On the spectrum of semi-classical Witten-Laplacians and Schrödinger operators in large dimension

Oliver Matte and Jacob Schach Møller^∗ Fachbereich Mathematik, Johannes Gutenberg-Universität 55099 Mainz, Germany Email: matte@mathematik.uni-mainz.de

and jacob@imf.au.dk

Oktober 1, 2003

Abstract

We investigate the low-lying spectrum of Witten-Laplacians on forms of arbitrary degree in the semi-classical limit and uniformly in the space dimension. We show that under suitable assumptions implying that the phase function has a unique minimum one obtains a number of bands of discrete eigenvalues at the bottom of the spectrum. Moreover we are able to count the number of eigenvalues in each band. We apply our results to certain sequences of Schrödinger operators having strictly convex potentials and show that some well-known results of semi-classical analysis hold also uniformly in the dimension.

Keywords: Semi-classical analysis, thermodynamic limit, maximum principles, Witten-Laplacian, Schrödinger operator.

1 Introduction and main results

In the last years the semi-classical analysis of Witten-Laplacians uniformly in the space dimension has attracted some attention in connection with models of classical statistical mechanics [3, 4, 5, 10, 11, 15, 22, 35, 36]. This is mainly due to an identity by Helffer and Sjöstrand [22] that represents truncated two-point

∗Supported by a Marie Curie individual fellowship from the EU.

correlation functions of continuous spin lattice models as matrix elements of the inverse of a Witten-Laplacian restricted to one-forms. Furthermore suitable Witten-Laplacians on zero-forms are unitarily equivalent to the generators of gradient Brownian motions whose stationary distributions are finite dimensional Gibbs measures. In these models the semi-classical parameter is interpreted as the temperature. The interest in uniform properties with respect to large dimensions is motivated by the fact that the physical behaviour of these models is observed in the thermodynamic limit. Relevant questions connected with Witten-Laplacians on zero-forms are for instance the existence of spectral gaps, Poincaré and logarithmic Sobolev inequalities. In fact they are related to the decay of correlations [5]. The Helffer-Sjöstrand representation allows one to derive sharp asymptotics of truncated two-point correlation functions. The crucial feature of the Witten-Laplacian on one-forms entering into the analysis of the correlation functions is the shape of its low-lying spectrum. For the first time this was made explicit in [35] where the leading asymptotics of correlations functions were computed. In this work the Hamilton function of the spin system, which replaces the Morse function in Witten’s original paper [38], was assumed to be strictly convex. In a subsequent paper [3] this condition was relaxed allowing in general non-convex Hamilton functions having a unique non-degenerate minimum. The spectral information exploited in these papers is what we call the first band of eigenvalues and the gap above.

Here we observe that, combining the techniques of [3] with the Hodge theory of the Witten complex, we obtain a number n of bands at the bottom of the spectrum of Witten-Laplacians on forms of any degree supposing the semiclassical parameter h > 0 is small enough. The width and the separation of the bands is uniform with respect to the dimension, as is the upper bound for h which depends only on n. A similar picture of the spectrum of the Witten- Laplacians on zero and one forms was obtained at least implicitely in [36]. In this article Sjöstrand calculated the complete low-temperature asymptotics of two-point correlations in the thermodynamical limit. To this end he constructed approximate eigenforms of Witten-Laplacians on zero and one forms and used inductively higher order Grushin problems.

We remark that because of the one-well shape of the Hamilton function there are no phase transitions in the models considered in [3, 35, 36]. Rather the correlations decrease exponentially with the distance of the lattice sites. Using a more complicated deformation of the exterior derivative than Witten’s deformation one can, however, also analyze correlation functions coming from Hamilton functions that may have several local minima but only one global minimum, for temperatures in the single-phase region below some possible critical value where phase transitions might occur [4]. See [13] for examples of phase transitions due to local minima of the Hamilton function.

Finally we note that in fixed dimensions there are of course numerous wellknown results on low-lying eigenvalues of Witten-Laplacians. Originally Witten introduced his deformed complex on compact Riemannian manifolds, the deformation being induced by a Morse function [38]. Among other things he indicated that the semi-classical analysis of the Witten-Laplacian yields a proof of the Morse inequalities. Rigorously this was performed in the sequel in [29] (see also [9]) and also in [19] using WKB methods from [18]. An alternative presentation of Witten’s proof can be found in [39]. Especially the techniques of [19] yield very precise asymptotics of the low-lying eigenvalues as h tends to zero. All these results are, however, obtained without any control with respect to the dimension.

One crucial point in Witten’s proof is that the number of exponentially small w.r.t.^1_h eigenvalues of the Witten-Laplacian on k-forms, counted with multiplicity and including zero eigenvalues, is equal to the number of critical points of the Morse function with Morse index k. On the other hand the dimension of the kernel of the Witten-Laplacian on k-forms equals k^{th} Betti number of the manifold. In our considerations we observe that up to some h-dependent form degree l the Witten-Laplacian on k-forms, 0 � k � l, is bounded from below by a constant times k. This is due to the fact that our functions Φ_{h,Λ} which replace the Hamilton resp. Morse functions and which we call phase functions have only one non-degenerate critical point, namely their minimum.

Our original aim when starting this work was to obtain estimates on the separation of low-lying eigenvalues measured relative to the ground state energy of Schrödinger operators in the semi-clssical limit for large dimensions. As is well-known a Schrödinger operator is apart from its simple ground state energy level identical to a suitable Witten-Laplacian on zero-forms. In order to construct this Witten-Laplacian one has to replace the Morse function in Witten’s original deformation by minus the logarithm of the strictly positive ground state eigenfunction of the Schrödinger operator. Employing maximum principles as developped in [22, 33, 34], we are able to extract enough information on the latter in order to apply the techniques from [3]. The use of the maximum principles is the reason why we restrict our attention to a class of Schrödinger operators having strictly convex potentials which are in some sense small perturbations of harmonic oscillator potentials. As a special case of our results on more general Witten-Laplacians we hence obtain a band structure of the low-lying spectrum of Schrödinger operators in the semi-clssical limit uniformly in the space dimension. The number of eigenvalues in the n^{th} band equals the degeneracy of the n^{th} energy level of a simple isotropic harmonic oscillator. We do not get any information on the first eigenvalue by our methods.

For some classes of Schrödinger operators, for instance for the Kac model, Helffer and Sjöstrand prove that the thermodynamic limit, i.e. the limit as the dimension tends to infinity of the first eigenvalue divided by the dimension, exists and converges exponentially fast with respect to the dimension. Moreover they obtain complete semi-classical asymptotic expansions of the first eigenvalue and its thermodynamic limit. Furthermore Helffer and Sjöstrand give uniform estimates from below and above of the gap between the first and second eigenvalues for some Schrödinger operators with convex potentials. In the case of double-well potentials they show that the splitting between the first two eigenvalues is exponentially small with respect to the dimension for small values of the semi-classical parameter h supposing that the dimension is O(h^{−N} ), for some N > 0. These results are derived in [14, 20, 21, 30, 31, 32, 33]. A survey and further results and references are given in [14]. Finally we note that, employing classical infrared estimates from statistical physics, one can prove that the splitting between the first two eigenvalues in the double-well case vanishes for fixed 0 < h ≪ 1 as the dimension tends to infinity which indicates the existence of phase transitions in some models of quantum statistical mechanics [16].

1.1 The main result for the Witten-Laplacian

Let L be some arbitrary family of finite sets. Furthermore let Φ_{h,Λ} ∈ C^∞(R^Λ), such that exp(−^1_h Φ_{h,Λ}) ∈ L^2(R^Λ), for each h ∈ (0, 1] and Λ ∈ L. In the following we define and collect some basic properties of an associated family of Witten-Laplacians, Δ_{h,Λ}, h ∈ (0, 1], Λ ∈ L, acting in H ≡ H (Λ) := L^2(R^Λ) ⊗ � C^Λ. We are interested in the behaviour of the low-lying spectrum of Δ_{h,Λ}, as the cardinality of Λ ∈ L increases and for small values of the semi-classical parameter h ∈ (0, 1]. Our first main result is formulated in Theorem 1.4 and is valid under Hypothesis 1 on Φ_{h,Λ} given below.

Let Ω^k_0 ≡ Ω^k_0 (Λ) := C^∞_0 (R^Λ) ⊗

�_{(k)}

C^Λ, 0 � k � |Λ|, Λ ∈ L, denote the space of compactly supported, smooth, complex-valued k-forms. The Witten- Laplacian Δ_{h,Λ} is just the Hodge-Laplacian associated to the complex

0 −→ Ω^0^d (0) h−→ Ω^1_0^d (1) h−→ · · ·^d

(|Λ|−1)

h−→ Ω^{|Λ|}_0^d

(|Λ|)

h−→ 0 .

Here d_h denotes Witten’s deformation of the ordinary exterior derivative d,

d_h = h^{1/2} exp(−^1_h Φ_{h,Λ}) ∘ d ∘ exp(^1_h Φ_{h,Λ}) , and d^{(k)}_h its restriction to Ω^k_0 . We introduce the short-hand notation Φ^′_i := ∂ ∂x_i Φh,Λ, Φ ′′ ij :=^{∂2}_{∂xi∂xj} Φ_{h,Λ} etc. and define Z_i := h^{1/2 ∂}_{∂xi} +^1_{h1/2} Φ^′_i , Z^∗_i := − h^{1/2 ∂}_{∂xi} +^1_{h1/2} Φ^′_i , (1) for each i ∈ Λ. Then the local expressions for d_h and its formal adjoint, δ_h, read d_h = � i∈Λ Z_i ⊗ a^†_i , δ_h = � i∈Λ Z^∗_i ⊗ a_i .

We are using the fermionic calculus. That is a^†_i denotes exterior multiplication with the i^{th} coordinate differential and a_i interior multiplication with the i^{th} basis vector field. They fulfill the canonical anti-commutation relations (CAR) {a_i , a^†_j } = δ_{ij} 1 , {a_i , a_j} = {a^†_i , a^†_j } = 0 , for i, j ∈ Λ. In contrast the operators Z_i and Z^∗_i fulfill the following canonical commutation relations (CCR), [ Z_i, Z^∗_j ] = 2 Φ^{′′}_{ij} , [ Z_i, Z_j ] = [ Z^∗_i , Z^∗_j ] = 0 , for i, j ∈ Λ. Using the CAR and CCR as well as the complex property for d_h and δ_h, i.e. d^2_h = δ^2_h = 0, one easily obtains the following representation for the Witten-Laplacian Δ_{h,Λ}, which is for the present defined on Ω_0 :=

|Λ|� k=0 Ω^k_0 ,

Δ_{h,Λ} := ( d_h + δ_h )^2 = Δ^{(0)}_{h,Λ} ⊗ 1 + 2 � i,j∈Λ

Φ^{′′}_{ij} ⊗ a^†_i a_j . (2)

Here Δ^{(0)}_{h,Λ} denotes the Witten-Laplacian restricted to zero-forms, Δ^{(0)}_{h,Λ} = � i∈Λ Z^∗_i Z_i = −h Δ +^1_h |∇Φ_{h,Λ}|^2 − ΔΦ_{h,Λ} .

Accordingly Δ^{(k)}_{h,Λ} denotes the restriction of Δ_{h,Λ} to k-forms, for 0 � k � |Λ|. Frequently we also use the notation dΓ(Φ^{′′}_{h,Λ}(x)) := � i,j∈Λ

Φ^{′′}_{ij} (x) ⊗ a^†_i a_j

for the second quantization of Φ^{′′}_{h,Λ} at x ∈ R^Λ, and dΓ^{(k)}(Φ^{′′}_{h,Λ}(x)) for its restriction to k-forms.

Since δ_h ⊂ d^∗_h is densely defined d_h is closable. A limiting argument shows that we again have d̄_h ∘ d̄_h = 0. Therefore the sequence

0^{d̄}

(−1)

h ≡0

−→ D_0^{d̄} (0) h−→ D_1^{d̄} (1) h−→ · · ·^{d̄}

(|Λ|−1)

h−→ D_{|Λ|}^{d̄}

(|Λ|)

h−→ 0 , (3)

where D_k := D(d̄^{(k)}_h ) ⊂ H^k, for 0 � k � |Λ|, defines a complex of closed operators between the Hilbert spaces

H^k ≡ H^k(Λ) := L^2(R^Λ) ⊗

�_{(k)} C^Λ , 0 � k � |Λ| .

Here, as well as below, the symbol D(T ) denotes the domain of an operator T . The complex (3) is an example of a Hilbert complex in the sense of [7]. We also use the following abbreviations:

R_k := Ran d̄^{(k−1)}_h , R^∗_k := Ran d^{(k)∗}_h , 0 � k � |Λ| .

Here we note that d^{(|Λ|)∗}_h ≡ 0 In the proof of our main theorem the Hodge decomposition associated to the complex (3) will play a crucial rôle. We will formulate all the necessary ingredients in the next three propositions. For related discussions we refer to [2, 7, 23].

Proposition 1.1 (i) Each power of d_h + δ_h is essentially selfadjoint on Ω_0. In particular the Witten-Laplacian Δ_{h,Λ} is essentially self-adjoint on Ω_0 and so are its restrictions Δ^{(k)}_{h,Λ} on Ω^k_0 , for 0 � k � |Λ|. The symbols Δ_{h,Λ} resp. Δ^{(k)}_{h,Λ} will in the following always denote the respective unique selfadjoint extensions acting in H resp. H^k.

(ii) We have D(Δ_{h,Λ}) = D(d̄_hd^∗_h) ∩ D(d^∗_hd̄_h) and

Δ_{h,Λ} = d̄_hd^∗_h + d^∗_hd̄_h .

(iii) The following weak Hodge decompositions are valid:

H^k = ker Δ^{(k)}_{h,Λ} ⊕ R_k ⊕ R^∗_k , 1 � k � |Λ| (4)

H^0 = ker Δ^{(0)}_{h,Λ} ⊕ R^∗_0 (5)

Proof: Part (i) is due to a well-known result by Chernoff [8]. In order to prove part (ii) we first recall that a theorem of von Neumann implies that both d̄_hd^∗_h and d^∗_hd̄_h are selfadjoint and in particular closed. Since we have ⟨ d̄_hd^∗_hϕ , d^∗_hd̄_hψ ⟩ = 0, for all ϕ, ψ ∈ D(d̄_hd^∗_h) ∩ D(d^∗_hd̄_h), an easy argument shows that d̄_hd^∗_h + d^∗_hd̄_h is closed. Since it is also symmetric and extends (d_h + δ_h)^2, it is equal to Δ_{h,Λ} because of part (i).

Finally, we note that Δ^{(k)}_{h,Λ} is identical to the unique selfadjoint operator associated to the closed form q_k(ϕ, ψ) := ⟨ d̄^{(k)}_h ϕ , d̄^{(k)}_h ψ ⟩+⟨ d^{(k−1)∗}_h ϕ , d^{(k−1)∗}_h ψ ⟩, for ϕ, ψ ∈ D(d̄_h) ∩ D(d^∗_h). Here d^{(−1)∗}_h ≡ 0. Part (iii) now follows from [2, Proposition A.1]. ■

Proposition 1.2 Let l ∈ {1, . . . , |Λ|} and suppose that Δ^{(k)}_{h,Λ} is strictly positive, for 1 � k � l. Then we have:

(i) For 1 � k � l, the subspaces R_k and R^∗_k are closed and the following Hodge decompositions are valid:

H^0 = C exp(−^1_h Φ_{h,Λ}) ⊕ R^∗_0 , (6) H^k = R_k ⊕ R^∗_k , 1 � k � l . (7)

(ii) For 0 � k � l, there exist unitary operators U_k : R^∗_k → R_{k+1} having the property Δ^{(k)}_{h,Λ}↾_R∗_k = U^∗_k Δ^{(k+1)}_{h,Λ} ↾_{Rk+1} U_k .

Consequently

σ(Δ^{(k)}_{h,Λ}↾_R∗_k ) = σ(Δ^{(k+1)}_{h,Λ} ↾_{Rk+1} ) , 0 � k � l .

Proof: We note that ker Δ^{(0)}_{h,Λ} = ker d^{(0)∗}_h d̄^{(0)}_h = ker d̄^{(0)}_h = C exp(−^1_h Φ_{h,Λ}). The remaining assertions follow directly from [23, Theorem 1.3] together with the weak Hodge decompositions (4) and (5). ■ From now on we assume that Φ_{h,Λ} fulfills Hypothesis 1 below.

Convention:We call a constant uniform, if it neither depends on Λ ∈ L nor h ∈ (0, h_0], for some Λ-independent h_0 ∈ (0, 1].

Hypothesis 1 (i) For each h ∈ (0, 1] and Λ ∈ L, the phase function Φ_{h,Λ} ∈ C^∞(R^Λ) has some critical point x_0 = x_0(h, Λ) ∈ R^Λ such that

| Φ^{′′}_{ij} (x) − Φ^{′′}_{ij} (x_0) | � � k∈Λ b_{ijk}(h, Λ) |Φ^′_k(x)| , (8)

for all i, j ∈ Λ and x ∈ R^Λ. Here, for Λ ∈ L and i, j, k ∈ Λ, the b_{ijk}(h, Λ) are non-negative numbers such that

max_{i∈Λ} � k∈Λ b_{iik}(h, Λ) � B , max_{i∈Λ} � j,k∈Λ

b_{ijk}(h, Λ) � B^′ , (9)

where 0 < B, B^′ < ∞ are uniform constants.

(ii) Moreover we assume that there exist uniform constants 0 < m � m < ∞ such that m 1 � 2 Φ^{′′}_{h,Λ}(x_0) � m 1 , (10)

for all h ∈ (0, 1] and Λ ∈ L.

This hypothesis is taken over from [3] in order to apply the estimation techniques developed there in our Section 2. It implies that Φ_{h,Λ} has only one critical point, namely its non-degenerate minimum at x_0, but is in general not convex [3].

Proposition 1.3 Assume that Hypothesis 1 holds. Then, for each l ∈ N, there is some h_0 ∈ (0, 1] such that Δ^{(k)}_{h,Λ} is strictly positive, for 1 � k � l and h ∈ (0, h_0].

Proof: This is an immediate consequence of Lemma 2.1 below. ■ If the spaces R_k resp. R^∗_k are closed, for 0 � k � l, we will often refer to them as the subspaces of closed resp. non-closed k-forms. This is justified by the fact that in this situation the first l Betti numbers of our Hilbert complex vanish except for the zeroth which equals one. Since d̄_h and d^∗_h both commute with Δ_{h,Λ} the subspaces of closed and non-closed k-forms are in fact spectral subspaces of Δ^{(k)}_{h,Λ}.

Before we formulate the main result of this subsection we introduce some further abbreviating notation: If T is a selfadjoint operator in some Hilbert space and if E_J (T ) denotes its spectral projection corresponding to some interval J, we write D_J (T ) := dim Ran E_J (T ) . (11)

Theorem 1.4 Assume that Hypothesis 1 holds. Let n ∈ N and suppose that

(n + 1) m − n m =: △_n > 0 .

Then, for each 0 < η <^2_5 △_n, there exists some h_0 = h_0(n, η) > 0 such that, for all h ∈ (0, h_0], Λ ∈ L, and 0 � k � min{n, |Λ|}, the spectrum of Δ^{(k)}_{h,Λ} below (n + 1) m − η is purely discrete and has a band structure: We set

I^η_l := [ l m − η, l m + η ] .

Then we have, for k � l � n,

D_I^η_l (Δ^{(k)}_{h,Λ}) = � |Λ| + l − k − 1 l − k � |Λ| k � . (12)

All eigenforms of Δ^{(k)}_{h,Λ} corresponding to the eigenvalues lying in I^η_k are closed, for 0 � k � n. For k + 1 � l � min{|Λ| − 1, n}, the number of eigenvalues among those counted in (12) corresponding to non-closed eigenforms equals

D_I^η_l (Δ^{(k)}_{h,Λ}↾_R∗_k ) =

l−1−k�

α=0 (−1)^{l−k−1−α} � |Λ| + α − 1 α � |Λ| l − α � . (13)

If n � |Λ| and |Λ| � l � n, the last formula has to be replaced by

D_I^η_l (Δ^{(k)}_{h,Λ}↾_R∗_k ) =

|Λ|−1−k � α=0 (−1)^{|Λ|−k−1−α} � |Λ| + α + l − 1

α + l − |Λ| � |Λ| |Λ| − α � . (14)

For k = 0 the formulas (13) and (14) both simplify to

D_I^η_l (Δ^{(0)}_{h,Λ}↾_R∗_0 ) = � |Λ| + l − 1 l � . Moreover, for 0 � kklg min{n, |Λ|} there is no spectrum of Δ^{(k)}_{h,Λ} contained in the set (δ_{0k} is Kronecker’s symbol) � − ∞ , k m − (1 − δ_{0k}) η � ∪ n� l=k � l m + η , (l + 1) m − η � . We emphasize that the width and the separation of the bands of eigenvalues described in Theorem 1.4 is uniform in the dimension |Λ|. Note also that the number

�_{|Λ|+l−1} l � is just the degeneracy of the l^{th} energy level of an isotropic |Λ|-dimensional harmonic oscillator.

The first step in the proof of Theorem 1.4 is to show that, for small h ∈ (0, 1], the Witten-Laplacian Δ_{h,Λ} is a small perturbation of some simpler comparison operator A_{h,Λ} in the quadratic form sense uniformly in Λ ∈ L. For Δ^{(1)}_{h,Λ}, this is already done in [3]. The generalization to the full Witten-Laplacian is straight forward. The numbers b_{ijk}(h, Λ) occuring in Hypothesis 1 are used to compensate for summations over Λ in the derivation of this relative bound. We present all this in detail in Section 2 below. In Section 3 we then prove Theorem 1.4 by combining the spectral information given by A_{h,Λ} with the Hodge decomposition.

1.2 Application to Schrödinger operators with strictly convex potentials

Now we describe an application of Theorem 1.4 to the semi-classical analysis of Schrödinger operators P_{h,Λ} := −h^2Δ + V_Λ, h ∈ (0, 1], acting in H^0 uniformly in Λ ∈ L. The potentials V_Λ ∈ C^∞(R^Λ) are small perturbations of harmonic oscillator potentials in a sense made explicite in Hypothesis 2 below. In particular they are strictly convex. More precisely there are probably Λ-dependent constants 0 < c < c^′ < ∞, and E ∈ R, such that c x^2 � V_Λ − E � c^′ x^2. So P_{h,Λ} can be realized as a selfadjoint operator on D(P_{h,Λ}) = D(Δ) ∩ D(x^2). The space of test functions C^∞_0 (R^Λ) is a domain of essential selfadjointness [27, Theorem X.28]. Furthermore, since V_Λ(x) → ∞, as |x| → ∞, we know that each P_{h,Λ} has purely discrete spetrum. This is for example a consequence of a well-known theorem of Persson [24] (see also [28, Theorem XIII.67]). The connection between this family of Schrödinger operators and the Witten-Laplacian considered in the last subsection is based on the following well-known observation. Under our hypothesis on V_Λ the usual Perron-Frobenius argument [28, Theorem XIII.47] implies that the lowest eigenvalue, μ_0(h, Λ), of P_{h,Λ} is simple and that the corresponding eigenfunction, ϕ_0, can be chosen strictly positive. Hence it can be expressed as ϕ_0 = exp(−^1_h Φ_{h,Λ}). As suggested by our notation we use the phase Φ_{h,Λ} of the ground state eigenfunction to construct a Witten deformation as in the preceeding subsection. The relation of the resulting Witten-Laplacian to the Schrödinger operator under investigation is obtained through the eigenvalue equation for exp(−^1_h Φ_{h,Λ}). Since the latter function is strictly positive we get

V_Λ − μ_0(h, Λ) = |∇Φ_{h,Λ}|^2 − h ΔΦ_{h,Λ} =⇒ P_{h,Λ} − μ_0(h, Λ) = h Δ^{(0)}_{h,Λ} . (15)

Consequently apart from the factor h the spectrum of Δ^{(0)}_{h,Λ} is identical to the spectrum of the “renormalized” Schrödinger operator P_{h,Λ} − μ_0(h, Λ). Therefore we would also obtain a band structure of the low-lying spectrum of P_{h,Λ}, for small values of h ∈ (0, 1], uniformly in Λ ∈ L, if we were able to verify Hypothesis 1, for the phase Φ_{h,Λ} of the ground state eigenfunction of P_{h,Λ}. This is done in Section 6 below. The numbers b_{ijk}(h, Λ) occuring in Hypothesis 1 will essentially be given as products of exponentials of minus the distance between the points i, j, k ∈ Λ in some metric we now introduce. For each Λ ∈ L, we assume that a metric d_Λ : Λ × Λ → [0, ∞) is given such that

max_{k∈Λ} � l∈Λ e^{−dΛ(k,l)} � C_d < ∞ , (16)

for some uniform constant C_d. This is the only condition on d_Λ which is otherwise arbitrary. In fact we only use the properties of a semi-metric when dealing with d_Λ in this article so that the distance between distinct points may also be zero.

The main example we have in mind is when the sets Λ are given as finite subsets of Z^ν for some ν ∈ N and the metrics are given as, e.g., the ℓ^1-distance on Z^ν supplemented by some boundary conditions. For example we could chose periodic boundary conditions, i.e. succesively increasing cubes contained in Z^ν could be interpreted as disrete tori. In this case, for different Λ ⋐ Z^ν , the metrics d_Λ would actually give different distances for corresponding pairs of points.

For all o ∈ Λ, we denote the Λ×Λ-diagonal matrix with entries e^{−κ dΛ(o,j)} δ_{ij} , i, j ∈ Λ, κ ∈ R, by Θ^κ_{Λ,o}. Furthermore, for p ∈ [1, ∞], let ℓ^p_{o,κ} ≡ ℓ^p_{o,κ}(Λ) be the vector space R^Λ equipped with the norm ‖ v ‖_ℓ^p_{o,κ} := ‖ Θ^κ_{Λ,o}v ‖_ℓp_{(Λ)} , v ∈ R^Λ .

We note that we preserve the notation | · | for the standard Euklidean norm on R^Λ.

Using the notation introduced above we assume the following Hypothesis 2 For Λ ∈ L, the potential V_Λ can be expressed as V_Λ(x) = (D_Λx)^2 + W_Λ(x) , x ∈ R^Λ , where D_Λ is some constant real diagonal Λ × Λ-matrix and W_Λ ∈ C^∞(R^Λ). There exist two uniform real numbers, λ_{min}, λ_{max}, such that 0 < λ_{min} � D_Λ � λ_{max} < ∞ , Λ ∈ L .

Moreover, there is some uniform constant γ such that

‖ W^{′′}_Λ(x) ‖_{L (ℓ}∞_{o,κ )} = ‖ Θ^κ_{Λ,o} W^{′′}_Λ(x) Θ^{−κ}_{Λ,o} ‖_{L (ℓ}∞_{(Λ))} � 2 γ � 2 λ^2_{min} , (17) for κ = 0, 1, 2 and for all Λ ∈ L, o ∈ Λ, x ∈ R^Λ. Additionally γ fulfills C_γ := γ λ_{min} + � λ^2_{min} − γ < λ_{min} C_d

. (18) Furthermore the third derivative of W_Λ obeys the following bound, ‖ W^{(3)}_Λ (x) ‖_{L (ℓ}∞_{o,1, L (ℓ}∞_{o,1,ℓ}∞_{o,2))} � Γ < ∞ , (19) for each Λ ∈ L, o ∈ Λ, x ∈ R^Λ, where Γ is some uniform constant. We remark that (17) and (19) are implied by max_{k∈Λ} � l∈Λ e^{2 dΛ(k,l)} |W^{′′}_{kl}(x)| � 2 γ , max_{j∈Λ} � k,l∈Λ

e^{dΛ(j,k)+dΛ(j,l)} |W^{(3)}_{jkl} (x)| � Γ , for each Λ ∈ L, x ∈ R^Λ, which is easily verified using the triangle inequality for d_Λ. Under Hypothesis 2 the potentials V_Λ model a system of weakly coupled harmonic oscillators. The conditions (17) and (19) allow for an unbounded w.r.t. Λ interaction range but impose an exponential decay on the interaction strength relative to d_Λ(i, j), i, j ∈ Λ. Hypothesis 2 implies the following two theorems. Theorem 1.5 is due to [34], and Theorem 1.6 is obtained in [33] under the assumption D_Λ = 1.

Theorem 1.5 Under Hypothesis 2 we have Φ_{h,Λ}(x) =^1_2 x·D_Λx+Ψ_{h,Λ}(x) where Ψ_{h,Λ} obeys the bound

sup_{x∈RΛ} ‖ Ψ^{′′}_{h,Λ}(x) ‖_{L (ℓ}∞_{o,κ )} � C_γ ,

for κ = 0, 1, 2, and for all h ∈ (0, 1], Λ ∈ L, o ∈ Λ.

Theorem 1.6 Under Hypothesis 2 there exists some uniform constant C^{(3)} > 0 such that sup_{x∈RΛ} ‖Ψ^{(3)}_{h,Λ}(x)‖_{L (ℓ}∞_{o,1,L (ℓ}∞_{o,1,ℓ}∞_{o,2))} � C^{(3)} ,

for all h ∈ (0, 1], Λ ∈ L, and o ∈ Λ.

Theorems 1.5 and 1.6 are both derived by applying so-called maximum principles developped in [22, 33, 34]. To make this article self-contained we give detailed proofs of both theorems in Section 5. These proofs require an asymptotic analysis of the logarithm of the first eigenfunction of the operator −Δ + x^2 + t U, where t ∈ [0, 1], and U is some compactly supported smooth function. This analysis has to be uniform in t ∈ [0, 1]. It is carried out in [33] without taking the parameter t explicitly into account. Since one has to fill in some more details in that paper we felt that it might be worthwhile to work out everything carefully. This is done in Section 4.

Before stating the next theorem we remark further that in the present situation we know à priori that the associated Witten-Laplacian has a compact resolvent: As a consequence of Theorem 1.5 and (17) with κ = 0, we obtain the estimate

0 < λ_{min} − C_γ � sup_{x∈RΛ} ‖ Φ^{′′}_{h,Λ}(x) ‖_{L (ℓ}∞_{(Λ))} � λ_{max} + C_γ . (20)

Since Φ^{′′}_{h,Λ}(x) is symmetric we have the same bounds also in the norm on L (ℓ^1(Λ)), and, by the Riesz-Thorin interpolation theorem, also in the norm on L (ℓ^2(Λ)). For 1 � k � |Λ|, the second quantization dΓ^{(k)}(Φ^{′′}_{h,Λ}) thus defines a bounded operator on H^k, satisfying ‖dΓ^{(k)}(Φ^{′′}_{h,Λ})‖ � k (λ_{max} + C_γ ). The representation (2) and the fact that Δ^{(0)}_{h,Λ} ⊗1 has a compact resolvent for trivial reasons imply that Δ_{h,Λ} is self-adjoint on D(P_{h,Λ}) ⊗ � C^Λ and that

(Δ_{h,Λ} + 1)^{−1} = (Δ^{(0)}_{h,Λ} ⊗ 1 + 1)^{−1} − (Δ^{(0)}_{h,Λ} ⊗ 1 + 1)^{−1} 2dΓ(Φ^{′′}_{h,Λ}) (Δ_{h,Λ} + 1)^{−1}

is compact. We also note that the lower bound in (20) with the ℓ^∞-norm replaced by the ℓ^2-norm shows that Φ_{h,Λ} is strictly convex. Actually, this is already a direct consequence of Hypothesis 2 by a classical result of Brascamp and Lieb [6]. Consequently Δ^{(k)}_{h,Λ} is strictly positive, for 1 � k � |Λ|, which is evident from (2). Therefore the Hodge decompositons (6) and (7) are valid without any restrictions on h.

Our main result on the family of Schrödinger operators P_{h,Λ} is

Theorem 1.7 Assume that Hypothesis 2 holds and set

m := λ_{min} − C_γ , m := λ_{max} + C_γ .

Let n ∈ N and suppose that

(n + 1) m − n m =: △_n > 0 .

Then, for each 0 < η <^2_5 △_n, there exists some h_0 = h_0(n, η) > 0 such that, for all h ∈ (0, h_0], Λ ∈ L, and 0 � k � n, we have

D_{μ0(h,Λ)+h [ k m − η , k m + η ]}(P_{h,Λ}) = � |Λ| + k − 1 k � . Furthermore there is no spectrum of P_{h,Λ} contained in the set

μ_0(h, Λ) + h � � 0 , m − η � ∪ n� k=1 � k m + η , (k + 1) m − η � � . Again we point out that the crucial fact in Theorem 1.7 is the uniformity in Λ, since, for fixed dimension, everything is well-known.

As already indicated above, the proof of Theorem 1.7 given in Section 6 consists of verifying the conditions of Hypothesis 1 and then applying Theorem 1.4 in view of (15). As ingredients we need Theorem 1.5 and 1.6.

Remark on perturbation theory.

We note that our methods also give Λ-independent results in the perturbative case. By this we mean the case where h = 1 is fixed and γ tends to zero in Hypothesis 2. Here it is essential that the unperturbed Schrödinger operator, −Δ + (D_Λx)^2, is a sum of non-interacting harmonic oscillators.

Theorem 1.8 Let n ∈ N and suppose that

(n + 1) λ_{max} − n λ_{min} =: △_n > 0 , η ∈ (0 ,^2_5 △_n) .

Then there exists some γ_0 = γ_0(n, η) > 0 such that, for all W_Λ such that Hypothesis 2 is fulfilled, for some γ ∈ (0, γ_0],

D_{μ0 (1,Λ)+[ k λmin − η , k λmax + η ]}(P_{1,Λ}) = � |Λ| + k − 1 k � , σ(P_{1,Λ}) ∩ � μ_0(1, Λ) + � k λ_{max} + (1 − δ_{0k}) η , (k + 1) λ_{min} − η � = ∅ ,

holds true, for 0 � k � n.

Proof: We construct the Witten-Laplacian Δ_{1,Λ} associated to P_{1,Λ} and define a selfadjoint comparison operator A_Λ on D(P_{1,Λ}) ⊗ � C^Λ by

A_Λ := Δ^{(0)}_{1,Λ} ⊗ 1 + 2 dΓ(D_Λ) .

From Theorem 1.5 we get Ψ^{′′}_{1,Λ} � C_γ 1 �^{Cγ}_{λmin} D_Λ. We recall that C_γ = O(γ), as γ → 0. With this we readily derive the following quadratic form bound, ± � Δ_{1,Λ} − A_Λ � = ±2 dΓ(Ψ^{′′}_{1,Λ}) �^{Cγ}_{λmin} A_Λ .

Using this form bound we can proceed as in the proofs of Corollary 2.2 resp. Theorem 1.4 given in Section 2 resp. Section 3 to get the assertion. ■

2 Uniform semi-classical asymptotics of Δ_{h,Λ}

First we show that, in the quadratic form sense and for sufficiently small h ∈ (0, 1], the Witten-Laplacian Δ_{h,Λ} is a small perturbation of

A_{h,Λ} := Δ^{(0)}_{h,Λ} ⊗ 1 + 2 dΓ(Φ^{′′}_{h,Λ}(x_0)) .

Since dΓ(Φ^{′′}_{h,Λ}(x_0)) is bounded, the operator A_{h,Λ} is apparently selfadjoint on D(Δ^{(0)}_{h,Λ}) ⊗ � C^Λ and essentially selfadjoint on Ω_0. The form bound derived in Lemma 2.1 enables us to compare the dimensions of spectral subspaces corresponding to Δ^{(k)}_{h,Λ} and A^{(k)}_{h,Λ}, the restriction of A_{h,Λ} to H^k, for small h ∈ (0, 1]. This is done in a succeeding corollary.

In the following N := dΓ(1) = � i∈Λ a^†_i a_i denotes the number operator on the

exterior algebra (or the fermionic Fock space) � C^Λ. The form domain of Δ_{h,Λ} is denoted by Q(Δ_{h,Λ}) = D(d̄_h) ∩ D(d^∗_h).

Lemma 2.1 ([3]) Assume that Hypothesis 1 holds and let h^′ ∈ (0, 1] be strictly smaller than the uniform constant B appearing in (9). Then there exists some uniform constant C = C(h^′) > 0 such that, for all h ∈ (0, h^′] and Λ ∈ L, we have ± � Δ_{h,Λ} − A_{h,Λ} � = ±2 dΓ(Φ^{′′}_{h,Λ}(·) − Φ^{′′}_{h,Λ}(x_0))

� C h^{1/2} � Δ^{(0)}_{h,Λ} ⊗ N + 2 dΓ(Φ^{′′}_{h,Λ}(x_0)) � , (21)

on Q(Δ_{h,Λ}) in the sense of quadratic forms. In particular we have ± � Δ^{(k)}_{h,Λ} − A^{(k)}_{h,Λ} � � C k h^{1/2} A^{(k)}_{h,Λ} , for 1 � k � |Λ| . (22)

Proof: We note that, as a domain of essential selfadjointness, Ω_0 is also a form core for both Δ_{h,Λ} and A_{h,Λ}. To begin with we have, for v ∈ Ω_0, � �v , �

i,j∈Λ � Φ^{′′}_{ij} − Φ^{′′}_{ij} (x_0) � ⊗ a^†_i a_j v � � � � R^Λ � i,j∈Λ � �Φ^{′′}_{ij} (x) − Φ^{′′}_{ij} (x_0) � � ‖a_iv(x)‖ ‖a_jv(x)‖ dx

� � R^Λ � i,j∈Λ � �Φ^{′′}_{ij} (x) − Φ^{′′}_{ij} (x_0) � � ‖a_iv(x)‖^2 dx , (23)

by Cauchy-Schwarz. Now (8) and (9) imply, for each i ∈ Λ and x ∈ R^Λ, � j∈Λ � �Φ^{′′}_{ij} (x) − Φ^{′′}_{ij} (x_0) � � � � j,k∈Λ

b_{ijk}(h, Λ) |Φ^′_k(x)| � 1 2 � B^′ h^{1/2} + h^{−1/2} � j,k∈Λ

b_{ijk}(h, Λ) |Φ^′_k(x)|^2 � (24)

Furthermore we have, for each k ∈ Λ, in the sense of quadratic forms in L^2(R^Λ),

|Φ^′_k(x)|^2 � |Φ^′_k(x)|^2 − h Φ^{′′}_{kk}(x) + h Φ^{′′}_{kk}(x_0) + h |Φ^{′′}_{kk}(x) − Φ^{′′}_{kk}(x_0) � � � h Z^∗_k Z_k + h Φ^{′′}_{kk}(x_0) + h � l∈Λ b_{kkl}(h, Λ) |Φ^′_l(x)|

� h Z^∗_k Z_k + h m 2 + h 4 B + h � l∈Λ b_{kkl}(h, Λ) |Φ^′_l(x)|^2 ,

where we used the notation introduced in (1). This is equivalent to � l∈Λ � δ_{kl} − h b_{kkl}(h, Λ) � |Φ^′_l(x)|^2 � h Z^∗_k Z_k + h C^′ , (25) with C^′ := m/2 + B/4. Since the Λ × Λ-matrix Ξ with entries Ξ_{kl} = b_{kkl}(h, Λ) is bounded by B in the norm of L (ℓ^∞(Λ)) by (9), for h � h^′ < B, the inverse of the Λ×Λ-matrix 1−h Ξ is given by a L (ℓ^∞(Λ))-norm-convergent Neumann series. Furthermore each entry of (1 − h Ξ)^{−1} is strictly positive, so that we can apply (1 − h Ξ)^{−1} formally to (25), giving

|Φ^′_k(x)|^2 � � l∈Λ (1 − h Ξ)^{−1}_{kl} � h Z^∗_l Z_l + h C^′ �

� ‖ (1 − h Ξ)^{−1} ‖_{L (ℓ}∞_{(Λ))} � � l∈Λ h Z^∗_l Z_l + h C^′ �

� 1 1 − h B � h Δ^{(0)}_{h,Λ} + h C^′ � , (26)

for h ∈ (0, h^′]. Combining (23), (24) and (26), we arrive at � � � � v , � i,j∈Λ � Φ^{′′}_{ij} − Φ^{′′}_{ij} (x_0) � ⊗ a^†_i a_j v � �

� B^′ 2 � v , � i∈Λ � h^{1/2} 1 + h^{−1/2} 1 − h B � h Δ^{(0)}_{h,Λ} + h C^′ � ⊗ a^†_i a_i v �

� C^{′′} � v , � h^{1/2} Δ^{(0)}_{h,Λ} ⊗ N + h^{1/2} 1 ⊗ N � v � , for v ∈ Ω_0, where C^{′′} > 0 is uniform in h ∈ (0, h^′] and Λ ∈ L. Now the claim follows since Φ^{′′}_{h,Λ}(x_0) � m/2, thus^2_m dΓ(Φ^{′′}_{h,Λ}(x_0)) � N. ■

In the next corollary we again use the notation introduced in (11) and the symbol ϱ(T ) for the resolvent set of an operator T .

Corollary 2.2 Assume that Hypothesis 1 holds and let l ∈ {1, . . . , |Λ|}. Let a, b � 0 and 0 < ε < 1 be such that a + 2 ε < b,

(a − ε, a + ε) ⊂ ϱ(A^{(l)}_{h,Λ}), and (b − ε, b + ε) ⊂ ϱ(A^{(l)}_{h,Λ}) . (27)

Furthermore let J denote one of the intervals (a, b), (a, b], [a, b), or [a, b]. Then there exists some h_0 ∈ (0, 1] such that

D_J (Δ^{(l)}_{h,Λ}) = D_J (A^{(l)}_{h,Λ}) , (28)

for all h ∈ (0, h_0] and Λ ∈ L. Moreover, if k ∈ {1, . . . , |Λ|} and if (27) holds, for all 1 � l � k, then (28) holds simultaneously for all 1 � l � k, h ∈ (0, h_0] and Λ ∈ L.

Proof: Let k ∈ {1, . . . , |Λ|} and (27) be fulfilled, for all 1 � l � k. We show that, for 1 � l � k, and sufficiently small h ∈ (0, 1], we get ‖E_J (Δ^{(l)}_{h,Λ}) − E_J (A^{(l)}_{h,Λ})‖ < 1. Clearly this implies (28).

First we pick some smooth function χ ∈ C^∞_0 ([a − ε, b + ε], [0, 1]), such that χ ≡ 1 on [a + ε, b − ε], and � � χ − 1_J � �_∞ � 1 2 . (29)

Furthermore we may assume that there is some J- and ε-independent K > 0 such that � R |∂^ν χ| � K ε^{−(ν−1)} , ν = 1, 2, 3 . (30)

Assumption (27) implies

E_J (A^{(l)}_{h,Λ}) = χ(A^{(l)}_{h,Λ}) , 1 � l � k . (31)

Due to (29) and (31) we have the estimate

‖ E_J (Δ^{(l)}_{h,Λ}) − E_J (A^{(l)}_{h,Λ}) ‖ � 1 2 + ‖ χ(Δ^{(l)}_{h,Λ}) − χ(A^{(l)}_{h,Λ}) ‖ , (32)

for 1 � l � k. So it suffices to show that the norm on the right side of the last equation is less than^1_2 , for small h. To this end we employ the following formula due to Amrein et al. [1, Theorem 6.1.4(b)] valid for any selfadjoint operator T in some Hilbert space and ν ∈ N:

χ(T ) = ν−1� κ=0 1 πκ! � R χ^{(κ)}(λ) ℑ � i^κ(T − λ − i)^{−1} � dλ

+ 1� 0 t^{ν−1} π(ν − 1)! � R χ^{(ν)}(λ) ℑ � i^ν (T − λ − it)^{−1} � dλ dt . (33)

To make use of this formula we need the estimate � � (Δ^{(l)}_{h,Λ} − λ ± it)^{−1}(Δ^{(l)}_{h,Λ} − A^{(l)}_{h,Λ})(A^{(l)}_{h,Λ} − λ ± it)^{−1} � � � � � (Δ^{(l)}_{h,Λ} − λ ± it)^{−1}(Δ^{(l)}_{h,Λ} + 1)^{1/2} � � · � � (Δ^{(l)}_{h,Λ} + 1)^{−1/2}(A^{(l)}_{h,Λ} + 1)^{1/2} � � · � (A^{(l)}_{h,Λ} + 1)^{−1/2}(Δ^{(l)}_{h,Λ} − A^{(l)}_{h,Λ})(A^{(l)}_{h,Λ} + 1)^{−1/2} � · � � (A^{(l)}_{h,Λ} + 1)^{1/2}(A^{(l)}_{h,Λ} − λ ± it)^{−1} � � , for t > 0. The norms in the second and fifth line of the last equation are less or equal to some uniform constant times √ b + 1/t, for λ ∈ supp χ. The norm in the fourth line is less or equal to Ch^{1/2}l � Ch^{1/2}k, for sufficiently small h, because of Lemma 2.1. In order to bound the norm in the third line we consider the polar decomposition (Δ^{(l)}_{h,Λ} + 1)^{−1/2}(A^{(l)}_{h,Λ} + 1)^{1/2} = UG^{1/2}, where U is a partial isometry and

0 � G := (A^{(l)}_{h,Λ} + 1)^{1/2} (Δ^{(l)}_{h,Λ} + 1)^{−1} (A^{(l)}_{h,Λ} + 1)^{1/2} = � 1 − (A^{(l)}_{h,Λ} + 1)^{−1/2} (A^{(l)}_{h,Λ} − Δ^{(l)}_{h,Λ}) (A^{(l)}_{h,Λ} + 1)^{−1/2}

�_{−1} . The norm of G is less or equal to (1 − C k h^{1/2})^{−1}, for 1 � l � k, and for sufficiently small h satisfying C k h^{1/2} < 1. Collecting all estimates and using formula (33) with ν = 3, the second resolvent equation and (30) we see that there is some h_0 ∈ (0, 1] such that

‖ χ(Δ^{(l)}_{h,Λ}) − χ(A^{(l)}_{h,Λ}) ‖ � const h^{1/2} k (b + 1)(b − a + 1)

ε^2

, (34)

for h ∈ (0, h_0] and 0 < ε < 1. The constant appearing in (34) is uniform. In view of (32) this implies the assertion. ■

3 Proof of Theorem 1.4

We prove the theorem by induction on n ∈ N. To this end we fix Λ ∈ L. We observe, however, that the restrictions on the semi-classical parameter h ∈ (0, 1] below are uniform in Λ. We start by proving the theorem for n = 1, then for 1 � n < |Λ|, and finally for n � |Λ|. In all steps we use the following simple facts: Suppose that the spectrum of Δ^{(0)}_{h,Λ} below or equal to some E > 0 is purely discrete and consists of the eigenvalues μ_0 � . . . � μ_L, for some L ∈ N_0. Moreover suppose that Δ^{(0)}_{h,Λ} has no spectrum contained in (E, E^′), where E+m < E^′ +m. Let ϕ_j be the eigenfunction corresponding to μ_j, for 0 � j � L. We recall that μ_0 = 0 is simple with corresponding eigenfunction ϕ_0 = exp(−^1_h Φ_{h,Λ}). Accordingly, let m_j denote the j^{th} eigenvalue (again counted with multiplicity) of 2 Φ^{′′}_{h,Λ}(x_0), and let v_j denote the corresponding eigenvector, for 1 � j � |Λ|. By Hypothesis 1(ii) we know that m � m_j � m, for 1 � j � |Λ|, uniformly in h ∈ (0, 1] and Λ ∈ L. Then the spectrum of

A^{(k)}_{h,Λ} = Δ^{(0)}_{h,Λ} ⊗ 1 + 2 dΓ^{(k)}(Φ^{′′}_{h,Λ}(x_0)) strictly below E^′ + m is given by

σ(A^{(k)}_{h,Λ}) ∩ (−∞, E^′ + m) = � μ_j + k� α=1 m_{iα} : 0 � j � L , 1 � i_1 < · · · < i_k � |Λ| � .

The eigenvalue μ_j +^k � α=1 m_{iα} corresponds to the eigenfunction ϕ_j ⊗v_{i1} ∧· · ·∧v_{ik} .

In particular A^{(k)}_{h,Λ} � k m , 1 � k � |Λ| . (35) (1) n = 1 Let 0 < η <^2_5 � 2 m − m � . We set ε := η/2. Due to Propositions 1.2 and 1.3 there is some h_0 ∈ (0, 1] such that the Hodge decompositions H^0 = C exp(−^1_h Φ_{h,Λ}) ⊕ R^∗_0 , H^k = R_{k−1} ⊕ R^∗_k , k = 1, 2 , (36) and unitary equivalences Δ^{(k)}_{h,Λ}↾_R∗_k = U^∗_k Δ^{(k+1)}_{h,Λ} ↾_{Rk+1} U_k , k = 0, 1 , (37) are valid, for all h ∈ (0, h_0]. First we observe that (35) together with Corollary 2.2 implies that there is a h_1 ∈ (0, h_0] such that

σ(Δ^{(1)}_{h,Λ}) ∩ (−∞, m − ε ] = ∅ ,

for all h ∈ (0, h_1]. Since (36) and (37) imply σ(Δ^{(0)}_{h,Λ}) \ {0} ⊂ σ(Δ^{(1)}_{h,Λ}), it follows that σ(Δ^{(0)}_{h,Λ}) ∩ (−∞, m − ε ] = {0} , for all h ∈ (0, h_1]. By assumption we have m + 5 ε < 2 m. Hence A^{(1)}_{h,Λ} = Δ^{(0)}_{h,Λ} + 2Φ^{′′}_{h,Λ}(x_0) has exactly |Λ| eigenvalues in [ m, m ], namely those of 2 Φ^{′′}_{h,Λ}(x_0). Besides, A^{(1)}_{h,Λ} has empty spectrum in (m, 2 m − ε). Now Corollary 2.2 implies that there is a 0 < h_2 � h_1, such that D_{[ m−ε,m+ε ]}(Δ^{(1)}_{h,Λ}) = D_{[ m−ε,m+ε ]}(A^{(1)}_{h,Λ}) = |Λ| , (38) D_{( m+ε,2 m−2 ε )}(Δ^{(1)}_{h,Λ}) = D_{( m+ε,2 m−2 ε )}(A^{(1)}_{h,Λ}) = 0 ,

for h ∈ (0, h_2]. It follows from A^{(2)}_{h,Λ} � 2 m and Corollary 2.2 that

σ(Δ^{(2)}_{h,Λ}) ∩ (−∞, 2 m − ε) = ∅ , for h ∈ (0, h_3], where 0 < h_3 � h_2. Since Δ^{(1)}_{h,Λ} ↾_R∗_1 is unitarily equivalent to Δ^{(2)}_{h,Λ} ↾_{R2} all the eigenforms of Δ^{(1)}_{h,Λ} corresponding to its eigenvalues in the interval [ m − ε, m + ε ] are closed, for h ∈ (0, h_3]. Thus the unitary equivalence of Δ^{(0)}_{h,Λ}↾_R∗_0 and Δ^{(1)}_{h,Λ}↾_{R1} implies

σ(Δ^{(0)}_{h,Λ}) ∩ (−∞, 2 m − 2 ε ) = {0} ∪ σ(Δ^{(1)}_{h,Λ}) ∩ (−∞, 2 m − 2 ε )

with equal multiplicities of all eigenvalues, for h ∈ (0, h_3]. This together with (38) proves the theorem for n = 1.

(2) 1 � n < |Λ| Suppose n ∈ {2, . . . , |Λ| − 1}, and assume that the theorem is true for all 1 � k � n − 1.

Let 0 < η^′ <^2_5 � (n + 1)m − n m � and set ε := η^′/2. We pick some h_0 ∈ (0, 1] such that the assertions of the theorem for 1 � k � n − 1 hold with η = ε, and such that the decompositions

H^0 = C exp(−^1_h Φ_{h,Λ}) ⊕ R^∗_0 , H^k = R_k ⊕ R^∗_k , 1 � k � (n + 1) , (39) and unitary equivalences

Δ^{(k)}_{h,Λ}↾_R∗_k = U^∗_k Δ^{(k+1)}_{h,Λ} ↾_{Rk+1} U_k , 0 � k � n , (40)

are valid, for all h ∈ (0, h_0]. Then we know that, for 1 � k � n and h ∈ (0, h_0], A^{(k)}_{h,Λ} has exactly

�_{|Λ|+n−k−1} n−k �_{|Λ|} k � eigenvalues in the interval [ n m − ε, n m + ε ], namely those corresponding to the eigenvectors

ϕ_j ⊗ v_{i1} ∧ · · · ∧ v_{ik} ,

where ϕ_j is some eigenvector of Δ^{(0)}_{h,Λ} with corresponding eigenvalue

μ_j ∈ [ (n − k) m − ε , (n − k) m + ε ] .

Moreover,

σ(A^{(k)}_{h,Λ}) ∩ � (n − 1) m + ε, n m − ε � = ∅ , σ(A^{(k)}_{h,Λ}) ∩ � n m + ε, (n + 1) m − ε � = ∅ .

Since (n+1)m−n m > 5 ε we can apply Corollary 2.2 and find some h_1 ∈ (0, h_0], such that, for all h ∈ (0, h_1] and 1 � k � n,

D_{[ n m−2 ε , n m+2 ε ]}(Δ^{(k)}_{h,Λ}) = � |Λ| + n − k − 1 n − k � |Λ| k � , (41)

D_{( (n−1) m+2 ε , n m−2 ε )}(Δ^{(k)}_{h,Λ}) = 0 , D_{( n m+2 ε , (n+1) m−2 ε )}(Δ^{(k)}_{h,Λ}) = 0 .

Moreover we know that A^{(n+1)}_{h,Λ} � (n + 1) m > n m + 5 ε, i.e. by Corollary 2.2 we find some h_2 ∈ (0, h_1] such that

σ(Δ^{(n+1)}_{h,Λ} ) ∩ (−∞, (n + 1) m − ε ] = ∅ ,

for h ∈ (0, h_2]. This together with (40) shows that all

�_{|Λ|} n � eigenvalues of Δ^{(n)}_{h,Λ} lying in [ n m − 2 ε, n m + 2 ε ] correspond to closed eigenforms. The decompositions (39) and unitary equivalences (40) together with (41) now lead recursively to the formulas

D_{[ n m−2 ε , n m+2 ε ]}(Δ^{(k)}_{h,Λ}↾_R∗_k ) =

n−1−k�

α=0 (−1)^{n−k−1−α} � |Λ| + α − 1 α � |Λ| n − α � ,

for 0 � k < n. These remarks together with (103) prove the theorem for 1 � n < |Λ|.

(3) n � |Λ| Suppose n � |Λ| and assume that Theorem 1.7 holds for all 1 � k � n − 1. Let 0 < η^′ <^2_5 � (n + 1) m − n m � . We set ε := η^′/2 and pick some h_0 ∈ (0, 1] such that the assertions of the theorem for 1 � k � n − 1 hold with η = ε, and such that the decompositions

H^0 = C exp(−^1_h Φ_{h,Λ}) ⊕ R^∗_0 , H^k = R_k ⊕ R^∗_k , 1 � k � |Λ| ,

and unitary equivalences

Δ^{(k)}_{h,Λ}↾_R∗_k = U^∗_k Δ^{(k+1)}_{h,Λ} ↾_{Rk+1} U_k , 1 � k � |Λ| ,

are valid, for all h ∈ (0, h_0]. Exactly as in the preceeding step we see that we can find some h_1 ∈ (0, h_0], such that, for all h ∈ (0, h_1] and 1 � k � n, there are precisely

�_{|Λ|+n−k−1} n−k �_{|Λ|} k � eigenvalues of Δ^{(k)}_{h,Λ} in the interval [ n m−2 ε, n m+2 ε ] and no eigenvalues in � (n − 1) m + 2 ε, n m − 2 ε � ∪ � n m + 2 ε, (n + 1) m − 2 ε � . Trivially all eigenforms of Δ^{(|Λ|)}_{h,Λ} are closed so that we now obtain the formulas

D_{[ n m−2 ε , n m+2 ε ]}(Δ^{(k)}_{h,Λ}↾_R∗_k ) = |Λ|−1−k � α=0 (−1)^{|Λ|−k−1−α} � |Λ| + α + (n − |Λ|) − 1 α + (n − |Λ|) � |Λ| |Λ| − α � ,

for 0 � k � |Λ|. Together with (104) this finishes the proof of Theorem 1.4. ■

4 Harmonic oscillators perturbed by compactly supported potentials

In this section we work out [33, Section 1]. In particular we verify that everything works uniformly in the parameter t introduced below and give a proof of Lemma 4.6 which was left to the reader in [33]. Our goal is to obtain the following proposition. Its proof is carried out throughout the whole section.

Proposition 4.1 Let n ∈ N and U ∈ C^∞_0 (R^n, R). Let μ_t denote the first eigenvalue and exp(−Φ_t) the first normalized strictly positive eigenfunction of the unique selfadjoint extension of −Δ + x^2 + t U starting from C^∞_0 (R^n), for t ∈ [0, 1]. Then it follows that Φ_t(x) = x^2/2+Ψ_t(x), where, for each multi-index β ∈ N^n_0 , we have ∂^β Ψ_t(x) −→ 0 , as |x| → ∞ ,

uniformly in t ∈ [0, 1].

We start with a well-known result, which we state in a slightly more general form for later reference:

Let {V_s}_{s⩾0} be a family of smooth potential defined on R^n such that

lim_{|x|→∞} V_s(x) = ∞ , for s � 0 , (42)

and sup_{x∈K} | ∂^β(V_s − V ) | −→ 0 , as s → s_0 , (43)

for each compact set K ⋐ R^n and each multi-index β ∈ N^n_0 . We consider the family of Schrödinger operators P_s obtained as the closures of −Δ + V_s, which are defined and essentially selfadjoint on C^∞_0 (R^n), for s � 0. Due to (42) each P_s has purely discrete spectrum. We assume furthermore that P_s converges to P_0 in the norm resolvent sense, as s → 0. In the following lemma we study uniform convergence properties of the unique normalized strictly positive ground state eigenfunction of P_s, which we denote by u_s, for s � 0. The corresponding lowest eigenvalue of P_s is denoted by e_s, for s � 0. Finally, E_s stands for the orthogonal projection onto the space spanned by u_s, for s � 0.

Lemma 4.2 We have

sup_{x∈K} | ∂^β(u_s − u_0) | −→ 0 , as s → 0 , (44)

sup_{x∈K} | ∂^β(ln u_s − ln u_0) | −→ 0 , as s → 0 , (45)

for each compact set K ⋐ R^n and each multi-index β ∈ N^n_0 .

Proof: By norm resolvent convergence we get e_s → e_0, and ‖ E_0 − E_s ‖ → 0, as s → 0 [26, Theorem VIII.23]. Since u_s is strictly positive and normalized, for s � 0, this implies

1 � ⟨ u_s , u_0 ⟩ = ‖ ⟨ u_s , u_0 ⟩ u_0 ‖ = ‖ E_0u_s ‖ � 1 − ‖ E_0 − E_s ‖ → 1 ,

as s → 0. Hence ‖ u_s − u_0 ‖^2 = 2 − 2 ⟨ u_s , u_0 ⟩ → 0, as s → 0. Assertion (44) follows from these remarks and (42) by considering the identity

Δ(u_s − u_0) = (e_0 − V_0) (u_0 − u_s) + (e_0 − e_s) u_s + (V_s − V_0) u_s ,

using recursively the regularity theorem for the Laplacian and applying the Sobolev imbedding theorem as in [17, §3]. Furthermore, we know that u^{−1}_0 is bounded on each compact set K ⋐ R^n. So the family (u^{−1}_s )_{s1⩾s⩾0} is uniformly bounded on K, for some sufficiently small s_1 > 0, because of (44) with β = 0. Therefore assertion (45) follows easily from (44). ■ Now we come back to the proof of Proposition 4.1.

First we note that μ_t is continuous in t on [0, 1]. Hence it is possible to pick some ρ_0 > sup_{t∈[0,1]} √ μ_t such that supp U ⋐ {|x| < ρ_0}. We define S := {|x| = ρ_0} and Ω := {|x| � ρ_0}. Then exp(−Φ_t) is a solution of the Dirichlet problem

( −Δ + x^2 − μ_t ) u = 0 on^∘Ω , u ≡ exp(−Φ_t)↾_S on S . (46)

Therefore we will analyze the homogenous Dirichlet problem with inhomogenous boundary conditions

( −Δ + x^2 − μ_t ) u = 0 on^∘Ω , u ≡ ṽ_t on S , (47)

where ṽ_t ∈ C^∞(S). We are only interested in square integrable solutions of (47). First we transform (47) into an inhomogenous Dirichlet problem with homogenous boundary conditions. To this end we extend ṽ_t to a function v̂_t ∈ C^∞(Ω) such that v̂_t ≡ 0 on {|x| � r_0}, for some r_0 > ρ_0. For example, we may set v̂_t(x) = ṽ_t(x/|x|) χ(|x|), for some appropriate smooth cut-off function χ. Then we define v_t := −(−Δ + x^2 − μ_t)v̂_t, so that v_t ∈ C^∞(Ω) ∩ L^2(Ω). We denote by P the Dirichlet realization of −Δ + x^2 on Ω. This is identical to the Friedrichs extension of −Δ + x^2 starting from C^∞_0 (^∘Ω) and its domain D(P ) is

contained in^∘H^1(Ω), the closure of C^∞_0 (^∘Ω) with respect to the norm on H^1(R^n)

(see, e.g., [24]). Its spectrum is purely discrete and contained in [ρ_0, ∞) [24].

Therefore P − μ_t is continuously invertible and w_t := (P − μ_t)^{−1}v ∈^∘H^1(Ω). We readily verify that the standard elliptic regularity theorems (e.g. in the form presented in [25, §5.9]) apply and show that w_t ∈ C^∞(Ω), w_t ≡ 0 on S. In summary we see that w_t solves the problem

( −Δ + x^2 − μ_t ) w_t = v_t on^∘Ω , w_t ≡ 0 on S .

By construction u_t := w_t + v̂_t ∈ C^∞(Ω) is then a solution of the original problem (47). Using weighted L^2-estimates, regularity theorems for the Laplace operator, and the Sobolev imbedding theorem as in [12, §6] and [17, §3] we verify that u_t decays exponentially together with all its derivatives:

Lemma 4.3 Let α := min_{t∈[0,1]} � (ρ^2_0 − μ_t)/2 and suppose that sup_{t∈[0,1]} max_{y∈S} |ṽ_t(y)| <

∞. Then, for each multi-index β ∈ N^n_0 , and ε > 0, there exists some tindependent constant c_{β,ε} > 0 such that

sup_{t∈[0,1]} |∂^β_x u_t(x)| � c_{β,ε} e^{−(α−ε) |x|} , x ∈ Ω .

This implies

Lemma 4.4 (i) Any square-integrable solution ũ_t of (47) is identical to u_t := w_t + v̂_t. In particular the solution u_t of (47) does not depend on the choice of v̂_t.

(ii) We have min{ 0 , min_S ṽ_t } � u_t � max{ 0 , max_S ṽ_t }. In particular ṽ_t � 0 implies u_t � 0.

Proof: (i) We have (−Δ + x^2 − μ_t)(u_t − ũ_t) = 0 on^∘Ω and u_t − ũ_t ≡ 0 on S. Furthermore we find, for each ε > 0, some R > ρ_0 such that |u_t|, |ũ_t| � ε on {|x| � R}. The classical maximum principle (see, e.g. [25, §5.11. Corollary 7]) implies that |u_t − ũ_t| � 2ε on {ρ_0 � |x| � R}. Since ε > 0 is arbitrarily small and R arbitrarily large this gives the assertion (ii) For each ε > 0, we find some R > 0 such that |u_t| � ε on {|x| � R}. The maximum principle again implies min{−ε, min_S ṽ_t} � u_t � max{ε, max_S ṽ_t} on {|x| � R}. ■

Direct calculation shows that if K(ṽ_t) := u_t is a solution of (47) with boundary condition ṽ_t then u_t ∘ R = K(ṽ_t ∘ R), for any rotation matrix R ∈ SO(n, R).

Denoting the expressions for u_t and ṽ_t in polar coordinates x = (r, θ) again by the same symbols this implies XK(ṽ_t) = K(Xṽ_t), for each vector field X on S^{n−1} that is the infinitesimal generator of a rotation. In particular

∂^α_θ K(ṽ_t) = K(∂^α_θ ṽ_t) , for each multi-index α . (48)

Now we focus our attention on radial symmetric solutions. That is we suppose that ṽ_t ≡ 1 in (47). Due to (48) the corresponding solution u^∘_t depends only on the absolut value of x ∈ Ω and can therefore be written in the form u^∘_t (x) = u^∘_t (|x|), for x ∈ Ω. After passing to polar coordinates the radial Dirichlet problem reads � − ∂^2_r − n − 1 r ∂_r + r^2 − μ_t � u^∘ = 0 on [ρ_0, ∞) , u^∘(ρ_0) = 1 , (49)

and we consider solutions which are in L^2([ρ_0, ∞), r^{n−1}dr). A further substitution f(r) := r^{n−1}2 u^∘(r), for r ∈ [ρ_0, ∞), turns the Dirichlet problem above into � −∂^2_r −

(n − 1)(n − 3) 4r^2

+ r^2 − μ_t � f = 0 on [ρ_0, ∞) , f(ρ_0) = ρ^{n−12}_0 , (50)

where f ∈ L^2([ρ_0, ∞), dr). In the following we will construct an asymptotic solution of (50). More precisely we have

Lemma 4.5 For t ∈ [0, 1], there is a smooth function φ_t : [ρ_0, ∞) → R, such that � − ∂^2_r −

(n − 1)(n − 3)

4r^2

+ r^2 − μ_t � exp(−φ_t) = ~R_t exp(−φ_t) , (51)

where, for each β ∈ N_0,

∂^β_r ~R_t ∼ 0 as r → ∞ , uniformly in t (u.i. t) . (52)

There is a sequence of continuous functions (a_ν )_{ν∈N0} , a_ν ∈ C([0, 1], R), for ν ∈ N_0, such that, for each β ∈ N_0,

∂^{β+1}_r φ_t(r) ∼ r δ_{β,0} + ∞� ν=0 a_ν (t) (−1)^β

(β + 2ν)!

(2ν)!

r^{−1−2ν−β} , (r → ∞, u.i. t) .

(53)

Equation (52) means that, for all β ∈ N_0 and N ∈ N, there exist two tindependent constants C_{β,N} , R_{β,N} > 0, such that � � ∂^β_r ~R_t(r) � � � C^{β,N} r^N

, r � R_{β,N} , t ∈ [0, 1] .

In particular,

∀ β ∈ N_0 : ∂^β_r ~R_t(r) −→ 0 , as r → ∞, u.i. t . (54)

Correspondingly (53) says that, for all β ∈ N_0 and N ∈ N, there are two t-independent constants D_{β,N} , S_{β,N} > 0, such that � � � ∂^{β+1}_r φt(r) − r δβ,0 − N� ν=0 a_ν (t) (−1)^β

(β + 2ν)!

(2ν)!

r^{−1−2ν−β} � � � � D_{β,N} r^{2N+3+β} , for all r � S_{β,N} and t ∈ [0, 1]. In particular

φ^′_t(r) − r = O(^1_r ) , φ^{′′}_t (r) − 1 = O(^1_{r2} ) , ∂^β φ_t(r) = O(^1_{rβ+1} ) , β � 3 , (55)

where the O-symbols are all unifom in t ∈ [0, 1].

Proof of Lemma 4.5 (Sketch): First we plug the formal power series ρ_t(r) = r +^∞ � ν=0 a_ν (t) r^{−1−2ν} into the Riccati equation

ρ^′_t − ρ^2_t −

(n − 1)(n − 3) 4r^2

+ r^2 − μ_t = 0

and convince ourselfs that the coefficients a_ν (t) are determined by recursive formulas. Moreover each coefficient a_ν (t) is a polynomial in μ_t and therefore continuous in t ∈ [0, 1]. Now we carry through a Borel procedure: We pick some χ ∈ C^∞(R, [0, 1]) such that χ ≡ 0 on (−∞, 1] and χ ≡ 1 on [2, ∞) and define

φ^′_t(r) = r + ∞� ν=0 a_ν (t) χ_{ν,t}(r) r^{−1−2ν} , φ_t(r) = r� ρ_0

φ^′_t(s) ds ,

for r ∈ [ρ_0, ∞), where χ_{ν,t}(r) := χ(r·2^{−Aν (t)}) and A_ν (t) := 1+2ν + max_{0⩽κ⩽ν} |a_κ(t)|. By construction we have � � r^N a_ν (t) χ_{ν,t}(r) r^{−1−2ν} � � � |a^ν (t)| 2^{(1+2ν−N) Aν (t)}

(ν ∈ N_0) .

Similar estimates show that all involved series converge geometrically. Besides, the supports of ∂^β χ_{ν,t} are disjoint for different ν and β ∈ N. Using these remarks and the continuity of t → A_ν (t) on [0, 1], we verify (51) with

~R_t := φ^{′′}_t − φ^′_t^2 − (n − 1)(n − 3) 4r^2

+ r^2 − μ_t and (53) by direct calcuation. ■ Next we claim that the exact solution of (50) can be written in the form f_t = e^{−φt−Rt} , where ∂^αR_t ∼ 0 uniformly in t ∈ [0, 1], for each α ∈ N. Plugging this expression for f_t into the differential equation in (50) we see that R^′_t is necessarily a solution of

R^{′′}_t − R^′_t^2 − 2 φ^′_t R^′_t + ~R_t = 0 on [ρ_0, ∞) .

Lemma 4.6 For ξ > ρ_0 big enough, there is a smooth solution m_t of

m^′_t = 2 φ^′_t m_t + m^2_t − R̃_t on [ ξ, ∞) , (56)

that is asymptotically zero together with all its derivatives, ∂^αm_t ∼ 0, uniformly in t ∈ [0, 1], for α ∈ N_0. In particular, for each α ∈ N_0, ∂^αm_t(r) converges to zero as r → ∞, uniformly in t ∈ [0, 1].

Proof: We proceed along the lines of [37, Section 14]. For η � ρ_0, let X_η = {f ∈ C([η, ∞)) : ‖ f ‖_∞ �^1_2 }. This is a closed subset of the Banach space ⟨ C^∞_b ([ η, ∞)), ‖ · ‖_∞ ⟩. We define a mapping P^{(t)}η on X_η by

P^{(t)}_η f(r) = − ∞� r e^{−(s2−r2)} � − ~R_t(s) + � 2 φ^′_t(s) − 2 s � f(s) + f^2(s) � ds , (57)

for r ∈ [ η, ∞), f ∈ X_η. We want to show that P^{(t)}_ξ possesses a fixpoint m_t ∈ X_ξ which is asymptotically zero uniformly in t ∈ [0, 1], if we choose the t-independent parameter ξ large enough. Since P^{(t)}_ξ f ∈ C^{k+1}([ ξ, ∞)) if f ∈ C^k([ ξ, ∞)), for all k ∈ N_0, any fixpoint of P^{(t)}_ξ is automatically smooth. Moreover, differentiating the fixpoint equation shows that any fixpoint of P^{(t)}_ξ solves (56).

To begin with we observe that, since^1_r (2 φ^′_t(r) − 2r) → 0, as r → ∞, u.i.t, there is some ξ̃ ∈ [max{2, ρ_0} , ∞) such that � � 1 r � 2 φ^′_t(r) − 2 r � � � � 1 2 , (58)

for all r � ξ̃ and t ∈ [0, 1]. In particular, we then have � � 1 r � 2 φ^′_t(r) − 2 r � (z_1 − z_2) + 1 r � z^2_1 − z^2 � � � � |z1 − z2| , (59) for all r � ξ̃ � 2, t ∈ [0, 1], and z_1, z_2 ∈ R with |z_1|, |z_2| < 1/2. Furthermore, by (54), for each ω ∈ N, there exist ξ_ω ∈ [ ξ̃, ∞) and 0 < c_ω < ∞ such that � � ~Rt(r) r � � � c_ω r_{−ω} � 1 2 , (60)

for all r � ξ_ω and t ∈ [0, 1]. We may suppose that the sequence (ξ_ω)_{ω∈N} is increasing. We stress that due to (55) and (54) we can choose each ξ_ω and c_ω independend from t. In our argumentation below we will also need the following observation: For some χ ∈ C_b([1, ∞) such that |χ(r)| � c r^{−ω} with some fixed ω ∈ N, we have � � � ∞� r e^{−(s2−r2)} s χ(s) ds � � � � c 2 r^{−ω} , r ∈ [1, ∞) . (61)

First we note that it follows from (58), (60) and (61) that P_{ξω} actually maps X_{ξω} into itself, for each ω ∈ N. Furthermore, using (59) and (61) it is easily seen that each P_{ξω} is a contraction with Lipschitz constant^1_2 on X_{ξω} .

Now we consider, for ω ∈ N, the iteration sequence (in the following we drop the parameter t in the notation)

m^{(ω)}_0 ≡ 0 , m^{(ω)}_{ν+1} = P_{ξω} m^{(ω)}_ν , ν ∈ N_0 ,

which converges uniformly to the unique fixpoint m^{(ω)} of P_{ξω} in X_{ξω} . We will show the following two inequalities by induction on ν ∈ N_0:

| m^{(ω)}_{ν+1} − m^{(ω)}_ν | � 1 2^{ν+1} c_ω r^{−ω} , | m^{(ω)}_{ν+1} | � c_ω r^{−ω} � 1 2 , (62)

for all ν ∈ N_0 and r ∈ [ ξ_ω, ∞). Clearly this implies

| m^{(ω)}(r) | � c_ω r^{−ω} , r ∈ [ ξ_ω, ∞) , (63)

for ω ∈ N. Evidently, m^{(ω̃)}↾_{[ ξω ,∞)}= m^{(ω)}, for all ω, ω̃ ∈ N, ω � ω̃. So, setting ξ := ξ_1, the lemma is proved if (62) is true. The case ν = 0 follows immediatly by definition of m^{(ω)}_0 and by (57), (60) and (61). So let ν ∈ N and suppose that (62) holds true, for all 0 � κ � ν − 1. In particular, we then have |m^{(ω)}_{ν−1}|, |m^{(ω)}ν | � 1/2. Using the estimate (59) we get � � Pξ_ω m^{(ω)}_ν (r) − Pξ_ω m^{(ω)}_{ν−1}(r) � � � ∞� r e^{−(s2−r2)} s � m^{(ω)}_ν (s) − m^{(ω)}_{ν−1}(s) � ds , which is by the induction hypothesis less than or equal to ∞� r e^{−(s2−r2)} s 1 2^ν c_ω s^{−ω} ds � 1 2^{ν+1} c_ω r^{−ω} ,

for all r ∈ [ ξ_ω, ∞). Here we again used (61). This gives the first inequality in (62). The second follows from

| m^{(ω)}_{ν+1}(r) | � ν� κ=0 |m^{(ω)}_{κ+1} − m^{(ω)}_κ | � c_ω 2 r^{−ω} ν� κ=0 1 2^κ

� c_ω r^{−ω} ,

for all r ∈ [ ξ_ω, ∞).

So far we have m_t ∼ 0, uniformly in t ∈ [0, 1]. Differentiating equation (56) succesively we also get the asymptotics ∂^α_r m_t ∼ 0, for α ∈ N_0, uniformly in t ∈ [0, 1] by induction. ■

Now we return to our discussion of the exact solution f_t of (50). Having derived the previous lemma we define R_t(r) :=

�_r ξ m_t(s) ds − φ_t(ξ) − ln(f_t(ξ)), for r ∈ [ξ, ∞), so that f_t(ξ) = e^{−φt(ξ)−Rt(ξ)}. We conclude that f_t ≡ e^{−φt−Rt} on [ ξ, ∞) using maximum principles as in Corollary 4.4. Writing f_t = e^{−ψt} we thus have

∂^{β+1}_r ψ_t(r) ∼ r δ_{β,0} + ∞� ν=0 a_ν (t) (−1)^β

(β + 2ν)!

(2ν)!

r^{−1−2ν−β} , r → ∞, u.i. t ,

(64) for all β ∈ N_0. The expression for u^∘_t = u^∘_t (t) in Cartesian coordinates is then given by u^∘_t (x) = e^{−gt(|x|)} where g_t(r) := ψ_t(r) +^{n−1}_2 ln(r), for r ∈ [ξ, ∞). We have ∂_rg_t(r) = r + O(^1_r ) and

∂_{xi} g_t(|x|) = x_i + O(^1_{|x|} ) , ∂_{xi} ∂_{xj} g_t(|x|) = δ_{ij} + O(^1_{|x|2} ) , ∂^α_x g_t(|x|) = O(^1_{|x||α|} ) , (65)

for i, j ∈ Λ and each multiindex α with |α| � 3. Due to (55) and Lemma 4.6 these O-symbols are all uniform in t.

We come back to our original problem (46) and abbreviate ṽ_t := exp(−Φ_t)↾_S . Of coures ṽ_t is in general not radially symmetric. By Lemma 4.2 we know, however, that the functions t → min_S ṽ_t resp. t → max_S ṽ_t are continuous on [0, 1] and strictly positive. Hence v := inf_{t∈[0,1]} min_S ṽ_t > 0 and v := sup_{t∈[0,1]} max_S ṽ_t < ∞ are attained and we can use them to compare solutions of (46) with radially symmetric solutions. Recall that the L^2-solution of (46) is given by u_t = exp(−Φ_t). Corollary 4.4 implies

v e^{−gt} � u_t � v e^{−gt} on Ω ,

for each t ∈ [0, 1]. Hence there is a smooth function k_t on Ω such that

ln(v) � k_t � ln(v) and u_t = e^{−gt+kt} , t ∈ [0, 1] . (66)

Moreover, we have K(∂_{θi}ṽ_t) = ∂_{θi} u_t = e^{−gt+kt} ∂_{θi} k_t. This together with Corollary 4.4 gives

−∞ < e^{−gt} inf_{τ ∈[0,1]} min_S ∂_{θi}ṽ_τ � e^{−gt+kt} ∂_{θi} k_t � e^{−gt} sup_{τ ∈[0,1]} max_S ∂_{θi}ṽ_τ < ∞ ,

and therefore

−∞ < v^{−1} inf_{τ ∈[0,1]} min_S ∂_{θi}ṽ_τ � ∂_{θi} k_t � v^{−1} sup_{τ ∈[0,1]} max_S ∂_{θi}ṽ_τ < ∞ . (67)

Proceeding on in this way we get by induction

sup_Ω |∂^α_θ k_t| � C(α) < ∞ (68)

uniformly in t ∈ [0, 1], for each multi-index α.

To obtain Proposition 4.1 some estimates on the radial derivatives of k_t are still missing. The differential equation (46) for u_t = u^∘_t e^{kt} written in polar coordinates implies, for each α ∈ N^{n−1}_0 , � − ∂^2_r − n − 1 r ∂_r + r^2 − μ_t � u^∘_t (r) ∂^α_θ e^{kt} = u^∘_t (r) r^2

∂^α_θ Δ_θe^{kt} .

Since u^∘_t solves (49) we obtain � ∂_r +

2 ∂_ru^∘_t

u^∘_t + n − 1 r � ∂_r∂^α_θ e^{kt} = 1 r^2

∂^α_θ Δ_θe^{kt} .

Due to (68) the right side of the last equation is O(^1_{r2} ) uniformly in t ∈ [0, 1]. Since^{2 ∂r u∘t}_{u∘t} +^{n−1}_r = −2ψ^′_t we thus get

∂_r � e^{−2 ψt} ∂_r ∂^α_θ e^{kt} � = e^{−2 ψt} O(^1_{r2} ) . (69)

Using Lemma 4.3 we easily see that e^{−2 ψt} ∂_r ∂^α_θ e^{kt} −→ 0, as r → ∞. Integrating (69) we hence obtain

∂_r∂^α_θ e^{kt} = ∞� r e^{2 (ψt(r) − ψt(s) )}O(^1_{s2} ) ds .

Since we have the asymptotic expansion (64) for ψ_t, and since r^2−s^2 � 2r(r−s), for r � s, we have 2 (ψ_t(r) − ψ_t(s) ) � (2r − c)(r − s), for some t-independent constant c > 0. This yields ∂_r∂^α_θ e^{kt} = O(^1_{r3} ) u.i.t. Differentiating (69) succesively with respect to r and using (64) we can repeat the previous argument and get by induction

∂^β_r ∂^α_θ e^{kt} = O(^1_{r2+β} ) , for β ∈ N , u.i. t .

Differentiating k_t = ln(e^{kt} ) we derive from this again by induction

∂^β_r ∂^α_θ k_t = O(^1_{r2+β} ) , for β ∈ N , u.i. t .

In Cartesian coordinates this reads

∂^α_x k_t = O(^1_{|x||α|} ) , for α ∈ N^n_0 , α ≠ 0 , u.i. t . (70)

Since Φ_t = g_t − k_t, Proposition 4.1 finally follows from (65) and (70).

5 Maximum principles and the phase of the ground state eigenfunction of P_{h,Λ}

In this section we prove Theorems 1.5 and 1.6.

Proof of Theorem 1.5: We fix h ∈ (0, 1] and Λ ∈ L. To begin with we pick some ρ ∈ C^∞(R, [0, 1]) such that ρ ≡ 1 on (−∞, 1] and ρ ≡ 0 on [2, ∞). We set χ_ε(x) = ρ(ε ln |x|), for ε > 0, x ∈ R^Λ \ {0}, and χ_ε(0) = 1, for ε > 0, such that χ_ε ≡ 1 on {|x| � e^{1/ε}} and χ_ε ≡ 0 on {|x| � e^{2/ε}}. Then ∂^α_x χ_ε = O(ε/|x|^{|α|}), for each multi-index α.

Furthermore we define, for ε > 0 and t ∈ [0, 1],

V_ε = λ^2_{min} (1 − χ_ε) x^2 + χ_ε V_Λ , V_{ε,t} = λ^2_{min} (1 − t) x^2 + t V_ε = λ^2_{min} x^2 + t χ_ε � V_Λ − λ^2_{min} x^2 � . (71)

Then we observe that_1 2 V^{′′}_{ε,t} = D^2_{ε,t} + Y_{ε,t} (72) holds with

D^2_{ε,t} := t � χ_εD^2_Λ + λ^2_{min}(1 − χ_ε) 1 � + (1 − t) λ^2_{min} 1 −→ λ^2_{min} 1 , (73)

as |x| → ∞. Due to (17) and the properties of χ_ε, the smooth matrix-valued function Y_{ε,t} satisfies

sup_{x∈Rλ} ‖ Y_{ε,t}(x) ‖_{L (ℓ}∞_{o,κ )} � t γ + t O_Λ(ε) . (74)

Here the Λ-index on the O-symbol indicates that the latter might depend on Λ. This causes no problem since our results in the limits t → 1 and ε → 0 below will again be uniform in Λ.

For later use we note that � � (−h^2Δ + V_{ε,t} + i)^{−1} − (−h^2Δ + V_{ε,t0} + i)^{−1} � � −→ 0 as t → t_0 , (75)

for each t_0 ∈ [0, 1], and � � (−h^2Δ + V_ε + i)^{−1} − (−h^2Δ + V_Λ + i)^{−1} � � −→ 0 as ε → 0 . (76)

Here (76) is true since we can write

(−h^2Δ + V_ε + i)^{−1} − (−h^2Δ + V_Λ + i)^{−1}

= (−h^2Δ + V_Λ + i)^{−1} (1 − χ_ε) � (V_Λ − λ^2_{min} x^2)(−h^2Δ + V_ε + i)^{−1} � , where the operator in the curly brackets is bounded uniformly in ε > 0, (1−χ_ε) converges weakly to zero, as ε → 0, and (−h^2Δ + V + i)^{−1} is compact.

Let exp(−^1_h Φ_{ε,t}) denote the normalized strictly positive eigenfunction corresponding to the lowest eigenvalue μ_{ε,t} of − h^2 Δ + V_{ε,t}, for ε > 0, t ∈ [0, 1]. Of course both Φ_{ε,t} and μ_{ε,t} also depend on h and Λ. Then, after a scaling, Proposition 4.1 and (73) imply

Φ^{′′}_{ε,t}(x) − λ_{min} 1 → 0 as |x| → ∞ , ⇒ Ψ^{′′}_{ε,t}(x) := Φ^{′′}_{ε,t}(x) − D_{ε,t}(x) → 0 as |x| → ∞ , (77)

for each ε > 0, t ∈ [0, 1]. So the supremum in the next definition is actually attained,

m_ε(t) := sup_{x∈RΛ} ‖ Ψ^{′′}_{ε,t}(x) ‖_{L (ℓ}∞_{o,κ )} , ε > 0 , t ∈ [0, 1] . (78)

We indicate briefly why m_ε is uniformly continuous on [0, 1] as a function of t. In order to show this it is of course sufficient to prove that m_ε is continuous at t_0 ∈ [0, 1]. Due to (71) and (75) the assumptions of Proposition 4.1 and Lemma 4.2 are fulfilled by V_{ε,t} after a scaling, for each fixed ε > 0. So let η > 0. By Proposition 4.1 there is some R = R(ε, η, Λ) > 0 such that sup_{t∈[0,1]} sup_{|x|>R} ‖ Ψ^{′′}_{ε,t}(x) ‖_{L (ℓ}∞_{o,κ )} < η 2 . Having chosen such an R > 0 it suffices to observe that due to Lemma 4.2 there is some δ = δ(R) > 0 such that sup t∈[0,1]∩(t_0 −δ , t_0+δ)

sup_{|x|⩽R} ‖ Ψ^{′′}_{ε,t}(x) − Ψ^{′′}_{ε,t0} (x) ‖_{L (ℓ}∞_{o,κ )} < η .

This shows that m_ε is uniformly continuous on [0, 1].

Proceeding on in the proof of the lemma we note that the eigenvalue equation for exp(−^1_h Φ_{ε,t}) yields V_{ε,t} − μ_{ε,t} = (∇Φ_{ε,t})^2 − h ΔΦ_{ε,t} .

Differentiating this identity twice we get

⟨ v , V^{′′}_{ε,t} w ⟩ − 2 ∇Φ_{ε,t} · ∇⟨ v , D_{ε,t} w ⟩ + h Δ⟨ v , D_{ε,t} w ⟩ = 2 ∇Φ_{ε,t} · ∇⟨ v , Ψ^{′′}_{ε,t} w ⟩ − h Δ⟨ v , Ψ^{′′}_{ε,t} w ⟩ + 2 ⟨ v , (Φ^{′′}_{ε,t})^2 w ⟩ , (79) for w ∈ ℓ^∞_{o,κ}, v ∈ ℓ^1_{o,−κ}. In view of (72) and (77) and since Ψ^{′′}_{ε,t} is symmetric (79) is equivalent to

⟨ v , Y_{ε,t} w ⟩ − ∇Φ_{ε,t} · ∇⟨ v , D_{ε,t} w ⟩ +^h_2 Δ⟨ v , D_{ε,t} w ⟩ = ∇Φ_{ε,t} · ∇⟨ v , Ψ^{′′}_{ε,t} w ⟩ −^h_2 Δ⟨ v , Ψ^{′′}_{ε,t} w ⟩ + ⟨ D_{ε,t}v , Ψ^{′′}_{ε,t} w ⟩ + ⟨ Ψ^{′′}_{ε,t} v , D_{ε,t} w ⟩ + ⟨ v , (Ψ^{′′}_{ε,t})^2 w ⟩ , (80) for w ∈ ℓ^∞_{o,κ}, v ∈ ℓ^1_{o,−κ}. We observe that, by our choice of χ_ε, we have ∇D_{ε,t} = t O_Λ(ε/|x|) , ΔD_{ε,t} = t O_Λ(ε/|x|^2) . (81) Writing ∇Φ_{ε,t}(x) = ∇Φ_{ε,t}(0) + 1� 0 Φ^{′′}_{ε,t}(τ x) x dτ and observing that ‖x‖_ℓ∞_{o,κ} � |x| and

λ_{min} 1 � D_{ε,t}(x) � λ_{max} 1 , x ∈ R^Λ , ε > 0 , t ∈ [0, 1] , (82) we get |∇Φ_{ε,t}(x)| � |∇Φ_{ε,t}(0)| + λ_{max} |x| + m_ε(t) |x| . (83) Here |∇Φ_{ε,t}(0)| � c, for some c < ∞, uniformly in t ∈ [0, 1] and ε > 0 because of (75), (76) and Lemma 4.2. Due to (74), (81), and (83), we have the following upper bound on the left hand side of (80), for ‖v‖_ℓ1_{o,−κ} = ‖w‖_ℓ∞_{o,κ} = 1,

⟨ v , Y_{ε,t} w ⟩ − ∇Φ_{ε,t} · ∇⟨ v , D_{ε,t} w ⟩ +^h_2 Δ⟨ v , D_{ε,t} w ⟩ (84) � ‖ Y_{ε,t} + ∇Φ_{ε,t} · ∇D_{ε,t} +^h_2 ΔD_{ε,t} ‖_{L (ℓ}∞_{o,κ )} � t � γ + O_Λ(ε) � + t � c + λ_{max}|x| + m_ε(t) |x| � O_Λ(^ε_{|x|} ) + t h O_Λ(^ε_{|x|2} ) .

Let x_{ε,t} ∈ R^Λ denote the point where the supremum (78) it attained. We find r ∈ ℓ^∞_{o,κ}, s ∈ ℓ^1_{o,−κ} with ‖r‖_ℓ∞_{o,κ} = ‖s‖_ℓ1_{o,−κ} = 1, such that ⟨ s , Ψ^{′′}_ε (x_{ε,t}) r ⟩ = m_ε(t). In particular ⟨ s , Ψ^{′′}_{ε,t}(·) r ⟩ ∈ C^∞(R^Λ, R) has a local maximum at x_{ε,t}, that is

∇Φ_{ε,t}(x_{ε,t}) · ∇⟨ s , Ψ^{′′}_{ε,t}(x_{ε,t}) r ⟩ = 0 , −^h_2 Δ⟨ s , Ψ^{′′}_{ε,t}(x_{ε,t}) r ⟩ � 0 . (85)

From (80), (84) and (85) we obtain t � γ + O_Λ(ε) � + t m_ε(t) O_Λ(ε) � ⟨ D_{ε,t}(x_{ε,t})s , Ψ^{′′}_{ε,t}(x_{ε,t}) r ⟩ + ⟨ Ψ^{′′}_{ε,t}(x_{ε,t}) s , D_{ε,t}(x_{ε,t}) r ⟩ +⟨ s , (Ψ^{′′}_{ε,t}(x_{ε,t}))^2 r ⟩ . (86)

Since

⟨ s , Ψ^{′′}_{ε,t}(x_{ε,t}) r ⟩ = ⟨ Ψ^{′′}_{ε,t}(x_{ε,t}) s , r ⟩ = ‖s‖_ℓ1_{o,−κ} ‖Ψ^{′′}_{ε,t}(x_{ε,t}) r‖_ℓ∞_{o,κ} = ‖Ψ^{′′}_{ε,t}(x_{ε,t}) s‖_ℓ1_{o,−κ} ‖r‖_ℓ∞_{o,κ} = ‖Ψ^{′′}_{ε,t}(x_{ε,t})‖_{L (ℓ}∞_{o,κ )} = m_ε(t) ,

we see that s_j(Ψ^{′′}_{ε,t}(x_{ε,t}) r)_j � 0 and (Ψ^{′′}_{ε,t}(x_{ε,t}) s)_jr_j � 0, for each j ∈ Λ. Since D_{ε,t} is diagonal, this together with (82) implies

⟨ D_{ε,t}(x_{ε,t})s , Ψ^{′′}_{ε,t}(x_{ε,t}) r ⟩ � λ_{min} m_ε(t) .

Altogether the previous estimate, its analogue for the second term in the second line of (86), and (86) itself, lead to

t (γ + O_Λ(ε)) � � 2 λ_{min} − t O_Λ(ε) � m_ε(t) − m_ε(t)^2 .

Now we assume that m_ε(t) � λ_{min}. Solving the last inequality for m_ε(t) shows that, for sufficiently small ε > 0, the only possibility for this to be fulfilled is

m_ε(t) � λ_{min} − (λ^2_{min} − t γ)^{1/2} + t O_Λ(ε) + t^{1/2} O_Λ(ε^{1/2}) . (87)

From this we obtain the theorem as follows. Let 0 < η < (λ^2_{min} − γ)^{1/2}. By (87) we find some ε_0 > 0 such that, for all 0 < ε � ε_0 and t ∈ [0, 1], we have

m_ε(t) � λ_{min} =⇒ m_ε(t) � λ_{min} − (λ^2_{min} − γ)^{1/2} + η = C_γ + η < λ_{min} .

The uniform continuity of m_ε and m_ε(0) = 0 show that, for all 0 < ε � ε_0, there is some t_0 ∈ (0, 1] such that m_ε(t_0) � λ_{min}. Then we get after a simple bootstrap argument

sup_{x∈RΛ} ‖ Ψ^{′′}_{ε,1}(x) ‖_{L (ℓ}∞_{o,κ )} = m_ε(1) � C_γ + η , (88)

for all 0 < ε � ε_0. Due to (76) we are again allowed to apply Lemma 4.2. Thus we see that, for all R > 0, there is some 0 < ε_1 � ε_0 such that, for all 0 < ε � ε_1, we have

sup_{|x|⩽R} ‖Ψ^{′′}(x)‖_{L (ℓ}∞_{o,κ )} � sup_{|x|⩽R} ‖ Ψ^{′′}_{ε,1}(x) ‖_{L (ℓ}∞_{o,κ )} + η � C_γ + 2 η .

Letting R tend to infinity gives the result since η > 0 was arbitrarily small. ■

Proof of Theorem 1.6: The parameter t is no longer needed. That is we set t = 1 in the definition of the objects introduced in the preceeding proof and drop this from the notation. Differentiating (79) once more gives, for ε > 0, u ∈ ℓ^∞_{o,1}, v ∈ ℓ^1_{o,−2}, w ∈ ℓ^∞_{o,1} � v , � V^{(3)}_ε u − 2 ∇Φ_ε · ∇D^′_εu � w � −2 ∇(Φ^′_εu) · ∇⟨v , D_εw⟩ + h Δ⟨v , (D^′_εu)w⟩ = 2 ∇Φ_{ε,t} · ∇⟨v , (Ψ^{(3)}_ε u)w⟩ + 2 ∇(Φ^′_εu) · ∇⟨v , Ψ^{′′}_ε w⟩ − h Δ⟨v , (Ψ^{(3)}_ε u)w⟩ + 2 ⟨v , (Φ^{(3)}_ε u)Φ^{′′}_ε w⟩ + 2 ⟨v , Φ^{′′}_ε (Φ^{(3)}_ε u)w⟩ .

Since λ_{max} is an upper bound for the eigenvalues of D_ε(x), uniformly in x ∈ R^Λ and ε > 0, Recalling Φ^{′′}_ε = D_ε + Ψ^{′′}_ε we see that this is equivalent to

∇Φ_ε · ∇⟨v , (Ψ^{(3)}_ε u)w⟩ + 3λ_{max} ⟨v , (Ψ^{(3)}_ε u)w⟩

+ ⟨v , � D_ε − λ_{max} 1 + Ψ^{′′}_ε � (Ψ^{(3)}_ε u)w⟩ + ⟨v , (Ψ^{(3)}_ε u) � D_ε − λ_{max} 1 + Ψ^{′′}_ε � w⟩ + ⟨v , � Ψ^{(3)}_ε � D_ε − λ_{max} 1 + Ψ^{′′}_ε � u � w⟩ −^h_2 Δ⟨v , (Ψ^{(3)}_ε u)w⟩ = � v , �_1 2 V^{(3)}_ε u − ∇Φ_ε · ∇D^′_εu � w � +^h_2 Δ⟨v , (D^′_εu)w⟩

− ⟨v , Φ^{′′}_ε (D^′_εu)w⟩ − ⟨v , (D^′_εu)Φ^{′′}_ε w⟩ − ⟨v , (D^′_εΦ^{′′}_ε u)w⟩ . (89)

First we estimate the right hand side of (89) from above assuming that u, v, and w are normalized, ‖u‖_ℓ∞_{o,1} = ‖v‖_ℓ1_{o,−2} = ‖w‖_ℓ∞_{o,1} = 1 . (90) The proof of the previous theorem, in particular (82), (83) and the remark following it, as well as (88), shows that, for all x ∈ R^Λ,

|∇Φ_ε(x)| � c + � λ_{max} + C_γ + O_Λ(ε) � |x| , (91) ‖Ψ^{′′}_ε (x)‖_{L (ℓ}∞_{o,1)} � C_γ + O_Λ(ε) = λ_{min} − (λ^2_{min} − γ)^{1/2} + O_Λ(ε) , (92) ‖Φ^{′′}_ε (x)‖_{L (ℓ}∞_{o,1)} � λ_{max} + C_γ + O_Λ(ε) . (93) We recall that ∂^β_x D_ε = O_Λ(ε/|x|^{|β|}) , (94) for each multi-index β ∈ N^Λ_0 . A straight forward calculation using (94) and (19) yields ‖ V^{(3)}_ε ‖_{L (ℓ}∞_{o,1,L (ℓ}∞_{o,1,ℓ}∞_{o,2))} � Γ + O_Λ(ε) . (95) Combining (91), (93), (94), and (95), we find that, under the assumption (90), the right hand side of (89) is bounded from above by Γ/2 + O_Λ(ε).

Now we consider the left hand side of (89). Proposition 4.1 again implies that Ψ^{(3)}ε (x) → 0, as |x| → ∞. Proceeding as in the last theorem we pick some x_ε ∈ R^Λ where ‖Ψ^{(3)}ε (·)‖_{L (ℓ}∞_{o,1,L (ℓ}∞_{o,1,ℓ}∞_{o,2))} attains its maximum. We fix u, v, and w, such that

⟨ v , (Ψ^{(3)}_ε (x_ε)u)w ⟩ = ‖Ψ^{(3)}_ε (x_ε)‖_{L (ℓ}∞_{o,1,L (ℓ}∞_{o,1,ℓ}∞_{o,2))} =: M_ε , (96) in addition to (90). So we have ∇Φ_ε(x_ε) · ∇⟨v , (Ψ^{(3)}_ε (x_ε)u)w⟩ = 0 , −^h_2 Δ⟨v , (Ψ^{(3)}_ε (x_ε)u)w⟩ � 0 . (97) Furthermore, (82) implies ‖D_ε(x_ε) − λ_{max} 1‖_{L (ℓ}∞_{o,1)} � λ_{max} − λ_{min} . (98) If we combine (90), (92), (96), (97), and (98), with our upper bound on the right hand side of (89) we arrive at 3λ_{max} M_ε − 3 � λ_{min} − (λ^2_{min} − γ)^{1/2} + O_Λ(ε) + λ_{max} − λ_{min} � M_ε �^Γ_2 + O_Λ(ε) .

This gives M_ε � 1 6 Γ + O_Λ(ε) (λ^2_{min} − γ)^{1/2} − O_Λ(ε) , for ε > 0 small enough. Now the theorem follows from arguments similar to those at the end of the proof of the preceeding theorem. ■

6 Weighted estimates on the phase of the ground state eigenfunction of P_{h,Λ}

In the following proposition we apply the estimates on the second and third derivatives of Φ_{h,Λ} obtained from Theorem 1.5 and 1.6 to show that Φ_{h,Λ} fulfills Hypothesis 1.

Proposition 6.1 The phase Φ_{h,Λ} of the ground state eigenfunction of P_{h,Λ} is strictly convex. More precisely we have

0 < λ_{min} − C_γ � Φ^{′′}_{h,Λ}(x) � λ_{max} + C_γ , (99)

uniformly in h > 0, Λ ∈ L, x ∈ R^Λ. Let x_0 = x_0(h) ∈ R^Λ denote the point where Φ_{h,Λ} attains its unique minimum. Then there is some uniform constant K > 0 such that

| Φ^{′′}_{ij}(x) − Φ^{′′}_{ij} (x_0) | � K � k∈Λ e^{−dΛ(i,j)−dΛ(j,k)} |Φ^′_k(x)| (100)

for all h ∈ (0, 1], Λ ∈ L, i, j ∈ Λ and x ∈ R^Λ.

Proof of Theorem 1.7: The inequalities (99) show in particular that condition (10) holds with m := 2(λ_{min} − C_γ ) and m := 2(λ_{max} + C_γ ). Furthermore we readily verify that (8) and (9) hold by (100) if we set b_{ijk}(h, Λ) := K e^{−dΛ(i,j)−dΛ(j,k)}, for h ∈ (0, 1], Λ ∈ L, i, j, k ∈ Λ, and B := K C_d, B^′ := K^2 C^2_d . Theorem 1.7 is then a direct consequence of Theorem 1.4 because of (15). ■

Proof of Proposition 6.1: The validity of (99) has been observed earlier. See for the remarks below (20).

In order to prove (100) we we first observe that, for h ∈ (0, 1], Λ ∈ L, and x ∈ R^Λ, we have the following estimate on the second partial derivatives of Ψ_{h,Λ} = Φ_{h,Λ} −^1_2 x · D_Λx with respect to k, l ∈ Λ,

| Ψ^{′′}_{kl}(x) | = |⟨ e_k , Ψ^{′′}_{h,Λ}(x) e_l ⟩| � ‖ Ψ^{′′}_{h,Λ}(x) ‖_{L (ℓ}∞_{k,2)} ‖e_k‖_ℓ1_{k,−2} ‖e_l‖_ℓ∞_{k,2}

= e^{−2 dΛ(k,l)} ‖ Ψ^{′′}_{h,Λ}(x) ‖_{L (ℓ}∞_{k,2)} � C_γ e^{−2 dΛ(k,l)} . (101)

In the second and third step we have observed that the dual space of ℓ^∞_{k,2} is ℓ^1_{k,−2} and ‖e_k‖_ℓ1_{k,−2} = 1. The last inequality is a direct consequece of (17) with κ = 2 together with Theorem 1.5.

In a similar fashion (17) with κ = 1 and (19) together with Theorem 1.6 show that

| Ψ^{(3)}_{ijk}(x) | = |⟨ e_i , (Ψ^{(3)}_{h,Λ}(x)e_j ) e_k ⟩| � ‖ Ψ^{(3)}_{h,Λ}(x) ‖_{L (ℓ}∞_{i,1, L (ℓ}∞_{i,1,ℓ}∞_{i,2))} ‖e_i‖_ℓ1_{i,−2} ‖e_j‖_ℓ∞_{i,1} ‖e_k‖_ℓ∞_{i,1} � C^{(3)} ‖e_i‖_ℓ1_{i,−2} ‖e_j ‖_ℓ∞_{i,1} ‖e_k‖_ℓ∞_{i,1} = C^{(3)} e^{−dΛ(i,j)−dΛ(i,k)} . (102) Since x_0 is the unique global minimum of Φ_{h,Λ}, we can write

Φ^′_k(x) = Φ^′_k(x) − Φ^′_k(x_0) = 1� 0 ∇Φ^′_k(tx̂ + x_0) · x̂ dt

= λ_k x̂_k + 1� 0 � l∈Λ Ψ^{′′}_{kl}(tx̂ + x_0) x̂_l dt ,

where x̂ := x−x_0 and λ_k denotes the k^{th} diagonal entry of D_Λ, k ∈ Λ. Therefore the estimate (101) yields

| Φ^′_k(x) | � λ_k |x̂_k| − C_γ � l∈Λ e^{−2 dΛ(k,l)} |x̂_l| .

This implies, for each o ∈ Λ, x ∈ R^Λ, � k∈Λ e^{−dΛ(o,k)} | Φ^′_k(x) |

� λ_{min} � k∈Λ e^{−dΛ(o,k)} |x̂_k| − C_γ � k,l∈Λ

e^{−( dΛ(o,k) + dΛ(k,l) ) − dΛ(k,l)} |x̂_l|

� λ_{min} � k∈Λ e^{−dΛ(o,k)} |x̂_k| − C_γ C_d � l∈Λ e^{−dΛ(o,l)} |x̂_l| .

Thus we get � k∈Λ e^{−dΛ(o,k)} |x̂_k| � 1 λ_{min} − C_γ C_d � k∈Λ e^{−dΛ(o,k)} | Φ^′_k(x) | ,

for all o ∈ Λ and x ∈ R^Λ. To derive this inequality we used (18) for the first time. Finally this together with (102) implies, for fixed i, j ∈ Λ, x ∈ R^Λ, and suitable ξ_{x,k} = ξ_{x,k}(h) ∈ R^Λ, k ∈ Λ, the desired estimate,

| Φ^{′′}_{ij} (x) − Φ^{′′}_{ij} (x_0) | � � k∈Λ |Ψ^{(3)}_{ijk}(ξ_{x,k})| |x̂_k|

� C^{(3)} � k∈Λ e^{−dΛ(i,j)−dΛ(j,k)} |x̂_k| � C^{(3)} λ_{min} − C_γ C_d � k∈Λ e^{−dΛ(i,j)−dΛ(j,k)} | Φ^′_k(x) | . ■ Remark. Using the symmetry of Ψ^{(3)}_{ijk} in i, j and k we obtain

| Ψ^{(3)}_{ijk}(x) | � C^{(3)} e^{− 23 ( dΛ(i,j)+dΛ(j,k)+dΛ(k,i) )} from (102). Exactly as in the preceeding proof we derive from this the more symmetric estimate

| Φ^{′′}_{ij} (x) − Φ^{′′}_{ij} (x_0) | � const � k∈Λ e^{− 23 ( dΛ(i,j)+dΛ(j,k)+dΛ(k,i) )} |Φ^′_k(x)|

under the assumption max_{j∈Λ} � k∈Λ e^{− 2}3^{dΛ(k,j)} � C_d. This, however, would not give any substantial improvement.

Acknowledgments

We have the pleasure to thank V. Bach, H.-P. Heinz and J. Sjöstrand for helpful discussions and suggestions. Moreover we thank F. Herau, T. Jecko and F. Nier, who organized a nice conference in Rennes, where we had the opportunity to present the content of this paper. The first author gratefully acknowledges the support by the TMR grant HPRN-CT-2002-00277 from the EU. The second author would like to thank Dokuz Eylül University for hospitality.

A Some elementary combinatorial identities

Lemma A.1 For k, l ∈ N, r ∈ N_0, the following formulas are true: k� α=0 (−1)^{k−α} � l + α − 1 α � l k − α + 1 � = � l + k k + 1 � (103)

l−1� α=0 (−1)^{l−1−α} � l + α + r − 1 α + r � l l − α � = � 2 l + r − 1 l + r � (104)

Proof: We recall the elementary identity (1 − x)^{−l} =

�_∞ s=0 �_{l+s−1} s � x^s, for l ∈ N. Then we observe that the left side of (103) is just the coefficient of x^k in the Cauchy product of (1 − x)^{−l} with^1_x −^{(1−x)l}_x . On the other hand the right side of (103) is the coefficient of x^k in the power series^{(1−x)−l}_x −^1_x . The second identity (104) follows in the same manner by replacing (1 − x)^{−l} in the above argument by the expression^{(1−x)−l}_{xr} −

�_{r−1} s=0 �_{l+s−1} s �_{xs}

x^r . ■

References

[1] W. O. Amrein, A.-M. Boutet de Monvel-Bethier and V. Georgescu. C_0- groups, commutator methods and spectral theory of N-body Hamiltonians. Progress in Mathematics 135, Birkhäuser, Basel (1996).

[2] Arai. A. A general class of infinite Dirac operators and path integral representations of their index. J. Funct. Anal. 105, 342-408 (1992).

[3] V. Bach, T. Jecko and J. Sjöstrand. Correlation asymptotics of classical lattice spin systems with nonconvex Hamilton function at low temperature. Ann. H. Poincaré 1, 59-100 (2000).

[4] V. Bach and J. S. Møller. Correlation at low temperature: I. Exponential decay. J. Funct. Anal. 203, 93-148 (2003).

[5] T. Bodineau and B. Helffer. Correlations, spectral gap and log-Sobolev inequalities for unbounded spin systems. Stud. Adv. Math. 16, 51-66 (2000).

[6] H. J. Brascamp and E. H. Lieb. On extensions of the Brunn-Minkowski and Prékopa-Leindler theorems including inequalities for log concave functions, and with applications to the diffusion equation. J. Funct. Anal. 22, 366- 389 (1976).

[7] J. Brüning and M. Lesch. Hilbert complexes. J. Funct. Anal. 108, 88-132 (1992).

[8] P. R. Chernoff. Essential self-adjointness of powers of generators of hyperbolic equations. J. Funct. Anal. 12, 401-414 (1973).

[9] H. L. Cycon, R. G. Froese, W. Kirsch and B. Simon. Schrödinger operators.

Texts and Monographs in Physics, Springer, Berlin-Heidelberg (1987).

[10] J. G. Conlon. PDE with random coefficients and Euclidean field theory.

Preprint. (2003).

[11] J.-D. Deuschel, G. Giacomin and D. Ioffe. Large deviations and concentration properties for ∇φ interface models. Prob. Theor. Rel. Fields 117, 49-111 (2000).

[12] M. Dimassi and J. Sjöstrand. Spectral asymptotics in the semi-classical limit. London Math. Soc. Lecture Note Series 268. Cambridge University Press, Cambridge (1999).

[13] R. L. Dobrushin and S. B. Shlosman. Phases corresponding to minima of the local energy. Sel. Math. Sov. 1(4), 317-338 (1981).

[14] B. Helffer. Recent results and open problems on Schrödinger operators, Laplace integrals ans transfer operators in large dimension. Advances in PDE, in Schrödinger operators, Markov semigroups, wavelet analysis, operator algebras. Edited by M. Demuth, E. Schrohe, B. W. Schulze and J. Sjöstrand, Akademie Verlag, Berlin (1996), pp. 11-162.

[15] B. Helffer. Semi-classical analysis, Witten-Laplacians and statistical mechanics. World Scientific, London (2002).

[16] B. Helffer. Splitting in large dimension and infrared estimates. II. Moment inequalities. J. Math. Phys. 39(2), 760-776 (1998).

[17] B. Helffer. Semi-classical analysis for the Schrödinger operator and applications. Lecture Notes in Mathematics 1336, Springer, Berlin-Heidelberg (1988).

[18] B. Helffer and J. Sjöstrand. Multiple wells in the semi-classical limit I.

Comm. Part. Diff. Eq. 9(4), 337-408 (1984).

[19] B. Helffer and J. Sjöstrand. Puits multiples en mechanique semi-classique IV. Etude du complexe de Witten Comm. Part. Diff. Eq. 10(3), 245-340 (1985).

[20] B. Helffer and J. Sjöstrand. Semiclassical expansions of the thermodynamic limit for a Schrödinger equation I. The one well case. Astérisque 210, 135-181 (1992).

[21] B. Helffer and J. Sjöstrand. Semiclassical expansions of the thermodynamic limit for a Schrödinger equation II. The double well case. Helv. Phys. Acta 65(5), 748-765 (1992), and Erratum 67, 1-3 (1994).

[22] B. Helffer and J. Sjöstrand. On the correlation for Kac like models in the convex case. J. Stat. Phys. 74(1/2), 349-409 (1994).

[23] J. Johnson. On the spectral properties of Witten-Laplacians, their range projections and Brascamp-Lieb’s inequality. Integr. equ. oper. theory 36, 288-324 (2000).

[24] A. Persson. Bounds for the discrete part of the spectrum of a semi-bounded Schrödinger operator. Math. Scand. 8, 143-153 (1960).

[25] J. Rauch. Partial differential equations. Graduate Texts in Mathematics 128, Springer, Berlin-Heidelberg (1991).

[26] M. Reed and B. Simon. Methods of modern mathematical physics I: Functional analysis. Academic Press, San Diego (1980).

[27] M. Reed and B. Simon. Methods of modern mathematical physics II:

Fourier analysis, self-adjointness. Academic Press, San Diego (1975).

[28] M. Reed and B. Simon. Methods of modern mathematical physics IV:

Analysis of operators. Academic Press, San Diego (1978).

[29] B. Simon. Semiclassical analysis of low-lying eigenvalues I. Non-degenerate minima: Asymptotic expansions. Ann. Inst. Henri Poincaré, Sect. A: Phys. théor. 38(3), 295-307 (1983).

[30] J. Sjöstrand. Potential wells in high dimensions I. Ann. Inst. Henri Poincaré, Sect. A: Phys. théor. 58(1), 1-41 (1993).

[31] J. Sjöstrand. Potential wells in high dimensions II, more about the one well case. Ann. Inst. Henri Poincaré, Sect. A: Phys. théor. 58(1), 43-53 (1993).

[32] J. Sjöstrand. Evolution equations in a large number of variables. Math.

Nachr. 166, 17-53 (1994).

[33] J. Sjöstrand. Exponential convergence of the first eigenvalue divided by the dimension, for certain sequences of Schrödinger operators. Astérisque 210, 303-326 (1992).

[34] J. Sjöstrand. Ferromagnetic integrals, correlations and maximum principles. Ann. Inst. Fourier 44, 601-628 (1994).

[35] J. Sjöstrand. Correlation asymptotics and Witten Laplacians. St. Petersburg Math. J. 8, 123-147 (1997).

[36] J. Sjöstrand. Complete asymptotics for correlations of Laplace integrals in the semi-classical limit. Mém. Soc. Math. France 83, (2000).

[37] W. Wasow. Asymptotic expansions of ordinary differential equations. John Wiley & Sons, New York (1965).

[38] E. Witten. Supersymmetry and Morse theory. J. Diff. Geom. 17, 661-692 (1982).

[39] Weiping Zhang. Lectures on Chern-Weil theory and Witten deformations.

Nankai Tracts in Mathematics 4, World Scientific, Singapore (2001).