WEYL’S LAW AND QUANTUM ERGODICITY FOR MAPS WITH DIVIDED PHASE SPACE

JENS MARKLOF AND STEPHEN O’KEEFE

Abstract. For a general class of unitary quantum maps, whose underlying classical phase space is divided into ergodic and non-ergodic components, we prove analogues of Weyl’s law for the distribution of eigenphases, and the Schnirelman-Zelditch-Colin de Verdière Theorem on the equidistribution of eigenfunctions with respect to the ergodic components of the classical map (quantum ergodicity). We apply our main theorems to quantised linked twist maps on the torus.

April 20, 2004

1. Introduction

The quantisation of an invertible map Φ on a d-dimensional compact manifold M produces a unitary N × N matrix, the quantum map U_N (Φ). If there is a quantisation recipe that works for an infinite sequence of integers N, one natural question is whether dynamical properties of the classical map Φ are recovered in the semiclassical limit N → ∞. In this paper we prove that this is indeed possible for maps whose phase space M is divided into several Φ-invariant sets of positive measure, provided the quantisation recipe satisfies a correspondence principle: quantum and classical evolution of observables must be equivalent in the semiclassical limit. The precise formulation of the necessary axioms is given in Section 2. These are kept fairly general and allow applications outside of quantum mechanics. In particular, M is not required to be symplectic.

↑ q

p →

↑ q

p → Figure 1. Two typical quantum eigenstates of a linked twist map on the torus for N = 201, one localised in the lower left quadrant D_1 (left image), the other in the complement D_0 (right image). According to Theorem 7.1, approximately 25% resp. 75% of all eigenstates behave in this way—the latter states are in fact equidistributed on D_0, cf. Theorem 8.1. 1

↑ q

p →

↑ q

p → Figure 2. Two untypical quantum eigenstates of the same linked twist map as in Figure 1, with N = 201. These eigenstates are localised near the boundary between the domains D_0 and D_1; the eigenstate on the right has comparable mass in both domains. Eigenstates of this type form a sequence of density zero, cf. Theorem 7.1.

I_N (θ)

θ Figure 3. The integrated density of quantum eigenphases I_N (θ) of the linked twist map in Figure 1, with N = 201. The jump at θ = 0 by^1_4 reflects the fact that 25% of eigenphases are asymptotically zero. The remaining 75% of eigenphases are uniformly distributed (modulo one) in the interval [−^1_2 ,^1_2 ], in accordance with Weyl’s law (1.4), cf. Theorem 5.2.

Let φ_j ∈ C^N (j = 1, . . . , N) be an orthonormal basis of eigenvectors of U_N (Φ), and θ_j ∈ R the corresponding eigenphases defined by the relation

(1.1) U_N (Φ) φ_j = e^{2πiθj} φ_j .

In Section 5 we prove an analog of Weyl’s law [42, 43, 2, 21] for the limiting distribution of the eigenphases as N → ∞. Let us denote by μ an invariant probability measure of Φ on M which is absolutely continuous with respect to Lebesgue measure. We furthermore assume that the map is periodic on a collection of sets D_1, D_2, . . . with positive measure μ(D_ν ) > 0 and boundary whose fractal d-dimensional Minkowski content is zero^1, and that on the remaining set D_0 the periodic orbits of Φ of any given period form a set with d-dimensional Minkowski content equal to zero. The number of eigenphases in some generic^2 interval [a, b] with b − a ≤ 1 is then

(1.2) lim_{N→∞} 1 N #{j = 1, . . . , N : θ_j ∈ [a, b] mod 1} = ∞� ν=0 μ(D_ν )

�_b a ρ_ν (θ) dθ

where ρ_0(θ) = 1 is the uniform probability measure on [0, 1] and, for ν ≥ 1, ρ_ν (θ) is the uniform probability measure supported on the points (k/n_ν ) + α_{Dν} (k = 0, . . . , n_ν − 1); here n_ν denotes the period of Φ on D_ν , and the constant α_{Dν} ∈ R depends on the chosen quantisation recipe. This means in particular that if M = D_0, the spectrum of the quantum map is uniformly distributed on the unit circle. Although this fact is well known in the literature, we are not aware of any previous proofs in the generality considered here; a proof in the case of perturbed cat maps can be found in [9].

The main result of this paper describes the semiclassical distribution of the quantum map’s eigenstates on the classical manifold. If the quantisation constants α_{D1} , α_{D2} , . . . are linearly independent over the rationals, then, for N large, approximately N × μ(D_ν ) of the N eigenstates localise on the set D_ν (Section 7). If in addition the classical map acts ergodically on D_0, then almost all of the eigenstates localised on D_0 are in fact equidistributed on D_0 (Section 8). This latter result may be viewed as an extension of the Schnirelman-Zelditch-Colin de Verdière Theorem, originally formulated for completely ergodic Hamiltonian flows [39, 44, 13, 22, 20, 47] and maps [8, 45, 46, 15], to maps with partially ergodic phase space. The possibility that eigenfunctions localise exclusively on the ergodic or on the integrable component had been conjectured by Percival in the 1970s [35], and is known as the semiclassical wave function hypothesis.

Two typical and two untypical examples of eigenstates of a quantised linked twist map on a twodimensional torus (see Section 3.2), with N = 201, are displayed as a Husimi density plot^3 in Figures 1 and 2. The classical map acts as the identity on the lower left quadrant, and ergodically on the L-shaped complement (Section 3.3). Figure 3 shows the integrated density

(1.3) I_N (θ) := 1 N #{j = 1, . . . , N : θ_j ∈ [−^1_2 , θ] mod 1}

of quantum eigenphases of the map with θ ranging from −^1_2 to^1_2 . In this case, the limit (1.2) evaluates to (1.4) lim_{N→∞} I_N (θ) =

�_3 4 θ +^3_8 for θ ∈ [−^1_2 , 0), 3 4 θ +^5_8 for θ ∈ (0,^1_2 ].

Very similar quantum maps have been investigated numerically in [29]; our theorems apply to those cases with sharply divided phase space and rational frequencies in all elliptic islands. A further interesting family of toral maps with mixed dynamics are the lazy baker maps [27]. Here the phase space is divided into countably many rational elliptic islands of total measure one; the hyperbolic dynamics takes place on a fractal set of Lebesgue measure zero.

1Fractal Minkowski contents and dimensions also play an important role in the Weyl-Berry conjecture for the distri-

bution of eigenvalues of the Laplacian of domains in R^d with fractal boundary, see [4, 5, 26, 32] and references therein.

2Generic means here that a, b are not in the singular support of the limit density (which in the present case is a

countable set).

3See e.g. [33, 1] for a detailed discussion of Husimi functions.

In the case of Hamiltonian flows with partially ergodic phase space^4, Schubert [40] has proved a result analogous to our quantum ergodicity theorem (Theorem 8.1), which however only holds for quasimode solutions of the Schrödinger equation and not necessarily for the eigenstates itself. The problem is that near-degeneracies in the spectrum of the quantum Hamiltonian (which in general cannot be ruled out) may create eigenstates that are extended across the entire phase space although the corresponding quasimodes are localised on the flow invariant components. For the quantum maps considered here, the spectrum can be controlled sufficiently well to rule out this possibility.

It should be emphasised that our results do not address the question of the possible localisation of eigenstates on sets of measure zero (such as scarred eigenstates, bouncing ball modes or the recently discovered hierarchical states [23]). Results in this direction have recently been obtained in the case of cat maps [6, 18, 19] and piecewise affine maps on the torus [12], which neatly complement the proofs of quantum unique ergodicity for cat maps [17, 24, 25], parabolic maps [30] and the modular surface [41, 28] (see the survey [38]).

Concrete examples of maps satisfying the axioms set out in Section 2 are toral linked twist maps, see Sections 3.1 and 3.2. The specific structure of these maps permits a more detailed asymptotic analysis which will be presented elsewhere [34].

The assumptions in Section 2 are in fact sufficiently general to allow also applications to sequences of unitary matrices without quantum mechanical interpretation. In Section 3.4 we discuss an application arising in the discretisation of classical evolution operators.

2. Set-up

Let M be a d-dimensional compact smooth manifold, and μ a probability measure on M which is absolutely continuous with respect to Lebesgue measure.

We fix an atlas of local charts ϕ_j : V_j → R^d, where the open subsets V_j cover M. In the following we thus identify subsets S of M with subsets Σ of R^d in the standard way. Let Σ be a subset of R^d, and (2.1) Σ(ϵ) = {ξ ∈ R^d : d(ξ, Σ) ≤ ϵ}

its closed ϵ-neighbourhood, where d( · , · ) is the euclidean metric on R^d. The s-dimensional upper Minkowski content of Σ is defined as

(2.2) M^{∗s}(Σ) := lim sup_{ϵ→0} (2ϵ)^{s−d}ν � Σ(ϵ) � , where ν is Lebesgue measure, see [31, Section 5.5]. We say Σ has Minkowski content zero if M^{∗d}(Σ) = 0. This is equivalent to saying that for every δ > 0 we can cover Σ with equi-radial euclidean balls of total measure less than δ. We say a subset S of M has Minkowski content zero if each of the sets Σ_j := ϕ_j (S|_{Vj} ) ⊂ R^d has Minkowski content zero.

We consider piecewise smooth invertible maps Φ : M → M which preserve μ. By piecewise smooth we mean here and in the following that there is a partitioning of M into countably many open sets U_i, i.e., M = � i U_i and U_i ∩ U_j = ∅, so that Φ|_{U i} is smooth,^5 and the boundary set � i ∂U_i has Minkowski content zero. We will refer to this set as the domain of discontinuity of Φ, and call its complement M − � i ∂U_i the domain of continuity of Φ.

Let M_N (C) be the space of N × N matrices with complex coefficients. For a given infinite subset (index set) I ⊂ N, we say two sequences of matrices,

(2.3) A := {A_N }_{N∈I} , B := {B_N }_{N∈I},

are semiclassically equivalent, if

(2.4) ‖A_N − B_N ‖ → 0

4Examples of such systems are the billiard flows in Bunimovich’s mushrooms [10]. 5This means that Φ| Ui and all its derivatives are bounded continuous functions U_i → M; we allow for the possibility that those bounds are not uniform in i.

as N ∈ I tends to infinity, where ‖ · ‖ denotes the usual operator norm (2.5) ‖A‖ := sup_{ψ∈CN −{0}}

‖Aψ‖ ‖ψ‖ . We denote this equivalence relation by (2.6) A ∼ B. Lemma 2.1. If A ∼ B then Tr A_N = Tr B_N + o(N). Proof. We have (2.7) 1 N | Tr A_N − Tr B_N | ≤ ‖A_N − B_N ‖ → 0. □ Let us define the product of two matrix sequences by AB = {A_N B_N }_{N∈I} , the inverse of A by A^{−1} = {A^{−1}_N }_{N∈I} , and its hermitian conjugate by A^† = {A^†_N }_{N∈I}.

Assumption 2.1 (The correspondence principle for quantum observables). Fix a measure μ as above. For some index set I ⊂ N, there is a sequence Op := {Op_N }_{N∈I} of linear maps, Op_N : C^∞(M) → M_N (C), a → Op_N (a), so that

(a) for all a ∈ C^∞(M), Op(a) ∼ Op(a)^†;

(b) for all a_1, a_2 ∈ C^∞(M), Op(a_1)Op(a_2) ∼ Op(a_1a_2);

(c) for all a ∈ C^∞(M), lim N→∞ 1 N Tr Op_N (a) = � M a dμ.

Examples of quantum observables satisfying these conditions are given in Section 3.1. In standard quantisation recipes (such as the one discussed in Section 3.1) one in addition has the property that (2.8) Op(a_1)Op(a_2) − Op(a_2)Op(a_1) ∼ 1 2πiN

Op({a_1, a_2}) where { , } is the Poisson bracket. This assumption is however not necessary for any of the results proved in this paper. The axioms (a)–(c) in fact apply to examples without quantum mechanical significance. One interesting case arises in the discretisation of linked twist maps, where (2.9) Op(a_1)Op(a_2) = Op(a_1a_2) = Op(a_2)Op(a_1), see Section 3.4.

Assumption 2.2 (The correspondence principle for quantum maps). There is a sequence of unitary matrices U (Φ) := {U_N (Φ)}_{N∈I} such that

(a) for any a ∈ C^∞(M) with compact support contained in the domain of continuity of Φ, we have U (Φ)^{−1}Op(a)U (Φ) ∼ Op(a ∘ Φ);

(b) if Φ^n � �_D = id for some n ∈ N on a domain D ⊂ M, then, for any a ∈ C^∞(M) with compact support which is contained in D and the domains of continuity of Φ, Φ^2, . . . , Φ^n, we have U (Φ)^nOp(a) ∼ e(nα_D) Op(a) for some phase α_D ∈ R independent of a, and e(z) := exp(2πiz).

See Sections 3.2 and 3.4 for examples of semiclassical sequences of such quantum maps.

3. Example: Linked twist maps In this section we construct a well known example of quantum observables on the two-dimensional torus M = T^2 := R^2/Z^2 satisfying Assumption 2.1 (cf. [16]), and corresponding examples of quantum linked twist maps satisfying Assumptions 2.2.

3.1. Quantum tori. It is convenient to represent a vector ψ ∈ C^N as a function ψ : Z/NZ → C. Let us define the translation operators (3.1) [t_1ψ](Q) = ψ(Q + 1) and (3.2) [t_2ψ](Q) = e_N (Q)ψ(Q). One easily checks that (3.3) t^{m1}_1 t^{m2}_2 = t^{m2}_2 t^{m1}_1 e_N (m_1m_2) ∀m_1, m_2 ∈ Z.

These relations are known as the Weyl-Heisenberg commutation relations. For m = (m_1, m_2) ∈ Z^2 put

(3.4) T_N (m) = e_N

� m_1m_2 2 � t^{m2}_2 t^{m1}_1 .

Then

(3.5) T_N (m)T_N (n) = e_N � ω(m, n) 2 � T_N (m + n)

with the symplectic form (3.6) ω(m, n) = m_1n_2 − m_2n_1. For any a ∈ C^∞(T^2), we define the quantum observable (3.7) Op_N (a) = � m∈Z^2

^a(m)T_N (m)

where (3.8) ^a(m) = � T^2

a(ξ)e(−ξ · m) dξ

are the Fourier coefficients of a. The observable Op_N (a) is also called the Weyl quantisation of a. Assumption 2.1 (a) is trivially satisfied. Assumptions 2.1 (b) and (c) follow from the following lemmas. Lemma 3.1. For all a_1, a_2 ∈ C^∞(T^2)

(3.9) ‖ Op_N (a_1) Op_N (a_2) − Op_N (a_1a_2)‖ ≤ π N � � m∈Z^2

‖m‖|^a_1(m)| � � n∈Z^2

‖n‖|^a_2(n)| � . Proof. Using the commutation relations (3.3) we find Op_N (a_1) Op_N (a_2) = � m,n∈Z^2

^a_1(m) ^a_2(n)T_N (m)T_N (n)

(3.10)

= � m,n∈Z^2

e_N � ω(m, n) 2 � ^a_1(m) ^a_2(n)T_N (m + n)

(3.11)

= � m,k∈Z^2

e_N � ω(m, k) 2 � ^a_1(m) ^a_2(k − m)T_N (k)

(3.12)

with k = n + m, and hence

(3.13) ‖ Op_N (a_1) Op_N (a_2) − Op_N (a_1a_2)‖ ≤ � m,n∈Z^2 � � � �e^N � ω(m, n) 2 � − 1 � � � � � � ^a_1(m) � � � � ^a_2(n) � � The lemma now follows from (3.14) |e(x) − 1| ≤ |2πx|, |ω(m, n)| ≤ ‖m‖ ‖n‖.

□ Lemma 3.2. For any a ∈ C^∞(T^2) and R > 1

(3.15) 1 N Tr Op_N (a) = � T^2

a dμ + O_{a,R}(N^{−R}).

Proof. Note that

(3.16) Tr T_N (m) = � N if m = 0 mod NZ^2, 0 otherwise.

The lemma now follows from the rapid decay of the Fourier coefficients ^a(m) for ‖m‖ → ∞. □

Note that we have the alternative representation for Op_N (a),

(3.17) [Op_N (a)ψ](Q) = � m∈Z ~a � m, Q N + m 2N � ψ(Q + m)

where

(3.18) ~a(m, q) = � R/Z a(p, q) e(−pm) dp,

which is sometimes useful. In fact (3.17) permits to quantise observables a which are discontinuous in the q-variable. Note that if a is a smooth function of p and, for any ν ≥ 0,^{dν}_{dpν} a(p, q) is a bounded function on T^2, then, for any R > 1, there is a constant C_R such that (3.19) |~a(m, q)| ≤ C_R(1 + |m|)^{−R} for all m, q. This fact is proved using integration by parts. Of course (3.19) holds in particular for smooth observables a ∈ C^∞(T^2).

3.2. Quantum linked twist maps. A twist map Ψ_f is a map T^2 → T^2 defined by

(3.20) Ψ_f : � p q � → � p + f(q) q � mod Z^2

where f : R/Z → R is piecewise smooth, i.e., the domain of discontinuity of f in R/Z has Minkowski content zero, cf. Section 2. Piecewise smooth functions of this type may be realised by taking a countable set of points 0 = ξ_0 < ξ_1 < . . . < ξ_∞ = 1 with finitely many accumulation points in [0, 1], and assume that f ∈ C^∞([ξ_i, ξ_{i+1}]) for all i = 0, 1, . . . , ∞.

Obviously Lebesgue measure dμ = dp dq is invariant under Ψ_f . A linked twist map Φ is now obtained by combining two twist maps, Ψ_{f1} and Ψ_{f2} , by setting (3.21) Φ = R ∘Ψ_{f1} ∘ R^{−1} ∘Ψ_{f2} with the rotation

(3.22) R : � p q � → � q −p � mod Z^2.

Since Ψ_{f1} , Ψ_{f2} and R preserve μ, so does Φ. More explicitly, we have

(3.23) R ∘Ψ_f ∘ R^{−1} : � p q � → � p q − f(p) � mod Z^2

and thus

(3.24) Φ : � p q � → � p + f_2(q) q − f_1 � p + f_2(q) � � mod Z^2.

We define the quantisation of the twist map Ψ_f by the unitary operator

(3.25) [U_N (Ψ_f )]ψ(Q) = e � −NV � Q N � ψ(Q) where V is an arbitrary choice of a piecewise smooth function R/Z → R satisfying f = −V^′ and V ∈ C^∞ on the domain of continuity of f.^6

Proposition 3.3. For any a ∈ C^∞(T^2) with compact support contained in the domain of continuity of Ψ_f , we have

(3.26) ‖U_N (Ψ_f )^{−1} Op_N (a)U_N (Ψ_f ) − Op_N (a ∘ Ψ_f )‖ = O(N^{−2})

where the implied constant depends on a.

Proof. We have

(3.27) [U_N (Ψ_f )^{−1} Op_N (a)U_N (Ψ_f )ψ](Q) = � m∈Z ~a � m, Q N + m 2N � e � −N � V � Q + m N � − V � Q N � ψ(Q + m), and (3.28) Op_N (a ∘ Ψ_f ) = � m∈Z ~a � m, Q N + m 2N � e � mf � Q N + m 2N � ψ(Q + m),

since

(3.29) ~(a ∘ Ψ_f )(m, q) = e[mf(q)] ~a(m, q).

Therefore

(3.30) ‖U_N (Ψ_f )^{−1} Op_N (a)U_N (Ψ_f ) − Op_N (a ∘ Ψ_f )‖ ≤ max_q � m∈Z � � � �~a � m, q + m 2N � c_m(q, N) � � � � with

(3.31) c_m(q, N) = e � −N � V � q + m N � − V (q) � − e � mf � q + m 2N � . Since |c_m(q, N)| ≤ 2 and |~a(m, q)| ≤ (1 + |m|)^{−5}, we have

(3.32) max_q � |m|≥N^{1/2} � � �~a � m, q + m 2N � c_m(q, N) � � � ≤ N^{−2}.

Let us denote by CS the projection of the compact support of a onto the q axis. CS is a compact set which is in the domain of continuity of f.

For |m| < N^{1/2}, Taylor expansion around x = q +^m_{2N} yields (the second order terms cancel) V � x + m 2N � − V � x − m 2N � = V^′ (x) m N + O � m^3 N^3 � (3.33)

= −f (x) m N + O � m^3 N^3 � . (3.34)

uniformly for all |m| < N^{1/2} and all q ∈ CS, provided N is sufficiently large so that [q−N^{−1/2}, q+N^{−1/2}] is contained in the domain of continuity. Hence in this case

(3.35) c_m(q, N) = O � m^3 N^2 �

6In the case of smooth twist maps Ψ f : T^2 → T^2 it is more convenient to view f as a C^∞ function R/Z → R/Z, thus avoiding the introduction of artificial discontinuities in f. The potential V may now be defined as a C^∞ function V : R → R with f = −V^′ locally, and the condition that NV (^Q_N + 1) = NV (^Q_N ) mod 1 for every Q, N. Examples are f(q) = 2τ q with τ ∈ Z, for which V (q) = −τ q^2. In this case the correspondence principle stated in Proposition 3.3 is in fact exact, i.e., the right hand side of (3.26) is identically zero.

and max_q � |m|<N^{1/2} � � �~a � m, q + m 2N � c_m(q, N) � � � ≤ O(N^{−2}) max_q � m∈Z � � �m^3~a � m, q + m 2N � � (3.36)

= O(N^{−2}).

(3.37) □ Proposition 3.4. Suppose V (q) = v = const for all q in some open interval I ⊂ R/Z. Then, for any T > 1 and any a ∈ C^∞(T^2) with compact support contained in R/Z × I ⊂ T^2, we have (3.38) ‖U_N (Ψ_f ) Op_N (a) − e(−Nv) Op_N (a)‖ = O(N^{−T} ) where the implied constant depends on a and T . Proof. We have

(3.39) [(U_N (Ψ_f ) − e(−Nv)) Op_N (a)ψ](Q) = � m∈Z ~a � m, Q N + m 2N � � e � −NV � Q + m N � − e(−Nv) � ψ(Q + m).

As before we split the sum into two terms corresponding to |m| < N^{1/2} and |m| ≥ N^{1/2}. For N large enough, the first term vanishes since ~a(m, q), as a function of q, is compactly supported inside the open interval I. The second term is bounded by

(3.40) max_q � |m|≥N^{1/2} � � � �~a � m, q + m 2N � {e [−NV (q)] − e(−Nv)} � � � � ≪^{a,T} N^{−T}

for any T > 1 due to the rapid decay (3.19). □ The discrete Fourier transform F_N is a unitary operator defined by

(3.41) [F_N ψ](P ) = 1 √ N N−1� Q=0 ψ(Q)e_N (−QP ).

Its inverse is given by the formula

(3.42) [F^{−1}_N ψ](Q) = 1 √ N N−1�

P =0

ψ(P )e_N (P Q).

Proposition 3.5. For any a ∈ C^∞(T^2) (3.43) F^{−1}_N Op_N (a)F_N = Op_N (a ∘ R) with the rotation R as in (3.22).

Proof. This follows from the identities F^{−1}_N t_1F_N = t^{−1}_2 and F^{−1}_N t_2F_N = t_1. □ The Fourier transform may therefore be viewed as a quantisation of the rotation R which satisfies an exact correspondence principle, cf. Assumption 2.2 (a).

The quantisation of the linked twist map is now defined by (3.44) U_N (Φ) = F_N U_N (Ψ_{f1} ) F^{−1}_N U_N (Ψ_{f2} ).

Proposition 3.6. For any a ∈ C^∞(T^2) with compact support in the domain of continuity of Φ, we have (3.45) ‖U_N (Φ)^{−1} Op_N (a)U_N (Φ) − Op_N (a ∘ Φ)‖ = O(N^{−2}) where the implied constant depends on a.

Proof. Apply Propositions 3.3 and 3.5. □ The quantum map U_N (Φ) thus satisfies Assumption 2.2 (a).

Proposition 3.7. Suppose V_1(p) = v_1 = const for all p in some open interval I_1 ⊂ R/Z, and V_2(q) = v_2 = const for all q in some open interval I_2 ⊂ R/Z. Then, for any T > 1 and any a ∈ C^∞(T^2) with compact support contained in the rectangle I_1 × I_2 ⊂ T^2, we have

(3.46) ‖U_N (Φ) Op_N (a) − e[−N(v_1 + v_2)] Op_N (a)‖ = O(N^{−T} )

where the implied constant depends on a and T .

Proof. Apply Propositions 3.4 and 3.5. □

In the examples considered in Section 3.3 we have v_1 = v_2 = 0, and furthermore, for any n ≠ 0, Φ^n acts as the identity precisely on the rectangle I_1 × I_2. Hence Assumption 2.2 (b) is satisfied in this case. In cases where v_1 + v_2 ≠ 0 mod 1 one may consider subsequences of N → ∞ for which {N(v_1 + v_2)} → α, for any suitable fixed α ∈ [0, 1]; here { · } denotes the fractional part.

3.3. Ergodic properties of linked twist maps. The ergodic properties of linked twist maps are well understood [11, 36]. Let [a_i, b_i] (i = 1, 2) be subintervals of R/Z, and choose functions f_i : R/Z → R with

(a) f_i(q) = 0 for q /∈ [a_i, b_i], (b) f_i(a_i) ∈ Z and f_i(b_i) − f_i(a_i) = k_i for some integer k_i ∈ Z, (c) f_i ∈ C^2([a_i, b_i]) with derivative f^′_i (q) ≠ 0 for all q ∈ [a_i, b_i].

Let us define the constant

(3.47) γ_i = sign(k_i) max_{q∈[ai ,bi]} |f^′_i (q)|.

Theorem 3.8. Suppose either of the following conditions is satisfied,

(i) γ_1γ_2 < 0;

(ii) |k_1|, |k_2| ≥ 2 and γ_1γ_2 > C_0 ≈ 17.24445.

Then the map (3.21) acts ergodically (with respect to Lebesgue measure μ) on the domain

(3.48) D_0 = � (p, q) ∈ T^2 : p ∈ [a_1, b_1] � ∪ � (p, q) ∈ T^2 : q ∈ [a_2, b_2] � . The proofs of the two parts (i) and (ii) of this statement are due to Burton and Easton [11], and Przytycki [36], respectively. Both [11] and [36] in fact establish the Bernoulli property for the action of Φ on D_0 under conditions (i), (ii). We expect that these properties hold under weaker conditions, e.g., for smaller values of C_0. The continuity of the map at the lines p = a_1, b_1 and q = a_2, b_2, assumed in condition (b), is probably also not necessary.

For the linked twist map Φ used in Figures 1–3 we have chosen

(3.49) [a_1, b_1] = [a_2, b_2] = [^1_2 , 1],

(3.50) f_1(p) = � −2p if p ∈ [^1_2 , 1] 0 if p /∈ [^1_2 , 1],

V_1(p) = � p^2 if p ∈ [^1_2 , 1] 0 if p /∈ [^1_2 , 1], and (3.51) f_2(q) = � 2q if q ∈ [^1_2 , 1] 0 if q /∈ [^1_2 , 1],

V_2(q) = � −q^2 if q ∈ [^1_2 , 1] 0 if q /∈ [^1_2 , 1].

More explicitly, this particular map Φ is obtained by first applying the twist

(3.52) � p q � →

� � � � � � �

� 1 2 0 1 � � p q � if q ∈ [^1_2 , 1] � 1 0 0 1 � � p q � if q ∉ [^1_2 , 1], followed by

(3.53) � p q � →

� � � � � � �

� 1 0 2 1 � � p q � if p ∈ [^1_2 , 1] � 1 0 0 1 � � p q � if p ∉ [^1_2 , 1].

Clearly, this Φ satisfies the above conditions (a)–(c) and (i).

3.4. Discretised linked twist maps. This section illustrates that the results of this paper may be applied to problems outside quantum mechanics, such as the discretisation of maps on the torus, cf. [7, 3] and references therein. A discretisation of Φ : T^2 → T^2 is defined as the invertible^7 map Φ_M : T^2_M → T^2_M with T^2_M := (M^{−1}Z/Z)^2, where Φ_M is chosen in such a way that

(3.54) lim_{M→∞} sup_{ξ∈T2} M d � Φ_M (ξ), Φ(ξ) � = 0;

d( · , · ) denotes the Riemannian distance on T^2. The discretised map induces a permutation matrix U_N (Φ) : C^N → C^N with N = M^2 defined by

(3.55) [U_N (Φ)ψ](ξ) = ψ ∘ Φ^{−1}_M (ξ), ξ ∈ T^2_M

(we represent vectors ψ ∈ C^N as functions ψ : T^2_M → C).

The “quantum” observables required in Assumption 2.1 are simply defined as multiplication operators,

(3.56) [Op_N (a)ψ](ξ) = a(ξ) ψ(ξ)

and therefore trivially satisfy Assumptions 2.1 (a) and (b). As to (c),

(3.57) 1 N Tr Op_N (a) = 1 M^2

M−1�

m_1,m_2=0 a �m_1 M , m_2 M � = � T^2

a dμ + O(M^{−1}).

It is easily checked that

(3.58) U_N (Φ)^{−1} Op_N (a)U_N (Φ) = Op_N (a ∘ Φ_M )

and thus

‖U_N (Φ)^{−1} Op_N (a)U_N (Φ) − Op_N (a ∘ Φ)‖ = ‖ Op_N (a ∘ Φ_M ) − Op_N (a ∘ Φ)‖

(3.59) ≤ sup_{ξ∈T2} M |a(Φ_M (ξ)) − a(Φ(ξ))|

(3.60)

≪ sup_{ξ∈T2} M d � Φ_M (ξ), Φ(ξ) � , (3.61)

and hence Assumption 2.2 (a) is satisfied; (b) follows from a similar argument, with α_D = 0.

A concrete discretisation of a linked twist map is obtained by replacing each twist map Ψ_f by Ψ_{fM} , with f_M (q) = M^{−1}[Mf(q)], where [x] denotes the integer part of x. Note that R preserves T^2_M and therefore requires no further discretisation. In this case

(3.62) sup_{ξ∈T2} M d � Φ_M (ξ), Φ(ξ) � = O(M^{−1}).

There is a simple geometric interpretation of the spectrum of U_N (Φ). The map Φ_M represents a permutation of N = M^2 elements, which can be written as a product of, say, ν cycles C_i of length ℓ_i, i = 1, . . . , ν. Each cycle corresponds to a periodic orbit of period ℓ_i for the action of Φ_M on T^2_M . Let

7Invertability is not necessarily required in general discretisation schemes. We assume it here to obtain a unitary representation.

ξ_i be an arbitrary point on C_i. An orthonormal basis of eigenvectors of U_N (Φ) is then given by the functions

(3.63) φ_{ij} (ξ) = � ℓ^{−1/2}_i e(jk/ℓ_i) if ξ = Φ^{−k}_M (ξ_i) for some k = 0, . . . , ℓ_i − 1, 0 otherwise, with eigenvalue λ_{ij} = e(j/ℓ_i), where i runs over the cycles and j over the integers 0, 1, . . . , ℓ_i −1. Hence in particular |φ_{ij} (ξ)|^2 = 1/ℓ_i for every ξ on the periodic orbit, and |φ_{ij} (ξ)|^2 = 0 otherwise.

Due to the commutativity of the observables Op(a), the proofs of some of the statements in later sections may be simplified—especially those in Section 7.

4. Mollified characteristic functions Let us now return to the general framework of Section 2. Consider the characteristic function χ_D of a domain D ⊂ M with boundary of Minkowski content zero. An ϵ-mollified characteristic function ~χ_D ∈ C^∞(M) has values in [0, 1] and ~χ_D(x) = χ_D(x) on a set of x of measure 1 − ϵ. Since D has boundary of Minkowski content zero, we can construct such a smoothed function for any ϵ > 0. Furthermore we are able to construct ϵ-mollified ~χ_D whose support is either contained in D, or whose support contains D, again for any ϵ > 0. Note that if ~χ_D is ϵ-mollified, so is ~χ^n_D for any n ∈ N with the same ϵ.

After mollification, we may associate with a characteristic function χ_D a quantum observable Op_N (~χ_D). Since Op_N (~χ_D) is in general not hermitian, it is sometimes more convenient to consider the symmetrised version, the positive definite hermitian matrix (4.1) Op^{sym}_N (~χ_D) := Op_N (~χ^{1/2}_D ) Op_N (~χ^{1/2}_D )^†.

Note that ~χ^{1/2}_D ∈ C^∞(M) since ~χ_D ≥ 0. Furthermore, we have (4.2) Op^{sym}(~χ_D) ∼ Op(~χ_D).

The following proposition describes the distribution of eigenvalues of Op^{sym}_N (~χ_D), and suggests that the operator may be viewed as an approximate projection operator onto a subspace of dimension ∼ N × μ(D).

Consider a sequence J := {J_N }_{N∈I} of sets J_N ⊂ {1, . . . , N}. The quantity

(4.3) Δ(J) := lim_{N→∞}

#J_N N , provided the limit exists, is called the density of J.

Proposition 4.1. Suppose ~χ_D is an ϵ-mollified characteristic function, and suppose μ_j ≥ 0 (j = 1, . . . , N) are the eigenvalues of Op^{sym}_N (~χ_D). Then there are set sequences J := {J_N }_{N∈I} and J^′ := {J^′_N }_{N∈I} with densities (4.4) Δ(J) = μ(D) + O(ϵ^{1/3}), Δ(J^′) = 1 − μ(D) + O(ϵ^{1/3}), such that

(i) μ_j = 1 + O(ϵ^{1/3}) for all j ∈ J_N ; (ii) μ_j = O(ϵ^{1/3}) for all j ∈ J^′_N .

Proof. By Assumption 2.1, we have for every fixed integer n ≥ 1, 1 N Tr [Op^{sym}_N (~χ_D)^n] = 1 N Tr Op^{sym}_N (~χ^n_D) + o_{ϵ,n}(1)

(4.5) = � M ~χ^n_Ddμ + o_{ϵ,n}(1)

(4.6)

= μ(D) + O(ϵ) + o_{ϵ,n}(1),

(4.7) where O(ϵ) does not depend on N and n. This implies for every n ≥ 1,

(4.8) lim_{N→∞} 1 N Tr [Op^{sym}_N (~χ_D)^n] = lim_{N→∞} 1 N N� j=1 μ^n_j = μ(D) + O(ϵ).

Therefore

(4.9) lim_{N→∞} 1 N N� j=1 (μ^2_j − μ_j )^2 = O(ϵ)

and thus

(4.10) lim_{N→∞} 1 N � j∈H_N

(μ_j − 1)^2 = O(ϵ).

(4.11) lim_{N→∞} 1 N � j /∈H_N

μ^2_j = O(ϵ),

where H_N = {j : μ_j ≥ 1/2}. By Chebyshev’s inequality, (4.11) implies that

(4.12) lim_{N→∞} 1 N #{j /∈ H_N : μ^2_j > γ} = O(ϵ/γ),

for any γ > 0. This yields the bound

(4.13) lim_{N→∞} 1 N � j /∈H_N

μ_j = O � γ^{1/2} + ϵ/γ � , since 0 ≤ μ_j < 1/2. So lim N→∞ 1 N � j∈H_N

1 = lim_{N→∞} 1 N � j∈H_N � (μ_j − 1)^2 − μ^2_j + 2μ_j � (4.14)

= lim_{N→∞} 1 N � j∈H_N � −μ^2_j + 2μ_j � + O(ϵ)

(4.15)

= lim_{N→∞} 1 N N� j=1 � −μ^2_j + 2μ_j � + O(ϵ) + O � γ^{1/2} + ϵ/γ � (4.16)

= μ(D) + O(ϵ^{1/3}),

(4.17)

if we choose γ = ϵ^{2/3}, and hence the corresponding set sequence H := {H_N }_{N∈I} has density Δ(H) = μ(D) + O(ϵ^{1/3}). Once more in view of Chebyshev’s inequality, (4.10) implies

(4.18) lim_{N→∞} 1 N #{j ∈ H_N : (μ_j − 1)^2 > δ} = O(ϵ/δ).

Choosing δ = ϵ^{2/3}, this means that for a subsequence of j ∈ H_N of density μ(D) + O(ϵ^{1/3}) we have μ_j = 1 + O(ϵ^{1/3}). The corresponding result for j /∈ H_N follows by the same argument from (4.12). □

5. Trace asymptotics and Weyl’s law The following proposition is the key tool to understand the distribution of eigenvalues of U_N (Φ).

Proposition 5.1 (Trace asymptotics). Suppose Φ : M → M is piecewise smooth, and (a) Φ^n � �_{D′} = id on some domain D′ ⊂ M with boundary of Minkowski content zero;

(b) the fixed points of Φ^n on D := M − D^′ form a set of Minkowski content zero. Then

(5.1) lim_{N→∞} 1 N Tr U_N (Φ)^n = e(nα_D′ ) μ(D^′).

Proof. Given any ϵ > 0, we can find an integer R and a partition of unity on M by ϵ-mollified characteristic functions,

(5.2) 1 = ~χ_{bad}(ξ) + ~χ_D′ (ξ) + R� r=1 ~χ_r(ξ) ∀ξ ∈ M

with the properties

(i) the interior of the support of ~χ_{bad} contains the domains of discontinuity of Φ^ν in M for all ν = 1, . . . , n, and all fixed points of Φ^n in D, and is chosen small enough so that � ~χ_{bad}dμ < ϵ;

(ii) the support of ~χ_D′ is contained in D^′ and the domains of continuity of Φ^ν for all ν = 1, . . . , n, so that μ(D^′) − � ~χ_D′ dμ < ϵ and all fixed points of Φ^n are contained in the interior of the set supp ~χ_{bad} ∪ supp ~χ_D′ ;

(iii) the support of ~χ_r, with r = 1, . . . , R, is chosen small enough, so that supp ~χ_r ∩Φ^n(supp ~χ_r) = ∅ for all ξ ∈ M.

Properties (i) and (ii) are possible since the fixed points in D and the discontinuities form sets of Minkowski content zero. To achieve (iii) note that the closure of K = M − (supp ~χ_{bad} ∪ supp ~χ_D′ ) does not contain any fixed points, and Φ is continuous on K. Hence there is a sufficiently small radius η = η(ϵ) such that for all balls B_η ⊂ K we have B_η ∩ Φ^n(B_η) = ∅.

By the linearity of Op, we have

(5.3) Tr U_N (Φ)^n = Tr[U_N (Φ)^n Op_N (~χ_{bad})] + Tr[U_N (Φ)^n Op_N (~χ_D′ )] + R� r=1 Tr[U_N (Φ)^n Op_N (~χ_r)].

We begin with the first term on the right hand side:

(5.4) Tr[U_N (Φ)^n Op_N (~χ_{bad})] = Tr[U_N (Φ)^n Op^{sym}_N (~χ_{bad})] + o_ϵ(N), with the symmetrised Op^{sym}_N (~χ_{bad}) as defined in (4.1). Suppose ψ_j and μ_j ≥ 0 are the (normalised) eigenstates and eigenvalues of Op^{sym}_N (~χ_{bad}). Then

(5.5) | Tr[U_N (Φ)^n Op^{sym}_N (~χ_{bad})]| = � � � � N� j=1 μ_j ⟨ψ_j , U_N (Φ)^nψ_j ⟩ � � � � ≤ N� j=1 μ_j

= Tr Op^{sym}_N (~χ_{bad}) = Tr Op_N (~χ_{bad}) + o_ϵ(N) = NO(ϵ) + o_ϵ(N).

Since by Assumption 2.2 (b), U (Φ)^nOp(~χ_D′ ) ∼ e(nα_D′ )Op(~χ_D′ ), we find for the second term on the right hand side of (5.3) Tr[U_N (Φ)^n Op_N (~χ_D′ )] = e(nα_D′ ) Tr Op_N (~χ_D′ ) + o_ϵ(N)

(5.6)

= Ne(nα_D′ ) � ~χ_D′ dμ + o_ϵ(N)

(5.7)

= Ne(nα_D′ ) {μ(D^′) + O(ϵ)} + o_ϵ(N),

(5.8) where we have used (ii) in the last step.

For the last term in the sum (5.3) we have (5.9) U (Φ)^nOp(~χ_r) ∼ U (Φ)^nOp(~χ^{1/2}_r )Op(~χ^{1/2}_r ) ∼ Op(~χ^{1/2}_r ∘ Φ^{−n})U (Φ)^nOp(~χ^{1/2}_r ) so Tr[U_N (Φ)^n Op_N (~χ_r)] = Tr[Op_N (~χ^{1/2}_r ∘ Φ^{−n})U_N (Φ)^n Op_N (~χ^{1/2}_r )] + o_ϵ(N)

(5.10) = Tr[Op_N (~χ^{1/2}_r ) Op_N (~χ^{1/2}_r ∘ Φ^{−n})U_N (Φ)^n] + o_ϵ(N)

(5.11) = Tr[Op_N (~χ^{1/2}_r · ~χ^{1/2}_r ∘ Φ^{−n})U_N (Φ)^n] + o_ϵ(N)

(5.12) = o_ϵ(N)

(5.13)

since ~χ^{1/2}_r · ~χ^{1/2}_r ∘ Φ^{−n} = 0 in view of (iii). Therefore (5.14) Tr U_N (Φ)^n = Ne(nα_D′ ) {μ(D^′) + O(ϵ)} + o_ϵ(N), i.e.,

(5.15) lim_{N→∞} 1 N Tr U_N (Φ)^n = e(nα_D′ ) μ(D^′) + O(ϵ),

which holds for every arbitrarily small ϵ > 0. This concludes the proof. □ Theorem 5.2 (Weyl’s law). Suppose Φ : M → M is piecewise smooth, and

(a) there are at most countably many disjoint sets D_ν (ν = 1, 2, 3, . . .) with boundary of Minkowski content zero, on which Φ is periodic with period n_ν ≥ 1, i.e.,

Φ^{nν} � D_ν = id,

and, for every 0 < |n| < n_ν , the fixed points of Φ^n on D_ν form a set of Minkowski content zero;

(b) for every n ≠ 0, the fixed points of Φ^n on D_0 = M −

�_∞ ν=1 D_ν form a set of Minkowski content zero.

Then, for every continuous function h : S^1 = R/Z → C,

(5.16) lim_{N→∞} 1 N N� j=1 h(θ_j ) = ∞� ν=0 μ(D_ν ) � S^1

h(θ) ρ_ν (θ) dθ

where

(5.17) ρ_0(θ) = 1,

and, for ν ≥ 1,

(5.18) ρ_ν (θ) = 1 n_ν

n_ν −1�

k=0 δ_S1 � θ − k n_ν

− α_{Dν} � . Here

(5.19) δ_S1 (θ) = � m∈Z δ(θ + m)

denotes the periodicised Dirac distribution.

Proof. For every ν such that n_ν divides n we have Φ^n � �_{Dν} = id. A simple modification of the proof of Proposition 5.1 yields therefore, for n ≠ 0,

(5.20) lim_{N→∞} 1 N Tr U_N (Φ)^n = ∞� ν=1 n_ν |n

e(nα_{Dν} ) μ(D_ν ).

The only difference in the proof is that D^′ is divided into the domains D_1, D_2, . . . with different integration constants α_{Dν} . For every ϵ > 0 there is a K = K_ϵ such that

(5.21) μ

�_∞�

ν=K+1

D_ν � < ϵ.

Hence one effectively deals with only finitely many domains D_1, . . . , D_K and shows, following the steps in the proof of Proposition 5.1, that

(5.22) lim_{N→∞} 1 N Tr U_N (Φ)^n = K� ν=1 n_ν |n

e(nα_{Dν} ) μ(D_ν ) + O(ϵ),

which in turn yields (5.20).

Let us first assume that the test function h has only finitely many non-zero Fourier coefficients, i.e.,

(5.23) h(θ) = � n∈Z ^h(n)e(nθ) is a finite sum. We then have lim N→∞ 1 N N� j=1 h(θ_j ) = lim_{N→∞} 1 N � n∈Z ^h(n) Tr U_N (Φ)^n (5.24)

= ^h(0) + � n∈Z−{0}

^h(n)^∞ � ν=1 n_ν |n

e(nα_{Dν} ) μ(D_ν )

(5.25)

= ^h(0) + ∞� ν=1 μ(D_ν ) � n∈Z−{0} n_ν |n

^h(n)e(nα_{Dν} ). (5.26)

Since

(5.27) � n∈Z n_ν |n

^h(n)e(nα_{Dν} ) = 1 n_ν

n_ν −1�

k=0 � n∈Z ^h(n)e(nα_{Dν} ) e � kn n_ν � = 1 n_ν

n_ν −1�

k=0 h � k n_ν

+ α_{Dν} �

we obtain

(5.28) lim_{N→∞} 1 N N� j=1 h(θ_j ) = � μ(D_0) ^h(0) + ∞� ν=1 μ(D_ν )

n_ν

n_ν −1�

k=0 h � k n_ν

+ α_{Dν} � , which proves the theorem for h with finite Fourier series. We now extend this result to test functions h ∈ C^1(S^1). Let

(5.29) h_K (θ) = � n∈Z |n|≤K

^h(n)e(nθ)

be the truncated Fourier series. Since h ∈ C^1(S^1), its Fourier series converges absolutely and uniformly and hence, for any ϵ > 0, there is a K such that h_K (θ) − ϵ ≤ h(θ) ≤ h_K (θ) + ϵ for all θ ∈ S^1. By (5.28), the limits of the left and right hand side of

(5.30) 1 N N� j=1 h_K (θ_j ) − ϵ ≤ 1 N N� j=1 h(θ_j ) ≤ 1 N N� j=1 h_K (θ_j ) + ϵ

exist and differ by less than 2ϵ, hence (5.28) holds also for the current h. The extension of (5.28) to h in C(S^1) is achieved by the same argument, i.e., by approximating h pointwise by functions h_ϵ ∈ C^1(S^1) so that h_ϵ(θ) − ϵ ≤ h(θ) ≤ h_ϵ(θ) + ϵ. □

6. Generalised Weyl’s law Proposition 6.1 (Generalised trace asymptotics). Suppose Φ : M → M is as in Proposition 5.1. Then for every a ∈ C^∞(M) and n ≠ 0,

(6.1) lim_{N→∞} 1 N Tr[Op_N (a)U_N (Φ)^n] = e(nα_D′ ) � D^′

a dμ.

Proof. By linearity of the relation (6.1) we may assume without loss of generality that a is real and min_ξ a(ξ) ≥ 0. This implies that a^{1/2} ∈ C^∞(M). Analogously to the proof of Proposition 5.1, we have

(6.2) Tr[Op_N (a)U_N (Φ)^n] = Tr[U_N (Φ)^n Op_N (~χ_{bad} · a)]

+ Tr[U_N (Φ)^n Op_N (~χ_D′ · a)] + R� r=1 Tr[U_N (Φ)^n Op_N (~χ_r · a)] + o_ϵ(N).

The proof is concluded in the same way as the proof of Proposition 5.1, with all mollified characteristic functions ~χ replaced by ~χ · a. □

Theorem 6.2 (Generalised Weyl’s law). Suppose Φ : M → M is as in Theorem 5.2. Let φ_j ∈ C^N (j = 1, . . . , N) be an orthonormal basis of eigenstates of U_N (Φ), with corresponding eigenphases θ_j ∈ S^1. Then, for every a ∈ C^∞(M) and every continuous function h : S^1 → C,

(6.3) lim_{N→∞} 1 N N� j=1 h(θ_j )⟨Op_N (a)φ_j , φ_j ⟩ = ∞� ν=0 � D_ν

a dμ � S^1

h(θ) ρ_ν (θ) dθ.

Proof. We may assume again without loss of generality that a is real and min_ξ a(ξ) ≥ 0. In view of Proposition 6.1 and the proof of Theorem 5.2 we have for every h_K with finite Fourier expansion (as in (5.23))

(6.4) lim_{N→∞} 1 N N� j=1 h_K (θ_j )⟨Op_N (a)φ_j , φ_j ⟩ = ∞� ν=0 � D_ν

a dμ

�_1 0 h_K (θ) ρ_ν (θ) dθ.

For any h ≥ 0 we have

(6.5) � � � � � N� j=1 h(θ_j )⟨Op_N (a)φ_j , φ_j ⟩ − N� j=1 h(θ_j )‖ Op_N (a^{1/2})φ_j ‖^2 � � � � � ≤ sup h � � �Tr[Op_N (a) − Op_N (a^{1/2}) Op_N (a^{1/2})^†] � � � = o(N) sup h.

Hence (6.4) is equivalent to

(6.6) lim_{N→∞} 1 N N� j=1 h_K (θ_j )‖ Op_N (a^{1/2})φ_j ‖^2 = ∞� ν=0 � D_ν

a dμ

�_1 0 h_K (θ) ρ_ν (θ) dθ.

We now use the same approximation argument as in the proof of Theorem 5.2, for h ∈ C^1(S^1). Given any ϵ, there is a K such that h_K (θ) − ϵ ≤ h(θ) ≤ h_K (θ) + ϵ for all θ ∈ S^1. The limits of the left and right hand side of 1 N N� j=1 [h_K (θ_j ) − ϵ]‖ Op_N (a^{1/2})φ_j ‖^2 ≤ 1 N N� j=1 h(θ_j )‖ Op_N (a^{1/2})φ_j ‖^2

(6.7)

≤ 1 N N� j=1 [h_K (θ_j ) + ϵ]‖ Op_N (a^{1/2})φ_j ‖^2

(6.8)

differ by less than

2ϵ sup h_K lim_{N→∞} 1 N N� j=1 ‖ Op_N (a^{1/2})φ_j ‖^2 ≤ 2ϵ sup h_K lim_{N→∞} 1 N Tr[Op_N (a^{1/2}) Op_N (a^{1/2})^†]

(6.9)

= 2ϵ sup h_K � M a dμ

(6.10)

which can be arbitrarily small for ϵ → 0. Thus

(6.11) lim_{N→∞} 1 N N� j=1 h(θ_j )‖ Op_N (a^{1/2})φ_j ‖^2 = ∞� ν=0 � D_ν

a dμ

�_1 0 h(θ) ρ_ν (θ) dθ.

A similar approximation argument shows that (6.11) holds also for all continuous h. In view of (6.5), the relation (6.11) is equivalent to (6.3). The assumption h ≥ 0 can be removed by using the linearity of (6.3) in h. □

7. Localisation The sequence ψ := {ψ_N }_{N∈I} of vectors ψ_N ∈ C^N − {0} is said to be semiclassically localised in the domain D if for every a ∈ C^∞(M) with a|_D = 0, we have

(7.1) lim_{N→∞}

⟨Op_N (a)ψ, ψ⟩ ‖ψ‖^2

= 0.

Theorem 7.1. Choose Φ as in Theorem 5.2, and let φ_1, . . . , φ_N ∈ C^N be an orthonormal basis of eigenstates of U_N (ϕ). Then there are set sequences J := {J_N }_{N∈I} and J^′ := {J^′_N }_{N∈I} with densities (7.2) Δ(J) = μ(D_0), Δ(J^′) = 1 − μ(D_0), such that

(i) for any a ∈ C^∞(M) with a|_{D0} = 0, lim N→∞ 1 N � j∈J_N

|⟨Op_N (a)φ_j , φ_j ⟩|^2 = 0;

(ii) for any a ∈ C^∞(M) with a|_{M−D0} = 0, lim N→∞ 1 N � j∈J^′_N

|⟨Op_N (a)φ_j , φ_j ⟩|^2 = 0.

Proof. For any given ϵ > 0, there is a constant K = K_ϵ such that

(7.3) μ

�_∞�

ν=K+1

D_ν � < ϵ.

Consider the following subset of S^1 = R/Z,

(7.4) Θ_ϵ := K� ν=1 n_ν −1�

k=0 � k n_ν

+ α_{Dν} − ϵ Kn_ν , k n_ν

+ α_{Dν} + ϵ Kn_ν � + Z.

We may construct a continuous function h = h_ϵ with values in [0, 1] such that

(7.5) h(θ) = � 1 if θ /∈ Θ_{2ϵ}, 0 if θ ∈ Θ_ϵ.

Consider the set J_{N,ϵ} of j, for which θ_j /∈ Θ_{2ϵ}. The corresponding set sequence J_ϵ = {J_{N,ϵ}}_{N∈I} has, in view of Weyl’s law (Theorem 5.2), density Δ(J_ϵ) = μ(D_0) + O(ϵ), where the implied constant is independent of K, since the measure of Θ_{2ϵ} is at most

(7.6) K� ν=1 n_ν −1�

k=0 4ϵ Kn_ν

= 4ϵ.

Now, � j∈J_{N,ϵ}

|⟨Op_N (a)φ_j , φ_j ⟩|^2 ≤ N� j=1 h(θ_j ) |⟨Op_N (a)φ_j , φ_j ⟩|^2

(7.7)

≤ N� j=1 h(θ_j ) ‖Op_N (a)φ_j ‖^2

(7.8)

= N� j=1 h(θ_j )⟨Op_N (|a|^2)φ_j , φ_j ⟩ + o_ϵ(N).

(7.9)

Hence, by Theorem 6.2,

(7.10) lim sup_{N→∞} 1 N � j∈J_{N,ϵ}

|⟨Op_N (a)φ_j , φ_j ⟩|^2 ≤ ∞� ν=0 � D_ν

|a|^2dμ

�_1 0 h(θ) ρ_ν (θ) dθ.

Now, under assumption (i) of the theorem,

(7.11) � D_0

|a|^2dμ = 0,

and furthermore

(7.12) K� ν=1 � D_ν

|a|^2dμ

�_1 0 h(θ) ρ_ν (θ) dθ = 0

since h is supported outside the support of ρ_1, . . . , ρ_K . For the remaining sum,

(7.13) � � � � ∞� ν=K+1 � D_ν

|a|^2dμ

�_1 0 h(θ) ρ_ν (θ) dθ � � � � ≤ � � � � ∞� ν=K+1 � D_ν

|a|^2dμ � � � � ≤ ϵ max |a|^2

by (7.3). Hence

(7.14) lim sup_{N→∞} 1 N � j∈J_{N,ϵ}

|⟨Op_N (a)φ_j , φ_j ⟩|^2 = O(ϵ)

with ϵ > 0 arbitrarily small. Therefore there is a sequence of values ϵ = ϵ_N such that ϵ_N → 0 as N → ∞, and

(7.15) lim sup_{N→∞} 1 N � j∈J_N

|⟨Op_N (a)φ_j , φ_j ⟩|^2 = 0

where J_N := J_{N,ϵN} . The proof for case (i) is complete.

As to case (ii), define J^′_{N,ϵ} as the set of j, for which θ_j ∈ Θ_ϵ. The corresponding set sequence J^′_ϵ = {J^′_{N,ϵ}}_{N∈I} has density Δ(J^′_ϵ) = 1 − μ(D_0) + O(ϵ), recall Weyl’s law (Theorem 5.2). Then, analogous to (7.10),

(7.16) lim sup_{N→∞} 1 N � j∈J^′_{N,ϵ}

|⟨Op_N (a)φ_j , φ_j ⟩|^2 ≤ ∞� ν=0 � D_ν

|a|^2dμ

�_1 0 [1 − h(θ)] ρ_ν (θ) dθ,

where all but the ν = 0 term vanish, since a|_{M−D0} = 0. So

(7.17) lim sup_{N→∞} 1 N � j∈J^′_{N,ϵ}

|⟨Op_N (a)φ_j , φ_j ⟩|^2 ≤ � D_0

|a|^2dμ

�_1 0 [1 − h(θ)] dθ = O(ϵ). □ Corollary 7.2. There are set sequences I := {I_N }_{N∈I} and I^′ := {I^′_N }_{N∈I} with densities (7.18) Δ(I) = μ(D_0), Δ(I^′) = 1 − μ(D_0), such that

(i) the eigenstates φ_j , j ∈ I_N , are semiclassically localised in D_0; (ii) the eigenstates φ_j , j ∈ I^′_N , are semiclassically localised in M − D_0.

Proof. This is a straightforward consequence of Theorem 7.1 and Chebyshev’s inequality. □

Theorem 7.3. If in addition to the assumptions of Theorem 7.1 the phases α_ν (ν = 1, 2, 3, . . .) are linearly independent over Q, then there are set sequences J^ν := {J^ν_N }_{N∈I} with densities (7.19) Δ(J^ν ) = μ(D_ν ) such that for any a ∈ C^∞(M) with a|_{Dν} = 0,

(7.20) lim_{N→∞} 1 N � j∈J^ν_N

|⟨Op_N (a)φ_j , φ_j ⟩|^2 = 0.

Proof. This follows from a slight modification of the proof of Theorem 7.1, where the set J^ν_N is approximated by the set J^ν_{N,ϵ} comprising those j for which

(7.21) θ_j ∈

n_ν −1�

k=0 � k n_ν

+ α_{Dν} − ϵδ Kn_ν , k n_ν

+ α_{Dν} + ϵδ Kn_ν � mod 1.

The crucial observation is that, by the linear independence of the α_ν over Q, there exists a δ = δ_{ϵ,K} > 0 small enough, such that sets corresponding to different ν = 1, 2, 3, . . . , K are disjoint. □

Thus, by Chebyshev’s inequality, for a subsequence of j ∈ J^ν_N of density μ(D_ν ) the eigenstates φ_j are semiclassically localised in D_ν .

8. Quantum ergodicity Let us now turn to the question of quantum ergodicity for maps which have one ergodic component D_0 and are periodic on a remaining countable collection D_1, D_2, . . . of domains. Examples of linked twist maps with this property are discussed in Section 3.3.

Theorem 8.1. Choose Φ as in Theorem 5.2, and suppose Φ acts ergodically on D_0. Let φ_1, . . . , φ_N ∈ C^N be an orthonormal basis of eigenstates of U_N (ϕ). Then, for any a ∈ C^∞(M),

(8.1) lim_{N→∞} 1 N � j∈J_N � � � �⟨OpN (a)φ^j , φ^j ⟩ − � D_0

a dμ � � � � 2 = 0.

Proof. We may assume without loss of generality that � D_0 a dμ = 0 and |a| ≤ 1. It is then sufficient to

show^8

(8.2) S_2(a, N) := 1 N � j∈J_N

|⟨Op_N (a)φ_j , φ_j ⟩|^2 → 0

as N → ∞.

For any given T ≥ 1, we may write (8.3) a = a_T + a^′_T + a^{bad}_T where

(i) a_T ∈ C^∞ has compact support contained in D_0 and the domain of continuity of Φ, Φ^2, . . . , Φ^T , and furthermore � a_T dμ = 0, |a_T | ≤ 1;

(ii) a^′_T ∈ C^∞ is supported inside M − D_0, and |a^′_T | ≤ 1; (iii) � M |a^{bad}_T |^2 dμ < T^{−1}.

By the triangle inequality, (8.4) S_2(a, N)^{1/2} ≤ S_2(a_T , N)^{1/2} + S_2(a^′_T , N)^{1/2} + S_2(a^{bad}_T , N)^{1/2} By Theorem 7.1, (8.5) lim_{N→∞} S_2(a^′_T , N) = 0.

Furthermore, by the Cauchy-Schwartz inequality,

S_2(a^{bad}_T , N) ≤ 1 N N� j=1 � Op_N (a^{bad}_T )φ_j

�_2 (8.6) = 1 N Tr Op_N (|a^{bad}_T |^2) + o_T (1)

(8.7)

and hence (8.8) lim sup_{N→∞} S_2(a^{bad}_T , N) < T^{−1}.

8The argument presented here is inspired by the proof of quantum ergodicity for cat maps [14, 37], cf. also [45].

As to the remaining term,

(8.9) S_2(a_T , N) = 1 N N� j=1 |⟨Op_N (a_T )φ_j , φ_j ⟩|^2,

it remains to be proved that the limsup of (8.9) can be made arbitrarily small for sufficiently large T . To this end define the ergodic average of a_T by

(8.10) a^T := 1 T T� n=1 a_T ∘ Φ^n.

Since φ_j are the eigenfunctions of U_N (Φ) we have

S_2(a_T , N) = 1 N N� j=1 � � � � 1 T T� n=1 � U_N (Φ)^{−n} Op_N (a_T )U_N (Φ)^nφ_j , φ_j � � � � � 2 (8.11)

≤ 1 N N� j=1 � � � 1 T T� n=1 U_N (Φ)^{−n} Op_N (a_T )U_N (Φ)^nφ_j � � � 2 (8.12)

= 1 N N� j=1 � �Op_N (a^T )φ_j � �^2 + o_T (1), (8.13)

by Assumption 2.2 (a). Now 1 N N� j=1 � �Op_N (a^T )φ_j � �^2 = 1 N N� j=1 ⟨Op_N (a^T )^† Op_N (a^T )φ_j , φ_j ⟩

(8.14)

= 1 N N� j=1 ⟨Op_N (|a^T |^2)φ_j , φ_j ⟩ + o_T (1)

(8.15) = � D_0

|a^T |^2dμ + o_T (1).

(8.16)

We have

(8.17) � D_0

|a^T |^2dμ

�_{1/2} ≤ � D_0

|a^T |^2dμ

�_{1/2} + � D_0

|a^{badT}_T |^2dμ

�_{1/2}

where

(8.18) a^T := 1 T T� n=1 a ∘ Φ^n, a^{badT}_T := 1 T T� n=1 a^{bad}_T ∘ Φ^n.

We have by Cauchy-Schwartz � D_0

|a^{badT}_T |^2dμ = 1 T^2 T� j,k=1 � D_0

(a^{bad}_T ∘ Φ^j )(a^{bad}_T ∘ Φ^k) dμ

(8.19)

≤ 1 T^2 T� j,k=1 � D_0

|a^{bad}_T ∘ Φ^j |^2 dμ

�_{1/2} �

D_0

|a^{bad}_T ∘ Φ^k|^2 dμ

�_{1/2} (8.20)

= � D_0

|a^{bad}_T |^2 dμ < 1 T , (8.21)

using the Φ-invariance of μ and assumption (iii). Therefore

(8.22) lim sup_{N→∞} S_2(a_T , N) ≤ � D_0

|a^T |^2dμ + O(T^{−1}).

Since Φ acts ergodically on D_0, we have a mean ergodic theorem for test functions a ∈ L^2(M), i.e.,

(8.23) lim_{T →∞} � D_0

|a^T |^2dμ = 0,

and hence lim sup_{N→∞} S_2(a_T , N) becomes arbitrarily small for T sufficiently large. □

Corollary 8.2. There is a set sequence I := {I_N }_{N∈I} with density Δ(I) = μ(D_0) such that

(8.24) ⟨Op_N (a)φ_j , φ_j ⟩ → � D_0

a dμ

for all j ∈ I_N , N → ∞.

Proof. Apply Chebyshev’s inequality with the variance given in (8.1). □

Acknowledgements

We thank A. Bäcker, M. van den Berg, E. Bogomolny, Y. Colin de Verdière, S. De Bièvre, F. Mezzadri, S. Nonnenmacher, J. Robbins, Z. Rudnick, R. Schubert, F. Vivaldi and A. Voros for very helpful discussions. This research is supported by EPSRC Research Grant GR/R67279/01, Royal Society Research Grant 22355, an EPSRC Advanced Research Fellowship, and the EC Research Training Network (Mathematical Aspects of Quantum Chaos) HPRN-CT-2000-00103.

References

[1] A. Bäcker, Numerical aspects of eigenvalue and eigenfunction computation for chaotic quantum systems, in: M. Degli Esposti and S. Graffi (Eds.), The mathematical aspects of quantum maps, pp. 91-144 (Springer, Berlin, 2003).

[2] H.P. Baltes and E.R. Hilf, Spectra of finite systems. A review of Weyl’s problem: the eigenvalue distribution of the wave equation for finite domains and its applications on the physics of small systems (Bibliographisches Institut, Mannheim-Vienna-Zurich, 1976).

[3] F. Benatti, V. Cappellini and F. Zertuche, Quantum dynamical entropies in discrete classical chaos, preprint arXiv:math-ph/0308033.

[4] M.V. Berry, Distribution of modes in fractal resonators, Structural stability in physics (Proc. Internat. Symposia Appl. Catastrophe Theory and Topological Concepts in Phys., Inst. Inform. Sci., Univ. Tübingen, Tübingen, 1978), pp. 51-53, Springer Ser. Synergetics 4 (Springer, Berlin, 1979).

[5] M.V. Berry, Some geometric aspects of wave motion: wavefront dislocations, diffraction catastrophes, diffractals, Geometry of the Laplace operator (Proc. Sympos. Pure Math., Univ. Hawaii, Honolulu, Hawaii, 1979), pp. 13-28, Proc. Sympos. Pure Math., XXXVI, (Amer. Math. Soc., Providence, R.I., 1980).

[6] B. Bonechi and S. De Bièvre, Controlling strong scarring for quantized ergodic toral automorphisms, Duke Math. J.

117 (2003) 571-587.

[7] D. Bosio and F. Vivaldi, Round-off errors and p-adic numbers, Nonlinearity 13 (2000) 309-322. [8] A. Bouzouina and S. De Bièvre, Equipartition of the eigenfunctions of quantized ergodic maps on the torus, Comm.

Math. Phys. 178 (1996) 83-105.

[9] A. Bouzouina and S. De Bièvre, Équidistribution des valeurs propres et ergodicité semi-classique de symplectomorphismes du tore quantifiés, C. R. Acad. Sci. Paris Sér. I Math. 326 (1998) 1021-1024.

[10] L.A. Bunimovich, Mushrooms and other billiards with divided phase space, Chaos 11 (2001) 802-808. [11] R. Burton and R.W. Easton, Ergodicity of linked twist maps, Global theory of dynamical systems (Proc. Internat.

Conf., Northwestern Univ., Evanston, Ill., 1979), pp. 35-49, Lecture Notes in Math. 819 (Springer, Berlin, 1980). [12] C.-H. Chang, T. Krüger, R. Schubert and S. Troubetzkoy, Quantizations of piecewise affine maps on the torus and their quantum limits, in preparation.

[13] Y. Colin de Verdière, Ergodicité et fonctions propres du laplacien, Comm. Math. Phys. 102 (1985) 497-502. [14] S. De Bièvre, Quantum chaos: a brief first visit, Contemp. Math. 289 (2001) 161-218. [15] S. De Bièvre and M. Degli Esposti, Egorov theorems and equidistribution of eigenfunctions for the quantized sawtooth and baker maps, Ann. Inst. H. Poincaré Phys. Théor. 69 (1998) 1-30.

[16] M. Degli Esposti and S. Graffi, Mathematical aspects of quantum maps, in: M. Degli Esposti and S. Graffi (Eds.), The mathematical aspects of quantum maps, pp. 49-90 (Springer, Berlin, 2003).

[17] M. Degli Esposti, S. Graffi and S. Isola, Classical limit of the quantized hyperbolic toral automorphisms, Comm.

Math. Phys. 167 (1995) 471-507.

[18] F. Faure, S. Nonnenmacher and S. De Bièvre, Scarred eigenstates for quantum cat maps of minimal periods, Comm.

Math. Phys. 239 (2003) 449-492.

[19] F. Faure and S. Nonnenmacher, On the maximal scarring for quantum cat map eigenstates, Comm. Math. Phys.

245 (2004) 201-214.

[20] P. Gérard and É. Leichtnam, Ergodic properties of eigenfunctions for the Dirichlet problem, Duke Math. J. 71 (1993) 559-607.

[21] V.A. Guillemin, A new proof of Weyl’s formula on the asymptotic distribution of eigenvalues, Adv. in Math. 55 (1985) 131-160.

[22] B. Helffer, A. Martinez and D. Robert, Ergodicité et limite semi-classique, Comm. Math. Phys. 109 (1987) 313-326. [23] R. Ketzmerick, L. Hufnagel, F. Steinbach and M. Weiss, New class of eigenstates in generic Hamiltonian systems, Phys. Rev. Lett. 85 (2000) 1214-1217.

[24] P. Kurlberg and Z. Rudnick, Hecke theory and equidistribution for the quantization of linear maps of the torus, Duke Math. J. 103 (2000) 47-77.

[25] P. Kurlberg and Z. Rudnick, On quantum ergodicity for linear maps of the torus, Comm. Math. Phys. 222 (2001) 201-227.

[26] M.L. Lapidus, Fractal drum, inverse spectral problems for elliptic operators and a partial resolution of the Weyl-Berry conjecture, Trans. Amer. Math. Soc. 325 (1991) 465-529.

[27] A. Lakshminarayan and N.L. Balazs, The classical and quantum mechanics of lazy baker maps, Ann. Physics 226 (1993) 350-373.

[28] E. Lindenstrauss, Invariant measures and arithmetic quantum unique ergodicity, preprint 2003. [29] J. Malovrh and T. Prosen, Spectral statistics of a system with sharply divided phase space, J. Phys. A 35 (2002) 2483-2490.

[30] J. Marklof and Z. Rudnick, Quantum unique ergodicity for parabolic maps, Geom. Funct. Anal. 10 (2000) 1554-1578. [31] P. Mattila, Geometry of sets and measures in Euclidean spaces. Fractals and rectifiability (Cambridge University Press, Cambridge, 1995).

[32] S. Molchanov and B. Vainberg, On spectral asymptotics for domains with fractal boundaries, Comm. Math. Phys.

183 (1997) 85-117.

[33] S. Nonnenmacher and A. Voros, Chaotic eigenfunctions in phase space, J. Statist. Phys. 92 (1998) 431-518. [34] S. O’Keefe, Quantum eigenstates of linked twist maps, PhD thesis, University of Bristol, in preparation. [35] I.C. Percival, Regular and irregular spectra, J. Phys. B 6 (1973) L229-L232.

[36] F. Przytycki, Ergodicity of toral linked twist mappings, Ann. Sci. École Norm. Sup. (4) 16 (1983) 345-354. [37] Z. Rudnick, On quantum unique ergodicity for linear maps of the torus, European Congress of Mathematics, Vol. II (Barcelona, 2000), 429-437, Progr. Math. 202 (Birkhäuser, Basel, 2001).

[38] P. Sarnak, Spectra of hyperbolic surfaces, Bull. Amer. Math. Soc. 40 (2003) 441-478. [39] A.I. Schnirelman, Ergodic properties of eigenfunctions, Uspehi Mat. Nauk 29 (1974) 181-182. [40] R. Schubert, Semiclassical Localisation in Phase Space (Dissertation, Universität Ulm, 2001). [41] T. Watson, Thesis, Princeton University (2002).

[42] H. Weyl, Über die asymptotische Verteilung der Eigenwerte, Nachr. Königl. Ges. Wiss. Göttingen (1911) 110-117. [43] H. Weyl, Das asymptotische Verteilungsgesetz der Eigenwerte linearer partieller Differentialgleichungen, Math. Ann.

141 (1912) 441-479.

[44] S. Zelditch, Uniform distribution of eigenfunctions on compact hyperbolic surfaces, Duke Math. J. 55 (1987) 919-941. [45] S. Zelditch, Quantum ergodicity of C^∗ dynamical systems, Comm. Math. Phys. 177 (1996) 507-528. [46] S. Zelditch, Index and dynamics of quantized contact transformations, Ann. Inst. Fourier (Grenoble) 47 (1997) 305-363.

[47] S. Zelditch and M. Zworski, Ergodicity of eigenfunctions for ergodic billiards, Comm. Math. Phys. 175 (1996) 673- 682.

School of Mathematics, University of Bristol, Bristol BS8 1TW, United Kingdom

j.marklof@bristol.ac.uk

stephen.okeefe@bristol.ac.uk