ϵ^{−1} centered at the origin of Z^d. With abuse of notation we denote the induced disorder configuration by α.

Let us describe the model at the microscopic scale ϵ for a given disorder configuration α. Given an external chemical potential λ, the Hamiltonian of the system is defined as H = − ∑ x(α_x + λ)η_x where η is the particle configuration and x varies among the sites of T^d_ϵ . The respective grand canonical Gibbs measure, μ^{α,λ}, can be characterized as the product measure such that

μ^{α,λ}(η_x) = e^{αx+λ} 1 + e^{αx+λ} .

If λ = 0 we write simply μ^α.

Let us describe the dynamics. Each particle waits an exponential time and then attempts to jump to a neighbor site, if this site is occupied then the jump is aborted otherwise it is realized with a probabilistic rate depending on the disorder configuration in the initial and final sites. Given two sites x, y we set

6 CONTENTS

( η^{x,y} ) z = η_y if z = x η_x if z = y η_z otherwise.

Then the dynamics is determined by the diffusively rescaled Markov generator ϵ^{−2}L^α where, for any function f,

(1) ( L^αf ) (η) = ∑ {x,y}⊂T^d_ϵ |x−y|=1

c^α_{x,y}(η)∇_{x,y}f(η)

and

(2) ∇_{x,y}f(η) = f(η^{x,y}) − f(η).

We require the transition rates c^α_{x,y}(η) to belong to some interval [δ, δ^′] with δ > 0, to depend on the particle and disorder configurations in x, y, to satisfy the condition of detailed balance for which the process is reversible w.r.t. the canonical Gibbs measures with Hamiltonian H = − ∑ x α_xη_x and to satisfy the identity

c^α_{x,y}(η) = c^{τz α}_{x+z,y+z}(τ_zη) ∀z ∈ Z^d,

where τ_zη, τ_zα are the configurations translated by vector z.

Our initial target was the study of the hydrodynamic limit of a different model for the electron transport in doped crystals given by the dilute Ising lattice gas with Kawasaki dynamics depending on the spatial distribution of the interaction bonds. This model allows to consider the electron-electron interactions and simulates more effective traps. In order to comment this last feature we introduce some notation. In general, the spectral gap of the infinitesimal generator L of a Kawasaki dynamics restricted to a box Λ w.r.t. a canonical measure μ on Λ is defined as

gap_μ ( L ) = inf

f:Var_μ(f)≠0 μ ( f, −Lf ) Var_μ(f) . The spectral gap is said to have a diffusive scaling if it scales like L^{−2} when referred to a box of side L.

In the dilute Ising lattice gas with Kawasaki dynamics, although with low probability in the disorder configuration, the spectral gap can considerably deviate from the diffusive scaling. In particular, at low temperatures the clusters of the bond percolation behave as ferromagnetic regions. If the cluster has size L then the spectral gap referred to canonical measures on the cluster with particular densities is of order e^{−cLd−1} as shown in [8]. The deviations from the diffusive scaling can be estimated by means of the recursive techniques of [6] or the martingale methods of [20]. For more details we refer to [7]. The main difficulties in the study of the hydrodynamic limit of the above model are the following: a) the system is not translation invariant, b) the system is not gradient (we will

CONTENTS 7

explain this aspect later), c) the equilibrium measures are not product, d) the spectral gap can deviate from the diffusive scaling which, by the current technology, plays a key role in the study of the hydrodynamic behavior of non gradient systems. The model we take under consideration presents the first two difficulties, while the third one is avoided. Let us comment the forth one. By applying the recursive techniques developed in [6] we have obtained estimates on the spectral gap and on its possible deviations from the diffusive scaling which are similar to those given in [7] for the dilute Ising lattice gas under the percolation threshold with Kawasaki dynamics. We have proved the hydrodynamic limit in such a way that only estimates similarly to [7] are needed. Afterwards, P. Caputo has proved for our disordered system the diffusive scaling of the spectral gap uniformly in the disorder configuration by means of a specific analysis for which it is crucial that the grand canonical measures are product. Since the method of [6] can be applied to a larger class of disordered system also with particle interactions, giving estimates as in [7], the method we develop has the advantage to be more generic since it can be extended to other disordered systems for which the diffusive scaling of the spectral gap fails.

The diffusion of lattice gases in systems with site disorder has been studied by physicists by simulations and rough approximations as in [12], [14], [24] and reference therein. Rigorous results are obtained in [29] for a period two disorder configuration α in one dimension, in [10] for the one-dimensional Ginzburg-Landau model with conservation law in the presence of random conductivities, in [3] and [15] for nearest-neighbor zero-range processes with random jump rates.

The model we consider is taken from [21]. There the model is described and some general ideas for its solution are indicated, but the details of the proof have never been published. Moreover, some of the technical estimates suggested in [21] turned out to be troublesome already in the absence of disorder (symmetric simple exclusion process) as explained in chapter 6. Therefore we were forced to take a different route w.r.t. that indicated in [21]

Our main result is that in dimension larger than 2, for almost any disorder configuration, by a diffusive space-time rescaling the system has an hydrodynamic limit described by a non linear diffusive equation which does not depend on the particular disorder configuration but only on the probability measure P. Let us describe with some more details what we mean.

As already explained, a macroscopic state is described by a Lebesgue absolutely continuous measure on T^d while a microscopic state is given by a probability measure on the particle configurations on T^d_ϵ .

A sequence of microscopic states {ν_ϵ}_{ϵ>0} is said to correspond to the macroscopic state m(θ)dθ if for any continuous function H on T^d and any δ > 0

lim_{ϵ↓0} ν_ϵ (| |Av_{x∈T}d_ϵ H(ϵx)ηx − ∫ T^d

H(θ)m(θ)dθ | | | > δ ) = 0 where “Av_{x∈T}d_ϵ ” denotes the spatial average.

Then, in dimension larger than 2, almost any disorder configuration α has the following property.

Given a sequence of microscopic states {ν_ϵ}_{ϵ>0} corresponding to the macroscopic state m_0(θ)dθ we define ν^t_ϵ as the evolution at time t of the initial measure ν_ϵ by the process

8 CONTENTS

determined by the difussively rescaled Markov generator ϵ^{−2}L^α. Then for any time t the sequence {ν^t_ϵ}_{ϵ>0} corresponds to a macroscopic state m(t, θ)dθ and m(t, θ) satisfies the Cauchy problem { ∂_tm(t, θ) = ∇_θ ( D ( m(t, θ) ) ∇_θm(t, θ) ) m(0, θ) = m_0(θ)

where the diffusion matrix D is equivalent to the one given by the Green-Kubo formula as shown in [18]. It can be variationally characterized as the only symmetric matrix such that for any a ∈ R^d ( a, D(m)a ) = 1 χ(m) inf_g 1 2 E [ μ^{α,λ0(m)} (∑ e∈E c^α_{0,e}(a_e∇_{0,e}η_0 + ∇_{0,e}g)^2 ) ]

where the infimum is taken over all local functions g = g(α, η).

Let us explain the above formula for D. E is the canonical basis of Z^d, E is the expectation w.r.t. P, λ_0(m) and χ(m) are respectively the annealed chemical potential and the static compressibility defined by E [ μ^{α,λ0(m)}(η_0) ] = m χ(m) = E [ μ^{α,λ0(m)}(η_0; η_0) ] . Moreover, g is formally defined as g = ∑ x∈Z^d τxg. Though g is a formal sum the expression

∇_{0,e}g is meaningful with ∇_{0,e} defined as in (2) also for functions depending on the disorder.

The main features of the system are the absence of translation invariance (for a given disorder configuration) and the non validity of the gradient condition. This condition is purely mathematical, having no physical content, and corresponds to the Fick’s law of fluid mechanics according to which the current can be written as the gradient of some function.

In order to clarify this aspect let H be a smooth function on T^d. Then by stochastic calculus

(3) Av_{x∈T}d_ϵ H(ϵx)η_x(t) − Av_{x∈T}d_ϵ H(ϵx)η_x(0) = ϵ^{−2}

∫_t 0 Av_{x∈T}d_ϵ H(ϵx)L^αη_x(s)ds + M_ϵ

where M_ϵ is a martingale whose contribution goes to 0 by taking the limit ϵ ↓ 0. Since L^αη_x = ∑ e∈E j^α_{x−e,x} − j^α_{x,x+e}, where j^α_{x,x+e} is the instantaneous current (i.e. the difference between the rate at which a particle jumps from x to x + e and the rate at which a particle jumps from x + e to x), by integrating by parts we can write the r.h.s. of (3) as

(4) ϵ^{−1}

∫_t 0 Av_{x∈T}d_ϵ j^α_{x,x+e} ( η(s)

)∇_eH(ϵx) ϵ ds where ∇_eH(ϵx) = H(ϵx + ϵe) − H(ϵx).

By the presence of factor ϵ^{−1}, expression (4) appears divergent. This obstacle can be overcome if the system is gradient, i.e. there exists a local function h = h(α, η) such that

CONTENTS 9

(5) j^α_{x,x+e} = τ_xh − τ_{x+e}h ∀x, e, α

where in general τ_yh(α, η) = h(τ_yα, τ_yη).

In this case, we can execute a second integration by parts by which (4) can be approximated as ϵ ↓ 0 by

(6) ∫_t 0 Av_{x∈T}d_ϵ τ_xh ( α, η(s) ) ΔH(ϵx)ds.

and at this point the investigation generally continues by local equilibrium argumentations. In particular, with reference to non disordered systems, we can introduce a mesoscopic scale l with l ↑ ∞ after ϵ ↓ 0 and substitute in (6) τ_xh ( η(s) ) with the local average Av_{y:|y−x|≤l}τ_yh ( η(s) ) (we call mesoscopic a scale which is microscopically large and macroscopically small). If there is ergodicity enough to consider the system near to equilibrium in mesoscopic regions of size l, then we can substitute this last average with Φ ( m_{x,l}(s) ) where m_{x,l}(s) is the density of configuration η(s) in the cube of side l centered at x and Φ(m) is defined as the expectation of h with respect to the equilibrium measure of density m. Then the hydrodynamic equation is given by

∂_th = Δ ( Φ(m) ) . The only case in which our system is gradient is the trivial case, where P is concentrated on a translation invariant configuration disorder. Therefore, we cannot execute a second integration by parts as above.

Non gradient systems are usually solved by reproducing a generalized Fick’s law. A key observation is that, by stochastic calculus, it can be proved that taking the limit ϵ ↓ 0, for any local function g = g(α, η),

(7) ϵ^{−1}

∫_t 0 Av_{x∈T}d_ϵ τ_xL^αg ( η(s) ) · ∇_eH(ϵx) ϵ ds is negligible. Therefore, a natural generalization of the gradient condition (5) is to require that there exist local functions {g_e}_{e∈E} and h such that

j^α_{x,x+e} = τ_xL^αg_e + τ_xh − τ_{x+e}h ∀x, e, α.

At this point, by a second integration by parts, we obtain again (6). In [29] the case of a period two disorder configuration α in one dimension is exactly solved by explicitly finding functions g_e and h as above. This is possible since the model is particularly simple. Usually, the generalized Fick’s law for non disordered non gradient systems is derived by the more sophisticated methods initially developed by Varadhan in [27] and Quastel in [22], where the above negligibility of fluctuations Lg plays a crucial role. We refer to [13] for an extensive bibliography on non gradient systems.

This technology can be generalized to our disordered model, but some features intimately

10 CONTENTS

connected to the disorder, as in particular the fluctuations in the gradient of the density field that we will comment later, have to be controlled by new methods. Since we prove a generalized Fick’s law which, apart the negligible fluctuation term L^αg, does not depend on the particular disorder configuration, the hydrodynamic equation is independent of the disorder configuration.

We briefly describe some methods developed for non disordered non gradient systems that we use in our investigation. For more details we refer to [13], [28] and reference therein.

Let ν_ϵ be the initial probability distribution on T^d_ϵ and let {f_x}_{x∈T}d_ϵ be a family of functions depending on the disorder and particle configurations. We fix a disorder α and we write μ^α_ϵ for the grand canonical Gibbs measure on T^d_ϵ with Hamiltonian H = − ∑ x α_xη_x. Since the Hamiltonian is bounded, it is simple to check that

H[ν_ϵ|μ^α_ϵ ] ≤ κϵ^{−d}

where H[·|·] denotes the relative entropy.

By the Chebyshev inequality and the entropy inequality, for any δ > 0 and γ > 0 (8) P^{νϵ} ( ϵ^{−1}

∫_t 0 Av_{x∈T}d_ϵ f_x ( η(s) ) > δ ) ≤ δ^{−1}γκ + δ^{−1}γϵ^d ln E^{μαϵ} ( exp{γ^{−1}ϵ^{−d−1}

∫_t 0 Av_xf_x} )

where P^{νϵ} is the probability measure on the space of paths determined by the Markov generator ϵ^{−2}L^α and the initial distribution ν_ϵ. The expectation E^{μαϵ} is defined in a similar way.

By an application of the F eynman-Kac formula,

γϵ^d ln E^{μαϵ} ( exp{γ^{−1}ϵ^{−d−1}

∫_t 0 Av_xf_x} ) ≤ t sup spec_L2_{(μ}α_{ϵ )} { ϵ^{−1}Av_xf_x + γϵ^{d−2}L^α}

where “ sup spec_L2_{(μ}α_{ϵ )}” denotes the supremum of the spectrum of the operator on L^2(μ^α_ϵ ). Therefore, in order to prove that the l.h.s. of (8) goes to 0 by taking the limit ϵ ↓ 0, it’s enough to show that for any γ > 0

(9) lim_{ϵ↓0} sup spec_L2_{(μ}α_{ϵ )} { ϵ^{−1}Av_xf_x + γϵ^{d−2}L^α} ≤ 0.

The problem is reduced to an eigenvalue estimate. The operator function “ sup spec” has a useful sub-addivity property which allows to benefit of the ergodicity of the random field α . For example, if every f_x has support in Λ_{x,l}, the cube of side 2l + 1 centered at x, the supremum of the spectrum appearing in (9) is bounded by

(10) Av_{x∈T}d_ϵ sup_{ναx} sup spec_L2_{(ν}α_{x )}{ϵ^{−1}f_x + γ^′ϵ^{−2}(2l)^{−d}L^α_{x,l}}

where ν^α_x is taken among the canonical Gibbs measures on Λ_{x,l} with disorder α, L^α_{x,l} is the infinitesimal generator obtained by considering jumps only in the cube Λ_{x,l} and

CONTENTS 11

γ^′ = C(d)γ.

At this point a fundamental tool is perturbation theory. For any Gibbs canonical measure ν^α_x the process determined by L^α_{x,l} is irreducible and reversible. Therefore there exists a constant C such that if

(11) ‖f_x‖_∞ϵl^d gap_να_x ( L^α_{x,l}

)_{−1} (γ^′)^{−1} ≤ C

then

sup spec_L2_{(ν}α_{x )}{ϵ^{−1}f_x + γ^′ϵ^{−2}(2l)^{−d}L^α_{x,l}} ≤ ϵ^{−1}ν^α_x (f_x) + 2(2l)^dν^α_x (¯ f_x, (−L^α_{x,l})^{−1}f̄_x ) where f̄_x = f_x − ν^α_x (f_x).

It is clear that if any canonical expectation ν^α_x (f_x) is null the situation is simpler. In this case, if l does not depend on ϵ and f_x = τ_xf for some local function f, then we can benefit of the ergodicity and translation invariance of the random field α and obtain that for almost any disorder configuration the lim sup as ϵ ↓ 0 of expression (10) can be bounded by

(12) 2(2l)^dE [ sup_{να} 0 ( f, (−L^α_{0,l})^{−1}f )] . By proceeding in this direction, and thanks to the ergodicy and translation invariance of the random field α, we obtain the following construction which is standard for non disordered non gradient systems.

Let G be the set of bounded local functions h = h(α, η) such that for some cube Λ, for any given disorder α, all canonical expectations on Λ of the function h(α, ·) are null. Then, for any m ∈ [0, 1], there is a well-defined semi-inner product V_m(·, ·) on G such that

(13) V_m(h, g) = lim_{l↑∞}(2l)^dE [ μ^{α,λ0} ( Av_{|x|≤l−}^√_lτ_xh, (−L^α_{0,l})^{−1}Av_{|x|≤l−}^√_lτ_xg )] . Moreover, if there exists a family of functions h_{e,m} in the completion Ḡ of G, parameterized by the vector e ∈ E and by the density m, such that for any m

V_m(j_{0,e} − h_{e,m}, j_{0,e} − h_{e,m}) = 0

then, for almost any disorder configuration α, in (4) we can substitute j^α_{x,x+e} ( η(s) ) with τ_x(h_{e,m}) ( η(s) ) where m is the density of η(s) in a particular mesoscopic region centered at x.

The infinite dimensional space G endowed of the scalar product V_m(·, ·) is a basic tool to prove a generalized Fick’s law for non disordered non gradient systems. In this case, G is the set of functions h with canonical expectations null on some box and the semi-inner product V_m is defined similarly to (13).

For example, in [13] it is studied a non disordered non gradient system such that its

12 CONTENTS

equilibrium measures are product and translation invariant and therefore ∇_{0,e}η_0 ∈ G. It can be proved that the subspace { ∑ e∈E a_ej_{0,e} + Lg : a ∈ R^d, g local}

is dense in G endowed of the semi-inner product V_m and that {∇_{0,e}η_0}_{e∈E} is a basis of

{Lg : g local}^⊥.

Therefore, for any density m, we have the orthogonal decompositions of currents

j_{0,e} = − ∑ e^′∈E

D_{e,e}′ (m)∇_{0,e}′ η_0 + ξ_{e,m} ∀e ∈ E

where ξ_{e,m} belongs the closure of {Lg : g local} in the completion Ḡ of G. Because of the entropy inequality, Feynman-Kac formula and perturbation theory and since fluctuations Lg are negligible, by taking the limit ϵ ↓ 0 we can substitute in the formula analogous of (4) j_{x,x+e} ( η(s) ) with − ∑ e^′∈E

D_{e,e}′ (m)∇_{x,x+e}′ η_x

where m is the density of η(s) in a particular mesoscopic region centered at x. Therefore the hydrodynamic equation is given by

∂_tm = ∇_θ(D(m)∇_θm).

In general, in order to obtain a generalized Fick’s law it is crucial to exhibit a basis of {Lg : g local}^⊥ correlated to gradients of density.

We come back to our disordered system. We want to emphasize that in the presence of disorder there is a major problem w.r.t. non disordered systems connected to the fluctuations in the gradient of the density field. In fact by the absence of translation invariance ∇_{0,e}η_0 ∉ G. This aspect is present also in non disordered systems with interactions between particles as in [28], where the canonical measures are not spatially homogeneous because of the boundary conditions. But in this case the canonical expectations of ∇_{0,e}η_0 in a cube of size n decay very fast when n ↑ ∞. The situation changes drastically in our system because of the disorder. Let us give more details.

In [28] Varadhan and Yau study the hydrodynamic behavior of a generic lattice gas with translation invariant Hamiltonian of finite range satisfying some mixing conditions, which are always valid at high temperature, and with stochastic dynamics reversible w.r.t. Gibbs measures. Then for any ρ > 0 there exists C_ρ > 0 such that for any integer n

(14) sup_ν |ν(∇_{0,e}η_0)| ≤ C_ρn^{−ρ}

where the supremum is taken over all canonical Gibbs measures ν on the cube Λ_n of side n centered at the origin.

Differently, in our disordered system, for almost any disorder configuration α

CONTENTS 13

‖μ^α[∇_{0,e}η_0 | m_n]‖_∞ = O(1) ∀n,

where m_n is the density on the cube Λ_n. In fact, by the equivalence of ensembles, for a positive constant C and for any density m on Λ_n

|μ^α[∇_{0,e}η_0 | m_n = m] − μ^{α,λ}(∇_{0,e}η_0)| ≤ Cn^{−d}

where λ is the empirical chemical potential on Λ_n with density m, i.e. μ^{α,λ}(m_n) = m. Since

μ^{α,λ}(∇_{0,e}η_0) = e^λ(e^{αe} − e^{α0} ) (1 + e^{αe +λ})(1 + e^{α0+λ}) , for densities m such that λ ≈ 0 we have ‖μ^α[∇_{0,e}η_0 | m_n = m]‖_∞ = O(1) (if α_e ≠ α_0). If we consider the gradient of the density in two large mesoscopic regions then, because of the ergodicity of the random field α, we can hope to have small fluctuations. Let us be more precise. Given e ∈ E and an integer s, let Λ^e_{1,s} and Λ^e_{2,s} be a couple of adjacent cubes of size s centered at the origin with Λ^e_{2,s} obtained by moving Λ^e_{1,s} along the direction determined by the vector e of the canonical basis of Z^d.

We write m^{1,e}_s and m^{2,e}_s for the density respectively in Λ^e_{1,s} and Λ^e_{2,s}, while m^e_s is the density in Λ^e_{1,s} ∪ Λ^e_{2,s}.

Then, given integers s ≤ s^′, we set

(15) ϕ^e_{s,s}′ = μ^α[m^{1,e}_s − m^{2,e}_s | m^e_s′ ] and ψ^e_{s,s}′ = m^{1,e}_s − m^{2,e}_s − ϕ^e_{s,s}′ .

By simple large deviations estimates it can be proved that, if s^′ ≥ s = O(ϵ^{−β}) with β > 0, then given γ > 0, for almost any disorder configuration α and for ϵ ≤ ϵ_0(α, γ),

(16) ‖τ_xϕ_{s,s}′ ‖_∞ ≤ Cs^{− d2 +γ} ∀x ∈ T^d_ϵ .

We come back to [28], where ∇_{0,e} ∉ G as in our disordered model, and indicate how a generalized Fick’s law is obtained. By (14) it can be proved, that for any density m the sequence

(17) ∇_{0,e}η_0 − μ^η_{Λn,mn(η)} ( ∇_{0,e}η_0 ) n ∈ N,

where μ^η_{Λn,mn(η)} is the canonical Gibbs measure on Λ_n with density m_n(η) and exterior

configuration η, is Cauchy in G for the semi-norm V^{1/2}_m . Moreover, the limit points of the sequences (17) with e varying in E form a basis of {Lg : g local}^⊥. Therefore, by taking the limit n ↑ ∞ after ϵ ↓ 0, in the expression analogous to (4) the current j_{x,x+e} can be substituted with some negligible fluctuation τ_xLg and the linear combination − ∑ e^′∈E

D_{e,e}′ (m)τ_x ( ∇_{0,e}η_0 − μ^η_{Λn,mn(η)} ( ∇_{0,e}η_0 ))

14 CONTENTS

where m is the density of the configuration η in a particular mesoscopic region centered at x. After this step, another analysis is necessary in order to have a Fick’s law, i.e. in order to prove that in this new expression the terms

τ_x [ μ^η_{Λn,mn(η)} ( ∇_{0,e}η_0 )] with x ∈ T^d_ϵ

are negligible.

At this point we can describe our strategy and our results. We set

G = {g : g = g(α, η) local and bounded}

and we prove that the semi-inner product V_m given by (13) is well-defined and the subspace

(18) { ∑ e a_ej^α_{0,e} + L^αg : a ∈ R^d, g ∈ G}

is dense in G with semi-inner product V_m. The proof generalizes the main ideas developed for non disordered non gradient systems and in particular the theory of closed and exact forms. This generalization is not automatic and there are two main steps we would like to discuss.

1) Because of the presence of the disorder the structure of closed forms is richer and some new forms, which do not appear in non disordered systems, require a specific analysis. 2) It is well-known that in the hydrodynamic limit theory of non gradient systems a key role is played by the diffusive scaling of the spectral gap. As already mentioned, although for the system under consideration the spectral gap of the dynamics restricted to a cube of size L can be inferiorly bounded by CL^{−2} uniformly in the disorder configuration, our analysis of the structure of closed forms is developed in such a way that we need only the weaker estimates on the spectral gap derivable by the recursive method developed in [6], which are valid in a large class of disordered systems, also having deviations of the spectral gap from the diffusive scaling as the dilute Ising lattice gas with Kawasaki dynamics under the percolation threshold studied in [7].

As in the standard theory of non disordered non gradient systems, we consider the orthogonal decomposition of G, endowed of the semi-inner product V_m, along LG and its orthogonal subspace LG^⊥ where

LG = {L^αg : g ∈ G}.

Following [21], given an integer s and e ∈ E, we introduce the functions

(19) W^e_s = Av_{x∈Λ}e_{1,s} Av_{y∈Λ}e_{2,s} w^α_{x,y}

where

w^α_{x,y} = ( 1 + e^{−(αx−αy)(ηx −ηy)} ) (η_x − η_y).

CONTENTS 15

We remember that Λ^e_{1,s}, Λ^e_{2,s} is a couple of adjacent cubes of size s centered at the origin with Λ^e_{2,s} obtained by moving Λ^e_{1,s} along the direction determined by the vector e of the canonical basis of Z^d.

Our main results are the following. A) For any e ∈ E

lim_{n↑∞} 2m(1 − m)λ^′_0(m) ψ^e_{n,n} n − W^e_n n = 0 where W^e_n and ψ^e_{n,n} are defined respectively in (19) and (15).

B) For any e ∈ E and any integer n the sequence

{ ψ^e_{n,s4} n } s≥n is Cauchy. We write ψ̄^e_n for its limit point in the completion Ḡ of G. Then ψ̄^e_n ∈ LG^⊥ and

lim_{n↑∞} ψ^e_{n,n} n − ψ̄^e_n = 0.

Results A) and B) allow to prove that for any e ∈ E the sequence

{_{ψen,n} n } n≥1 is Cauchy

and that its limit points ξ_e, as e varies in E, form a basis of the subspace LG^⊥. In fact, let P be the orthogonal projection on LG^⊥. Then B) implies that (1 − P )^{ψen,n}_n goes to 0 as n ↑ ∞. Since the currents and the fluctuations L^αg form a subspace dense in G, the set {P j_e}_{e∈E} generates LG^⊥ and therefore A), together with the identity

(20) V_m ( j_e,

W^{e′}_n n ) = 2m(1 − m)δ_{e,e}′ ,

implies that P^{ψen,n}_n converges in LG^⊥.

We note that (20) derives from an integration by parts formula valid for the function w^α_{x,y}: for any Gibbs measure μ with disorder α and any function f

(21) μ ( w^α_{x,y}f) = μ ( (η_x − η_y)∇_{x,y}f ) . The proof of A) and B) is rather technical and it is explained in full details in chapter 3 and 5.

Remark. The idea to introduce^{W en}_n is taken from [21] but referred to a completely different scale. We introduce the semi-norm V^{1/2}_m after taking the limit ϵ ↓ 0 in the same spirit of the discussion preceding (12) and (13). The sequence {^{W en}_n }_{n≥1} belongs to the space G which is introduced after taking the limit ϵ ↓ 0. In [21] Quastel introduces the function^{Ws}_s with s = O(ϵ^{− 2d+2} ), before taking the limit ϵ ↓ 0. The outlined global strategy is therefore different.

Some of the steps in the proof of A) are motivated by ideas found in [21]. However, as mentioned before, our mesoscopic context is different and a rigorous proof requires the development of a new technology.

Remark. It can be proved that for any f ∈ G and any g ∈ G

16 CONTENTS

(22) V_m(f, L^αg) = − ∑ x∈Z^d E [ μ^{α,λ0(m)} ( τ_xf · g) ] .

By (22) and the integration by parts formula (21), it can be proved that for any g ∈ G

lim_{n↑∞} V_m

(W e_n n , L^αg ) = 0 and therefore, by A), the same is valid for^{ψen,n}_n . Since the subspace LG has infinite dimension this is not sufficient to prove that the orthogonal projection of^{ψen,n}_n on LG goes

to 0. We move our attention on the sequence {^ψ e n,s4

n }_{s≥n}. Its convergence is proved via a telescopic argument. In particular, we show ∞∑ s≥n V^{12}_m

(ψ^e_{n,s4} n − ψ^e_{n,(s+1)4} n ) < ∞.

The proof is based on estimates of the fluctuations of the gradient of the density field which are connected to the fluctuations of the random field α and which work well if d ≥ 3. We will comment subsequently this restriction on the dimension in a similar context. Let us give some details of the proof that ψ̄^e_n ∈ LG^⊥. Since it can be showed that the subspace {L^αg : g ∈ G} is dense in LG, it is enough to prove that ∀g ∈ G

(23) lim_{s↑∞} V_m

( ψe_{n,s} n , L^αg ) = 0.

We observe that if g ∈ G then the r.h.s. of (22) is a finite sum for any local function f and is zero if f is a constant function or f = m^{1,e}_n − m^{2,e}_n . Therefore the proof of (23) is based on the property

Var_μα,λ_0(m) (ϕ^e_{n,s}) ≤ Cs^{−d}

where ψ^e_{x,s} = m^{1,e}_n − m^{2,e}_n + ϕ^e_{n,s} as defined in (15).

At this point, as in the preceding discussion referred to non disordered systems, we orthogonally decompose the currents along LG and LG^⊥ and obtain a partial Fick’s law in the sense that in (4), in the limit n ↑ ∞ after ϵ ↓ 0, we can substitute the current j^α_{x,x+e} by some negligible fluctuation τ_xL^αg plus

(24) ∑ e^′∈E

D_{e,e}′ (m)τ_x

[m1,e_n − m2,e_n n ] − ∑ e^′∈E

D_{e,e}′ (m) ϕ^e_{n,n} n where m is the density in a particular mesoscopic region centered at x.

In order to have gradients of the density which are macroscopically relevant, corresponding in the hydrodynamic equation to the term ∇_θm, we have to pass from the differences

CONTENTS 17

between the densities in cubes of size n to the differences between the densities in cubes of size a/ϵ where a ↓ 0 after ϵ ↓ 0.

To this aim we prove a Two-Blocks estimate and introduce particular spatial averages which allow to express the difference between the densities in cubes of size a/ϵ in terms of the differences between the densities in adjacent cubes of size n. Though this step is fundamental we neglect it here and give a simplified exposition of our analysis.

We have to face again the problem of the fluctuations in the gradient of the density field in order to prove that the second addendum in (24) is negligible in the limit n ↑ ∞ after ϵ ↓ 0. Because of the entropy inequality, the Feynman-Kac formula and the perturbation theory, it’s enough to show that for any e ∈ E and any γ > 0

(25) lim_{n↑∞} lim_{ϵ↓0} sup spec_L2_{(μ}α_{ϵ )} { ϵ^{−1}Av_x

∇_eH(ϵx) ϵ τ_x ϕ^e_{n,n} n + γϵ^{d−2}L^α} ≤ 0.

We observe that by (16) if s = O(ϵ^{−β}) with β >^2_{d+2} then for almost any disorder configuration α

(26) lim_{ϵ↓0} sup_{x∈Td} ϵ ϵ^{−1}‖ ϕ^e_{s,s} s ‖_∞ = 0,

Therefore (25) would be proved if we could substitute in (25) the term^{ϕen,n}_n with^{ϕes,s}_s and s as above. The mesoscopic scale ϵ^{− 2d+2} is the critical threshold in our analysis of the fluctuations in the gradient of the density field.

The presence of the factor^{∇eH(ϵx)}_ϵ in (25) is troublesome because we prefer to sum the largest possible number of terms of the form τ_x^{ϕen,n}_n in order to assure some cancellations. This problem can be solved by a Two-Blocks estimate and therefore, in a first approximation, in (25) we may substitute^{∇eH(ϵx)}_ϵ with 1.

At this point it is convenient to introduce some notation. Let f_{n,ϵ} be a local function depending on the parameters n, ϵ. Then we write

f_{n,ϵ} ≈ 0

if ∀γ > 0

lim_{n↑∞} lim_{ϵ↓0} sup spec_L2_{(μ}α_{ϵ )} { ϵ^{−1}Av_xτ_xf_{n,ϵ} + γϵ^{d−2}L^α} ≤ 0.

The proof that^{ϕen,n}_n ≈ 0 is given in chapter 4 and consists of steps A), B) and C) given below, where a key role is played by large deviations estimates in the random field α which work well in dimension d ≥ 3.

Let us give an heuristic argument in order to explain this restriction on the dimension. The random variable ϕ^e_{n,n} = μ^α[m^{1,e}_n − m^{2,e}_n | m^e_n] depends both on the disorder configuration and on the particle configuration. In order to examine the fluctuations in the random field α, in first approximation we consider here the function

18 CONTENTS

(27) ϵ^{−1}Av_{x∈T}d_ϵ τ_x

Φ_n n where, for an a priori fixed density m,

Φ_n(α) = μ^α[m^{1,e}_n − m^{2,e}_n | m^e_n = m].

For simplicity of notation let n|ϵ^{−1} and let us subdivide T^d_ϵ in disjoint cubes of size 2n:

T^d_ϵ = ⊔_{y∈Y} ( Λ_{2n} + y ) where Λ_{2n} is the cube of size 2n centered at the origin. Then |Y | = O(ϵ^{−d}n^{−d}) and (27) can be written as

(28) ϵ^{−1}Av_{z∈Λ2n} Av_{w∈Y +z}τ_w

Φ_n n . Since the random variable Av_{w∈Y +z}τ_w^{Φn}_n is the average of functions having disjoint supports and null expectation w.r.t. the random field α, (28) can be approximated by

ϵ^{−1}Av_{z∈Λ2n} Var_P [ Av_{w∈Y +z}τ_w

Φ_n n ] 1_2

= Cϵ^{d2 −1}n^{d−12} Var_P(Φ_n)^{12} .

Therefore, if d ≥ 3 the fluctuations in the random field α allow to prove that^{ϕen,n}_n ≈ 0 while d = 2 is the critical threshold.

As mentioned before, the rigorous proof that^{ϕen,n}_n ≈ 0 consists of the following main steps.

A) If s = ϵ^{− 1d+2} then ϕ^e_{n,n} n − ϕ^e_{s,s} s ≈ 0.

B) If

s ≡ ϵ^{− ad+2} s^′ ≡ ϵ^{− bd+2} where 1 ≤ a < b < d + 2 and b < 1 + a 2 then

ϕ^e_{s,s} s − ϕ^e_s′_{,s}′ s^′

≈ 0.

We observe that by applying recursively B) it can be proved that for any small γ > 0

ϕ^e_{s,s} s − ϕ^e_s′_{,s}′ s^′

≈ 0 where s = ϵ^{− 1d+2} , s^′ = ϵ^{− 2d+2 +γ} ,

but we cannot overpass the critical threshold ϵ^{− 2d+2} and benefit of the estimate (26). The analysis can be concluded by the following result.

CONTENTS 19

C) If γ > 0 is small enough we can show

ϕ^e_{s,s} s ≈ 0 with s = ϵ^{− 2d+2 +γ}

by proving a sort of strong Two-Blocks estimate which differs from standard Two-Blocks estimates by the presence of a factor ϵ^{−β} with β > 0 small enough in front of the multiplicative operator.

Acknowledgments. I warmly thank my supervisor, prof. F.Martinelli, for his teaching, his support and his cooperation in the study of the model.

I’m grateful to J. Quastel for informing me about the proceeding [21] and some relative unpublished notes.

I thank S.Olla, C.Landim, E.Orlandi, P.Caputo and G.Giacomin for clarifying discussions. Moreover, I thank S. Olla and F. Golse for inviting me at the Institute H. Poincaré in Paris in occasion of the trimester “Hydrodynamic limits and analysis”. I gratefully acknowledge the Scuola Normale Superiore di Pisa for the Ph.D. fellowship, its teaching and seminarial activity.

For the financial support for meetings and conferences I kindly acknowledge the Scuola Normale Superiore di Pisa, the research project “Progetto di Interesse Nazionale. Sistemi dinamici classici, quantistici e stocastici”, the European Community, the organizers of the “Forth Brazilian School in Probability” and the Hebrew University of Jerusalem. I’m grateful, for the kind hospitality, to the Department of Mathematics of the University “Roma Tre”, the Department of Mathematics of the University in L’aquila, the Institute H. Poincaré and the Ecole Normale Supérieure in Paris.

I warmly thank my parents and my brother Fabrizio. Special thanks are for Davide.

20 CONTENTS

Chapter 1

Hydrodynamic limit of a disordered system

In sections 1.2 and 1.3 we describe the model, its dynamics and state the main results. We concentrate on theorem 1.3 which allows the identification of the hydrodynamic equation. Then we generalize standard methods for non gradient systems, in particular by means of stochastic calculus, the entropy inequality, the Feynman-Kac formula and perturbation theory we reduce the proof of theorem 1.3 to some eigenvalue estimates corresponding to proposition 1.10.

At the end we sketch the proof of proposition 1.10, which is based also on the results of the next chapters.

1.1 Notation

We collect here, in a schematic way, some notation useful for the following sections.

For any x ∈ R^d we set |x| = max{|x_1|, . . . , |x_d|}. Given l ∈ N and x ∈ Z^d we set

Λ_{x,l} ≡ {y ∈ Z^d : |y − x| ≤ l}.

If x = 0 we write simply Λ_l. Given an integer l we set l_1 ≡ l − √ l. Moreover, given a vector e we write e > 0 if it belongs to the canonical base of Z^d. We define

Ω ≡ {0, 1}^{Zd} Ω_ϵ ≡ {0, 1}^{Tdϵ} Ω_D ≡ [−B, B]^{Zd} Ω̃ ≡ Ω_D × Ω

where B is a fixed positive number, ϵ is the inverse of a positive integer and T^d_ϵ is the discrete torus Z^d/ϵ^{−1}Z^d. We denote by η [α] a generic element of Ω [Ω_D]. The above spaces are endowed of the product topology. Measurable sets are given by Borel sets. In particular, given Λ ⊂ Z^d, we introduce the following σ−algebras

K_Λ = σ ( η_x : x ∈ Λ ) K_Λ = σ ( α_x, η_x : x ∈ Λ ) . We call F the family of finite subsets of Z^d.

22 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

A function f on Ω̃ is called local if it is measurable and with finite support. We denote Δ_f its support.

We introduce some spaces of functions (we refer to section 1.2 for the definition of the measure μ^α_{Λk,m}) where Λ ⊂ Z^d and k ∈ N:

G ≡ {g : Ω̃ → R local and bounded } G_Λ ≡ {g ∈ G : Δ_g ⊂ Λ} G_Λ ≡ {g : {0, 1}^Λ → R } G_k ≡ {g ∈ G : Δ_g ⊂ Λ_k and ∀α ∈ Ω_D, ∀m ∈ [0, 1] μ^α_{Λk,m}(g) = 0}.

If Λ = Λ_k we write G_k, G_k in place of G_{Λk} , G_{Λk} . Moreover, we set G ≡ ∪_kG_k. Given η ∈ Ω and x, y ∈ Z^d we set

η^{x,y}_z ≡ η_y if z = x η_x if z = y η_z otherwise.

Given x, y ∈ Z^d and a function f on Ω̃ we define

(1.1) (S_{x,y}f)(α, η) ≡ f(α, η^{x,y}) ∇_{x,y}f ≡ S_{x,y}f − f.

Given x ∈ Z^d and η ∈ Ω we write η^x for the configuration

η^x(z) ≡ { 1 − η_x if z = x η_z otherwise.

Given a function f on Ω̃ we define ∇_xf by ∇_xf(α, η) ≡ f(α, η^x) − f(α, η). Given z ∈ Z^d we define the traslazions along z in the following way

(τ_zη)(x) = η(x + z) (τ_zα)(x) = α(x + z) (τ_zf)(α, η) = f(τ_zα, τ_zη).

Given a probability measure P on Ω_D, we will write ~∀α in order to denote ”P almost all α”. We will denote T^d the d–dimensional torus with volume 1: R^d/Z^d. We define M_1 the space of non-negative measures on T^d with total mass bounded by 1, endowed of the weak topology, while M_2 ⊂ M_1 will denote the set of measures in M_1 which are absolutely continuous w.r.t. the Lebesgue measure with density ρ satisfying ρ ≤ 1. Moreover, we set C^∗(T^d) ≡ {J ∈ C(T^d) : ‖J‖_∞ ≤ 1} We will call ”bond” an non ordered couple of sites x, y such that |x − y| = 1. We will denote by b a generic bond and write b ∈ Λ if b = {x, y} with x, y ∈ Λ⊂Z^d. Given l ∈ N, x ∈ Z^d and η ∈ Ω, we set m_{x,l}(η) := (2l + 1)^{−d} ∑ x∈Λ_{x,l} ηx while, if l is odd,

m^l_x(η) := l^{−d} ∑ x∈Λ η_x where Λ is the cube of side length l centered at x.

1.2. THE MODEL 23

Given n parameters ℓ_1, . . . ℓ_n we use the compact notation lim_{ℓn→ℓ}′_{n,..., ℓ1→ℓ}′_1 for the ordered limits lim_{ℓn→ℓ}′_n . . . lim_{ℓ1→ℓ}′_1 . The same convention is valid when “lim” is replaced by “lim sup” or “lim inf”.

1.2 The model

For any odd integer ϵ^{−1} we consider the Ising lattice gas, at infinite temperature and with random chemical potential, on the discrete torus T^d_ϵ ≡ Z^d/ϵ^{−1}Z^d. Let us describe the model.

For a fixed B > 0, Ω_D ≡ [−B, B]^{Zd} and Ω_{D,ϵ} ≡ [−B, B]^{Tdϵ} are the sets of disorder configurations respectively on Z^d and on T^d_ϵ . On Ω_D it is defined a product and translation invariant probability measure P (we denote by E the expectation w.r.t. P). By identifying the cube of side ϵ^{−1} centered at the origin with the torus T^d_ϵ by means of the canonical projection, α ∈ Ω_D induces in a natural way a disorder configuration α^ϵ on T^d_ϵ .

Given λ ∈ R and α ∈ Ω_{D,ϵ}, μ^{α,λ}_ϵ is the product measure on Ω_ϵ ≡ {0, 1}^{Tdϵ} such that

μ^{α,λ}_ϵ (η_x) = e^{(αx+λ)ηx} 1 + e^{αx+λ} . In other words, μ^{α,λ}_ϵ is the grand canonical Gibbs measure for the system with Hamiltonian H_α = − ∑ x α_xη_x.

If λ = 0 we write simply μ^α_ϵ . If λ = +∞ [ λ = −∞ ] the measure μ^{α,λ}_ϵ is concentrated on the configuration uniformly equal to 1 [ 0 ].

Similarly, given α ∈ Ω_D and λ ∈ R̄ we can define the grand canonical Gibbs measure μ^{α,λ} on the set Ω ≡ {0, 1}^{Zd} .

In order to define the dynamics of the lattice gas on T^d_ϵ let us define the transition rates of the process as c_{x,x+e}(α, η) = f_e(α_x, η_x, α_{x+e}, η_{x+e}) ∀x ∈ Z^d,

where e varies in the canonical base of Z^d, f_e is a function on ( [−B, B] × {0, 1}

)_2 such that f_e(a, s, a^′, s^′) = f_e(a^′, s^′, a, s) and 0 < c ≤ f_e < c^{−1} for a suitable constant c. The above expressions are meaningful if referred both to Z^d and to T^d_ϵ .

The main properties of the transition rates are the following (note that a) and c) follow from the definition, while b) is assumed):

a)P ositivity and boundness: there exists c > 1 such that c^{−1} ≤ c_{x,y} ≤ c for any x, y such that |x − y| = 1.

b) Detailed balance: for any x, y, η, α with |x − y| = 1

c_{x,y}(α, η) = c_{x,y}(α, η^{x,y} )e^{−∇x,yHα}

where H_α ≡ − ∑ x α_xη_x.

c) T ranslation invariance: τ_zc_{x,y} = c_{x+z,y+z} for any x, y, z ∈ Z^d such that |x − y| = 1.

24 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

For example we can take

c_{x,y}(α, η) = 1 + e^{−(αx−αy )(ηx−ηy )}.

The stochastic dynamics of the lattice gas on T^d_ϵ with disorder configuration α ∈ Ω_{D,ϵ} is determined by the diffusively rescaled Markov generator ϵ^{−2}L^α_ϵ defined by

(L^α_ϵ f)(η) ≡ ∑ e>0 ∑ x∈T^d_ϵ

c_{x,x+e}(α, η)(∇_{x,x+e}f)(η) η ∈ Ω_ϵ, f : Ω_ϵ → R,

where e > 0 is a generic element of the canonical base of Z^d. We observe that by the detailed balance equation the measure μ^{α,λ}_ϵ is reversible w.r.t. L^α_ϵ .

When α ∈ Ω_D we write L^α_ϵ for L^{αϵ}_ϵ (of course, when there no ambiguity we will omit some index).

For any x ∈ T^d_ϵ and e > 0 the current w.r.t. the bond {x, x + e} is given by

j_{x,x+e}(α, η) = c_{x,x+e}(α, η)(η_x − η_{x+e}).

By the same expression we define the current when referred to Z^d. We observe that given α ∈ Ω_D, unless α_x = α_y for any x, y ∈ Z^d, the system is not gradient, i.e. there is not a local function f = f(α, η) such that

j_{x,x+e}(α, ·) = τ_{x+e}f(α, ·) − τ_xf(α, ·) ∀x ∈ Z^d ∀e > 0.

For, if the above expression is valid then we can write f = ∑ A∈F d_A(α)η_A where F is the family of finite subsets of Z^d, η_A ≡ ∏ x∈A η_x, α is a generic disorder in Ω_D and d_A ≡ 0 except for finite set of cases. Then ∀x ∈ Z^d, e > 0

τ_{x+e}f − τ_xf = ∑ A∈F [ τ_{x+e}d_{A−x−e} − τ_xd_{A−x} ] η_A and j_{x,x+e} = g_e(α_x, α_{x+e}) [ η_x − e^{αx−αx+e} η_{x+e} + (e^{αx−αx+e} − 1)η_xη_{x+e} ] . By the linear independence of {η_A}_{A∈F} we obtain ∀e, α

i) d_{A−e}(τ_eα) = d_A(α) if A ≠ {0}, {e}, {0, e}, ii) d_{−e,0}(τ_eα) − d_{0,e}(α) = g_e(α_0, α_e)(e^{α0 −αe} − 1).

Given e > 0 and an integer k ≥ 0, let A = {(k + 1)e, (k + 2)e}. By i)

d_{ke,(k+1)e}(τ_eα) = d_{(k+1)e,(k+2)e}(α) ∀α Since for k large enough d_{ke,(k+1)e} is null, we obtain that d_{0,e}(α) = 0 for any disorder α. Similarly, d_{−e,0}(α) = 0 for any α. Therefore the r.h.s. in ii) is null ∀e, implying α_e = α_0. Similarly, we can prove that for any x ∈ Z^d and any e > 0 it must be α_{x+e} = α_x.

1.3. HYDRODYNAMIC LIMIT 25

Since any canonical or grand canonical measure μ on a volume Λ with disorder configuration α is reversible for L^α_{xy} ≡ c^α_{xy}∇_{xy} with x, y ∈ Λ, we have the integration by parts formula

(1.2) μ(c_{xy}∇_{xy}f · g) = μ(c_{xy}f∇_{xy}g) = − 1 2 μ(c_{xy}∇_{xy}f · ∇_{xy}g) ∀x, y.

If the generalized transition rate c_{xy} is equal to a_{xy} where

a_{xy} ≡ 1 + exp ( − (α_x − α_y)(η_x − η_y) ) = 1 + e^{−∇xyH}

then (1.2) gives

(1.3) μ ( a_{x,y}∇_{xy}f · g ) = −μ(∇_{xy}f · ∇_{xy}g).

We conclude this section with some notation. Given α ∈ Ω_D and Λ ∈ F, we denote by μ^α_{Λ,m} the Gibbs canonical measure on Λ with density m and disorder α and by L^α_Λ the infinitesimal generator of the dynamics with disorder α restricted to the volume Λ, that is

L^α_Λ ≡ ∑ b∈Λ L^α_b

where b varies among the bonds of Λ.

1.3 Hydrodynamic limit

The macroscopic space is given by T^d, the d−dimensional torus, and each macroscopic state is described by a Lebesgue absolutely continuous measure in M_1, the space of nonnegative measures on T^d with total mass bounded by 1. M_1 is endowed of the weak topology.

The discrete torus T^d_ϵ corresponds to the microscopic space at scale ϵ. The microscopic state is given by a probability measure on Ω_ϵ and the microscopic dynamics is determined by the Markov generator ϵ^{−2}L^α_ϵ (we speed time up by the diffusive factor ϵ^{−2}). Given a initial probability measure ν_ϵ we write ν_{ϵ,t} for its evolution at time t.

The passage from the family of stochastically described microscopic worlds to the deterministic world is realized in the following way.

To each configuration η ∈ Ω_ϵ we can associate the “empirical measure” π_ϵ(η) ∈ M_1 defined as π_ϵ(η) ≡ ϵ^d ∑ x∈T^d_ϵ

η_xδ_{ϵx}.

26 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

Then a sequence of microscopic states {ν_ϵ}_{ϵ>0} corresponds to the macroscopic state m_0(θ)dθ in M_2 if, considering π_ϵ as a random variable on (Ω_ϵ, ν_ϵ) with values in M_1, we have

π_ϵ ⇒ m_0(θ)dθ in probability,

that is

lim_{ϵ↓0} ν_ϵ [ | | Av_{x∈T}d_ϵ H(ϵx)ηx − ∫ T^d

H(θ)m_0(θ)dθ | | > δ ] = 0 ∀δ > 0, ∀H ∈ C(T^d).

In order to state the main result we introduce the diffusion matrix D(m). Given a density m ∈ (0, 1) the annealed chemical potential λ_0(m) ∈ R is defined by E [ μ^{α,λ0(m)}(η_0) ] = m while the empirical chemical potential λ = λ(α, Λ, m) is characterized by

μ^{α,λ}(m_Λ) = m

where m_Λ indicates the density on the volume Λ (often we use also the notation λ_Λ(α, m)). We observe that λ^′_0(m) = χ^{−1}(m) where χ(m) is the static compressibility given by

χ(m) ≡ E [ μ^{α,λ0(m)}(η_0; η_0) ] . For m ∈ (0, 1) the diffusion matrix is defined by

D(m) ≡ χ^{−1}(m)σ(m) = λ^′_0(m)σ(m),

where σ(m) is the symmetric matrix characterized by

(1.4) (a, σ(m)a) ≡ 1 2 inf_{g∈G} E [ μ^{α,λ0(m)} (∑ e>0 c_{0,e}(a_e∇_{0,e}η_0 − ∇_{0,e}g)^2 ) ] ∀a ∈ R^d

where g ≡ ∑ x∈Z^d τxg. Though this is a formal expression, since g is local ∇0,eg is mean-

ingful.

In chapter 5 we will prove that σ(m) is well-defined, the diffusion matrix D(m) has lower and upper bounds

0 < CI ≤ D(m) ≤ C^′I ∀m ∈ (0, 1),

and is continuous on (0, 1).

• At the moment we are not able to prove that D can be continuously extended to 0, 1. We assume the continuity. We remark that usually the diffusion matrix has no pathological

1.3. HYDRODYNAMIC LIMIT 27

behavior. Recently, the C^∞ regularity of the diffusion matrix has been proved for some models by duality methods (see [2], [16] and [17]).

We denote D([0, T ], T^d_ϵ ) the space of right continuous paths with left limits from [0, T ] to T^d_ϵ with Skorohod topology. Then, given a microscopic state ν_ϵ, we set P^α_ϵ to be the Markov process on D([0, T ], T^d_ϵ ) with generator ϵ^{−2}L^α_ϵ and initial distribution ν_ϵ. We indicate by Q^α_ϵ the measure P^α_ϵ ∘ π^{−1}_ϵ on the Skorohod space D ( [0, T ], M_1 ) . Recall the definition of M_2 given in section 1.1.

Theorem 1.1. Let d ≥ 3. Then almost any disorder configuration α ∈ Ω_D has the following property.

Let {ν_ϵ}_{ϵ>0} be a sequence of microscopic states corresponding to the macroscopic density m_0 for which the Cauchy problem

(1.5) { ∂_tm(t, θ) = ∇_θ ( D ( m(t, θ) ) ∇_θm(t, θ) ) m(0, θ) = m_0(θ)

has a unique weak solution m ∈ C([0, T ], M_2) satisfying the energy estimate

(1.6)

∫_T 0 dt ∫ T^d dθ ( ∇_θm(t, θ)

)_2

< ∞.

We call m(t, θ) such a solution. Then

Q^α_ϵ ⇒ δ_{m(·,θ)} in probability on D([0, T ], M_1).

In particular, for any t > 0, the sequence of microscopic states {ν_{ϵ,t}}_{ϵ>0} corresponds to the macroscopic state m(t, θ)dθ ∈ M_1, that is

(1.7) lim_{ϵ↓0} ν_ϵ [ | | Av_{x∈T}d_ϵ H(ϵx)ηx(t) − ∫ T^d

H(θ)m(t, θ)dθ | | > δ ] = 0 ∀δ > 0, ∀H ∈ C(T^d).

The assumption d ≥ 3 is due to the fluctuations in the gradients of the density field since the method developed to control them works only for d ≥ 3. The other technical results involved in the proof of theorem 1.1 are valid for any dimension.

Let us give some comments on the weak interpretation of (1.5) and (1.6). Let A(m), m ∈ [0, 1], be a d × d matrix such that A^′(m) = D(m) so that ( D(m(t, θ))∇_θm(t, θ) ) e = ∑ e^′∈E

∂_{θe′} A_{e,e}′ (m(t, θ)) , ∀e ∈ E.

As proven in proposition A.15, given m ∈ D([0, T ], M_2) there is a measurable function m(t, θ) such that 0 ≤ m(t, θ) ≤ 1 and m_t = m(t, θ)dθ for any t ∈ [0, T ] (such a function is well defined up to sets of zero Lebesgue measure). In what follows, we will often identify m with the funtion m(t, θ).

A path m ∈ D([0, T ], M_2) is called a weak solution of (1.5) if m(0, ·) = m_0(·) and

Φ(m, H) = 0 ∀H ∈ C^{1,2}([0, T ] × T^d)

28 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

where

Φ(m, H) : = ∫ T^d

m(T, θ)H(T, θ) dθ − ∫ T^d

m(0, θ)H(0, θ) dθ − ∫_T 0 ∫ T^d

m(s, θ)∂_sH(s, θ) dθ ds − ∑ e,e^′

∫_T 0 ∫ T^d

A_{e,e}′ ( m(s, θ) ) ∂^2_{θe,θe′} H(s, θ) dθ ds.

(1.8)

Moreover, m ∈ D([0, T ], M_2) satisfies the energy estimate (1.6) if

(1.9) sup_{e∈E} sup

H∈C^{1,2}([0,T ]×T^d)

∫_T 0 ∫ T^d ( 2 m ∂_{θe} H − H^2 ) dθ ds < ∞.

The basic approach for proving the hydrodynamic limit consists of three standard steps: establishing the relatively compactness of the sequence {Q^α_ϵ }_{ϵ>0}, deriving for any limit point Q of {Q^α_ϵ }_{ϵ>0} the energy estimate and identifying the support of Q with the set of weak solutions of (1.5).

In order to prove that the sequence {Q^α_ϵ }_{ϵ>0} is relatevily compact for any α it is enough to to use the Garsia-Rodemich-Rumsey inequality as done in [13], chapter 7, section 6.

Warning. In what follows, we will introduce some other mesoscopic scales in addition to the microscopic scale ϵ. For example, we will introduce some positive scale parameters a, c and consider the mesoscopic scales

[_a ϵ ] and [_c ϵ ] , where [·] denotes the integer part. For simplicity of notation these new scales will be denoted only by^a_ϵ and^c_ϵ . Moreover, in what follows a “disorder configuration”, without other comments, has to be thought of as an element of Ω_D.

1.4 Energy estimate and identification of the hydrodynamic equation

In the first part of this section we prove that, for almost all α, given a sequence {ν_ϵ}_{ϵ>0} of probability measures on Ω_ϵ, any limit point Q^α of the sequence {Q^α_ϵ }_{ϵ>0} is concentrated on paths enjoying a certain regularity property.

First we observe that, if the sequence of {ν_ϵ}_{ϵ>0} corresponds to the macroscopic profile m_0(θ), lemma A.14 implies

(1.10) Q^α ( m ∈ C([0, T ], M_2) : m(0, θ) = m_0(θ) ) = 1 ∀α.

Lemma 1.2. (Energy estimate). Let d ≥ 3 and T > 0. Then almost any disorder configurations α have the following property. For any sequence {ν_ϵ}_{ϵ>0} of probability measures on Ω_ϵ and any e > 0

(1.11) sup_{c>0} lim sup_{a↓0,ϵ↓0} E_P α_ϵ ( Av_{x∈T}d_ϵ

∫_T 0 [ m^{a/ϵ}_{x+ cϵ e}(s) − m^{a/ϵ}_x (s) c ]_2 ds ) < +∞.

1.5. PROOF OF THEOREM 1.1 29

Moreover any limit point Q^α of the sequence {Q^α_ϵ }_{ϵ>0} satisfies

(1.12) Q^α { m ∈ C([0, T ], M_2) : l.h.s. of (1.9 ) < ∞ } = 1.

We postpone the proof of lemma (1.2) at the end of the chapter. Let us state our microscopic indentification of the hydrodynamic equation, whose proof will be given in the nexts sections.

Theorem 1.3. (Identification of the hydrodynamic equation) Let d ≥ 3. Then almost any disorder configuration α ∈ Ω_D has the following property.

For any function H ∈ C^{1,2}([0, T ] × T^d) and a, c > 0 we define

B^{H,ϵ}_{c,a} = Av_{x∈T}d_ϵ H(T, ϵx)η_x(T ) − Av_{x∈T}d_ϵ H(0, ϵx)η_x(0) − Av_{x∈T}d_ϵ

∫_T 0 ∂_sH(s, ϵx)η_x(s)ds+

+ ∑ e,e^′

∫_T 0 Av_{x∈T}d_ϵ

∇_eH ϵ (s, ϵx)D_{e,e}′ (m^{a/ϵ}_x (s)) [ m^{a/ϵ}_{x+} c_{ϵ e′} (s) − m^{a/ϵ}_{x−} c_{ϵ e′} (s) ] 2c where ∇_eH(s, ϵx) ≡ H(s, ϵx + ϵe) − H(s, ϵx) and m^{a/ϵ}_x is the density on the cube of side a/ϵ centered in x .

Then, for any δ > 0 and for any sequence of microscopic states {ν_ϵ}_{ϵ>0}

lim sup

c↓0,a↓0,ϵ↓0

P^α_ϵ [ |B^{H,ϵ}_{c,a} | > δ ] = 0.

1.5 Proof of theorem 1.1

Now we have almost all tools in order to prove our main result: theorem 1.1. Let us state a simple consequence of theorem 1.3 and lemma 1.2

Lemma 1.4. Let d ≥ 3 and T > 0. Then almost all disorder configurations α have the following property. For any sequence {ν_ϵ}_{ϵ>0} of probability measures on Ω_ϵ let Q^α be a limit point of the sequence {Q^α_ϵ }_{ϵ>0}. Then

(1.13) Q^α { m ∈ C([0, T ], M_2) : Φ(m, H) = 0 } = 1 ∀H ∈ C^{1,2}([0, T ] × T^d)

where Φ(m, H) has been defined as in (1.8).

Proof. Let α be in the almost sure set of disorder configuration for which the conclusion of theorem 1.3 and lemma 1.2 apply. Given a path η(·) ∈ D([0, T ], T^d_ϵ ) and H ∈ C^{1,2}([0, T ] × T^d), let

Ĥ_{c,a,ϵ} : = Av_{x∈Tdϵ} [ H(T, ϵx)η_x(T ) − H(0, ϵx)η_x(0) −

∫_T 0 ∂_sH(s, ϵx)η_x(s)ds ]

− ∑ e,e^′

Av_{x∈T}d_ϵ

∫_T 0 [∇ϵ_eH(s, ϵx + ce′) − ∇ϵ_eH(s, ϵx − ce′) 2c ] A_{e,e}′ (m^{a/ϵ}_x (s)) ds

(1.14)

30 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

where the matrix A(m), m ∈ [0, 1], satisfies A^′(m) = D(m). Using the continuity assumption on D(m) and Taylor expansion we obtain that

|A(m^′) − A(m) − D(m)(m^′ − m)| ≤ |m^′ − m|ϑ(|m^′ − m|) , ∀m, m^′ ∈ [0, 1]

where ϑ is a bounded positive function on [0, 1] such that lim_{s↓0} ϑ(s) = 0. An integration by parts now shows that

|Ĥ_{c,a,ϵ} − H̄_{c,a,ϵ}| ≤ c(H) c ∫_T 0 ds ∑ e∈E Av_{x∈T}d_ϵ | |m^{a/ϵ}_{x+ cϵ e}(s) − m^{a/ϵ}_x (s) | |ϑ( |m^{a/ϵ}_{x+ cϵ e}(s) − m^{a/ϵ}_x (s) | | )

where Ĥ_{c,a,ϵ} is equal to B^{H,ϵ}_{c,a} of theorem 1.3.

Then, thanks to theorem 1.3, lemma 1.2 and Schwarz inequality, for any δ > 0

(1.15) lim sup_{c↓0,a↓0,ϵ↓0} P^α_ϵ [ |Ĥ_{c,a,ϵ}| > δ ] = 0 Given ν ∈ D([0, T ], M_1), let us now define

Φ^{(a)}(ν, H) := ∫ T^d

H(T, θ) ν_T (dθ) − ∫ T^d

H(0, θ) ν_0(dθ) − ∫_T 0 ds ∫ T^d

∂_sH(s, θ) ν_s(dθ) − ∑ e,e^′

∫_T 0 ∫ T^d

A_{e,e}′ (ν^{(a)}(s, θ)) ∂^2_{θe,θe′} H(s, θ) dθ ds ,

where

(1.16) ν^{(a)}(s, θ) := 1 (2a)^d ν_s ( {θ^′ ∈ T^d : sup_{i=1,...,d} |θ^′_i − θ_i| ≤ a} )

and A_{e,e}′ has been continuously extended as A_{e,e}′ (1) on [1, ∞). Then ∫ dQ^α(m) Φ(m, H) = lim_{a↓0} ∫ dQ^α(m)Φ^{(a)}(m, H) ≤

lim sup

a↓0,ϵ↓0 ∫ dQ^α_ϵ (ν)Φ^{(a)}(ν, H) ≤ lim sup_{c↓0,a↓0,ϵ↓0} E_P α_ϵ (^ H_{c,a,ϵ} ) = 0 (1.17)

where first equality follows from Lebesgue density theorem and dominated convergence theorem, the second inequality follows from the regularity of H, the last equality is a consequence of (1.15). Let us comment the first inequality. Given a > 0 it is simple to check that the first three addenda in the definition of Φ^{(a)}(ν, H) are continuous functions on D([0, T ], M_1) (see below). Let us consider the last addendum in the definition of Φ^{(a)}(ν, H). Because of the uniform continuity of A_{e,e}′ , the regularity of H and the support of Q^α and Q^α_ϵ , given δ > 0 there exists ρ, ϵ_0 > 0 such that the event sup s∈[0,T ] | ∫ T^d

A_{e,e}′ (ν^{(a)}(s, θ)) ∂^2_{θe,θe′} H(s, θ) dθ ds− ∑ θ∈ρZ^d∩T^d

A_{e,e}′ (ν^{(a)}(s, θ)) ∂^2_{θe,θe′} H(s, θ)ρ^d| ≤ δ

1.5. PROOF OF THEOREM 1.1 31

has measure 1 for Q^α and Q^α_ϵ with ϵ ≤ ϵ_0 and the same result remains true if we substitute ν^{(a)}(s, θ) with (2a)^{−d}ν_s(τ_θf) where f is a suitable continuous function approximating I_{supi=1,...,d |θ}′_{i|≤a}. Therefore, with an error of order δ the last addendum in the definition of Φ^{(a)}(ν, H) can be substituted with a continuous function on D([0, T ], M_1), thus proving the first inequality in (1.17).

In order to conclude the proof we need to prove that the first three addenda in the definition of Φ^{(a)}(ν, H) are continuous functions on D([0, T ], M_1). To this aim, given ν ∈ D([0, T ], M_1) let {ν^n}_{n>0} be a sequence in D([0, T ], M_1) such that ν^n converges to ν as n goes to infinity. Then, by definition of the Skohorod distance d_0 (see section A.3), we have ν^n_0 → ν_0 as n ↑ ∞, and similarly for {ν^n_T }_{n∈N}. Therefore, the first two addenda are continuous functions.

In order to study the third addendum, let us prove that for any continuous function G

(1.18) lim_{n↑∞}

∫_T 0 ds ∫ T^d

G(s, θ) ν^n_s (dθ) =

∫_T 0 ds ∫ T^d

G(s, θ) ν_s(dθ)

Since all measures have total mass non larger than 1, it is enough to prove (1.18) with G of the form

G(t, θ) = n∑ j=0 I_{Aj} (t)g_j (θ),

0 = t_0 < t_1, . . . , < t_n < 1, A_j := [t_j, t_{j+1}) for j < n, A_n = [t_n, 1] and g_j ∈ C(T^d). Since ν^n → ν given ϵ > 0 there are continuous increasing parameterizations λ_n of [0, T ] such that for n ≥ n_0 sup_t |λ_n(t) − t| ≤ ϵ and sup_t d(ν^n_t , ν_λn_{(t)}) ≤ ϵ where d is the metric on M_1 inducing the weak topology (see section A.3). In particular, we may assume that for any j = 0, . . . , n, any t and any n ≥ n_0 |ν^n_t (g_j ) − ν_λn_{(t)}(g_j )| ≤ ϵ. At this point, the thesis follows by simple arguments.

We are finally able to complete the proof of theorem 1.1. By lemma 1.2, lemma 1.4 and (1.10) there exists a set A⊂Ω_D with P(A) = 1 such that, given α ∈ A and a sequence {ν_ϵ}_{ϵ>0} of probability measures on Ω_ϵ corresponding to the macroscopic profile m_0(θ), any limit point Q^α of the tight sequence {Q^α_ϵ }_{ϵ>0} gives full measure to the set of weak solutions of (1.5) in C([0, T ], M_2) with finite energy. By assumption, this set is a singleton m(·, θ)dθ and therefore the almost sure weak convergence of {Q^α_ϵ }_{ϵ>0} to δ_{m(·,θ)dθ} follows immediately.

In order to prove (1.7) let d_0 and d be as in section A.3. As proved in [4], given ν ∈ C([0, T ], M_1) for any δ > 0 there exists β = β(δ, ν) > 0 such that d(μ, ν) ≤ β implies sup_{t∈[0,T ]} d(μ_t, ν_t) ≤ δ for any μ ∈ D([0, T ], M_1). Let now ν := m(·, θ)dθ ∈ C([0, T ], M_2) where m(·, θ) is the unique weak solution of (1.5) and, for any given δ > 0, let β := β(δ, ν). Then, from the weak convergence result above, we immediately get

1 = lim_{ϵ↓0} Q^α_ϵ (d_S (μ, ν) ≤ β) ≤ lim_{ϵ↓0} Q^α_ϵ (d(μ_t, ν_t) < δ)

thus proving (1.7).

32 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

1.6 Martingale estimate

We fix a disorder configuration α (for simplicity of notation the index α is usually understood).

Given H ∈ C^{1,2}([0, T ] × T^d) we define the function F_ϵ on [0, T ] × {0, 1}^{Tdϵ} by

F_ϵ(s, η) ≡ Av_{x∈T}d_ϵ H(s, ϵx)η_x.

Since Lη_x = ∑ e>0(−j_{x,x+e}(η) + j_{x−e,x}(η)), by integration by parts we can write

Av_{x∈T}d_ϵ H(t, ϵx)η_x(t) − Av_{x∈T}d_ϵ H(0, ϵx)η_x(0) =

Av_{x∈T}d_ϵ

∫_t 0 ∂_sH(s, ϵx)η_x(s)ds +

∫_t 0 U ( s, η(s) ) ds + M^{Fϵ} (t)

where

U(s, ·) = ϵ^{−1} ∑ e>0Av_{x∈T}d_ϵ

∇_eH(s, ϵx) ϵ j_{x,x+e}

and, by proposition A.10, {M^{Fϵ} (t)}_{t>0} is a martingale w.r.t. the filtration {F_t}_{t>0} with F_t = σ(η_s : 0 ≤ s ≤ t). Then by Doob’s inequality

P^α_ϵ [ sup 0≤t≤T

|M^{Fϵ} (t)| > δ ] ≤ δ^{−2}E^{P αϵ} (( M^{Fϵ} (T )

)_2) = δ^{−2}ϵ^{−2}E^{P αϵ} [∫ T 0 ds { LF_ϵ^2 ( s, η(s) ) − 2F_ϵLF_ϵ ( s, η(s) )}] . (1.19)

By straightforward computations it can be checked that

LF_ϵ^2(s, η) − 2F_ϵLF_ϵ(s, η) = ϵ^{2d+2} ∑ (x,y):

|y−x|=1

c_{xy} 2 (η_x − η_y)^2

(H(s, ϵy) − H(s, ϵx) ϵ )_2 .

Since H is smooth

ϵ^{−2} { LF_ϵ^2 ( s, η(s) ) − 2F_ϵLF_ϵ ( s, η(s) )} ≤ ϵ^dC(H, B)

and by (1.19)

(1.20) lim sup_{ϵ↓0} P^α_ϵ [ sup 0≤t≤T

| M^{Fϵ} (t) | > δ ] = 0.

Thanks to 1.20 in order to prove theorem 1.3 it’s enough to prove the following statement.

1.7. REDUCTION TO THE MICROSCOPIC CASE 33

Proposition 1.5. For almost every disorder configuration α, given a sequence of microscopic states {ν_ϵ}_{ϵ>0}, H ∈ C^{1,2}([0, T ] × T^d), e > 0 and δ > 0 then

lim sup

c↓0,a↓0,ϵ↓0

E^{P αϵ} [ |F | > δ ] = 0 where

F ≡ ∫_T 0 ϵ^{−1}Av_{x∈T}d_ϵ

∇_eH ϵ (s, ϵx)j_{x,x+e}(η(s))ds+

+ ∑ e^′

∫_T 0 Av_{x∈T}d_ϵ

∇_eH ϵ (s, ϵx)D_{e,e}′ (m^{a/ϵ}_x (s)) [ m^{a/ϵ}_{x+} c_{ϵ e′} (s) − m^{a/ϵ}_{x−} c_{ϵ e′} (s) ] 2c ds (1.21)

1.7 Reduction to the microscopic case

1.7.1 Replacing currents by averages of currents Given an integer l we define l_1 = l − √ l. We can write

ϵ^{−1} Av_{x∈Tdϵ}

∇_eH_s ϵ (ϵx) ( j_{x,x+e} − Av_{|y−x|≤l1}j_{y,y+e} ) = ϵ^{−1} Av_{x∈Tdϵ} j_{x,x+e}

(∇_eH_s ϵ (ϵx)− Av_{|y−x|≤l1}

∇_eH_s ϵ (ϵy) ) . By Taylor expansion,

∇_eH_s ϵ (ϵy) = ∂_eH_s(ϵy) + ϵ 2 ∂^2_e H_s(ξ_{ϵ,y})

where ξ_{ϵ,y} belongs to the segment in T^d between ϵy and ϵy + ϵe. Therefore

ϵ^{−1} { Av_{|y|≤l1}

∇_eH_s ϵ (ϵy) −

∇_eH_s ϵ (0) } = ϵ^{−1} 2 Av_{|y|≤l1} [ ∂_eH_s(ϵy) − 2∂_eH_s(0) + ∂_eH_s(−ϵy) ]

+ 1 4 Av_{|y|≤l1} [ ∂^2_e H_s(ξ_{ϵ,y}) − 2∂_eH^2_s (ξ_{ϵ,0}) + ∂_eH^2_s (ξ_{ϵ,−y}) ] . (1.22)

Since, for any y, ∂_eH_s(ϵy) − ∂_eH_s(0) = ϵy · ∇ ( ∂_eH_s ) (z_{ϵ,y}) with z_{ϵ,y} in the segment between 0 and ϵy, the l.h.s. of (1.22) can be bounded by

Cl sup_{e′} Osc ( ∂_{e,e}′ H, C(d)ϵl ) . By the above arguments it is not restrictive to prove proposition 1.5 with the first addendum in the r.h.s. of (1.21) substituted with ∫_T 0 ϵ^{−1}Av_{x∈T}d_ϵ

∇_eH ϵ (s, ϵx) ( Av_{y:|y−x|≤l1} j_{y,y+e}(η(s) ) ds.

34 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

1.7.2 Introducing fluctuations

Let G be the set of bounded,local and measurable functions g = g(α, η).

Lemma 1.6. Let g ∈ G. Then ∀e > 0, ∀α ∈ Ω_D and ∀{ν_ϵ}_{ϵ>0}

lim sup

l↑∞,ϵ↓0

P^α_ϵ [ | | ∫_T 0 ϵ^{−1}Av_{x∈T}d_ϵ

∇_eH ϵ (s, ϵx)Av_{y:|y−x|≤l1} τ_yLg ds | | > δ ] = 0.

P roof.

By the same arguments of subsection 1.7.1, it is enough to prove

lim sup

l↑∞,ϵ↓0

P^α_ϵ [ | | ∫_T 0 ϵ^{−1}Av_{x∈T}d_ϵ

∇_eH ϵ (s, ϵx)τ_xLg ds | | > δ ] = 0.

We set F_ϵ(s, η) = ϵ^{−1}Av_x^{∇eH}_ϵ (s, ϵx)τ_xg. Since L(τ_xg) = τ_x(Lg), by proposition A.10 | | ∫_T 0 ϵ^{−1}Av_{x∈T}d_ϵ

∇_eH ϵ (s, ϵx)τ_xLgds | | = ϵ^2ds | |{F_ϵ(T, η(T )) − F_ϵ(0, η(0)) −

∫_T 0 ∂_sF_ϵ ( s, η(s) ) ds} − M^{Fϵ} (T ) | |, which is bounded by C(H, g)ϵ + ϵ^2 | |M^Fϵ (T )|, and

E^{P αϵ} ( M^{Fϵ} (T )^2 ) = ϵ^{−2}E^{P αϵ} (∫ T 0 LF^2_ϵ ( s, η(s) ) − 2F_ϵLF_ϵ ( s, η(s) ) ds ) . We assert that

(1.23) | | LF^2_ϵ (s, η) − 2F_ϵLF_ϵ | | ≤ Cϵ^{2d−2} ∑ b∈T^d_ϵ ( ∑ x∈T^d_ϵ | |∇eH ϵ (s, ϵx)∇_bτ_xg | | )^2.

For, by the identity ∇_b(fh) − f∇_bh − (∇_bf)h = (∇_bf)(∇_bh),

LF^2_ϵ − 2F_ϵLF_ϵ =

ϵ^{−2} Av_{x∈Tdϵ} Av_{y∈Tdϵ}

∇_eH ϵ (s, ϵx)

∇_eH ϵ (s, ϵy){L(τ_xgτ_yg) − τ_xgL(τ_yg) − τ_ygL(τ_xg)} =

ϵ^{−2} Av_{x∈Tdϵ} Av_{y∈Tdϵ} ∑ b∈T^d_ϵ

∇_eH ϵ (s, ϵx)

∇_eH ϵ (s, ϵy)c_b(∇_bτ_xg) (∇_bτ_yg)

which proves (1.23).

Since g ∈ G there exists C = C(g) such that ∑ b( ∑ x |∇_bτ_xg|)^2 < Cϵ^{−d}. Therefore, by Doob’s inequality and the previous estimates, ∀δ > 0

P^α_ϵ [ sup 0≤t≤T

ϵ^2|M^{Fϵ} (t)| > δ ] ≤ δ^{−2}ϵ^4E^{P αϵ} ( (M^{Fϵ} (T ))^2 ) ≤ C(g, H)δ^{−2}ϵ^d

which allows to conclude the proof.

1.8. ENTROPY INEQUALITY AND FEYNMAN-KAC FORMULA 35

1.7.3 An equivalent version of theorem 1.3

From the previous subsections we obtain that proposition 1.5, and therefore theorem 1.3, is implied by the following statement.

Proposition 1.7. For almost any disorder configuration α ∈ Ω_D, given {ν_ϵ}_{ϵ>0}, H ∈ C^{1,2}([0, T ] × T^d), e > 0 and a positive number δ then

(1.24) inf_{g∈G} lim sup_{c↓0,a↓0,l↑∞,ϵ↓0}P^α_ϵ [ | | ∫_T 0 ϵ^{−1}G_{g,} ∇_eH_{sϵ} ( η(s) ) ds | | > δ ] = 0 where, for any function J on T^d, G_{g,J} is defined by

G_{g,J} = Av_{x∈Tdϵ} J(ϵx)· { Av y:|y−x|≤l_1

(j_{y,y+e} + τ_yLg) + ∑ e^′

D_{e,e}′ (m^{a/ϵ}_x ) m^{a/ϵ}_{x+} c_{ϵ e′} − m^{a/ϵ}_{x−} c_{ϵ e′}

2c/ϵ } . 1.8 Entropy inequality and Feynman-Kac formula

In this section we reduce proposition 1.7 to a statement about the spectrum of some operators. To this aim we use the entropy inequality (1.25) and proposition A.12, which is consequence of the Feynman-Kac formula.

Let us remember that, given two measures μ, π on the same space, for any β > 0 and any bounded and measurable function f,

(1.25) μ(f) ≤ β^{−1} { ln ( π(e^{βf} ) ) + H(μ|π) } . We denote P̄^α_ϵ the probability measure on D([0, T ], Ω_ϵ) induced by the infinitesimal generator ϵ^{−2}L^α_ϵ with initial distribution μ^α_ϵ .

It’s simple to verify that μ^α_ϵ (η) ≥ κϵ^{−d} for some constant κ = κ(B). By lemma A.11, this implies that H[P^α_ϵ |P̄^α_ϵ ] ≤ κϵ^{−d}. By the entropy inequality, given g ∈ G, a function J ∈ C([0, T ] × T^d) and γ > 0,

(1.26) E^{P αϵ} [ | | ∫_T 0 ϵ^{−1}G_{g,Js} ds | | ] ≤ γ_{−1}κ + γ_{−1}ϵ_d ln E¯_P^α_ϵ (exp{γϵ_{−d}|

∫_T 0 ϵ^{−1}G_{g,Js} ds | |} ) . By proposition A.12 and the reversibility of μ^α_ϵ

(1.27)

γ^{−1}ϵ^d ln E^{P̄ αϵ} ( exp { γϵ^{−d} ( ± ∫_T 0 ϵ^{−1}G_{g,Js} ds )}) ≤ ∫_T 0 sup spec

L^2(μ^α_ϵ ) { ϵ^{−1}G_{g,±Js} + γϵ^{d−2}L^α_ϵ } ds. Since for generic positive sequences

lim_{ϵ↓0} ϵ^d ln(a_ϵ + b_ϵ) ≤ lim_{ϵ↓0} ϵ^d ln a_ϵ ∨ lim_{ϵ↓0} ϵ^d ln b_ϵ,

proposition 1.7 follows from the next statement.

36 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

Proposition 1.8. Given positive numbers γ and β there exists g ∈ G such that for almost any disorder configuration α

(1.28) lim sup

c↓0,a↓0,l↑∞,ϵ↓0 sup J∈C^∗(T^d)

sup spec_L2_{(μ}α_{ϵ )} { ϵ^{−1}G_{g,J} + γϵ^{d−2}L } ≤ β

where C^∗(T^d) = {J ∈ C(T^d) : ‖J‖_∞ ≤ 1}.

1.9 Telescopic averages

In this section we introduce some spatial averages motivated by the necessity to express the difference of density between two disjoint cubes of width a/ϵ by means of differences of density between adjacent cubes of width n.

These averages have some factorization properties (described in lemma 1.9) which are particularly useful in the recursive procedure, explained in chapter 4, which allows to estimate the fluctuations in the gradient of the density field.

We introduce some notation useful also in the sequel. Given an odd number r = 2r^′ + 1 and e > 0, we write

Λ^e_{1,r} ≡ Λ_{−(r}′_{+1)e,r}′ Λ^e_{2,r} ≡ Λ_r′_{e,r}′ Λ^e_r ≡ Λ^e_{1,r} ∪ Λ^e_{2,r} Λ^e_{x,r} ≡ Λ^e_r + x.

For example, if d = 1, Λ_{1,r} = {−r, . . . , −1} and Λ_{2,r} = {0, . . . , r − 1}.

We set, with j = 1, 2,

m^e_{x,r} ≡ m_Λe_{x,r} N^e_{x,r} ≡ N_Λe_{x,r} m^{j,e}_r ≡ m_Λe_{j,r} .

Often we omit the index e and we write m^{(1)}_r , m^{(2)}_r in place of m^{1,e}_r , m^{2,e}_r .

For s ≥ n we set

(1.29) ϕ^e_{n,s} ≡ μ^α[m^{1,e}_n − m^{2,e}_n |m^e_s] ψ^e_{n,s} ≡ m^{1,e}_n − m^{2,e}_n − ϕ_{n,s}.

In what follows, we fix e > 0.

Let n, s be odd numbers such that n|s. We write n = 2n^′ + 1 and s = 2s^′ + 1.

We define A ≡ nZ^d ∩ Λ_{0,s}′ . By dividing the cube Λ_{1,s} in cubes of side n, A − (s^′ + 1) is the set of centers of such cubes. Since Λ_{2,n} = ne + Λ_{1,n}, ∀y ∈ Z^d s n −1∑

v=0 τ_{y+vne}(N_{Λ1,n} − N_{Λ2,n} ) = N_{y+Λ1,n} − N_{y+se+Λ1,n} .

1.9. TELESCOPIC AVERAGES 37

Therefore,

(1.30) ∑ a∈A

s n −1∑

v=0 τ_{a+(−s}′_{+n}′_{+vn)e}(N_{Λ1,n} − N_{Λ2,n} ) = N_{Λ1,s} − N_{Λ2,s} .

We define

(1.31) Av^{n,s}_{z,x}b_z ≡ Av^{sn −1}_{v=0} Av_{a∈A}b_{x+a+(−s}′_{+n}′_{+vn)e}.

Then, (1.30) is equivalent to

(1.32) Av^{n,s}_{z,x}τ_z

(m(1)_n − m(2)_n n ) = τ_x

(m(1)_s − m(2)_s s ) . We remark that Av^{n,s}_{z,x}τ_zg_z has support in Λ^e_s + x if g_z is a function having support in Λ^e_n + z for any z.

We observe that given a set of numbers {b_z}_{z∈T}d_ϵ then

(1.33) Av_{x∈T}d_ϵ b_x = Av_{x∈T}d_ϵ Av^{n,s}_{z,x}b_z.

In order to prove (1.33) we note that, for a particular subset W and numbers {c_w}_{w∈W} with ∑ w∈W c_w = 1, for any x we can write Av^{n,s}_{z,x}b_z = ∑ w∈W c_wb_{x+w}. Therefore,

(1.34)

Av_{x∈T}d_ϵ Av^{n,s}_{z,x}b_z = ϵ^d ∑ x∈T^d_ϵ ∑ w∈W c_wb_{w+x} = ϵ^d ∑ z∈T^d_ϵ

b_z [ ∑ x∈T^d_ϵ ∑ w∈W c_w1_{x+w=z} ] = ϵ^d ∑ z∈T^d_ϵ

b_z.

Lemma 1.9. Let n, s, R be odd numbers such that n|s and s|R. We write n = 2n^′ + 1 and R = 2R^′ + 1. Let W ≡ {(−R^′ + n^′)e + x : x ∈ nZ^d, x ∈ Λ_{0,R}′ }.

Then for any x ∈ Z^d and for any set of numbers {b_w}_{w∈W +x}

(1.35) Av^{s,R}_{z,x} ( Av^{n,s}_{w,z}b_w ) = Av^{n,R}_{w,x}b_w.

In particular, the above expression is meaningful, that is w ∈ W + x both in the r.h.s. and in the l.h.s. of (1.35).

Proof. For simplicity of notation we take x = 0. We write s = 2s^′ + 1 and we set

A_0 ≡ Λ_{0,R}′ ∩ nZ^d A_1 ≡ Λ_{0,R}′ ∩ sZ^d A_2 ≡ Λ_{0,s}′ ∩ nZ^d.

38 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

Since A_0 = ⊔_{x∈A1} (x + A_2),

Av^{n,R}_{w,0} = Av^{Rn −1}_{v=0} Av_{a∈A0} b_{a+(−R}′_{+n}′_{+vn)e}

= Av^{Rn −1}_{v=0} Av_{a1∈A1} Av_{a2 ∈A2} b_{a1+a2+(−R}′_{+n}′_{+vn)e}

(1.36)

and

Av^{s,R}_{z,0} ( Av^{n,s}_{w,z}b_w ) = Av^{s,R}_{z,0} [ Av^{sn −1}_{u=0} Av_{a2∈A2} b_{z+a2+(−s}′_{+n}′_{+un)e} ] = Av^{Rs −1}_{t=0} Av^{sn −1}_{u=0} Av_{a1∈A1} Av_{a2∈A2} b_{a1+a2+(−R}′_{+n}′_{+ts+un)e}.

(1.37)

Since s/n divides R/n the thesis follows by writing any integer v : 0 ≤ v < R/n as

v = t s n + u where t, u ∈ N, 0 ≤ t < R s , 0 ≤ u < s n .

By lemma 1.9 or simply by applying twice (1.32) it can be proved

(1.38) Av^{s,R}_{z,x} Av^{n,s}_{w,z}τ_w

( m(1)_n − m(2)_n n ) = τ_x

(m^{(1)}_R − m^{(2)}_R R ) .

Let n, R be odd numbers and Q a positive integer. We assume n|R and R|2Q. We introduce the average Av^{n,R,Q}_{z,x} .

We write R = 2R^′ + 1. Given x ∈ Z^d, we write Λ^R_x , N^R_x and m^R_x to indicate respectively the cube Λ_{x,R}′ of width R centered at x, its particles number and its density. Then

N^R_{−Qe} − N^R_{Qe} = 2Q R −1∑

u=0 ( N^R_{−Qe+uRe} − N^R_{−Qe+(u+1)Re} )

= 2Q R −1∑

u=0 ( N_{(−Q+uR+R}′_{+1)e+Λ}e_{1,R} − N_{(−Q+uR+R}′_{+1)e+Λ}e_{2,R} )

which is equivalent to

m^R_{−Qe} − m^R_{Qe} 2Q = Av^{2QR −1}_{u=0} τ_{(−Q+uR+R}′_{+1)e} m^{(1)}_R − m^{(2)}_R R . By the above expression and (1.32) for any x ∈ Z^d

(1.39)

τ_x m^R_{−Qe} − m^R_{Qe} 2Q = Av^{2QR −1}_{u=0} Av^{n,R}_{z,x+(−Q+uR+R′+1)e}τ_z m^{(1)}_n − m^{(2)}_n n = Av^{n,R,Q}_{z,x} τ_z m^{(1)}_n − m^{(2)}_n n .

1.10. EIGENVALUE ESTIMATE 39

where in general we set

(1.40) Av^{n,R,Q}_{z,x} b_z ≡ Av^{2QR −1}_{u=0} Av^{n,R}_{z,x+(−Q+uR+R′+1)e}b_z. It’s easy to verify that

Av^{n,R,Q} z,x b_z = Av^{2Qn −1}_{t=0} Av_{a∈A}b_{x+(−Q+n}′_{+1+tn)e+a} where A ≡ nZ^d ∩ Λ_{0,R}′ .

In particular we have the following useful identity

(1.41) Av_{x∈T}d_ϵ ( c_x · Av^{n,R,Q}_{z,x} b_z ) = Av_{x∈T}d_ϵ ( b_x · Av^{2Qn −1}_{t=0} Av_{a∈A}c_{x+(Q−n}′_{−1−tn)e+a} ) .

1.10 Eigenvalue estimate

Let n,^a_ϵ be odd numbers and n|^a_ϵ ,^a_ϵ |^c_ϵ . Following the notation of section 1.9, we set

(1.42) Av^∗_{z,x}b_z ≡ Av^{n, aϵ , cϵ}_{z,x} b_z.

For simplicity of notation, in what follows we assume that n,^a_ϵ to be odd numbers such that n|^a_ϵ ,^a_ϵ |^c_ϵ . We will comment in remark 1.16 how to treat the general case.

We define

ψ^e_{n,n} ≡ m^{1,e}_n − m^{2,e}_n − μ^α[m^{1,e}_n − m^{2,e}_n | m^e_n]

ϕ_{x,y} ≡ j_{y,y+e} + τ_yLg − ∑ e^′>0

D_{e,e}′ (m_{x,l})τ_y ψ^{e′}_{n,n} n ψ^{(0)}_x ≡ Av_{y:|y−x|≤l1} ϕ_{x,y}

ψ^{(1)}_x ≡ ∑ e^′>0

D_{e,e}′ (m_{x,l}) [ Av_{y:|y−x|≤l1} τ_y ψ^{e′}_{n,n} n − τ_x ψ^{e′}_{n,n} n ]

ψ^{(2)}_x ≡ ∑ e^′>0 [ D_{e,e}′ (m_{x,l}) − D_{e,e}′ (m^{a/ϵ}_x )) ] τ_x ψ^{e′}_{n,n} n ψ^{(3)}_x ≡ ∑ e^′>0

D_{e,e}′ (m^{a/ϵ}_x ) [ τ_x ψ^{e′}_{n,n} n − Av^∗_{z,x}τ_z ψ^{e′}_{n,n} n ]

ψ^{(4)}_x ≡ ∑ e^′>0

D_{e,e}′ (m^{a/ϵ}_x ) [ Av^∗_{z,x}τ_z

(m1,e^′_n − m2,e^′_n n ) − m^{a/ϵ}_{x+ce′/ϵ} − m^{a/ϵ}_{x−ce′/ϵ} 2c/ϵ ]

ψ^{(5)}_x ≡ − ∑ e^′>0

D_{e,e}′ (m^{a/ϵ}_x )Av^∗_{z,x}τ_z μ^α[m^{1,e′}_n − m^{2,e′}_n | m^{e′}_n ] n .

40 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

Given a function J on T^d we define

Ω_j ≡ sup spec_L2_{(μ}α_{ϵ )}{ϵ^{−1}Av_xJ(ϵx)ψ^{(j)}_x + γϵ^{d−2}L} j = 0, . . . , 5.

Then proposition 1.8 is equivalent to the following statement.

Proposition 1.10. Given positive numbers γ and β, ∃g ∈ G such that for almost any disorder configuration α

(1.43) lim sup_{n↑∞,l↑∞,ϵ↓0} sup_{J∈C∗(Td)} Ω_0 ≤ β.

Given γ > 0, for almost any disorder configuration α

lim sup

n↑∞,c↓0,a↓0,l↑∞,ϵ↓0 sup C^∗(T^d)

Ω_j ≤ 0 j = 1, . . . , 5.

1.11 Integration by parts formula

Lemma 1.11. Let f ∈ G_s. We fix a disorder configuration α and a function g ∈ G_s such that f = L_sg.

Then, for a particular constant C(s, d), the constant C(f) defined as

C(f) ≡ C(s, d) sup_{x∈Zd} sup_{m∈[0,1]} ( μ^α_{Λx,s,m}(g^2)

) 1_2

has the following property.

Let Λ be a box and Δ ⊂ Λ be such that Λ_{x,s} ⊂ Λ ∀x ∈ Δ . Let μ be a canonical or grand canonical measure on Λ with disorder α. Then for any function h on {0, 1}^Λ and for any A > 0 | |μ (∑ x∈Δ τ_xf, h )| | ≤ C(f)|Δ|^{12} DΛ(h; μ)^{12} ≤ AC(f)|Δ| + A^{−1}C(f)DΛ(h; μ).

(1.44)

Proof. Since ∀x τ_xf = L_{x,s}τ_xg, | |μ(∑ x∈Δ τ_xf, h )| | = | |∑ x∈Δ ∑ b∈Λ_{x,s} μ ( c_b(τ_xg)∇_bh )| | ≤

d(2s + 1)^d (∑ x∈Δ ∑ b∈Λ_{x,s} μ ( c_b(τ_xg)^2

))^1_2 D_Λ(h; μ)^{12} .

1.12. CENTRAL LIMIT THEOREM VARIANCE 41

1.12 Central limit theorem variance

In what follows we fix a disorder configuration α.

Given f, g ∈ G_s, for any l ≥ s^2 and for any canonical or grand canonical Gibbs measure μ on Λ_{z,l} with disorder configuration α we define

V_{Λz,l} (f, g; μ) = (2l)^{−d}μ ( ∑ |x−z|≤l_1

τ_xf, −(L^α_{Λz,l} )^{−1} ∑ |x−z|≤l_1

τ_xg ) . If μ is concentrated on the configuration η ≡ 0 or η ≡ 1 on Λ_{z,l} then we set V_{Λz,l} (f, g; μ) = 0. If z = 0 we write simply V_l(f, g; μ) and if f = g we write V_{Λz,l} (f; μ) and V_l(f; μ).

For simplicity of notation in what follows we assume z = 0. Let G_l be the set of functions g = g(η) with support in Λ_l. Then V_l(f; μ) is characterized by

(1.45) V_l(f; μ) = (2l)^{−d} sup_{h∈G} l { 2μ ( ∑ |x|≤l_1

τ_xf, h ) − D_{Λl} (h; μ) } .

Since the r.h.s. in (1.45) is equal to

(2l)^{−d} sup_{h∈G} l sup_{γ∈R} { 2γμ ( ∑ |x|≤l_1

τ_xf, h ) − γ^2D_{Λl} (h; μ) } , we obtain the variational characterization

(1.46) V_l(f; μ) = (2l)^{−d} sup_{h∈G} l DΛ l (h;μ)≠0 [μ( ∑ |x|≤l_1 τxf, h)] 2 D_{Λl} (h; μ) .

We observe that all the functions appearing in the definition of V_l(f) and in its variational characterizations are referred to the cube Λ_l. Since Δ_f ⊂ Λ_s it’s possible to estimate V_l(f) in terms of functions with support of size much smaller than l. In what follows we give two examples of such estimates.

In the former the size of the supports is of order s and in the latter the size of the supports is of order k with l ≫ k ≫ s.

Let Δ be a box such that Δ_f ⊂ Δ ⊂ Λ_s and μ^α_{Δ,m}(f) = 0 for any m ∈ [0, 1]. For any x ∈ Z^d we define

Δ_x ≡ Δ + x, m_x ≡ m_{Δx} , F_x ≡ σ(m_x, {η_y}_{y∉Δx} ), g_α(Δ_x) ≡ min_{N∈[0,|Δ|]} gap L^α_{Δx,N} ,

where “gap L^α_{Δx,N} ” is the spectral gap of the infinitesimal generator L^α_{Δx} w.r.t. the canonical measure on Δ_x with N particles and disorder α. Then, for any Gibbs measure μ on Λ_l and any function h ∈ G_l,

42 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

μ(τ_xf, h) = μ ( μ(τ_xf; h | F_x) ) + μ ( μ(τ_xf | F_x); h ) = μ ( μ(τ_xf; h | F_x) ) ≤ μ ( Var_μ(τ_xf | m_x)^{1/2}Var_μ(h | F_x)^{1/2} ) . Then by Schwarz inequality

μ( ∑ |x|≤l_1

τ_xf, h)^2 ≤ ( ∑ |x|≤l_1

g^{−1}_α (Δ_x)μ ( V ar_μ(τ_xf | m_x) ) ) · ∑ |x|≤l_1

D_{Δx} (h; μ)

≤ C(d)s^d ( ∑ |x|≤l_1

g^{−1}_α (Δ_x)μ ( V ar_μ(τ_xf | m_x) ) ) D_{Λl} (h; μ).

The above estimate and (1.46) imply

(1.47) V_l(f; μ) ≤ C(d)s^dAv_{|x|≤l1} g^{−1}_α (Δ_x)μ ( V ar_μ(τ_xf | m_x) ) ∀l ≥ s^2.

By lemma 2.7 g_α(Δ_x) ≥ C(B, s, d), therefore

(1.48) sup_l V_l(f, μ) ≤ C(‖f‖_∞, B, s, d) < ∞.

As before, we choose a disorder configuration α and f ∈ G_s. Moreover we fix g ∈ G_s such that f = L_sg.

Let l, k be integers such that l > k > s^2. Since in the applications we take the limit k ↑ ∞ after the limit l ↑ ∞, l has to be thought much larger than k.

Let μ be a canonical or grand canonical Gibbs measure on Λ_l with disorder configuration α. In what follows, extending some standard techniques explained in [13], we give two estimates of V_l(f; μ) by expressions involving only functions with support in some of the cubes obtained by partitioning Λ_l in cubes of width 2k + 1. These estimates are given by (1.54) and (1.55) and their proof is based on the variational formula

(1.49) V_l(f; μ) = (2l)^{−d} sup_{h∈G} l {2μ( ∑ |y|≤l_1

τ_yf, h) − D_{Λl} (h; μ)}.

We first introduce some notation.

We set A_{k,l} ≡ {a ∈ (2k + 1)Z^d | a + Λ_k ⊂ Λ_l}. Given a ∈ A_{k,l} we set B_{a,k} ≡ a + Λ_k, B^0_{a,k} ≡ a + Λ_{k1} . Moreover, given X ⊂ Z^d, we set F_X ≡ σ(η_x : x ∈ X). We write B_{k,l} = Λ_l \ ∪_{a∈Ak,l} B_{a,k}, then we have the following decomposition

(1.50) Λ_l = B_{k,l} ⊔ ( ⊔_{a∈Ak,l} B_{a,k} ) . We observe |Λ_l \ ∪_{a∈Ak,l} B^0_{a,k}| ≤ C(d)(l^{d−1}k + l^dk^{− 1}2 ).

1.12. CENTRAL LIMIT THEOREM VARIANCE 43

When there is no ambiguity, we will omit indexes k, l and write only A, B_a, B^0_a and B. In what follows, C(f) and C(k) are constants that can change from line to line. We require that C(k) depends only on k and C(f) depends only on s and

sup_{x∈Zd} sup_{m∈[0,1]} ( μ^α_{Λx,s,m}(g^2)

) 1_2 .

By lemma 1.11, we may assume in (1.49) that D_{Λl} (h; μ) ≤ C(f)l^d, otherwise the r.h.s. in 1.49 is null. This implies, together with lemma 1.11, that

(1.51) | | ∑ y∈Λ_{l1} \∪_aB^0_a

μ(τ_yf, h) | | ≤ C(f)l^d √ kl^{−1} + k^{− 1}2 .

We set h_a ≡ μ[h|F_{Ba} ] and we indicate the density on B_a by m_a. Then by convexity

(1.52) ∑ a D_{Ba} (h_a; μ) ≤ D_{Λl} (h; μ).

In what follows, given a generic canonical or grand canonical Gibbs measure μ̄ with disorder α, we define

F_a(h; μ̄) ≡ 2 ∑ y∈B^0_a

μ̄(τ_yf, h) − D_{Ba} (h; μ̄).

Then (1.51) and (1.52) imply

(1.53) F (h; μ) ≤ ∑ a∈A F_a(h_a; μ) + C(f)l^d √ kl^{−1} + k^{− 1}2 .

By taking conditional expectations, F_a(h_a; μ) = μ ( F_a(h_a; μ^α_{Ba,ma} ) ) . We observe that by lemma 1.11, ∃C(f) such that ∀a F_a(h_a; μ) ≤ F_a(h̃_a; μ) where

h̃_a(η) ≡ { h_a(η) if D_{Ba} (h_a; μ^α_{Ba,ma(η)}) ≤ C(f)k^d 0 otherwise . We set

Z_{k,l} ≡ { {h_a}_{a∈Ak,l} : ∀a ∈ A { h_a is F_{Ba} − measurable D_{Ba} (h_a; μ^α_{Ba,m}) ≤ C(f)k^d ∀m ∈ [0, 1] } , then by the previous estimates

(1.54) V_l(f; μ) ≤ (2l)^{−d} sup_{{h}

a}_{a∈A}∈Z_{k,l} (∑ a∈A F_a(h_a; μ) ) + C(f) √ kl^{−1} + k^{− 1}2 .

44 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

We observe that if {h_a}_{a∈A} ∈ Z_{k,l} and, ∀a ∈ A, g_a is a function such that g_a(η) depends only on m_a(η), then ∀a ∈ A F_a(h_a; μ) = F_a(h_a − g_a; μ).

By using the estimate on the Dirichlet form of h_a it’s simple to prove that there exists C(k) such that ∀a ∃g_a = g_a ( m_a(η) ) with ‖h_a − g_a‖_∞ ≤ C(f)C(k).

In fact, ∀a, m and ∀η ∈ {0, 1}^{Ba} , μ^α_{Ba,m}(η) ≥ C(k). Then the estimate on the Dirichlet form of h_a gives ‖∇_bh_a‖_∞ ≤ C(f)C(k) for any b ∈ B_a.

For any m ∈ [0, 1] we fix η_m ∈ {0, 1}^{Ba} with density m.Then ∀η ∈ {0, 1}^{Ba} we can find a sequence of bonds b_1, . . . , b_r such that η = S_{br} ∘ · · · ∘ S_{b1} η_{mBa (η)}. Therefore, the thesis follows by a telescopic estimate and by taking g(σ) = h(η_{mBa (σ)}).

By the above observations

(1.55) V_l(f; μ) ≤ (2l)^{−d} sup_{{ha}}

a∈A∈Y_{k,l} (∑ a∈A F_a(h_a; μ) ) + C(f) √ kl^{−1} + k^{− 1}2

where

Y_{k,l} ≡ { {h_a}_{a∈Ak,l} : ∀a ∈ A h_a is F_{Ba} measurable, ∀m ∈ [0, 1] D_{Ba} (h_a; μ^α_{Ba,m}) ≤ C(f)k^d ‖h_a‖_∞ ≤ C(f)C(k) } .

In what follows we give two estimates which are particularly useful in order to pass from expressions involving μ^α_{l,m} to expressions involving μ^{α,λ0(m)}. By theorem 2.4 (equivalence of ensembles)

(1.56) | ∑ a∈A F_a(h_a; μ^α_{l,m}) − ∑ a∈A F_a(h_a; μ^{α,λl(α,m)})| ≤ C(f)C(k)

and the lemma A.3

(1.57) | ∑ a∈A F_a(h_a; μ^{α,λl(α,m)}) − ∑ a∈A F_a(h_a; μ^{α,λ0(m)})| ≤ l^dC(f)C(k)|m − μ^{α,λ0(m)}(m_l)|.

Let us conclude this section with the definition of the central limit theorem variance, which is extensively studied in chapter 5.

Given a density m ∈ (0, 1) and f, g ∈ G we define

V_m(f, g) ≡ lim_{l↑∞} E [ V_l(f, g; μ^{α,λ0 (m)}) ] . In chapter 5 we prove the above limit exists and is finite and that V_m(·, ·) defines a semiinner product on G. The semi-norm V^{12}_m is called a “central limit theorem variance”. If f = g we write V_m(f) in place of V_m(f, f).

1.13. ESTIMATES BY THE CENTRAL LIMIT THEOREM VARIANCE 45

1.13 Estimates by the central limit theorem variance

Let f_1, f_2 ∈ G_s and D be a continuous function on [0, 1]. For any m ∈ [0, 1] we set ψ_m ≡ f_1 + D(m)f_2.

The following proposition is an extension to the disordered model under consideration of some results explained in [13], chapter 7. We remark that the ergodicity of the random field is fundamental for the proof.

Proposition 1.12. For almost any disorder configuration α

lim sup

l↑∞,ϵ↓0

Av_{|x|≤} 1_ϵ sup_{m∈[0,1]} V_{Λx,l} (ψ_m, μ^α_{Λx,l,m}) ≤ sup_{m∈[0,1]} lim sup_{k↑∞} E [ V_k ( ψ_m, μ^{α,λ0(m)} )] .

Proof. We use the results of section 1.12, in particular estimates (1.55), (1.56) and (1.57) with f ≡ ψ_m and μ ≡ μ^α_{l,m}.

We observe that these estimates are valid for a generic cube Λ_{x,l} in place of Λ_l. Moreover, the constant C(f) with f = ψ_m can be bounded by a constant C̄ independent of m. To the notation use in (1.55), (1.56), (1.57) we add the index x when we refer to the cube Λ_{x,l} and m when we refer to ψ_m.

The above observations imply

Av_{x≤} 1_ϵ sup_{m∈[0,1]} V_{Λx,l} (ψ_m, μ^α_{Λx,l,m}) ≤ C̄ √ kl^{−1} + k^{− 1}2 + C̄C(k)l^{−d} + C̄T_1 + C_{k,l}T_2

T_1 ≡ C(k)Av_{x≤} 1_ϵ sup_{m∈[0,1]} |m − μ^{α,λ0(m)}(m_{x,l})|

T_2 ≡ Av_{x≤} 1_ϵ sup_{m∈[0,1]} sup_{{ha}∈Y x} k,l Av_{a∈A}x_{k,l} (2k)^{−d}F^m_a (h_a; μ^{α,λ0(m)})

(1.58)

where lim_{k↑∞,l↑∞} C_{k,l} = 1.

We analyze term T_1.

We fix δ > 0 and k. We choose 0 = m̄_0 < m̄_1 < · · · < m̄_N = 1 with m̄_{i+1} − m̄_i ≤ δC(k)^{−1} for 0 ≤ i < N. Then by the Ergodic theorem and lemma A.5 ~∀α

lim_{ϵ↓0} T_1 ≤ C(B)δ + C(k)E [ sup_i |m̄_i − μ^{α,λ0(m̄i )}(m_l)| ]

By taking the limit l ↑ ∞ and by the arbitrariness of δ we obtain ~∀α lim_{l↑∞,ϵ↓0} T_1 = 0.

We analyze term T_2.

By lemma A.5 and the form of ψ_m it’s simple to prove that ∀x, a, h_a as in the definition of T_2

46 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

(1.59) |F^m_a (h_a; μ^{α,λ0(m)}) − F^{m′}_a (h_a; μ^{α,λ0(m′)})| ≤ C̄C(k)H(|m − m^′|)

for a particular function H such that lim_{λ↓0} H(λ) = 0.

In fact, by lemma A.5 and the form of ψ_m

|F^m_a (h_a; μ^{α,λ0(m)}) − F^m_a (h_a; μ^{α,λ0(m′)})| ≤ C̄C(k)|m − m^′|

and by the form of ψ_m for any y ∈ B^0_a

(1.60) |μ^{α,λ0(m′)}(τ_yψ_m, h_a) − μ^{α,λ0(m′)}(τ_yψ_m′ , h_a)| ≤ ‖ψ_m − ψ_m′ ‖_∞‖h_a‖_∞ ≤ C̄C(k)H(|m − m^′|).

We fix δ > 0 and k. Let λ_0 be such that H(λ) ≤ δ(C̄C(k))^{−1} if λ ≤ λ_0. We choose 0 = m̄_0 < m̄_1 < · · · < m̄_N = 1 with m̄_{i+1} − m̄_i ≤ λ_0 for 0 ≤ i < N. Then by (1.59)

T_2 ≤ δ + Av_{|x|≤} 1_ϵ^Nsup_{i=0} sup_{{h}

a}∈Y^x_{k,l}

Av_{a∈A}x_{k,l} (2k)^{−d}F^{m̄i}_a (h_a; μ^{α,λ0(m̄i)})

≤ δ + Av_{|x|≤} 1_ϵ^Nsup_{i=0} Av_{a∈A}x_{k,l} V_Bx_{a,k} (ψ_{m̄i} ; μ^{α,λ0(m̄i )}).

(1.61)

By the Ergodic theorem, ~∀α and ∀i = 0, . . . N,

lim sup ϵ↓0 T_2 ≤ δ + E

[_N sup_{i=0} Av_{a∈Ak,l} V_{Ba,k} (ψ_{m̄i} , μ^{α,λ0(m̄i )}) ] , lim_{l↑∞} Av_{a∈Ak,l} V_{Ba,k} (ψ_{m̄i} , μ^{α,λ0(m̄i)}) = E [ V_{Λk} (ψ_{m̄i} , μ^{α,λ0(m̄i)}) ] . By the arbitrariness of δ it’s enough to prove

(1.62) lim sup_{k↑∞} sup_{m∈[0,1]} E [ V_k(ψ_m, μ^{α,λ0(m)}) ] ≤ sup

m∈[0,1]

lim sup k↑∞ E [ V_k(ψ_m, μ^{α,λ0(m)}) ] .

Let {m_k}_{k>0} be such that the l.h.s. of (1.62) is equal to lim_{k↑∞} E [ V_k(ψ_{mk} , μ^{α,λ0(mk )}) ] . For any subsequence of {m_k}_{k>0} there exists a converging sub-subsequence. In order to simplify notation we assume that lim_{k↑∞} m_k = m for some m. We want to prove

lim sup k↑∞ E [ V_k(ψ_{mk} , μ^{α,λ0(mk )}) ] ≤ lim sup k↑∞ E [ V_k(ψ_m, μ^{α,λ0(m)}) ] .

By the Dominated Convergence theorem it’s enough to prove that ~∀α

lim sup k↑∞ V_k(ψ_{mk} , μ^{α,λ0(mk )}) ≤ lim sup_{k↑∞} E [ V_k(ψ_m, μ^{α,λ0(m)}) ] .

1.14. MOVING PARTICLES LEMMA 47

To this aim we introduce the parameter r with r ↑ ∞, k ↑ ∞, l ↑ ∞, ϵ ↓ 0 and we consider the estimate (1.55) where l and k have to be substituted respectively by k and r, i.e. now we partition the cube Λ_k in cubes of width 2r + 1, and μ = μ^{α,λ0(mk )}. Then by (1.55) and by a formula similar to (1.59) for any disorder configuration α

V_k(ψ_{mk} , μ^{α,λ0(mk )}) ≤ C_{r,k} sup_{{ha}}

a∈A∈Y_{r,k}

Av_{a∈A}(2r)^{−d}F_a(h_a; μ^{α,λ0(m)}) + C̄ √ rk^{−1} + r^{− 1}2 +

C̄C(r)H(|m − m_k|).

(1.63)

where lim_{r↑∞,k↑∞} C_{r,k} = 1.

The second and third terms are depressed. The first term is bounded by

Av_{a∈A}V_{Ba,s} (ψ_m; μ^{α,λ0(m)})

and the thesis follows by the Ergodic theorem.

1.14 Moving Particles Lemma

The standard Moving Particles Lemma, see [26], can be generalized to the disordered system under consideration as proved by Quastel [23]. In particular, given x, y ∈ Z^d we define

u_i ≡ (y_1, y_2, . . . , y_i, x_{i+1}, . . . , x_d) i = 0, . . . , d.

We observe that u_0 = x and u_d = y. Let γ_{x,y} be the path connecting u_0 to u_1 by moving along the first direction, then connecting u_1 to u_2 by moving along the second direction and so on until arriving to u_d. We denote by |γ_{x,y}| the length of the path.

Lemma 1.13. (Moving Particles Lemma) There exists a constant C = C(B) having the following property.

Given any canonical measure μ with disorder α on a box containing x, y and given a measurable function f μ ( (∇_{x,y}f)^2 ) ≤ C|γ_{x,y}| ∑ b∈γ_{x,y} μ ( (∇_bf)^2 ) .

48 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

1.15 Two Blocks estimate

We observe that given {b_x}_{x∈Z}d such that |b_x| ≤ C_0 for any x then for any positive integers k and K

(1.64) |Av_{|y|≤K} b_y − Av_{|y|≤K} Av_{z:|z−y|≤k}b_z| ≤ C_0C(d) k K . Proposition 1.14. Let γ > 0. Then for almost any disorder configuration α

(1.65) lim sup

c↓0,k↑∞,ϵ↓0 sup w:|w|≤^c_ϵ

sup spec_L2_{(μ}α_{ϵ )}{Av_{x∈T}d_ϵ |m_{x,k} − m_{x+w,k}| + γϵ^{d−2}L} ≤ 0.

P roof. Let us observe that it is enough to prove the theorem in the case c_{x,y} = 1 + e^{−(αx−αy )(ηx−ηy )}. In particular, we can extend the defininition L_{x,y} ≡ c_{x,y}∇_{x,y} to the case |x − y| ≠ 1. We introduce the parameter l with l ↑ ∞, c ↓ 0, k ↑ ∞, ϵ ↓ 0. By (1.64) we can write

m_{x,k} = Av_{y∈Λk} m_{x+y,l} + O ( l k )

m_{x+w,k} = Av_y′_{∈Λk : |w+y}′_{−y|>2l}m_{x+w+y}′_{,l} + O ( l k ) ∀y ∈ Λ_k.

Therefore, the sequence in the l.h.s. of (1.65) can be approximated with a depressed error by

sup w:|w|≤^c_ϵ

Av_{y∈Λk} Av_y′_{∈Λk : |w+y}′_{−y|>2l} sup spec_L2_{(μ}α_{ϵ )}{Av_{x∈T}d_ϵ |m_{x,l} − m_{x+w+y}′_{−y,l}| + γϵ^{d−2}L}

and, by changing names, in order to prove (1.65) it’s enough to show that, given γ > 0, for almost any disorder configuration α

(1.66) lim sup

l↑∞,c↓0,ϵ↓0 sup w:2l<|w|≤^c_ϵ

sup spec

L^2(μ^α_ϵ )

{Av_{x∈T}d_ϵ |m_{x,l} − m_{x+w,l}| + γϵ^{d−2}L} ≤ 0.

In what follows we fix w : 2l < |w| ≤^c_ϵ .

We assert that if l ≤ k ≤^c_ϵ then

(1.67) Av_{x∈T}d_ϵ Av_{u∈Λx,l} Av_{v∈Λx+w,l} (−L_{u,v}) ≤ Cc^2ϵ^{d−2}(−L).

In order to prove (1.67) we observe that by the Moving Particles Lemma the l.h.s. of (1.67) can be bounded by

(1.68) C c ϵ ϵ^dl^{−2d} ∑ b∈T^d_ϵ

a_b(−L_b) where a_b ≡ |{(x, u, v) : x ∈ T^d_ϵ , u ∈ Λ_{x,l}, v ∈ Λ_{x+w,l}, b ∈ γ_{u,v}}|.

1.15. TWO BLOCKS ESTIMATE 49

In what follows we estimate a_b. Let (x, u, v) be as in the definition of a_b and let the bond b be equal to {y, y + e_j } where y = (y_1, . . . , y_d). Since b ∈ γ_{u,v} we have u ∈ A_b and v ∈ B_b where

A_b ≡ {z : z_{j+1} = y_{j+1}, . . . , z_d = y_d} B_b ≡ {z : z_1 = y_1, . . . , z_{j−1} = y_{j−1}}.

Since |x − u| ≤ l, |x + w − v| ≤ l, u ∈ A_b and v ∈ B_b then |x_i − y_i| ≤ l for i = j + 1, . . . , d and |x_i + w_i − y_i| ≤ l for i = 1, . . . , j − 1. Moreover dist(x, b) ≤ C^c_ϵ and therefore, given b, x can be chosen in O(^c_ϵ l^{d−1}) ways.

Given x, since u ∈ A_b ∩ Λ_{x,l}, u can be chosen in O(l^j ) ways and, by a similar argument, v can be chosen in O(l^{d−j+1}) ways.

In conclusion, a_b ≤ C^c_ϵ l^{2d} and by (1.68) we obtain (1.67).

By (1.67) the supremum of the spectrum in (1.66) is bounded, for some positive constant γ^′, by

Av_{x∈T}d_ϵ sup_{ν∈Θ} sup spec_L2_{(ν)}{|m_{x,l} − m_{x+w,l}| + γ^′c^{−2}Av_{u∈Λx,l} Av_{v∈Λx+w,l} (−L_{u,v})}

where Θ_l is the set of canonical Gibbs measures on Λ_{x,l} ∪ Λ_{x+w,l} with density m and disorder configuration α.

Let ν ∈ Θ_l. Since for some constant κ = κ(l) > 0

gap_L2_{(ν)}Av_{u∈Λx,l} Av_{v∈Λx+w,l} (−L_{u,v}) ≥ κ(l)

by proposition A.13 if c ≤ c_0(l, γ^′)

sup spec

L^2(ν)

{|m_{x,l} − m_{x+w,l}| + γ^′c^{−2}Av_{v∈Λx+w,lu∈Λ} x,l (−L_{u,v})} ≤ Cν(|m_{x,l} − m_{x+w,l}|) + C(γ^′) c^2 κ(l) . By the previous estimates and lemma 2.6 it’s enough to prove, for almost any configuration disorder α,

(1.69) lim sup

l↑∞,ϵ↓0 sup w:2l<|w|≤^c_ϵ

Av_{x∈T}d_ϵ sup_m μ^{α,λΛx,l∪Λx+w,l (α,m)}(|m_{x,l} − m_{x+w,l}|).

To this aim we introduce another parameter s with s ↑ ∞, l ↑ ∞, ϵ ↓ 0. Then by (1.64)

|m_{x,l} − m_{x+w,l}| ≤ Av_{y∈Λx,l} |m_{y,s} − m_{y+w,s}| + O (s l ) and by lemma A.7

μ^{α,λΛx,l∪Λx+w,l (α,m)}(|m_{x,l} − m_{x+w,l}|) ≤ C ( Av y∈Λ_{x,l}

μ^{α,λ0(m)}(|m_{y,s} − m_{y+w,s}|) + s^d | |m − μ^{α,λ}0^{(m)}(m_{Λx,l∪Λx+w,l} ) | | ) + O (s l ) .

50 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

Therefore, it’s enough to prove

lim sup

s↑∞,l↑∞,ϵ↓0

Av_{x∈T}d_ϵ sup_m Av_{y∈Λl} μ^{α,λ0(m)}(|m_{x+y,s} − m|) = 0,

(1.70)

lim sup

l↑∞,ϵ↓0

Av_{x∈T}d_ϵ sup_m |m − μ^{α,λ0(m)}(m_{x,l})| = 0.

(1.71)

We consider equation (1.70). By lemma A.5, for any x, | μ^{α,λ0(m)}(|m_{x,s} − m|) − μ^{α,λ0(m′)}(|m_{x,s} − m^′|) | ≤ C(s)|m − m^′|

We fix δ > 0 and a partition 0 = m̄_0 < m̄_1 < · · · < m̄_N = 1 where N = N(δ, s) and |m̄_i − m̄_{i+1}| ≤ δC(s)^{−1} for any i = 0, . . . , N − 1. Then

(1.72) Av_{x∈Tdϵ} sup_m Av_{y∈Λl}μ^{α,λ0(m)}(|m_{x+y,s} − m|) ≤ δ + Av_{x∈Tdϵ}^Nsup_{i=0} Av_{y∈Λl}μ^{α,λ0(m̄i )}(|m_{x+y,s} − m̄_i|).

By the Ergodic Theorem, by taking the limit ϵ ↓ 0 ~∀α the r.h.s. in (1.72) becomes

(1.73) δ + E

(_N sup_{i=0} Av_{y∈Λl} μ^{α,λ0(m̄i)}(|m_{y,s} − m̄_i|) ) . By the Ergodic Theorem, ~∀α the limit with l ↑ ∞ of (1.73) can be estimated by the supremum over m ∈ [0, 1] of E ( μ^{α,λ0(m)}(|m_s − m|) ) which is bounded, uniformly in m, by { E ( μ^{α,λ0(m)} ( [m_s − μ^{α,λ0(m)}(m_s)]^2

) ) }^1_2 + { E ([ μ^{α,λ0(m)}(m_s) − m

]_2)}^1_2 ≤ 2s^{− d2}

and that proves (1.70).

We consider equation (1.71).

By lemma A.5, it’s enough to prove (1.71) for a density m which is fixed a priori. By the Ergodic Theorem, for almost any disorder configuration α

lim_{ϵ↓0} Av_{x∈T}d_ϵ |m − μ^{α,λ0(m)}(m_{x,l})| = E ( |m − μ^{α,λ0(m)}(m_l)| )

that goes to 0 when l ↑ ∞.

1.16 Reduction to the Two Blocks estimate

The following proposition is particularly useful in order to reduce some eigenvalue estimates to a Two Blocks estimate.

1.17. PROOF OF PROPOSITION 1.10 51

Proposition 1.15. Let g ∈ G have support included in Λ_s. Then for any disorder config-

uration α, any γ > 0 and any family of functions F := {f_x}_{x∈T}d_ϵ on Ω_ϵ,

sup spec_L2_{(μ}α_{ϵ )}{ϵ^{−1}Av_{x∈T}d_ϵ (τ_xg f_x) + γϵ^{d−2}L} ≤

ϵ^{−1}c(g, ‖F ‖_∞)‖∇F ‖_∞ + sup spec_L2_{(μ}α_{ϵ )}{c(g)Av_{x∈T}d_ϵ f^2_x + 1 2 γϵ^{d−2}L},

(1.74)

where ‖F ‖_∞ := sup_{x∈T}d_ϵ ‖f_x‖_∞ and ‖∇F ‖_∞ := sup_{x∈T}d_ϵ sup_{b∈Λx,s} ‖∇_bf_x‖_∞.

Proof. Let h ∈ G be such that g = L_{Λs} h and Δ_h⊂Λ_ℓ. Then

l.h.s. of (1.74) = sup_ρ { ϵ^{−1}Av_{x∈T}d_ϵ μ^α_ϵ ( L_{Λx,s} (ρ f_x) τ_xh ) − γϵ^{d−2}D( √ ρ; μ^α_ϵ ) }

where ρ varies among the non-negative measurable functions such that μ^α_ϵ (ρ) = 1. Since

∇_b(ρ f_0)(η) = ρ(η^b)∇_bf(η) + (∇_bρ)(η)f_0(η), we can write

μ^α_ϵ ( L_{Λℓ} (ρ f_0)h ) = ∑ b∈Λ_ℓ [ μ^α_ϵ ( c_b ρ(η^b)(∇_bf_0)h ) + μ^α_ϵ ( c_b(∇_bρ)f_0 h )] .

By Schwarz inequality and the identity ∇_bρ(η) = ∇_b √ ρ(η) (√ ρ(η^b)+ √ ρ(η) ) , for any β > 0 | μ^α_ϵ ( c_b(∇_bρ)f_0 h ) | ≤ βμ^α_ϵ ( c_b(∇_b √ ρ)^2 ) + 1 β μ^α_ϵ ( c_b (√ ρ ∘ S_b + √ ρ )_2

f^2_0 h^2 ) . Since μ^α_ϵ is reversible and f^2_0 (η^b) = f^2_0 (η) + ∇_bf_0(η) ( f_0(η^b) + f_0(η) ) , μ^α_ϵ ( c_bρ(η^b)f^2_0 h^2 ) = μ^α_ϵ ( c_bρ f^2_0 (η^b) h^2(η^b) ) ≤ Cμ^α_ϵ (ρ f^2_0 )‖h‖^2_∞ + C‖f_0‖_∞‖∇_bf_0‖_∞‖h‖^2_∞.

Similarly for f_0 and h replaced by f_x and τ_xh respectively. In conclusion

ϵ^{−1}Av_{x∈T}d_ϵ μ^α_ϵ ( L_{Λx,ℓ} (ρ f_x)τ_xh ) ≤ c(g) ( ϵ^{−1} ( 1 + 1 β ) (1 + k)k^′ + 1 β ϵ^{−1}Av_{x∈T}d_ϵ μ^α_ϵ (ρ f^2_x ) + βϵ^{d−1}D( √ ρ; μ^α_ϵ ) ) . The thesis follows by taking β = 1/(2c(g) ϵ).

1.17 Proof of proposition 1.10

1.17.1 Ω_0

The proof of proposition 1.10 for Ω_0 is based on perturbation theory, proposition 1.12 and

the results concerning semi-norm V_m of chapter 5.

Let β, γ > 0 be given. We have to determine a function g ∈ G in the definition of Ω_0 such

that

lim sup

n↑∞,l↑∞,ϵ↓0 sup J∈C^∗(T^d)

Ω_0 ≤ β.

For any m ∈ [0, 1] and any positive integer n we define

52 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

ψ_m ≡ j_e + Lg − ∑ e^′>0

D_{e,e}′ (m)τ_y ψ^{e′}_{n,n} n and ψ^{(l)}_m ≡ Av_{y:|y|≤l1} τ_yψ_m.

Then sup J∈C^1_χ(T^d)

sup spec_L2_{(μ}α_{ϵ )}{ϵ^{−1}Av_{x∈T}d_ϵ J(ϵx)τ_x ( ψ^{(l)}_{ml} ) + γϵ^{d−2}L} ≤

Av_{x∈T}d_ϵ sup

C_0:|C_0|≤1 sup m∈[0,1]

sup spec_L2_{(μ}αϵ_{Λx,l,m)}{ϵ^{−1}C_0τ_xψ^{(l)}_m + C(d)γϵ^{−2}Av_{b∈Λx,l} L_b}.

(1.75)

Lemma 2.7 allows to apply perturbation theory, in particular proposition A.13. Therefore, if ϵ ≤ ϵ_0(l, γ), then ∀m ∈ [0, 1], ∀C_0 : |C_0| ≤ 1

sup spec_L2_{(μ}αϵ_{Λx,l ,m)} { ϵ^{−1}C_0τ_xψ^{(l)}_m + C(d)γϵ^{−2}Av_{b∈Λx,l} L_b } ≤ 2γ^{−1}V_{Λx,l} (ψ_m, μ^{αϵ}_{Λx,l,m})

and the r.h.s. of (1.75) can be bounded by

2γ^{−1}Av_{x∈T}d_ϵ sup_{m∈[0,1]} V_{Λx,l} (ψ_m, μ^{αϵ}_{Λx,l,m}).

By the previous estimate and (1.48) (which allows to pass from α^ϵ to α),

lim sup

n↑∞,l↑∞,ϵ↓0 sup J∈C^∗(T^d)

Ω_0 ≤ lim sup

n↑∞,l↑∞,ϵ↓0

2γ^{−1}Av_{x∈T}d_ϵ sup_{m∈[0,1]} V_{Λx,l} (ψ_m, μ^α_{Λx,l,m}).

Therefore, by proposition 1.12, it’s enough to find a function g ∈ G such that

lim sup n↑∞ sup m∈[0,1]

V_m ( j_e + Lg − ∑ e^′>0

D_{e,e}′ (m)τ_y ψ^{e′}_{n,n} n ) ≤ β.

The existence of such a function g follows from section 5.7.

1.17.2 Ω_1, Ω_2, Ω_3 In order to prove proposition 1.10 for Ω_1, Ω_2, Ω_3 we apply proposition 1.15. For simplicity of notation we write^c_ϵ = Q,^a_ϵ = R = 2R^′ + 1 and n = 2n^′ + 1 and we set A^′ ≡ nZ^d ∩ Λ_{0,R}′ . By (1.41) we can write

ϵ^{−1}Av_xJ(ϵx)ψ^{(i)}_x = ∑ e^′>0

ϵ^{−1}Av_xτ_x ψ^{e′}_{n,n} n · B^{(i)}_x ∀i = 1, 2, 3

where

B^{(1)}_x = Av_{y:|y−x|≤l1} J(ϵy)D_{e,e}′ (m_{y,l}) − J(ϵx)D_{e,e}′ (m_{x,l}), B^{(2)}_x = J(ϵx)[D_{e,e}′ (m_{x,l}) − D_{e,e}′ (m^{a/ϵ}_x )], B^{(3)}_x = J(ϵx)D_{e,e}′ (m^{a/ϵ}_x ) − Av^{2Qn −1}_{t=0} Av_a′_{∈A}′ J(ϵx_{t,a}′ )D_{e,e}′ (m^{a/ϵ}_{xt,a′} )

1.17. PROOF OF PROPOSITION 1.10 53

and x_{t,a}′ ≡ x + (Q − n^′ − 1 − tn)e + a^′.

We want to estimate |∇_bB^{(i)}_x | for i = 1, 2, 3, x ∈ T^d_ϵ and b ∈ Λ_{x,n}. We assume n < √ l <^a_ϵ .

Then ∇_bB^{(i)}_x = 0 for i = 1, 2.

We consider |∇_bB^{(3)}_x |. We observe that the set

{x ∈ Z^d : b ∩ Λ_{x,} a_ϵ ≠ ∅ and b ∩ Λ^c_{x,} a_ϵ ≠ ∅}

consists of two boxes of dimension d − 1 and with sides of length O

(_a ϵ ) . We remark that given t, {x_{t,a}′ }_a′_{∈A}′ forms a finite lattice of step n. Therefore, for any given t,

|{a^′ ∈ A^′ : ∇_bD_{e,e}′ (m^{a/ϵ}_{xt,a′} ) ≠ 0}| ≤ C ( a nϵ )_{d−1}

and then |∇_bB^{(3)}_x | ≤ C^{nϵ}_a Osc ( D, C(d)^{ϵd}_{ad} ).

By proposition 1.15 it’s enough to prove that, give γ > 0, for almost any disorder configuration α

(1.76) lim

c↓0,a↓0,l↑∞,ϵ↓0

sup spec_L2_{(μ}α_{ϵ )} { Av_{x∈T}d_ϵ ( B^{(j)}_x

)_2

+ γϵ^{d−2}L } = 0 ∀j = 1, 2, 3.

Since Lipschitz continuous functions are dense in C ( [0, 1] ) endowed of the uniform norm, we may assume that D is Lipschitz continuous. Since J is Lipschitz continuous too, it’s simple to verify

|B^{(1)}_x |^2 ≤ Cϵ^2l^2 + CAv_{y:|y−x|≤l1} |m_{y,l} − m_{x,l}|

|B^{(2)}_x |^2 ≤ C|m_{x,l} − m^{a/ϵ}_x |

|B^{(3)}_x |^2 ≤ C c^2 + CAv^{2Qn −1}_{t=0} Av_a′_{∈A}′ |m^{a/ϵ}_x − m^{a/ϵ}_{xt,a′} |.

We introduce another parameter k with c ↓ 0, a ↓ 0, l ↑ ∞, k ↑ ∞, ϵ ↓ 0 in order to reduce the thesis to proposition 1.14.

We consider for example the case j = 3 ( the other cases are similar). By (1.64) and, for simplicity of notation, let us prove this case with m^{a/ϵ}_z substituted with m_{z,} a_ϵ . Since

Av_{x∈T}d_ϵ |m_{x,} a_ϵ − m_{xt,a′ ,} a_ϵ | ≤ Av_{y∈Λ aϵ} Av_{x∈T}d_ϵ |m_{x+y,k} − m_{xt,a′ +y,k}| + O(ϵka^{−1})

= Av_{x∈T}d_ϵ |m_{x,k} − m_{xt,a′ ,k}| + O(ϵka^{−1}),

for any γ > 0

(1.77) sup spec_L2_{(μ}α_{ϵ )} { Av^{2Qn −1}_{t=0} Av_a′_{∈A}′ Av_{x∈T}d_ϵ |m_{x,} a_ϵ − m_{xt,a′ ,} a_ϵ | + γϵ^{d−2}L } ≤ Av^{2Qn −1}_{t=0} Av_a′_{∈A}′ sup spec_L2_{(μ}α_{ϵ )} { Av_{x∈T}d_ϵ |m_{x,k} − m_{xt,a′ ,k}| + γϵ^{d−2}L } + O(ϵka^{−1}).

By proposition 1.14 and the previous estimates we obtain (1.76).

54 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

1.17.3 Ω_4 Let us remember that we have assumed n,^a_ϵ to be odd numbers such that n|^a_ϵ ,^a_ϵ |^c_ϵ . Moreover, the average Av^∗_{z,x} is defined by

Av^∗_{z,x}b_z ≡ Av^{n, aϵ , cϵ}_{z,x} b_z. By (1.39)

m^{a/ϵ}_{x−c/ϵ} − m^{a/ϵ}_{x+c/ϵ}

2c/ϵ

= Av^∗_{z,x}τ_z m^{(1)}_n − m^{(2)}_n n which concludes the proof.

We now consider more general cases. Suppose for example that n,^a_ϵ are odd numbers such that n|^a_ϵ but^a_ϵ does not divide^c_ϵ . Let R =^a_ϵ , Q =^c_ϵ and Q^′ = R[Q/R], where [·] denotes the integer part. Then by (1.39)

τ_x m^R_{−Q}′_e − m^R_Q′_e

2Q^′

= Av^{n,R,Q′} z,x τ_z m^{(1)}_n − m^{(2)}_n n . We assert that for any γ > 0 and for almost any disorder configuration α,

(1.78) lim c↓0,a↓0,ϵ↓0

sup spec_L2_{(μ}α_{ϵ )}{ϵ^{−1}Av_{x∈T}d_ϵ τ_x | |m^{R−Q′e} − m^{RQ′e} 2Q^′ − m^R_{−Qe} − m^R_{Qe} 2Q | | + γϵ^{d−2}L} = 0.

Since |Q^{−1} − (Q^′)^{−1}| = O(aϵc^{−2}), it’s enough to prove ∀γ > 0 and ~∀α lim a↓0,ϵ↓0 sup w:|w|≤^a_ϵ

sup spec_L2_{(μ}α_{ϵ )}{Av_{x∈T}d_ϵ |m^{a/ϵ}_x − m^{a/ϵ}_{x+w}| + γϵ^{d−2}L} = 0.

We introduce the scale parameter l such that a ↓ 0, l ↑ ∞, ϵ ↓ 0. Since m^{a/ϵ}_x = Av_{y∈Λ}m_{y,l} + O(lϵa^{−1}), where Λ is the cube centered at x of side a/ϵ, it’s enough to prove that lim a↓0,l↑∞,ϵ↓0 sup |w|≤^a_ϵ

sup spec_L2_{(μ}α_{ϵ )}{Av_{x∈T}d_ϵ |m_{x,l} − m_{x+w,l}| + γϵ^{d−2}L} = 0

which follows from the Two Blocks estimate in proposition 1.14.

Remark 1.16. In conclusion, in the general case we can define an average, which reduces to Av^∗_{z,x} if some divisibility criteria are satisfied, for which the analog of Ω_4 is depressed thanks to Two-Blocks estimate and section 1.9.

The same average has to replace Av^∗_{z,x} also in Ω_3, Ω_5. By standard arguments based on Two-Blocks estimates this average works well.

1.17.4 Ω_5 The thesis follows by theorem 4.1.

1.18. PROOF OF LEMMA 1.2 55

1.18 Proof of lemma 1.2

In this section we prove lemma 1.2. It is simple to check that

(1.79) spatial–time average in (1.11) = sup_{H∈Hc} H^⋆_{c,a,ϵ}

where H_c := {H smooth on [0, T ] × T^d, ‖H‖_∞ ≤^1_c } and

H^⋆_{c,a,ϵ} := Av_{x∈T}d_ϵ

∫_T 0 ( 2H(s, ϵx)

[m^{a/ϵ}_{x+ cϵ e}(s) − m^{a/ϵ}_x (s) c ] − H(s, ϵx)^2 ) ds. In what follows let H belong to H_c. By the entropy inequality and the Feynman-Kac formula (see section 1.8), for any γ > 0,

E_P α_ϵ ( H^⋆_{2c,a,ϵ} ) ≤ κ γ − γAv_{x∈T}d_ϵ

∫_T 0 dsH(s, ϵx)^2

+ ∫_T 0 ds sup spec

L^2(μ^α_ϵ ) { ϵ^{−1}γAv_{x∈T}d_ϵ 2H(s, ϵx)

[m^{a/ϵ}_{x+ 2cϵ e}(s) − m^{a/ϵ}x (s)

2c/ϵ ] + ϵ^{d−2}L_ϵ } .

(1.80)

It is convenient to introduce a free scale parameter n, with n ↑ ∞ after a ↓ 0 and ϵ ↓ 0, and write the gradient of masses appearing in (1.80) as −Av^∗_{z,x}τ_z

(_ψe_{n,n}

n +^{ϕen,n}_n ) (see chapter 4). By the definition of Av^∗_{z,x}, the subadditivity of sup spec and theorem 4.2,

lim sup

n↑∞,a↓0,ϵ↓0

∫_T 0 ds sup spec

L^2(μ^α_ϵ ) { −ϵ^{−1}γAv_{x∈T}d_ϵ 2H(s, ϵx)Av^∗_{z,x}τ_z ϕ^e_{n,n} n + ϵ^{d−2}L_ϵ } ≤ 0.

Let us consider, for fixed c, n, a,

(1.81) sup spec_L2_{(μ}α_{ϵ )} { −ϵ^{−1}γAv_{x∈T}d_ϵ 2H(s, ϵx)Av^∗_{z,x}τ_z ψ^e_{n,n} n + ϵ^{d−2}L_ϵ } . Let Av^⋆_{z,x} be the average dual to Av^∗_{z,x}, then we can write

−Av_{x∈T}d_ϵ 2H(s, ϵx)Av^∗_{z,x}τ_z ψ^e_{n,n} n = Av_{x∈T}d_ϵ a_xτ_x ψ^e_{n,n} n where a_x := −Av^⋆_{z,x}2H(s, ϵz). Since Av^⋆_{z,x} is translationally invariant w.r.t. x and H is regular, we can proceed as in section 1.7 and safely replace τ_x^{ψen,n}_n by a local average Av_{|y−x|≤ℓ1} τ_y^{ψen,n}_n , ℓ ≫ n, to get

(1.82) (1.81) ≤ sup spec_L2_{(μ}α_{ϵ )} { ϵ^{−1}γAv_{x∈T}d_ϵ a_xAv_{|y−x|≤ℓ1} τ_y ψ^e_{n,n} n + ϵ^{d−2}L_ϵ } + c(H)γϵℓ^2.

56 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

By the usual trick of localizing on boxes Λ_{x,ℓ} and proposition A.13, if ϵ is small enough then the first term in the r.h.s. of (1.82) is bounded from above by

C γ^2Av_{x∈T}d_ϵ a^2_x sup_{ν∈M(Λ}

x,l)

V_{x,ℓ}

(ψ^{e′}_{n,n} n ; ν )

which in turn is bounded from above by

C γ^2Av_{x∈T}d_ϵ a^2_x ≤ C^∗ γ^2Av_{x∈T}d_ϵ H(s, ϵx)^2

for some suitable positive constant C^∗ (let us here for simplicity to prove the thesis assum-

ing diffusive spectral gap: then (1.47) and equivalence of ensembles imply V_{x,ℓ}

(_ψe^′_{n,n} n ; ν ) ≤ C). Let us now choose γ so small that C^∗γ^2 − γ < 0. Then, by the previous estimates, if ϵ is small enough,

(1.83) lim sup

n↑∞,a↓0,ϵ↓0

r.h.s. of (1.80) ≤ κ γ + (C^∗γ^2 − γ)

∫_T 0 ∫ T^d

H(s, θ)^2dθ ds ≤ κ γ . In order to conclude the proof it is enough to observe that there exists a finite set H^∗_c ⊂H_c depending on c such that sup H∈H_c

H^⋆_{c,a,ϵ} ≤ 1 + sup_{H∈H∗} c H^⋆_{c,a,ϵ}

so that

(1.84) lim sup

n↑∞,a↓0,ϵ↓0

E_P α_ϵ ( sup H∈H_c

H^⋆_{c,a,ϵ} ) ≤ 1 + lim sup

n↑∞,a↓0,ϵ↓0

E_P α_ϵ ( sup H∈H^∗_c

H^⋆_{c,a,ϵ} ) ≤ 1 + κ γ thus allowing to conclude the proof of (1.11).

Let us now sketch the proof of (1.12). Since C^1([0, T ] × T^d) has a countable base, by Beppo–Levi theorem it is enough to prove that there exists a constant c_0 such that, given H_1, . . . , H_n in C^1([0, T ] × T^d), then

(1.85) ∫ dQ^α(m) [ sup i=1,...,n

∫_T 0 ∫ T^d ( 2 m(s, θ) ∂ ∂θ_e

H_i(s, θ) − H_i(s, θ)^2 ) dθ ds ] ≤ c_0.

By the Lebesgue density theorem and the dominated convergence theorem, the l.h.s. of (1.85) is equal to lim_{a↓0} E_Q ( Θ^{(a)} ) where, for any ν ∈ D([0, T ], M_1),

(1.86) Θ^{(a)}(ν) := sup_{i=1,...,n}

∫_T 0 ∫ T^d ( 2 ν^{(a)}(s, θ) ∂ ∂θ_e

H_i(s, θ) − H^2_i (s, θ) ) dθ ds,

with ν^{(a)} is as in (1.16).

Similarly to the proof of lemma 1.4, it can be proved that

lim_{a↓0} ∫ dQ^α(m) ( Θ^{(a)}(m) ) ≤ lim sup

a↓0,ϵ↓0 ∫ dQ^α_ϵ (ν) ( Θ^{(a)}(ν) ) = lim sup

c↓0,a↓0,ϵ↓0

E_P α_ϵ ( sup i=1,...,n

∫_T 0 Av_{x∈T}d_ϵ ( 2m_{x,} a_ϵ (s, ϵx)

[ H_i(s, ϵx + ce) − H_i(s, ϵx) c ]

− Av_{x∈T}d_ϵ H^2_i (s, ϵx) ) )

1.18. PROOF OF LEMMA 1.2 57

By integrating by parts and observing that sup H∈H_c

H^⋆_{c,a,ϵ} = sup

H∈C^1([0,T ]×T^d)

H^⋆_{c,a,ϵ},

the thesis follows from (1.84).

58 CHAPTER 1. HYDRODYNAMIC LIMIT OF A DISORDERED SYSTEM

Chapter 2

Equivalence of Ensembles and Spectral Gap

In this chapter we prove the equivalence between multi-canonical and multi-grand canonical ensembles. The proof is based on [5], with strong simplifications since here the grand canonical measures are product.

In section 2.2 we give a bound on some special covariances. In particular, propositions 2.11 and 2.13 are used in the proof of theorem 3.9.

In section 2.3 we obtain some bounds on the spectral gap by the recursive method developed in [6]. The final estimate deviates from the usually diffusive scaling by a term depending on the disorder, which can be controlled by large deviations estimates. As observed by P.Caputo it can be proved, by a specific analysis, that the spectral gap on a cube of width L is larger than CL^{−2} uniformly in the disorder. The proof needs that the grand canonical Gibbs measure are product.

We remark that in other disordered models, as the dilute Ising model with Kawasaki dynamics under the percolation threshold, this uniform estimate is violated and only weaker estimates, as those described in section 2.3, are valid. Therefore, the method we develop for the study of the hydrodynamic behavior of the disordered system under consideration is more general.

2.1 Equivalence of ensembles

The main result of this section is theorem 2.4 which corresponds to the equivalence between multi-canonical and multi-grand canonical ensembles. Its statement and proof are based on [5] with strong simplifications since here the grand canonical measures are product.

Let Λ ∈ F and let Λ = ⊔^k_{i=1}Λ_i be a partition of Λ.

We set N_Λ = {N_{Λi} }^k_{i=1} and given λ = (λ_1, . . . , λ_k) we define μ^{α,λ} as the multi-grand canonical measure on Λ with disorder configuration α and chemical potential λ_i on the region Λ_i for i = 1, . . . , k (if λ_i is ∞ or −∞ the measure is concentrated on configurations which are respectively equal to 1 and to 0 in Λ_i).

60 CHAPTER 2. EQUIVALENCE OF ENSEMBLES AND SPECTRAL GAP

Remark In this section we do not use the notation Λ_l to indicate the cube centered at the origin of side 2l + 1.

Let α be a disorder configuration, N = {N_i}^k_{i=1} be a set of possible particle numbers in each atom Λ_i and ρ_i =^{Ni}_{|Λi|} .

We define μ as the multi-grand canonical measure on Λ with disorder α such that, ∀i = 1, . . . , k, μ(N_{Λi} ) = N_i.

We write ν for the multi-canonical measure on Λ defined as μ^α(·|N_Λ = N).

For any random variable X and any subset W ⊂ Λ we set X̄ ≡ X − μ(X) and σ^2_W ≡ μ(N_W ; N_W ). Given s = 1, . . . , k we write

σ^2_s ≡ μ(N_{Λs} ; N_{Λs}) F (t_1, . . . , t_s) ≡ μ ( e^i

∑_s j=1 tj σj N̄_{Λj} )

T_s ≡ πσ_s.

The equivalence of ensembles is expressed by an estimate of |ν(f) − μ(f)| where f is a local function with support in Λ. The basic idea is to rewrite the difference ν(f) − μ(f) by Fourier transforms as follows. Let χ_j ≡ I_{NΛj =Nj} ∀j = 1, . . . , k. Then

(2.1) ν(f) − μ(f) = μ ( ∏ j χ_j; f ) μ ( ∏ j χ_j ) .

By Fourier transform,

∫_{Tj}

−T_j dtj e i^{tj}_{σj} N̄_{Λj}

= 2T_j χ_j and

(2.2) ν(f) − μ(f) =

∫_{T1}

−T_1 dt1 . . .

∫_{Tk}

−T_k dtkμ ( e^i

∑_k j=1 tj σj N̄_{Λj} ; f ) ∫_{T1}

−T_1 dt1 . . .

∫_{Tk}

−T_k dtkF (t1, . . . , tk) .

Lemma 2.1. (Gaussian upper bound on characteristic functions).

There exists a universal constant a such that for any disorder configuration α, for any Λ = ⊔^k_{i=1}Λ_i and N = {N_i}^k_{i=1}, for any s = 1, . . . , k

|F (t_1, . . . , t_s)| ≤ e^{−a}

∑_s

j=1 t^2_j if t

j ∈ [−T_j , T_j ] for j = 1, . . . , s.

Proof. Since x ≤ exp

(_1 2 (x^2 − 1) ) with 0 ≤ x ≤ 1, there exists a > 0 such that ∀t ∈ [−π, π]

|μ(e^{itηx} )| ≤ e^{12}

(_{|μ(eitηx )|2−1}) = e^{−μ(ηx)(1−μ(ηx ))(1−cos t)} ≤ e^{−aμ(ηx ;ηx)t2} .

In particular, if t_j ∈ [−T_j , T_j ] ∀j = 1, . . . , s,

|F (t_1, . . . , t_s)| = s∏ j=1 ∏ x∈Λ_j

|μ(e^i tj σj η_x )| ≤ s∏ j=1 ∏ x∈Λ_j

e^{−aμ(ηx;ηx)} t2j σj2 = e^{−a}

∑_s j=1 t^2_j .

2.1. EQUIVALENCE OF ENSEMBLES 61

Lemma 2.2. (A lower bound on the integral of characteristic functions) ∃A_0 = A_0(k) such that for any disorder configuration α, for any Λ = ⊔^k_{i=1}Λ_i and N = {N_i}^k_{i=1}, for any A ≥ A_0 ∫_A −A dt_1 . . .

∫_A −A dt_k Re F (t_1, . . . , t_k) ≥ 1 if σ_j ≥ A^{k+4}.

P roof. Let (t_1, . . . , t_k) ∈ [−A, A]^k and σ_j ≥ A^{k+4}. We set η̄_x ≡ η_x − μ(η_x) and γ ≡ k + 4. By Taylor expansion

μ(e^i tj σj η̄_x

) = 1 − t^2_j 2σ^2_j μ(η_x; η_x) + R_x with |R_x| ≤

|t_j |^3 σ^3_j μ(|η̄_x|^3) ≤

|t_j |^3 σ^3_j μ(η_x; η_x).

Since F (t_1, . . . , t_k) =

∏_k j=1 ∏ x∈Λ_j μ(e i^{tj}_{σj} η̄_x ), | F (t_1, . . . , t_k) − k∏ j=1 ∏ x∈Λ_j ( 1 − t^2_j 2σ^2_j μ(η_x; η_x) ) | ≤ k∑ j=1 |t_j|^3 σ_j

≤ kA^{3−γ} .

Since 1 −^z_2 ≥ e^{−z} with z ∈ [0, z_0], if A is enough large 1 −^{t2j}_{2σ2j} μ(η_x; η_x) ≥ e^− t2j σ2j μ(η_x;η_x) and ∫_A −A dt_1 . . .

∫_A −A dt_k Re F (t_1, . . . , t_k) ≥

( ∫^A −A e^{−t2}

)_k

− k2^kA^{k+3−γ} =

( ∫^A −A e^{−t2}

)_k − k2^kA^{−1}.

The thesis follows from the above estimate.

Proposition 2.3. There are constants C_0 and v_0(k) such that for any disorder configuration α, for any Λ = ⊔^k_{i=1}Λ_i with |Λ_i| ≥ v_0 and for any N = {N_i}_i ∫_{T1}

−T_1

dt_1 . . .

∫_{Tk}

−T_k

dt_kF (t_1, . . . , t_k) ≥ C^k_0 .

P roof. Since the measure is product, it’s enough to consider the case k = 1. In this case we write simply T , σ, N in place of T_1, σ_1 and N_1. Let a and A_0 as in lemmas 2.1 and 2.2.

We fix A ≥ A_0 such that

∫_∞ A dt e^{−at2} ≤ 1/4.

We consider two cases: a) σ ≥ A^5, b) σ < A^5.

We first consider case a). We write

(2.3)

∫_T −T dt F (t) =

∫_A −A dt Re F (t) + ∫ A≤|t|≤T

dt Re F (t)

By lemmas 2.1 and 2.2 and the choice of A, (2.3) is larger than 1/2.

62 CHAPTER 2. EQUIVALENCE OF ENSEMBLES AND SPECTRAL GAP

We consider case b).

By duality, it’s not restrictive to assume ρ ≤ 1/2. By lemma A.2, condition b) corresponds to N < CA^{10}. Since

∫_T −T dt F (t) > Cμ(N_Λ = N) it’s enough to inferiorly bound μ(N_Λ = N).

We can write

(2.4) μ(N_Λ = N) = ∑ V ⊂Λ,|V |=N ∏ x∈V μ(η_x) ∏ x∈Λ\V

(1 − μ(η_x)).

By lemma A.2, ∃c : 0 < c < 1 such that ∀x ∈ Λ cρ ≤ μ(η_x) ≤ c^{−1}ρ. Since N ≤ C(A) if |Λ| ≥ v_0(A, c) then c^{−1}ρ ≤ 2^{−1}. In this case, by (2.4),

(2.5) μ(N_Λ = N) ≥ ( |Λ| N ) (cρ)^N ( 1 − ρ c )_{|Λ|−N} . We can write

(2.6) ( 1 − ρ c )_{|Λ|−N} = ( 1 − ρ c ) c_{ρ ·} N_{c (1−ρ)} . If |Λ| ≥ v^′_0(A, c) then ρ/c ≪ 1 and (1 −^ρ_c

) c_ρ ≥ 3^{−1}. Therefore (2.6) is inferiorly bounded by C(N) > 0.

Moreover, since ρ ≤ 1/2 it’s simple to check that

(_{|Λ|} N ) ≥ C(N)|Λ|^N .

Therefore, (2.5) is inferiorly bounded by a positive constant depending on N. Since, given A, N can assume a finite set of values, the thesis is proved.

Theorem 2.4. (Equivalence of ensembles) Let 0 < ϵ < 1 and 0 < δ < 1 be given.

Let α be a disorder configuration, Λ = ⊔^k_{i=1}Λ_i and N = {N_i}^k_{i=1}. We assume that ∀i = 1, . . . , k^{|Λi|}_{|Λ|} ≥ δ. Let f be a local function with support Δ_f ⊂ Λ and |Δ_f | ≤ |Λ|^{1−ϵ}.

If |Λ| ≥ v(ϵ, δ, k) then

|ν(f) − μ(f)| ≤ C(δ, k)‖f‖_∞

|Δ_f | |Λ| . P roof. We use Fourier representation (2.2). By proposition 2.3, if |Λ_i| ≥ v_0(k) then the denominator of (2.2) is larger than C^k_0 .

In order to estimate the numerator we apply lemma 2.5 (to which we refer for notation) with Δ^′ ≡ Δ_f . We write f = F +

∑_k j=1 α_j N_{Δf ∩Λj} .

We observe that F is a sort of projection of f orthogonal to each N_{Λj} since Δ_F ⊂ Δf and μ(F ; N_{Λj} ) = 0.

If |Λ| is enough large, by lemma 2.5 and (2.16),

2.1. EQUIVALENCE OF ENSEMBLES 63

|μ(f) − ν(f)| ≤ |μ(F ) − ν(F )| + k∑ j=1 |α_j| |μ(N_{Δf ∩Λj} ) − ν(N_{Δf ∩Λj} )|

≤ C(δ, k)‖f‖_∞

|Δ_f | |Λ| + C‖f‖_∞|Δ_f | sup_{y∈Λ} |μ(η_y) − ν(η_y)|.

(2.7)

We set a_{xy} ≡^{μ(ηx;ηx)}_{μ(ηy ;ηy )} and we fix i : 1 ≤ i ≤ k.

By the lemma 2.5, ∀x, y ∈ Λ_i,

μ(η_x) − ν(η_x) − a_{xy}(μ(η_y) − ν(η_y)) = ϵ_{xy} with |ϵ_{xy}| ≤ C|Λ_i|^{−1}. Since ∑ x∈Λ_i ( μ(η_x) − ν(η_x) ) = 0 we can conclude that for any y ∈ Λ_i

|μ(η_y) − ν(η_y)| ≤ ∑ x∈Λ_i |ϵxy| ∑ x∈Λ_i axy ≤ C |Λ_i| ≤ C(δ) |Λ| The above estimates and (2.7) imply the thesis.

Lemma 2.5. In the same setting of theorem 2.4, given Δ^′ ⊂ Λ we define A_j ≡ Δ_f ∩ Λ_j , A^′_j ≡ Δ^′ ∩ Λ_j and Δ_j ≡ A_j ∪ A^′_j .

We assume that |A_j | = |A^′_j | for any j = 1, . . . , k. If |Λ| ≥ v(ϵ, δ, k) then

(2.8)

∫_{T1}

−T_1

dt_1 . . .

∫_{Tk}

−T_k

dt_k|μ ( e^i

∑_k j=1 tj σj N̄_{Λj} ; F ) | ≤ C(δ, k)‖f‖_∞

|Δ_f | |Λ| where

F ≡ f − k∑ j=1 α_j N_A′_j and α_j ≡

μ(f;N_{Δj} ) μ(N_A′_j ;N_{Δj} ) if A ′ j ≠ ∅

0 otherwise. In particular,

(2.9) |μ(F ) − ν(F )| ≤ C(δ, k)‖f‖_∞

|Δ_f | |Λ| . Proof. We observe that, by the choice of α_j , F has support in Δ^′ ∪ Δ_f and μ(F ; N_{Δj} ) = 0 for each j.

By the Fourier representation (2.2) and proposition 2.3, (2.9) follows from (2.8).

64 CHAPTER 2. EQUIVALENCE OF ENSEMBLES AND SPECTRAL GAP

We set a_m ≡ min(m, 1 − m) for any density m and a_j ≡ a_{ρj} .

In order to prove (2.8) we set V_j ≡ Λ_j \ Δ_j and t_j ∈ [−T_j , T_j ]. Then

(2.10) μ ( e^i ∑ j tj σj N̄_{Λj} ; F ) = (∏ j μ ( e^i tj σj N̄_{Vj} )) μ ( e^i ∑ j tj σj N̄_{Δj} ; F ) . We observe that | |1 −

|V_j | |Λ_j | | | ≤ |Δ_f | |Λ_j | ≤ |Λ|^{−ϵ} δ . Therefore by lemmas 2.1 and A.2 if |Λ| ≥ v(ϵ, δ) then

(2.11) | ∏ j μ ( e^i tj σj N̄_{Vj} ) | ≤ ∏ j e −at^2_j σ2V j σ2Λ j ≤ e^{− a2} ∑ j t^2_j .

By Taylor expansion,

(2.12) μ(e^i ∑ j tj σj N̄_{Δj}

; F ) = μ ( ∏ j ( 1 + i t_j σ_j

N̄_{Δj} − t^{2j} 2σ^2_j

N̄^2_{Δj} e^{iG}j ); F )

where G_j is a real local function with support in Δ_j. We observe that μ(N_{Δj} ; F ) = 0 by the choice of α_j.

We expand the product in the second member of (2.12) and we integrate on t_1, . . . , t_k. By (2.11) the first member in (2.8) is bounded by a finite sum of terms of the following form:

a) |μ

(N̄^2_{Δj}

σ^2_j e^{iGj} ; F̄ ) | b) |μ

(N̄_{Δj}

σ_j

N̄_{Δs} σ_s ; F ) | j ≠ s

c) μ

(|N̄^{n1}_{Δj1} |

σ^{n1}_{j1}

. . .

|N̄^{ns}_{Δjs} | σ^{ns}_{js}

|F̄ | ) n_1 + · · · + n_s ≥ 3, j_a ≠ j_b if a ≠ b, n_a ∈ {1, 2}.

(2.13)

We observe that if j = 1 then we have to estimate only terms of the form |μ

(¯_N 2_{Δj}

σ^2_j e iG_j ; F̄ ) | and the proof is much shorter.

We assert that each of the above terms can be bounded by the second member of (2.8). First we observe that by lemma A.2

(2.14) Ca_j|Λ_j | ≤ σ^2_j ≤ C^′a_j |Λ_j | Ca_j ≤ μ(N_{Δj} ) ( 1 − μ(N_{Δj} ) ) ≤ C^′a_j

Case a).

2.1. EQUIVALENCE OF ENSEMBLES 65

It’s enough to estimate μ

(¯_N 2_{Δj}

σ^2_j | f̄| ) | and μ

(¯_N 2_{Δj}

σ^2_j |

N̄_{A′j} | ) | · |α_j |.

For the former it’s enough to apply lemma A.2 in order to bound it by C‖f‖_∞|Δ_j ||Λ_j |^{−1} which is bounded by C(δ)‖f‖_∞|Δ_f ||Λ|^{−1}.

In order to estimate the latter we first estimate α_j in the case that A_j ≠ ∅. We set F_j ≡ σ(η_x : x ∉ Δ_j).

By lemma A.2 and property (2.14),

(2.15) |μ(f; N_{Δj} )| = |μ ( μ(f; N_{Δj} | F_j ) )| ≤ C‖f‖_∞ min ( |Δ_j|a_j , √ |Δ_j |a_j ) . Since μ(N_A′_j ; N_{Δj} ) ≥ Ca_j|Δ_j |,

(2.16) |α_j| ≤ C‖f‖_∞ min(1, 1 √ a_j |Δ_j| ). Since μ(N̄^4_{Δj} ) ≤ Ca_j|Δ_j| + Ca^2_j |Δ_j|^2,

(2.17) μ(N̄^2_{Δj} |N̄_A′_j |) ≤ μ (¯ N^4_{Δj}

) 1_2 μ (¯ N^2_A′_j

) 1_2

≤ C max(a_j |Δ_j|, √ a_j|Δ_j |) √ a_j |Δ_j|.

By (2.14), (2.16) and (2.17) μ (N̄^2_{Δj}

σ^2_j

|N̄_A′_j | ) | · |α_j | ≤ C‖f‖_∞

|Δ_j | |Λ_j |

≤ C(δ)‖f‖_∞

|Δ_f | |Λ| . Case b).

By lemma (A.2), (2.14) and Schwarz inequality, |μ ( N̄_{Δj} σ_j

N̄_{Δs} σ_s ; f ) | ≤ C‖f‖_∞ σ_{Δj} σ_j σ_{Δs} σ_s

≤ C(k, δ)‖f‖_∞

|Δ_f | |Λ| . Moreover, since j ≠ s, for any r = 1, . . . k, μ(N̄_{Δj} N̄_{Δs} ; N_{Δr} ) = 0. Case c). By (2.16),

‖F̄ ‖_∞ ≤ ‖f‖_∞ + C‖f‖_∞ ∑ j |N̄_A′_j | ≤ C^′‖f‖_∞|Δ_f |.

Since the measure is product, the term of case c) in (2.13) can be bounded by

(2.18) ‖F ‖_∞ s∏ r=1 μ (|N̄^{nr}_{Δjr} | σ^{nr}_{jr} ) ≤ ‖F ‖_∞ s∏ r=1 |Δ_j |^{nr /2} |Λ_j |^{nr/2}

≤ C(k, δ)‖f‖_∞|Δ_f |

( |Δ_f | |Λ| ) 3_2 . As |Δ_f | ≤ |Λ|^{1−ϵ}, if |Λ| ≥ v(ϵ) then |Δ_f |^{3/2}|Λ|^{−3/2} ≤ |Λ|^{−1} and by (2.18) we have the thesis.

66 CHAPTER 2. EQUIVALENCE OF ENSEMBLES AND SPECTRAL GAP

We conclude the section with a technical tool.

Lemma 2.6. Let δ ∈ (0, 1), Λ = ⊔^k_{i=1}Λ_i and f be a function with support Δ_f ⊂ Λ such that |Λ_i \ Δ_f | ≥ δ|Λ_i| for any i = 1, · · · , k.

Then, there are constants C = C(k, δ) and v_0(k) such that if |Λ_i| ≥ v_0 ∀i = 1, . . . , k then

(2.19) ν(|f|) ≤ Cμ(|f|).

In particular,

(2.20) Var_ν (f) ≤ CVar_μ(f).

Proof. (2.20) is an easy consequence of (2.19). In order to prove (2.19), let f ≥ 0 and V_j ≡ Λ_j \ Δ_f . By Fourier transform

(2.21) ν(f) =

∫_{T1}

−T_1 dt1 . . .

∫_{Tk}

−T_k dtkμ ( e^i

∑_k j=1 tj σj N̄_{Λj} f ) ∫_{T1}

−T_1 dt1 . . .

∫_{Tk}

−T_k dtkF (t1, . . . , tk) .

By proposition 2.3, if Λ ≥ v_0(k) then the denominator in (2.21) is greater than C^k_0 . In order to bound the numerator, we observe that by lemma 2.1, lemma A.2 and the hypothesis |Λ_i \ Δ_f | ≥ δ|Λ_i|,

|μ ( e^i

∑_k j=1 tj σj N̄_{Λj} f ) | ≤ μ(f) k∏ j=1 |μ ( e^i tj σj N̄_{Vj} )

| ≤ μ(f) k∏ j=1 e^{−at} 2 j σ2V j σ2j ≤ μ(f) k∏ j=1 e^{−at2j Cδ}.

2.2 A key bound on special covariances

In this section we give some bounds of special covariances by applying the main ideas of [6], [7]. These special covariances will play an important role in chapter 3 and in derivation of estimates on the spectral gap by means of the recursive procedure of [6], [7]. We fix two functions h = h(α, η) and h^′ = h^′(α, η) depending only on α_0, η_0 and for any z ∈ Z^d we set h_z ≡ τ_zh and h^′_z = τ_zh^′.

Given disjoint boxes V and W and a canonical Gibbs measure ν on V ∪ W , with disorder configuration α and conditioned to have N_V particles in V and N_W particles in W , by proposition 2.11 we give an estimate of the covariance

ν(Av_{v∈V} h_vAv_{w∈W} h^′_w; g)

2.2. A KEY BOUND ON SPECIAL COVARIANCES 67

for a generic function g.

The estimate of the above covariance contains a term depending on α of which we give in proposition 2.13 some large deviations estimates thanks to the ergodicity of the disorder.

A fundamental tool is the following simple observation. Given a generic probability measure μ, a subalgebra F of measurable set and two functions f, g ∈ L^2(μ), then

(2.22) μ(f; g) ≡ μ ( μ(f; g | F) ) + μ ( μ(f | F); μ(g | F) ) . In particular

(2.23) Var(f) ≡ μ ( Var(f | F) ) + Var ( μ(f | F) ) .

Given a box let l_{min} and l_{max} be respectively the length of its shortest side and the length of its longest side. Then for any integer L we define

(2.24) R_L ≡ {A ⊂ Z^d : A is a box, L ≤ l_{min} ≤ l_{max} ≤ 1000L}.

In the following lemma we use the notation of section 2.3. The proof can be found in [8].

Lemma 2.7. ∃κ(B), C(B) > 0 such that for any integer L, any Λ ∈ R_L and any disorder configuration α

(2.25) min_{N∈[0,|Λ|]} gap L^α_{Λ,N} ≥ Ce^{−κLd−1} .

Lemma 2.8. There exist constant v_0 and C_0 having the following property.

Let ν be a generic canonical measure on V ∈ F with particles number N and disorder α. We write ρ ≡^N_{|V |} .

If |V | ≥ v_0 then, for any function g with support in V ,

ν(Av_{v∈V} h_v; g)^2 ≤ C‖h‖^2_∞ min(ρ, 1 − ρ)|V |^{−1}V ar_ν (g).

Proof. We set μ ≡ μ^{α,λV (α,N)}. By Schwarz inequality and lemma 2.6,

ν(Av_{v∈V} h_v; g)^2 ≤ |V |^{−2}V ar_μ( ∑ v∈V h_v)V ar_ν (g).

It’s enough to observe that for s ∈ {0, 1}

V ar_μ(h_x) ≤ μ([h_x − h_x(s)]^2) ≤ ‖h‖^2_∞μ ( (δ_{0,s}η_x + δ_{1,s}(1 − η_x) ) .

68 CHAPTER 2. EQUIVALENCE OF ENSEMBLES AND SPECTRAL GAP

Let L ≥ l be integers and V ∈ R_L. We fix an integer N ∈ [0, |V |]. We set m_V ≡ N/|V | and μ ≡ μ^{α,λV (α,NV )} ν ≡ μ^α_{V,NV} .

We subdivide V as follows

(2.26) V = ⊔_{i∈I} Q_i with Q_i ∈ R_l ∀i ∈ I and we define h_i ≡ ∑ v∈Q_i hv and Ni ≡ NQi . Then we set

(2.27) G^{V,α}_{l,L,N} ≡ Av_{i∈I} Δ^2_i ,

where Δ_i ≡^{ai}_{bi} −^A_B with

a_i = μ^{α,λV (α,N)}(h_i; N_i) A = E [ μ^{α,λ0(mV )}(h_0; η_0) ] b_i = μ^{α,λV (α,N)}(N_i; N_i) B = E [ μ^{α,λ0(mV )}(η_0; η_0) ] . When there is no ambiguity, we often write G^{V,α} in place of G^{V,α}_{l,L,N} . We fix a canonical measure ν on V with density m_V and disorder configuration α. The following proposition corresponds to the Lu-Yau’s Two Blocks Estimate, see [20], [6], [7].

Proposition 2.9. Let 0 < δ <^1_2 . If L ≥ l ≥ l_0(δ) then for α, ν, V and {Q_i}_{i∈I} as above, given a local function g with support in V ,

(2.28) ν(Av_{v∈V} h_v; g)^2 ≤

C(l) |V |

D_ν (g) + Cδ |V |

V ar_ν (g) + C |V |

F (m_V )V ar_ν (g)G^{V,α}_{l,L,N} ,

where F (m) ≡ I_{{m∈[δ,1−δ]}}.

P roof. For simplicity of notation we assume V to be a cube with side L. We assume that l_0 is large enough to apply the results of section 2.1 when necessary. We fix a disorder α and when there is no ambiguity we omit it from standard notation. We write H ≡ Av_{v∈V} h_v and given a function f we set ~∇_xf(η) ≡ (1 − η_x)∇_xf(η) − η_x∇_xf(η).

Extreme density

If m_V ∈ [0, δ) ∪ (1 − δ, 1] then the thesis follows from lemma 2.8.

2.2. A KEY BOUND ON SPECIAL COVARIANCES 69

Non extreme density

In what follows we assume m_V ∈ [δ, 1 − δ].

Let F ≡ σ ( N_{Qi} : i ∈ I ) and λ_i(α, S) ≡ λ_{Qi} (α, S) for any S ∈ [0, |Q_i|].

The proof is based on the fundamental estimate

(2.29) ν(H; g)^2 ≤ 2ν ( ν(H; g|F)

)_2

+ 2ν ( ν(H|F); g

)_2 .

• We consider ν ( ν(H; g|F)

)_2 . By observing that ν(·|F)(η) is the product measure ∏ i∈I μ^α_{Qi,Ni(η)} and applying lemma

2.7, ν ( V ar_ν (g|F) ) ≤ C(l)ν ( D_ν (g|F) ) = C(l)D_ν (g).

Therefore, by Schwarz inequality and by lemma 2.6

(2.30) ν ( ν(H; g|F)

)_2

≤ V ar_μ(H)ν ( V ar_ν (g|F) ) ≤ C(l)L^{−d}D_ν (g).

• The rest of the proof is devoted to the estimate of ν ( ν(H|F); g

)_2 . For any γ ∈ R

ν ( ν(H|F); g

)_2

≤ V ar_ν (ν(H|F))V ar_ν (g) = L^{−2d}V ar_ν ( ∑ i∈I ν(h_i − γN_i|N_i) ) V ar_ν (g).

We define

G^γ_i (η) ≡ ν(h_i − γN_i|N_i) = μ^α_{Qi,Ni(η)}(h_i − γN_i) and ξ^γ_i (η) ≡ μ^{α,λi(α,Ni(η))}(h_i − γN_i).

By lemma 2.6,

V ar_ν ( ∑ i∈I G^γ_i ) ≤ C ∑ i∈I V ar_μ(G^γ_i ).

By the equivalence of ensembles, ‖G^γ_i − ξ^γ_i ‖_∞ ≤ C.

By collecting the previous estimates we obtain

(2.31) ν ( ν(H|F); g

)_2

≤ CL^{−d}l^{−d}Var_ν (g) + CL^{−2d}Var_ν (g) ∑ i∈I Var_μ(ξ^γ_i )

and if l is enough large L^{−d}l^{−d}Var_ν (g) is bounded by C|Λ|^{−1}δVar_ν (g).

By Poincaré inequality for Glauber dynamics,

70 CHAPTER 2. EQUIVALENCE OF ENSEMBLES AND SPECTRAL GAP

(2.32) ∑ i∈I V ar_μ(ξ^γ_i ) ≤ C ∑ i∈I ∑ y∈Q_i

μ(( ~∇_yξ^γ_i )^2).

Since ∂_S λ_i(S) = [ μ^{λi(S)}(N_i; N_i) ]^{−1}, we can write

(2.33) ~∇_yξ^γ_i (η) =

∫_{Ni(η)+ηy}

N_i(η)+η_y −1

( μλ_i(S)(h_i; N_i) μ^{λi(S)}(N_i; N_i) − γ ) dS. By choosing γ = A/B, the integrand in (2.33) can be written as R_i(S) − Δ_i where

(2.34) R_i(S) ≡ μ^{λi(S)}(h_i; N_i) μ^{λi(S)}(N_i; N_i) − μ(h_i; N_i) μ(N_i; N_i) ,

and then | ~∇_yξ^γ_i (η)| ≤ Δ_i +

∫_{Ni(η)+1}

N_i(η)−1 |Ri(S)|dS.

Let n_i = μ(N_i). We observe that λ_i(n_i) = λ_V (α, N). By writing the denominator and the numerator of the first addendum in (2.34) as integrals of their derivatives in S, we obtain the following representation

R_i(S) = 1 μ(N_i; N_i) (∫ S n_i

μ^{λi(S′)}(h_i; N_i; N_i) μ^{λi(S′)}(N_i; N_i) dS^′ + μ^{λi(S)}(h_i; N_i) μ^{λi(S)}(N_i; N_i)

∫_S

n_i

μ^{λi(S′)}(N_i; N_i; N_i) μ^{λi(S′)}(N_i; N_i) dS^′ ) . Since

|μ^{λi(S′)}(h_i; N_i; N_i)| ≤ ∑ x∈Q_i

|μ^{λi(S′)}(h̄_xη̄^2_x)| ≤ ‖h‖_∞μ^{λi(S′)}(N_i; N_i)

and by lemma A.2, (2.33) implies

|R_i(S)| ≤ C

|S − n_i| μ(N_i; N_i)

| ~∇_yξ^γ_i | ≤ |Δ_i| + C

2 + |N − n_i| μ(N_i; N_i) . Therefore, thanks to (2.32),

(2.35) ∑ i∈I V ar_μ(ξ^γ_i ) ≤ Cl^d ∑ i∈I Δ^2_i + Cl^d ∑ i∈I 1 μ(N_i; N_i)^2

+ Cl^d ∑ i∈I 1 μ(N_i; N_i) .

By lemma A.2 and the hypothesis m_a ∈ [δ, 1 − δ], μ(N_i; N_i) ≥ Cδl^d. Therefore, the second and third addendum in (2.35) are bounded respectively by C(δ)L^dl^{−2d} and C(δ)L^dl^{−d}. These estimates and (2.31) permit to conclude the proof.

2.2. A KEY BOUND ON SPECIAL COVARIANCES 71

Lemma 2.10. In the same setting of (2.26) and (2.27) , if m_V ≠ 0, 1, then for any i ∈ I

m_V (1 − m_V )|Δ_i| ≤ |m_V − μ^{α,λ0(mV )}(m_V )|

+ |Av_{x∈Qi} ( μ^{α,λ0(mV )}(h_x; η_x) − E [ μ^{α,λ0(mV )}(h_x; η_x) ) ] | + |Av_{x∈Qi} ( μ^{α,λ0(mV )}(η_x; η_x) − E [ μ^{α,λ0(mV )}(η_x; η_x) ) ] |. P roof. Let for example m_V ≤^1_2 , A_i ≡ |Q_i| A and B_i ≡ |Q_i| B. Then, by lemma A.2,

b_i ≥ Cm_V l^d, B_i ≥ Cm_V l^d |a_i| ≤ C‖h‖_∞m_V l^d |A_i| ≤ C‖h‖_∞m_V l^d.

Since Δ_i =^{ai}_{biBi} (B_i − b_i) +^{ai−Ai}_{Bi} , we obtain

|Δ_i| ≤ C m_V l^d

(|a_i − A_i| + |b_i − B_i|).

We can estimate |a_i − A_i| ≤ D + E with

D ≡ |μ^{α,λV (α,mV )}(h_i; N_i) − μ^{α,λ0(mV )}(h_i; N_i)|

E ≡ |μ^{α,λ0(mV )}(h_i; N_i) − E [ μ^{α,λ0(mV )}(h_i; N_i) ] |. By lemma A.4, D ≤ Cl^d|m_V − μ^{α,λ0(mV )}(m_V )|. It’s simple to conclude the proof with a similar estimate of |b_i − B_i|.

Given a pair of boxes V and W we write

(2.36) V ∼ W

if V ∩ W = ∅ and there is a face F_V of V , a face F_W of W and a unit vector z such that F_V = F_W + z.

We consider two disjoint boxes V, W ∈ R_L, V ∼ W , which are subdivided in boxes belonging to R_l:

V = ⊔_{i∈I} Q_i W = ⊔_{j∈J} Q_j.

We fix integers N_V ∈ [0, |V |] and N_W ∈ [0, |W |]. Let α be a disordered configuration and ν be a multi-canonical measure on V ∪ W with N_V [N_W ] particles in V [W ] and disorder configuration α.

Let G^{V,α} be as in (2.27) and let G^{W,α} be its analog for the box W with respect to the subdivision W = ⊔_{j∈J} Q_j and the function h^′.

Proposition 2.11. (Bound on special covariances) Let 0 < δ <^1_2 . If L ≥ l ≥ l_0(δ) then for α, V, W and ν as above and for any local function g with support in Λ ≡ V ∪ W ,

72 CHAPTER 2. EQUIVALENCE OF ENSEMBLES AND SPECTRAL GAP

ν(Av_{v∈V} h_v Av_{w∈W} h^′_w; g)^2 ≤ C(l) |Λ| D_ν (g) + Cδ |Λ| V ar_ν (g) + C |Λ| V ar_ν (g) [ F (m_V )G^{V,α} + F (m_W )G^{W,α} ]

where F (m) ≡ I_{m∈[δ,1−δ]}.

P roof. Let H ≡ Av_{v∈V} h_v, H^′ ≡ Av_{w∈W} h^′_w, F_V ≡ σ(η_V ) and F_W ≡ σ(η_W ). Then

ν(HH^′; g) = ν ( ν(HH^′; g|F_W ) ) + ν ( ν(HH^′|F_W ); g ) = ν(H^′ν(H; g|F_W ) ) + ν(H)ν(H^′; g).

Since ν(H^′; g) = ν ( ν(H^′; g|F_V ) )

(2.37) ν(HH^′; g)^2 ≤ 2‖h^′‖^2_∞ν ( ν(H; g|F_W )^2 ) + 2‖h‖^2_∞ν ( ν(H^′; g|F_V )^2 ) . The thesis follows by (2.37) and proposition 2.9.

Lemma 2.12. Let f = f(α_0) and f_x ≡ τ_xf. Let V ∈ R_L be subdivided as V = ⊔_{i∈I} Q_i with Q_i ∈ R_l.

For any γ > 0 if L ≥ l ≥ l(γ, ‖f‖_∞) then

(2.38) P( α : Av_{i∈I} (Av_{x∈Qi} f_x − E(f))^2 ≥ γ ) ≤ 2e^{−C(‖f‖∞ )γ2 L} d ld .

Proof. Let F_i ≡ (Av_{x∈Qi} f_x − E(f))^2 and F̄_i ≡ F_i − E(F_i). By proposition A.1, for any 0 < δ < 1,

E(F_i) ≤ ‖f‖^2_∞P ( |Av_{x∈Qi} f_x − E(f)| ≥ δ ) + ‖f‖^2_∞δ^2 ≤ ‖f‖^2_∞(2e^{−C(‖f‖∞ )δ2 ld} + δ^2).

Therefore, by choosing δ small enough, if l ≥ l(γ, ‖f‖_∞) then E(F_i) ≤ γ/2 for any i. In this case,

(2.39) P( α : Av_{i∈I} F_i ≥ γ ) ≤ P( α : Av_{i∈I}F̄_i ≥ γ 2 ). As in the proof of proposition A.1, for any t ≥ 0 and ∀i ∈ I, E(e^{tF̄i} ) ≤ e^{Kt2} where K = K(‖f‖_∞). Since the boxes Q_i are disjoint, E(e^{tAvi∈I F̄i} ) ≤ e^{Kt2|I|−1} . Therefore, by the same arguments of proposition A.1 and by (2.39) we obtain the thesis.

Proposition 2.13. We assume the same setting of proposition 2.11 and we define h^{(1)}_x ≡ η_x, h^{(2)}_x ≡ h_x and h^{(3)}_x ≡ h^′_x.

Then G^{V,α} + G^{W,α} ≤ CY^α_{V,W} where

2.3. SPECTRAL GAP 73

Y^α_{V,W} ≡ Y^α_V + Y^α_W + 2∑ r=1 Y^α_{V,r} + 2∑ r=1 Y^α_{W,r},

Y^α_V ≡ sup_{m∈ML} Y^α_V (m) Y^α_{V,r} ≡ sup_{m∈ML} Y^α_{V,r}(m),

Y^α_V (m) ≡ m^{−2}(1 − m)^{−2}(m − μ^{α,λ0(m)}(m_V ))^2,

Y^α_{V,r} ≡ m^{−2}(1 − m)^{−2}Av_{i∈I} ( Av_{x∈Qi} μ^{α,λ0(m)}(h^{(r)}_x ; η_x) − E [ μ^{α,λ0(m)}(h^{(r)}_0 ; η_0) ])2 , M_L ≡ { 1 (1000!L)^d , 2 (1000!L)^d

, . . . , 1 − 1 (1000!L)^d }

and Y^α_W , Y^α_{W,r}, Y^α_W (m), Y^α_{W,r}(m) are defined in the same way with W in place of V and J in place of I.

Moreover, for any γ > 0 if L ≥ l ≥ l(γ) then

(2.40) P( α : Y^α_{V,W} ≥ γ ) ≤ C(γ, l)e^{−C′(γ,l)Ld}

P roof. The estimate G^{V,α} + G^{W,α} ≤ CY^α_{V,W} derives from lemma 2.10. In what follows, we prove (2.40).

Let Y (m) be one of the functions Y^α_V (m), Y^α_{V,r}(m), Y^α_W (m) and Y^α_{W,r}(m). Then

(2.41) P(α : sup_{m∈ML} Y (m) ≥ γ) ≤ ∑ m∈M_L

P(α : Y (m) ≥ γ 2 ).

The r.h.s. of (2.41) can be estimated by proposition A.1 if Y (m) = Y^α_V (m), Y^α_W (m) and by lemma 2.12 if Y (m) = Y^α_{V,r}(m), Y^α_W (m).

2.3 Spectral Gap

Given a disorder configuration α, a box Λ and an integer N ∈ [0, |Λ|] we write ρ for the density N/|Λ|, ν for the canonical measure ν^α_{Λ,N} and μ for the grand canonical measure μ^{α,λΛ(α,N)}.

Let L^α_{Λ,N} be the infinitesimal generator ∑ b∈Λ L_b, understood as operator in L^2(ν).

Moreover, we define

(2.42) g_α(Λ) ≡ min_{N∈[0,|Λ|]} gap L^α_{Λ,N} γ_α(Λ) ≡ g^{−1}_α (Λ)L^{−2} with Λ ∈ R_L.

We observe that γ_α(Λ) is well-defined except for a multiplicative factor in [10^{−2}, 10^2].

In this section, we inferiorly estimate the spectral gap g_α(Λ) by following the method introduced in [6].

In particular, we concentrate on boxes not too slim, that is in R_L for some L.

74 CHAPTER 2. EQUIVALENCE OF ENSEMBLES AND SPECTRAL GAP

In theorem 2.14 we give an estimate of g_α(Λ)^{−1} in terms of g_α(V )^{−1} and g_α(W )^{−1} where V, W are two disjoint adjacent boxes in R_L such that Λ = V ∪ W .

The fundamental difference from [6] is that now the above estimate is not close and present a term which depend on the disorder α, of which we give some large deviations estimates.

2.3.1 A theorem for the recursive procedure

We fix a disorder configuration α. Let V, W ∈ R_L with V ∼ W and Λ = V ∪ W , where R_L is defined as in (2.24) and the relation ∼ is defined as in (2.36).

Theorem 2.14. Let 0 < ϵ < 1. If l ≥ l_0(ϵ), l^′ = (ϵ)^{− 1}4d and L ≥ L(l, ϵ) ≥ l ∨ l^′ then

(2.43) g^{−1}_α (Λ) ≤ (1 − A)^{−1} ( g^{−1}_α (V ) ∨ g^{−1}_α (W ) + CL^2 ) where

(2.44) A ≡ C_0ϵ + C_0ϵ^{14} + C_0(ϵ)Y^α_{V,W} + C_0Z^α_{V,W}

and Y^α_{V,W} and Z^α_{V,W} are defined as follows.

We fix some subdivisions of V and W in boxes belonging to R_l and then in boxes belonging to R_l′

V = ⊔_{i∈I} Q_i W = ⊔_{j∈J} Q_j Q_i ∈ R_l, Q_j ∈ R_l,

(2.45) V = ⊔_i′_{∈I}′ Q_i′ W = ⊔_j′_{∈J} ′ Q_j′ Q_i′ ∈ R_l′ , Q_j′ ∈ R_l′ .

(2.46)

Then Y^α_{V,W} is defined as in proposition 2.13 with respect to the subdivisions in (2.45) and Z^α_{V,W} is defined as ∑ s=±1

Av_i′_{∈I}′ ( Av_{x∈Qi′} e^{sαx} − E(e^{sα0} )

)_2 + ∑ s=±1

Av_j′_{∈J} ′ ( Av_{x∈Qj′} e^{sαx} − E(e^{sα0} )

)_2 . Remark. For any integer l and any box A with sides of length not smaller than l we fix once for all a subdivision A = ⊔_{s∈S} Q_s with Q_s ∈ R_l.

Therefore, if l ∨ l^′ ≤ L and V, W ∈ R_L as in theorem 2.14 then Y^α_{V,W} and Z^α_{V,W} are univocally determined.

The rest of this subsection is devoted to the proof of theorem 2.14. We follow the method introduced in [6]. Almost all the results in [6] are valid also for the disordered model under consideration and can be proved with slight modifications of the arguments given in [6]. Often, the proofs are shorter as the measure μ^α is product. We will only briefly describe this common part.

The true difference appears in the estimate of the term (that we will explain) ∑ n (γ(n) ∧ γ(n − 1))B(n)^2

2.3. SPECTRAL GAP 75

which is based on bounds of special covariances, some of which have been developed in section 2.2.

Let ν be a canonical measure on Λ with N particles. We write ρ = N/|Λ|. We assume 0 < ρ ≤ 1/2. The cases ρ = 0, 1 are trivial, while the case 1/2 ≤ ρ < 1 can be treated in a similar way by duality.

Let n_{min} and n_{max} be the smallest and largest possible value of N_V under the constraint that N_Λ = N. Moreover, we set I ≡ {n ∈ [n_{min}, n_{max}] : n is an integer}.

We fix a function f with support in Λ.

• Let F ≡ σ( N_V , N_W ). By rule (2.23),

(2.47) Var_ν (f) = ν ( Var_ν (f | F) ) + ν ( Var(f_1) )

where f_1 ≡ ν(f | F).

We observe that the measure ν(· | F)(η) is the product the canonical measures on V and W . Therefore

(2.48) ν ( Var_ν (f | F) ) ≤ ( g_α(V )^{−1} ∨ g_α(W )^{−1} ) D_ν (f).

In what follows we concentrate on ν ( Var(f_1) ) . Since we can think f_1 as a function of N_V , given n ∈ I we write f_1(n) for ν(f | N_V = n).

• A fundamental result is the following estimate of the spectral gap of one-dimensional discrete random walks, [6] section E.

Proposition 2.15. Let γ be a positive probability measure on the integers Ω ≡ {N_1, N_1 + 1, . . . , N_2} and let N^∗ be the largest integer such that ∑ n≤N^∗ γ(n) ≤ 1/2. Then, for all

functions f on Ω we have

Var_γ (f) ≤ C_γ

N_2∑

n=N_1+1

( γ(n) ∧ γ(n − 1) )[f(n) − f(n − 1)]^2

where

C_γ ≡ 4 max [( sup n≤N^∗+1 ∑ j≤n γ(j) γ(n)

)_2 , ( sup n≥N^∗ ∑ j≥n γ(j) γ(n)

)_2] . If for some N̄ ∈ [N_1, N_2] and α > 0

γ(j − 1) γ(j)

≤ e^{−α(N̄ −j)} if j ≤ N̄ γ(j + 1) γ(j)

≤ e^{−α(j−N̄ )} if j ≥ N̄

then C_γ ≤ C max

{_1

α , 1 } .

76 CHAPTER 2. EQUIVALENCE OF ENSEMBLES AND SPECTRAL GAP

• We will apply proposition 2.15 in the case that γ is the probability measure on I such that

γ(n) ≡ ν(N_V = n).

Let N^∗_V ≡ μ(N_V ), then by lemma A.2 N^∗_V ≤ Cρ|V |. By proposition 2.15 it can be proved the following theorem.

Theorem 2.16. For any function f depending on N_V

Var_ν (f) ≤ CN^∗_V

n_{max}∑

n=n_{min}+1

(γ(n) ∧ γ(n − 1))[f(n) − f(n − 1)]^2.

In particular, theorem 2.16 can be applied to the function f_1. • We set

E_{xz} ≡ {η ∈ Ω_Λ : η(x) = 1 η(z) = 0} ∀x, z ∈ Λ c_n ≡ n(|W | − N + n) n ∈ I c^′_n ≡ n(|V | − N + n) n ∈ I.

We indicate by [x] the integer part of x. Then we set u ≡ [ρ|V |] and H ≡ − ∑ x∈Λ α_xη_x.

Given n such that n_{min} < n ≤ n_{max}, we define

A(n) ≡

{_1

c_n γ(n−1) γ(n) ∑ x∈V,z∈W ν[(∇xzf)IEzx e

−∇_{xz}H | N

V = n − 1] if n ≤ u 1 c^′_{N−n+1} γ(n) γ(n−1) ∑ x∈V,z∈W ν[(∇xzf)IExz e

−∇_{xz} H | N

V = n] otherwise

B(n) ≡

{_1

c_n γ(n−1) γ(n) ∑ x∈V,z∈W ν[f; e

−∇_{xz}H I

E_{zx} | NV = n − 1] if n ≤ u 1 c^′_{N−n+1} γ(n) γ(n−1) ∑ x∈V,z∈W ν[f; e

−∇_{xz}H I E_{xz} | NV = n] otherwise.

(2.49)

We observe that the functions ∑ x∈V,z∈W

ν(I_{Ez,x} | N_V = n − 1) and ∑ x∈V,z∈W

ν(I_{Ex,z} | N_V = n)

are constant, and therefore the above definition of B(n) doesn’t differ to that in [6]. As in section G of [6], it can be proved that

n_{max}∑

n=n_{min}+1

(γ(n) ∧ γ(n − 1))[f_1(n) − f_1(n − 1)]^2 ≤

2 n_{max}∑

n=n_{min}+1

(γ(n) ∧ γ(n − 1))[A(n)^2 + B(n)^2].

By the above equation and theorem 2.16,

2.3. SPECTRAL GAP 77

(2.50) Var_ν (f_1) ≤

CN^∗_V

n_{max}∑

n=n_{min}+1

(γ(n) ∧ γ(n − 1))A(n)^2 + CN^∗_V

n_{max}∑

n=n_{min}+1

(γ(n) ∧ γ(n − 1))B(n)^2.

• Estimate of the first addendum in the r.h.s. of (2.50).

Given x, z ∈ Z^d let γ_{x,z} be defined as in section 1.14. We set

G ≡ max_{b∈Λ} |{(x, z) ∈ V × W : b ∈ γ_{x,z}}|

D ≡ max

(x,z)∈V ×W

|γ_{x,z}|.

Similarly to section H of [6], by the Moving Particles lemma it can be proved that

CN^∗_V

n_{max}∑

n=n_{min}+1

(γ(n) ∧ γ(n − 1))A(n)^2 ≤ CN^∗_V GD ρ(1 − ρ)|V ||W | ∑ b∈Λ ν ( (∇_bf)^2 ).

Given b ∈ Λ with b = {y, y + e_i} and b ∈ γ_{x,z} then y_j = z_j if j = 1, . . . , i − 1 and y_j = x_j if j = i + 1, . . . , n. Therefore, |G| ≤ CL^{d+1}. Since |D| ≤ CL,

(2.51) N^∗_V

n_{max}∑

n=n_{min}+1

(γ(n) ∧ γ(n − 1))A(n)^2 ≤ CL^2D_ν (f)

• Estimate of the second addendum in the r.h.s. of (2.50). We assume, for example, n ≤ u.

In what follows we write ν̄ for the multi-canonical measure ν(· | N_V = n − 1) and μ̄ for the grand multi-canonical measure on Λ with chemical potentials λ_V (α, n − 1) on V and λ_W (α, N − n + 1) on W . As in [6] it can be proved that 1 c_n γ(n − 1) γ(n) ≤ 1 ρ|V ||W | .

Therefore

(2.52) N^∗_V B(n)^2 ≤ C |Λ| ρ ν̄ ( f; ( Av_{x∈V} e^{αx} (1 − η_x) ) ( Av_{z∈W} e^{−αz} η_z ) )2 . Let 0 < ϵ < 1. In what follows we distinguish two cases.

78 CHAPTER 2. EQUIVALENCE OF ENSEMBLES AND SPECTRAL GAP

Non extreme density: ρ ≥ ϵ.

By (2.52) and by proposition 2.11 with δ ≡ ϵ^2, given L ≥ l ≥ l_0(δ) and subdivisions

V = ⊔_{i∈I} Q_i W = ⊔_{j∈J} Q_j where Q_i, Q_j ∈ R_l,

if ρ ≥ ϵ then

(2.53)

N^∗_V B(n)^2 ≤ C(l, ϵ)D_{ν̄} (f) + CϵV ar_{ν̄} (f) + C(ϵ)V ar_{ν̄} (f)ν̄ ( F (m_V )G^{V,α} + F (m_W )G^{W,α} )

where m_V ≡ N_V /|V |, m_W ≡ N_W /W and F (m) ≡ I_{m∈[ϵ}2_{,1−ϵ}2_].

By (2.53) and proposition 2.13,

N^∗_V

n_{max}∑

n=n_{min}+1

(γ(n) ∧ γ(n − 1))B(n)^2 ≤

C(l, ϵ)D_ν (f) + CϵV ar_ν (f) + C(ϵ)V ar_ν (f)Y^α_{V,W} .

(2.54)

Extreme density ρ ≤ ϵ.

By proposition 2.17, since l^′ = ϵ^{− 1}4 if ρ ≤ ϵ,

N^∗_V

n_{max}∑

n=n_{min}+1

(γ(n) ∧ γ(n − 1))B(n)^2 ≤

C(l^′)D_ν (f) + Cϵ^{14} Var_ν (f) + CVar_ν (f)Av_j′_{∈J} ′ ( Av_{z∈Qj′} e^{−αz} − E(e^{−α0} )

)_2 . (2.55)

• By (2.47), (2.48), (2.50), (2.51), (2.54) and (2.55) we obtain (2.43).

Proposition 2.17. Let Λ = V ∪ W with V, W ∈ R_L and V ∼ W . Let ν be a canonical measure on Λ with density ρ.

Let 0 < ρ <^1_2 , L ≥ l and W be subdivided as W = ⊔_{j∈J} Q_j with Q_j ∈ R_l. Let n be a possible values in N_V for the canonical measure ν. We assume that n ≤ [ρ|V |] and write ν̄ for the multi-canonical measure ν(· | N_V = n). Then for any function f with support in Λ,

ν̄ ( f; ( Av_{x∈V} e^{αx} (1 − η_x) ) ( Av_{z∈W} e^{−αz} η_z ) )2 ≤ C(l) ρ |Λ| D_{ν̄} (f) + Cl^{3d} ρ^2 |Λ| Var_{ν̄} (f) + C ρ |Λ| Var_{ν̄} (f)Av_{j∈J} ( Av_{z∈Qj} e^{−αz} − E(e^{−α0} )

)_2 . (2.56)

2.3. SPECTRAL GAP 79

Proof. We write μ̄ for the grand multi-canonical measure on Λ with chemical potentials λ_V (α, n) on V and λ_W (α, N − n) on W . We observe that n/|V | ≤ Cρ and (N − n)/|W | ≤ Cρ.

We first prove that in (2.56) the term e^{αx} (1 − η_x) can be substituted by e^{αx} . In particular, we assert that

(2.57) Var_{ν̄} (( Av_{x∈V} e^{αx} η_x ) ( Av_{z∈W} e^{−αz} η_z ) ) ≤ C ρ^2 |Λ| . In fact, by lemma 2.6 the first member of (2.57) is bounded by C |Λ|^4 ∑ x,x^′∈V ∑ z,z^′∈W

¯|μ(η_xη_z; η_{x′} η_{z′} )|

which is bounded by C

(_ρ3

|Λ|^3 + ρ^2 |Λ|^2 ) and that proves (2.57).

By (2.57) and Schwarz inequality, it remains to estimate C|Λ|^{−2}ν̄ ( f; ∑ z∈W e^{−αz} η_z

)_2 . Let N_j ≡ N_{Qj} , F ≡ σ( η_V , {N_j }_{j∈J} ) and F ≡ ∑ z∈W e^{−αz} η_z. By rule (2.23),

(2.58) ν̄(f; F )^2 ≤ 2ν̄ ( ν̄(f; F | F)

)_2 + 2ν̄ ( f; ν̄(F | F)

)_2 . Since ν̄(· | F)(η) on W is the product of the canonical measures μ^α_{Qj ,NQj (η)},

(2.59) |Λ|^{−2}ν̄ ( ν̄(f; F | F)

)_2

≤ |Λ|^{−2}C(l)D_{ν̄} (f)Var_{ν̄} (F ) ≤ C(l) ρ |Λ| D_{ν̄} (f).

By Schwarz inequality the second member in (2.58) is bounded by 2Var_{ν̄} (f)Var_{ν̄} ( ν̄(F | F) ) . By lemma 2.6, for any γ ∈ R

Var_{ν̄} ( ν̄(F | F) ) = Var_{ν̄} ( ν̄(F | F) − γN_W ) ≤ C ∑ j∈J Var_{μ̄}(ξ_j )

where

ξ_j(η) ≡ ∑ z∈Q_j

μ^α_{Qj ,Nj (η)}([e^{−αz} − γ]η_z)

We write ξ_j = ξ_jI_{Nj =1} + ξ_j I_{Nj ≥2}. We observe that

ξ_jI_{Nj =1} = ( ( Av_{z∈Qj} e^{αz}

)_{−1} − γ ) I_{Nj =1}.

By choosing γ ≡ ( E(e^{α0} )

)_{−1}

, then

|ξ_j|I_{Nj =1} ≤ C|Av_{z∈Qj} e^{αz} − E(e^{α0} )|I_{Nj =1}.

Since, μ̄(I_{Nj =1}) ≤ Cl^dρ

80 CHAPTER 2. EQUIVALENCE OF ENSEMBLES AND SPECTRAL GAP

(2.60) |Λ|^{−2} ∑ j∈J Var_{μ̄}(ξ_j I_{Nj =1}) ≤ C ρ |Λ| Av_{j∈J} ( Av_{z∈Qj} e^{αz} − Ee^{α0}

)_2 .

We observe that ‖ξ_j ≤ Cl^d and μ̄(I_{Nj ≥2}) ≤ Cρ^2l^{2d}. Therefore

(2.61) |Λ|^{−2} ∑ j∈J Var_{μ̄}(ξ_j I_{Nj ≥2}) ≤ C|Λ|^{−2}l^{2d} ∑ j∈J μ̄(N_j ≥ 2) ≤ C|Λ|^{−1}ρ^2l^{3d}.

Thanks to (2.59), (2.60) and (2.61), we estimate |Λ|^{−2}ν̄ ( f; ∑ z∈W e^{−αz} η_z

)_2

obtaining the thesis.

2.3.2 Recursive Estimate

Given Λ ∈ F and an integer S we define

A_{S,Λ} ≡ { {V, W } : V, W ⊂ Λ, V, W ∈ R_S and V ∼ W }.

We fix γ ≡ (1 − 2^{− 1}d ). In what follows we explain how to choose the constants ϵ, l^′, l.

Let C_0 be as in (2.44).

By lemma 2.12, there exists ϵ_0 such that if ϵ ≤ ϵ_0 then ∀L ≥ l^′ with l^′ ≡ ϵ^{− 1}4d and for any V, W ∈ R_L with V ∼ W

(2.62) P(α : C_0Z^α_{V,W} ≥ γ 4 ) ≤ 2e^{−C(ϵ)Ld} .

Let ϵ_1 such that C_0(ϵ_1 + ϵ^{14}_1 ) ≤ γ/4 and we choice ϵ ≡ ϵ_0 ∧ ϵ_1. We choose l with the property that ∀L ≥ l and for any V, W ∈ R_L with V ∼ W

(2.63) P(α : C_0(ϵ)Y^α_{V,W} ≥ γ 4 ) ≤ Ce^{−C′Ld}

C, C^′ depending on γ, l, ϵ. By proposition 2.13 this choice is legitim.

We observe that if

(2.64) C_0(ϵ)Y^α_{V,W} ≤ γ 4 and C_0Z^α_{V,W} ≤ γ 4 then A ≤ γ, where A is as in theorem 2.14.

2.3. SPECTRAL GAP 81

Definition 2.18. Let Λ ∈ R_L. Given a positive number L^′ we define

Θ̄(Λ, L^′)

as the set of disorder configurations α such that, for any integer S : L^′ ≤ S ≤ L and for any (V, W ) ∈ A_{S,Λ}, (2.64) is satisfied. Given M > 0 we set

Θ(Λ, M) ≡ Θ̄(Λ, (M ln L)^{1d} ).

In what follows L is a positive integer, L^′ a positive number and given a positive number x let [x] be its integer part and [x]_+ as

[x]_+ ≡ { x if x ∈ N [x] + 1 if x ∉ N . Lemma 2.19. There exist positive constants C̄ and L_0 with L_0 ≥ l^′ ∨ l such that if L_0 ≤ L^′ ≤ L then

(2.65) P( Θ̄(Λ, L^′) ) ≥ 1 − L^{3d+1}e^{−C̄(L′)d}

and if M > 0 and L_0 ≤ (M ln L)^1d then

(2.66) P( Θ(Λ, M) ) ≥ 1 − L^{3d+1−C̄M} .

P roof. (2.66) follows by (2.65) with L^′ ≡ (M ln L)^1d .

In order to prove (2.65) we observe that if S ≤ L then |A_{S,Λ}| ≤ CL^{3d}. By (2.62) and (2.63), if L^′ is large enough

1 − P( Θ̄(Λ, L^′) ) ≤ L∑ S=[L^′]_+ ∑ (V,W )∈A_{S,Λ} ( P(C_0(ϵ)Y^α_{V,W} > γ 4 ) + P(C_0Z^α_{V,W} > γ 4 ) )

≤CL^{3d+1}e^{−C(L′)d} .

That proves (2.65) by an opportune choice of L_0 and C̄.

We define R̄_L ⊂ R_L as

R̄_L ≡ {A ∈ F : A is a box , L ≤ l_{min} ≤ l_{max} ≤ 10L }.

Theorem 2.20. There exist positive numbers k, C, C̄, L_0 such that, given L_0 ≤ L^′ < L and Λ ∈ R̄_L,

(2.67) sup_{N∈[0,|Λ|]} ( gap L^α_{Λ,N}

)_{−1}

≤ (L^{−1}e^{k(L′)d−1} + C)L^2 if α ∈ Θ̄(Λ, L^′)

82 CHAPTER 2. EQUIVALENCE OF ENSEMBLES AND SPECTRAL GAP

and

(2.68) P( Θ̄(Λ, L^′) ≥ 1 − L^{3d+1}e^{−C̄(L′)d} .

In particular, for any β > 0 let M(β) ≡ (C̄)^{−1}(3d + 1 + β). Then there exist C_0 and L(β) such that ∀β > 0, ∀L ≥ L(β) and for any cube Λ ∈ R_L

(2.69) sup_{N∈[0,|Λ|]} ( gap L^α_{Λ,N}

)_{−1} ≤ C_0L^2 ∀α ∈ Θ(Λ, M(β)) and

(2.70) P( Θ(Λ, M(β)) ) ≥ 1 − L^{−β}.

P roof. Let Λ ∈ R̄_L and α ∈ Θ̄(Λ, L^′). We set R ≡ 10L and we define by induction L_0 ≡ L and L_{n+1} ≡ [2^{−1}L_n] for any n ≥ 0, R_0 ≡ R and R_{n+1} ≡ [2^{−1}L_n]_+ for any n ≥ 0. It’s simple to check that |2^{−n}L − L_n| ≤ 1 and |2^{−n}R − R_n| ≤ 1.

We describe some subdivisions of Λ. For simplicity of notation we consider the case d = 2 and Λ = {1, l_1} × {1, l_2}. Let a_i ≡ [l_i/2] for i = 1, 2. We first subdivide Λ as Λ = V ⊔ W with

V ≡ {1, a_1} × {1, l_2} W ≡ {a_1 + 1, a_2} × {1, l_2} . Afterwards we subdivide Λ as Λ = ⊔^4_{i=1}Q_i with

Q_1 ≡ {1, a_1} × {1, a_2} Q_2 ≡ {1, a_1} × {a_2 + 1, l_1} Q_3 ≡ {a_1 + 1, l_1} × {1, a_2} Q_4 ≡ {a_1 + 1, l_1} × {a_2 + 1, l_2}

We can continue with other subdivisions. The criterion is that at each subdivision we divide each side of length l in two sides of length respectively [l/2] and [l/2]_+. Therefore the boxes of the (2k − 1)^{th} subdivision have sides of length in [L_k, R_{k−1}] and the boxes of the 2k^{th} subdivision have sides of length in [L_k, R_k]. By our choice of R̄_L we obtain that the boxes of the (2k − 1)^{th} subdivision or 2k^{th} subdivision are in R_{Lk} . By theorem 2.14, if L^′ ≤ L_1, for some constant k_0 = k_0(γ)

g^{−1}_α (Λ) ≤ (1 − γ)^{−2} ( max i=1,...,4

g^{−1}_α (Q_i) + k_0L^2 ) . It’s simple to generalize the above step to a generic dimension d and obtain for L^′ ≤ L_1

g^{−1}_α (Λ) ≤ (1 − γ)^{−d} ( max V ∈R_{L1} , V ⊂Λ

g^{−1}_α (V ) + k_0L^2 ) (1 − γ)^{−d} = 2.

Let n be the minimal integer such that L^′ ≤ L_n. By considering the subdivisions of Λ described at the beginning it’s simple to check that

2.3. SPECTRAL GAP 83

(2.71) g^{−1}_α (Λ) ≤ 2^n ( max V ∈R_{Ln} , V ⊂Λ

g^{−1}_α (V ) ) + k_0 n∑ j=1 2^j L^2_j .

Since L_j ≤ 2^{−j+1}L the sum in the r.h.s. is bounded by CL^2. For the choice of n, 2^n ≤ C^L_{L′} and by lemma 2.7 if V ∈ R_{Ln} then

g^{−1}_α (V ) ≤ Ce^{κLd−1n} ≤ Ce^{κ′(L′)d−1} . It’s simple to obtain (2.67).

In order to prove (2.69) it’s enough to apply (2.67) with L^′ ≡ [(M(β) ln L)^1d ]. Then the condition L_0 ≤ L^′ < L corresponds to an inequality of the form L ≥ L(β). By (2.69), if L is enough large

g^{−1}_α (V ) ≤ ( L^{−1+kM(M ln L)−1/d} + C ) L^2 ≤ 2CL^2.

The estimates (2.68) and (2.70) derive from lemma 2.19.

Proposition 2.21. For any r > 0, there exists a constant C_r such that

sup_L sup_{Λ∈R̄} L E[(γ_α(Λ))^r] ≤ C_r

P roof. We apply theorem 2.20. In what follows the constant C_r can change from line to line.

We fix β, L^∗ > 0 such that 3d + 2 −^{C̄}_2 M(β) = 0 and e^{rk(L′)d−1−C̄(L′−1)d} ≤ e^{− C̄}2^{L̄d} . Let L̄ ≡ (M(β) ln L)^1d and Λ ∈ R̄_L.

If L ≤ L^∗, by lemma 2.7, for any α (γ_α(Λ))^r ≤ e^{rk(L∗)d−1} . If L ≥ L^∗, by lemma 2.19 and theorem 2.20,

E[(γ_α(Λ))^r ] ≤ C_rP( Θ(Λ, M(β)) ) + L∑ L^′=[L̄]_++1

(L^{−1}e^{k(L′)d−1} + C)^rP( Θ̄(Λ, L^′) \ Θ̄(Λ, L^′ − 1) )

≤ C_r + L∑ L^′=[L̄]_++1

(L^{−1}e^{k(L′)d−1} + C)^rL^{3d+1}e^{−C̄(L′−1)d}

≤ C_r + C_rL^{3d+1} L∑ L^′=[L̄]_++1

e^{rk(L′)d−1−C̄(L′−1)d}

≤ C_r + C_rL^{3d+2}e^{− C̄2 L̄d} = C_r + C_rL^{3d+2− C̄2 M}

84 CHAPTER 2. EQUIVALENCE OF ENSEMBLES AND SPECTRAL GAP

Chapter 3

The method of long jumps revisited

Let us remember that, given an odd integer n and e > 0, Λ^e_{1,n}, Λ^e_{2,n} form a couple of adjacent cubes of size n centered at the origin with Λ^e_{2,n} obtained by moving Λ^e_{1,n} along the direction determined by the vector e. Following [21] we introduce the function

(3.1) W^e_n = Av_{x∈Λ}e_{1,n} Av_{y∈Λ}e_{2,n} w^α_{x,y}

where

w^α_{x,y} = ( 1 + e^{−(αx−αy)(ηx −ηy)} ) (η_x − η_y).

Let us remember that ψ^e_{n,n} is defined as

ψ^e_{n,n} ≡ m^{1,e}_n − m^{2,e}_n − μ^α[m^{1,e}_n − m^{2,e}_n | m^e_n].

The main result of this chapter is given by theorem 3.9. In particular, we prove that for any m ∈ (0, 1)

lim_{n↑∞} 2m(1 − m)λ^′_0(m) ψ^e_{n,n} n − W^e_n n = 0 in the space G endowed of the semi-inner product V_m.

The functions W^e_n are taken from [21], but in our analysis the mesoscopic parameter n is such that n ↑ ∞ after ϵ ↓ 0 while in [21] the parameter n is a function of ϵ, more precisely n = O(ϵ^{− 2d+2} ). This different choice strongly changes the strategy of the proof of the hydrodynamic limit and the role of the functions W^e_n.

Some steps in the proof of theorem 3.9 are motivated by ideas given in [21], but a rigorous proof requires the development of a proper technology since the mesoscopic context is different.

86 CHAPTER 3. THE METHOD OF LONG JUMPS REVISITED

3.1 Criterion

Let f_n be a function with support in Λ^e_n such that μ^α[f_n|m^e_n] = 0 for any disorder configuration α. By (1.47) for any k ≥ n^2 and for any Gibbs measure μ with disorder α

(3.2) V_k

(f_n n ; μ ) ≤ C(d)n^dAv_{|x|≤k1} γ_α(Λ^e_{x,n})μ ( Var_μ[τ_xf_n|m^e_{x,n}] ) . Since in the disordered model under consideration γ_α(Λ^e_{x,n}) is bounded uniformly in α, x, n we have the following useful criterion.

Proposition 3.1. For any n, let f_n and h_n be functions on Ω̃ such that f_n has support in Λ^e_n and μ^α[f_n|m^e_n] = 0 for any disorder α, |f_n| ≤ |h_n| ∀n and sup_n ‖h_n‖_∞ < ∞. If

(3.3) lim_{n↑∞} n^dE [ μ^{α,λ0(m)} ( h^2_n )] = 0 then

(3.4) lim_{n↑∞,k↑∞} E [ V_k

(f_n n ; μ^{α,λ0(m)} )] = 0.

Remark. For the proof of theorem 3.9 it is not necessary to have a uniform bound on the spectral gap. The estimates given in chapter 2, valid also for the dilute Ising model under the percolative threshold [7], are sufficient. We explain the reason. Let h_n be a bounded function on Ω̃ such that |f_n| ≤ |h_n|. Let p, q > 1 with p^{−1} + q^{−1} = 1. Then by (3.2), the Hoelder inequality and proposition 2.21

E [ V_k

( f_n n ; μ^{α,λ0(m)} )] ≤ C(d)n^d‖h^2_n‖ 1 p ∞ ( Eγ^p_α(Λ^e_n)

) 1_p ( Eμ^{α,λ0(m)}(h^2_n)

) 1_q

≤ C(d)n^d‖h^2_n‖ 1 p ∞C(p) ( Eμ^{α,λ0(m)}(h^2_n)

) 1_q . Therefore in the general case proposition 3.1 remains valid if condition (3.3) is substituted by the request that ∃q > 1 such that

(3.5) lim_{n↑∞} n^{dq}E [ μ^{α,λ0(m)} ( h^2_n )] = 0.

It can be verified that when we apply proposition 3.1 condition (3.5) is always satisfied.

The following estimates give some candidates for h_n.

3.1. CRITERION 87

Proposition 3.2. For any n ∈ N let Δ_n ∈ F with |Δ_n| = Cn^d. Then ∀c > 0 and for i = 1, 2 there exists C > 0 such that ∀m ∈ [0, 1]

E [ μ^{α,λ0(m)}([m − m_{Δn} ]^4) ] ≤ Cn^{−2d}

(3.6) E [ μ^{α,λ0(m)}(I_{{|m−mΔn |≥c}}) ] ≤ Cn^{−2d}

(3.7) E [ μ^{α,λ0(m)} ( [m^e_n − μ^{α,λ0(men)}(m^{i,e}_n )]^4 )] ≤ Cn^{−2d}

(3.8) E [ μ^{α,λ0(m)} ( [m − μ^{α,λ0(m)}(m^{i,e}_n )]^4 )] ≤ Cn^{−2d}

(3.9)

P roof. We prove (3.6). We consider the estimate

μ^{α,λ0(m)}([m − m_{Δn} ]^4) ≤ 4[m − μ^{α,λ0(m)}(m_{Δn} )]^4 + 4μ^{α,λ0(m)}([μ^{α,λ0(m)}(m_{Δn} ) − m_{Δn} ]^4).

Since m = Eμ^{α,λ0(m)}(m_{Δn} ), setting g_x(α) = μ^{α,λ0(m)}(η_x) − Eμ^{α,λ0(m)}(η_x),

E([m − μ^{α,λ0(m)}(m_{Δn} )]^4) = E([Av_{x∈Δn} g_x]^4) ≤ Cn^{−2d}.

Similarly

(3.10) μ^{α,λ0(m)}([μ^{α,λ0(m)}(m_{Δn} ) − m_{Δn} ]^4) ≤ Cn^{−2d}.

(3.6) follows from the above estimates.

(3.7) follows from Chebyshev inequality and (3.6).

We prove (3.8). By lemma A.5 [ μ^{α,λ0(men)}(m^{i,e}_n ) − μ^{α,λ0(m)}(m^{i,e}_n )

]_4

≤ C[m^e_n − m]^4.

(3.6) implies

E [ μ^{α,λ0(m)} ( [m^e_n − m]^4 )] ≤ Cn^{−2d} and E [ μ^{α,λ0(m)} ( [m^{i,e}_n − m]^4 )] ≤ Cn^{−2d}.

Therefore it’s enough to prove that E [ μ^{α,λ0(m)} ( [m^{i,e}_n − μ^{α,λ0(m)}(m^{i,e}_n )]^4 )] ≤ Cn^{−2d},

which is consequence of (3.10).

The proof of (3.9) is similar.

88 CHAPTER 3. THE METHOD OF LONG JUMPS REVISITED

3.2 Main statement

In what follows Q is the unitary square [0, 1] × [0, 1]. If f : D(f) ⊂ Q → R is a function well defined on a subset D(f) of Q and g : Q → R is such that g ≡ 0 on Q \ D(f) then we convey to define the product fg as null on Q \ D(f) .

We fix a versor e > 0. In what follows, when there is no ambiguity, the index e is omitted. We define

F^α_n (m_1, m_2) ≡ μ^{α,λn(α,m1,m2)}(W_n) where λ_n(α, m_1, m_2) is the multi-chemical potential equal to λ(α, Λ^e_{i,n}, m_i) on Λ^e_{i,n} for i = 1, 2.

We observe F^α_n is continuous in Q, it’s regular on (0, 1) × (0, 1) and ‖F^α_n ‖_∞ ≤ C(B) ∀n and ∀α.

We define λ_{i,n}(m) ≡ λ(α, Λ^e_{i,n}, m). When there is no ambiguity we omit the index n writing simply λ_1 and λ_2. Since

(3.11) W_n = m^{(1)}_n − m^{(2)}_n + Av_{x∈Λ}e_{1,n}

y∈Λ^e_{2,n}

η_xe^{−αx} (1 − η_y)e^{αy} − Av_{x∈Λ}e_{1,n}

y∈Λ^e_{2,n}

(1 − η_x)e^{αx} η_ye^{−αy}

and thanks to the computational rules

μ^{α,λ}(η_xe^{−αx} ) = e^λμ^{α,λ}(1 − η_x) μ^{α,λ}((1 − η_x)e^{αx} ) = e^{−λ}μ^{α,λ}(η_x), F^α_n and its derivatives can be computed ∀(m_1, m_2) ∈ (0, 1) × (0, 1):

(3.12) F^α_n (m_1, m_2) = m_1 − m_2 + e^{λ1(m1 )−λ2(m2)}(1 − m_1)m_2 − e^{λ2(m2)−λ1(m1 )}m_1(1 − m_2) and ∂_{m1} F (m_1, m_2) = 1 + e^{λ1(m1 )−λ2(m2)}m_2[λ^′_1(m_1)(1 − m_1) − 1] + e^{λ2(m2 )−λ1(m1)}(1 − m_2)[λ^′_1(m_1)m_1 − 1], ∂_{m2} F (m_1, m_2) = −1 + e^{λ1(m1)−λ2(m2 )}(1 − m_1)[−λ^′_2(m_2)m_2 + 1] + e^{λ2(m2 )−λ1(m1)}m_1[−λ^′_2(m_2)(1 − m_2) + 1].

(3.13)

In what follows, given functions f_n and g_n on Ω̃ with support in Λ^e_n and which can depend on the parameter m ∈ (0, 1), we write

f_n ≈ g_n if ∀m ∈ (0, 1) lim n↑∞,k↑∞ E [ V_k

(f_n − μα[f_n | me_n] n − g_n − μ^α[g_n | m^e_n] n , μ^{α,λ0(m)} )] = 0.

3.2. MAIN STATEMENT 89

3.2.1 Step 1

Proposition 3.3.

(3.14) W_n ≈ μ^α[W_n|m^{(1)}_n , m^{(2)}_n ]

P roof. For simplicity of notation, we set μ ≡ μ^{α,λ0(m)}, f_n ≡ W_n − μ^α[W_n|m^{(1)}_n , m^{(2)}_n ] and we write F_{x,n} for the σ−algebra generated by the density in Λ^e_{1,n} + x, the density in Λ^e_{2,n} + x and the particles configuration outside Λ^e_n + x. By definition of F_{x,n} μ[τ_xf_n|F_{x,n}] = 0 for any x. Since for any site x and any function g

μ(τ_xf_n; g) = μ ( μ[τ_xf_n|F_{x,n}]; g ) + μ ( μ[τ_xf_n; g|F_{x,n}] ) = μ ( μ[τ_xW_n; g|F_{x,n}] ) the variational characterization (1.46) corresponds to

(3.15) V_k

( f_n n ; μ ) = n^{−2}(2k)^{−d} sup_{g∈Gk} DΛ k (g;μ)≠0

(∑ |x|≤k_1 μ ( μ[τ_xW_n; g|F_{x,n}] ))2 D_{Λk} (g; μ) .

By (3.11) W_n can be written as sum of expressions of the following form

Av_{a∈Λ}e_{1,n ,b∈Λ}e_{2,n} h_ah^′_b,

where h_a = τ_ah_0, h^′_b = τ_bh^′_0 and h_0, h^′_0 are functions only of α_0, η_0. Therefore it’s enough to prove for such functions h_a, h^′_b that

(3.16) lim_{n↑∞} lim_{k↑∞} n^{−2}(2k)^{−d}E [ sup_{g∈Gk} DΛ k (g;μ)≠0

(∑ |x|≤k_1 μ ( μ[Av_{a,b}h_ah^′_b; g|F_{x,n}] ))2 D_{Λk} (g; μ) ] = 0

where we write Av_{a,b} in place Av_{a∈Λ}e_{1,n ,b∈Λ}e_{2,n} .

We fix δ > 0. For simplicity of notation we write ν_{x,n} ≡ μ[· | F_{x,n}]. By proposition 2.11, with L ≡ n and n ≥ l ≥ l_0(δ), and proposition 2.13

(3.17) ν_{x,n}(Av_{a,b}h_ah^′_b; g)^2 ≤

C(l) n^d

D(g; ν_{x,n}) + δ n^d

Var(g; ν_{x,n}) + C n^d

Var(g; ν_{x,n})Y^α_{x,n}

where Y^α_{x,n} ≡ Y^α_Λe_{1,n+x,Λ}e_{2,n+x}, according to the notation of proposition 2.13.

We set

ρ_α(Λ^e_{x,n}) ≡ γ_α(Λ^e_{1,n} + x) + γ_α(Λ^e_{2,n} + x).

Since ν_{x,n}(η) is the product between a canonical measure on Λ^e_{1,n} + x and a canonical measure on Λ^e_{2,n} + x, (3.17) implies

90 CHAPTER 3. THE METHOD OF LONG JUMPS REVISITED

(3.18) ν_{x,n}(Av_{a,b}h_ah^′_b; g)^2 ≤ n^{−d}D(g; ν_{x,n}) ( C(l) + δρ_α(Λ^e_{x,n})n^2 + Cρ_α(Λ^e_{x,n})Y^{α,l}_{x,n} n^2 ) . We indicate how to conclude the proof using the bound on the spectral gap uniformly in the disorder.

By Schwarz inequality and (3.18) [ ∑ |x|≤k_1 μ ( ν_{x,n}(Av_{a,b}h_ah^′_b; g) )]2 ≤ [ n^{−d} ∑ |x|≤k_1

D_Λe_{x,n} (g; μ) ] · [ k^dC(l) + Cδk^dn^2 + C ∑ |x|≤k_1

Y^{α,l}_{x,n} n^2 ] .

By the arbitrariness of δ in order to prove (3.16) it’s enough to show

lim_{l↑∞} lim_{n↑∞} E ( Y^{α,l}_{0,n} ) = 0 and this follows from the estimate (2.40) of proposition 2.13.

We observe that the proof can be concluded with less information on the spectral gap. In particular, we can use only the estimates of section 2.3.

By Schwarz inequality, (3.18) and the arbitariness of δ in order to prove (3.16) it’s enough to show

sup_n E ( ρ_α(Λ^e_{0,n}) ) < ∞ lim_{l↑∞} lim_{n↑∞} E ( ρ_α(Λ^e_{0,n})Y^{α,l}_{0,n} ) . The first estimate follows from proposition 2.21 while for the second one it’s enough to observe E ( ρ_α(Λ^e_{0,n})Y^{α,l}_{0,n} ) ≤ E ([ ρ_α(Λ^e_{0,n})

]_2) + E ([ Y^{α,l}_{0,n}

]_2)

and the thesis follows by proposition 2.21 and estimate (2.40) of proposition 2.13.

3.2.2 Step 2

Proposition 3.4.

(3.19) μ^α[W_n|m^{(1)}_n , m^{(2)}_n ] ≈ F^α_n (m^{(1)}_n , m^{(2)}_n )

P roof. By theorem 2.4,

‖μ^α[w_{xy} | m^{(1)}_n , m^{(2)}_n ] − μ^{α,λn(α,m1 ,m2)}(w_{xy})‖_∞ ≤ Cn^{−d}.

3.2. MAIN STATEMENT 91

Since μ^α[W_n | m^e_n] = 0 the above estimate implies ‖μ^α[F^α_n (m^{(1)}_n , m^{(2)}_n ) | m^e_n]‖_∞ ≤ Cn^{−d} and ‖μ^α[W_n|m^{(1)}_n , m^{(2)}_n ] − F^α_n (m^{(1)}_n , m^{(2)}_n )‖_∞ ≤ Cn^{−d}.

Therefore it’s enough to apply proposition 3.1 with h_n ≡ Cn^{−d}.

3.2.3 Step 3

Proposition 3.5. (3.20) F^α_n (m^{(1)}_n , m^{(2)}_n ) ≈ [∂_{m1} F^α_n (m^e_n, m^e_n)(m^{(1)}_n − m^e_n) + ∂_{m2} F^α_n (m^e_n, m^e_n)(m^{(2)}_n − m^e_n)]H_m(m^e_n) where H_m(m^e_n) ≡ I_{{|m}e_{n−m|<am}} with a_m ≡^1_2 (m ∧ (1 − m)).

P roof. Given m ∈ (0, 1) we set X_m ≡ {(m_1, m_2) ∈ Q : |m_1 − m| < a_m, |m_2 − m| < a_m} and G_m(m_1, m_2) ≡ I_{Xm} .

We divide the proof in three steps.

Step A:

F^α_n (m^{(1)}_n , m^{(2)}_n ) ≈ F^α_n (m^{(1)}_n , m^{(2)}_n )G_m(m^{(1)}_n , m^{(2)}_n ) P roof. As

|F^α_n (m^{(1)}_n , m^{(2)}_n )[1 − G_m(m^{(1)}_n , m^{(2)}_n )]| ≤ CI_{{|m}(1)_{n −m|≥am}} + CI_{{|m}(2)_{n −m|≥am}}

the thesis follows from propositions 3.1, 3.2.

Step B:

F^α_n (m^{(1)}_n , m^{(2)}_n )G_m(m^{(1)}_n , m^{(2)}_n ) ≈ [F^α_n (m^e_n, m^e_n) + ∂_{m1} F^α_n (m^e_n, m^e_n)(m^{(1)}_n − m^e_n) + ∂_{m2} F^α_n (m^e_n, m^e_n)(m^{(2)}_n − m^e_n)]· G_m(m^{(1)}_n , m^{(2)}_n )

92 CHAPTER 3. THE METHOD OF LONG JUMPS REVISITED

P roof.

Given m_1, m_2 we define m̄ =^{m1+m2}_2 . We observe that if (m_1, m_2) ∈ X_m then (m̄, m̄) ∈ X_m and that if m_1 = m^{(1)}_n and m_2 = m^{(2)}_n then m̄ = m^e_n.

Since F^α_n ∈ C^∞( (0, 1) × (0, 1) ), by Taylor expansion for any (m_1, m_2) ∈ X_m

F^α_n (m_1, m_2) = F^α_n (m̄, m̄) + ∂_{m1} F^α_n (m̄, m̄)(m_1 − m̄) + ∂_{m2} F^α_n (m̄, m̄)(m_2 − m̄) + 1 2 R^α_n(m_1, m_2)

(3.21)

where

R^α_n ≡ ∂^2_{m1} F^α_n (m̃, m̃)(m_1 − m̄)^2 + 2∂_{m1} ∂_{m2} F^α_n (m̃, m̃)(m_1 − m̄)(m_2 − m̄)+ + ∂^2_{m2} F^α_n (m̃, m̃)(m_2 − m̄)^2

(3.22)

and (m̃, m̃) is a point in the segment between (m_1, m_2) and (m̄, m̄), and therefore in X_m. Since

|R^α_n (m^{(1)}_n , m^{(2)}_n )G_m(m^{(1)}_n , m^{(2)}_n )| ≤ C(m)(m^{(1)}_n − m^e_n)^2 + C(m)(m^{(2)}_n − m^e_n)^2

by propositions 3.1 and 3.2

R^α_n(m^{(1)}_n , m^{(2)}_n )G_m(m^{(1)}_n , m^{(2)}_n ) ≈ 0.

Step C:

[F^α_n (m^e_n, m^e_n) + ∂_{m1} F^α_n (m^e_n, m^e_n)(m^{(1)}_n − m^e_n) + ∂_{m2} F^α_n (m^e_n, m^e_n)(m^{(2)}_n − m^e_n)]· G_m(m^{(1)}_n , m^{(2)}_n ) ≈ [∂_{m1} F^α_n (m^e_n, m^e_n)(m^{(1)}_n − m^e_n) + ∂_{m2} F^α_n (m^e_n, m^e_n)(m^{(2)}_n − m^e_n)]H_m(m^e_n)

(3.23)

P roof. Since

|H_m(m^e_n) − G_m(m^{(1)}_n , m^{(2)}_n )| ≤ H_m(m^e_n), by propositions 3.1 and 3.2 the l.h.s. of (3.23) is equivalent to

[F^α_n (m^e_n, m^e_n) + ∂_{m1} F^α_n (m^e_n, m^e_n)](m^{(1)}_n − m^e_n) + ∂_{m2} F^α_n (m^e_n, m^e_n)(m^{(2)}_n − m^e_n)]H_m(m^e_n)

Since F^α_n (m^e_n, m^e_n)H_m(m^e_n) is a function of m^e_n, by definition F^α_n (m^e_n, m^e_n)H_m(m^e_n) ≈ 0.

3.2. MAIN STATEMENT 93

3.2.4 Step 4 Proposition 3.6.

[∂_{m1} F^α_n (m^e_n, m^e_n)(m^{(1)}_n − m^e_n) + ∂_{m2} F^α_n (m^e_n, m^e_n)(m^{(2)}_n − m^e_n)]H_m(m^e_n) ≈ [ 2m^e_n(1 − m^e_n)λ^′_{1,n}(m^e_n)[m^{(1)}_n − m^e_n] − 2m^e_n(1 − m^e_n)λ^′_{2,n}(m^e_n)[m^{(2)}_n − m^e_n] ] H_m(m^e_n)

(3.24)

P roof. By (3.13)

∂_{m1} F^α_n (m^e_n, m^e_n) − 2m^e_n(1 − m^e_n)λ^′_1(m^e_n) = [e^{λ1(men )−λ2(men)} − 1]m^e_n[λ^′_1(m^e_n)(1 − m^e_n) − 1] + [e^{λ2(men)−λ1(men )} − 1](1 − m^e_n)· [λ^′_1(m^e_n)m^e_n − 1],

∂_{m2} F^α_n (m^e_n, m^e_n) + 2m^e_n(1 − m^e_n)λ^′_2(m^e_n) = [e^{λ1(men )−λ2(men)} − 1](1 − m^e_n)[−λ^′_2(m^e_n)m^e_n + 1] + [e^{λ2 (men)−λ1(men)} − 1]m^e_n· [−λ^′_2(m^e_n)(1 − m^e_n) + 1].

For i = 1, 2 and ∀s ∈ [0, 1], s = μ^{α,λi(s)}(m^{(i)}_n ) and therefore λ^′_i(s) =^{|Λi,en |}_{μα,λi(s)(NΛi,e} n ,N_{Λi,en} ) .

By lemma A.2 if |s − m| < a_m then

|λ^′_i(s)| ≤

C(B) s ∧ (1 − s)

≤ A(m) − 1 where A(m) ≡ 1 +

C(B) (m − a_m) ∧ (1 − m − a_m) , and |(1 − s)[λ^′_i(s)s − 1]| ≤ A(m) |s[λ^′_i(s)(1 − s) − 1]| ≤ A(m).

Therefore it’s enough to prove that, given i ∈ {1, 2} and given a function p_n on (0, 1) such that ‖p_nH_m‖_∞ ≤ A(m), then

[e^{λ1 (men)−λ2(men )} − 1]p_n(m^e_n)H_m(m^e_n)(m^{(i)}_n − m^e_n) ≈ 0, [e^{λ2 (men)−λ1(men )} − 1]p_n(m^e_n)H_m(m^e_n)(m^{(i)}_n − m^e_n) ≈ 0.

As example we prove g_n ≈ 0 where

g_n ≡ [e^{λ1(men )−λ2(men)} − 1]p(m^e_n)H_m(m^e_n)(m^{(i)}_n − m^e_n). Since, ∀a ∈ R, |e^a − 1| = |

∫_a 0 e^sds| ≤ max(1, e^a)|a| ≤ e^{|a|}|a|,

|g_n| ≤ C(m)H_m(m^e_n)|λ_1(m^e_n) − λ_2(m^e_n)| |m^{(i)}_n − m^e_n| ≤ 2C(m)H_m(m^e_n)(λ_1(m^e_n) − λ_2(m^e_n))^2 + 2C(m)(m^{(i)}_n − m^e_n)^2 ≤ 2∑ j=1 4C(m)H_m(m^e_n)(λ_j (m^e_n) − λ_0(m^e_n))^2 + 2C(m)(m^{(i)}_n − m^e_n)^2

94 CHAPTER 3. THE METHOD OF LONG JUMPS REVISITED

By lemma A.6, for j = 1, 2,

|λ_j(m^e_n) − λ_0(m^e_n)|H_m(m^e_n) ≤ C(m)|m^e_n − μ^{α,λ0(men)}(m^{(j)}_n )|. Therefore

|g_n| ≤ 2∑ j=1 C(m)[m^e_n − μ^{α,λ0(men)}(m^{(j)}_n )]^2 + C(m)[m^{(i)}_n − m^e_n]^2

and the thesis follows by proposition 3.1 and 3.2.

3.2.5 Step 5

Proposition 3.7. [ 2m^e_n(1 − m^e_n)λ^′_{1,n}(m^e_n)[m^{(1)}_n − m^e_n] − 2m^e_n(1 − m^e_n)λ^′_{2,n}(m^e_n)[m^{(2)}_n − m^e_n] ] H_m(m^e_n) ≈ 2m^e_n(1 − m^e_n)λ^′_0(m)[m^{(1)}_n − m^{(2)}_n ]H_m(m^e_n)

(3.25)

P roof. In equation (3.25) the r.h.s. is obtained by the l.h.s. by substituting λ^′_{1,n}(m^e_n) and λ^′_{2,n}(m^e_n) by λ^′_0(m).

Therefore it’s enough to prove that given i ∈ {1, 2} and given a bounded function p on (0, 1) then

p(m^e_n)H_m(m^e_n)[λ^′_i(m^e_n) − λ^′_0(m)](m^{(i)}_n − m^e_n) ≈ 0. By proposition 3.1, it’s enough to prove

lim_{n↑∞} n^{32 d}E [ μ^{α,λ0(m)} ( H_m(m^e_n)[λ^′_i(m^e_n) − λ^′_0(m)]^2[m^{(i)}_n − m^e_n]^2 ) ] = 0.

Since

H_m(m^e_n)[λ^′_i(m^e_n) − λ^′_0(m)]^2[m^{(i)}_n − m^e_n]^2 ≤ 2H_m(m^e_n)[λ^′_i(m^e_n) − λ^′_0(m)]^4 + 2[m^{(i)}_n − m^e_n]^4

by proposition 3.2 it’s enough to prove

(3.26) lim_{n↑∞} n^{32 d}E [ μ^{α,λ0(m)} ( H_m(m^e_n)[λ^′_i(m^e_n) − λ^′_0(m)]^4 )] = 0.

Since s = μ^{α,λi(s)}(m^{(i)}_n ) and s = E [ μ^{α,λ0(s)}(η_0) ] ,

(3.27) λ^′_i(s) =

|Λ^{i,e}_n | μ^{α,λi(s)}(N_Λi,e_n ; N_Λi,e_n ) λ^′_0(s) = 1 E [ μ^{α,λ0(s)}(η_0; η_0) ].

3.2. MAIN STATEMENT 95

By (3.27) and lemma A.2, |m^e_n − m| < a_m implies λ^′_i(m^e_n) ≤ C(m) and then

|λ^′_i(m^e_n) − λ^′_0(m)| ≤ A(m) | | 1 λ^′_i(m^e_n) − 1 λ^′_0(m) | |. In particular, we obtain that (3.26) is implied by

(3.28) lim_{n↑∞} n^{32 d}E [ μ^{α,λ0(m)} ( H_m(m^e_n)[μ^{α,λi(men)}(m_Λi,e_n ; N_Λi,e_n ) − Eμ^{α,λ0(m)}(η_0; η_0)]^4 )] = 0.

For a particular constant C

H_m(m^e_n)[μ^{α,λi(men)}(m_Λi,e_n ; N_Λi,e_n ) − Eμ^{α,λ0(m)}(η_0; η_0)]^4 ≤ C(A^{(1)}_n + A^{(2)}_n + A^{(3)}_n )

where

A^{(1)}_n = H_m(m^e_n) [ μ^{α,λi(men)}(m_Λi,e_n ; N_Λi,e_n ) − μ^{α,λi(m)}(m_Λi,e_n ; N_Λi,e_n )

]_4

A^{(2)}_n = [ μ^{α,λi(m)}(m_Λi,e_n ; N_Λi,e_n ) − μ^{α,λ0(m)}(m_Λi,e_n ; N_Λi,e_n )

]_4

A^{(3)}_n = [ μ^{α,λ0(m)}(m_Λi,e_n ; N_Λi,e_n ) − E [ μ^{α,λ0(m)}(η_0; η_0) ] ]_4 . (3.29)

We prove that lim_{n↑∞} n^32^dE [ μ^{α,λ0(m)} ( A^{(j)}_n )] = 0 for j = 1, 2, 3. This result permits to conclude the proof.

By lemma A.4

A^{(1)}_n ≤ C[m^e_n − m]^4 and A^{(2)}_n ≤ C[m − μ^{α,λ0(m)}(m^{(i)}_n )]^4

and by proposition 3.2 lim_{n↑∞} n^32^dEμ^{α,λ0(m)} ( A^{(i)}_n ) = 0 for i = 1, 2.

Let g_x(α) = μ^{α,λ0(m)}(η_x; η_x) − E [ μ^{α,λ0(m)}(η_x; η_x) ] . We observe that g_x depends only on α_x and E(g_x) = 0.

Then

A^{(3)}_n = [Av_{x∈Λi,n} g_x]^4 ≤ Cn^{−2d}

and therefore lim_{n↑∞} n^32^dE [ μ^{α,λ0(m)} ( A^{(3)}_n )] = 0.

96 CHAPTER 3. THE METHOD OF LONG JUMPS REVISITED

3.2.6 Step 6

Proposition 3.8.

(3.30) 2m^e_n(1 − m^e_n)λ^′_0(m)[m^{(1)}_n − m^{(2)}_n ]H_m(m^e_n) ≈ 2m(1 − m)λ^′_0(m)[m^{(1)}_n − m^{(2)}_n ]

P roof. We set

g_n ≡ 2[m^e_n(1 − m^e_n) − m(1 − m)]λ^′_0(m)[m^{(1)}_n − m^{(2)}_n ]H_m(m^e_n). Then

g^2_n ≤ C(m)[m^e_n(1 − m^e_n) − m(1 − m)]^2[m^{(1)}_n − m^{(2)}_n ]^2 ≤ C^′(m)[m − m^e_n]^4 + C^′(m)[m − m^{(1)}_n ]^4 + C^′(m)[m − m^{(2)}_n ]^4.

Therefore, by propositions 3.1 and 3.2, g_n ≈ 0. It remains to prove

2m(1 − m)λ^′_0(m)[m^{(1)}_n − m^{(2)}_n ]H_m(m^e_n) ≈ 2m(1 − m)λ^′_0(m)[m^{(1)}_n − m^{(2)}_n ] and this follows from propositions 3.1, 3.2.

Steps 1, . . . , 6 imply the following theorem. Theorem 3.9. For any e > 0

(3.31) lim_{n↑∞} lim_{k↑∞} E [ V_k

(W e_n n − 2m(1 − m)λ^′_0(m) ψ^e_{n,n} n ; μ^{α,λ0(m)} )] = 0.

Lemma 3.10. The function (0, 1) ∋ m → m(1 − m)λ^′_0(m) ∈ R can be extended with continuity in 0, 1. In particular,

lim_{m↓0} m(1 − m)λ^′_0(m) = 1 and lim_{m↑1} m(1 − m)λ^′_0(m) = 1.

P roof. Since λ^′_0(m) =^1_{Eμα,λ0(m)(η0;η0)} and m = Eμ^{α,λ0(m)}(η_0) we have to prove

lim_{λ↓−∞}

Eμ^{α,λ}(η_0) Eμ^{α,λ}(η_0; η_0)

= 1 lim_{λ↑∞}

Eμ^{α,λ}(1 − η_0) Eμ^{α,λ}(η_0; η_0)

= 1.

These limits are consequence of the following estimates.

|Eμ^{α,λ}(η_0) − Eμ^{α,λ}(η_0; η_0)|

Eμ^{α,λ}(η_0; η_0) = ∫ P(dα_0)

(_{eα0+λ}

1+e^α0^{+λ}

)_2 ∫ P(dα_0)^{eα0+λ}

(1+e^α0^{+λ})^2

≤ e^{B+λ},

|Eμ^{α,λ}(1 − η_0) − Eμ^{α,λ}(η_0; η_0)| Eμ^{α,λ}(η_0; η_0) = ∫ P(dα_0)^1_{(1+eα0+λ)2} ∫ P(dα_0)^{eα0+λ}

(1+e^α0^{+λ})^2

≤ e^{B−λ}.

Chapter 4

Fluctuations in the gradient of the density field

In this chapter we follow the notation introduced in section 1.9. In particular, let us remember that given an odd number r = 2r^′ + 1 and e > 0, we write

Λ^e_{1,r} ≡ Λ_{−(r}′_{+1)e,r}′ Λ^e_{2,r} ≡ Λ_r′_{e,r}′ Λ^e_r ≡ Λ^e_{1,r} ∪ Λ^e_{2,r} Λ^e_{x,r} ≡ Λ^e_r + x. For example, if d = 1, Λ_{1,r} = {−r, . . . , −1} and Λ_{2,r} = {0, . . . , r − 1}. We set, with j = 1, 2,

m^e_{x,r} ≡ m_Λe_{x,r} N^e_{x,r} ≡ N_Λe_{x,r} m^{j,e}_r ≡ m_Λe_{j,r} .

Moreover, we will often use the properties of the telescopic averages Av^{n,s}_{z,x}b_z, Av^{n,R,Q}_{z,x} b_z and Av^∗_{z,x}b_z defined respectively in (1.31), (1.40) and (1.42). We remember that Av^{n,s}_{z,x}b_z requires n, s to be odd numbers with n|s. The other averages needs similar properties. We always assume these conditions to be satisfied. The general case can be solved in the same spirit of remark 1.16.

In what follows we fix e > 0 which will be often understood. We remember that, if 0 < n ≤ s,

ϕ_{n,s} ≡ μ^α[m^{1,e}_n − m^{2,e}_n |m^e_s] ψ_{n,s} ≡ m^{1,e}_n − m^{2,e}_n − ϕ_{n,s}.

We introduce, for n ≤ s, the function ϕ̂_{n,s}:

ϕ̂_{n,s}(η) = μ^{α,λ}Λ^e_s^{(α,me}s^{(η))}(m^{1,e}_n − m^{2,e}_n ).

In this chapter, given an integer s, we set

(4.1) I_s ≡ {0, 1 2s^d , 2 2s^d

, . . . , 1}.

Moreover, given a disorder configuration α and a set Λ ∈ F, we denote M_α(Λ) the set of canonical measures on Λ with disorder α.

98 CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

4.1 The main theorem

This chapter is devoted to the proof of the following statement.

Theorem 4.1. Let G be a real continuous function on [0, 1]. Then, given e > 0 and a positive number γ_0, for almost any configuration disorder α

(4.2) lim sup

n↑∞,c↓0,a↓0,ϵ↓0 sup J∈C^∗(T^d)

sup spec_L2_{(μ}α_{ϵ )} { ϵ^{−1}Av_{x∈T}d_ϵ J(ϵx)G(m^{a/ϵ}_x )Av^∗_{z,x}τ_z ϕ_{n,n} n + γ_0ϵ^{d−2}L } ≤ 0.

In this section we reduce theorem 4.1 to a simpler form. To this aim we introduce some notation. Given functions {f_x}_{x∈T}d_ϵ and {g_x}_{x∈T}d_ϵ depending on the parameter a, n, ϵ we write

f_x ≈ g_x if, given γ_0 > 0, for almost any disorder configuration α

(4.3) lim sup

n↑∞,a↓0,ϵ↓0

Av_{x∈T}d_ϵ sup_{|C}

0|≤1

sup_ν sup spec_L2_{(ν)} { ϵ^{−1}C_0[f_x −g_x]+γ_0ϵ^{−2}Av_{b∈Λx,2 aϵ} L_b } ≤ 0 where ν varies among M_α(Λ_{x,2} a_ϵ ).

Theorem 4.2. Av^{n, aϵ}_{z,x} τ_z ϕ_{n,n} n ≈ 0.

We first prove that theorem 4.1 follows from theorem 4.2. At the end of the section we sketch the proof of theorem 4.2, which is based on the results of next sections.

For simplicity of notation we set R ≡^a_ϵ and Q ≡^c_ϵ . Moreover, given an integer u and x ∈ T^d_ϵ , we define x_u ≡ x + (−Q + uR + R^′ + 1)e. Since in general

Av^{n,R,Q} z,x b_z ≡ Av^{2QR −1}_{u=0} Av^{n,R}_{z,xu} b_z,

the supremum of the spectrum in (4.2) is bounded by Av^{2QR −1}_{u=0} F_u where

F_u ≡ sup spec_L2_{(μ}α_{ϵ )} { ϵ^{−1}Av_{x∈T}d_ϵ J(ϵx)G(m^R_x )Av^{n,R}_{z,xu} τ_z ϕ_{n,n} n + γ_0ϵ^{d−2}L } . We assume R > n. Then Av^{n,R}_{z,xu} τ_z^{ϕn,n}_n has support in Λ^e_{R+n} + x_u ⊂ Λ_{xu,2R}. Let U ≡ {u : | − Q + uR + R^′ + 1| ≤ 3R}.

4.1. THE MAIN THEOREM 99

Then |U| ≤ 6 and if u ∉ U then Λ_{xu,2R} and Λ^R_x are disjoint. We set

R_{x,u} ≡ { 20R if Λ_{xu,2R} ∩ Λ^R_x ≠ ∅ R otherwise.

Then

F_u ≤ F^{(1)}_u + F^{(2)}_u + F^{(3)}_u where

F^{(i)}_u ≡ sup spec_L2_{(μ}α_{ϵ )} { ϵ^{−1}Av_{x∈T}d_ϵ J(ϵx)H^{(i)}_{x,u} + γ_0 3 ϵ^{d−2}L } and

H^{(1)}_{x,u} ≡ G(m^{Ru}_x )Av^{n,R}_{z,xu} τ_z ϕ_{n,n} n H^{(2)}_{x,u} ≡ ( G(m^R_x ) − G(m^{Ru}_x ) ) Av^{n,R}_{z,xu} τ_z

−ψ_{n,n} n H^{(3)}_{x,u} ≡ ( G(m^R_x ) − G(m^{Ru}_x ) ) Av^{n,R}_{z,xu} τ_z m^{1,e}_n − m^{2,e}_n n . By means of lemma 4.3 and 4.4, it’s enough to prove theorem 4.2 in order to prove theorem 4.1.

Lemma 4.3. For almost any disorder configuration α, for i = 2, 3,

(4.4) lim sup_{c↓0,a↓0,ϵ↓0} sup_{J∈C∗(Td)} Av^{2QR −1}_{u=0} F^{(i)}_u ≤ 0.

Proof. We first consider the case i = 2.

We set Y ≡ {y ∈ nZ^d : y ∈ Λ_{0,R}′ }. By (1.31), for a particular integer w = w(n, R, Q, u),

Av_{x∈T}d_ϵ ( a_x · Av^{n,R}_{z,xu} b_z ) = Av_{x∈T}d_ϵ ( b_x · [ Av^{Rn −1}_{v=0} Av_{y∈Y} a_{x+y+(w−vn)e} ]) . We set

B_{x,u} ≡ Av^{Rn −1}_{v=0} Av_{y∈Y} a_{x+y+(w−vn)e} where a_z ≡ J(ϵz)[G(m^R_z ) − G(m^{Rz,u}_z )] ∀z ∈ T^d_ϵ ,

then

F^{(2)}_u = sup spec_L2_{(μ}α_{ϵ )} { ϵ^{−1}Av_{x∈T}d_ϵ ( B_{x,u} · τ_x

−ψ_{n,n} n ) + γ_0 3 ϵ^{d−2}L } . By the same arguments used to estimate ∇_bB^{(3)}_x in section 1.17 we obtain that for any bond b in Λ_n

100CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

‖∇_bB_{x,u}‖_∞ ≤ C nϵ a Osc ( G, C(d) ϵ^d a^d ) . Since ‖B_{x,u}‖_∞ ≤ C(G, J) and ψ_{n,n} ∈ G_n, by proposition 1.15 and the property that F^{(2)}_u ≠ 0 for O(1) possible values of u,

Av^{2QR −1}_{u=0} F^{(2)}_u ≤ C(n, a, c, γ_0, G, J)Osc ( G, ϵ^d a^d ) + C(n, G, J, γ_0) a c which implies the thesis.

We consider the case i = 3. We write R = 2R^′ + 1, then by (1.32),

Av^{2QR −1}_{u=0} F^{(3)}_u ≤ 1 c sup spec_L2_{(μ}α_{ϵ )} { C(J, G)Av_{x∈T}d_ϵ |m_{x,R}′ − m_{x+Re,R}′ | + a γ_0 3 ϵ^{d−2}L}.

We introduce the parameter s with c ↓ 0, s ↑ ∞, a ↓ 0, ϵ ↓ 0. Since

m_{x,R}′ = Av_{y∈Λx,R′} m_{y,s} + O(s/R^′),

it’s enough to prove that, for almost any disorder configuration α and for any γ > 0,

(4.5) lim sup

s↑∞,a↓0,ϵ↓0

sup spec_L2_{(μ}α_{ϵ )} { Av_{x∈T}d_ϵ |m_{x,s} − m_{x+Re,s}| + γaϵ^{d−2}L } ≤ 0.

We use arguments standard for Two-Blocks estimates. In particular, by the Moving Particle Lemma

ϵ^{d−2}L ≤ Ca^{−2}Av_{x∈T}d_ϵ Av_{y∈Λx,s} L_{y,y+Re}

and the supremum of the spectrum in (4.5) can be bounded by

Av_{x∈T}d_ϵ sup

ν∈M_α(Λ_{x,s}∪Λ_{x+Re,s})

a^{−1} sup spec_L2_{(ν)} { a|m_{x,s} − m_{x+Re,s}| + γCAv_{y∈Λx,s} L_{y,y+Re}}.

By perturbation theory, in particular by proposition A.13, it’s enough to prove that, for almost any disorder configuration α, lim s↑∞,a↓0,ϵ↓0

Av_{x∈T}d_ϵ sup

ν∈M_α(Λ_{x,s}∪Λ_{x+Re,s}) ν ( |m_{x,s} − m_{x+Re,s}| ) = 0.

By lemma A.8 the thesis follows from the limit lim s↑∞,ϵ↓0

Av_{x∈T}d_ϵ ( m − μ^{α,λ0(m)}(m_{x,s})

)_2

= 0.

4.1. THE MAIN THEOREM 101

Lemma 4.4. Let A, B be two boxes in T^d_ϵ and g, h be a couple of bounded measurable functions depending respectively on m_A and η_B .

If A ∩ B = ∅ or B ⊂ A then

(4.6) sup spec_L2_{(μ}α_{ϵ )} { g(m_A)h(η_B ) + CL_B } ≤ sup

|t|≤‖g‖_∞ sup m∈[0,1]

sup spec_L2_{(μ}α_{B,m )}{th(η_B ) + CL_B } . Proof. We set μ ≡ μ^α_ϵ and for a generic X ∈ F

F_X ≡ σ(m_X ; {η_y}_{y∉X} ).

The l.h.s. of (4.6) corresponds to

sup_f ( μ(g(m_A)h(η_B )f) − CD_B ( √ f; μ) )

where the supremum is carried over the density functions f for μ.

We consider the case A ∩ B = ∅. We set ν_τ = μ(· | F_B )(τ). Then the thesis follows by the identity

μ(ghf) − CD_B( √ f; μ) = ∫ μ(dτ)ν_τ (f) [ g ( m_A(τ) ) ν_τ ( h f ν_τ (f) ) − D_B ( √ f ν_τ (f)

; ν_τ )] . We consider the case B ⊂ A. Since μ(F ) = μ ( μ(F | F_A) ) for any function F , by the above argument we obtain that the l.h.s. of (4.6) is bounded by

sup_m sup spec_L2_{(μA,m)}{g(m)h(η_B ) + CL_B }

Since μ_{A,m}(F ) = μ_{A,m} ( μ_{A,m}(F | F_B ) ) for any function F , by the usual argument, we obtain the thesis.

4.1.1 Roadmap of the proof of theorem 4.2.

We sketch the proof of theorem 4.2, which is based on the results of next sections and is valid for d ≥ 3.

Let s_0 = O ( ϵ^{− 1d+2} ) . By proposition 4.16

Av^{n, aϵ}_{z,x} τ_z

[ϕ_{n,n} n − ϕ_{n,s0} n ] ≈ 0.

Moreover, by proposition 4.19,

Av^{n, aϵ}_{z,x} τ_z ϕ_{n,s0} n ≈ Av^{s0, aϵ}_{z,x} τ_z ϕ_{s0,s0}

s_0 .

102CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

By lemma 4.20, if s ≡ ϵ^{− ad+2} s^′ ≡ ϵ^{− bd+2} 1 ≤ a < b < d + 2 b < 1 + a 2 , then

Av^{s, aϵ}_{z,x} τ_z ϕ_{s,s} s ≈ Av^{s′, aϵ}_{z,x} τ_z ϕ_s′_{,s}′ s^′ . Therefore, as stated by proposition 4.21, for any γ small enough we can find 1 < a_1 < a_2 < · · · < a_r < 2 with a_r > 2 − γ such that, setting s_i = O(ϵ^{− aid+2} ) for i = 1, . . . r,

Av^{si, aϵ}_{z,x} τ_z ϕ_{si,si} s_i

≈ Av^{si+1, aϵ}_{z,x} τ_z ϕ_{si+1,si+1} s_{i+1}

∀i = 0, . . . , r.

It remains to prove that, for γ small enough,

Av^{s, aϵ}_{z,x} τ_z ϕ_{s,s} s ≈ 0 s = O(ϵ^{− 2d+2 +γ} ).

This last statement follows from proposition 4.25 which is an “exotic” Two Block estimate.

4.2 An estimate of ∇_y [ τ_xϕ̂_{n,s} ] In what follows n, s are positive integers with n ≤ s. Let 0 < γ < d and m ∈ (0, 1) such that

(4.7) a_m ≥ 4s^{−d+γ} where a_m ≡ min(m, 1 − m). Given m^′ ∈ [0, 1] we define

ξ(α, m^′) ≡ μ^{α,λΛe}s^{(α,m′)}( m^{1,e}_n − m^{2,e}_n ; N^e_n ) ξ_0(α, m^′) ≡ μ^{α,λ0(m′)}( m^{1,e}_n − m^{2,e}_n ; N^e_n ) σ^2(α, m^′) ≡ μ^{α,λΛe}s^{(α,m′)}( m^e_s; N^e_s ) σ^2_0(α, m^′) ≡ μ^{α,λ0(m′)}( m^e_s; N^e_s )

σ^2_0(m^′) ≡ E ( μ^{α,λ0(m)}( η_0; η_0 ) ) .

(4.8)

Let us remember the definition ϕ̂_{n,s}(η) = μ^{α,λ}Λ^e_s^{(α,me}s^{(η))}(m^{1,e}_n − m^{2,e}_n ).

We observe that by the equivalence of ensembles ‖ϕ_{n,s} − ϕ̂_{n,s}‖_∞ ≤ Cs^{−d}. In this section we concentrate on the quantity ∇_yτ_xϕ̂_{n,s}(η) (which is zero if y ∉ Λ^e_{x,s}) under the assumption η ∉ M_x(m) and α ∉ A^{(2)}_x (m) ∪ A^{(3)}_x (m) where

4.2. AN ESTIMATE OF ∇_Y [ τ_Xϕ̂_{N,S} ] 103

M_x(m) ≡ {|m^e_{x,s}(η) − m| ≥ √ a_ms^{− d2 + γ2} }

A^{(2)}_x (m) ≡ { 1 a_m

|m − τ_x μ^{α,λ0(m)}(m^e_s)| ≥ s^{− d2 + γ2} }

A^{(3)}_x (m) ≡ { |τ_x σ^2_0 (α, m) σ^2_0(m)

− 1| ≥ s^{− d2 + γ2} }.

(4.9)

Let I be the interval with extremes m^e_{x,s}(η) and m^e_{x,s}(η^y). Since η ∉ M_x(m), it’s simple to check that if s ≥ s_0(d, γ) then ∀m^′ ∈ I

(4.10) a_m′ ≥ a_m 4 .

In what follows we assume s ≥ s_0(d, γ). Then we can write

(4.11) ∇_yτ_xϕ̂_{n,s}(η) =

∫_me_{x,s(η}y_)

m^e_{x,s}(η)

τ_x ξ(α, m^′) σ^2(α, m^′) dm^′.

By lemma A.2, for some C > 0,

ξ(α, m^′), ξ_0(α, m^′) ≤ Ca_m′ σ^2(α, m^′), σ^2_0 (α, m^′), σ^2_0 (m^′) ≥ C^{−1}a_m′

By lemma A.4 and A.5,

|τ_xξ(α, m^′) − τ_xξ_0(α, m^′)| ≤ C|m^′ − μ^{α,λ0(m′ )}(m^e_{x,s})| |τ_xσ^2(α, m^′) − τ_xσ^2_0 (α, m^′)| ≤ C|m^′ − μ^{α,λ0(m′ )}(m^e_{x,s})| |τ_xξ_0(α, m^′) − τ_xξ_0(α, m)| ≤ C|m^′ − m| |τ_xσ^2_0 (α, m^′) − τ_xσ^2_0(α, m)| ≤ C|m^′ − m|.

(4.12)

In what follows we often use the obvious estimate |^a_b −^A_B | ≤^a_{bB} |b − B| +^1_B |a − A|. By (4.12), | |τx ξ(α, m^′) σ^2(α, m^′)

− τ_x ξ_0(α, m^′) σ^2_0(α, m^′) | | ≤ C a_m′

|m^′ − μ^{α,λ0(m′ )}(m^e_{x,s})|

(4.13) | |τ_x ξ0(α, m^′)

σ^2_0(α, m^′)

− τ_x ξ_0(α, m) σ^2_0(α, m) | | ≤ C a_m

|m^′ − m| ≤ C a_m

|m^e_{x,s}(η) − m| + C a_m s^{−d}

(4.14) | |τx ξ_0(α, m) σ^2_0(α, m)

− τ_x ξ_0(α, m) σ^2_0 (m) | | ≤ C|τx σ^2_0(α, m) σ^2_0 (m)

− 1|.

(4.15)

Let f_m′ ≡ |m^′ − μ^{α,λ0(m′ )}(m^e_{x,s})|. By lemma A.2 f_m′ ≤ Ca_m′ . Let I the interval with extremes m^e_{x,s}(η) and m^e_{x,s}(η^y). By (4.10) and lemma A.5, if m^′, m^{′′} ∈ I,

104CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

(4.16) | f_m′ a_m′ − f_m′′ a_m′′ | ≤ C a_m′′

|a_m′ − a_m′′ | + C a_m′′

|m^′ − m^{′′}| ≤

C^′ a_m s^{−d}.

Therefore, the r.h.s. of (4.13) can be estimated by

(4.17) C a_m s^{−d} + C a_m

|m^e_{x,s}(η) − μ^{α,λ0(mex,s(η))}(m^e_{x,s})|.

By (4.11) and the previous estimates,

| |∇_yτ_xϕ̂_{n,s}(η) − (1 − 2η_y)(2s_d)_{−1}τ_x ξ0(α, m) σ^2_0 (m) | | ≤

Cs^{−d}

{s−d a_m + 1 a_m

|m^e_{x,s}(η) − μ^{α,λ0(mex,s(η))}(m^e_{x,s})| + 1 a_m

|m^e_{x,s}(η) − m| + |τ_x σ^2_0(α, m) σ^2_0 (m)

− 1| } .

(4.18)

By lemma A.5,

(4.19) |m^e_{x,s}(η) − μ^{α,λ0(mex,s(η))}(m^e_{x,s})| ≤ C|m^e_{x,s}(η) − m| + C|m − μ^{α,λ0(m)}(m^e_{x,s})|.

The following lemma follows easily from (4.9), (4.18) and (4.19).

Lemma 4.5. Let n, s be positive integers with n ≤ s. Let 0 < γ < d and m ∈ (0, 1) such that a_m ≥ 4s^{−d+γ} where a_m ≡ min(m, 1 − m). Let x, y ∈ Z^d and M_x(m), A^{(2)}_x (m), A^{(3)}_x (m) be as in (4.9). Then, if s ≥ s_0(γ), ∀η ∉ M_x(m) and ∀α ∉ A^{(2)}_x (m) ∪ A^{(3)}_x (m),

(4.20) |∇_yτ_xϕ̂_{n,s}(η) − (1 − 2η_y)(2s^d)^{−1}τ_x ξ_0(α, m) σ^2_0 (m)

| ≤ Cs^{−d}

{s−d a_m + 1 √ a_m s^{− d2 + γ2} } .

In what follows we give some estimates that will be useful in the applications of lemma 4.5.

Lemma 4.6. Let n, s, γ, m be as in the previous lemma. Let γ^′ : 0 < γ^′ < γ and λ = λ(α) be a bounded measurable function such that for any disorder configuration α

|λ(α) − λ_0(m)| ≤ s^{− d2 + γ4} .

If s ≥ s_0(γ, γ^′) then ∀Δ ∈ F

(4.21) P ( μ^{α,λ} ( ∪_{x∈Δ}M_x(m) ) ≥ |Δ|e^{−sγ′} ) ≤ e^{−s} γ 2 .

4.2. AN ESTIMATE OF ∇_Y [ τ_Xϕ̂_{N,S} ] 105 Proof. By Chebyshev inequality and the translation invariance of P, the l.h.s. of (4.21)

can be bounded by

e^{sγ′} E ( μ^{α,λ}(M_0(m)) ) . We consider for example the case m ≤^1_2 (the proof is similar if m >^1_2 ).

We write M_0(m) = M_−(m) ∪ M_+(m) with

M_±(m) ≡ { ±(m^e_{0,s}(η) − m) ≥ √ ms^{− d2 + γ2} }.

As example we estimate

(4.22) e^{sγ′} E ( μ^{α,λ}(M_+(m)) ) , the estimate for M_−(m) is similar.

Let 0 < t < 1. By Chebyshev inequality, (4.22) can be bounded by

(4.23) e^{sγ′ −2t√ms d2 +} γ 2 E ( μ^{α,λ} ( e^{t(N e0,s −2sdm)} )) = e^{sγ′ −2t√ms d2 +} γ 2 E ( ∏ x∈Λ^e_s

μ^{α,λ} ( e^{t(ηx −m)} )) .

We fix a disorder configuration α and denote I the interval with extremes λ = λ(α) and

λ_0(m). Then, for any x ∈ Z^d,

(4.24) μ^{α,λ} ( e^{t(ηx−m)} ) ≤ sup_~ λ∈I ( 1 + |μ^{α,λ̃} ( η_x; e^{t(ηx −m)} ) | μ^{α,λ0(m)} ( e^{t(ηx−m)}

) |λ − λ_0(m)| ) μ^{α,λ0(m)} ( e^{t(ηx −m)} ) . Since E ( μ^{α,λ0(m)}(η_0) ) = m, |λ_0(m) − ln^m_{1−m} | ≤ B. Therefore |λ̃ − ln^m_{1−m} | ≤ 2B if s is

large enough. In particular,

μ^{α,λ̃} ( η_x ) ≤ C(B)m.

We observe that μ^{α,λ0(m)} ( e^{t(ηx −m)} ) ≥ e^{−1} while

|μ^{α,λ̃} ( η_x; e^{t(ηx −m)} ) | = μ^{α,λ̃} ( η_x; η_x )| e^{t(1−m)} − e^{−tm} | ≤ Ctm.

By the previous estimates and (4.24),

μ^{α,λ} ( e^{t(ηx −m)} ) ≤ (1 + Ctms^{− d2 + γ4} )μ^{α,λ0(m)} ( e^{t(ηx−m)} ) and therefore (4.23) is bounded by

(4.25) e^{sγ′ −2t√ms d2 +} γ 2 +Ctms^d2^{+ γ}4 E ( μ^{α,λ0(m)} ( e^{t(η0 −m)}

))2s^d . Since by Taylor expansion E ( μ^{α,λ0(m)}(e^{t(η0 −m)}) ) ≤ 1 + Ct^2m ≤ e^{Ct2m},

106CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

(4.25) can be bounded by

(4.26) exp ( s^{γ′} − 2t √ ms^{d2 + γ2} + Ctms^{d2 + γ4} + Ct^2ms^d ) . We choose t such that t^2m = s^{−d+γ′} . Then (4.26), which bounds (4.22), corresponds to exp ( (1 + C)s^{γ′} − 2s^{γ′2 + γ2} + C √ ms^{γ′2 + γ4} ) . It’s simple to derive the thesis.

The following lemma will be useful in order to apply lemma 4.6.

Lemma 4.7. Let s be positive integer. Let 0 < γ < d and m ∈ (0, 1) with a_m ≥ 4s^{−d+γ} . We define

(4.27) B_x(m) ≡ { |λ_Λe_{x,s} (α, m) − λ_0(m)| ≥ s^{− d2 + γ4} }. Then there exists a constant C = C(B) > 0 such that P ( B_x ) ≤ 2e^{−Cs} γ 2 . Proof. We consider the case m ≤ 1/2 (otherwise the proof is similar). By lemma A.6,

|λ_Λe_{x,s} (α, m) − λ_0(m)| ≤ C|1 − 1 m μ^{α,λ0(m)}(m_Λe_{x,s} )|.

The thesis follows from proposition A.1 and lemma A.2.

Remark 4.8. In the applications of the previous results we use also other parameters in place of n, s. When n, s are substituted by n^′, s^′ we use the following notation:

M_x(m, s^′), A^{(2)}_x (m, s^′), A^{(3)}_x (m, s^′), B_x(m, s^′), ξ(α, m, n^′, s^′), ξ_0(α, m, n^′)...

4.3 An example

In this section we describe a method for estimating the expression

(4.28) Var_μα,λ_0(m) (Av_{x∈Λk} τ_xϕ_{n,s}) where n, s, k are positive integers such that n ≤ s ≤ k and m ∈ [0, 1]. We fix 0 < γ^′ < γ < d and we distinguish two cases:

4.3. AN EXAMPLE 107

a) a_m ≤ 4s^{−d+γ} , b) a_m ≥ 4s^{−d+γ} ,

where a_m ≡ min(m, 1 − m). Case a).

For example let m ≤ 2^{−1}. Since ∀y, z ∈ Λ^e_s

μ^α[η_y | m^e_s] ≤ Cμ^α[η_z | m^e_s], it’s simple to show that μ^α[η_y | m^e_s] ≤ Cm^e_s for any y ∈ Λ^e_s. Therefore |τ_xϕ_{n,s}| ≤ Cm^e_{x,s} for any x and then |Av_{x∈Λk} τ_xϕ_{n,s}| ≤ C^′m_{2k}. We observe that

μ^{α,λ0(m)}(m^2_k) ≤ Ck^{−2d} ( ∑ x∈Λ_{2k}

μ^{α,λ0(m)}(η_x) + ∑ x≠y in Λ_{2k}

μ^{α,λ0(m)}(η_xη_y) ) ≤ C(k^{−d}m + m^2).

Therefore (4.28) can be bounded by

(4.29) Cμ^{α,λ0(m)}(m^2_k) ≤ C^′s^{−2d+2γ} .

Case b).

By the equivalence of ensembles, in (4.28) we can substitute ϕ_{n,s} by ϕ̂_{n,s} with a global error of order s^{−2d}.

In order to estimate Var_μα,λ_0(m) ( Av_{x∈Λk} τ_xϕ̂_{n,s} ) we use Poincaré inequality in Λ_{k+s} w.r.t.

Glauber dynamics. More precisely, by proposition A.9 it’s enough to estimate

(4.30) a_mμ^{α,λ0(m)} ( ∑ y∈Λ_{k+s} [ Av_{x∈Λk} ∇_yτ_xϕ̂_{n,s}

]_2)

or equivalently

(4.31) a_mμ^{α,λ0(m)} ( ∑ y∈Λ_{k+s} [ k^{−d} ∑ x∈Λ_k∩Λ_{y,s}

∇_yτ_xϕ̂_{n,s}

]_2) . We refer to definition (4.9) and set

M(m) ≡ ∪_{x∈Λk} M_x(m) and

A_1 ≡ { μ^{α,λ0(m)} ( M(m) ) ≥ k^d exp(−s^{γ′} ) } A_2 ≡ ∪_{x∈Λk} A^{(2)}_x (m) A_3 ≡ ∪_{x∈Λk} A^{(3)}_x (m)

A_4 ≡ ∪_{y∈Λk+s} { |Av_{x∈Λk∩Λy,s} [ τ_x ξ_0(α, m) σ^2_0 (m) ] | ≥ |Λ_k ∩ Λ_{y,s}|^{− 12 + γ2d} }

108CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

A ≡ A_1 ∪ A_2 ∪ A_3 ∪ A_4.

We first estimate

(4.32) I_Ac (α)a_mμ^{α,λ0(m)} ( I_Mc_{(m)}(η) ∑ y∈Λ_{k+s} [ k^{−d} ∑ x∈Λ_k∩Λ_{y,s}

∇_yτ_xϕ̂_{n,s}

]_2) .

By definition of M(m), since α ∉ A_2 ∪ A_3 and by lemma 4.5, if s ≥ s_0(γ) then (4.32) can be bounded by a constant C multiplied by the following expression

(4.33) k^{−d}I_Ac (α)Av_{y∈Λk+s} [ (2s^d)^{−1} ∑ x∈Λ_k∩Λ_{y,s}

τ_x ξ_0(α, m) σ^2_0(m)

]_2

+ k^{−d}s^{−d+γ}

We analyze the first addendum in (4.33) with α ∉ A. It can be bounded by C(A + B) where C is a positive constant and A, B are defined as follows.

A ≡ k^{−2d} ∑ |y|≤k [ (2s^d)^{−1} ∑ x∈Λ_k∩Λ_{y,s}

τ_x ξ_0(α, m) σ^2_0 (m)

]_2 ,

B ≡ k^{−2d} ∑ k<|y|≤k+s [ (2s^d)^{−1} ∑ x∈Λ_k∩Λ_{y,s}

τ_x ξ_0(α, m) σ^2_0(m)

]_2 .

If |y| ≤ k then |Λ_k ∩ Λ_{y,s}| = O(s^d). By definition of A_4, A ≤ Ck^{−d}s^{−d+γ} . Given l : 0 ≤ l < s, if |y| = k + s − l then |Λ_k ∩ Λ_{y,s}| = O(s^{d−1}(l + 1)) and by definition of A_4 | | | ∑ x∈Λ_k∩Λ_{y,s}

τ_x ξ_0(α, m) σ^2_0 (m) | | | ≤ C(s^{d−1}(l + 1))^{12 + γ2d}

and therefore

B ≤ Ck^{−d−1} s+1∑ l=1 [ s^{−d}(s^{d−1}l)^{12 + γ2d}

]_2

≤ C^′k^{−d−1}s^{−d+1+γ} .

In conclusion, (4.32) can be bounded by k^{−d}s^{−d+γ} + Ck^{−d−1}s^{−d+1+γ} . Moreover, if we consider expression (4.32) with I_Mc_{(m)}(η) substituted by I_{M(m)}(η) then, by definition of A_1, it can be bounded by s^{2d}e^{−sγ′} .

Taking into account the estimate by means of the equivalence of ensembles, we obtain that in case b) expression (4.28) can be bounded by

CI_Ac (α) ( s^{−2d} + k^{−d}s^{−d+γ} + k^{−d−1}s^{−d+1+γ} + s^{2d}e^{−sγ′} ) + I_A(α).

By the above estimate, (4.29) and lemma 4.10 we have the following proposition.

4.3. AN EXAMPLE 109

Proposition 4.9. Let d ≥ 2, m ∈ [0, 1] and n, s, k be positive integers with n ≤ s ≤ k. Let 0 < γ^′ < γ < d.

There exist constants C, C^′ and a measurable set A with P(A) ≤ Ck^{2d}e^{−C′s γ2} such that, if s ≥ s_0(γ, γ^′), then

Var_μα,λ_0(m) (Av_{x∈Λk} τ_xϕ_{n,s}) ≤ CI_Ac (α) ( s^{−2d+2γ} + k^{−d}s^{−d+γ} + k^{−d−1}s^{−d+1+γ} + s^{2d}e^{−sγ′} ) + I_A(α).

(4.34)

We remark that the restriction d ≥ 2 is needed in order to prove that P(A_4) is negligible as stated in lemma 4.10.

Lemma 4.10. Let d ≥ 2. If s ≥ s_0(γ, γ^′) then (4.35) P(A) ≤ Ck^{2d}e^{−C′s} γ 2 . Proof. By lemma 4.6, P(A_1) ≤ Ce^{−s γ2} if s ≥ s_0(γ, γ^′). By proposition A.1, P(A_i) ≤ Ck^de^{−C′sγ} where i = 2, 3. Let us consider P(A_4). We define

(4.36) g_x ≡ (σ^2_0 (m))^{−1}[μ^{α,λ0(m)}(η_x; η_x) − μ^{α,λ0(m)}(η_{x+ne}; η_{x+ne})], then

Av_{x∈Λk∩Λy,s} τ_x ξ_0(α, m) σ^2_0 (m)

= Av_{z∈Λ}e_{1,n} Av_{x∈Λk∩Λy,s} g_{x+z}. Therefore A_4 ⊂ ∪_{y∈Λk+s} ∪_{z∈Λ}e_{1,n} {|Av_{x∈Λk∩Λy,s} g_{x+z}| ≥ |Λ_k ∩ Λ_{y,s}|^{− 12 + γ2d} }.

Since ‖g_0‖_∞ ≤ C and E(g_0) = 0, by arguments similar to those of proposition A.1

P(A_4) ≤ Ck^dn^de^{−C′s} d−1 d γ .

For the proof of theorem 4.2 it’s useful to give an estimate of the expression

(4.37) Var_μα,λ_0(m) ( Av^∗_{x∈Λk} τ_xϕ_{n,s} ) where n, s, k are positive integers such that n ≤ s ≤ k ≤ 100s, m ∈ [0, 1] and Av^∗_{x∈Λk} ≡ Av_{x∈Λk∩ nZ}d .

Let 0 < γ < d and γ^′ ≡^γ_2 .

110CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

We indicate the main differences w.r.t. the estimate of (4.28).

It’s simple to check that the contribution due to extreme densities, that is a_m ≤ 4s^{−d+γ} , can be bounded by Cs^{−2d+2γ} . For example if m ≤ 1/2 then it’s enough to observe that |τ_xϕ_{n,s}| ≤ Cm_{x,s} for any x and therefore (4.37) can be bounded by

CAv^∗_{x∈Λk} μ^{α,λ0(m)}(m^2_{x,s}) ≤ C s^{−2d+2γ} .

We assume a_m ≥ 4s^{−d+γ} . The contribution due to the equivalence of ensembles is of order s^{−2d}. After applying Poincaré inequality, in order to estimate

(4.38) ∑ y∈Λ_{k+s}

a_mμ^{α,λ0(m)} ([ Av^∗_{x∈Λk} ∇_yτ_xϕ̂_{n,s}

]_2) , we define A, A_1, A_2, and A_3 as done for the estimate of (4.28) and we set

A_4 ≡ { | |Av^∗_{x∈Λk} τx ξ_0(α, m) σ^2_0(m) | | ≥ k^{− d2 + γ2} } . By lemma 4.5 if s ≥ s_0(γ) then

(4.39) ∑ y∈Λ_{k+s}

I_Ac (α)a_mμ^{α,λ0(m)} ( I_Mc_{(m)}(η) [ Av^∗_{x∈Λk} ∇_yτ_xϕ̂_{n,s}

]_2)

can be bounded by

Ck^dI_Ac (α) [ s^{−d}Av^∗_{x∈Λk} τ_x ξ_0(α, m) σ^2_0 (m)

]_2

+ Ck^{−2d+γ} ≤ Ck^{−2d+γ} .

Moreover, (4.39) with I_Mc_{(m)} replaced by I_{M(m)} is bounded by c k^{2d}e^{−sγ/2} . P(A_i), with i = 1, 2, 3, can be bounded as in the proof of lemma 4.10, while we claim that, for a suitable positive constant C,

P(A_4) ≤ e^{−Ckγ} .

Let us consider the case d = 1 for simplicity of notation. We can write

(4.40) n ∑ x∈Λ_k∩nZ

τ_x ξ_0(α, m) σ^2_0 (m) = ( ∑ x∈Λ_k∩2nZ ∑ z∈Λ^e_{1,n}

g_{x+z} ) + ( ∑ x∈Λ_k∩(2n+n)Z ∑ z∈Λ^e_{1,n}

g_{x+z} )

where g_x has been defined in (4.36). We remark that both in the first addendum and in the second addendum of the r.h.s. of (4.40) the appearing functions have disjoint support and form a set of cardinality O(k^d). By the same argument used to prove proposition A.1, we obtain the thesis. By collecting the previous results we obtain the following proposition.

Proposition 4.11. Let m ∈ [0, 1] and n, s, k be positive integers with n ≤ s ≤ k ≤ 100s. Given 0 < γ < d, if s ≥ s_0(γ) then there exists a measurable set A such that for a suitable positive constants C P(A) ≤ e^{−kCγ} and such that

(4.41) Var_μα,λ_0(m) ( Av^∗_{x∈Λk} τ_xϕ_{n,s} ) ≤ I_A(α) + CI_Ac k^{−2d+2γ} .

4.4. PERTURBATION THEORY 111

In a similar way we can prove the following statement.

Proposition 4.12. Let n ≤ s be positive integers and let 0 < δ ≪ 1. Let also γ > 0 and set J_s = {1/s^γ , 2/s^γ , . . . 1 − 1/s^γ }. Then there exists a set A of disorder configurations α in Λ_{2s} satisfying P(A) ≤ s^γ e^{−c sδ}

and such that, for s large enough depending on δ,

(4.42) sup_{m∈Js} Var_μλ(α,Λ_{2s},m)_{Λ2s} ( Av^∗_{x∈Λs} τ_xϕ_{n,s} ) ≤ cI_Ac (α)s^{−2d+2δ} + I_A(α).

4.4 Perturbation theory

In the next sections we develop the proof of theorem 4.2. A basic tool in the proof is given by perturbation theory and in particular by proposition A.13.

We remark that in our proof of theorem 4.2 the estimates on the spectral gap needed in order to apply proposition A.13 can be derived by the results of chapter 2, which are valid also in disordered models without diffusive scaling in the spectral gap. In particular, it can be proved that if s = O(ϵ^{−δ}), with 0 < δ < 1, then there exists C_0 > 0 such that almost any disorder configuration α has the following property: ∀ϵ ≤ ϵ_0(α) and ∀x ∈ T^d_ϵ

(4.43) sup_{ν∈M} gap ( L^α_{Λx,s} , ν

)_{−1}

≤ C_0s^2

where M ≡ M_α(Λ_{x,s}).

In fact, let β be such that ϵ^{−d}s^{−β} ≤ ϵ^2. Then by theorem 2.20, in particular by (2.69) and (2.70), there exists C_0 > 0 such that if ϵ is small enough P ( ∃x ∈ T^d_ϵ : sup_{ν∈M} gap ( L^α_{Λx,s} , ν

)_{−1}

> C_0s^2 ) ≤ ϵ^{−d}s^{−β}.

Therefore (4.43) follows by Borel-Cantelli lemma.

In many applications of proposition A.13 it’s useful the following estimate of ‖ϕ_{s,s}′ ‖_∞.

Lemma 4.13. Let 0 < β < 1 and s = O ( ϵ^{−β} ) . If 0 < γ <^d_2 then for almost any configuration disorder α, ∀ϵ ≤ ϵ_0(α), ∀s^′ ≥ s and ∀x ∈ T^d_ϵ

(4.44) |τ_xϕ_{s,s}′ | ≤ Cs^{− d2 +γ} .

Proof. By the equivalence of ensembles and lemma A.3,

|τ_xϕ_{s,s}′ − τ_xϕ̂_{s,s}′ | ≤ C(s^′)^{−d},

|τ_xϕ̂_{s,s}′ (η) − μ^{α,λ0( mex,s′ (η) )} ( τ_x(m^{(1)}_s − m^{(2)}_s ) ) | ≤ C|m^e_{x,s}′ (η) − μ^{α,λ0( mex,s′ (η) )}(m^e_{x,s}′ )|.

(4.45)

Let B ≡ ∪_{m∈Is′} ∪_{x∈T}d_ϵ ( B^′_x(m) ∪ B^{′′}_x(m) ) where

112CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

B^′_x(m) ≡ { |m − μ^{α,λ0(m)}(m^e_{x,s}′ )| ≥ (s^′)^{− d2 +γ} }, B^{′′}_x(m) ≡ { |μ^{α,λ0(m)} ( τ_x(m^{(1)}_s − m^{(2)}_s ) ) | ≥ s^{− d2 +γ} }.

By proposition A.1 P(B) ≤ 2ϵ^{−2d}e^{−Cs2γ} and since ϵ^{−β} = s ≤ s^′, by Borel-Cantelli lemma, ~∀α if ϵ ≤ ϵ_0(α) then α ∉ B and (4.45) allows to conclude the proof.

Remark 4.14. Let s be an odd integer such that s|^a_ϵ . Let s ≤ s^′ <^a_ϵ . Let x ∈ T^d_ϵ , ν ∈ M_α(Λ_{x,2} a_ϵ ) and F be a function with support in Λ^e_{0,s}′ . Then

(4.46) sup spec_L2_{(ν)}{ϵ^{−1}Av^{s, aϵ}_{z,x} τ_zF + ϵ^{−2}Av_{b∈Λx,2 aϵ} L_b} ≤ Av^{s, aϵ}_{z,x} sup_{ν′} sup spec_L2_{(ν}′_){ϵ^{−1}τ_zF + C(d)ϵ^{−2}Av_{b∈Λ}e_{z,s′} L_b}

where ν^′ varies in M_α(Λ^e_{z,s}′ ).

In fact, let a/ϵ = R = 2R^′ + 1, s = 2s^′ + 1 and A ≡ sZ^d ∩ Λ_{0,R}′ . By the definition of the average Av^{s, aϵ}_{z,x} the l.h.s. of (4.46) is bounded by

Av^{Rs −1}_{v=0} sup spec_L2_{(ν)}{ϵ^{−1}Av_{z∈x+Av} τ_zF + ϵ^{−2}Av_{b∈Λx,2R} L_b} where A_v ≡ A + (−R^′ + s^′ + vs)e. The thesis follows easily by observing that, for any v : 0 ≤ v ≤ R/s,

Av_{b∈Λx,2R} L_b ≤ C(d)Av_{z∈x+Av} Av_{b∈Λ}e_{z,s′} L_b.

4.5 From n^{−1}ϕ_{n,n} to n^{−1}ϕ_{n,s} with s = O(ϵ^{− 1d+2} ) and n ↑ ∞, ϵ ↓ 0

A fundamental tool of this section is given by lemma 4.15.

Lemma 4.15. Let A be a box in Z^d and {A_i}_{i∈I} be a family of cubes A_i ⊂ A with side R such that

|{i ∈ I : x ∈ A_i}| ≤ 10^{6d} ∀x ∈ A.

For any i ∈ I we define F_i ≡ σ(m_{Ai} ; η_x with x ∉ A_i).

Let F = Av_{i∈I} F_i where F_i is a local function with support in A_i and such that

μ^α(F_i | F_i) = 0 ∀i ∈ I.

Then, given a canonical Gibbs measure μ on A with disorder configuration α, μ ( F, 1 −L^α_A F ) ≤ C(d)R^2|I|^{−1}Av_{i∈I} γ_α(A_i)μ ( Var_μ(F_i | F_i) ) where γ_α(A_i) is defined by (2.42).

Proof. Let g be a local function with support in A. Then

|μ(F, g)| ≤ Av_{i∈I} | |μ( μ(F_i; g | F_i) ) | | ≤ R Av_{i∈I} μ ( [ Var_μ(F_i | F_i)γ_α(A_i)D_{Ai} ( g; μ(·, F_i)

)] 1_2 ) ≤ C(d)R ( Av_{i∈I} γ_α(A_i)μ ( Var_μ(F_i | F_i)

) 1_2 |I|^{− 12} D_A(g; μ)^{12} .

It’s enough to take g such that f = L^α_Ag.

Proposition 4.16. Let d ≥ 3, s = O ( ϵ^{− 1d+2} ) such that s = N^4 for some N ∈ N. Then

Av^{n, aϵ}_{z,x} τ_z

[ϕ_{n,n} n − ϕ_{n,s} n ] ≈ 0.

Proof. Let us first prove that

(4.47) Av^{n, aϵ}_{z,x} τ_z

[ϕ_{n,n4} n − ϕ_{n,s} n ] ≈ 0.

We set F_{n,s} ≡ n^{−1}(ϕ_{n,n}4 − ϕ_{n,s}). We have to prove that, given γ_0 > 0, for almost any disorder configuration α

(4.48)

lim sup

n↑∞,a↓0,ϵ↓0

Av_{x∈T}d_ϵ sup_{|C}

0|≤1

sup_ν sup spec_L2_{(ν)}{ϵ^{−1}C_0Av^{n, aϵ}_{z,x} τ_zF_{n,s} + γ_0ϵ^{−2}Av_{b∈Λx,2 aϵ Lb} } ≤ 0

where ν varies in M_α ( Λ_{x,2} a_ϵ ) . For simplicity of notation we take γ_0 = 1. The proof does not change in the general case. Let^a_ϵ = R = 2R^′ + 1 and s = 2s^′ + 1 (we assume n|s|R) and set A ≡ nZ^d ∩ Λ_{0,R}′ . Let us remember that in general

Av^{n,R}_{z,x} b_z = Av^{Rn −1}_{v=0} Av_{a∈A}b_{x+a+(−R}′_{+n}′_{+vn)e}

and that for 0 ≤ v ≤^R_n − 1

A + x + (−R^′ + n^′ + vn)e ⊂ Λ^e_{x,R}.

By taking out the average Av^{Rn −1}_{v=0} from the spectrum in (4.48) we reduce to prove that for almost any disorder configuration α

lim sup

n↑∞,a↓0,ϵ↓0

Av_{x∈T}d_ϵ sup_{|C}

0|≤1

sup_ν sup spec_L2_{(ν)}{ϵ^{−1}C_0Av_{z∈A+x}τ_zF_{n,s} + Cϵ^{−2}Av_{b∈Lx, 32 R} } ≤ 0

where ν varies in M_α(Λ_{x,} 3_{2 R}).

Dividing each cube Λ_{x,R} in cubes of side s, by standard arguments it’s simple to check that it’s enough prove that ~∀α

114CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

lim sup

n↑∞,a↓0,ϵ↓0

Av_{x∈T}d_ϵ sup_{|C}

0|≤1

sup_ν sup spec_L2_{(ν)}{ϵ^{−1}C_0Av^∗_{y∈Λs′} τ_{x+y}F_{n,s} + Cϵ^{−2}Av_{b∈Λx,2s} L_b} ≤ 0

where ν varies among M_α(Λ_{x,2s}) and for a generic set Λ ∈ F we write

Av^∗_{y∈Λ} ≡ Av_{y∈Λ∩ nZ}d .

Since ϵs^{d+2}‖F_{n,s}‖_∞ goes to 0 when n is large enough we can apply perturbation theory (see section 4.4), and in particular proposition A.13. Therefore it’s enough to prove that ~∀α lim sup

n↑∞,ϵ↓0

Av_{x∈T}d_ϵ sup_{ν∈Mα(Λx,2s)}F_{x,ν} = 0

where

F_{x,ν} = n^{−2}s^dν ( Av^∗_{y∈Λs′} τ_{x+y} [ ϕ_{n,n}4 − ϕ_{n,s} ] , 1 −L_{Λx,2s}

Av^∗_{y∈Λs′} τ_{x+y} [ ϕ_{n,n}4 − ϕ_{n,s} ]) .

We fix ν ∈ M_α(Λ_{2s}) and we indicate how to estimate F_{0,ν} . The method is completely general.

For a given function f with support in Λ_s we set

(4.49) Ψ(f) ≡ s^dν ( Av^∗_{y∈Λs′} τ_yf, 1 −L_{Λ2s}

Av^∗_{y∈Λs′} τ_yf ) . In what follows for any k ∈ N we set s_k ≡ k^4. In particular, s = s_N . By Schwarz inequality it’s simple to check that, given δ > 0 and a semi-norm ‖ ‖ on a generic space X, then there exists C_δ such that for any x_1, · · · , x_s ∈ X

(4.50) ‖x_1 + · · · + x_s‖^2 ≤ C_δ s∑ k=1 k^{1+δ}‖x_k‖^2.

Let δ > 0 be small enough to satisfy the conditions which will follow. By (4.50)

Ψ(ϕ_{n,n}4 − ϕ_{n,s}) ≤ C_δ

N−1∑ k=n k^{1+δ}Ψ(ϕ_{n,sk} − ϕ_{n,sk+1} ).

For any k we divide Λ_s′ in boxes having sides of length in [s_k, 2s_k]. For simplicity of notation (but the proof works also in the general case) we assume that n|s_k|s. In particular Λ_s′ can be divided in cubes of side s_k:

Λ_s′ = ⊔_{i∈Ik} Δ_{i,k} where Δ_{i,k} is a cube of side s_k. Let Δ^′_{i,k} the cube of side 10s_k concentric to Δ_{i,k}. In order to estimate Ψ(ϕ_{n,sk} − ϕ_{n,sk+1} ) we apply lemma 4.15 with

I = I_{k+1}, A = Λ_{2s}, A_i = Δ^′_{i,k+1}, F_i = Av^∗_{x∈Δi,k+1} τ_x[ϕ_{n,sk} − ϕ_{n,sk+1} ].

Lemma 4.15 and lemma 2.6 give the estimate

(4.51) Ψ(ϕ_{n,sk} − ϕ_{n,sk+1} ) ≤ Cs^{d+2}_{k+1}Av_{i∈Ik+1} γ_{i,k+1}Var_μα,λ ( Av^∗_{x∈Δi,k+1} τ_x[ϕ_{n,sk} − ϕ_{n,sk+1} ] ) ] where γ_{i,k+1} = γ_α(Δ^′_{i,k+1}) and λ = λ(α, Λ_{2s}, m) with m such that ν is the canonical measure on Λ_{2s} with density m.

In what follows we use the diffusive scaling of the spectral gap, although it can be easily checked that the results of chapter 2 are enough.

Let J be the set of possible densities on Λ_{2s} and λ_x(m) ≡ λ(α, Λ_{x,2s}, m). Then by the previous results it’s enough to prove , for δ small enough, that ~∀α

(4.52) lim_{n↑∞,ϵ↓0} Av_{x∈T}d_ϵ sup_{m∈J} n^{−2} N∑ k=n+1

k^{1+δ} s^{d+2}_k Av_{i∈Ik} Var_μα,λ_x(m) ( Av^∗_{y∈Δi,k} τ_{x+y}ϕ_{n,sk} ) = 0 and to prove a similar limit with ϕ_{n,sk} substituted by ϕ_{n,sk−1} . We prove (4.52), the other limit can be proved in a similar way.

Given γ > 0 we set J_k = {s^{−γ}_k , 2s^{−γ}_k , . . . , 1 − s^{−γ}_k }. Then, using (A.2), the variance in (4.52) can be bounded from above by

Var_μα,λ(m̄)_{x+Δ′} i,k ( Av^∗_{y∈Δi,k} τ_{x+y}ϕ_{n,sk} ) + Cs^{d−γ}_k

provided that m̄ ∈ J_k satisfies |m̄ − m| ≤ s^{−γ}_k . Therefore, by choosing γ large enough, it’s sufficient to prove that the limit with n ↑ ∞, ϵ ↓ 0 of

(4.53) Av_{x∈T}d_ϵ n^{−2} N∑ k=n+1

k^{1+δ}s^{d+2}_k Av_{i∈Ik} sup_{m∈Jk} Var_μα,λ(m̄)_{x+Δ′} i,k ( Av^∗_{y∈Δi,k} τ_{x+y}ϕ_{n,sk} )

goes to 0.

By applying proposition 4.12 to get that

(4.54) sup_{m∈Jk} Var_μα,λ(m̄)_{x+Δ′} i,k ( Av^∗_{y∈Δi,k} τ_{x+y}ϕ_{n,sk} ) ≤ CI_Ac_{x,i,k} (α)s_k^{−2d+2δ} + I_{Ax,i,k} (α) ,

where A_{x,i,k} is a set of disorder configurations in x + Δ^′_{i,k} with P(A_{x,i,k}) ≤ e^{−C sδ}k , δ > 0. Therefore

l.h.s. of (4.53) ≤ lim_{n↑∞,ϵ↓0} n^{−2} N∑ k=n+1

k^{1+ρ}s^{d+2}_k Av_{x∈T}d_ϵ Av_{i∈Ik} I_{Ax,i,k}

+ lim

n↑∞,ϵ↓0

n^{−2} N∑ k=n+1

k^{1+ρ}s^{2−d+2δ} k . (4.55)

116CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

The second addendum in the r.h.s. of (4.55) is zero because of the definition of s_k and the condition d ≥ 3.

Let us consider the first addendum in the r.h.s. of (4.55). By Chebyschev inequality, for any q > 0 and any x, k P ( Av_{i∈Ik} I_{Ax,i,k} ≥ s^{−q}_k ) ≤ P ( ∃i ∈ I_k : I_{Ax,i,k} ≥ s^{−q}_k ) ≤ s^d_0 s^{q−d}_k e^{−c sδk} .

(4.56)

Moreover, by setting Ī_{Ax,i,k} = I_{Ax,i,k} − P ( A_{x,i,k} ) , we have for any r ∈ N and any x, k

(4.57) P ( Av_{i∈Ik} I_{Ax,i,k} ≥ s^{−q}_k ) ≤ c_rs^{2rq}_k E [( Av_{i∈Ik}Ī_{Ax,i,k}

)_{2r}] ≤ c^′_rs^{2rq+dr} k s^{−dr}_0

By taking the geometric average of the two estimates (4.56) and (4.57) we finally obtain P ( Av_{i∈Ik} I_{Ax,i,k} ≥ l^{−q}_k ) ≤ c(q, r)s^{−d(r−1)/2} 0 . It is enough at this point to choose q and r large enough, define

Θ_ϵ := { ∃x ∈ T^d_ϵ : Av_{i∈Ik} I_{Ax,i,k} ≥ s^{−q}_k for some k ≤ N },

and apply Borel-Cantelli lemma to get that also the first addendum in the r.h.s. of (4.55) is negligible.

In order to conclude the proof we show that

Av^{n, aϵ}_{z,x} τ_z

[ϕ_{n,n} n − ϕ_{n,n}4 n ] ≈ 0.

Fix β > 0 such that β^{−1} ∈ N. β as to be thought of as very small and only at the end we will say how much small. By considering the finite sequence of mesoscopic scales n, n^{1+β}, n^{1+2β} , . . . , n^4 = n^{1+kβ}, with k := 3β^{−1}, it is enough to prove that

Av^{n, aϵ}_{z,x} τ_z

[ϕ_{n,nj(1−β)} n − ϕ_{n,n}j n ] ≈ 0 where j ≥ 1 + β. To this aim, by reasoning as in the beginning, we need to prove that for almost any disorder configuration α

(4.58) lim sup_{n↑∞,ϵ↓0} Av_{x∈T}d_ϵ sup_{ν∈Mα(Λx,2s)}τ_xF_{x,ν} = 0,

where now

F_{x,ν} := n^{−2}s^dν ( Av^∗_{y∈Λs′} τ_{x+y} [ ϕ_{n,n}j(1−β) − ϕ_{n,n}j ] , 1 −L_{Λx,2s}

Av^∗_{y∈Λs′} τ_{x+y} [ ϕ_{n,n}j(1−β) − ϕ_{n,n}j ]) . Let us indicate how to estimate F_{0,ν} (the same arguments work also for F_{x,ν} ). To this aim we write

Av^∗_{y∈Λs′} τ_y [ ϕ_{n,n} − ϕ_{n,n}j ] = Av_{y∈Λs′ ∩(2n}j_{+1)Z}d τ_yH,

H := Av_{z∈Λnj ∩nZ}d τ_z [ ϕ_{n,n}j(1−β) − ϕ_{n,n}j ] = Av^∗_{z∈Λnj} τ_z [ ϕ_{n,n}j(1−β) − ϕ_{n,n}j ]

4.6. FROM S^{−1}ϕ_{S,S} TO S^{−1}ϕ_{S,S}′ WITH S = O(ϵ^{− AD+2} ) AND S^′ = O(ϵ^{− BD+2} ) 117 Thanks to lemma 4.15 and lemma 2.6 (4.59) F_{0,ν} ≤ C n^{−2+2j+dj}Av_{y∈Λs′ ∩(2n}j_{+1)Z}d sup_{μy} Var_{μy} (τ_yH)

where μ_y varies among the measures μ^{λΔ(α,m)}_Δ , Δ = Λ_{y,n}j and m varies among the possible densities in Λ_{y,n}j . Let us estimate the r.h.s. of (4.59) with H replaced by: H → Av^∗_{z∈Λnj} τ_zϕ_{n,n}j Thanks to proposition 4.12, given 0 < δ ≪ 1 and n large enough, we obtain the bound (4.60) C n^{−2+2j−dj+2δ} + C n^{−2+2j+dj} Av_{y∈Λs′ ∩(2n}j_{+1)Z}d I_{Ay} where A_y is a set of disorder configurations in Λ_{y,n}j such that P(A_y) ≤ Ce^{−C′njδ} . Since d ≥ 3, the first addendum in (4.60) is negligible. By reasoning as in the first part of the proof, it is simple to prove that the global contribution of the latter to (4.58) is negligible. Let us now estimate the r.h.s. of (4.59) with H replaced by: H → H^′ := Av^∗_{z∈Λnj} τ_zϕ_{n,n}(1−β)j The idea is to estimate variances on cubes of side O(n^{(1−β)j} ). To this aim let A := Λ_nj ∩ (2n^{(1−β)j} + 1)Z^d and B := Λ_n(1−β)j . Then H^′ = Av_{a∈A}Av^∗_{b∈B} τ_{a+b}ϕ_{n,n}(1−β)j and since the functions in the average defining H^′ have disjoint supports (4.61) Var_{μy} (τ_yH^′) = Av_{a∈y+A}Var_{μy} (Av^∗_{b∈B} τ_{a+b}ϕ_{n,n}(1−β)j ). By means of proposition 4.12, given 0 < δ ≪ 1 and n large enough, Var_{μy} (τ_yH^′) ≤ C n^{(j−β)(−2d+2δ)} + Av_{a∈y+A}I_{Aa} where A_a is an n–exponentially small set of disorder configurations on Λ_{a,2n}(1−β)j . Let us remark that, thanks to our choise of β and d, we have n^{−2+2j+dj+(j−β)(−2d+2δ)} = n^{−2+2j−dj+Cβ+C′δ} ↓ 0 if 0 < β, d ≪ 1. At this point it’s simple to conclude the proof.

4.6 From s^{−1}ϕ_{s,s} to s^{−1}ϕ_{s,s}′ with s = O(ϵ^{− ad+2} ) and s^′ = O(ϵ^{− bd+2} )

Proposition 4.17. Let 2 ≤ d, 1 ≤ a ≤ b < d + 2, s = O(ϵ^{− ad+2} ), s^′ = O(ϵ^{− bd+2} ) and s ≤ s^′.

If b < 1 +^a_2 then Av^{s, aϵ}_{z,x} τ_z

[ϕ_{s,s} s − ϕ_{s,s}′ s ] ≈ 0

118CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

Proof. By remark 4.14 and the identity Av_xb_x = Av_xAv^{s, aϵ}_{z,x} b_z, it’s enough to prove that

lim sup

a↓0,ϵ↓0

Av_{x∈T}d_ϵ sup_{|C}

0|≤1

sup_{ν∈Mα(Λ}e_{x,s′ )}F̄_{x,C0,ν} ≤ 0

where

F̄_{x,C0,ν} ≡ sup spec_{L2(ν)} { ϵ^{−1}C_0τ_x

[ϕ_{s,s} s − ϕ_{s,s}′ s ] + C(d)γ_0ϵ^{−2}Av_{b∈Λ}e_{x,s′} L_b } . We define

f_ϵ ≡ ϕ_{s,s} s − ϕ_{s,s}′ s . We choose γ such that 0 < γ <^d_2 and γ small enough to satisfy all the requests which will follow.

By lemma 4.13, ~∀α and ∀ϵ ≤ ϵ_0(α),

‖f_ϵ‖_∞ ≤ Cs^{− d+22 +γ} .

Therefore

ϵ(s^′)^{d+2}‖f_ϵ‖_∞ ≤ Cϵ^{1−b+ a2 − aγd+2}

which goes to 0 by taking the limit ϵ ↓ 0 if γ is small enough. This allows to apply proposition A.13 in order to estimate F̄_{x,C0,ν} and by lemma 2.6 it’s enough to prove that for almost any α

(4.62)

lim_{ϵ↓0} Av_{x∈T}d_ϵ sup_{m∈I} s′ F (x, m) = 0 where F (x, m) ≡ s^{−2}(s^′)^{d+2}Var_μα,λ(α,Λe_{x,s′} ,m) (τ_xϕ_{s,s}).

In order to estimate F (x, m) we use the main ideas of sections 4.2 and 4.3 to which we refer for notation and details. In particular we follows the notation given in (4.8), (4.9), (4.27) and remark 4.8.

We first consider the case of extreme densities a_m ≤ 4s^{−d+γ} . For example let m ≤ 1/2. Since |ϕ_{s,s}| ≤ Cm^e_s,

F (x, m) ≤ Cs^{−2}(s^′)^{d+2}(s^{−d}m + m^2) ≤ 2C(s^′)^{d+2}s^{−2d−2+2γ} = O(ϵ^{−b+a+a d−2γd+2} ).

By the hypothesis on a, b and d, for γ small enough ϵ^{−b+a+a d−2γd+2} ↓ 0 as ϵ ↓ 0.

In what follows let a_m ≥ 4s^{−d+γ} . By the equivalence of ensembles and Poincaré inequality for Glauber dynamics, with an error of order s^{−2−2d}(s^′)^{d+2}, F (x, m) can be bounded by

(4.63) Cs^{d−2}(s^′)^{d+2}a_m μ^{α,λΛex,s′ (α,m)} ( [∇_xτ_xϕ̂_{s,s}]^2 ) .

4.7. ESTIMATES TO PASS FROM N^{−1}ϕ_{N,S} TO S^{−1}ϕ_{S,2S} 119

We use the results of section 4.2. In particular, by lemma 4.5, if α ∉ A^{(2)}_x (m, s)∪A^{(3)}_x (m, s) then for ϵ small enough

a_m μ^{α,λΛex,s′ (α,m)} ( [∇_xτ_xϕ̂_{s,s}]^2 ) ≤ C ( s^{−2d}[τ_x ξ_0(α, m, s, s)

σ^2_0 (m, s)

]^2 + s^{−3d+γ} + μ^{α,λΛex,s′ (α,m)}(M_x(m, s) ) ) . (4.64)

Let I^′ ≡ I_s′ ∩ {a_m ≥ 4s^{−d+γ} } and γ^′ ≡ γ/2. We define

A ≡ ∪_{x∈T}d_ϵ ∪_{m∈I}′ ( B_x(m, s^′) ∪ A^{(2)}_x (m, s) ∪ A^{(3)}_x (m, s) )

A^′ ≡ ( ∩_{x∈T}d_ϵ ∩_{m∈I}′ B^c_x(m, s^′) ) ∩ ( ∪_{x∈T}d_ϵ ∪_{m∈I}′ { μ^{α,λΛex,s′ (α,m)} ( M_x(m, s) ) ≥ e^{−(2s)γ′} } )

A^{′′} ≡ ∪_{x∈T}d_ϵ ∪_{m∈I}′ { |τ_x ξ_0(α, m, s) σ^2_0 (m, s)

| ≥ (2s)^{− d2 + γ2} }.

By lemmas 4.6 and 4.7, proposition A.1 and some arguments as in the proof of lemma 4.10, it can be proved that there are positive constants C, r, r^′, depending on γ and γ^′, such that P ( A ∪ A^′ ∪ A^{′′} ) ≤ Cϵ^{−r}e^{−ϵ−r′}

By Borel-Cantelli lemma, ~∀α if ϵ ≤ ϵ_0(α) then α ∉ A ∪ A^′ ∪ A^{′′}. In this case, by (4.64), if ϵ is small enough,

Av_{x∈T}d_ϵ sup_{m∈I} s′ F (x, m) ≤ Cs^{−2d−2+γ} (s^′)^{d+2} = C^′ϵ^{a+ add+2 − aγd+2 −b}

which goes to 0 as ϵ ↓ 0 because of the conditions on a, b, γ, d.

4.7 Estimates to pass from n^{−1}ϕ_{n,s} to s^{−1}ϕ_{s,2s}

Proposition 4.18. There exist k_0, C_0 > 0 having the following property. Let a, γ_0, T > 0 , s = O(ϵ^{−δ}) with 0 < δ < 1. Let γ be such that 0 < γ <^d_2 .

Let n be a positive parameter satisfying one of the following cases.

Case A. n ↑ ∞ after ϵ ↓ 0 and

(4.65) γ^{−1}_0 ϵs^{d+2}n^{−1} ≤ k_0 with ϵ ≤ ϵ_0, n ≥ n_0.

Case B. n = O(ϵ^{−δ′} ) with 0 < δ^′ < δ and

(4.66) γ^{−1}_0 ϵs^{d+2}n^{− d+22 +γ} ≤ k_0 with ϵ ≤ ϵ_0.

120CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

Then, in both cases, there exists a measurable set A with P(A) ≤ Cϵ^{−r}e^{−ϵ−r′} for positive r, r^′, C such that ∀α ∉ A, if ϵ is small enough and n large enough,

(4.67) Av_{x∈T}d_ϵ sup_{|C}

0|≤1

sup_ν F_{x,C0,ν} ≤ γ^{−1}_0 n^{−2}s^{2−d+2γ}

where ν varies in M_α(Λ_{x,2} a_ϵ ) and

F_{x,C0,ν} ≡ sup spec_L2_{(ν)} { ϵ^{−1}C_0 [ Av^{n, aϵ}_{z,x} τ_z ϕ_{n,s} n − Av^{s, aϵ}_{w,x}τ_w ϕ_{s,2s} s ] + γ_0ϵ^{−2}Av_{b∈Λx,2 aϵ} L_b }

Proof. By lemma 1.9 and (1.32)

Av^{n, aϵ}_{z,x} τ_z ϕ_{n,s} n − Av^{s, aϵ}_{w,x}τ_w ϕ_{s,2s} s = Av^{s, aϵ}_{w,x} [ Av^{n,s}_{z,w}τ_z ϕ_{n,s} n − τ_w ϕ_{s,2s} s ] . By remark 4.14 the l.h.s. of (4.67) is bounded by

Av_{x∈T}d_ϵ sup_{|C}

0|≤T

sup_{ν∈Mα(Λ}e_{x,2s)}F^′_{x,C0,ν}

with

F^′_{x,C0,ν} ≡ sup spec_L2_{(ν)} { ϵ^{−1}C_0 [ Av^{n,s}_{z,x}τ_z ϕ_{n,s} n − ϕ_{s,2s} s ] + Cγ_0ϵ^{−2}Av_{b∈Λ}e_{x,2s} L_b }

We consider ‖^{ϕn,s}_n ‖_∞. In case A we bound it by n^{−1} while in case B, by lemma 4.13, for almost any α if ϵ is enough small we can bound it by n^{− d+2}2^{+γ} .

Therefore, by an appropriate choice of k_0, (4.65) in case A, or (4.66) in case B, allows to apply proposition A.13. By applying also lemma 2.6, we obtain that in order to prove (4.67) it’s enough to prove that ~∀α, if ϵ is small enough, then

(4.68)

Av_{x∈T}d_ϵ sup_{m∈I2s} F (x, m) ≤ Cs^{−2d+2γ} where F (x, m) ≡ Var_μα,λ_Λe_{x,2s} (α,m) ( Av^{n,s}_{z,x}τ_zϕ_{n,s} ) . For simplicity of notation we set λ_x ≡ λ_Λe_{x,2s} (α, m).

In order to estimate F (x, m) we use the main ideas of sections 4.2 and 4.3 to which we refer for notation and details. In particular we follows the notation given in (4.8), (4.9), (4.27) and remark 4.8.

We consider first the case m ≤ 4s^{−d+γ} . Let, for example, m ≤ 1/2. Since |ϕ_{n,s}(η)| ≤ m^e_s(η) and μ^{α,λx} (η_y) ≤ C(B)m for any y ∈ Λ^e_{x,2s}, F (x, m) can be bounded by

Cμ^{α,λx} ([ Av^{n,s}_{z,x}m^e_{z,s}

]_2

) ≤ Av^{n,s}_{z,x}μ^{α,λx} ( [m^e_{z,s}]^2) ≤ C(s^{−d}m + m^2) ≤ C^′s^{−2d+2γ}

Therefore in (4.68) we can restrict to the densities m ∈ I^′ where I^′ ≡ I_{2s} ∩{a_m ≥ 4s^{−d+γ} }. By the equivalence of ensembles and Poincaré inequality for Glauber dynamics, with an error of order s^{−2d}, F (x, m) can be bounded by

4.8. FROM N^{−1}ϕ_{N,S} TO S^{−1}ϕ_{S,S} WITH S = O(ϵ^{− 1D+2} ) AND N ↑ ∞, ϵ ↓ 0 121

(4.69) Ca_mμ^{α,λx} ( ∑ y∈Λ^e_{x,2s}

[Av^{n,s}_{z,x}∇_yτ_zϕ̂_{n,s}]^2 )

By lemma 4.5, if

α ∉ ∪_{z∈Λ}e_{x,2s} ( A^{(2)}_z (m) ∪ A^{(3)}_z (m) ) , (4.69) is bounded by

(4.70) Cs^{−d} [ Av^{n,s}_{z,x}τ_z ξ_0(α, m) σ^2_0 (m)

]_2 + Cs^{−2d+γ} + Cs^dμ^{α,λx} ( ∪_{z∈Λ}e_{x,2s} M_z(m) ) . By (1.32)

Av^{n,s}_{z,x}τ_zξ_0(α, m) = μ^{α,λ0(m)} ( Av^{n,s}_{z,x}τ_z[m^{(1)}_n − m^{(2)}_n ]; N^e_s ) = ns^{−1}ξ_0(α, m, s).

We fix 0 < γ^′ < γ and we define

B ≡ ∩_{x∈T}d_ϵ ∩_{m∈I}′ B^c_x(m, 2s)

A ≡ ∪_{x∈T}d_ϵ ∪_{m∈I}′ ∪_{z∈Λ}e_{x,2s} ( B_x(m, 2s) ∪ A^{(2)}_z (m) ∪ A^{(3)}_z (m) )

A^′ ≡ B ∩ ( ∪_{x∈T}d_ϵ ∪_{m∈I}′ { μ^{α,λΛex,2s (α,m)} ( ∪_{z∈Λ}e_{x,2s} M_z(m) ) ≥ 2(2s)^de^{−(2s)γ′} } )

A^{′′} ≡ ∪_{x∈T}d_ϵ ∪_{m∈I} { |τ_x ξ_0(α, m, s) σ^2_0 (m)

| ≥ s^{− d2 + γ2} }.

By lemmas 4.6 and 4.7, proposition A.1 and some arguments as in the proof of lemma 4.10, it can be proved that there are positive constants C, r, r^′, depending on γ and γ^′, such that P ( A ∪ A^′ ∪ A^{′′} ) ≤ Cϵ^{−r}e^{−ϵ−r′}

By the Borel-Cantelli lemma, ~∀α if ϵ ≤ ϵ_0(α) then α ∉ A ∪ A^′ ∪ A^{′′}. In this case, we obtain the thesis by the estimate (4.70) and by the previous estimates related to extreme densities and the equivalence of ensembles.

4.8 From n^{−1}ϕ_{n,s} to s^{−1}ϕ_{s,s} with s = O(ϵ^{− 1d+2} ) and n ↑ ∞, ϵ ↓ 0

Proposition 4.19. Let d ≥ 3, s = O(ϵ^{− 1d+2} ). Then F^{(i)}_x ≈ 0 where i = 1, 2 and

F^{(1)}_x ≡ Av^{n, aϵ}_{z,x} τ_z ϕ_{n,s} n − Av^{s, aϵ}_{w,x}τ_w ϕ_{s,2s} s and F^{(2)}_x ≡ Av^{s, aϵ}_{w,x}τ_w

[ϕ_{s,2s} s − ϕ_{s,s} s ] . Proof. The thesis with i = 1 is a consequence of proposition 4.18 and d ≥ 3. In order to prove the thesis with i = 2 it’s enough to apply proposition 4.17 with a = b = 1.

122CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

4.9 From s^{−1}ϕ_{s,s} to (s^′)^{−1}ϕ_s′_{,s}′ with s = O(ϵ^{− 1d+2} ) and s^′ = O(ϵ^{− 2d+2 +γ})

The main result of this section is proposition 4.21, whose proof is based on a recursive procedure having two fundamental steps given by lemma 4.20.

Lemma 4.20. Let d ≥ 3 and

s ≡ ϵ^{− ad+2} s^′ ≡ ϵ^{− bd+2} where 1 ≤ a < b < d + 2.

If b < 1 +^a_2 then: step 1): Av^{s, aϵ}_{z,x} τ_z

[_{ϕs,s}

s −^{ϕs,s′}_s ] ≈ 0, step 2): Av^{s, aϵ}_{z,x} τ_z^{ϕs,s′}_s ≈ Av^{s′, aϵ}_{z,x} τ_z^{ϕs′,s′}_{s′}

Proof. Proposition 4.17 implies the identity of the first step and also Av^{s′, aϵ}_{z,x} τ_z

[_{ϕs′,2s′}

s^′ − ϕ_s′_{,s}′ s^′ ] ≈ 0.

Therefore it’s enough to prove

Av^{s, aϵ}_{z,x} τ_z ϕ_{s,s}′ s ≈ Av^{s′, aϵ}_{z,x} τ_z ϕ_s′_{,2s}′

s^′ . For this purpose it’s enough to apply proposition 4.18 where n, s have to be substituted with the current s, s^′ and γ is chosen such that b < 1 +^a_2 −^{aγ}_{d+2} and 2γ < d − 2.

Proposition 4.21. Let d ≥ 3.

Given 0 < γ <^2_{d+2} there exists γ^′ with 0 < γ^′ ≤ γ such that

Av^{s, aϵ}_{z,x} τ_z ϕ_{s,s} s ≈ Av^{s′, aϵ}_{z,x} τ_z ϕ_s′_{,s}′ s^′

where s ≡ ϵ^{− 1d+2} and s^′ ≡ ϵ^{− 2d+2 +γ′} .

Proof. Let a_1 ≡ 1 and a_{n+1} ≡ 1 + 2^{−1}a_n − 2^{−n}a_n. We define s_n ≡ ϵ^{− and+2} and observe that s_1 = s. It’s simple to check that the sequence {a_n}_{n≥1} is increasing and converges to 2 By lemma 4.20, for any n,

Av^{sn, aϵ}_{z,x} τ_z ϕ_{sn,sn} s_n

≈ τ_zAv^{sn+1, aϵ}_{z,x} ϕ_{sn+1,sn+1} s_{n+1} . Since {a_n}_{n≥1} converges to 2, the exists n̄ such that a_{n̄} ≥ 2 − γ(d + 2). Then it’s enough to take s^′ ≡ s_{n̄}.

4.10. STRONG TWO BLOCKS ESTIMATE 123

4.10 Strong Two Blocks estimate

In what follows s = O(ϵ^{− 2d+2 +γ} ) where 0 < γ <^2_{d+2} and γ is small enough to satisfy the conditions which will follow. We observe that if β >^{d+2}_2 then, for γ small enough, ϵ^{−1}s^{−β} goes to zero by taking the limit ϵ ↓ 0.

We write Δm_s for m^{1,e}_s − m^{2,e}_s . Let us remember that I_s ≡ {0,^1_{2sd} ,^2_{2sd} , . . . , 1}. Proposition 4.22. If d ≥ 3 and γ is small enough, then

Av^{s, aϵ}_{z,x} τ_z ϕ_{s,s} s ≈ 0.

That is, given γ_0 > 0, for almost any disorder configuration α (4.71)

lim sup

a↓0,ϵ↓0

Av_{x∈T}d_ϵ sup_{|C}

0|≤1

sup_ν sup spec_L2_{(ν)} { ϵ^{−1}C_0Av^{s, aϵ}_{z,x} τ_z ϕ_{s,s} s + γ_0ϵ^{−2}Av_{b∈Λx,2 aϵ} L_b } ≤ 0 where ν varies in M_α(Λ_{x,2} a_ϵ ).

The rest of the section is devoted to the proof of proposition 4.22. By the equivalence of ensembles we can substitute in (4.71) ϕ_{s,s} by ϕ̂_{s,s} where ϕ̂_{s,s}(η) ≡ μ^{α,λ}Λ^e_s^{(α,me}s^{(η))}(Δm_s) with a global error of order not more than ϵ^{−1}s^{−(1+d)} which goes to zero if γ is small enough.

Lemma 4.23. For almost any disorder configuration α, ∀ϵ, ∀x ∈ T^d_ϵ and ∀m ∈ I_s

(4.72) |μ^{α,λΛex,s (α,m)}(τ_xΔm_s) − μ^{α,λ0(m)}(τ_xΔm_s)| ≤ C(α)s^{−d+2γ} . Proof. We prove the above lemma with I_s substituted by I_s ∩[0,^1_2 ]. The case m ≥^1_2 can be analyzed in a similar way. Since the thesis is obvious for m = 0, we assume m ∈ I_s ∩ (0,^1_2 ]. We set λ ≡ λ_Λe_{x,s} (α, m) and λ_0 ≡ λ_0(m). Then, there are λ̃, λ^′ between λ and λ_0 such that

μ^{α,λ}(τ_xΔm_s) − μ^{α,λ0} (τ_xΔm_s) = μ^{α,λ̃}(τ_xΔm_s; N^e_{x,s})(λ − λ_0), μ^{α,λ̃}(τ_xΔm_s; N^e_{x,s}) − μ^{α,λ0} (τ_xΔm_s; N^e_{x,s}) = μ^{α,λ′} (τ_xΔm_s; N^e_{x,s}; N^e_{x,s})(λ^′ − λ_0).

(4.73)

By lemma A.6, |λ − λ_0| ≤ Cm^{−1}|m − μ^{α,λ0} (m^e_{x,s})|.

124CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

Let B ≡ B_1 ∪ B_2, where

B_1 ≡ { ∃x ∈ T^d_ϵ , ∃m ∈ I_s \ {0, 1} : m^{−1}|m − μ^{α,λ0(m)}(m^e_{x,s})| ≥ s^{− d2 +γ} } B_2 ≡ { ∃x ∈ T^d_ϵ , ∃m ∈ I_s \ {0, 1} : |μ^{α,λ0(m)}(τ_xΔm_s; N^e_{x,s})| ≥ s^{− d2 +γ} } . By proposition A.1 there exists a polynomial p such that P ( B ) ≤ p(ϵ^{−1})e^{−Cs2γ} .

By Borel-Cantelli lemma, ~∀α if ϵ ≤ ϵ(α) then α ∉ B.

Since μ^{α,λ′} (τ_xΔm_s; N^e_{x,s}; N^e_{x,s}) ≤ C, the thesis follows by (4.73) and the definition of B.

By the previous lemma in (4.71) we can substitute ϕ̂_{s,s} by μ^{α,λ0(mes)}(Δm_s).

Lemma 4.24. If 0 < β is small enough, then for almost any disorder configuration α, for any ϵ small enough, ∀m, m^′ ∈ [0, 1] and ∀x ∈ T^d_ϵ

(4.74) | |μ^{α,λ}0^{(m)}(τ_xΔm_s) − μ^{α,λ}0^{(m′)}(τ_xΔm_s) | | ≤ C s^{− d}_2^{+β}|m − m^′| + C s^{− d}_2^{−β}.

Proof. By the continuity in m, m^′ of both members of (4.74), it is not restrictive to assume 0 < m < m^′ < 1. Moreover, by lemma A.5, we can assume m, m^′ ∈ I_s with an error of order s^{−d}. We set

A ≡ {∃x ∈ T^d_ϵ , ∃r ∈ I_s ∩ (0, 1) : 1 r |μ^{α,λ0(r)} ( τ_xΔm_s ) | ≥ s^{− d2 +β}}, B ≡ { ∃x ∈ T^d_ϵ , ∃r ∈ I_s ∩ (0, 1) : 1 r |μ^{α,λ0(r)}(τ_xΔm_s; τ_xN^e_s )| ≥ s^{− d2 +β} } . By proposition A.1, P(A ∪ B) ≤ Cϵ^{−2d}e^{−Cs2β} and therefore, by Borel-Cantelli lemma, we have that α ∉ A ∪ B if ϵ is small enough (as we assume in what follows). If m^′ − m ≥^1_2 then the thesis is valid because α ∉ A. Let us assume m, m^′ ≤^3_4 (the case m, m^′ ≥^1_4 can be analyzed similarly) and, setting δ ≡ s^{− d}2^{+β}, let us distinguish the cases m ≤ δ and m > δ.

Let m ≤ δ. Since α ∉ A the l.h.s. of (4.74) is bounded by

Cs^{− d2 +β}δ + Cs^{− d2 +β}m^′ ≤ C^′ s^{− d2 +β} (m^′ − m) + C^′s^{−d+2β}.

Let us consider the case δ < m < m^′ ≤^3_4 . For some m̃ ∈ (m, m^′), the l.h.s. of (4.74) is equal to

(4.75) |μ^{α,λ0(m̃)}(τ_xΔm_s; τ_xN^e_s )|λ^′_0(m̃)(m^′ − m).

We remark that

λ^′_0(m̃) = 1 E [ μ^{α,λ0(m̃)}(η_0; η_0) ] ≤ C m̃ .

4.10. STRONG TWO BLOCKS ESTIMATE 125

Let r ∈ I_s be such that |r − m̃| ≤ s^{−d}. By lemma A.5,

|μ^{α,λ0(m̃)}(τ_xΔm_s; τ_xN^e_s ) − μ^{α,λ0(r)}(τ_xΔm_s; τ_xN^e_s )| ≤ Cs^{−d}.

Therefore

(4.76) 1 m̃ |μ^{α,λ0(m̃)}(τ_xΔm_s; τ_xN^e_s )| ≤ C s^{−d} m̃ + C 1 r |μ^{α,λ0(r)}(τ_xΔm_s; τ_xN^e_s )| r m̃ . Since m̃ ≥ δ and α ∉ B the r.h.s. of (4.76) is bounded by Cs^{− d}2^{+β} and the thesis follows from (4.75).

Let us introduce a new mesoscopic scale L = O(ϵ^{δ−1}) with 1 − δ >^2_{d+2} − γ. By lemma 1.9

Av^{s, aϵ}_{z,x} μ^{α,λ0(mez,s)} ( τ_z

Δm_s s ) = Av^{L, aϵ}_{w,x} Av^{s,L}_{z,w}μ^{α,λ0(mez,s)} ( τ_z

Δm_s s ) . By (1.32) and lemma 4.13, if δ is small enough, for almost any disorder configuration α,

Av^{L, aϵ}_{w,x} Av^{s,L}_{z,w}μ^{α,λ0(mew,L )} ( τ_z

Δm_s s ) = Av^{L, aϵ}_{w,x} μ^{α,λ0(mew,L)} ( τ_w

Δm_L L ) ≈ 0.

Therefore, in order to prove proposition 4.22, it’s enough to prove

(4.77) Av^{L, aϵ}_{w,x} Av^{s,L}_{z,w} [ μ^{α,λ0(mez,s)} ( τ_z

Δm_s s ) − μ^{α,λ0(mew,L )} ( τ_z

Δm_s s ) ] ≈ 0.

Given 0 < β ≪ 1, by lemma 4.24 the l.h.s. of (4.77) is bounded (for almost any α and for ϵ small enough) by

s^{− d+22 +β}Av^{L, aϵ}_{w,x} Av^{s,L}_{z,w}|m^e_{z,s} − m^e_{w,L}| + s^{− d+22 −β}.

Therefore, in order to conclude the proof of proposition 4.22 it is enough to apply the following proposition (which is a sort of strong Two Blocks Estimate) after choosing suitable 0 < β ≪ γ ≪ ρ ≪ 1.

Proposition 4.25. (Strong Two Blocks estimate) Let s = O(ϵ^{−t}) and L = O(ϵ^{δ−1}) with t < 1 − δ. If 0 < r < min

(_{2δ} d+4 ,^t_2 ) then for any γ_0 > 0

(4.78) Av_{x∈T}d_ϵ sup_ν sup spec_L2_{(ν)} { ϵ^{−r}Av^{L, aϵ}_{w,x} Av^{s,L}_{z,w}|m^e_{z,s} − m^e_{w,L}| + γ_0ϵ^{−2}Av_{b∈Λx,2 aϵ} L_b } ≤ 0 where ν varies among M_α(Λ_{x,2} a_ϵ ).

126CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

Proof. In what follows C is a generic positive constant which can depend only on d, B. It can change from line to line.

We write^a_ϵ = R = 2R^′ + 1, L = 2L^′ + 1 and s = 2s^′ + 1. Moreover, given x ∈ Z^d and u, w ∈ Z we define A_1 = A_1(x, u) and A_2 = A_2(v) in the following way:

A_1 ≡ {x + (−R^′ + L^′ + uL)e + y : y ∈ LZ^d ∩ Λ_{0,R}′ } A_2 ≡ {(−L^′ + s^′ + vs) + y : y ∈ sZ^d ∩ Λ_{0,L}′ }.

Then, thanks to the definition (1.31) and the subadditivity of sup spec, the supremum of the spectrum in (4.78) is bounded by

(4.79) Av^{RL −1}_{u=0} Av^{Ls −1}_{v=0} sup spec_L2_{(ν)} { ϵ^{−r}Av_{a1∈A1} Av_{a2∈A2} |m^e_{a1+a2,s} − m^e_{a1,L}| + γ_0ϵ^{−2}Av_{b∈Λx,2 aϵ} L_b } . Let l ≡ ϵ^{−r}. Uniformly in z

(4.80) m^e_{z,s} = Av_{y∈Λ}e_{z,s} m_{y,l} + O ( l s ) m^e_{z,L} = Av_{y∈Λ}e_{z,L} m_{y,l} + O ( l L ) , therefore, if r is small enough that l^2/s ↓ 0, we can perform substitution (4.80) by neglecting the error terms. Moreover, since l^{d+1}L^{−d} < l^2/s ↓ 0, the spectrum in (4.79) can be estimated (with an error depressed in the limit ϵ ↓ 0) by

(4.81) sup spec_L2_{(ν)}{ϵ^{−r}Av_{a1} Av_{a2} Av_{y∈Λ}e_{a1+a2,s} Av_y′_{∈Λ}e_{a1,L} I_{|y−y}′_{|>2l}|m_{y,l} − m_y′_{,l}|+

γ_0ϵ^{−2}Av_{b∈Λx,2 aϵ} L_b}.

Let z ∈ Λ_{0,l} with z_e = 0. We assert that

(4.82) Av_{a1} Av_{a2} Av_{y∈Λ}e_{a1+a2,s} Av_y′_{∈Λ}e_{a1,L} (−L_{y+le+z,y}′_{−le+z}) ≤ CL^2Av_{b∈Λx, aϵ} (−L_b).

In fact, by the Moving Particle lemma, −L_{u,v} ≤ CL ∑ b∈γ_{u,v} (−Lb) for any u, v at distance

O(L) and therefore the l.h.s. of (4.82) is bounded by

Cϵ^da^{−d}L^{1−d} ∑ b∈Λ_{x,2} a_ϵ ( −a_bL_b )

where a_b is the numbers quadruples (a_1, a_2, y, y^′) with a_1 ∈ A_1, a_2 ∈ A_2, y ∈ Λ^e_{a1+a2,s}, y^′ ∈ Λ^e_{a1 ,L} and b ∈ γ_{y+le+z,y}′_{−le+z}.

Let (a_1, a_2, y, y^′) as above. We observe that, given b, y, y^′ are at distance less than CL from b, therefore there are O(L^{d+1}) possible couples (y, y^′). Given (y, y^′) there are O(1) possible couples (a_1, a_2). Therefore a_b ≤ L^{d+1} and (4.82) is proven.

4.10. STRONG TWO BLOCKS ESTIMATE 127

By some trivial computation we obtain

(4.83) Av_{a1} Av_{a2} Av_{y∈Λ}e_{a1+a2,s} Av_y′_{∈Λ}e_{a1,L} ( Av_{b∈Λy,l} (−L_b) + Av_{b∈Λy′,l} (−L_b) ) ≤ CAv_{b∈Λx, aϵ} (−L_b).

Given y, y^′ with |y − y^′| > 2l, we define

T^α_{y,y}′ ≡ Av_{b∈Λy,l} L_b + Av_{b∈Λy′,l} L_b + (2l + 1)^{−d} ∑ z∈Λ_{0,l} : z_e=0

L_{y+z+le,y}′_{+z−le}

and we write Θ^α_{y,y}′ for the set of canonical measures on Λ_{y,l} ∪ Λ_y′_{,l} with disorder configuration α.

By (4.82) and (4.83), (4.81) is bounded by

(4.84) Av_{1a1} Av_{2a2} Av_{y∈Λea}

1+a2,s Av y^′∈Λ^e_{a1,L} sup ν∈Θ^α_{y,y′}

I_{|y−y}′_{|>2l}sup spec

L^2(ν)

{l|m_{y,l} − m_y′_{,l}| + Cγ_0ϵ^{−2δ}T^α_{y,y}′ }.

By large deviations arguments as in chapter 2 or by the diffusive scaling limit for Kawasaki dynamics we obtain that ∃C such that ~∀α, if ϵ ≤ ϵ_0(α), ∀y, y^′ ∈ T^d_ϵ with |y − y^′| > 2l sup ν∈Θ^α_{y,y′}

gap_L2_{(ν)}T^α_{y,y}′ ≥ Cl^{−(d+2)}.

Therefore, if ϵ^{2δ}l^{d+3} ↓ 0 we can apply proposition A.13 which gives

sup spec_L2_{(ν)}{l|m_{y,l} −m_y′_{,l}|+Cγ_0ϵ^{−2δ}T^α_{y,y}′ } ≤ lν(|m_{y,l} −m_y′_{,l}|)+C^′ϵ^{2δ}l^{d+4}ν(|m_{y,l} −m_y′_{,l}|^2).

If ϵ^{2δ}l^{d+4} ↓ 0 then, by collecting the previous estimates, the l.h.s. of (4.78) can be bounded, with an error depressed in the limit ϵ ↓ 0, by

(4.85) sup

y,y^′∈T^d_ϵ :|y−y^′|>2l sup ν∈Θ^α_{y,y′}

lν(|m_{y,l} − m_y′_{,l}|).

Let ν have density m on Λ_{y,l} ∪ Λ_y′_{,l}. By lemma A.8

(4.86) ν ( (m_{y,l} − m_y′_{,l})^2 ) ≤ C ( l^{−d} + ( m − μ^{α,λ0(m)}(m_{y,l})

)_2 + ( m − μ^{α,λ0(m)}(m_y′_{,l})

)_2) . Given 0 < γ^′ < d we define

B ≡ { ∃m ∈ I_{2l}, ∃y ∈ T^d_ϵ : |m − μ^{α,λ0(m)}(m_{y,l})| ≥ l^{− d2 + γ′2} }

By proposition A.1 and Borel-Cantelli lemma, ~∀α if ϵ ≤ ϵ_0(α) then α ∉ B and in this case, by (4.86), (4.85) is bounded by Cl^{1− d}2^{+ γ′}2 . As d ≥ 3, if γ^′ is small enough then (4.85) goes to zero by taking the limit ϵ ↓ 0 and that completes the proof.

128CHAPTER 4. FLUCTUATIONS IN THE GRADIENT OF THE DENSITY FIELD

Chapter 5

Central Limit Theorem Semi-norm

In this chapter we analyze the structure of the space G endowed of the semi-inner product V_m(·, ·). The final aim is to prove that for any e > 0

(5.1) inf_{g∈G} lim sup_{n↑∞} sup_{m∈[0,1]} V_m ( j_e + Lg − ∑ e^′>0

D_{e,e}′ (m) ψ^{e′}_{n,n} n ) = 0.

This result, together with theorem 4.1, allows to prove the generalized Fick’s law for the disordered system under consideration.

(5.1) is related to the orthogonal decomposition of the currents along LG = {Lg : g ∈ G} and its orthogonal subspace LG^⊥, which we prove to be generated by the limit points of

the sequences

{_{ψe}′_{n,n} n } n≥1 with e^′ varying in the canonical basis of Z^d.

The diffusion matrix D(m) has lower and upper bounds

0 < CI ≤ D(m) ≤ C^′I ∀m ∈ (0, 1),

and it is continuous on (0, 1). At the moment we are not able to prove that D can be continuously extended to 0, 1. We assume that. We remark that generally the diffusion matrix has no pathological behavior. Recently, the C^∞ regularity of the diffusion matrix has been proved for some models by duality methods, we refer to [2], [16] and [17].

5.1 Table of computations

In this section,for particular functions f, g ∈ G and ∀m ∈ (0, 1) we compute the limit

V_m(f, g) ≡ lim_{k↑∞} V_k(f, g; μ^{α,λ0 (m)}).

Given f ∈ G, g ∈ G and e > 0 we set

130 CHAPTER 5. CENTRAL LIMIT THEOREM SEMI-NORM

(g, f)_0 ≡ ∑ x∈Z^d E [ μ^{α,λ0(m)}(g, τ_xf) ] , t_e(g) ≡ ∑ x∈Z^d

(x, e)E [ μ^{α,λ0(m)}(η_x, g) ] .

We remark that, since g ∈ G, the above sums are finite. Let us remember that g ≡ ∑ x∈Z^d τxg for any g ∈ G.

We define P^∗ as the probability measure on Ω̃ such that for any f ∈ G ∫ P^∗(dα, dη)f(α, η) = ∫ P(dα) ∫ μ^{α,λ0(m)}f(α, η).

A fundamental property of P^∗ is its translation invariance. We write E^∗ for the expectation w.r.t. P^∗.

Proposition 5.1. For any g ∈ G, ∀u ∈ G, ∀n and e, e^′ > 0

V_m(g, Lu) = −(g, u)_0

(5.2)

V_m(Lu, Lu) = 1 2 E [ μ^{α,λ0(m)} ( ∑ e>0 c_e(∇_{0,e}u)^2 )] (5.3)

V_m(j_e, Lu) = − 1 2 E [ μ^{α,λ0(m)} ( c_e∇_{0,e}u · ∇_{0,e}η_0 )] (5.4)

V_m(j_e, g) = −t_e(g)

(5.5)

V_m(j_e, j_e′ ) = δ_{e,e}′ 2 E [ μ^{α,λ0(m)} ( c_e(∇_{0,e}η_0)^2 )] (5.6)

V_m ( j_e,

W^{e′}_n n ) = δ_{e,e}′ 2m(1 − m).

(5.7)

Proof. The proof consists in standard computations in which the translation invariance of P^∗ is crucial.

It’s simple to verify (5.3) and (5.4) follow from (5.2), while (5.6) follows from (5.5).

We prove (5.2).

Let g, u ∈ G_s and √ k > s, then Lτ_xu = L_kτ_xu if |x| ≤ k_1. Therefore

(5.8) E [ V_k(g, Lu; μ) ] = −(2k)^{−d} ∑ |x|≤k_1 |y|≤k_1

E^∗(τ_xg, τ_yu) = − ∑ |z|≤2s

c_{z,k}E^∗(g, τ_z u)

where

c_{z,k} ≡ (2k)^{−d}|{(x, y) ∈ Λ_{k1} × Λ_{k1} : y − x = z}|.

5.1. TABLE OF COMPUTATIONS 131

Since lim_{k↑∞} c_{z,k} = 1, we gain the thesis.

We prove (5.5).

By (1.3) and Schwarz inequality, for any finite set B, [μ ( ( ∑ b∈B j_b)v ) ]^2 ≤ 1 4 μ (∑ b∈B c_b(∇_bη)^2 ) ·μ (∑ b∈B c_b(∇_bv)^2 ) . In particular, by taking B ⊂ Λ_k and v ≡ −L^{−1}_k ( ∑ b∈B j_b),

(5.9) μ( ∑ b∈B j_b, −L^{−1}_k ∑ b∈B j_b) ≤ C|B|.

Thanks to (5.9), Schwarz inequality and the estimate (proved in section 1.12) E [ V_k(g; μ) ] ≤ C(g) ∀k,

V (j_e, g) is equal to

lim_{l↑∞} (2k)^{−d}E [ μ ( ∑ x∈Λ_{k1}

τ_xg, −L^{−1}_k ∑ x∈Λ_k : x+e∈Λ_k

j_{x,x+e} )] .

The thesis follows from

L_k ∑ x∈Λ_k

(x, e)η_x = ∑ x∈Λ_k : x+e∈Λ_k

j_{x,x+e}

and from the identity, valid with s ≤ √ k, ∑ y∈Λ_{k1} ∑ x∈Λ_k

(x, e)E^∗(τ_yg · η_x) = ∑ |a|≤s ( E^∗(gη_a) ∑ x∈Λ_k ∩(Λ_{k1} +a)

(x, e) ) = ∑ |a|≤s ( E^∗(gη_a) ∑ x∈(Λ_{k1} +a)

(x, e) ) = (2k_1 + 1)^d ∑ |a|≤s

(a, e)E^∗(gη_a).

In order to prove (5.7) in what follows we assume that x, y and z vary respectively in Z^d, Λ^{e′}_{1,n} and Λ^{e′}_{2,n}. Then, by (5.5) and (1.3),

V_m(j_e,

W^{e′}_n n ) = −n^{−(2d+1)} ∑ x,y,z

(x, e)E^∗((η_z − η_y)∇_{yz}η_x)

= −n^{−(2d+1)}2m(1 − m) ∑ y,z (y − z, e) = 2m(1 − m).

132 CHAPTER 5. CENTRAL LIMIT THEOREM SEMI-NORM

5.2 Semi-norm V^{1/2}m

By (1.48) for any f ∈ G the limits

V^∗(f) ≡ lim sup_{k↑∞} E [ V_k(f; μ^{α,λ0(m)}) ] (5.10)

V_∗(f) ≡ lim inf_{k↑∞} E [ V_k(f; μ^{α,λ0(m)}) ] (5.11)

are finite. By the following theorem they are equal.

Theorem 5.2. ∀m ∈ (0, 1) and ∀f, g ∈ G the limit

(5.12) V_m(f, g) ≡ lim_{k↑∞} E [ V_k(f, g; μ^{α,λ0 (m)}) ]

exists, is finite and defines a semi-inner product on G. In particular, it is well-defined the semi-norm V^{1/2}_m :

(5.13) V_m(f) ≡ lim_{k↑∞} E [ V_k(f; μ^{α,λ0(m)}) ] . Moreover,

V_m(f) = sup

a∈R^d u∈G { 2V_m(f, ∑ e>0 a_ej_e + Lu) − V_m( ∑ e>0 a_ej_e + Lu) }

= sup

a∈R^d u∈G {∑ e>0 2a_et_e(f) + 2(f, u)_0 − ∑ e>0 1 2 E [ μ^{α,λ0(m)} ( c_e(a_e∇_eη_0 − ∇_eu)^2 )]} (5.14)

and the subspace

(5.15) { ∑ e>0 a_ej_e + Lg : a ∈ R^d, g ∈ G}

is dense in G endowed of the semi-inner product V_m.

Since the proof of theorem 5.2 requires several preliminary results we first sketch the proof and we develop all the necessary technical tools in next sections.

Proof. We observe that, by proposition 5.1, the terms appearing in equation (5.14) are well defined and the second member is equal to the third one.

By proposition 5.9 and theorem 5.6 for any f ∈ G, V_∗(f) = V^∗(f) and therefore the limit (5.13) exists and is finite. Moreover, (5.35) implies (5.14). We observe that the first equality in (5.14) corresponds to

5.3. FORMS ON Ω 133

inf_{a∈Rd} u∈G V_m(f − ∑ e>0 a_ej_e − Lu) = 0

and therefore the subspace (5.15) is dense in G. Given f, g ∈ G, by the polarization formula,

V_k(f, g; μ^{α,λ0 (m)}) = 1 4 V_k(f + g; μ^{α,λ0(m)}) − 1 4 V_k(f − g; μ^{α,λ0(m)})

Therefore, as limit (5.13) exists and is finite, limit (5.12) exists and is finite too. It’s simple to verify V_m(·, ·) defines a semi-inner product.

We observe that (5.14) corresponds to the property that, in the semi-norm V^{1/2}_m , any f ∈ G can be approximated by functions of the form ∑ e>0 a_ej_e + Lg, with a ∈ R^d and g ∈ G.

By the following lemma we can restrict to functions g in G.

Lemma 5.3. LG = LG

Proof. For any integer s we define g_s ≡ μ^α[g | m_s], then g − g_s ∈ LG with s large enough. We assert that Lg can be approximated by L(g − g_s), that is lim_{s↑∞} V_m(Lg_s) = 0.

To this aim we define X_s ≡ {x : s − 1 ≤ |x| ≤ s + 1}. Then proposition 5.1 implies

(5.16) V_m(Lg_s) = ∑ e>0 1 2 E [ μ^{α,λ0(m)} ( c_e(∇_eg_s)^2 )] = ∑ e>0 1 2 E [ μ^{α,λ0(m)} ( c_e ( ∑ x∈X_s

∇_eτ_xg_s )_2)] .

Let ĝ_s(α, η) ≡ μ^{α,λ(α,Λs,ms(η))}(g). By the equivalence of ensembles ‖ĝ_s − g_s‖_∞ ≤ C(g)s^{−d} and therefore in (5.16) we can replace g_s by ĝ_s with an error of the order O(s^{−2}). By A.3

|∇_eτ_xĝ_s| ≤ ∑ δ=±(2s+1)^{−d}

|μ^{α,λ(α,Λx,s,mx,s+δ)}(g) − μ^{α,λ(α,Λx,s,mx,s)}(g)| ≤ C(g)s^{−d}

which, thanks to (5.16) with g_s replaced with ĝ_s, implies that V_m(Lg_s) = O(s^{−2}).

5.3 Forms on Ω

Given a sequence of bonds b = (b_1, . . . , b_n) we set

S_b ≡ S_{bn} ∘ · · · ∘ S_{b1}

with S_b defined as in (1.1).

A form on Ω is a family ξ = {ξ_b}_{b∈Z}d of measurable functions ξ_b : Ω → R.

134 CHAPTER 5. CENTRAL LIMIT THEOREM SEMI-NORM

Let η ∈ Ω and let b_1, b_2, . . . , b_n be some bonds in Z^d. We write (η; b_1, b_2, . . . , b_n) for the path γ equal to (η_0, η_1, . . . , η_n) where

η_0 ≡ η and η_k ≡ S_{b1,b2,...,bk} η ∀k = 1, . . . , n.

η_0 and η_n are called respectively the initial and final point of γ. We define the integral of the form ξ on the path γ as ∫ γ ξ ≡ n∑ i=1 ξ_{bi} (η_{i−1}).

If n = 0 we set ∫ γ ξ = 0.

Let Δ ⊂ Z^d. Then a form ξ is said closed form in Δ if, given η and b_1, b_2, . . . , b_n ∈ Δ such that η = S_{b1,b2,...,bn} η, ∫ γ ξ = 0 with γ ≡ (η; b_1, b_2, . . . , b_n).

If Δ = Z^d we call ξ simply a closed form. It’s easy to prove that ξ is closed in Δ if and only if ∫ γ ξ = ∫ γ^′ ξ for any couple of paths γ = (η; b_1, . . . , b_n) and γ^′ = (η; b^′_1, . . . b^′_s) having the same initial and final points and with b_1, . . . , b_n ∈ Δ and b^′_1, . . . b^′_s ∈ Δ.

The following lemma states that for any form, closed in a box Δ, there is a function which is its primitive w.r.t. the bonds in Δ.

Lemma 5.4. Let ξ = {ξ_b}_{b∈Z}d be a closed form in a box Δ. For any n : 0 ≤ n ≤ |Δ| we fix a configuration σ_n in {0, 1}^Δ having n particles. For any ω ∈ {0, 1}^Δ let b(ω) be a fixed sequence of bonds b_1, b_2, . . . , b_k ∈ Δ such that ω = S_{b(ω)}σ_{NΔ(ω)}.

For any configuration η ∈ Ω let T η be the configuration

(T η)(x) ≡ { σ_{NΔ(η)}(x) if x ∈ Δ η(x) otherwise .

Then the function

f(η) ≡ ξ(T η) + ∫ γ (_{T η,b(ηΔ)} ) ξ

is measurable and ξ_b = ∇_bf for any bond b ∈ Δ.

5.3. FORMS ON Ω 135

Proof. We prove that, given b ∈ Δ, ξ_b(η) = ∇_bf(η). Let n ≡ N_Δ(η) = N_Δ(η^b). Since T η = T (η^b) it’s enough to prove that for any couple of paths γ_1 and γ_2 respectively from T η to η and from T η to η^b of the form (T η; b_1, . . . , b_s) with b_i ∈ Δ for i = 1, . . . , s then

ξ_b(η) = ∫ γ_2 ξ − ∫ γ_1 ξ. If γ_1 ≡ (T η; b_1, . . . , b_r) we define γ^′_2 ≡ (T η; b_1, . . . , b_r, b). Since ξ is closed in Δ, ∫ γ^′_2 ξ = ∫ γ_2 ξ and by definition ξb(η) = ∫ γ^′_2 ξ − ∫ γ_1 ξ.

Lemma 5.5. Let Δ be a finite box or Δ = Z^d.

A form ξ is closed in Δ if and only if it satisfies the following properties P1, P2 and P3.

P.1 . Let a, v, w ∈ Z^d with |v| = |w| = 1 and v ± w ≠ 0. We define

c ≡ a+v+w, x ≡ a+v, x^′ ≡ a+w, b_1 ≡ {a, x}, b_2 ≡ {x, c}, b^′_1 ≡ {a, x^′}, b^′_2 ≡ {x^′, c}.

If a, x, x^′, c ∈ Δ then

(5.17) ξ_{b1} ∘ S_{b2} ∘ S_{b1} + ξ_{b2} ∘ S_{b1} + ξ_{b1} = ξ_b′_1 ∘ S_b′_2 ∘ S_b′_1 + ξ_b′_2 ∘ S_b′_1 + ξ_b′_1 .

P.2 . For any couple of bonds b_1, b_2 ∈ Δ such that b_1 ∩ b_2 = ∅

(5.18) ξ_{b2} ∘ S_{b1} + ξ_{b1} = ξ_{b1} ∘ S_{b2} + ξ_{b2} .

P.3 . For any bond b ∈ Δ

(5.19) ξ_b ∘ S_b + ξ_b = 0.

Proof. It’s trivial to prove that a closed form in Δ satisfies P.1 , P.2 and P.3 . In order to prove the inverse implication we first reduce the problem to a one-dimensional problem and then we consider the case d = 1. For simplicity of notation we assume Δ = Z^d. It’s simple to verify that the following arguments are valid for general Δ.

Let η̄ ∈ Ω and b̄_1, . . . , b̄_s such that η̄ = S¯_{b1,}¯_{b2,...,}¯_{bs}η̄. We want to prove

(5.20) ∫ γ^∗

ξ = 0 where γ^∗ ≡ (η̄; b̄_1, . . . , b̄_s).

Let d ≥ 2. For simplicity of notation we consider only the case d = 2. We fix an integer l such that b̄_1, . . . , b̄_s ∈ Λ_l and we set I ≡ {0, . . . , (2l + 1)^d − 1}. We enumerate Λ_l as Λ_l = {x_i}_{i∈I} where x_i = (a_1, a_2) if

136 CHAPTER 5. CENTRAL LIMIT THEOREM SEMI-NORM

(5.21) i = { (2l + 1)(a_2 + l) + (a_1 + l) if a_2 + l is even (2l + 1)(a_2 + l) + (−a_1 + l) if a_2 + l is odd

We observe that x_i and x_{i+1} are adjacent for any i. We write x_i = (a_{i,1}, a_{i,2}) and set Θ ≡ { {x_i, x_{i+1}} }_{i∈I} .

Let b be a generic bond in Λ_l. Then b = {x_k, x_n} with k < n. We assert that there exist b_1, b_2, . . . , b_r ∈ Θ such that

(5.22) S_b = S_{b1,...,br} and ξ_b ≡ ∫ γ(·)

ξ where γ(η) ≡ (η; b_1, . . . , b_r).

We prove (5.22) by induction on n − k.

The case n − k = 1 is trivial. Let n − k ≥ 2 and the thesis be true for smaller values of n − k. We observe that, since |x_k − x_n| = 1, n − k ≥ 3 and x_n = x_k + e_2. As example let a_{k,2} + l be even. Then a_{k,1} < l otherwise x_n = x_{k+1}. We obtain x_{k+1} = x_k + e_1 and x_{n−1} = x_n + e_1.

We set b^′ ≡ {x_{k+1}, x_{n−1}}, b_+ ≡ {x_k, x_{k+1}} and b_− ≡ {x_{n−1}, x_n}. By inductive hypothesis ∃b = (b_1, b_2, · · · , b_r) such that

S_b′ = S_b

(5.23)

ξ_b′ = ∫ γ^′(·)

ξ where γ^′(η) ≡ (η; b).

(5.24)

We assert

(5.25) ξ_b = ∫ γ_0(·)

ξ where γ_0(η) ≡ (η; b_+, b^′, b_−, b^′, b_+).

In order to prove (5.25) we set

γ_1(η) ≡ (η; b^′, b_−, b^′) γ_2(η) ≡ (η; b_+, b, b_+). Then we can write

(5.26) ∫ γ_0(·)

ξ = ξ_{b+} + ∫ γ_1(S_{b+} (·))

ξ + ξ_{b+} ∘ S_{b+,b}′_{,b−,b}′ .

Since S_b′_{,b−,b}′ = S_{b+,b,b+} and, by P.1 ∫ γ_1(·) ξ = ∫ γ_2(·) ξ, the r.h.s. of (5.26) can be written as ∫ γ_3(·)

ξ where γ_3(η) = (η; b_+, b_+, b, b_+, b_+).

By P.3 , ∫ γ_0(·) ξ = ξb and (5.25) is proved.

5.3. FORMS ON Ω 137

(5.25) corresponds to

(5.27) ξ_b = ξ_{b+} + ξ_b′ ∘ S_{b+} + ξ_{b−} ∘ S_{b+,b}′ + ξ_b′ ∘ S_{b+,b}′_{,b−} + ξ_{b+} ∘ S_{b+,b}′_{,b−,b}′ . Let γ̄(·) be defined as γ̄(η) ≡ (η; b_+, b, b_−, b, b_+), then by (5.23)

(5.28) ∫ γ̄(η)

ξ = ξ_{b+} (η) + ∫ γ^′(S_{b+} η)

ξ + ξ_{b−} (S_{b+,b}′ η) + ∫ γ^′(S_{b+,b}′_{,b−} η)

ξ + ξ_{b+} (S_{b+,b}′_{,b−,b}′ η).

By (5.24), (5.27) and (5.28) we obtain ξ_b = ∫ γ̄(η) ξ.

It’s simple to verify that S_b = S_{b+,b,b−,b,b+} therefore (5.22) is satisfied if we take (b_+, b, b_−, b, b_+) as sequence of bonds.

We come back to (5.20). By applying (5.22) to every bond b̄_1, . . . , b̄_s we obtain that there exists a sequence b = (b_1, . . . , b_r) of bonds in Θ such that

η̄ = S_bη and ∫ γ^∗ ξ = ∫ γ ξ where γ ≡ (η̄; b) By the above result and the particular enumeration {x_i}_{i∈I} it’s enough to consider the case d = 1.

We prove the thesis by induction on s, with s as in (5.20). If s = 1 then η̄ = S¯_{b1} η and ∫ γ^∗ ξ = ξb̄1 (η̄). By P.3 we obtain the thesis.

Let s > 1 and the thesis be true for smaller values of s. By P.2 , P.3 and the inductive hypothesis we can suppose b̄_i ∩ b̄_{i+1} ≠ ∅ and b_i ≠ b_{i+1} for i = 1, . . . , s − 1. Let η_0 ≡ η̄ and η_k ≡ S¯_{b1,}¯_{b2,...,}¯_{bk}η̄ for any k = 1, . . . , s. If S¯_{bk} η_{k−1} = η_{k−1} for some k : 1 ≤ k ≤ s then η̄ = S_bη̄ with b ≡ (b̄_1, . . . , b̄_{k−1}, b̄_{k+1}, . . . , b̄_s), that is we omit the bond b̄_k, and by P.3 ∫ γ^∗ ξ = ∫ γ ξ where γ ≡ (η̄; b).

By the inductive hypothesis ∫ γ^∗ ξ = 0. Our last step is then to prove that such a k exists.

For absurd, we can assume

(5.29) S¯_{bk} η_{k−1} ≠ η_{k−1} ∀k = 1, . . . , s.

138 CHAPTER 5. CENTRAL LIMIT THEOREM SEMI-NORM

For any k = 2, . . . , s we write b̄_k > 0 if b̄_{k−1} ∩ b̄_k = z + 1 where z is defined by b̄_{k−1} = {z, z + 1}, otherwise we write b̄_k < 0. We suppose, as example, that b̄_2 > 0. We assert that implies b̄_k > 0 for any k ≥ 2.

In fact, we assume there exists k > 2 with b̄_k < 0. Then for some z ∈ Z

b̄_r = {z + r − 1, z + r} ∀r = 1, . . . , k − 1 and b̄_k = {z + k − 3, z + k − 2}.

Let, as example, η̄_z = 0. Since S¯_{br} η_{r−1} ≠ η_{r−1} for any r = 1, . . . , k − 1,

η̄_{z+i} = 1 ∀i = 1, . . . , k − 1

and therefore S¯_{bk} η_{k−1} = η_{k−1} in contradiction with the assumptions. We have proved b̄_k > 0 ∀k = 2, . . . , s. If b̄_1 = {z, z + 1} and as example η_z = 0 then hypothesis (5.29) implies

η̄_z = 0 and η̄_{z+i} = 1 ∀i = 1, . . . , s

and in this case S¯_{b1,...,}¯_{bk}η̄ ≠ η̄ in contradiction with the assumptions.

5.4 Forms on Ω̃

A family of functions ξ = {ξ_b}_{b∈Z}d with ξ_b ∈ L^2(P^∗) is called a form in L^2(P^∗). In this section, when there is no explicit mention, a form have to be thought in L^2(P^∗) and not on Ω.

Let Δ be a finite box or Z^d. Then a form ξ is called closed in Δ if it satisfies properties P.1 , P.2 and P.3 of lemma 5.5 w.r.t. Δ where the equalities (5.17), (5.18) and (5.19) have to be intended in L^2(P^∗).

If Δ = Z^d ξ is called simply “a closed form”.

The form ξ is called translationally covariant if τ_xξ_b = ξ_{b+x} for any x, b.

A family of functions ξ = {ξ_e}_{e>0} with ξ_e ∈ L^2(P^∗) is called a germ of a closed form if the form ξ^′ ≡ {ξ^′_b}_{b∈Z}d with ξ^′_{x,x+e} ≡ τ_xξ_e is a closed form.

We observe ξ^′ is automatically translationally covariant. ξ^′ is said to be generated by ξ.

Given f ∈ L^2(P^∗) we can define the form ξ = {ξ_b}_{b∈Z}d with ξ_b = ∇_bf. Then ξ is closed but it’s translationally covariant only if ξ_b = 0 for any bond b.

Given u ∈ G the form {ξ_b}_{b∈Z}d with ξ_b = ∇_bu is closed and translationally covariant. It is called exact .

For any e > 0 we define U^e to be the form {U^e_b}_{b∈Z}d with U^e_{x,x+e}′ (η) ≡ δ_{e,e}′ (η_{x+e} − η_x). Then for any e > 0, U^e is closed and translationally covariant. Easily it can be proved it isn’t exact.

We define

Ξ_C ≡ {ξ = {ξ_e}_{e>0} ∈ L^2(⊗^dP^∗) : ξ is germ of a closed form } Ξ_0 ≡ {ξ = {ξ_e}_{e>0} ∈ L^2(⊗^dP^∗) : ∃a ∈ R^d, u ∈ G with ξ_e = a_eU^e + ∇_eu ∀e > 0 }

By the previous observations Ξ_0 ⊂ Ξ_C and it’s simple to check that Ξ_C is a closed subspace in L^2(⊗^dP^∗).

The following theorem asserts that actually any germ in Ξ_C can be approximated arbitrarily well by a germ in Ξ_C .

Theorem 5.6.

Ξ_C = Ξ_0 in L^2(⊗^dP^∗)

The proof of theorem 5.6 follows strongly the standard proof for non disordered models. In particular, we will often refer to the proof of theorem 4.14 in appendix 3 of [13]. There are two fundamental differences. In the standard proof, the bound of the L^2 norm of the so-called ”boundary terms” is obtained thanks to the property that the spectral gap of the dynamics in a cube of side L is inferiorly bounded by CL^{−2} and this is not true in general for disordered models. Although this bound is valid in the model under consideration, in lemma 5.7 we explain how to develop the proof using only the estimates on the spectral gap given in chapter 2, which, for disordered systems, are more general than the diffusive scaling (for example they are valid in the dilute Ising model with Kawasaki dynamics under the percolation threshold as discussed in [7]).

Moreover, differently from the non disordered case, the limit points of the so-called ”boundary terms” generally do not belong to the space { ∑ e>0 a_eU^e : a ∈ R^d} but we prove they are in Ξ_0. This result is obtained by lemma 5.8.

Let us remember that, for any Λ ⊂ Z^d,

K_Λ ≡ σ(α_x, η_x : x ∈ Λ).

Lemma 5.7. Let f ∈ L^2(P^∗) K_{3n}−measurable such that ∀b ∈ Λ_{3n}

(5.30) E [ μ^{α,λ0(m)} ( (∇_bf)^2 )] ≤ c_0 ∀b ∈ Λ_{3n}.

Let h ≡ E^∗[f | K_n]. Then, for any y ∈ Λ_n, E [ μ^{α,λ0(m)} ( (∇_yh)^2 )] ≤ C(c_0) n^2.

Proof. We set Δ ≡ Λ_{3n} \ Λ_n.

We write α_0 [α_1] for the disorder configuration in Λ_n [Δ]. We write ζ [ω] for the particle configuration in Λ_n [Δ].

We write f_{α0,ζ} (α_1, ω) for f(α_0, α_1, ζ, ω). When α_0, α_1 are fixed we simply write f_ζ (ω). With the above notation

h(α_0, ζ^y) − h(α_0, ζ) = ∫ P(dα_1)μ^{α1,λ0(m)} Δ ( f_{α0,ζ}y − f_{α0,ζ} ) .

140 CHAPTER 5. CENTRAL LIMIT THEOREM SEMI-NORM

In what follows we fix the disorder configurations α_0, α_1 and we write μ or μ_{α1} for the grand canonical measure μ^{α1,λ0(m)}_Δ .

We fix a cube Λ with side n such that Λ ⊂ Δ. Moreover, for any z ∈ Δ we define g_z(ω) ≡ (1 − ω_z)e^{−∇z H} where H = − ∑ x∈Z^d αxηx.

By this choice μ(f_ζy ω_z) = μ(f_ζy (ω^z)g_z) and then

μ(f_ζy ) − μ(f_ζ ) = Av_{z∈Λ}μ ( [f_ζy (ω^z) − f_ζ (ω)] g_z μ(ω_z) ) + μ ( f_ζ · Av_{z∈Λ}

[ g_z

μ(ω_z) − 1 ])

+ μ ( f_ζy · Av_{z∈Λ} [ 1 − ω_z μ(ω_z) ]) . (5.31)

We observe μ(g_z) = μ(ω_z) and therefore the second and third addendum in the r.h.s. of (5.31) are some covariances.

By Schwarz inequality, the Moving Particle Lemma and hypothesis (5.30),

E^∗ [ (∫ P(dα_1)Av_{z∈Λ}μ^{α1} ( |f_ζy (ω^z) − f_ζ (ω)| ))2] ≤ Av_{z∈Λ}E^∗ [ ∫ P(dα_1)μ^{α1} ( (f_ζy (ω^z) − f_ζ (ω))^2 )] = Av_{z∈Λ}E^∗ ( (∇_{y,z}f)^2 ) ≤ C(c_0)n^2.

Therefore, the first addendum of (5.31) gives the right contribution to E^∗ ( (∇_yh)^2 ).

Let us consider the contribution of the second addendum of (5.31). For simplicity of notation we consider only the second addendum. It’s module is bounded by

Cn^{− d2} Var_μ(f_ζ )^{12} ≤ Cn^{− d2 +1}γ_{α1} (Δ)^{12} D_Δ(f_ζ ; μ)^{12}

where, with a slight abuse of notation w.r.t. chapter 2, γ_{α1} (Δ) is defined as

γ_{α1} (Δ) ≡ n^{−2} sup_{N∈[0,|Δ|]} ( gap(L^{α1}_{Δ,N} )

)_{−1} . By the same arguments of chapter 2 it can be proved

sup_n E ( γ_{α1} (Δ) ) < ∞.

Therefore, by Schwarz inequality,

E^∗ [ (∫ P(dα_1)n^{− d2 +1}γ_{α1} (Δ)^{12} D_Δ(f_ζ ; μ)^{12}

)_2 ] ≤ n^{−d+2}E^∗ [ ∫ P(dα_1) ( γ_{α1} (Δ) ) · ∫ P(dα_1) ( D_Δ(f_ζ ; μ) )] = n^{−d+2}E ( γ_{α1} (Δ) ) E [ D_Δ(f; μ^{α,λ0(m)}) ] ≤ C(c_0)n^2.

We have proved that the second addendum in (5.31) gives the right contribution to E^∗ ( (∇_yh)^2 ). The third addendum can be treated in a similar way.

Lemma 5.8. Let ξ ∈ Ξ_C such that, for any e > 0, ξ_e = F_e(α)(η_e − η_0) for some function F_e ∈ L^2(P). Then ξ ∈ Ξ_0.

Proof. We denote by the same symbol ξ the form generated by the germ ξ. By subtracting the germ {E(F_e)(η_e − η_0)}_{e>0}, we can assume E(F_e) = 0 for any e > 0. We first define for any x ∈ Z^d a function g_x ∈ L^2(P) such that ∀n ∈ N

(5.32) ∇_bh_n = ξ_b ∀b ∈ Λ_n where h_n = − ∑ x∈Λ_n

g_x(α)η_x

It’s simple to verify that (5.32) is true if and only if g_{x+e} − g_x = τ_xF_e for any x ∈ Z^d and e > 0.

In order to define g_x for any x ∈ Z^d we define η^{(x)} ∈ Ω by

η^{(x)}(z) ≡ { 1 if z = x 0 otherwise

and we fix a path γ_x from η^{(0)} to η^{(x)}, that is

γ_x = (η_{(0)}; b_1, . . . , b_s) and η^{(x)} = S_{b1,...,bs} η^{(0)}. If x = 0 we can chose γ_0 = ∅. We define

g_x(α) ≡ ∫ γ_x

ξ(α, ·) ∀x ∈ Z^d

where ξ(α, ·) denotes the form of Ω given by {ξ_b(α, ·)}_{b∈Z}d .

We assert g_{x+e} − g_x = τ_xF_e for any x and e > 0. In fact, since ξ is closed by lemma 5.5 ξ(α, ·) is a closed form on Ω for almost any disorder configuration α. Let α be such a configuration. If γ_x = (η^{(0)}; b_1, . . . , b_s) we define γ^′_{x+e} ≡ (η^{(0)}; b_1, . . . , b_s, {x, x + e}). Then γ^′_{x+e} is a path from η^{(0)} to η^{(x+e)}. Since ξ(α, ·) is closed g_{x+e} = ∫ γ^′_{x+e} ξ(α, ·) and the thesis comes easily.

Let ξ^{(n)}_b ≡^1_{(2n)d} ∇_bh_n. Then ξ^{(n)}_b ∈ Ξ_0. In order to conclude the proof it’s enough to show

lim_{n↑∞} ξ^{(n)}_e = ξ_e in L^2(P^∗).

To this aim we observe that (5.32) and the rule ∇_{0,e}τ_x = τ_x∇_{−x,−x+e} imply that

∇_{0,e}τ_xh_n = ξ_e if − x, −x + e ∈ Λ_n. Therefore we can write for i = 1, . . . , d

ξ^{(n)}_{ei} =

(2n + 1)^{d−1} (2n)^{d−1} ξ_{ei} + 1 (2n)^d ∑ x∈Λ_n:x_i=n

τ_{−x}∇_{x,x+ei} h_n + 1 (2n)^d ∑ x∈Λ_n−e_i

xi=−n−1

τ_{−x}∇_{x,x+ei} h_n

142 CHAPTER 5. CENTRAL LIMIT THEOREM SEMI-NORM

It’s enough to prove the second and third addenda in the r.h.s. goes to 0 in L^2(P^∗). We consider for example the second addendum. By Schwarz inequality and the equality

∇_{x,x+ei} h_n = −g_x(α)(η_{x+ei} − η_x) ∀x ∈ Λ_n : x_i = n,

it’s enough to prove

lim_{n↑∞} n^{−d−1} ∑ x∈Λ_n:x_i=n

E(g^2_x) = 0.

To this aim we exhibit a particular choice of {γ_x}_x in the definition of g_x. Let x = (x_1, . . . , x_d). We set γ_x ≡ (η^{(y0 )}, η^{(y1)}, . . . , η^{(yr )}) where y_0 is the origin of Z^d , y_r ≡ x and y_0, y_1, . . . , y_r are the points encountered by moving in Z^d first from (0, . . . , 0) to (x_1, 0, . . . , 0) in the first direction, then from (x_1, 0, . . . , 0) to (x_1, x_2, 0, . . . , 0) in the second direction and so on until arriving to x.

Then it’s simple to verify that for any x ∈ Λ_n there are z_1, . . . , z_d ∈ Λ_n and integers k_1, . . . , k_d ∈ [0, n] (depending on x ) such that

g^2_x ≤ C(d) d∑ i=1 (^ki∑ s=0 τ_{zi+sei} F_{ei}

)_2 . By translation invariance of P it’s enough to prove ∀e > 0

lim_{n↑∞} sup_{k∈[0,n]} n^{−2}E ((^k∑ s=0 τ_{se}F_e

)_2) . For simplicity of notation we fix such a direction e > 0 and we write F_s in place of τ_{se}F_e. We fix a positive integer r and we define F^{(r)}_s ≡ E[F_s | α_{Λse,r} ]. Then F^{(r)}_s = τ_{se}F^{(r)}_0 and E(F^{(r)}_s ) = 0 (since we have assumed that E(F_e) = 0). Therefore

n^{−2}E ((^k∑ s=0 F_s

)_2) ≤ 2n^{−2}E ((^k∑ s=0 [F_s − F^{(r)}_s ]^2

)_2)

+ 2n^{−2}E ((^k∑ s=0 F^{(r)}_s

)_2) ≤ 2E (( F_0 − F^{(r)}_0 )^2 ) + C(r)n^{−1}.

By taking n ↑ ∞ and then r ↑ ∞ we obtain the thesis.

P roof of theorem 5.6. We strongly follow the proof of theorem 4.14 in appendix 3 of [13] to which we refer for details.

Since Ξ_0 ⊂ Ξ_C and since for a convex set its strong closure is equal to its weak closure, it’s enough to prove that Ξ_C is included in the weak closure of Ξ_0. To this aim let ξ = {ξ_b}_{b∈Z}d be a closed and translationally covariant form on Ω̃. For any n ∈ N we define a new form ξ^{(n)} as

ξ^{(n)}_b ≡ E^∗[ξ_b | K_n].

Then ξ^{(3n)} is closed w.r.t. Λ_{3n}. By lemma 5.5 for almost any configuration α the form {ξ^{(3n)}(α, ·)}_{b∈Z}d is a form on Ω closed w.r.t. Λ_{3n}, therefore we can apply lemma 5.4 which implies ∃f_n ∈ L^2(P^∗) with support in Λ_{3n} and ξ^{(n)}_b = ∇_bf_n for any b ∈ Λ_{3n}. We define g_n ≡ f_n − μ^α[f_n | m_{3n}] then

μ^α[g_n | m_{3n}] ≡ 0 ξ^{(n)}_b = ∇_bf_n ∀b ∈ Λ_{3n}.

We set ψ_n ≡ E^∗[g_n | K_n].

For any i = 1, . . . , d we set R^i_n ≡^1_{(2n)d} ∇_{0,ei} ψ_n. Then we can write

R^i_n = 1 (2n)^d ∑ y∈Λ_n

−n<yi≤n

τ_yξ_{−y,−y+ei} + σ^{i,−}_n + σ^{i,−}_n

where

σ^{i,−}_n ≡ 1 (2n)^d

∇_{0,ei} ∑ y∈Λ_n

yi=−n

τ_yψ_n and σ^{i,+}_n ≡ 1 (2n)^d

∇_{0,ei} ∑ y∈e_i+Λ_n

yi=n+1

τ_yψ_n.

We set σ^±_n = (σ^{1,±}_n , . . . , σ^{i,±}_n ).

As in [13] it can be proved that for any i = 1, . . . , d

lim_{n↑∞} 1 (2n)^d ∑ y∈Λ_n

−n<yi≤n

τ_yξ_{−y,−y+ei} = ξ_{0,ei} in L^2(⊗^dP^∗).

Therefore, for any i, R^i_n − (σ^{i,−}_n + σ^{i,+}_n ) converges to ξ_{ei} in L^2(P^∗) and since R^i_n ∈ Ξ_0 it’s enough to prove {σ^±_n }_n admits a subsequence weakly convergent to some vector-function b_± and that b_− + b_+ ∈ Ξ_0.

We observe that in any case, since lim_{n↑} dist(σ^−_n + σ^+_n , Ξ_C ) = 0, b_− + b_+ ∈ Ξ_C .

By Schwarz inequality

E^∗ ( (σ^{i,−}_n )^2 ) ≤ Cn^{−d−1} ∑ y∈Λ_n

yi=n

E^∗ ( (∇_{y,y+ei} ψ_n)^2 ) ≤ Cn^{−d−1} ∑ y∈Λ_n

yi=n

E^∗ ( (∇_yψ_n)^2 ) .

Since for any b ∈ Λ_{3n} E^∗ ( (∇_bg)^2 ) = E^∗ ( (ξ^{(3n)}_b )^2 ) ≤ E^∗(ξ^2_b ) ≤ C we can apply lemma 5.7 and prove sup_n E^∗ ( (σ^{i,−}_n )^2 ) < ∞ and, by similar arguments, that the same is true for σ^{i,+}_n .

By Banach-Alaoglu theorem we can assume, without loss of generality, that σ^{i,±}_n weakly converges to some b^i_± ∈ Λ^2(P^∗) as n ↑ ∞. We write b_± for (b^1_±, . . . , b^n_±).

By the same arguments as in [13] it can be proved that b^i_± if measurable w.r.t. σ(η_0, η_{ei} , α). We write b^i_±(α, a, c) for the function b^i_±(α, η) with η_0 = a and η_{ei} = c.

It’s simple to compute ∇_{ei,2ei} b^i_− and ∇_{−ei,0}b^i_+. The result implies

b^i_−(α, η_0, η_{2ei} ) − b^i_−(α, η_0, η_{ei} ) = b^i_−(α, η_{ei} , η_{2ei} ) b^i_+(α, η_{−ei} , η_{ei} ) − b^i_+(α, η_0, η_{ei} ) = b^i_+(α, η_{−ei} , η_0)

144 CHAPTER 5. CENTRAL LIMIT THEOREM SEMI-NORM

which implies that b^i_± = F^i_±(α)(η_{ei} − η_0) for some F^i_± ∈ L^2(P). Since b_− + b_+ ∈ Ξ_C we can apply lemma 5.8 and obtain the thesis.

5.5 Connection between V_m and closed forms

Proposition 5.9. Given f ∈ G, for any e > 0 we can define a function ϕ_e ∈ G such that

V^∗(f) ≤ sup_{ξ∈ΞC} Θ_f (ξ)

(5.33)

V_∗(f) ≥ sup_{ξ∈Ξ0} Θ_f (ξ).

(5.34)

where Θ_f (ξ) ≡ 2E [ μ^{α,λ0(m)} (∑ e>0 c_eϕ_eξ_e )] − 1 2 E [ μ^{α,λ0(m)} (∑ e>0 c_eξ^2_e )] . Moreover, given a ∈ R^d and u ∈ G,

(5.35)

Θ_f (∑ e>0 −a_eU^e + ∇_eu ) = ∑ e>0 2a_et_e(f) + 2(f, u)_0 − ∑ e>0 1 2 E [ μ^{α,λ0(m)} ( c_e(a_e∇_eη_0 − ∇_eu)^2 )]

Proof. Let f ∈ G_s and k ≥ s^2.

For simplicity of notation in what follows we set λ ≡ λ_0(m). We assert that

(5.36) E [ V_k(f, μ^{α,λ}) ] = sup_{h∈G} k F_k(h)

where

F_k(h) ≡ (2k)^{−d} ( 2E [ μ^{α,λ} ( ∑ |x|≤k_1

τ_xf, h )] − E [ D_{Λk} (h; μ^{α,λ}) ]) . In fact, the l.h.s. of (5.36) is equal to F_k(h) with h ∈ G_k such that ∑ |x|≤k_1 τxf = −Lk(h)

and for any h ∈ G_k

E [ V_k(f, μ^{α,λ}) ] − F_k(h) = (2k)^{−d}E [ μ^{α,λ} ([ ∑ |x|≤k_1

τ_xf + L_kh ] , −L^{−1}_k [ ∑ |x|≤k_1

τ_xf + L_kh ])] ≥ 0.

In (5.36) we can restrict to functions h ∈ G_k such that F_k(h) ≥ 0. Let G^∗_k be the set of functions in G_k such that

(5.37) E [ D_{Λk} (h; μ^{α,λ}) ] ≤ C(f)k^d.

5.5. CONNECTION BETWEEN V_M AND CLOSED FORMS 145

Then, by lemma 1.11, in (5.36) we can restrict to functions h ∈ G^∗_k with a particular choice of C(f).

i) Proof of (5.33).

Let f = L_sg with g ∈ G_s. By the translation invariance of the measure P^∗ and the reversibility of measure μ^{α,λ},

(5.38) E [ μ^{α,λ} ( ∑ |x|≤k_1

τ_xf, h )] = ∑ b∈Λ_k E [ μ ( c_bϕ^′_b∇_bh )] with ϕ^′_b ≡ ∑ x:|x|≤k^1 b∈Λ_{x,s}

τ_xg.

We set

ϕ_b ≡ ∑ x: b∈Λ_{x,s}

τ_xg.

Since ϕ_b = ϕ^′_b if the distance between b and Λ^c_{k1} is more than 10s, by Schwarz inequality and by the property h ∈ G^∗_k E [ μ ( c_b(ϕ^′_b − ϕ_n)∇_bh )]2 ≤ C(s)k^{d− 12} E [ D_{Λk} (h; μ^{α,λ})] ≤ C(f)k^{2d− 12} .

By the above estimate and (5.38),

F_k(h) ≡ (2k)^{−d} ( 2 ∑ b∈Λ_k E [ μ ( c_bϕ_b∇_bh )] − E [ D_{Λk} (h; μ^{α,λ}) ]) + O(k^{− 14} ).

We fix a sequence of functions h_k ∈ G^∗_k such that

lim_{k↑∞} E [ V_k(f, μ^{α,λ}) ] = lim_{k↑∞} F (h_k).

Similarly to [13], we set

R_{i,k}(h) ≡ (2k)^{−d}∇_{0,ei} ∑ x: x,x+e_i∈Λ_k

τ_{−x}h and R_{i,k} ≡ R_{i,k}(h_k),

then

(5.39) (2k)^{−d} ∑ b∈Λ_k E [ μ ( c_bϕ_b∇_bh )] = d∑ i=1 E [ μ^{α,λ}(c_{0,ei} ϕ_{0,ei} R_{i,k}(h)) ]

and by Schwarz inequality, since h ∈ G^∗_k, d∑ i=1 E [ μ^{α,λ}(c_{0,ei} R_{i,k}(h)^2) ] ≤ 2(2k)^{−d}D_{Λk} (h_k; μ^{α,λ}) + O(k^{−1}) ≤ C^′(f).

146 CHAPTER 5. CENTRAL LIMIT THEOREM SEMI-NORM

Therefore, for a sequence c_k with lim_{k↑∞} c_k = 0 and for any h ∈ G^∗_k,

(5.40) F_k(h) ≤ d∑ i=1 { 2E [ μ^{α,λ}(c_{0,ei} ϕ_{0,ei} R_{i,k}(h)) ] − 1 2 E [ μ^{α,λ}(c_{0,ei} R_{i,k}(h)^2) ]} + c_k.

Since the sequence {R_{i,k}}_k is bounded in L^2(P^∗), we can extract a subsequence weakly converging to a function R_i ∈ L^2(P^∗). Without loss of generality, we assume that ∀_i R_{i,k} weakly converges to R_i as k ↑ ∞. Then, by (5.36) and (5.40),

(5.41) lim_{k↑∞} E [ V_k(f; μ^{α,λ}) ] ≤ d∑ i=1 { 2E [ μ^{α,λ}(c_{0,ei} ϕ_{0,ei} R_i) ] − 1 2 E [ μ^{α,λ}(c_{0,ei} R^2_i ) ]} .

{R_i}_i is a germ of a closed form in L^2(P^∗). We isolate the proof of this statement in lemma 5.10. By assuming this result (5.33) is proved.

ii) Proof of (5.34).

In order to prove (5.34), let a ∈ R^d and u ∈ G and ∀k let

v_k ≡ − ∑ |y|≤k

(a, y)η_y − ∑ |y|≤k_1

τ_yu,

then

lim_{k↑∞} E [ V_k(f; μ^{α,λ}) ] ≥ lim_{k↑∞} F_k(v_k).

It’s simple to check that

R^{(k)}_i (v_k) = a_{ei} (η_{ei} − η_0) − ∇_{0,ei} u + O(k^{−1})

and that d∑ i=1 E [ μ^{α,λ}(c_{0,ei} R_{i,k}(h)^2) ] = 2(2k)^{−d}D_{Λk} (v_k; μ^{α,λ}) + c^′_k

with lim_{k↑∞} c^′_k = 0.

Let us remember that (5.39) remains valid since

(5.42) sup_k k^{−d}E [ D_{Λk} (v_k; μ^{α,λ}) ] < ∞.

Thanks to (5.42), for the same arguments of the first part of the proof,

5.5. CONNECTION BETWEEN V_M AND CLOSED FORMS 147

F_k(v_k) ≥ d∑ i=1 { 2E [ μ^{α,λ}(c_{0,ei} ϕ_{0,ei} R_{i,k}(h)) ] − 1 2 E [ μ^{α,λ}(c_{0,ei} R_{i,k}(h)^2) ]} − c_k

with lim_{k↑∞} c_k = 0.

i) Proof of (5.35). The thesis follows by computing directly lim_{k↑∞} F_k(v_k).

Lemma 5.10. By assuming the same setting of the proof of lemma 5.9, {R_i}^d_{i=1} is a germ of a closed form in L^2(P^∗).

Proof. We observe that for any x ∈ Z^d and bond b, τ_x and S_b are continuous functions on L^2(P^∗) endowed of the weak topology. We define the forms ξ and ξ^k as

ξ_{x,x+ei} ≡ τ_xR_i ξ^k_{x,x+ei} ≡ τ_xR_{i,k} ∀x ∈ Z^d, ∀i = 1, . . . , d.

Then, for any bond b, ξ^k_b weakly converges to ξ_b by taking the limit k ↑ ∞.

We have to prove that ξ satisfies properties P.1 , P.2 and P.3 of lemma 5.5 where (5.17), (5.18) and (5.19) have to be thought as equalities in L^2(P^∗). Let

A_{i,k} ≡ { x ∈ Λ_k : x + e_i ∈ Λ_k } F_{i,k} ≡ (2k)^{−d} ∑ x∈A_{i,k}

τ_{−x}h_k

A_k ≡ { x ∈ Λ_k : x + e_i ∈ Λ_k ∀i = 1, . . . , d} F_k ≡ (2k)^{−d} ∑ x∈A_k

τ_{−x}h_k.

Then, by the definition of R_{i,k}, ξ^k_{y,y+ei} = ∇_{y,y+ei} τ_yF_{i,k}. By Schwarz inequality and the property h_k ∈ G^∗_k

E^∗ ( ( ∇_{y,y+ei} [τ_yF_{i,k} − F_k]

)_2) = (2k)^{−2d}E^∗ ( ( ∑ x∈(A_{i,k}−y)ΔA_k

±τ_{−x}∇_{x+y,x+y+ei} h_k

)_2)

≤ Ck^{−d−1}|y|E [ D_{Λk} (h; μ^{α,λ}) ] ≤ C(f)k^{−1}|y|.

Therefore, given a positive integer s,

‖ξ^k_b − ∇_bF_k‖_L2_{(P}∗_) ≤ C √ s/k if b ∈ Λ_s.

Since {∇_bF_k}_{b∈Z}d is a closed form, ξ^k satisfies (5.17), (5.18) and (5.19) for bonds in Λ_s within an error of order √ (s/k). By taking the weak limit we obtain the thesis.

148 CHAPTER 5. CENTRAL LIMIT THEOREM SEMI-NORM

5.6 Cauchy sequences

In this section we prove that, in dimension d ≥ 3, for any m ∈ (0, 1) and e > 0, the sequence

n^{−1} ( m^{1,e}_n − m^{2,e}_n − μ^α[m^{1,e}_n − m^{2,e}_n |m^e_n] ) is Cauchy for the semi-norm V^{1/2}_m and that its limit point in Ḡ, the completion of G w.r.t. the semi-norm V^{1/2}_m , is orthogonal to the subspace LG defined as

LG ≡ {Lg : g ∈ G}.

We fix e > 0, which will be often understood, and we use the same notation of chapter 4, since the proof is based on the results of sections 4.2 and 4.3 and on lemma 4.15. In particular, if 0 < n ≤ s, then

ϕ_{n,s} ≡ μ^α[m^{1,e}_n − m^{2,e}_n |m^e_s], ϕ̂_{n,s} ≡ μ^{α,λ(α,Λe}s^{,me}s^)(m^{1,e}_n − m^{2,e}_n ),

ψ_{n,s} ≡ m^{1,e}_n − m^{2,e}_n − ϕ_{n,s}.

By the density statement of theorem 5.2, LG^⊥ is finite dimensional and is generated by {(1 − P )j_e}_{e>0}, where P is the orthogonal projection on LG.

The fundamental problem is the behavior of {n^{−1}P ψ_{n,n}}_n as sequence in a infinite dimensional space. If we know that this sequence converges to zero then by theorem 3.9 we can compute directly the limit V_m(n^{−1}ψ_{n,n}, P j_e) for any e > 0 and this computation gives a complete description of the behavior of n^{−1}(1 − P )ψ_{n,n}.

We observe that in the study of the sequence {n^{−1}P ψ_{n,n}}_n the crucial problem is given by term n^{−1}ϕ_{n,n}. In fact, let us remember that ∀g ∈ G

(5.43) V_m(f, Lg) = − ∑ x∈Z^d E [ μ^{α,λ0(m)}(f, τ_xg) ] .

Since LG = LG we restrict to g ∈ LG. In this case, the r.h.s. of (5.43) with f = m^{1,e}_n −m^{2,e}_n , which is meaningful though f ∉ G, is null by translation invariance.

Since Var_μα,λ_0(m) (ϕ_{n,s}) decreases as s ↑ ∞, it’s convenient to study first, for any given n, the sequence {n^{−1}ψ_{n,s}}_{s≥n}.

We prove that one of its subsequences is Cauchy and that its limit point ψ̄_n is in LG^⊥. At this point it’s enough to prove the distance between ψ̄_n and n^{−1}ψ_{n,n} decreases by taking the limit n ↑ ∞.

Lemma 5.11. Let f ∈ G_s and k, R be positive integers such that 100k ≥ R ≥ k + s. We set F_{ΛR} ≡ σ(m_R, ; η_x with x ∉ Λ_R).

Then, it can be proved by the diffusive scaling of the spectral gap that for any m ∈ [0, 1]

(5.44) V_m(f) ≤ C(d, B)R^{d+2} E ( μ^{α,λ0(m)} ( Var_μα (Av_{x∈Λk} τ_xf | F_{ΛR} ) )) .

5.6. CAUCHY SEQUENCES 149

Moreover, it can be proved by the estimates of the spectral gap of chapter 2 that for any m ∈ [0, 1]

(5.45) V_m(f) ≤ C(d)R^{d+2} [ E ( μ^{α,λ0(m)} ( Var_μα (Av_{x∈Λk} τ_xf | F_{ΛR} )

)_2) ]^1_2 . Proof. The thesis follows from lemma 4.15.

Given an odd integer j, let l ∈ N such that 2l_1 + 1 = j(2k + 1) (for simplicity of notation we assume this equation has an integer solution, but it’s simple to check that this is not a restriction).

We subdivide the cube Λ_{l1} in j^d cubes of side 2k + 1:

Λ_{l1} = ⊔_{i∈I} Λ_{xi,k}.

Then we set A ≡ Λ_l and A_i ≡ Λ_{xi,R}. We define the functions F, F_i as

F ≡ Av_{x∈Λl1} τ_xf and F_i ≡ Av_{x∈Λxi,k} τ_xf ∀i ∈ I. Since A, A_i, F, F_i satisfy the conditions of lemma 4.15,

l^dμ^{α,λ0(m)}(Av_{x∈Λl1} τ_xf, 1 −L_l

Av_{x∈Λl1} τ_xf) ≤

C(d)R^{d+2}Av_i [ γ(Λ_{xi,R}) μ^{α,λ0} ( Var_μα ( Av_{x∈Λxi,k} τ_xf | F_i ))] where F_i is as in lemma 4.15.

By taking the expectation w.r.t. the disorder α and then the limit j ↑ ∞, we obtain (5.44) if we take advantage of the diffusive scaling of the spectral gap for the model under consideration. Using only the estimate of chapter 2, and in particular proposition 2.21, we obtain (5.45) thanks to Schwarz inequality.

We give a crucial application of lemma 5.11 and proposition 4.9.

Lemma 5.12. Let 0 < γ < d. Let n, s, k be integers such that

n_0(γ) ≤ n ≤ s ≤ k ≤ 10^{12}s,

then

(5.46) V_m

(ϕ_{n,s} n − ϕ_{n,k} n ) ≤ C(d)n^{−2}s^{2−d+γ} .

Proof. The function ϕ_{n,s} − ϕ_{n,k} ∈ G_k. By (5.45) of lemma 5.11, the l.h.s. of (5.46) can be bounded by C(d)E ( Ψ(α)^2

) 1_2 where

Ψ(α) ≡ n^{−2}k^{d+2}Var_μα,λ_0(m) (Av_{x∈Λk} τ_x[ϕ_{n,s} − ϕ_{n,k}]) ≤

n^{−2}k^{d+2} ( Var_μα,λ_0(m) (Av_{x∈Λk} τ_xϕ_{n,s}) + Var_μα,λ_0(m) (Av_{x∈Λk} τ_xϕ_{n,k}) ) . The thesis follows from proposition 4.9.

150 CHAPTER 5. CENTRAL LIMIT THEOREM SEMI-NORM

Corollary 5.13. Let d ≥ 3. For any integer a ≥ 1 and for any m ∈ [0, 1]

lim_{n↑∞} V_m

(ϕ_{n,n} n − ϕ_{n,n}a n ) = 0.

Proof. Given n let R = R(n) be such that 2^Rn ≤ n^a < 2^{R+1}n. We first prove that

(5.47) lim_{n↑∞} V_m

( ϕ_{n,n} n − ϕ_{n,2}R_n n ) = 0.

Let γ, δ > 0. If γ is small enough and n ≥ n_0(γ), then by (4.50) and lemma 5.12

V_m

(ϕ_{n,n} n − ϕ_{n,2}R_n n ) ≤ n^{−2}C_δ R∑ k=1 k^{1+δ}V_m ( ϕ_{n,2}k−1_n − ϕ_{n,2}k_n ) ≤

n^{−2}C^′_δ R∑ k=1 k^{1+δ}2^{k(2−d+γ)} ≤ C(δ, a)n^{−2}(ln n)^{1+δ}.

In order to conclude the proof it’s enough to observe that by lemma 5.12

V_m

(ϕ_{n,2Rn} n − ϕ_{n,n}a n ) ≤ Cn^{−2+a(2−d+γ)}.

Remark 5.14. By corollary 5.13, for any m ∈ [0, 1] the sequences

{ψ_{n,n} n } n≥1 and

{ψ_{n,n}4 n } n≥1 have the same asymptotic behavior in G endowed of the semi-inner product V_m.

Lemma 5.15. Let d ≥ 3 and m ∈ [0, 1].

Then for n large enough the sequence {ψ_{n,i}4 }_{i≥n} is Cauchy in i w.r.t. the semi-norm V^{1/2}_m . We call ψ̄_n its limit in the completion Ḡ. Then

(5.48) lim_{n↑∞} V_m( ψ̄_n n − ψ_{n,n}4 n ) = 0.

Moreover, ψ̄_n ∈ LG^⊥.

Proof. Let 0 < γ < d small enough. By lemma 5.12 if n ≥ n_0(γ) ∞∑ i=n V^{1/2}_m (ϕ_{n,i}4 − ϕ_{n,(i+1)}4 ) ≤ C ∞∑ i=n i^{4−2d+2γ} < ∞.

The above estimate proves the Cauchy property of {ψ_{n,i}4 }_{i≥n} and (5.48).

5.6. CAUCHY SEQUENCES 151

We prove ψ̄_n ∈ LG^⊥.

For simplicity of notation we write λ = λ_0(m).

By lemma 5.3 the subspace {Lg : g ∈ G} is dense in LG. Therefore it’s enough to show

(5.49) V_m(ψ̄_n, Lg) = 0 ∀g ∈ G.

By definition of ψ̄_n, it’s enough to show V_m(ψ_{n,i}4 , Lg) goes to 0 if i ↑ ∞. To this aim let s ≥ n, then by proposition 5.1, translation invariance and the property g ∈ G,

(5.50) V_m(ψ_{n,s}, Lg) = − ∑ x∈Z^d E ( μ^{α,λ}(ψ_{n,s}; τ_xg) ) = ∑ x∈Z^d E ( μ^{α,λ}(ϕ_{n,s}; τ_xg) ) .

We define

∂_s ≡ {x ∈ Z^d : (x + Δ_g) ∩ Λ_s ≠ ∅ and (x + Δ_g) ∩ Λ^c_s ≠ ∅ }.

Then

(5.51) ∑ x∈Z^d E ( μ^{α,λ}(ϕ_{n,s}; τ_xg) ) = E ( μ^{α,λ}(ϕ_{n,s}; ∑ x∈∂_s

τ_xg) ) ≤ E ( Var_μα,λ (ϕ_{n,s})^{12} Var_μα,λ ( ∑ x∈∂_s

τ_xg)^{12} )

Since Var_μα,λ ( ∑ x∈∂_s τxg) ≤ Cg|∂s| = C ′ gs^{d−1}, it remains to prove that

(5.52) Var_μα,λ (ϕ_{n,s}) ≤ Cs^{−d}.

By the equivalence of ensembles we can substitute ϕ_{n,s} with ϕ̂_{n,s} with an error of order Cs^{−2d}. Let λ_s(η) ≡ λ(α, Λ^e_s, m^e_s(η)). Then, by Glauber inequality (proposition A.9),

(5.53) Var_μα,λ (ϕ̂_{n,s}) ≤ Cs^dμ^{α,λ} ( [∇_0( μ^{α,λs} (m^{(1)}_n − m^{(2)}_n ) )]^2 ) . By lemma A.3, ∇_0( μ^{α,λs} (m^{(1)}_n − m^{(2)}_n ) ) ≤ Cs^{−d}. Therefore (5.53) implies (5.52).

Theorem 5.16. Let d ≥ 3, m ∈ (0, 1) and Ḡ be the completion of the space G with the semi-norm V^{1/2}_m .

Then for any e > 0 the sequence {^{ψen,n}_n }_{n≥1} is Cauchy and its limit point is orthogonal to the subspace {Lg | g ∈ G}.

P roof. Let P be the orthogonal projection on the closure of LG ≡ {Lg | g ∈ G}. By remark 5.14 and lemma 5.15

(5.54) lim_{n↑∞} P ψ^e_{n,n} n = 0.

152 CHAPTER 5. CENTRAL LIMIT THEOREM SEMI-NORM

By theorem 5.2 the subspace orthogonal to LG is given by

H ≡ (1 − P ){ ∑ e a_ej_e : a ∈ R^d}.

By (5.54), for any e^′ > 0

V_m ( (1 − P ) ψ^e_{n,n} n , j_e′ ) = V_m

(ψe_{n,n} n , j_e′ ) + E_n with lim_{n↑∞} E_n = 0.

Then, by theorem 3.9 and proposition 5.1, (1 − P )^{ψen,n}_n is weakly convergent in H which is finite dimensional and therefore it is strongly convergent in H.

This result and (5.54) imply that^{ψen,n}_n is strongly convergent in Ḡ and its limit point is orthogonal to LG.

5.7 Decomposition of currents

For simplicity of notation we write ψ^e_n in place of ψ^e_{n,n}.

Lemma 5.17. There exists a constant C such that ∀m ∈ (0, 1), ∀n ∈ N and ∀e > 0

V_m

(ψe_n n ) ≤ Cm(1 − m).

Proof. By (1.47),

V_l

(ψe_n n ; μ^{α,λ0(m)} ) ≤ Cn^dAv_{|x|≤l1} γ_α(Λ^e_{x,n})μ^{α,λ0(m)} ( Var_μα ( τ_x[m^{1,e}_n − m^{2,e}_n ] | m^e_{x,n} ) ) . By lemma 2.6, setting μ ≡ μ^{α,λ(α,Λex,n,mex,n)},

Var_μα ( τ_x[m^{1,e}_n − m^{2,e}_n ] | m^e_{x,n} ) ≤ Var_μ ( τ_x[m^{1,e}_n − m^{2,e}_n ]) ≤ Cm(1 − m)n^{−d}.

By the previous estimates and proposition 2.21 E [ V_l

( ψe_n n ; μ^{α,λ0(m)} )] ≤ Cm(1 − m)E ( γ_α(Λ^e_n) ) ≤ C^′m(1 − m).

We fix m ∈ (0, 1) and d ≥ 3. In what follows we work in the space Ḡ, the completion of G w.r.t. the semi-norm V^{1/2}_m .

Let P^∗ and P be respectively the orthogonal projection of Ḡ on (LG)^⊥ and on LG. By theorems 3.9 and 5.16, for any e > 0 the sequence {^{W en}_n }_{n≥1} is Cauchy and its limit, W_e, belongs to (LG)^⊥. By proposition 5.1, for any e, e^′ > 0, V (j_e, W_e′ ) = δ_{e,e}′ 2m(1 − m) (in particular, for any e > 0 P^∗j_e and W_e aren’t 0).

Lemma 5.18. {W_e}_{e>0} is a basis of (LG)^⊥.

5.7. DECOMPOSITION OF CURRENTS 153

Proof. We define

Y ≡ { ∑ e>0 a_eP^∗j_e : a ∈ R^d} Z ≡ { ∑ e>0 a_eW_e : a ∈ R^d}.

By theorem 5.2 (LG)^⊥ = Y and therefore it’s enough to prove Z = Y . We have already observed Z ⊂ Y . Since V_m(j_e, W_e′ ) = δ_{e,e}′ 2m(1 − m) , the vectors {W_e}_{e>0} are linearly independent and dim(Z) = d. Since Y is generated by d vectors dim(Y ) ≤ d and therefore Y = Z.

By lemma 5.18, for some d × d matrix Q we can write

(5.55) j_e = ∑ e^′

Q_{e,e}′ (m)W_e′ + P j_e ∀e > 0

By proposition 5.1,

(5.56) V (j_e′ , j_e) = 2m(1 − m)Q_{e,e}′ + V (j_e′ , P j_e) ∀e, e^′ > 0.

By the symmetry of V and the property V (j_e′ , P j_e) = V (j_e, P j_e′ ), (5.56) implies that Q is symmetric.

Moreover, by (5.56) for any a ∈ R^d

(5.57) 2m(1 − m)(a, Qa) = V_m (∑ e a_ej_e, ∑ e a_e(j_e − P j_e) ) = V_m ( P^∗ (∑ e a_ej_e )) . Proposition 5.1 implies

V_m ( P^∗ (∑ e a_ej_e )) = 1 2 inf_{g∈G} ∑ e>0 E [ μ^{α,λ0(m)} ( c_e(a_e∇_{0,e}η_0 − ∇_{0,e} ∑ x∈Z^d

τ_xg)^2 )] .

Therefore the symmetric matrix σ(m) given by (1.4) is well-defined and

Q(m) = σ(m) 2m(1 − m) . Proposition 5.19. ∃C > 1 such that

C^{−1}I ≤ Q(m) ≤ CI ∀m ∈ (0, 1).

The same property is valid for the diffusion matrix D(m) ≡ λ^′_0(m)σ(m).

Proof. We first prove that Q(m) ≥ CI for some positive constant C and ∀m ∈ (0, 1). We fix a ∈ R^d \ {0}. Let v ≡ ∑ e>0 a_eP^∗j_e and w ≡ ∑ e>0 a_eW_e.

Then V_m(v, w) = 2m(1 − m)‖a‖^2. Moreover, by lemma 5.17 and theorem 3.9,

154 CHAPTER 5. CENTRAL LIMIT THEOREM SEMI-NORM

V_m(w, w) ≤ d ∑ e>0 |a_e|^2V_m(W_e, W_e) ≤ Cm(1 − m)‖a‖^2.

By Schwarz inequality

(a, Qa) =

V_m(v, v) 2m(1 − m) ≥ 1 2m(1 − m)

V_m(v, w)^2 V_m(w, w)

≥ C‖a‖^2.

We prove that Q(m) ≤ CI for some positive constant C and ∀m ∈ (0, 1). By (5.57)

(a, Qa) ≤

V_m( ∑ e a_ej_e) 2m(1 − m) = ∑ e>0 a^2_e 4m(1 − m) E [ μ^{α,λ0(m)} ( c_e(η_e − η_0)^2 ) ≤ C‖a‖^2.

The last statement follows from lemma 3.10.

By theorem 3.9

(5.58) W_e = lim_{n↑∞} 2m(1 − m)λ^′_0(m)ψ^e_n.

Therefore, by proposition 5.19, for any m ∈ (0, 1) and any e > 0,

j_e = ∑ e^′>0

D_{e,e}′ (m)ψ^{e′}_{n,n} + P j_e + ξ_{e,n}

where lim_{n↑∞} V_m(ξ_{e,n}) = 0.

By some arguments as in the proof of proposition 1.12 and by following [13], chapter 7, we can prove that for any f ∈ G the map [0, 1] → V_m(f) is continuous and then that Q(m) is continuous on (0, 1).

• At the moment we are not able to prove that D can be continuously extended to 0, 1. We assume the continuity. We remark that generally the diffusion matrix has no pathological behavior. Recently, the C^∞ regularity of the diffusion matrix has been proved for some models by duality methods, we refer to [2], [16] and [17]. We observe that if, as in other non gradient systems,

(5.59) (a, D(m)a) ≈ λ^′_0(m)V_m (∑ e a_ej_e )

with m ↓ 0 and with m ↑ 1, then by direct computation it would be simple to exhibit some dynamics for which the diffusion equation is non linear because D(0) ≠ D(1).

By the continuity of D, with the methods explained in [13], chapter 7, we obtain

inf_{g∈G} sup_{m∈[0,1]} V_m ( j_e + Lg − ∑ e^′>0

Q_{e,e}′ (m)W_e′ ) = 0.

5.7. DECOMPOSITION OF CURRENTS 155

By (5.58), the above expression implies

inf_{g∈G} lim sup n↑∞ sup m∈[0,1]

V_m ( j_e + Lg − ∑ e^′>0

D_{e,e}′ (m) ψ^{e′}_{n,n} n ) = 0.

156 CHAPTER 5. CENTRAL LIMIT THEOREM SEMI-NORM

Chapter 6

Comments on [21]

In this chapter we show that the method indicated in [21] for studying the hydrodynamic behavior of model under consideration seems to give some problems already in the case of the one dimensional symmetric simple exclusion process.

We assume the dimension to be 1 and the probability P to be concentrated on the disorder configuration α with α_x = 0 for any site x. We choose transition rates c_{x,y} = 2. Unlike our standard notation we set w_{x,y} ≡ c_{x,y}(η_y − η_x) = 2(η_y − η_x) following in [21]. Let us set

W_k k = 2 k^2

(N_{2,k} − N_{1,k})

where N_{i,k} = ∑ x∈Λ_{i,k} ηx and

Λ_{1,k} = {−k, −k + 1, . . . , −1} Λ_{2k} = {0, 1, . . . , k − 1}.

Given λ let μ^λ be the product probability measure such that μ^λ(η_x = 1) =^{eλ}_{1+eλ} . Given m ∈ (0, 1) let λ(m) be such that μ^{λ(m)}(η_x) = m, that is λ(m) = ln^m_{1−m} . We remember the identity

(6.1) μ^λ(w_{xy}f) = −μ^λ( (η_y − η_x)∇_{xy}f).

It’s simple to check that

(6.2) σ(m) = 2m(1 − m).

In fact, by definition

σ(m) = inf_g μ^{λ(m)} ( (∇_{0,e}η_0 − ∇_{0,e}g)^2 ) where the infimum is taken among all local functions g. This infimum is realized by the null function (and corresponds to the r.h.s. of (6.2) ) since μ^λ(∇_{0,e}η_0∇_{0,e}g) = 0 for any g. In fact, by lemma 5.3 it’s enough to prove this statement for g ∈ G. Then by (6.1) and by translation invariance μ^λ(∇_{0,e}η_0∇_{0,e}g) = −2 ∑ x∈Z μ^λ(∇_{0,e}η_0; τ_xg) = 0.

We give a more direct proof of (6.2). It is well-known that the hydrodynamic equation of the system is given by ∂_tm = 2∂^2_θ m. Since the nongradient version corresponds to ∂_tm = ∂_θ ( D(m)∂_θm ) , it must be D(m) ≡ 2 and σ(m) = 2m(1 − m).

Warning. In this chapter (unlike our standard notation) we write L_k for the infinitesimal generator of the dynamics referred to Λ_k ≡ Λ_{1,k} ∪ Λ_{2,k}, that is

L_k ≡ 2 k−2∑

x=−k

∇_{x,x+1}.

Moreover, we denote μ_{k,m} the canonical measure on the volume Λ_k with density m.

Proposition 6.1. For any density m

(6.3)

lim_{k↑∞} kμ^{λ(m)}

(W_k k , 1 −L_k

W_k k ) = lim_{k↑∞} kμ_{k,m}

(W_k k , 1 −L_k

W_k k ) = 16 3 m^2(1 − m)^2 σ(m) = 8 3 m(1 − m).

P roof. We first prove the limit for grand canonical expectations.

Given an integer n, let Δ_{n+1} be the discrete Laplacian defined on the functions g on {0, 1, 2, . . . , n} given by

Δ_{n+1}g(x) = g(1) − g(0) if x = 0 g(x + 1) − 2g(x) + g(x − 1) if x = 1, . . . , n − 1 −g(n) + g(n − 1) if x = n.

Given a positive integer n and a vector a ∈ R^{n+1}, let

L^′_{n+1} = ∇_{01} + ∇_{12} + · · · + ∇_{n−1,n} a · η = n∑ s=0 a_sη_s.

Then

(6.4) L^′_{n+1}(a · η) = (Δ_{n+1}a) · η.

In order to prove the proposition it’s convenient to identify Λ_{1,k} with {0, 1, . . . , k − 1} and Λ_{2,k} with {k, k + 1, . . . , 2k − 1}. Then W_k(η) = 2k^{−1}a · η with a(x) = −1 for x = 0, 1, . . . , k − 1 and a(x) = 1 for x = k, . . . , 2k − 1 and by (6.4)

kμ^{λ(m)}

(W_k k , 1 −L_k

W_k k ) = 4k^{−3}μ^{λ(m)}(a · η; (−Δ^{−1}_{2k} a) · η) = 4k^{−3}m(1 − m)(a, −Δ^{−1}_{2k} a).

Therefore the thesis with the grand canonical expectations corresponds to

(6.5) lim_{k↑∞} k^{−3}(a, −Δ^{−1}_{2k} a) = 2 3 . In order to prove (6.5) let b such that a = Δ_{2k}b with b_0 = 0.

We set B_x ≡ b_{x+1} − b_x for x = 0, . . . , 2k − 2, then

(Δ_{2k}b)_0 = B_0 (Δ_{2k}b)_x = B_x − B_{x−1} if x = 1, . . . , 2k − 2 (Δ_{2k}b)_{2k−1} = −B_{2k−2}.

From the equality a = Δ_{2k}b it’s simple to derive {B_x}_x: { B_x = −(x + 1) if x = 0, . . . , k − 1 B_{k+r} = −k + r + 1 if r = 0, . . . , k − 2.

Setting Σ_n ≡ 1 + 2 + · · · + n if n is a positive integer and Σ_0 ≡ 0, { b_x ≡ −Σ_x if x = 0, . . . , k b_{k+r} ≡ −Σ_k − rk + Σ_r if r = 1, . . . , k − 1.

In particular if k ≥ 2

(a, −Δ^{−1}_{2k} a) = k−1∑ x=0 b_x −

2k−1∑

x=k b_x = −2(Σ_1 + · · · + Σ_{k−1}) + k^3.

It can be verified that Σ_1 + · · · + Σ_{k−1} = 6^{−1}(k^3 − k) and we obtain (6.5).

We now prove the thesis for the canonical expectations. By (6.4)

kμ_{k,m}

(W_k k , 1 −L_k

W_k k ) = 4k^{−3}μ_{k,m}(a · η; (−Δ^{−1}_{2k} a) · η) = 4k^{−3} ∑ x,y a_x(−Δ^{−1}_{2k} a)_yμ_{k,m}(η_x; η_y).

Since

μ_{k,m}(η_x; η_x) = m(1 − m) ∀x ∈ Λ_k, μ_{k,m}(η_x; η_y) = −(2k − 1)^{−1}μ_{k,m}(η_x; η_x) ∀x ≠ y ∈ Λ_k, and ∑ x:x≠y ax = −ay, we obtain ∑ x,y a_x(Δ^{−1}_{2k} a)_yμ_{k,m}(η_x; η_y) = m(1 − m) { (a, Δ^{−1}_{2k} a) − 1 2k − 1 ∑ x,y:x≠y

a_x(Δ^{−1}_{2k} a)_y } = m(1 − m)(a, Δ^{−1}_{2k} a)(1 + 1 2k − 1 ).

By the previous computations we obtain the thesis.

Proposition 6.1 gives a counterexample to the statement at the end of page 76 in [21] but, independent of this particular statement, proposition 6.1 seems to be non compatible with some ideas in [21]. In what follows we explain the reason. We assert that

(6.6) lim_{k↑∞} 2kμ^{λ(m)} ( Av_{x∈Λk:}

x+1∈Λ_k

w_{x,x+1}, 1 −L_k

W_k k ) = 2m(1 − m).

Let us prove (6.6). It’s simple to check that ∑ x∈Λ_k:

x+1∈Λ_k

w_{x,x+1} = −L_k ( ∑ x∈Λ_k

xη_x ) .

Therefore

2kμ^{λ(m)} ( Av_{x∈Λk:}

x+1∈Λ_k

w_{x,x+1}, 1 −L_k

W_k k ) = 2k 2k − 1 ∑ x∈Λ_k

xμ^{λ(m)} ( η_x, 1 −L_k

W_k k ) .

and (6.6) follows by rule (6.1). Since by proposition 6.1

kμ^{λ(m)}

(W_k k , 1 −L_k

W_k k ) is bounded uniformly in k, it’s simple to verify that in (6.6) we can substitute the average of the currents by Av_{x∈Λk1} w_{x,x+1} with k_1 = k − √ k. Thanks to (5.2) and the integration by parts property (1.3) it is simple to check that for any local function g

(6.7) lim_{k↑∞} 2kμ^{λ(m)} ( Av_{x∈Λk1} τ_xLg, 1 −L_k

W_k k ) = 0.

We assert that we cannot substitute the microscopic current by a linear combination of a microscopic fluctuation Lg and of the mesoscopic function^{Wk}_k since the approximation statement

(6.8) inf a∈R,g∈G

lim_{k↑∞} 2kμ^{λ(m)} ( Av_{x∈Λk1} τ_x ( aw_{0,e} + Lg) −

W_k k , 1 −L_k [ Av_{x∈Λk1} τ_x ( aw_{0,e} + Lg) −

W_k k ]) = 0 is incompatible with proposition 6.1. In fact, by (6.6) and (6.7), this statement corresponds to lim_{k↑∞} 2kμ^{λ(m)}

( W_k k , 1 −L_k

W_k k ) = sup

a∈R,g∈G { 4m(1 − m)a − V_m(aw_{0,e} + Lg) } , where V_m is the usual semi-inner product, that is

V_m(aw_{0,e} + Lg) = lim_{k↑∞} 2kμ^{λ(m)} ( Av_{x∈Λk1} τ_x ( aw_{0,e} + Lg), 1 −L_k

Av_{x∈Λk1} τ_x ( aw_{0,e} + Lg) ) . Since given A > 0

sup_{γ∈R} ( 2Bγ − Aγ^2 ) = B^2 A ,

sup a∈R,g∈G { 4m(1 − m)a − V_m(aw_{0,e} + Lg) } = sup_{g∈G} sup_{a∈R} { 4m(1 − m)a − a^2V_m(w_{0,e} + Lg) } = = sup_g

4m^2(1 − m)^2 V_m(w_{0,e} + Lg) = 4m^2(1 − m)^2 σ(m) . Therefore, proposition (6.8) implies

lim_{k↑∞} 2kμ^{λ(m)}

(W_k k , 1 −L_k

W_k k ) = 4m^2(1 − m)^2

σ(m) which is in contradiction with proposition 6.1.

162 CHAPTER 6. COMMENTS ON [21]

Appendix A

A.1 Technical tools

Proposition A.1. Let f = f(α_0) be a bounded measurable function with E(f) = 0. Then ∀Λ ∈ F and ∀δ > 0

(A.1) P[|Av_{x∈Λ}f_x| ≥ δ] ≤ 2e^−

δ2|Λ| 4‖f ‖2∞ .

P roof. Given t ≥ 0,

E(e^{tf} ) = 1 + ∞∑ n=2 t^n n! E(f^n) ≤ 1 + ∞∑ n=2 t^n n! ‖f‖^n_∞ = e^{t‖f‖∞} − ‖f‖_∞t.

Since e^x − x ≤ e^{x2} ∀x ≥ 0, E(e^{tf} ) ≤ e^{Kf t2} with K_f ≡ ‖f‖^2_∞. By Chebyshev inequality, for any t > 0,

P[Av_{x∈Λ}f_x ≥ δ] ≤ e^{−tδ} E[e^{tAvx∈Λfx} ] = e^{−tδ}[E(e^{tf|Λ|−1} )]^{|Λ|} ≤ e^{−tδ+Kf t2|Λ|−1} .

Taking t =^{δ|Λ|}_{2Kf} , P[Av_{x∈Λ}f_x ≥ δ] ≤ e^−

δ2|Λ|

4Kf . By repeating the same argument with −f we obtain the thesis.

Lemma A.2. Let Λ ∈ F, α a disorder configuration, Δ ⊂ Λ and λ ∈ R. Let f be a local function on {0, 1}^{Zd} with support Δ_f ⊂ Λ.

We set m ≡ μ^{α,λ}(m_Λ), a_m ≡ min(m, 1 − m) and μ = μ^{α,λ}. Then

a) μ(η_x) ≤ e^{4B} μ(η_y) and μ(1 − η_x) ≤ e^{4B} μ(1 − η_y) ∀x, y ∈ Z^d, b) e^{−4B} |Δ|m ≤ μ(N_Δ) ≤ e^{4B} |Δ|m, e^{−4B} |Δ|(1 − m) ≤ μ(|Δ| − N_Δ) ≤ e^{4B} |Δ|(1 − m), c) C(B)^{−1}|Δ|a_m ≤ μ(N_Δ; N_Δ) ≤ C(B)|Δ|a_m with C(B) > 1,

d) |μ(f; N_Λ)| ≤ C(B)‖f‖_∞ min ( |Δ_f |a_m, √ |Δ_f |a_m ) , e) |μ(N_Δ; N_Δ; N_Δ)| ≤ μ(N_Δ; N_Δ).

164 APPENDIX A.

P roof.

a) e^{−2B eλ}_{1+eλ} ≤ μ(η_x) ≤ e^{2B eλ}_{1+eλ} and e^{−B 1}_{1+eλ} ≤ μ(1 − η_x) ≤ e^{B 1}_{1+eλ} for any x ∈ Z^d. b) follows by a).

c) Thanks to a) and b)

μ(N_Δ; N_Δ) = ∑ x∈Δ μ(η_x; η_x) ≤ ∑ x∈Δ μ(η_x) ≤ e^{4B} m|Δ|,

μ(N_Δ; N_Δ) = μ(|Δ| − N_Δ; |Δ| − N_Δ) = ∑ x∈Δ μ(1 − η_x; 1 − η_x) ≤ e^{4B} (1 − m)|Δ|.

Therefore, μ(N_Δ; N_Δ) ≤ e^{4B} a_m|Δ|.

We first prove that μ(N_Λ; N_Λ) ≥ (4e^{4B} )^{−1}|Λ|a_m. As example, let m ∈ [0,^1_2 ]. Then |W | ≥^1_2 |Λ| where W ≡ {x ∈ Λ : μ(η_x) ≤^1_2 } and

μ(N_Λ; N_Λ) ≥ ∑ x∈W μ(η_x; η_x) ≥ 1 2 ∑ x∈W μ(η_x) ≥ 1 2 |W |e^{−4B} m ≥ e^{−4B} 4 |Λ|m.

Given Δ ⊂ Λ let m^′ ≡^{μ(NΔ)}_{|Δ|} . By b) and the previous result,

μ(N_Δ; N_Δ) ≥ (4e^{4B} )^{−1}|Δ| min(m^′, 1 − m^′) ≥ (4e^{8B} )^{−1}|Δ| min(m, 1 − m).

d) By Schwarz inequality |μ(f; N_Λ)| ≤ μ(f; f)^12 μ(N_{Δf} ; N_{Δf} )^12 . By c), μ(N_{Δf} ; N_{Δf} ) ≤ C(B)|Δ_f |a_m. It remains to prove that

μ(f; f)^{12} ≤ C(B)‖f‖_∞ √ |Δ_f |a_m.

To this aim let 0_{Δf} [1_{Δf} ] be a configuration which is constantly 0 [1] on Δ_f . Then by b)

μ(f; f) ≤ μ ( (f − f(0_{Δf} ))^2 ) ≤ ‖f‖^2_∞μ(N_{Δf} ) ≤ ‖f‖^2_∞e^{4B} |Δ_f |m and

μ(f; f) ≤ μ ( (f − f(1_{Δf} ))^2 ) ≤ ‖f‖^2_∞μ(|Δ_f | − N_{Δf} ) ≤ ‖f‖^2_∞e^{4B} |Δ_f |(1 − m).

e) We set η̄_x = η_x − μ(η_x). Then

μ(N_Δ; N_Δ; N_Δ) = ∑ x∈Δ μ((η̄_x)^3) ≤ μ(N_Δ; N_Δ).

Lemma A.3. Given Λ ∈ F, λ, λ^′ ∈ R̄, a local function f on {0, 1}^{Zd} with support Δ_f ⊂ Λ

(A.2) |μ^{α,λ′} (f) − μ^{α,λ}(f)| ≤ C(B)‖f‖_∞|Δ_f ||μ^{α,λ′} (m_Λ) − μ^{α,λ}(m_Λ)|

A.1. TECHNICAL TOOLS 165

P roof. For simplicity of notation we write λ(s) for λ_Λ(α, s) and we set m^′ = μ^{α,λ′} (m_Λ) and m = μ^{α,λ}(m_Λ).

By the continuity in λ, λ^′ ∈ R̄ of both members of (A.2), we can consider only the case λ, λ^′ ∈ R.

μ^{α,λ′} (f) − μ^{α,λ}(f) =

∫_m′ m ∂ ∂s μ^{α,λ(s)}(f)ds =

∫_m′ m μ^{α,λ(s)}(f; N_{Δf} )λ^′(s)ds.

By lemma A.2

|μ^{α,λ(s)}(f; N_{Δf} )| ≤ C(B)‖f‖_∞|Δ_f | ( s ∧ (1 − s) ) . Since s = μ^{α,λ(s)}(N_Λ/|Λ|)

λ^′(s) = |Λ| μ^{α,λ(s)}(N_Λ; N_Λ) . By lemma A.2, λ^′(s) ≥ C(B) ( s ∧ (1 − s)

)_{−1}

. Therefore, for any s,

|μ^{α,λ(s)}(f; N_{Δf} )|λ^′(s) ≤ C(B)‖f‖_∞|Δ_f |.

Lemma A.4. Let h = h(α, η) be a measurable function depending only on α_0 and η_0. ∀x ∈ Z^d and ∀Λ ∈ F we set h_x = τ_xh and H_Λ = ∑ x∈Λ h_x.

Then, given Λ, Δ ∈ F with Λ ⊂ Δ and λ, λ^′ ∈ R̄,

(A.3) |μ^{α,λ′} (H_Λ; N_Λ) − μ^{α,λ}(H_Λ; N_Λ)| ≤ C(B)‖h‖_∞|Λ||μ^{α,λ′} (m_Δ) − μ^{α,λ}(m_Δ)|

and (with λ, λ^′ ∈ R)

(A.4) |μ^{α,λ′} (H_Λ; N_Λ) − μ^{α,λ}(H_Λ; N_Λ)| ≤ C(B)‖h‖_∞μ^{α,λ∨λ′} (N_Δ)|λ^′ − λ|

P roof. We first prove (A.3).

For simplicity of notation we write λ(s) for λ_Δ(α, s) and we set m^′ = μ^{α,λ′} (m_Δ) and m = μ^{α,λ}(m_Δ). Therefore λ^′ = λ(m^′) and λ = λ(m).

By the continuity in λ, λ^′ ∈ R̄ of both members of (A.3), we can consider only the case λ, λ^′ ∈ R. Then

μ^{α,λ′} (H_Λ; N_Λ) − μ^{α,λ}(H_Λ; N_Λ) = ∫_m′ m ∂ ∂s μ^{α,λ(s)}(H_Λ; N_Λ)ds =

∫_m′ m μ^{α,λ(s)}(H_Λ; N_Λ; N_Λ)λ^′(s)ds.

Since

166 APPENDIX A.

|μ^{α,λ(s)}(H_Λ; N_Λ; N_Λ)| = ∑ x∈Λ μ^{α,λ(s)}(h_x; η_x; η_x)| ≤ 2‖h‖_∞μ^{α,λ(s)}(N_Λ; N_Λ),

by lemma A.2

(A.5) |μ^{α,λ(s)}(H_Λ; N_Λ; N_Λ)| ≤ C(B)‖h‖_∞|Λ| ( s ∧ (1 − s) ) . As already proved for lemma A.3, λ^′(s) ≥ C(B) ( s ∧ (1 − s)

)_{−1}

. Therefore, for any s

|μ^{α,λ(s)}(H_Λ; N_Λ; N_Λ)λ^′(s)| ≤ C(B)‖h‖_∞|Λ|.

We prove (A.4). Since

|μ^{α,λ′} (H_Λ; N_Λ) − μ^{α,λ}(H_Λ; N_Λ)| = |

∫_λ′ λ d dλ̃ μ^{α,λ̃}(H_Λ; N_Λ)dλ̃| = |

∫_λ′ λ μ^{α,λ̃}(H_Λ; N_Λ; N_Λ)dλ̃|,

by an estimate similar to (A.5) and lemma A.2

|μ^{α,λ̃}(H_Λ; N_Λ; N_Λ)| ≤ C(B)‖h‖_∞μ^{α,λ̃}(N_Λ) ≤ C(B)‖h‖_∞μ^{α,λ∨λ′} (N_Δ).

Lemma A.5. Given y ∈ Z^d, m, m^′ ∈ [0, 1]

|μ^{α,λ0(m′)}(η_y) − μ^{α,λ0(m)}(η_y)| ≤ e^{6B} |m^′ − m|,

(A.6) |μ^{α,λ0(m′)}(η_y; η_y) − μ^{α,λ0(m)}(η_y; η_y)| ≤ 3e^{6B} |m^′ − m|.

(A.7) In general, given a function f with support in the cube Λ_k,

(A.8) |μ^{α,λ0(m′)}(f) − μ^{α,λ0(m)}(f)| ≤ C(B, k)‖f‖_∞|m^′ − m|

P roof. We prove (A.6). By continuity it is not restrictive to consider m, m^′ ∈ (0, 1) with m ≤ m^′. Then

μ^{α,λ0(m′)}(η_y) − μ^{α,λ0(m)}(η_y) =

∫_m′ m d ds μ^{α,λ0(s)}(η_y)ds =

∫_m′ m μ^{α,λ0(s)}(η_y; η_y)λ^′_0(s)ds.

Since s = E [ μ^{α,λ0(s)}(η_y) ] , μ^{α,λ0(s)}(η_y; η_y)λ^′_0(s) = μ^{α,λ0(s)}(η_y; η_y) E [ μ^{α,λ0(s)}(η_y; η_y) ]. It’s simple to verify that for any couple of disorder configurations α and α^′

A.1. TECHNICAL TOOLS 167

μ^{α,λ0(s)}(η_y; η_y) μ^{α′,λ0(s)}(η_y; η_y)

≤ e^{6B} .

This allows to conclude the proof of (A.6).

(A.7) is a simple consequence of (A.6) while (A.8) follows from (A.6) thanks to the estimate

|μ^{α,λ0(m′)}(f) − μ^{α,λ0(m)}(f)| ≤ ∑ ζ∈{0,1}^Λk

|f(ζ)| |μ^{α,λ0(m′)}(η_{Λk} = ζ) − μ^{α,λ0(m)}(η_{Λk} = ζ)|

≤ C(k, B)‖f‖_∞|m^′ − m|.

Lemma A.6. For any m ∈ (0, 1)

(A.9) λ_Λ(α, m) − λ_0(m) = [m − μ^{α,λ0(m)}(m_Λ)] |Λ| μ^{α,λ̃}(N_Λ; N_Λ)

where λ̃ is in the interval with extremes λ_Λ(α, m) and λ_0(m). In particular

(A.10) |λ_Λ(α, m) − λ_0(m)| ≤

C(B) m(1 − m)

|m − μ^{α,λ0(m)}(m_Λ)|.

P roof. We consider the function λ(s) ≡ sλ_Λ(α, m) + (1 − s)λ_0(m) defined on [0, 1]. By Lagrange theorem

m = μ^{α,λΛ(α,m)}(m_Λ) = μ^{α,λ0(m)}(m_Λ) + |Λ|^{−1}μ^{α,λ̃}(N_Λ; N_Λ) ( λ_Λ(α, m) − λ_0(m) )

for a particular λ̃ in the interval with extremes λ_Λ(α, m) and λ_0(m). This proves (A.9).

By lemma A.2,

|Λ|^{−1}μ^{α,λ̃}(N_Λ; N_Λ) ≥ C(B)μ^{α,λ̃}(m_Λ) ( 1 − μ^{α,λ̃}(m_Λ) ) . This and the observation that

λ_Λ(α, m), λ_0(m) ∈ [ln m 1 − m

− B, ln m 1 − m

+ B]

give

|Λ|^{−1}μ^{α,λ̃}(N_Λ; N_Λ) ≥ C(B)m(1 − m). (A.10) follows now from (A.9).

168 APPENDIX A.

Lemma A.7. For any m ∈ [0, 1] and any local function f on {0, 1}^{Zd} with support in Λ

(A.11) |μ^{α,λΛ(α,m)}(f) − μ^{α,λ0(m)}(f)| ≤ C(B)‖f‖_∞|Δ_f ||m − μ^{α,λ0(m)}(m_Λ)|

P roof. It’s a consequence of lemma A.3 with λ^′ = λ_Λ(α, m) and λ = λ_0(m).

Lemma A.8. Let V, W be two disjoint cubes of side l. Then, given a disorder configuration α, for any density m on V ∪ W

μ^α_{V ∪W,m} ( (m_V − m_W )^2 ) ≤ C(B) ( l^{−d} + ( m − μ^{α,λ0(m)}(m_V )

)_2 + ( m − μ^{α,λ0(m)}(m_W )

)_2) . Proof. We set ν ≡ μ^α_{V ∪W,m}. Then ν ( (m_V − m)^2 ) ≤ 2Var_ν (m_V ) + 2(ν(m_V ) − m)^2.

By lemma 2.6, Var_ν (m_V ) ≤ C(B)Var_μ(m_V ) ≤ C^′(B)l^{−d}. By the equivalence of ensembles and lemma A.7, (ν(m_V ) − m)^2 is bounded by

C(B) ( l^{−2d} + (m − μ^{α,λ0(m)}(m_V ))^2 + (m − μ^{α,λ0(m)}(m_W ))^2 ) . By a similar estimate for ν ( (m_W − m)^2 ) we obtain the thesis.

We conclude this section with an estimate of the spectral gap for Glauber dynamics.

Proposition A.9. Let μ be a product measure on {0, 1}^Z. We set

C = sup_{x∈Z} μ(η_x) ( 1 − μ(η_x) ) . Then for any local function f

Var_μ(f) ≤ C ∑ x∈Z μ ( (∇_xf)^2 ) .

Proof. We prove the proposition by induction on the size n of the support Δ_f of f. Let n = 1. Then f = aη_x +b(1−η_x) for some x ∈ Z and Var_μ(f) = (a−b)^2μ(η_x) ( 1−μ(η_x) ) . We assume the thesis valid for functions with support of size non larger than n and we prove it for a function f with |Δ_f | ≤ n + 1. By a permutation, it is not restrictive to consider f = f(η_0, η_1, . . . , η_n). The thesis follows by inductive hypothesis and the identity

V ar_μ(f) = μ ( Var_μ(f | η_n) ) + Var_μ ( μ(f | η_n) ) .

A.2. SOME THEOREMS ON MARKOV PROCESSES 169

A.2 Some theorems on Markov processes

In this section we collect some theorems and remarks about Markov processes. Proofs can be found in [13].

In what follows E is a finite set and L is an infinitesimal generator on E. We indicate by D ( [0, T ], E) the space of right continuous paths with left limits X : [0, T ] → E and by F_t the σ−algebra σ(X_s : 0 ≤ s ≤ t).

Proposition A.10. .

Let F : [0, T ] × E → R be such that

F (·, x) ∈ C^2([0, T ]) ∀x ∈ E and sup_{(s,x)} | (∂^j_s F )(s, x) | < ∞ ∀j = 0, 1, 2.

Let P be a probability measure on D([0, T ], E) induced by the Markov process with generator L and an arbitrary initial distribution. For any t ∈ [0, T ] we define

M^F (t) = F (t, X_t) − F (0, X_0) −

∫_t 0 ds(∂_s + L)F (s, X_s)

N^F (t) = ( M^F (t)

)_2 − ∫_t 0 ds{(LF^2)(s, X_s) − 2F (LF )(s, X_s)}.

Then M^F (t) and N^F (t), with t ∈ [0, T ], are F_t-martingales w.r.t. P.

Lemma A.11. Let P(E) be the set of probability measures on E.

For any ν ∈ P(E) we indicate by P^ν the probability measure on D([0, T ], E) determined by the Markov process with generator L and initial distribution ν. Let μ ∈ P(E) such that ∃A with μ(x) ≥ e^{−A} ∀x ∈ E. Then ∀ν ∈ P(E)

ln ‖ ‖ dP^ν dP^μ ‖ ‖_∞ ≤ A and H[P^ν |P^μ] ≤ A.

P roof.

The second inequality follows from the first one by the identity H[P^ν |P^μ] = E^ν (ln^{dPν}_{dPμ} ). Since

P^μ = ∑ x∈E μ(x)P^{δx} P^ν = ∑ x∈E ν(x)P^{δx}

and the measures P^{δx} , with x ∈ E, have disjoint supports, we have

dP^ν dP^μ = ∑ x∈E ν(x) μ(x)

1_{{η.|η0 =x}} and ‖ ‖ dP^ν dP^μ ‖ ‖ ∞ ≤ sup_{x∈E} ν(x) μ(x)

≤ sup_{x∈E} 1 μ(x)

≤ e^A.

That proves the first estimate.

170 APPENDIX A.

Proposition A.12. (Application of the Feynman-Kac Formula) Let ν be a measure on E, reversible w.r.t. the infinitesimal generator L, and V : R_+ ×E → R be a bounded measurable function. Then, for any t ≥ 0,

E_ν [ exp {∫ t 0 V (s, X_s)ds } ] ≤ exp {∫ t 0 Γ_sds }

where

Γ_s ≡ sup spec_L2_{(ν)}{L + V (s, ·)}.

Proposition A.13. (Perturbation Theory) Let ν be a measure on E, reversible w.r.t. the infinitesimal generator L. We supposed that L has simple eigenvalue 0 and spectral gap u^{−1}. Given a function V on E and β > 0 we define

λ_β ≡ sup spec_L2_{(ν)}{L + βV }.

If 4u‖V ‖_∞β < 1 then

βν(V ) ≤ λ_β ≤ βν(V ) + β^2 1 − 4u‖V ‖_∞β ν(V , −L^{−1}V )

where V ≡ V − ν(V ).

A.3 Space D([0, 1], M_1)

In this section we collect some technical results concerning the space D([0, 1], M_1) endowed of the Skohorod topology. In what follows we will denote d the standard metric on M_1 inducing the weak topology. Les us recall the definition.

Given a dense contable family {f_k; k ≥ 1} of continuous functions on T^d, then

d(μ, ν) := ∞∑ k=1 1 2^k

|μ(f_k) − ν(f_k)| 1 + |μ(f_k) − ν(f_k)| μ, ν ∈ M_1.

Let us introduce also the Skohorod metric d_0 on D([0, 1], M_1) (see also [4] or [13], chapter 4). Let Λ be the set of strictly increasing continuous functions λ of [0, T ] into itself. We define then ‖λ‖ = sup_{s≠t} | |ln λ(t) − λ(s) t − s | | and d_0(μ, ν) = inf_{λ∈Λ} max { ‖λ‖_∞, sup_{0≤t≤T} d(μ_t, ν_{λ(t)}) } ∀μ, ν ∈ D([0, 1], M_1).

In what follows, μ, ν will be generic elements of D([0, 1], M_1).

Lemma A.14. For any disorder configuration α, given a sequence {ν_ϵ}_{ϵ>0} of probability measures on Ω_ϵ then any limit point Q^α of Q^α_ϵ belongs to C([0, T ], M_2).

A.3. SPACE D([0, 1], M_1) 171

Proof. We first observe that for any H ∈ C(T^d) and b ∈ T^d_ϵ

(A.12) | π_ϵ(η)[H] | ≤ Av_{x∈T}d_ϵ |H(ϵx)| and | π_ϵ(η^b)[H] − π_ϵ(η)[H] | ≤ 2 ‖H‖_∞ϵ^d.

Let us prove that Q^α(μ : μ_t ≪ dx ∀t ∈ [0, T ]) = 1. Let H ∈ C(T^d). Then thanks to (A.12), given δ > 0 for ϵ ≤ ϵ_0(δ, H) we have Q^α_ϵ (A_{δ,H} ) = 1 where

A_{δ,H} := {μ : μ_t(H) ≤ δ + ∫ T^d

H(θ)dθ ∀t ∈ [0, T ]}.

We observe that A_{δ,H} is closed. In fact, let μ ∈ A^c_{δ,H} , i.e. ∃t ∈ [0, T ] such that μ_t(H) > δ + ∫ T^d H(θ)dθ. We want to prove that, given β small enough, d0(ν, μ) < β implies that

ν ∈ A^c_{δ,H} . By definition, there exists λ ∈ Λ with d(ν_{λ(s)}, μ_s) < β forall s ∈ [0, T ]. Let us choose γ > 0 such that μ_t(H) > δ + γ + ∫ T^d H(θ)dθ. Then, if β is small enough,

|ν_{λ(t)}(H) − μ_t(H)| ≤ γ and ν ∈ A^c_{δ,H} . Because of weak convergence, ∀H ∈ C(T^d), ∩_{δ>0}Q^α(A_{δ,H} ) = 1, thus implying that

Q^α(μ : μ_t(H) ≤ ∫ T^d

H(θ)dθ ∀t ∈ [0, T ]) = 1 ∀H ∈ C(T^d).

It is enough to consider a countable base of C(H) in order to obtain the thesis. Let us prove continuity of the paths almost surely. Given δ > 0 let

A_δ := {μ : ∃n ∈ N such that d(μ_{t1} , μ_{t2} ) ≤ δ ∀t_1, t_2 with |t_1 − t_2| ≤ 1 n }. It is enough to show that Q^α(∩_{δ>0}A_δ) = 1. Because of (A.12), we have that

lim_{ϵ↓0} sup_{η∈Ωϵ} d(π_ϵ(η^b), π_ϵ(η)) = 0

and therefore, if ϵ ≤ ϵ_0(δ), Q^α_ϵ (∩_{s>δ}A_s) = 1. Now it is enough to prove that ∩_{s>δ}A_s is closed. To this aim fix s > δ, 1 > γ > 0 such that s − 2γ > δ, μ ∈ A^c_s and choose ν such that d_0(μ, ν) < γ. We claim that ν ∈ A^c_{s−2γ} thus proving that ∪_{s>δ}A^c_s is open. Since μ ∈ A^c_s, given n ∈ N there exist t_1 > t_2 such that t_1 − t_2 ≤^1_n and d(μ_{t1} , μ_{t2} ) > s. Since d_0(μ, ν) < γ, there exists λ ∈ Λ such that sup 0≤s<t≤1 | |ln λ(t) − λ(s)

t − s | | < γ and sup

0≤t≤1

d(ν_t, μ_{λ(t)}) < γ.

In particular, d(ν_{λ(t1 )}, ν_{λ(t2 )}) > s − 2γ and λ(t_1) − λ(t_2) ≤ e^γ (t_1 − t_2) ≤^e_n . Therefore, ν ∈ A^c_{s−2γ} .

Proposition A.15. Given m ∈ D ( [0, T ], M_2) there exists a measurable function m(t, θ) such that 0 ≤ m(t, θ) ≤ 1 for any t, θ and m_t = m(t, θ)dθ for any t ∈ [0, T ].

Proof. For any t, let ρ_t(θ) such that m_t = ρ_t(θ)dθ ∈ M_2. Fix a sequence of C^∞–mollifiers ϕ_ϵ and define m_ϵ(t, θ) := (ρ_t ⋆ ϕ_ϵ)(θ) (where ⋆ denotes convolution). Then for any t, m_ϵ(t, θ) → ρ_t(θ) a.s. on T^d as ϵ ↓ 0.

172 APPENDIX A.

Let us prove that m_ϵ is measurable on [0, T ] × T^d_ϵ . To this aim let us observe that a^ϵ_k(t) : = ∫ T^d

m_ϵ(t, θ)e^{−ikθ}dθ = ∫ T^d dθ ∫ T^d

dθ^′m(t, θ + θ^′)ϕ_ϵ(θ^′)^{−ikθ} = ∫ T^d

dθ m(t, θ) ∫ T^d

dθ^′ϕ_ϵ(θ^′)e^{−ik(θ−θ′)}.

Since m ∈ D([0, T ], M_2), a^ϵ_k(t) is measurable in t. Define s^ϵ_n(t, θ) := 1 (2π)^d ∑ k∈Z^d, |k|≤n

a^ϵ_k(t)e^{ikθ}.

Then s^ϵ_n is measurable on [0, T ] × T^d and by lemma A.16 lim_{n↑∞} s^ϵ_n(t, θ) = m_ϵ(t, θ) ∀t, θ.

Therefore m_ϵ is measurable on [0, T ] × T^d. Define A := {(t, θ) : lim_{ϵ↓0} m_ϵ(t, θ) exists finite }, then A is measurable. Indicating by | · | the Lebesgue measure of a set, by Fubini theorem |A| =

∫_T 0 |A_t| = 0. Therefore, we can define a measurable function m(t, θ) such that lim_{ϵ↓0}m_ϵ(t, θ) = m(t, θ) a.s. on [0, T ] × T^d. Since, for any t, lim_{ϵ↓0}m_ϵ(t, θ) = ρ(t, θ) a.s. on T^d, we get the thesis.

Lemma A.16. Let f ∈ C^∞(T^d) and set, for k ∈ Z^d and n ∈ N, a_k := ∫ T^d

f(θ)e^{−ikθ}dθ, s_n(θ) := 1 (2π)^d ∑ k∈Z^d, |k|≤n

a_ke^{ikθ}.

Then lim_{n↑∞} ‖f − s_n‖_∞ = 0.

Proof. Let us observe that, for any j = 1, . . . , d and s ∈ N, e^{−ikθ} = (−ik_j )^{−s}

∂^s ∂θ^s_j e^{−ikθ}.

By integrating by parts a_k = ±(ik_j )^{−s} ∫ T^d

∂^sf ∂θ^s_j e^{−ikθ}, thus implying that |a_k| ≤ C_s(f) min{|k_1|^{−s}, |k_2|^{−s}, . . . , |k_d|^{−s}}.

By chosing s large enough (depending on d) we can prove ∑ k∈Z^d |ak| ≤ C(f). Since for

n^′ > n ‖s_n′ − s_n‖_∞ ≤ ∑ k∈Z^d,|k|≥n |ak| we get that {sn}n>0 converges uniformly on T

d to some g ∈ C(T^d). Since s_n → f in L^2(T^d) there is a subsequence {s_{nk} }_{k>0} converging to f a.s.. therefore g = f.

Bibliography

[1] C. Ané et Al. Sur les inégalités de Sobolev logarithmiques. Panorama et Synthèses, 10. Société Mathématique de France, Paris 2000.

[2] C. Bernardin. Regularity of the diffusion coefficient for a lattice gas reversible under Bernoulli measures. Preprint Cergy-Pontoise.

[3] I. Benjamini, P. Ferrari, C. Landim. Asymmetric conservative processes with random rates. Stochastic Processes Appl. 61 (1996) 181 − 204.

[4] P. Billingsley. Convergence of probability Measures. John Wiley & Sons, New York.

[5] N. Cancrini, F. Martinelli. Comparision of finite volume canonical and grand canonical Gibbs measures under a mixing condition . Markov Proc. Rel. Fields, 6, (2000) no.1, 23 − 72.

[6] N. Cancrini, F. Martinelli. On the spectral gap of Kawasaki dynamics under a mixing condition revisited. J. Math. Phys. 41, (2000) no.3, 1391 − 1423.

[7] N. Cancrini, F. Martinelli. Diffusive scaling of the spectral gap for the dilute Ising lattice-gas dynamics below the percolation threshold. Probab. Theory Related Fields 120, (2001) no. 4, 497 − 534.

[8] N. Cancrini, F. Cesi, F. Martinelli. The spectral gap for the Kawasaki dynamics at low temperature. J. Statist. Phys. 95, (1999), no. 1 − 2, 215 − 271.

[9] P. Caputo. Private communication.

[10] J. Fritz. Hydrodynamics in a symmetric random medium. Comm. Math. Phys. 125, (1989), no. 1, 13 − 25.

[11] M.Z. Guo, G.C. Papanicolaou, S.R.S. Varadhan. Nonlinear diffusion limit for a system with nearest neighbor interactions. Comm. Math. Phys. 118, (1988), 31 − 59.

[12] K. W. Kehr, O. Paetzold, T. Wichmann. Collective diffusion of lattice gases on linear chains with site-energy disorder. Physics Letters A. 182, (1993) 135 − 139.

[13] C. Kipnis, C. Landim. Scaling limits of interacting particle systems. Grundleheren der mathematischen Wissenschaften Vol.320, Springer Verlag. (1999).

[14] S. Kirckpatrick. Classical transport in disordered media: scaling and effective-medium theories. Phys. Rev. Lett. 27, (1971) 1722.

174 BIBLIOGRAPHY

[15] A. Koukkous. Hydrodynamic behavior of symmetric zero-range processes with random rates. Stochastic Processes Appl. 84, (1999) 297 − 312.

[16] C. Landim, S. Olla, S.R.S. Varadhan. Finite-dimensional approximation of the self diffusion coefficient for the exclusion process. Preprint.

[17] C. Landim, S. Olla, S.R.S. Varadhan. Symmetric simple exclusion process: regularity of the self diffusion coefficient. Comm. Math. Phys. 224 (2001) no. 1 307 − 321.

[18] C. Landim, S. Olla, H.T. Yau. Some properties of the diffusion coefficient for asymmetric simple exclusion processes. Ann. Probab. 24, (1996) 1779 − 1807.

[19] C. Landim, S. Olla, H.T. Yau. First order correction for the hydrodynamic limit of asymmetric simple exclusion processes in dimension d ≥ 3. Comm. Pure Appl. Math. L, (1997) 149 − 203.

[20] S.T. Lu, H.T. Yau. Spectral gap and logarithmic Sobolev inequality for Kawasaki and Glauber dynamics. Comm. Math. Phys. 156, (1993) 399 − 433.

[21] J. Quastel. Diffusion in disordered media. In T. Funaki and W. Woyczinky, editors, Proceedings on stochastic method for nonlinear P.D.E., IMA volumes in Mathematics 77, (1995) 65 − 79. Springer Verlag, New York.

[22] J. Quastel. Diffusion of color in the simple exclusion process. Comm. Pure Appl.

Math. 45, (1992) no.6, 623 − 679.

[23] J. Quastel. Private communication.

[24] P.M. Richards. Theory of one-dimensional hopping conductivity and diffusion. Phys.

Rev. B 16, (1997) 1393 − 1409.

[25] H. Spohn. Large Scale Dynamics of Interacting Particles, Springer Verlag. Berlin.

[26] H. Spohn, H.T. Yau. Bulk diffusivity of lattice gases close to criticality. J. Stat. Phys.

79, (1995) 231 − 241.

[27] S.R.S. Varadhan. Nonlinear diffusion limit for a system with nearest neighbor interactions II. In K. D. Elworthy and N. Ikeda, editors, Asymptotic Problems in Probability Theory: Stochastic Models and Diffusion on Fractals. Vol. 283 of Pitman Research Notes in Mathematics, pages 75 − 128. John Wiley & Sons, New York.

[28] S.R.S. Varadhan, H.T. Yau. Diffusive limit of lattice gases with mixing conditions.

Asian J. Math. 1, (1997) no. 4, 623 − 678.

[29] W. D. Wick. Hydrodynamic limit of non-gradient interacting particle process. J. Stat.

Phys. 54, (1989) 832 − 892.