Graded cluster expansion for lattice systems

Lorenzo Bertini^1 Emilio N.M. Cirillo^2 Enzo Olivieri^3

1 Dipartimento di Matematica, Università di Roma La Sapienza Piazzale Aldo Moro 2, 00185 Roma, Italy E–mail: bertini@mat.uniroma1.it

2 Dipartimento Me. Mo. Mat., Università di Roma La Sapienza Via A. Scarpa 16, 00161 Roma, Italy E–mail: cirillo@dmmm.uniroma1.it

3 Dipartimento di Matematica, Università di Roma Tor Vergata Via della Ricerca Scientifica, 00133 Roma, Italy E–mail: olivieri@mat.uniroma2.it

Abstract In this paper we develop a general theory which provides a unified treatment of two apparently different problems. The weak Gibbs property of measures arising from the application of Renormalization Group maps and the mixing properties of disordered lattice systems in the Griffiths’ phase. We suppose that the system satisfies a mixing condition in a subset of the lattice whose complement is sparse enough namely, large regions are widely separated. We then show how it is possible to construct a convergent multi-scale cluster expansion.

MSC2000: 82B28; 82B44; 60K35.

Keywords and phrases. Lattice systems, Cluster expansion, Disordered systems, Renormalization group.

The authors acknowledge the support of Cofinanziamento MIUR.

1. Introduction In this paper we develop a general theory which provides a unified treatment of two apparently different problems: (i) the weak Gibbs property of measures arising from the application of Renormalization Group (RG) maps to Gibbs states of lattice systems and (ii) the mixing properties of disordered lattice systems in the so called Griffiths’ phase. Let us explain the main features of these issues.

1.1. Weak Gibbsianity of renormalized measures Renormalization group is a fundamental method in modern theoretical physics. It has been originally introduced to analyze scale invariant situations that are typical of statistical mechanical systems at their critical point. However it also exhibits its power for non–critical systems that deserve to be analyzed on appropriate scales, see [6, 23]. The RG maps are defined as follows.

Consider a d–dimensional lattice spin system (object system) whose state space is X := � x∈L X_x, where L := Z^d and each X_x is a copy of the same finite set X_0. We set L^{(ℓ)} := ℓZ^d, with ℓ ∈ N, and partition L as the disjoint union of ℓ–boxes L = � i∈L^{(ℓ)} Qℓ(i)

where Q_ℓ(i) is the cube of side length ℓ with i the site with smallest coordinates. Moreover, to each i ∈ L^{(ℓ)} we associate a renormalized spin m_i taking value in a finite state space M^{(ℓ)}_i , with each M^{(ℓ)}_i a copy of the same finite set M^{(ℓ)}_0 . We assign the normalized non– negative kernel T_ℓ(σ_{Qℓ(i)}, m_i) with σ_{Qℓ(i)} ∈ � x∈Q_ℓ(i) Xx and mi ∈ M (ℓ) i . Given a Gibbs measure (w.r.t. an absolutely summable potential, for instance a finite range potential) μ on X , the renormalized measure ν^{(ℓ)} on the renormalized space M^{(ℓ)} = � i∈L^{(ℓ)} M (ℓ) i is defined by its finite dimensional distributions

ν^{(ℓ)}(M^{(ℓ)} : M^{(ℓ)}_V = m_V ) = � σ∈X_Λ

μ(η : η_Λ = σ) � i∈V T_ℓ(σ_{Qℓ(i)}, m_i)

where V is a finite subset of L^{(ℓ)}, Λ := � i∈V Q_ℓ(i), X_Λ := � x∈Λ X_x, and m_V ∈ M^{(ℓ)}_V := � i∈V M^{(ℓ)}_i . We shall write ν^{(ℓ)} = T_ℓμ. For the usual choices of the kernel, the semigroup property holds, namely T_ℓT_ℓ′ = T_{ℓℓ}′ .

An easy example is the decimation transformation where M^{(ℓ)}_i = X_i, for all i ∈ L^{(ℓ)}, and T^{dec}_ℓ (σ_{Qℓ(i)}, m_i) = δ(σ_i − m_i); m_i, with i ∈ L^{(ℓ)}, are the “surviving spins.” Another important example is the Block Averaging Transformation (BAT) that we discuss in the case X_0 := {−1, +1}: for each i ∈ L^{(ℓ)} the single renormalized spin configuration space is M^{(ℓ)}_i = {−ℓ^d, −ℓ^d + 2, . . . , +ℓ^d} and T^{bat}_ℓ (σ_{Qℓ(i)}, m_i) = δ � � x∈Q_ℓ(i) σx − mi � . Theoretical reasons and many applications lead us to analyze the map on the potentials induced by the map T_ℓ that was defined on (infinite volume) measures. A preliminary condition is that the renormalized measure is Gibbsian in the Dobrushin–Lanford–Ruelle sense i.e., its conditional probabilities have the Gibbs form with respect to an absolutely summable potential that we call renormalized potential [10,22]. Another, hopefully equivalent, approach consists in defining at finite volume a map acting directly on the Hamiltonians in the following way. Given a box V ⊂⊂ L, let Λ := � i∈V Q_ℓ(i) be the corresponding box in L, X_Λ := X^Λ_0 = {−1, +1}^Λ, and −H_Λ the energy of the object system, we write e^{+H(ℓ)V (m)} = � σ∈X_Λ

e^{+HΛ(σ)} � i∈V T_ℓ(σ_{Qℓ(i)}, m_i)

where we have included in H the inverse temperature. Now the problem is to extract the potential from the renormalized Hamiltonian H^{(ℓ)}_V via a procedure still having a sense in the thermodynamic limit. For this purpose a crucial role is played by the so called constrained systems i.e., the object system conditioned on some fixed renormalized spin configuration. Given a renormalized spin configuration m ∈ M^{(ℓ)}_V , the constrained measure in Λ is defined by:

μ^{(ℓ)}_{m,Λ}(σ) = e^{+HΛ(σ)} � i∈V T_ℓ(σ_{Qℓ(i)}, m_i) � σ∈X_Λ

e^{+HΛ(σ)} � i∈V T_ℓ(σ_{Qℓ(i)}, m_i)

Note that the configuration m plays the role of a parameter. In the case of the decimation, μ^{(ℓ)}_{m,Λ} is nothing but the original Gibbs measure in the volume obtained by removing from Λ the set V of the surviving sites, conditioned to the configuration m on V .

As it has been shown in many examples, see [19], it may happen that ν^{(ℓ)} is not Gibbsian. Typically this pathology manifests itself as violation of quasi–locality, a necessary condition for Gibbsianity. More precisely, quasi–locality is a continuity property of the conditional probabilities consisting in a weak dependence on very far conditioning spins, see [19] for more details. This violation of quasi–locality, in turn, is often a consequence of a first order phase transition of a constrained model corresponding to a particular renormalized configuration m. On the positive side, to avoid the pathology of non–Gibbsianity, we need absence of phase transitions, in a very strong sense, of the constrained model for all possible values of m. For instance when the object system is in the high temperature regime, the usual perturbative expansion for the constrained models is sufficient to compute the renormalized potentials, see [8, 26, 28]. However, in order to get close to the critical point, certainly we have to use other, more powerful, perturbative theories.

We discuss, now, these different perturbative theories in the concrete case of systems above their critical temperature T_c. Usual high temperature expansions work only for temperatures T sufficiently larger than T_c; they basically involve perturbations around a universal reference system consisting of independent spins; in other words the small parameter is the inverse temperature and all interactions are expanded treating, in this way, every lattice system in the same manner. In [36, 37] another perturbative expansion has been introduced, around a non trivial model–dependent reference system, that we call scale–adapted expansion. The small parameter is no more β = 1/T but, rather, the ratio between the correlation length (at the given temperature T > T_c) and the length scale L at which we analyze our system. The geometrical objects (polymers) involved in the scale–adapted expansion live on scale length L whereas in the usual expansions they live on scale 1. Of course the smaller is T − T_c the larger has to be taken the length L.

A similar situation occurs for low temperature Ising ferromagnets at arbitrarily small but non zero magnetic field h. Now we have another characteristic length, beyond the correlation length, the critical length which is of order 1/h; it represents the minimal size of a droplet whose growth is energetically favorable and, at the same time, the minimal length required to screen the effect of a boundary condition opposite to the field. Thus in the part of the bulk far apart from the boundary more than the critical length, we see, uniformly in the boundary condition, the unique phase with magnetization parallel to the field. Also in this case of low temperature and not vanishing magnetic field we have to look at our system on a scale length L sufficiently larger than the critical length (at low temperature the correlation length is of order one).

The scale–adapted expansions are based on a suitable finite size condition saying, roughly speaking, that if we look at the Gibbs measure in a box of sufficiently large side length L, then, uniformly in the boundary conditions, the correlations between observables localized at distance of order L are smaller than L^{−2(d−1)}. It is proven in [36,37], that, for general short range lattice systems, assuming this finite size condition, we can construct a convergent cluster expansion implying, in particular, exponential decay of correlations for any volume Λ (finite or infinite) given as disjoint union of L–boxes, with a decay rate independent of Λ. We call this decay property strong mixing. Such a property implies uniqueness of the infinite volume Gibbs measure, we refer to [32, 36, 37] for more details. In some cases, like the two–dimensional standard Ising model in the uniqueness region, strong mixing has been theoretically proven, see [34, 39].

Starting from a strong mixing condition for the measure μ^{(ℓ)}m , uniform in the renormalized configuration m, it is possible to prove, using the scale–adapted perturbative expansion, the Gibbsianity of ν^{(ℓ)} by explicitly computing the renormalized potentials as convergent series, [2, 27]. In the particular case of BAT the condition on the constrained model can be deduced from a strong mixing property of the original model by using a strong form of the equivalence of ensembles [2, 9].

The philosophy behind the use of scale–adapted expansions to study RG maps is that one first fixes the thermodynamic parameters and consequently chooses the renormalization scale ℓ. It may happen that for a given scale ℓ and for particular values of the thermodynamic parameters a RG map is ill defined but, keeping fixed the thermodynamic parameters, provided one chooses a large enough renormalization scale ℓ, the pathology is removed. This is exactly the case for decimation transformation for a two–dimensional standard Ising model away from the coexistence line. In [19] it is proven that for any decimation scale ℓ there exist values of β and h such that the renormalized measure ν^{(ℓ),dec}_{β,h} is not Gibbsian; however in [33] it is shown that, given any β and h which, for some ℓ, give rise to the pathology, then, if one chooses, instead, a scale ℓ̄ sufficiently large in terms of β and h, the renormalized measure ν^{(ℓ̄),dec}_{β,h} becomes Gibbsian and actually the renormalized potential converges to zero as ℓ̄ goes to infinity. In [2], adopting this philosophy, the block averaging transformation on scale ℓ has been analyzed and it has been shown, in particular, that for the two–dimensional standard Ising model at any T > T_c and arbitrary h the renormalized measure ν^{(ℓ),bat}_{β,h} is Gibbsian for ℓ large enough. Moreover the renormalized potential converges, in a suitable sense, to the expected trivial fixed point as ℓ goes to infinity. In order to perturbatively study convergence properties of the iterates of the renormalization group maps, even far from criticality, the use of scale–adapted expansions on increasing scales appears therefore very natural.

We mention that there is another, stronger, notion of strong mixing originally introduced, for general short range lattice systems, by Dobrushin and Shlosman in [14, 15], before [36, 37]. It has been called by the authors complete analyticity: it consists in the exponential decay of correlations for all finite or infinite domains Λ (of arbitrary shape). This point of view contrasts the one of scale–adapted expansions. Indeed in Dobrushin– Shlosman’s approach there is no minimal scale length. Scale–adapted perturbative theory gives rise to a notion that has been called restricted complete analyticity or complete analyticity for regular domains; here “regular” means “multiple” of a sufficiently large box. Dobrushin and Shlosman also developed a finite size condition that involves all the possible subsets of a given, sufficiently large box and not just the box itself like [32]: for some respects Dobrushin–Shlosman’s approach could be still seen as a perturbative theory on scale one.

The standard Ising model for (i) d = 2 outside the closure of the coexistence line, (ii) d = 3, h ≠ 0, and T ≪ T_c, provides two examples where there is a diverging characteristic length as T → T_c and h → 0 respectively. In both cases restricted complete analyticity has been proven whereas complete analyticity in Dobrushin and Shlosman’s sense has not yet been proven in the case (i) and actually disproven in the case (ii) [32, 34, 39]. We finally note that an interesting direct proof of restricted complete analyticity, starting from a finite size condition similar to the one in [36, 37], has been established in [30] without the use of cluster expansion.

The physical interest of the above discussion in connection with RG maps lies in the possibility of well defining a renormalization map for potentials close to their critical point. Actually it is believed that even if the object system is critical it may happen that the constrained systems are in the one phase, weakly coupled regime, so that the renormalized potential is still well defined, see [1, 12, 27].

Let us go back to the discussion of the possible pathology of non–Gibbsianity. It frequently happens that the renormalized configuration m inducing non–Gibbsianity, via violation of quasi locality, is very atypical with respect to renormalized measure ν^{(ℓ)}. It is then natural and physically relevant to introduce a weaker notion of Gibbsianity by requiring that conditional probabilities are well behaved only ν^{(ℓ)} almost surely. More precisely weak Gibbsianity of ν^{(ℓ)} means the following: there exists a “good set” M̄^{(ℓ)} ⊂ M^{(ℓ)} with ν^{(ℓ)}(M̄^{(ℓ)}) = 1, such that for m ∈ M̄^{(ℓ)} the conditional probabilities of the measure ν^{(ℓ)} have the usual Gibbs form with respect to a potential {Φ^{(ℓ)}_I }_{I⊂⊂L}(ℓ) , Φ^{(ℓ)}_I : M^{(ℓ)}_I → R, satisfying the pointwise absolute summability: for each i ∈ L^{(ℓ)} and m ∈ M̄^{(ℓ)} we have � I∋i |Φ^{(ℓ)}_I (m_I )| < ∞, but not the usual uniform absolute summability namely, sup_{i∈L}(ℓ) � I∋i sup_{mI ∈M}(ℓ)_I |Φ^{(ℓ)}_I (m_I )| < ∞. The idea of looking at the weak Gibbs property goes back to Dobrushin [13]. It has subsequently developed in [17] and in many other papers, see for instance [7, 35]. The main point of weak Gibbsianity is the construction of the set M̄^{(ℓ)} of full ν^{(ℓ)} measure. The key property is that for m ∈ M̄^{(ℓ)} the “bad situations,” giving rise to long range correlations in μ^{(ℓ)}m , are very “sparse” namely, larger and larger bad regions are farther and farther apart.

We discuss in some detail the example of the block averaging transformation. It is known, see [19], that BAT for the Ising model at low temperature is non–Gibbsian because of violation of quasi locality induced by configuration m_i = 0 for all i ∈ L^{(ℓ)}. It is clear that any constrained system and in particular the one corresponding to m_i = 0 for all i does not depend at all on the value of the magnetic field h. On the other hand if h is different from zero the configuration m_i = 0 for all i is very unlikely with respect to the renormalized measure ν^{(ℓ)}. Therefore, with high ν^{(ℓ)} probability the regions with m_i = 0 are very sparse; however, with probability one there are arbitrarily large regions with bad magnetization m_i = 0. Inside these regions, the situation described by the constrained measure μ^{(ℓ)}m is close to a first order phase transition with long range order. This prevents a good Gibbsian behavior of conditional probabilities of ν^{(ℓ)} as well as estimates of the renormalized potential, uniform in the renormalized conditioning configuration m. Moreover it is reasonable to expect weak Gibbsianity of the renormalized system, indeed this is proven in [5].

1.2. Disordered systems and Griffiths’ singularity The above scenario, leading to the replacement of the notion of Gibbsianity with the one of weak Gibbsianity, is very similar to what happens for disordered systems in presence of the so called Griffiths’ singularity.

Let us consider the case of high temperature Ising–like spin glasses. They are described by the following formal Hamiltonian

H(σ) = − � x,y J_{x,y}σ_xσ_y − h � x σ_x, (1.1)

where σ_x ∈ {−1, +1}, J_{x,y}, for all x, y ∈ L := Z^d, are i.i.d. random variables, and h ∈ R. For the sake of simplicity we further specify the model by assuming J_{x,y} = 0 for |x − y| ≠ 1 and J_{x,y} ∼ N (0, 1), namely J_{x,y} are Gaussian independent random variables with mean zero and variance one. We denote by μ^{(J)} the Gibbs measure corresponding to the Hamiltonian (1.1). The “typical” (with respect to the disorder) interaction energy between neighboring spins is of order one so that for small inverse temperature β our random system is in the weak coupling regime. However, with probability one there are arbitrarily large regions where the random couplings J_{x,y} take large positive values giving rise, inside these regions, to the behavior of a low temperature ferromagnetic Ising system with long range order. For a similar case, the one of a low temperature ferromagnetic diluted Ising system, it has been shown, see [25, 40], that the infinite volume specific free energy is infinitely differentiable but not analytical in h. This is a sort of infinite order phase transition also called “Griffiths’ singularity”.

For a high temperature spin glass with unbounded random couplings a similar behavior is expected. We also expect exponential decay of correlations with a non–random decay rate but with a random unbounded prefactor. More precisely, let us denote by Ω the collection of all J := {J_{x,y}, x, y ∈ L, |x − y| = 1}; in the above conditions we expect that there exist m > 0 and a set Ω̄ ⊂ Ω of full measure such that for all J ∈ Ω̄, there exists a positive real C(J) such that the spin correlations have the following bound � �μ^{(J)}(σ_x; σ_y) � � ≤ C(J) exp{−m|x − y|} (1.2)

There are several approaches to the study of disordered systems in the above regime; let us just quote the two papers [18, 20]. In [18] a very elegant method is presented proving, in particular, that (1.2) holds for some C(J) having bounded expectations. The set of full measure where C(J) are bounded is not explicitly constructed; this method does not make use of the cluster expansion but there are some restrictions to its applicability; however the case of high temperature Ising spin glass is covered. In [20], that appeared several years before [18], a more powerful and more widely applicable method is presented, involving a graded cluster expansion. The set of full measure Ω̄ is explicitly constructed; indeed its construction makes use of a multi–scale analysis similar to the one introduced in [21] to study the Anderson localization. It emerges from the analysis developed in [20], based on a hierarchy of “scales of badness” that, with high probability, larger and larger bad regions are farther and farther apart and the largest scale of badness seen close to the origin is finite. The theory developed in [20] gives rise directly to estimates valid with probability one and requires very mild assumptions on the probability distribution of random couplings.

However it is important to remark that in the perturbative theory developed in [20] the first length scale of the hierarchy is one. This restricts its applicability to the regime of high temperature or large magnetic field.

1.3. A graded cluster expansion To analyze disordered systems close to criticality, we need an approach based on scale– adapted expansions. This is inspired by the approach in [20] with the first step being a scale–adapted expansion, as in [36, 37], instead of a high temperature expansion. To describe its application suppose, for example, to consider the case of small random perturbations a ferromagnetic system at a given temperature larger but arbitrarily close to the critical value. To be concrete consider a ferromagnetic two dimensional Ising system with zero magnetic field and coupling constants given by i.i.d. random variables for different bonds with distribution J = � 1 with probability 1 − p J_0 with probability p

(1.3)

Fix a temperature T slightly larger than the critical value T_c corresponding to a deterministic system with coupling constant one. To our knowledge the above described situation has never been studied in the literature. We expect the following result [4]: given T > T_c there exists p > 0 such that for any arbitrarily large J_0 ≤ +∞ we can construct a convergent graded cluster expansion implying, in particular, the decay property (1.2).

We also mention that, adapting the methods in [30], an effective finite size condition involving the quenched expectation of correlations can be obtained [31].

It is also clear that, when studying weak Gibbsianity of renormalized measures, in order to compute renormalized potentials as convergent series, we need a complete theory based on graded cluster expansion since the methods developed in [18], which avoid the use of cluster expansion, are not sufficient for this purpose. On the other hand it is also clear that if we want to study weak Gibbsianity only assuming strong mixing, in particular for systems close to criticality and/or to study convergence properties of the iterates of RG maps, we need to consider a graded cluster expansion whose first scale is not one but, rather, depends on the parameters. In other words we have necessarily to make use of scale–adapted cluster expansion to treat the first step in the hierarchy of badness.

In [5] we study the BAT transformation only assuming strong mixing of the object system. In the framework of a graded cluster expansion, with a sufficiently large minimal scale length, using scale–adapted expansion to treat the first step of the hierarchy, we establish the weak Gibbsianity of the renormalized measure. Moreover we show, in a suitable sense, convergence to a (trivial) fixed point of renormalized potential as the RG scale ℓ goes to infinity. Our results apply to the two–dimensional Ising model in the uniqueness region i.e., for h ≠ 0 or h = 0, T > T_c and, in particular below T_c where non–Gibbsianity has been proven in [19]. At the moment we are not able to cover the case h = 0, T < T_c.

In [35] as well as in [7] the authors establish weak Gibbsianity for measures arising from the application of general decimation transformations to a low temperature Ising or Pirogov–Sinai system. They have to analyze constrained systems on arbitrarily large scales but they have to choose a sufficiently low temperature and their minimal length is of order one. Therefore their methods work only very far below the critical point.

In both papers the authors first fix the scale ℓ of RG transformation and then choose a sufficiently low temperature. In particular they both have to choose lower and lower temperatures starting from larger and larger RG scales. This behavior is not in agreement with the general RG philosophy. In [38] this anomaly is fixed, as it is shown that at a given sufficiently low temperature is enough to get weak Gibbsianity for all large enough scales. This approach is still based on a low temperature expansion and it is neither suited to approach the critical point nor to study convergence properties of the iterates of RG maps.

1.4. Synopsis and table of contents In the present paper we construct the graded cluster expansion that will be used to treat weak Gibbsianity for the block averaging transformation [5] and disordered systems in the Griffiths’ phase [4]. Here there is no random disorder in the interactions; however, we suppose deterministically possible to analyze the bad interactions on suitable increasing scale lengths. We treat iteratively the regions of increasing badness and prove convergence of the expansion on the basis of suitable assumptions on the potential in the good region and sufficient “sparseness” of bad regions. In [5] we prove that, with probability one with respect to the disorder or to the renormalized spin configuration, the situation is the one deterministically assumed in the present paper.

The assumption that the system is weakly coupled on the complement of the bad region of the lattice namely, the good part, is here formalized by the following assumption. Let Δ be a finite subset of the good region and Z_Δ(σ) be the partition function in Δ with boundary condition σ. We assume

log Z_Δ(σ) = � X∩Δ≠∅

V_{X,Δ}(σ) (1.4)

where the effective potential V_{X,Δ} satisfies the following conditions.

(a) Given a finite subset X ⊂ Z^d the functions V_{X,Δ} are constant w.r.t. Δ for the sets Δ with a fixed intersection with X.

(b) The functions V_{X,Δ} have a suitable decay property w.r.t. X uniformly in Δ and σ.

The expression (1.4) can be obtained via cluster expansion in the weak coupling (high temperature and/or small activity) region but it also holds in the more general situation of the scale–adapted cluster expansion discussed before. In the latter case it holds provided the volume Δ is a disjoint union of cubes whose side length equals the scale L of the expansion. We also note that, whenever the good region extends to the whole lattice, (1.4) implies one of the Dobrushin–Shlosman complete analyticity conditions [16] namely, Condition IVa, see [3]. In the applications we discussed above condition (1.4) will be derived via a scale–adapted cluster expansion and therefore it will hold only for volumes Δ which are disjoint unions of cubes whose side length equals the scale L of the expansion. However, by rescaling the lattice and redefining the single spin state space we reduce to the case in which (1.4) holds for any finite subset Δ of the good region, which is the basic assumption of the present paper.

The main result concerns an expression, similar to (1.4), of the logarithm of the partition function on a generic finite subset of the whole lattice, possibly intersecting its bad region. Its characteristic feature, with respect to a usual low activity expansion, is that here polymers are geometrical objects living on arbitrarily large scale. This rules out the possibility to prove analyticity of the infinite volume free energy but would allow to prove infinite differentiability and exponential tree decay of semi–invariants [3] with an unbounded prefactor as it is typical of Griffiths’ phase. The proof is achieved by using condition (1.4) to integrate over the good region and by using the multi–scale geometry of the bad regions to recursively compute the effective interaction among them, i.e. to recursively integrate over the bad spins.

This paper is organized as follows: in Section 2 we introduce the model and state our results in Theorems 2.5 and 2.6. The latter, whose proof is based on the cluster expansion of the logarithm of the partition function provided by the former, states the exponential decay of the semi–invariants for suitable local functions. The proof of Theorem 2.5 is achieved via the graded cluster expansion whose basic setup is introduced in Section 3; there we also state the related technical result in Theorem 3.2, whose proof is split into two parts: the algebraic structure of the computation is provided in Section 4, while all convergence issues are discussed in Section 5. The proof of Theorem 3.2 is completed at the end of Section 5. The Theorems 2.5 and 2.6 are finally proven in Section 6.

2. Notation and results In this Section we introduce the general framework, define precisely the model we shall consider, and state our main results. Given a, b ∈ R we adopt the usual notation a ∧ b := min{a, b} and a ∨ b := max{a, b}. Given a set A we let |A| be its cardinality.

2.1. The lattice For x = (x_1, · · · , x_d) ∈ R^d we let |x|_1 :=

�_d k=1 |x_k| and |x|_∞ := sup_{k=1,··· ,d} |x_k|. The spatial structure is modeled by the d–dimensional cubic lattice L := Z^d in which we let e_i, i = 1, . . . , d be the coordinate unit vectors. We use X^c := L \ X to denote the complement of X ⊂ L. We use X ⊂⊂ L to indicate that |X| is finite. On L we consider the distances d_1(x, y) := |x − y|_1 and d_∞(x, y) := |x − y|_∞ for x, y ∈ L. As usual for X, Y ⊂ L we set d_1(X, Y ) := inf{d_1(x, y), x ∈ X, y ∈ Y }, d_∞(X, Y ) := inf{d_∞(x, y), x ∈ X, y ∈ Y }, diam_1(X) := sup{d_1(x, x^′), x, x^′ ∈ X}, and diam_∞(X) := sup{d_∞(x, x^′), x, x^′ ∈ X}. Moreover, given r ≥ 1 and X ⊂ L we let ∂_rX := {x ∉ X : d_∞(x, X) ≤ r} be the r–external boundary of X and X := X ∪ ∂_rX be the r–closure of X.

For x ∈ L and m a positive real we let Q_m(x) := {y ∈ L : x_i ≤ y_i ≤ x_i + (m − 1), ∀i = 1, . . . , d} the cube of side length m with x the site with smallest coordinates and B_m(x) := {y ∈ L : d_1(y, x) ≤ m} the ball of side length 2m + 1 centered at x. We shall denote Q_m(0), resp. B_m(0), simply by Q_m, resp. B_m. For each X ⊂⊂ L we denote by Q(X) ⊂⊂ L the smallest parallelepiped, with axes parallel to the coordinate directions, containing X.

2.2. The configuration space For some applications, for instance the block averaging transformation, we have to deal with systems in which even the single spin space is not translationally invariant. We introduce the basic notation. We suppose given a collection of strictly positive integers

S_x, x ∈ L, such that S := sup_x S_x < +∞. The single spin configuration space is given by a finite set S_x, |S_x| = S_x+1, where x ∈ L. We identify S_x with {0, 1, . . . , S_x} which we endow with the discrete topology. The configuration space in Λ ⊂ L is S_Λ ≡ S(Λ) := ⊗_{x∈Λ}S_x. Finally, the configuration space in L is S := ⊗_{x∈L}S_x, equipped with the product topology. Elements of S, called configurations, are denoted by σ, τ, η, . . . . The integer σ_x ≡ σ(x) is called value of the spin at the site x. For Λ ⊂ L and σ ∈ S we denote by σ_Λ the restriction of σ to Λ. We denote by F the Borel σ–algebra of S and, for each Λ ⊂ L, we set F_Λ := σ{σ_x, x ∈ Λ} ⊂ F.

Let m be a positive integer and Λ_1, . . . , Λ_m ⊂ L be pairwise disjoint subsets of L; if σ_i ∈ S_{Λi} , i = 1, . . . , m, we denote by σ_1σ_2 · · · σ_m the configuration in S_{Λ1∪···∪Λm} given by σ_1σ_2 · · · σ_m(x) :=

�_m i=1 1I_{{x∈Λi}}σ_i(x), x ∈ Λ_1 ∪ · · · ∪ Λ_m.

A function f : S → R is called a local function if and only if there exists Λ ⊂⊂ L such that f ∈ F_Λ, namely f is F_Λ–measurable for some finite set Λ. For f a local function we shall denote by supp(f), the so called support of f, the smallest Λ ⊂⊂ L such that f ∈ F_Λ. If f ∈ F_Λ we shall sometimes misuse the notation by writing f(σ_Λ) for f(σ). For f ∈ F we let ‖f‖_∞ := sup_{σ∈S} |f(σ)| be the sup norm of f.

2.3. The Gibbs state A potential U is a collection of local functions on S labelled by finite subsets of L, namely U := {U_X ∈ F_X , X ⊂⊂ L}. We shall consider finite range potential i.e., there exists a real R ≥ 0, called range, such that U_X = 0 if diam_1(X) > R. We, finally, introduce the norm ‖U‖ := sup_{x∈L} � X∋x ‖U_X ‖_∞. In the sequel we shall always understand that the real r appearing in the definition of the boundary ∂_rX of X ⊂ L is chosen so that r ≥ R. We remark that we do not require the potential to be translationally invariant.

Let Λ ⊂⊂ L, σ ∈ S and consider the Hamiltonian

H_Λ(σ) := � X∩Λ≠∅

U_X (σ) (2.1)

In this paper we shall consider only finite volume Gibbs measures defined as follows: let τ ∈ S, the finite volume Gibbs measure μ^τ_Λ, with boundary condition τ, is the probability measure on S_Λ given by

μ^τ_Λ(σ) := 1 Z_Λ(τ) exp{+H_Λ(σ_Λτ_Λc )} (2.2)

where Z_Λ ∈ F_Λc , called the partition function, is the normalization constant. Note that we have defined the Gibbs measure with a sign convention opposite to the usual one.

2.4. All’s well . . .

Our aim is the computation of the partition function Z_Λ(τ) under the hypotheses that the Gibbs random field is weakly coupled only on a part of the lattice, that will be called good and denoted by G_0, under suitable geometric conditions on such G_0. We shall assume the system admits a convergent cluster expansion in G_0 with a suitable tree decay of the effective potential among the spins in L \ G_0 and resulting from the integration in G_0.

Let E := {{x, y}, x, y ∈ L : d_1(x, y) = 1} the collection of edges in L. Note that, according to our definitions, the edges are parallel to the coordinate directions. We say that two edges e, e^′ ∈ E are connected if and only if e ∩ e^′ ≠ ∅. A subset (V, E) ⊂ (L, E) is said to be connected iff for each pair x, y ∈ V , with x ≠ y, there exists in E a path of connected edges joining them. We agree that if |V | = 1 then (V, ∅) is connected. For X ⊂⊂ L we then set

T(X) := inf {|E| , (V, E) ⊂ (L, E) is connected and V ⊃ X} (2.3)

Note that T(X) = 0 if |X| = 1. We remark that for each x, y ∈ L we have T({x, y}) = d_1(x, y).

Condition 2.1. Given G_0 ⊂ L, we assume that for each Λ ⊂⊂ L and σ ∈ S we have the expansion

Z_{Λ∩G0} (σ) := � η∈S(Λ∩G_0) exp � H_{Λ∩G0} (ησ_{(Λ∩G0)}c ) � = exp � � X∩Λ≠∅

V_{X,Λ}(σ) � (2.4)

for suitable local functions V_{X,Λ} : S → R satisfying the following properties

1. given Λ, Λ^′ ⊂⊂ L if X ∩ Λ = X ∩ Λ^′ then V_{X,Λ} = V_{X,Λ}′ ;

2. V_{X,Λ} ∈ F_{X∩(Λ∩G0)}c ;

3. V_{X,Λ} = 0 if X ∩ � Λ �_c ≠ ∅.

Moreover, the effective potential V_Λ := {V_{X,Λ}, X ∩Λ ≠ ∅} can be bounded as follows: there are reals α > 0 and A < ∞ such that

sup_{x∈L} � X∋x e^{αT(X)} sup_{Λ⊂⊂L:}

Λ∩X≠∅

‖V_{X,Λ}‖_∞ ≤ A (2.5)

We recall that our aim is to cluster expand log Z_Λ(τ) with Λ ⊂⊂ L and τ ∈ S. Given Λ ⊂⊂ L, we first apply (2.4) to the configuration σ_Λτ_Λc and then we integrate on the variables σ_{Λ\(Λ∩G0 )}.

2.5. . . . or sparse . . .

We shall not make any assumption on the behavior of the Gibbs field on the complement of the good part, namely the bad part of the lattice B_0 := L \ G_0, but we shall require that the bad sites are sparse enough. We start from the partition L = G_0 ∪ B_0 of the lattice in good and bad sites. Although such a sharp classification seems to be the reason for the never ending popularity of most American movies, it is not sufficient to our purposes. Let us forget about the good sites and look more closely at the bad ones. Some of them are not really bad, they are just bad guys far away from all the other bad sites (only close enough bad individuals form a dangerous gang). We are not really allowed to call such a behavior bad and we say they are gentle (more precisely 1–gentle). We next forget also about the 1–gentle sites and look at the remaining ones, which we call 1–bad. Even among them some are not so bad, after all. Maybe we have just a small group of bad guys very far away from all the 1–bad sites; those are called 2–gentle. Proceeding in such a way we construct a multi–scale classification of the sites and we also suppose a happy ending: there are no ∞–bad guys. We formalize the above discussion in the following Definitions.

Definition 2.2. We say that two strictly increasing sequences Γ = {Γ_j}_{j≥0} and γ = {γ_j}_{j≥0} are steep scales iff they satisfy the following conditions:

1. Γ_0 = 0, γ_0 ≥ 0, Γ_1 ≥ 2, γ_1 > r ≥ R, and Γ_j < γ_j/2 for any j ≥ 1.

2. For j ≥ 0 set ϑ_j := j� i=0 (Γ_i + γ_i) and λ := inf_{j≥0}(Γ_{j+1}/ϑ_j ); then λ > 7.

3. We have ∞� j=0 Γ_j γ_j ≤ 1 2 where we understand Γ_0/γ_0 = 0 even in the case γ_0 = 0.

It is useful to remark that from items 2 and 3 above we get that

ϑ_j ≤ γ_j � 1 + � 1 + 1 λ �^∞� i=1 Γ_i γ_i � ≤ 2γ_j, for any j ≥ 0 (2.6)

Indeed, from item 2 it follows γ_j ≤ Γ_{j+1}/λ; hence for j ≥ 1 we have

ϑ_j = γ_j

�_j� i=0 Γ_i γ_j

+ 1 + j−1� i=0 γ_i γ_j �

≤ γ_j � 1 + j� i=0 Γ_i γ_i + 1 λ j−1� i=0 Γ_{i+1} γ_{i+1} � ≤ γ_j � 1 + 1 2 + 1 2λ �

Remark 2.3. We note that the Conditions 2 and 3 in the above definition, force a superexponential growth of the sequences Γ and γ. It is easy to show that, given β ≥ 9 ∨ (4/9) log(8r), the sequences Γ_0 = γ_0 := 0,

Γ_k := e^{(β+1)(3/2)k} and γ_k := 1 8 e^{β(3/2)k+1} for k ≥ 1 (2.7)

provide an example of steep scales.

Definition 2.4. We say that G := {G_j }_{j≥0}, where each G_j is a collection of finite subsets of L, is a graded disintegration of L iff

1. for each g ∈ � j≥0 G_j there exists a unique j ≥ 0, which is called the grade of g, such that g ∈ G_j ;

2. the collection � j≥0 G_j of finite subsets of L is a partition of the lattice L namely, it is a collection of not empty pairwise disjoint finite subsets of L such that � j≥0 � g∈G_j

g = L. (2.8)

Given G_0 ⊂ L and Γ, γ steep scales, we say that a graded disintegration G is a gentle disintegration of L with respect to G_0, Γ, γ iff the following recursive conditions hold:

3. G_0 = � {x}, x ∈ G_0 � ; 4. if g ∈ G_j then diam_1(g) ≤ Γ_j for any j ≥ 1;

5. set G_j := � g∈G_j g ⊂ L, B0 := L \ G0 and Bj := Bj−1 \ Gj , then for any g ∈ Gj we

have d_1 (g, B_{j−1} \ g) > γ_j for any j ≥ 1;

6. for each x ∈ L we have k_x := sup � j ≥ 1 : ∃g ∈ G_j such that d_∞(x, Q(g)) ≤ ϑ_j � < ∞, where we recall Q(g) has been defined at the end of Section 2.1.

Sites in G_0 (resp. B_0) are called good (resp. bad); similarly we call j–gentle (resp. j–bad) the sites in G_j (resp. B_j ). Elements of G_j, with j ≥ 1, are called j–gentle atoms. Finally, we set G_{≥j} := � i≥j G_i.

For G ⊂ G_{≥0} we define ^G := � g∈G g ⊂ L; note that ^G_j = G_j and �{g} = g. Given the integers j ≥ 0, s ≥ 0 and G ⊂⊂ G_{≥j} , such that G ∩ G_j ≠ ∅, we define

Y_s(G) := � x ∈ L : d_∞(x, Q( ^G)) ≤ ϑ_j + s � (2.9)

Moreover for each s ≥ 0 we set y_s(G) := Y_s(G)\Y_{s−1}(G) where we understand Y_{−1}(G) = ∅.

2.6. . . . that ends well As discussed before, our aim is to prove that, under Condition 2.1 on the good part of the lattice and the sparseness condition formulated in Definitions 2.2 and 2.4 of the bad part of the lattice, the system admits a convergent cluster expansion. We set

a := 4d 9(44)^{1/d}

, q := 1 2^5 3^2

, and ϱ := � 1 1 − q � 1 + 1 α log A � ∨ 0 (2.10)

where we recall α and A are the parameters in Condition 2.1.

Theorem 2.5. Suppose Condition 2.1 holds with α > 0 and A < +∞ for some G_0 ⊂ L. Assume also that for such G_0 there exist steep scales γ, Γ and a gentle disintegration G of L with respect to G_0, Γ, γ as in Definition 2.4. Finally assume the scales Γ, γ are such that

1. we have Γ_1 > max{4(1 + log 3)/α, (8d)^3/(2a)};

2. we have A(Γ_j + 1)^de^{−αγj /4} ≤ 1 for any j ≥ 1;

3. we have ∞� j=1 8d a^{1/3} 1 γ^{1/3}_j ≤ α 32 ;

4. for each j ≥ 1 we have γ_j ≥ � j d �_{3/2} a^{1/2}.

Then, for each X, Λ ⊂⊂ L there exist functions Ψ_{X,Λ}, Φ_{X,Λ} ∈ F_{X∩Λ}c such that the following statements hold.

1. For each Λ ⊂⊂ L we have the totally convergent expansion

log Z_Λ(τ) = � X∩Λ≠∅

[Ψ_{X,Λ}(τ) + Φ_{X,Λ}(τ)] (2.11)

2. Let Λ, Λ^′ ⊂⊂ L, for each X ⊂⊂ L such that X ∩ Λ = X ∩ Λ^′ we have that Ψ_{X,Λ} = Ψ_{X,Λ}′ and Φ_{X,Λ} = Φ_{X,Λ}′ .

3. Let X, Λ ⊂⊂ L, if diam_∞(X) > ϱ and there exists no g ∈ G_{≥1} such that Y_0(g) = X then Ψ_{X,Λ} = 0. Moreover for each x ∈ L, recalling the integer k_x has been introduced in item 6 of Definition 2.4, � X∋x sup_{Λ⊂⊂L} ‖Ψ_{X,Λ}‖_∞ ≤ A+k_x(Γ_{kx} +1+2ϑ_{kx} )^{2d} � log S+‖U‖+k_x(1∨A)(8^d +1) � (2.12)

4. We have

sup_{x∈L} � X∋x e^{qαdiam∞(X)} sup_{Λ⊂⊂L} ‖Φ_{X,Λ}‖_∞ ≤ e^{−α} + e^{−qαγ1}

�1 + e−qα/(2d)

1 − e^{−qα/(2d)}

�_d

(2.13)

Remark. We note that for β large enough, depending on A and α, the steep scales defined in Remark 2.3 do satisfy items 1–4 in the hypotheses of Theorem 2.5.

We next discuss the exponential decay of correlations which will be a simple consequence of the expansion in Theorem 2.5. We stress that the decay of correlations cannot hold for all pairs of local functions; for instance, if their supports are contained in the same gentle atom, a possible long range order inside the atom itself could prevent such a decay. Our result essentially states the exponential decay of correlations except for such a case. In order to state this result we need few more definitions: let Λ ⊂⊂ L, n ≥ 2 an integer, f_1, . . . , f_n local functions such that supp(f_i) ⊂ Λ for i = 1, . . . , n, t_1, . . . , t_n ∈ R, and τ ∈ S; we define

Z_Λ � τ; t_1, . . . , t_n � := μ^τ_Λ � exp �^n� i=1 t_if_i � (2.14)

The semi–invariant of f_1, . . . , f_n with respect to the finite volume Gibbs measure μ^τ_Λ is defined as

μ^τ_Λ � f_1; · · · ; f_n � := ∂^n log Z_Λ � τ; t_1, . . . , t_n) ∂t_1 · · · ∂t_n � � � �_{t1=···=tn=0}

(2.15)

note that for n = 2 we have μ^τ_Λ � f_1; f_2 � = μ^τ_Λ � f_1 f_2 � −μ^τ_Λ � f_1)μ^τ_Λ � f_2) namely, the covariance between f_1 and f_2. Let us denote, moreover, by (V_n, E_n) the graph obtained from (L, E) by contracting each supp(f_i), i = 1, . . . , n, to a single point namely, V_n := [L\

�_n i=1 supp(f_i)]∪ �_n

i=1{supp(f_i)}, E_n := {{v, v^′}, v, v^′ ∈ V_n : d_1(v, v^′) = 1}, and set T � f_1; . . . ; f_n � := inf � |E|, (V, E) ⊂ (V_n, E_n) connected and V ⊃ n� i=1 {supp(f_i)} � (2.16)

Theorem 2.6. Suppose the hypotheses of Theorem 2.5 are satisfied. Let n ∈ N and f_1, . . . , f_n local functions such that the following conditions are satisfied:

1. for each i ≠ j ∈ {1, . . . , n} we have d_1(supp(f_i), supp(f_j )) > r ≥ R;

2. for each i ≠ j ∈ {1, . . . , n} there is no g ∈ G_{≥1} such that Y_0(g) ∩ supp(f_i) ≠ ∅ and Y_0(g) ∩ supp(f_j) ≠ ∅.

Then, there exist a real M = M(A, α, d, n; | supp(f_1)|, . . . , | supp(f_n)|) < +∞ such that � �μ^τ_Λ(f_1; . . . ; f_n) � � ≤ M n� i=1 μ^τ_Λ(|f_i|) exp � − qα n − 1

T (f_1; . . . ; f_n) � (2.17)

for any τ ∈ S and any Λ ⊂⊂ L such that Λ ⊃ supp(f_i), i = 1, . . . , n.

3. The graded cluster expansion In this section we introduce our main technique, the graded cluster expansion, and state the related abstract results. It will be convenient to introduce the following notion.

Definition 3.1. Given X, V ⊂⊂ L and the family F := {f_Λ : S → R, Λ ⊂⊂ L}, we say that F is (X, V )–compatible iff

1. for each Λ, Λ^′ ⊂⊂ L we have that X ∩ Λ = X ∩ Λ^′ implies f_Λ = f_Λ′ ;

2. the function f_Λ is F_{(X∩Λ}c_{)∪V} –measurable.

In other words the family {f_Λ, Λ ⊂⊂ L} is (X, V )–compatible if and only if f_Λ does not change when Λ is varied outside X and it depends only on the configuration inside V and the part of X intersecting Λ^c.

We suppose that G, as in Definition 2.4, is a gentle disintegration of the lattice L with respect to G_0, Γ, γ. We recall that a j–gentle atom g ∈ G_j is a finite subset of L. If G ⊂⊂ G_{≥1} by |G| we always mean the cardinality of G as a subset of G_{≥1} i.e., the number of elements g ∈ G_{≥1} in G. On the other hand, if g ∈ G_{≥1} then |g| denotes the cardinality of g as a subset of L, but note that |{g}| = 1. The building bricks of our polymers are finite subsets of G_{≥1}. From now on s will always denote a positive integer.

Given X ⊂⊂ L we let ξ(X) be the collection of the gentle atoms intersecting X namely, ξ(X) := {g ∈ G_{≥1} : g ∩ X ≠ ∅} ⊂⊂ G_{≥1} (3.1)

At scale j the relevant notion of connectedness is the following. Given G, G^′ ⊂ G_{≥j} we say they are j–connected, and write G^j←→ G^′, iff G ∩ G^′ ∩ G_j ≠ ∅. A system G_1, . . . , G_k with G_h ⊂ G_{≥j} is said to be j–connected iff for each h, h^′ ∈ {1, . . . , k} there exist h_1, . . . , h_m ∈ {1, . . . , k} such that G_h = G_{h1}^j←→ G_{h2}^j←→ · · ·^j←→ G_{hm} = G_h′ . We are now ready to define the polymers at scale j namely, we set

R_j := � k≥1 � {(G_1, s_1), · · · , (G_k, s_k)}, where G_h ⊂ G_{≥j} , s_h ≥ 0, for h = 1, . . . , k, and the system G_1, . . . , G_k is j–connected

� (3.2)

Elements of R_j will be called j–polymers. Given a j–polymer R = {(G_1, s_1), . . . , (G_k, s_k)} and i ≥ j we set R ↾_i :=

�_k h=1 G_h ∩ G_i ⊂⊂ G_i and R ↾_{≥i} := � i^′≥i R ↾ i^′ ⊂⊂ G≥i. We also

introduce the support of the polymer

supp R := k� h=1 Y_{sh} (G_h) ⊂⊂ L (3.3)

We remark that a set G ⊂ G_{≥1}, with |G| = n > 1, can be viewed as an n–body link, while G = {g}, with g ∈ G_{≥1} corresponds to one body. A pair (G, s) has to be thought as a pair made of the link G and the parallelepiped Y_s(G). The latter represents an “s–extended” support of the bond G. Thus the bricks of a polymer R namely, the pairs (G_h, s_h), can be viewed as the parallelepipeds Y_{sh} (G_h) whose connectedness properties rely only upon the links G_h. The support of the polymer R, on the other hand, whose interest will become clear in the sequel, is defined as the union of the s_h–extended supports Y_{sh} (G_h).

Given two j–polymers R, S ∈ R_j we say they are j–compatible, and write R comp_j S, iff R ↾_j ∩ S ↾_j = ∅. Conversely we say that R, S are j–incompatible, and write R inc_j S iff they are not j–compatible. We say that a collection R = {R_1, . . . , R_k}, where R_h ∈ R_j , for h = 1, . . . , k, of j–polymers forms a cluster of j–polymers iff it is not decomposable into two non empty subsets R = R_1 ∪ R_2 such that every pair R_1 ∈ R_1, R_2 ∈ R_2 is j–compatible. We denote by R_j the collection of all the clusters of j–polymers. More precisely we have

R_j := � k≥1 � R = {R_1, . . . , R_k} , R_h ∈ R_j : ∀ h, h^′ ∈ {1, . . . , k} ∃ h_1, . . . , h_m ∈ {1, . . . , k} such that R_h = R_{h1} inc_jR_{h2} · · · inc_j R_{hm} = R_h′ � (3.4) We remark that repetitions of the same j–polymer are allowed. We also define

R^{comp}_j := � k≥1 � {R_1, . . . , R_k} , R_h ∈ R_j such that R_h comp_j R_h′ , h ≠ h^′ � (3.5)

Given S ∈ R_j and R ∈ R_j we write R inc_j S iff there exists R ∈ R such that R inc_j S. For i ≥ j, R ∈ R_j we set R ↾_i := � R∈R R ↾_i, R ↾_{≥i} := � i^′≥i R ↾ i^′ ; we finally set

supp R := � R∈R supp R.

The setup introduced above is needed to develop the algebraic structure of the graded cluster expansion. In order to formulate the necessary recursive estimates, which quantify the decay of the effective interaction at scale i, we also need to take into account the couplings below scale i and we need to introduce some more notation. Let G = {g_1, . . . , g_n} ⊂⊂ G_{≥1}, we set

T (G) := inf_{xm∈gm}

m=1,...,n

T ({x_1, . . . , x_n}) (3.6)

We finally introduce some combinatorial factors as follows: for each j ≥ 1, k ≥ 1 and {R_1, . . . , R_k} ∈ R_j we set

φ_T (R_1, . . . , R_k) := 1 k! � f∈F (R_1,...,R_k)

(−1)^{# edges in f} (3.7)

where F (R_1, . . . , R_k) is the collection of connected subgraphs with vertex set {1, . . . , k} of the graph with vertices {1, . . . , k} and edges {h, h^′} corresponding to pairs R_h, R_h′ such that R_hinc_j R_h′ . We set the sum equal to zero if F is empty and one if k = 1.

Theorem 3.2. Suppose the hypotheses of Theorem 2.5 are satisfied. Then, there exist functions Z^{(j)}_{g,Λ}, ζ_{R,Λ} : S → R, with j ≥ 1, g ∈ G_j and R ∈ R_j , such that R ↾_{≥j+1} = ∅, and Λ ⊂⊂ L, such that

1. for each τ ∈ S and Λ ⊂⊂ L the free energy log Z_Λ(τ) can be written as the absolutely convergent series

log Z_Λ(τ) = � X∩Λ≠∅: ξ(X)=∅

V_{X,Λ}(τ) + κ� j=1 � g∈G_j

log Z^{(j)}_{g,Λ}(τ) + κ� j=1 � R∈Rj R↾≥j+1=∅

φ_T (R) ζ_{R,Λ}(τ) (3.8)

where κ = κ(Λ) < ∞ is the minimal integer k such that Λ ∩ � j≥k+1 Gj = ∅, so that

Λ admits the partition Λ =

�_κ j=0 Λ_j, with Λ_j := Λ ∩ G_j ;

2. for each j ≥ 1 and g ∈ G_j the family {Z^{(j)}_{g,Λ}, Λ ⊂⊂ L} is (Y_0(g), ∅)–compatible and each function Z^{(j)}_{g,Λ} is identically equal to one whenever g ⊂ Λ^c. For each j ≥ 1 and R ∈ R_j , such that R ↾_{≥j+1} = ∅, the family {ζ_{R,Λ}, Λ ⊂⊂ L} is (supp R, ∅)–compatible and each function ζ_{R,Λ} is identically zero if there exists R ∈ R, (G, s) ∈ R and g ∈ G such that g ⊂ Λ^c;

3. let ε := exp{−αγ_1/8}; then

sup_{Λ⊂⊂L} ‖ log Z^{(j)}_{g,Λ}‖_∞ ≤ (Γ_j + 1)^d � ‖U‖ + log S � + j(1 ∨ A)(8^d + 1)Γ^d_j (3.9) and sup_{Λ⊂⊂L} ‖ζ_{R,Λ}‖_∞ ≤ � R∈R � (G,s)∈R

ε^{|G|} exp � − α 16 � T (G) + 1 2 d_1(Q( ^G), y_s(G)) � (3.10)

4. Algebra of the expansion In this Section we introduce the algebra of the graded cluster expansion without discussing any convergence issue, which will be dealt upon in Section 5. We suppose the hypotheses of Theorem 3.2 are satisfied. Moreover, for Λ ⊂⊂ L we define the set

Υ_Λ := {X ⊂⊂ L : X ∩ Λ ≠ ∅ and X ∩ (Λ)^c = ∅} (4.1)

by item 3 in Condition 2.1 we can rewrite (2.4) as

Z_{Λ∩G0} (σ) = exp � � X∈Υ_Λ

V_{X,Λ}(σ) � (4.2)

Given Λ ⊂⊂ L, for G ⊂⊂ G_{≥1} and s ≥ 0 let us define

Υ_Λ(G, s) := {X ∈ Υ_Λ : ξ(X) = G, X ⊂ Y_s(G), X ∩ y_s(G) ≠ ∅} (4.3)

In other words Υ_Λ(G, s) is the collection of the subsets X of Y_s(G) intersecting Λ, all and only the atoms of the gentle disintegration in G, and the annulus y_s(G). It is easy to show that for each Λ, Λ^′ ⊂⊂ L one has

Λ ∩ Y_s(G) = Λ^′ ∩ Y_s(G) =⇒ Υ_Λ(G, s) = Υ_Λ′ (G, s) (4.4)

Notice, finally, that if there exists g ∈ G such that g ⊂ Λ^c then Υ_Λ(G, s) = ∅.

Recalling that V_{X,Λ} has been introduced in (2.4), for i ≥ 1, and g ∈ G_i we define the following function Ψ^{(i,0)}_{g,Λ} := � X∈Υ_Λ(g,0)

V_{X,Λ} (4.5)

Recalling Definition 3.1, we have that (4.4) above and the items 1 and 2 of Condition 2.1 imply that the family {Ψ^{(i,0)}_{g,Λ} , Λ ⊂⊂ L} is (Y_0(g), g)–compatible. Furthermore, if g ⊂ Λ^c then Υ_Λ(g, 0) = ∅ implies Ψ^{(i,0)}_{g,Λ} = 0. We shall look at Ψ^{(i,0)}_{g,Λ} as the contribution to the self interaction of the i–atom g due to the integration on scale 0. It will not be expanded, but it will contribute to the reference (product) measure relative to the expansion at step i.

For i ≥ 1, G ⊂⊂ G_{≥i} such that G ∩ G_i ≠ ∅, and s ≥ 0 we define

Φ^{(i,0)}_{G,s,Λ} := � � � � X∈Υ_Λ(G,s)

V_{X,Λ} if (|G|, s) ≠ (1, 0)

0 if (|G|, s) = (1, 0)

(4.6)

As before we get that the family {Φ^{(i,0)}_{G,s,Λ}, Λ ⊂⊂ L} is (Y_s(G), ^G)–compatible and that Φ^{(i,0)}_{G,s,Λ} = 0 if there exists g ∈ G such that g ⊂ Λ^c. We shall look at Φ^{(i,0)}_{G,s,Λ} as the effective interaction at scale i due to the integration on scale 0; it will be expanded at step i.

By using definitions (4.5) and (4.6) we have � X∈Υ_Λ

V_{X,Λ} = � X∈ΥΛ: ξ(X)=∅

V_{X,Λ} + � i≥1 � g∈G_i

Ψ^{(i,0)}_{g,Λ} + � i≥1 � G⊂⊂G≥i G∩Gi≠∅ � s≥0 Φ^{(i,0)}_{G,s,Λ} (4.7)

Note that if ξ(X) = ∅ and X ⊂ Λ then V_{X,Λ} ∈ F_∅, namely the function V_{X,Λ} is constant. Moreover, since Λ ⊂⊂ L, all but a finite number of terms on the r.h.s. of (4.7) are vanishing.

To simplify the notation for each g ∈ G_{≥1} we define the bare self–interaction inside g as U_{g,Λ} := � X⊂⊂L: X∩Λ≠∅ X∩Λ⊂g∩Λ

U_X (4.8)

and remark that, since the potential U has range R ≤ r, we have that the family {U_{g,Λ}, Λ ⊂⊂ L} is (g, g)–compatible; furthermore, U_{g,Λ} = 0 if g ∩ Λ = ∅.

Note that for g, h ∈ G_{≥1}, g ≠ h, we have d_1(g, h) > γ_1 > r ≥ R. Recalling that the integer κ has been defined in Theorem 3.2 we have S_Λ =

�_κ

j=0 S(Λ_j ), where we recall in item 1 of Theorem 3.2 we have defined Λ_j := Λ ∩ G_j for j ≥ 0. For i ≥ 0 we also set

Λ_{≥i} := � j≥i Λ_j and Δ_i := Λ_{≥i+1} ∪ Λ^c

Then, given τ ∈ S, recalling the abuse of notation mentioned at the end of Section 2.2, we have

Z_Λ(τ) := � η∈S: η_Λc =τ

e^{HΛ(η)} = � ηκ ∈S(Δκ−1) ηκΔ κ =τ · · · � η1∈S(Δ0) η1Δ 1 =η2 � η0∈S η0Δ 0 =η1 e^{HΛ(η0)}

= � ηκ ∈S(Δκ−1) ηκΔ κ =τ � g∈G_κ

e^{Ug,Λ(ηκ )} · · · � η1∈S(Δ0) η1Δ 1 =η2 � g∈G_1

e^{Ug,Λ(η1)} � η0∈S η0Δ 0 =η1 e^{HΛ0 (η0 )} (4.9)

Now, by using equations (4.2) and (4.7) we get

Z_Λ(τ) = exp � � X∈ΥΛ: ξ(X)=∅

V_{X,Λ}(τ) �

× � ηκ ∈S(Δκ−1) ηκΔ κ =τ � g∈G_κ

e^{Ug,Λ(ηκ )+Ψ(κ,0)g,Λ (ηκ )} · exp � � G⊂⊂G≥κ G∩Gκ ≠∅ � s≥0 Φ^{(κ,0)}_{G,s,Λ}(η^κ) �

× · · · × � η1∈S(Δ0) η1Δ 1 =η2 � g∈G_1

e^{Ug,Λ(η1 )+Ψ(1,0)g,Λ (η1 )} · exp � � G⊂⊂G≥1 G∩G1≠∅ � s≥0 Φ^{(1,0)}_{G,s,Λ}(η^1) � (4.10)

We next define by recursion on j = 0, . . . , κ some functions Φ^{(i,j)} and Ψ^{(i,j)}, 0 ≤ j < i ≤ κ. As in the case j = 0 we look at Φ^{(i,j)} as the effective interaction at scale i due to the integration on scale j < i; on the other hand we look at Ψ^{(i,j)} as the effective self–interaction at scale i due to the integration on scale j < i.

As recursive hypotheses we assume that we have already defined the families of functions {Ψ^{(i,m)}_{g,Λ} , Λ ⊂⊂ L}, which is (Y_0(g), g)–compatible, and {Φ^{(i,m)}_{G,s,Λ}, Λ ⊂⊂ L}, which is (Y_s(G), ^G)–compatible, for any m = 0, . . . , j − 1, any i = m + 1, . . . , κ, any g ∈ G_i, any G ⊂⊂ G_{≥i}, such that G ∩ G_i ≠ ∅, and any s ≥ 0. Moreover we assume Ψ^{(i,m)}_{g,Λ} = 0 if g ⊂ Λ^c and Φ^{(i,m)}_{G,s,Λ} = 0 if (|G|, s) = (1, 0) or there exists g ∈ G such that g ⊂ Λ^c. We next define, by integrating on the scale j, the potentials Ψ^{(i,j)}_{g,Λ} and Φ^{(i,j)}_{G,s,Λ} for i = j + 1, . . . , κ, any g ∈ G_i, any G ⊂⊂ G_{≥i}, such that G ∩ G_i ≠ ∅, and s ≥ 0, and show that they satisfy the compatibility properties stated above.

By the recursive assumptions and the properties of U_{g,Λ}, for each g ∈ G_j the family of functions {U_{g,Λ} +

�_{j−1} m=0 Ψ^{(j,m)}_{g,Λ} , Λ ⊂⊂ L} is (Y_0(g), g)–compatible and a function of the family is identically zero if g ⊂ Λ^c. Therefore, for η^{j+1} ∈ S_{Δj} we can set

Z^{(j)}_{g,Λ}(η^{j+1}) := � ηj ∈S(g∪Λ≥j+1∪Λc) ηjΔ j =ηj+1 exp � U_{g,Λ}(η^j) + j−1� m=0 Ψ^{(j,m)}_{g,Λ} (η^j) � (4.11)

We note that the family {Z^{(j)}_{g,Λ}, Λ ⊂⊂ L} is (Y_0(g), ∅)–compatible and a function of the family is identically equal to one if g ⊂ Λ^c. For each η^{j+1} ∈ S_{Δj} we can define a probability measure ν^{(j)}_{g,Λ,ηj+1} on S_g by setting, for each σ ∈ S_g,

ν^{(j)}_{g,Λ,ηj+1} (σ) := δ_ηj+1 (σ_{g∩Λ}c ) 1 Z^{(j)}_{g,Λ}(η^{j+1}) exp � U_{g,Λ}(ση^{j+1}) + j−1� m=0 Ψ^{(j,m)}_{g,Λ} (ση^{j+1}) � (4.12)

For each σ ∈ S_g the family {η^{j+1} → ν_{g,Λ,η}j+1 (σ), Λ ⊂⊂ L} is (Y_0(g), ∅)–compatible; moreover, ν_{g,Λ,η}j+1 = δ_ηj+1 if g ⊂ Λ^c.

Given G ⊂⊂ G_{≥j} such that G ∩ G_j ≠ ∅, and s ≥ 0 we set

Φ^{(j)}_{G,s,Λ} := j−1� m=0 Φ^{(j,m)}_{G,s,Λ} (4.13)

which is the (cumulated) effective interaction at scale j. By the recursive hypotheses we have that the family {Φ^{(j)}_{G,s,Λ}, Λ ⊂⊂ L} is (Y_s(G), ^G)–compatible; moreover Φ^{(j)}_{G,s,Λ} is identically zero if (|G|, s) = (1, 0) or there exists g ∈ G such that g ⊂ Λ^c.

Let η^{j+1} ∈ S(Δ_j ) and R = {(G_1, s_1), . . . (G_k, s_k)} ∈ R_j ; we define its activity ζ_{R,Λ}(η^{j+1}) as

ζ_{R,Λ}(η^{j+1}) := � ηj ∈S(dR↾j ∪Λ≥j+1∪Λc) ηjΔ j =ηj+1 � g∈R↾_j

ν^{(j)}_{g,Λ,ηj+1} (η^j_g) k� h=1 � exp � Φ^{(j)}_{Gh,sh,Λ}(η^j) � − 1 � (4.14)

It follows that {ζ_{R,Λ}, Λ ⊂⊂ L} is (supp R, ^R ↾_{≥j+1})–compatible and an element of the family is identically zero if there exists (G, s) ∈ R and g ∈ G such that g ⊂ Λ^c. For R ∈ R_j , we set ζ_{R,Λ}(η^{j+1}) := � R∈R ζ_{R,Λ}(η^{j+1}) (4.15)

it follows that {ζ_{R,Λ}, Λ ⊂⊂ L} is (supp R, ^R ↾_{≥j+1})–compatible and an element of the family is identically zero if there exists R ∈ R, (G, s) ∈ R, and g ∈ G such that g ⊂ Λ^c.

By standard polymerization and cluster expansion, under suitable “small activity” conditions that will be specified later on, see item 7 in Lemma 5.9 below, we have, see e.g. [24], � ηj ∈S(Δj−1) ηjΔ j =ηj+1 � g∈G_j

ν^{(j)}_{g,Λ,ηj+1} (η^j_g) exp � � � � � G⊂⊂Gj G∩Gj ≠∅ � s≥0 Φ^{(j)}_{G,s,Λ}(η^j) � � � �

= 1 + � R∈R^{comp}_j

ζ_{R,Λ}(η^{j+1}) = exp � � � � R∈R_j

φ_T (R) ζ_{R,Λ}(η^{j+1}) � � � (4.16)

with φ_T defined in (3.7).

We are now ready to define the interactions due to the integration on the scale j. Let G ⊂⊂ G_{≥j+1} and s ≥ 0, we define

R_j(G, s) := � R ∈ R_j : R ↾_{≥j+1} = G , supp R ⊂ Y_s(G), supp R ∩ y_s(G) ≠ ∅ � (4.17)

For g ∈ G_i, i > j, we let Ψ^{(i,j)}_{g,Λ} := � R∈R_j (g,0)

φ_T (R) ζ_{R,Λ} (4.18)

It is easy to check that {Ψ^{(i,j)}_{g,Λ} , Λ ⊂⊂ L} is (Y_0(g), g)–compatible and an element of the family is identically zero if g ⊂ Λ^c; so we met the first recursive condition. The effective interaction at scale i > j due to the integration on scale j is defined as follows; for

G ⊂⊂ G_{≥i}, G ∩ G_i ≠ ∅ and s ≥ 0 we set

Φ^{(i,j)}_{G,s,Λ} := � � � � R∈R_j (G,s)

φ_T (R) ζ_{R,Λ} if (|G|, s) ≠ (1, 0)

0 if (|G|, s) = (1, 0)

(4.19)

As before {Φ^{(i,j)}_{G,s,Λ}, Λ ⊂⊂ L} is (Y_s(G), ^G)–compatible and an element of the family is identically zero if there exists g ∈ G such that g ⊂ Λ^c; so we also met the second recursive condition.

By noticing that � R∈R_j

φ_T (R)ζ_{R,Λ} = � R∈Rj R↾≥j+1=∅

φ_T (R)ζ_{R,Λ} + κ� i=j+1 � � g∈G_i

Ψ^{(i,j)}_{g,Λ} + � G⊂⊂G≥i G∩Gi≠∅ � s≥0 Φ^{(i,j)}_{G,s,Λ} � (4.20)

and using recursively (4.16) in (4.10), it is easy to check that, provided all the series converges absolutely, we have got the expansion (3.8).

5. Convergence of the graded cluster expansion In this section we prove the convergence of the cluster expansion introduced in Section 4 above.

5.1. Geometric bounds In this section we collect bounds which hold in our geometry of wide separated gentle atoms. For the reader convenience we restate [3, Lemma 3.4] in the present context.

Lemma 5.1. Let k be a positive integer and Π_0(k) be the set of permutations π of {0, 1, . . . , k} such that π(0) = 0. Let X = {x_0, x_1, . . . , x_k} ⊂ L and T(X) as in (2.3); then T(X) ≥ 1 2 inf π∈Π_0(k) k� l=1 d_1 � x_{π(l−1)}, x_{π(l)} � (5.1)

Proof. It is easy to show that the infimum in (2.3) is attained (not necessary uniquely) for a graph T_X = (V_X , E_X ) ⊂ (L, E) which is a tree, i.e. a connected and loop–free graph. The Lemma follows from the bound

|E_X | ≥ 1 2 inf π∈Π_0(k) k� l=1 d_1 � x_{π(l−1)}, x_{π(l)} � (5.2)

which is proven as follows. By induction on the number of edges in T_X it is easy to prove, see Fig. 1, that there exists a path (ℓ_0, . . . , ℓ_{M−1}), with ℓ_m ∈ E_X for all m = 0, . . . , M − 1,

� �

�

�

� �

�

� �

� � � � � � �

� � � � � � � � �

� � � � � � � � � � � � � � � � � �

� � � x_0

ℓ_0 ℓ_1 ℓ_2 ℓ_3

ℓ_4 ℓ_5 ℓ_6 ℓ_7 ℓ_8 ℓ_9 ℓ_{M−4}

ℓ_{M−3} ℓ_{M−2} ℓ_{M−1}

Figure 1: The path ℓ = {ℓ_0, . . . , ℓ_{M−1}} introduced in the proof of Lemma 5.1.The solid circles represent the points {x_0, x_1, . . . , x_k}.

satisfying the following properties: ℓ_{m−1} ∩ ℓ_m ≠ ∅ for all m = 1, . . . , M − 1, x_0 ∈ ℓ_0, for each v ∈ V_X there exists m ∈ {0, . . . , M − 1} such that ℓ_m ∋ v, and each e ∈ E_X appears in the path at most twice. The bound (5.2) then follows.

We give, now, a recursive definition that will be used to parameterize the exponential decay of the potential at different scales. Recall definitions (4.17) and (2.3), set T_0(G, s) := inf_{x∈ys(G)} inf_{xm∈gm}

m=1,...,n

T ({x, x_1, . . . , x_n}) for G = {g_1, . . . , g_n} ⊂⊂ G_{≥1} and s ≥ 0

T_j(G, s) := inf_{R∈Rj (G,s)} � R∈R � (H,u)∈R

T_{j−1}(H, u) for j ≥ 1, G ⊂⊂ G_{≥j+1}, and s ≥ 0

(5.3) As usual if R_j (G, s) = ∅ we understand T_j(G, s) = +∞. Note that T_0(G, 0) = T (G), see (3.6). Finally for each j ≥ 0, G ⊂⊂ G_{≥j+1} and s ≥ 0 we set ^T_j (G, s) := inf_{0≤k≤j} T_k(G, s). In order to clarify the recursive definition (5.3) we consider in some detail the case j = 1, G = {g_1, g_2} ⊂ G_2, and s = 0. Let R^∗ ∈ R_1({g_1, g_2}, 0) be a minimizer for the right–hand side of (5.3). Then T_1({g_1, g_2}, 0) = � R∈R^∗ � (H,u)∈R

T_0(H, u)

We note that a polymer R ∈ R^∗ is built of bonds (H, u) connecting on 1–gentle atoms. Therefore, T_1({g_1, g_2}, 0) can be strictly smaller than d_1(g_1, g_2) due to the presence of 1–gentle atoms between g_1 and g_2. However, by the sparseness conditions 4 and 5 of Definition 2.4, we have

T_1({g_1, g_2}, 0) ≥ γ_1 Γ_1 + γ_1 d_1(g_1, g_2) ≥ � 1 − Γ_1 γ_1 � d_1(g_1, g_2)

Indeed, the maximum number of 1–gentle atoms that can be arranged between g_1 and g_2 is d_1(g_1, g_2)/(Γ_1 + γ_1). The following proposition states a similar bound for a general situation.

Proposition 5.2. Let j ≥ 0, G ⊂⊂ G_{≥j+1}, and s ≥ 0. Then

T_j (G, s) ≥ � 1 − j� k=0 Γ_k γ_k � T (G) + 1I_{s≥1} � d_1(Q( ^G), y_s(G)) − ϑ_j � (5.4)

where we understand 0/γ_0 = 0 even if γ_0 = 0.

We remark that from the bound (5.4) above, item 3 in Definition 2.2, and (2.9) it is straightforward to deduce that

^T_j(G, s) ≥ 1 2 T (G) + 1 4 d_1(Q( ^G), y_s(G)) (5.5)

To prove Proposition 5.2 one of the ingredients is a lemma about one–side projections of graphs to hyper–planes. In order to state it we need a few more definitions. Let ^n ∈ {e_i, −e_i, i = 1, . . . , d} be a coordinate direction and c ∈ N an integer; we consider the hyper–plane π ≡ π_{bn,c} := {x ∈ L, (x − c^n) · ^n = 0} ⊂ L, where · denotes the canonical inner product in R^d. We then define the half–lattices L_{π,≤} := {x ∈ L, (x − c^n) · ^n ≤ 0} and L_{π,>} := {x ∈ L, (x − c^n) · ^n > 0}; remark that L_{π,≤} ⊃ π.

Given a connected graph (V, E) ⊂⊂ (L, E), recall the definition above (2.3), we define V_{π,≤} := V ∩ L_{π,≤}, V_{π,>} := V ∩ L_{π,>}, E_{π,≤} := {e ∈ E, e ⊂ L_{π,≤}}, and E_{π,>} := {e ∈ E, e ∩ L_{π,>} ≠ ∅}. We note that V = V_{π,≤} ∪ V_{π,>} and E = E_{π,≤} ∪ E_{π,>}. We finally define E^⊥_{π,>} := � {x, y} ⊂ π, ∃k ≥ 1 such that {x + k^n, y + k^n} ∈ E_{π,>} � . Lemma 5.3. Let (V, E) ⊂ (L, E) be a connected graph, ^n ∈ {e_i, −e_i, i = 1, . . . , d} a coordinate direction, and c ∈ N; consider the hyper–plane π_{bn,c} ≡ π ⊂ L. With the definitions given above, if V_{π,≤} ≠ ∅ then

1. the bound |E| ≥ |E_{π,≤} ∪ E^⊥_{π,>}| + sup_{v∈Vπ,>} d_1(v, π) (5.6)

holds, where we understand the second term in the right–hand side equal to zero whenever V_{π,>} = ∅;

2. the pair (V_{π,≤}, E_{π,≤} ∪ E^⊥_{π,>}) is a connected graph.

We remark that this lemma depends on the use of the distance d_1 in the definition of the edge set E. Indeed it would have been false if we had used the distance d_∞. Proof of Lemma 5.3. Proof of the item 1. Let E^‖_{π,>} := � {x, y} ∈ E_{π,>}, (y − x) · ^n ≠ 0 � ; it is immediate to show that

|E| ≥ |E_{π,≤} ∪ E^⊥_{π,>}| + |E^‖_{π,>}| (5.7)

If V_{π,>} = ∅ (5.6) trivially follows from (5.7). Suppose, now, V_{π,>} ≠ ∅. Pick v ∈ V_{π,>} and let D := d_1(π, v) = d_∞(π, v). Recalling that the graph (V, E) is connected and that by hypotheses V_{π,≤} ≠ ∅, we have that there exist w ∈ π and a connected path ℓ_1, . . . , ℓ_h such that v ∈ ℓ_1, w ∈ ℓ_h, and ℓ_m ∈ E_{π,>} for all m = 1, . . . , h. We have the obvious bounds � �E^‖_{π,>} � � ≥ � �{{x, y} ∈ {ℓ_1, . . . , ℓ_h}, (y − x) · ^n ≠ 0} � � ≥ D (5.8)

The inequality (5.6) follows from (5.7) and (5.8).

Proof of the item 2. The statement is trivial if |V_{π,≤}| = 1. Suppose, now, |V_{π,≤}| ≥ 2 and pick two distinct vertexes v, w ∈ V_{π,≤}. By recalling that (V, E) is a connected graph we have that there exists a connected path joining v to w namely, there exist ℓ_1, . . . , ℓ_h ∈ E such that v ∈ ℓ_1, w ∈ ℓ_h, and ℓ_m ∩ ℓ_{m+1} ≠ ∅ for m = 1, . . . , h − 1.

We let ℓ^′_1, . . . , ℓ^′_h′ be the path obtained from ℓ_1, . . . , ℓ_h by removing all the edges belonging to E^‖_{π,>}; we remark that the path ℓ^′_1, . . . , ℓ^′_h′ is not necessarily connected and that 1 ≤ h^′ ≤ h. Let ℓ^′ = {x^′, y^′} be an edge of such a path; ℓ^′ is either in E_{π,≤} or in E_{π,>} \E^‖_{π,>}. We set ℓ̄^′ := ℓ^′ in the former case and ℓ̄^′ := {x^′ + (c − x^′ · ^n)^n, y^′ + (c − y^′ · ^n)^n} ∈ E^⊥_{π,>} in the latter.

By construction ℓ̄^′_1, . . . , ℓ̄^′_h′ ∈ E_{π,≤} ∪ E^⊥_{π,>}. Moreover it is an easy task to prove that v ∈ ℓ̄^′_1, w ∈ ℓ̄^′_h′ , and ℓ^′_m ∩ ℓ^′_{m+1} ≠ ∅ for m = 1, . . . , h^′ − 1. The proof of item 2 is completed.

Lemma 5.4. Let G ⊂⊂ G_{≥1} and s ≥ 0. Then the bound (5.4) holds true for j = 0.

Proof. The statement is trivial in the case s = 0. Let s ≥ 1 and label the elements of G by setting G = {g_1, . . . , g_{|G|}}. Let x^∗ ∈ y_s(G), x^∗_1 ∈ g_1, . . . , x^∗_{|G|} ∈ g_{|G|} be a minimizer for the infimum in the definition of T_0(G, s), see (5.3). Let also V := {x^∗, x^∗_1, . . . , x^∗_{|G|}} and (V, E) the connected graph such that |E| = T � {x^∗, x^∗_1, . . . , x^∗_{|G|}} � = T_0(G, s).

Let F_x∗ the face of y_s(G) such that x^∗ ∈ F_x∗ (choose anyone if it is not unique) and π the hyper–plane parallel to F_x∗ such that π∩Q( ^G) ≠ ∅ and d_1(π, F_x∗ ) is minimal. Let also ^n be the normal to π such that (x^∗ −y)·^n > 0 for any y ∈ π. By applying the Lemma 5.3 to the graph (V, E), the normal ^n, and the hyper–plane π we get |E| ≥ |E_{π,≤} ∪ E^⊥_{π,>}| + d_1(x^∗, π). Since V_{π,≤} = {x^∗_1, . . . , x^∗_{|G|}}, by item 2 of the Lemma 5.3 we have that |E_{π,≤} ∪ E^⊥_{π,>}| ≥ T � {x^∗_1, . . . , x^∗_{|G|}} � ≥ T (G). Moreover, by construction d_1(x^∗, π) = d_1(Q( ^G), y_s(G)). The thesis follows.

Proof of Proposition 5.2. We can assume R_j(G, s) ≠ ∅, otherwise T_j (G, s) = +∞. We prove (5.4) by induction; the step j = 0 has been proven in the Lemma 5.4. We suppose (5.4) holds for j−1 and we show it holds true for j. To bound T_j (G, s) we let R^∗ ∈ R_j (G, s) be a minimizer for (5.3). Note that R_j (G, s) is not a finite set because repetitions of the some bond are allowed. However a minimizer R^∗ does exist because without such repetitions R_j(G, s) would be finite and repetita juvant. We have

T_j (G, s) = � R∈R^∗ � (H,u)∈R

T_{j−1}(H, u) (5.9)

We consider, now, the case s = 0. Let H ≡ H(R^∗) := {H ⊂ G_{≥j} : ∃R ∈ R^∗, ∃u ≥ 0 : (H, u) ∈ R and |H| ≥ 2}; we note that H is finite and not empty. From (5.9) and the inductive hypothesis we have

T_j (G, 0) ≥ � 1 − j−1� k=0 Γ_k γ_k � � H∈H T (H)

We also remark that definitions (3.4) and (4.17) imply that the system H is j–connected in the sense specified just above (3.2). By adding and subtracting Γ_j /γ_j and by remarking that |H| ≥ 2 implies T (H) ≥ γ_j we get

T_j (G, 0) ≥ � 1 − j� k=0 Γ_k γ_k � � H∈H T (H) + |H|Γ_j (5.10)

Let us construct a partition of the system H: pick an element of H, denote it by H_{0,1}, and set H_0 := {H_{0,1}}. For any m ≥ 1 and H ∈ H \

�_{m−1}

ℓ=0 H_ℓ we say that H ∈ H_m if and only if there exists H^′ ∈ H_{m−1} such that H and H^′ are j–connected namely, H ∩ H^′ ∩ G_j ≠ ∅. Recalling H is j–connected we have that there exists a maximal value of m that we call t; in other words there exists t ≥ 0 such that H_m ≠ ∅ for all m ≤ t and H_m = ∅ for all m > t. The collection H_0, . . . , H_t is a partition of H.

For each m = 1, . . . , t we denote by H_{m,1}, . . . , H_{m,|Hm|} the elements of H_m; for each m = 0, . . . , t and ℓ = 1, . . . , |H_m| we let (V_{m,ℓ}, E_{m,ℓ}) ⊂ (L, E) be a connected graph such that T (H_{m,ℓ}) = |E_{m,ℓ}| (5.11) and for each h ∈ H_{m,ℓ} we have that V_{m,ℓ} ∩ h ≠ ∅. We define, now, an algorithm that constructs a graph (V, E) ⊂ (L, E) such that |E| ≥ T (G) and |E| is bounded from above in terms of T (H) for H ∈ H:

1. set m = 0 and (V, E) = (V_{0,1}, E_{0,1});

2. set m = m + 1 and ℓ = 0, if m = t + 1 goto 8;

3. set ℓ = ℓ + 1, pick ℓ^′ ∈ {1, . . . , |H_{m−1}|} such that H_{m−1,ℓ}′^j←→ H_{m,ℓ};

4. pick h ∈ H_{m−1,ℓ}′ ∩ H_{m,ℓ} ∩ G_j, y ∈ h ∩ V_{m−1,ℓ}′ , and x ∈ h ∩ V_{m,ℓ};

5. find a connected graph (W, F ) ⊂ (L, E) such that |F | is minimal and the
   set of vertices W contains both x and y;

6. set V = V ∪ V_{m,ℓ} ∪ W and E = E ∪ E_{m,ℓ} ∪ F ;

7. if ℓ < |H_m| goto 3 else goto 2;

8. exit;

By recursion it is easy to prove that this algorithm outputs a connected graph (V, E) such that for each H ∈ H and h ∈ H there exists x ∈ h such that x ∈ V ; in particular for each g ∈ G there exists x ∈ g such that x ∈ V , hence |E| ≥ T (G). Moreover, by noticing that the graph (W, F ) introduced at line 5 is such that |F | ≤ diam_1(h) ≤ Γ_j we have

|E| ≤ t� m=0

|H_m|�

ℓ=1 |E_{m,ℓ}| + (|H| − 1)Γ_j (5.12)

Now, by using (5.10)–(5.12) we get

T_j (G, 0) ≥ � 1 − j� k=0 Γ_k γ_k � |E| − (|H| − 1)Γ_j � + |H|Γ_j ≥ � 1 − j� k=0 Γ_k γ_k � T (G)

which completes the inductive proof of (5.4) for s = 0.

We consider, now, the case s ≥ 1. Recalling (5.9), there exists R^′ ∈ R^∗ and (H^′, u^′) ∈ R^′ such that Y_u′ (H^′) ∩ y_s(G) ≠ ∅. Let H^′ ≡ H^′(R^∗) := {H ⊂ G_{≥j} : ∃R ∈ R^∗, ∃u ≥ 0 : (H, u) ∈ R, (H, u) ≠ (H^′, u^′) and |H| ≥ 2}. Note that, as in the previous case, |H| ≥ 2 implies T (H) ≥ γ_j; on the other hand we note that H^′ can be empty. Set also H := H^′ ∪ {H^′}. By using (5.9) and the recursive hypothesis we have

T_j (G, s) ≥ T_{j−1}(H^′, u^′) + � H∈H^′

T_{j−1}(H, u) ≥ � 1 − j−1� k=0 Γ_k γ_k � 1I_u′_{≥1} � d_1(Q(^H^′), y_u′ (H^′)) − ϑ_{j−1} � + � H∈H T (H)

� (5.13)

We note that for each H ∈ H^′ we have |H| ≥ 2, hence T (H) ≥ γ_j. Moreover, we claim that T (H^′) + 1I_u′_{≥1} � d_1(Q(^H^′), y_u′ (H^′)) − ϑ_{j−1} � ≥ γ_j (5.14) Indeed, if u^′ = 0 then |H^′| ≥ 2, so that T (H^′) ≥ γ_j. On the other end if u^′ ≥ 1, then d_1(Q(^H^′), y_u′ (H^′)) = ϑ_j +u^′ implies d_1(Q(^H^′), y_u′ (H^′))−ϑ_{j−1} > ϑ_j −ϑ_{j−1} = Γ_j +γ_j > γ_j. Now, by adding and subtracting Γ_j/γ_j in (5.13) we get

T_j (G, s) ≥ � 1 − j� k=0 Γ_k γ_k � � H∈H T (H) + 1I_u′_{≥1} � d_1(Q(^H^′), y_u′ (H^′)) − ϑ_{j−1} � + |H|Γ_j (5.15)

Since Y_u′ (H^′) ∩ y_s(G) ≠ ∅ there exists h^′ ∈ H^′ such that d_1(h^′, y_s(G)) = ϑ_j + u^′. Label the elements of G by setting G = {g_1, . . . , g_{|G|}}. By running the algorithm used in the case s = 0, we construct a connected graph (V, E) ⊂ (L, E) such that V ⊃ {x^′, x_1, . . . , x_{|G|}}, for some x^′ ∈ h^′, x_1 ∈ g_1, . . . , x_{|G|} ∈ g_{|G|}, and � H∈H T (H) ≥ |E| − (|H| − 1)Γ_j (5.16)

Let F^′ be the face of y_s(G) such that d_1(h^′, F^′) = ϑ_j +u^′ (choose anyone if it is not unique) and π the hyper–plane parallel to F^′ such that π ∩ Q( ^G) ≠ ∅ and d_1(π, F^′) is minimal. Let also ^n be the normal to π such that (y^′ − y) · ^n > 0 for any y^′ ∈ F^′ and y ∈ π. By applying the Lemma 5.3 to the graph (V, E), the normal ^n, and the hyper–plane π we get

|E| ≥ T (G) + d_1(Q( ^G), h^′) (5.17)

Finally, by plugging (5.16) and (5.17) into (5.15) we get

T_j (G, s) ≥ � 1 − j� k=0 Γ_k γ_k � T (G) + d_1(Q( ^G), h^′) + Γ_j + 1I_u′_{≥1} � d_1(Q(^H^′), y_u′ (H^′)) − ϑ_{j−1} � (5.18) Consider, now, the sub–case u^′ = 0. In this case d_1(h^′, F^′) = ϑ_j , hence h^′ ⊄ Q( ^G).

This implies h^′ ∈ G_j ; therefore diam_1(h^′) ≤ Γ_j, see item 4 in Definition 2.4. We get

d_1(Q( ^G), h^′) ≥ d_1(Q( ^G), y_s(G)) − Γ_j − ϑ_j (5.19)

The bound (5.4) follows from (5.18) and (5.19).

We finally consider the sub–case u^′ ≥ 1. Recalling how h^′ ∈ H^′ has been chosen, we have that d_1(Q(^H^′), y_u′ (H^′)) = d_1(h^′, y_u′ (H^′)) = d_1(h^′, y_s(G)) (5.20) If h^′ ∈ G then h^′ ⊂ Q( ^G); hence d_1(Q(^H^′), y_u′ (H^′)) ≥ d_1(Q( ^G), y_s(G)). Then (5.4) follows easily from (5.18). On the other hand if h^′ ∈ G_j , we have diam_1(h^′) ≤ Γ_j, hence by using (5.20) we have

d_1(Q( ^G), h^′) + Γ_j + d_1(Q(^H^′), y_u′ (H^′)) ≥ d_1(Q( ^G), y_s(G)) (5.21)

Then (5.4) follows easily from (5.18).

Lemma 5.5. Let j ≥ 0, G ⊂⊂ G_{≥j+1}, s ≥ 0; suppose R_j(G, s) ≠ ∅, see definition (4.17). For each g ∈ G, R ∈ R_j (G, s) and h ∈ R ↾_j; we have � R∈R � (H,u)∈R

^T_{j−1}(H, u) ≥ 1 2 d_1(g, h) (5.22)

Proof. The Lemma can be proven by using (5.4), the simple bound 1−

�_∞

0 (Γ_j/γ_j) ≥ 1/2, and by running the algorithm introduced in the proof of Lemma 5.2.

Lemma 5.6. Let G ⊂⊂ G_{≥j+1}, s ≥ 0 and R_j (G, s) as defined in (4.17). Then, for each R ∈ R_j (G, s), � R∈R � (H,u)∈R

|H| ≥ |G| + � R∈R |R ↾_j| (5.23)

Proof. The Lemma follows directly from the definition of R_j (G, s).

5.2. Preliminary lemmata In this section we collect some technical bounds needed to prove the convergence of the multi–scale cluster expansion.

Lemma 5.7. For m > 0 let

K(m) :=

� 1 + e−m/2 1 − e^{−m/2}

�_d (5.24)

where we recall d is the dimension of the lattice L. Let also γ, L ≥ 0 be positive reals; then we have �

x∈L:

d1(x,0)≥γ

e^{−m d1(x,BL)} ≤ K(m) e^{− m2 (γ−2L)} (5.25)

where we recall B_L is the ball of radius L centered at the origin defined at the end of Section 2.1.

Proof. First of all we note that d_1(x, 0) ≤ L + d_1(x, B_L). Hence � x∈L:

d1(x,0)≥γ

e^{−m d1(x,BL)} ≤ � x∈L:

d1(x,0)≥γ

e^{−m [d1(x,0)−L]} ≤ e^{mL−mγ/2} � x∈L:

d1(x,0)≥γ

e^{−md1(x,0)/2}

Recalling that d_1(x, 0) = |x_1| + · · · + |x_d|, where x = (x_1, . . . , x_d), and using the bound above we get � x∈L:

d1(x,0)≥γ

e^{−m d1(x,BL)} ≤ e^{−m(γ−2L)/2} � x∈L e^{−m(|x1|+···+|xd|)/2} ≤ e^{−m(γ−2L)/2} � 1 + 2 ∞� k=1 e^{−m k/2}

�_d

and the Lemma follows via elementary computations.

Lemma 5.8. For j ≥ 1 and m > 0 let

q_j(m) := K(m/4) e^{−m γj /8} (5.26) where K(m) has been defined in Lemma 5.7. Assume q_j (m) < 1 and set

K_j (m) := e^{− m4 ϑj} e^{−m/4} 1 − e^{−m/4} + � 1 + e^{− m4 ϑj} e^{−m/4} 1 − e^{−m/4} � (Γ_j + 1)^d q_j (m) 1 − q_j (m)

(5.27)

Then sup_{g∈Gj} � G⊂⊂G≥j : G∋g ∞� s=0 1I_{(|G|,s)≠(1,0)} exp � − m ^T_{j−1}(G, s) � ≤ K_j (m) (5.28)

Proof. Let g_0 ∈ G_j ; by using (5.5), definition (3.6), and Lemma 5.1 we have � G⊂⊂G≥j G∋g0 ∞� s=0 1I_{(|G|,s)≠(1,0)} exp � − m ^T_{j−1}(G, s) �

≤ ∞� s=1 exp � − m 4 d_1 (Q(g_0), y_s(g_0)) �

+ ∞� k=1 � G⊂⊂G≥j : G∋g0 |G|=k+1 exp � − m 4 inf_{xh∈gh:}

h=0,1,...,k inf π∈Π_0(k) k� l=1 d_1 � x_{π(l−1)}, x_{π(l)} � �

× ∞� s=0 exp � − m 4 d_1 � Q( ^G), y_s(G) � � (5.29)

For G ⊂⊂ G_{≥j} , such that G ∩ G_j ≠ ∅, we have d_1(Q( ^G), y_s(G)) = ϑ_j + s; then ∞� s=1 e^{− m4 d1(Q(g0),ys(g0))} = e^{− m4 ϑj} e^{−m/4} 1 − e^{−m/4}

(5.30)

and_∞ � s=0 e^{− m4 d1}(^{Q( bG),ys(G)}) = 1 + e^{− m4 ϑj} e^{−m/4} 1 − e^{−m/4}

(5.31)

On the other hand ∞� k=1 � G⊂G≥j : G∋g0 |G|=k+1 exp � − m 4 inf_{xh∈gh}

h=0,1,...,k inf π∈Π_0(k) k� h=1 d_1(x_{π(h−1)}, x_{π(h)}) �

≤ ∞� k=1 1 k! � g1,...,gk∈G≥j : gh≠gh′ , gh≠g0 exp � − m 4 inf_{xh∈gh:}

h=0,1,...,k inf π∈Π_0(k) k� h=1 d_1(x_{π(h−1)}, x_{π(h)}) �

≤ ∞� k=1 1 k! � g1,...,gk∈G≥j : gh≠gh′ , gh≠g0 � xh∈gh:

h=0,1,...,k � π∈Π_0(k) exp � − m 4 k� h=1 d_1(x_{π(h−1)}, x_{π(h)}) �

≤ ∞� k=1 1 k! � x_0∈g_0 � π∈Π_0(k) k� h=1 � � gπ(h) gπ(h)≠gπ(h−1) � x_{π(h)}∈g_{π(h)} exp � − m 4 d_1(x_{π(h−1)}, x_{π(h)}) �

(5.32)

We now have

sup_{g∈G≥j} sup_{x∈g} � g′∈G≥j

g′≠g � y∈g^′ exp � − m 4 d_1(x, y) � ≤ sup_{x∈L} � y∈L d1(x,y)>γj exp � − m 4 d_1(x, y) �

≤ K(m/4) exp � − m 8 γ_j � = q_j (m)

(5.33)

where we used Lemma 5.7 and (5.26).

By plugging (5.33) into the r.h.s. of (5.32) we then get ∞� k=1 � G⊂G≥j : G∋g0 |G|=k+1 exp � − m 4 inf π∈Π_0(k)

inf_{xh∈gh:}

h=0,1,...,k k� h=1 d_1(x_{π(h−1)}, x_{π(h)}) �

≤ ∞� k=1 1 k! � x_0∈g_0 � π∈Π_0(k)

[q_j (m)]^k

= |g_0| q_j (m) 1 − q_j (m)

≤ (Γ_j + 1)^d q_j (m) 1 − q_j (m)

(5.34)

The estimate (5.28) now follows collecting the bounds (5.29)–(5.31) and (5.34).

In the sequel we shall need some elementary inequalities relating the sequences Γ, γ to the parameters α and A introduced in Condition 2.1. We show how those inequalities are implied by the hypotheses of Theorem 3.2.

Lemma 5.9. Suppose the hypotheses of Theorem 3.2 are satisfied. We define the decreasing sequence of positive numbers

δ_k := 8d a^{1/3} γ^{−1/3}_k (5.35)

for k ≥ 1. Moreover we set

m_0 = α 4 , and m_j := α 4 − 4 j� k=1 δ_k for all j ≥ 1 (5.36)

Then

1. for each j ≥ 1 we have δ_j γ_j ≥ 8j;

2. we have ∞� k=1 δ_k ≤ α 32 ; 3. we have eε < 1/3;

4. let q_j (m) as defined in Lemma 5.8 and δ_j as in (2), then q_j (δ_j) < 1 for all j ≥ 1;

5. let K_j(m) as defined in Lemma 5.8, then K_j (δ_j) < 1/3 for all j ≥ 1;

6. for each j ≥ 1 we have m_{j−1}γ_j ≥ m_j γ_j ≥ 32j;

7. we have K(δ_j /2) exp � −^{δj}_4 γ_j � ≤ 1 for all j ≥ 1;

8. we have K((m_{j−1} − 2δ_j )/2) exp � −^{mj−1 −2δj}_4 γ_j � ≤ 1 for all j ≥ 1;

9. we have [4^d(Γ_i + γ_j)^d + 1] exp � −^{δj}_4 γ_i � ≤ 1 for any 1 ≤ j < i.

Proof. Item 1 is an immediate consequence of definition (5.35) and item 4 in the hypotheses of Theorem 2.5. By definition (5.35) item 2 is equivalent to item 3 in the hypotheses of Theorem 2.5.

Item 3 is an immediate consequence of the definition of ε in item 3 of Theorem 3.2, item 1 in the hypotheses of Theorem 2.5 and the property γ_1 > 2Γ_1 (see item 1 in Definition 2.2).

With simple elementary computations, one can prove that definition (5.35) implies that the inequality 22 3 � 18γ_j δ_j

�_d e^{−δj γj /8} ≤ 1 6 (5.37) holds for all j ≥ 1; such inequality will be useful in the proof of the remaining items. Indeed, by using (5.35) we get that (5.37) is equivalent to (γ^2_j /a)^{2/3} exp{−(γ^2_j /a)^{1/3}} ≤ 1, which holds trivially.

Item 4 is obvious once one has proven

q_j(δ_j ) ≤ 1 7(Γ_j + 1)^d + 1

(5.38)

for all j ≥ 1. To prove (5.38) we first use (5.24), (5.26) and recall Γ_j ≥ 2 for all j ≥ 1, see Definition 2.2; we then have

[7(Γ_j + 1)^d + 1]q_j (δ_j ) ≤ 22 3 � 3 2 �_d

Γ^d_j q_j (δ_j ) ≤ 22 3 � 3 2 �_d Γ^d_j

�1 + e−δ_j /8 1 − e^{−δj /8}

�_d e^{−δj γj /8} (5.39)

We note, now, that item 1 in the hypotheses of Theorem 2.5 and definition (5.35) implies δ_j ≤ 1 for all j ≥ 1. Hence, the term (1 + e^{−δj /8})/(1 − e^{−δj /8}) can be bounded from above by 24/δ_j. The inequality (5.38) finally follows from (5.37) once we recall γ_j ≥ 2Γ_j for all j ≥ 1.

Item 5: first note that for j ≥ 1

e^{−δj ϑj /4} e^{−δj /4} 1 − e^{−δj /4}

≤ e^{−δj γj /8}

1 + e^{−δj /4} 1 − e^{−δj /4}

≤ e^{−δj γj /8} 12 δ_j ≤ 1 6 (5.40)

where we used ϑ_j ≥ γ_j for all j ≥ 1, inequality (5.37), and δ_j ≤ 1 for all j ≥ 1. By inserting the bounds (5.38) and (5.40) inside the expression of K_j(δ_j ), see definition (5.27), we get the desired inequality.

Item 6: from (5.36) and item 2 above we have that

m_j = α 4 − 4 j� k=1 δ_k ≥ α 4 − 4 α 32 = α 8 ≥ 4δ_j (5.41)

Hence, m_{j−1}γ_j ≥ m_j γ_j ≥ 4δ_jγ_j ≥ 32j > 4(j − 1), where we have used item 1 above.

Item 7 is a straightforward consequence of the definition (5.24) of K and the inequality (5.37).

Item 8: by using (5.41) we have that m_{j−1} − 2δ_j ≥ δ_j . So the thesis follows from item 7 once we note that K(m) is a decreasing function of m ≥ 0.

Item 9 follows easily from (5.37), using that Γ_i ≥ 7γ_j, see item 2 in Definition 2.2, and δ_i ≤ δ_j for i > j ≥ 1.

5.3. Recursive estimate In this section we obtain a recursive estimate on the effective interaction due to the integration on scale j, which is the key step in the proof of Theorem 3.2. More precisely, recalling ε and m_j have been defined in item 3 of Theorem 3.2 and in (5.36), we shall prove the following bounds.

Theorem 5.10. Let the hypotheses of Theorem 3.2 be satisfied. For i ≥ 1 set A_i := (1 ∨ A)(8^d + 1)Γ^d_i . Let also Ψ^{(i,j)}_{g,Λ} (resp. Φ^{(i,j)}_{G,s,Λ}) as defined in (4.5) and (4.18) (resp. in (4.6) and (4.19)). Then for each i > j ≥ 0, we have

‖Ψ^{(i,j)}_{g,Λ} ‖_∞ ≤ A_i ∀g ∈ G_i (5.42) ‖Φ^{(i,j)}_{G,s,Λ}‖_∞ ≤ ε^{|G|}e^{−mj bTj (G,s)} ∀G ⊂⊂ G_{≥i} : G ∩ G_i ≠ ∅, ∀s ≥ 0 (5.43)

for any Λ ⊂⊂ L.

The Theorem follows by complete induction from Lemma 5.11 and Proposition 5.12 below. First of all we show that (5.42) and (5.43) hold for j = 0.

Lemma 5.11. Let Ψ^{(i,0)}_{g,Λ} , resp. Φ^{(i,0)}_{G,s,Λ}, as defined in (4.5), resp. in (4.6) and assume the hypotheses of Theorem 3.2 are satisfied. Then for any Λ ⊂⊂ L and any i ≥ 1

‖Ψ^{(i,0)}_{g,Λ} ‖_∞ ≤ A_i ∀g ∈ G_i (5.44) ‖Φ^{(i,0)}_{G,s,Λ}‖_∞ ≤ ε^{|G|}e^{−m0 bT0(G,s)} ∀G ⊂⊂ G_{≥i} : G ∩ G_i ≠ ∅, ∀s ≥ 0 (5.45)

Proof. We first prove (5.44). Recall (4.5), given X ∈ Υ_Λ(g, 0), if ξ(X) = g then X ∩g ≠ 0. Hence by using Condition 2.1,

‖Ψ^{(i,0)}_{g,Λ} ‖_∞ ≤ � X∩Λ≠0: ξ(X)=g

‖V_{X,Λ}‖_∞ ≤ � x∈g � X∩Λ≠0: X∋x ‖V_{X,Λ}‖_∞ ≤ |g|A (5.46)

The bound (5.44) follows from |g| ≤ (Γ_i + 1)^d.

To prove (5.45) we first note that for G ⊂⊂ G_{≥i}, such that G ∩ G_i ≠ ∅ and (|G|, s) ≠ (1, 0), and X ∈ Υ_Λ(G, s) we have, recalling (2.9) and item 5 in definition 2.4, that T(X) ≥ γ_i. Therefore by using (5.3) we have inf X∈Υ_Λ(G,s)

T(X) ≥ 1 4 γ_i + 1 4 ^T_0(G, s) + 1 2 inf X∈Υ_Λ(G,s)

T(X) ≥ 1 4 γ_i + 1 4 ^T_0(G, s) + 1 4 γ_i � (|G| − 1) ∨ 1

� (5.47)

where in the last step we used Lemma 5.1 in the case |G| ≥ 2. Now, for G and s as above, remarking that |G| ≥ 2 implies |G| − 1 ≥ |G|/2, we have, recalling γ_i ≥ γ_1 and ε = exp{−αγ_1/8} as in item 3 of Theorem 3.2,

‖Φ^{(i,0)}_{G,s,Λ}‖_∞ ≤ � X∈Υ_Λ(G,s)

‖V_{X,Λ}‖_∞ = � X∈Υ_Λ(G,s)

e^{αT(X)}e^{−αT(X)}‖V_{X,Λ}‖_∞

≤ e^{− 14 αγi− 14 α bT0(G,s)− 18 αγ1|G|} � X∈Υ_Λ(G,s)

e^{αT(X)}‖V_{X,Λ}‖_∞

≤ ε^{|G|}e^{− 14 α bT0(G,s)}e^{− 14 αγi} sup_{g∈Gi} � X⊂⊂L ξ(X)∋g

e^{αT(X)}‖V_{X,Λ}‖_∞

≤ ε^{|G|}e^{− 14 α bT0(G,s)}e^{− 14 αγi} sup_{g∈Gi} � x∈g � X⊂⊂L X∋x e^{αT(X)}‖V_{X,Λ}‖_∞

≤ ε^{|G|}e^{− 14 α bT0(G,s)}e^{− 14 αγi} (Γ_i + 1)^dA

(5.48)

where we used the same bound as in (5.46). The bound (5.45) finally follows from item 2 in the hypotheses of Theorem 2.5.

Proposition 5.12. Let the hypotheses of Theorem 3.2 be satisfied. Let also Φ^{(j,h)}_{G,s,Λ} satisfy the bound (5.43) for any G ⊂⊂ G_{≥j} with G ∩ G_j ≠ ∅, any s ≥ 0, and any h = 0, . . . , j − 1. Then, for each Λ ⊂⊂ L, the cluster expansion in (4.16) is absolutely convergent. Moreover, Ψ^{(i,j)}_{g,Λ} and Φ^{(i,j)}_{G,s,Λ}, as defined in (4.18) and (4.19), satisfy the bounds (5.42) and (5.43) for any i > j ≥ 1.

The proof of the inductive step in Proposition 5.12 is split in a series of Lemmata in which we understate the hypotheses of Proposition 5.12 itself to be satisfied.

Lemma 5.13. For R ∈ R_j , let ζ_{R,Λ} be as defined in (4.14). Then we have

‖ζ_{R,Λ}‖_∞ ≤ � (G,s)∈R

ε^{|G|} e^{−(mj−1 −δj ) bTj−1(G,s)} (5.49)

for any Λ ⊂⊂ L.

Proof. Recalling (4.13), the inductive hypotheses (5.43) implies that for each G ⊂⊂ G_{≥j} , G ∩ G_j ≠ ∅ and s ≥ 0 with (|G|, s) ≠ (1, 0)

‖Φ^{(j)}_{G,s,Λ}‖_∞ ≤ j−1� h=0 ε^{|G|}e^{−mh bTh(G,s)} ≤ j ε^{|G|}e^{−mj−1 bTj−1(G,s)} (5.50)

where we used that m_h, ^T_h are decreasing in h. Note that for g ∈ G_{≥j} and s ≥ 1 we have, by recalling the inequality (5.5) and definition (2.9), that

^T_h(g, s) ≥ 1 4 d_1(Q(g), y_s(g)) > 1 4 γ_j h = 0, . . . , j − 1

On the other hand, for G ⊂⊂ G_{≥j} , |G| ≥ 2, there are g, g^′ ∈ G with d_1(g, g^′) > γ_j. Hence, recalling (5.5)

^T_h(G, s) ≥ 1 2 T (G) ≥ 1 2 γ_j ≥ 1 4 γ_j h = 0, . . . , j − 1

We thus conclude that for each G ⊂⊂ G_{≥j} such that (|G|, s) ≠ (1, 0), j ≥ 1, we have

^T_h(G, s) ≥ 1 4 γ_j h = 0, . . . , j − 1 (5.51)

Since Φ^{(j)}_{G,s,Λ} = 0 if (|G|, s) = (1, 0), m_{j−1}γ_j ≥ 32j (see item 6 in Lemma 5.9), and ε ∈ (0, 1), from (5.50) we get the bound ‖Φ^{(j)}_{G,s,Λ}‖_∞ ≤ 1. Recalling definition (4.14) of the activity of a j–polymer R and using the bound |e^x − 1| ≤ e^{|x|}|x| and (5.50), we get

‖ζ_{R,Λ}‖_∞ ≤ � (G,s)∈R

ej ε^{|G|}e^{−mj−1 bTj−1(G,s)} ≤ � (G,s)∈R

ε^{|G|} e^{−(mj−1 −δj ) bTj−1(G,s)} sup_{j≥0} � ej exp � − δ_j 1 4 γ_j �

where we used again (5.51). The bound (5.49) follows since sup_{r≥0}{e r e^{−r}} = 1 and δ_j γ_j ≥ 8j ≥ 4j, see item 1 Lemma 5.9.

Lemma 5.14. For R ∈ R_j , let

~ζ_R := ε^{|R↾}j^| � (G,s)∈R exp � − δ_j ^T_{j−1}(G, s) � (5.52)

Then sup_{g∈Gj} � R∈Rj R↾j ∋g

~ζ_R exp �|R ↾_j|� ≤ 1 (5.53)

Proof. The above Lemma follows from the estimate in [11, Appendix B], indeed the only needed ingredient is provided by Lemma 5.8. Firstly we notice that from definition (5.52) we have ~ζ_R e^{|R↾}j^| = (eε)^{|R↾}j^| � (G,s)∈R exp � − δ_j ^T_{j−1}(G, s) �

From item 4 in Lemma 5.9 and Lemma 5.8 we get

sup_{g∈Gj} � G⊂⊂G≥j G∋g ∞� s=0 1I_{(|G|,s)≠(1,0)} exp � − δ_j ^T_{j−1}(G, s) � ≤ K_j(δ_j ) =: ~K_j (5.54)

On the other hand from items 3 and 5 in Lemma 5.9 we easily get

e^{eKj} ≤ 1 e ε(2 − e ε) for all j ≥ 1 (5.55)

Now, by using (5.55) and item 3 in Lemma 5.9 we can indeed perform the estimate in [11, Appendix B] to obtain

sup_{g∈Gj} � R∈Rj R↾j ∋g

~ζ_R e^{|R↾}j^| ≤ eε ~K_j � 1 + e^{eKj} − 1 1 + (eε)^2e^{eKj} − 2eεe^{eKj} � ≤ 1 (5.56)

where the last inequality follows from items 3 and 5 of Lemma 5.9 by elementary computations.

The bound (5.53) allows us to justify the cluster expansion in (4.16). We are now indeed ready to apply the abstract theory developed in [29].

Lemma 5.15. For R ∈ R_j , let ~ζ_R as in (5.52) and, for R ∈ R_j , set ~ζ_R := � R∈R ~ζ_R.

Then, recalling the incompatibility inc_j has been defined below (3.5), for each S ∈ R_j we have �

R∈Rj R incj S

|φ_T (R)| ~ζ_R ≤ |S ↾_j| (5.57)

Remark. Since, by (5.41) m_{j−1} − δ_j ≥ m_j − δ_j ≥ 3δ_j ≥ δ_j, from Lemmata 5.6, 5.13, 5.15, and (5.52) it follows for each Λ ⊂⊂ L the cluster expansion in (4.16) is absolutely convergent if the hypotheses of Theorem 3.2 hold. This proves the first claim in Proposition 5.12.

Proof of Lemma 5.15. For each S ∈ R_j we have the bound � R∈Rj R incj S

~ζ_R e^{|R↾}j^| ≤ � g∈S↾_j � R∈Rj R↾j ∋g

~ζ_R e^{|R↾}j^| ≤ |S ↾_j|

where we applied Lemma 5.14. The bound (5.57) now follows from the Theorem in [29] by choosing there a(R) = |R ↾_j|.

We can now estimate the self interaction due the integration on scale j.

Lemma 5.16. Let g ∈ G_i and Ψ^{(i,j)}_{g,Λ} as defined in (4.18). Then for each i ≥ j + 1

‖Ψ^{(i,j)}_{g,Λ} ‖_∞ ≤ A_i (5.58)

for any Λ ⊂⊂ L.

Proof. Recalling (5.52), by using Lemmata 5.6 and 5.13, we get

‖Ψ^{(i,j)}_{g,Λ} ‖_∞ ≤ ε � R∈R_j (g,0)

|φ_T (R)| ~ζ_R � R∈R � (H,u)∈R

e^{−(mj−1 −2δj ) bTj−1 (H,u)}

≤ ε � h∈G_j � R∈Rj (g,0)

R↾j ∋h

|φ_T (R)| ~ζ_R � R∈R � (H,u)∈R

e^{−(mj−1 −2δj ) bTj−1 (H,u)}

≤ ε � h∈G_j

e^{−(mj−1 −2δj )d1(g,h)/2} sup_{h∈Gj} � R∈Rj R↾j ∋h

|φ_T (R)| ~ζ_R

(5.59)

where we used (5.22).

We next observe that for h ∈ G_j , by the notion of j–incompatible j–polymers, we have that R ↾_j ∋ h implies R inc_j (h, 0). Therefore, by Lemma 5.15, sup_{h∈Gj} � R∈Rj R↾j ∋h

|φ_T (R)| ~ζ_R ≤ 1 (5.60)

Finally, � h∈G_j

e^{− mj−1 −2δj2 d1(g,h)} ≤ � y∈L e^{− mj−1 −2δj2 d1(y,BΓi )}

≤ [2 (2Γ_i + γ_j) + 1]^d + � y∈L:

y∉B2Γ i+γj

e^{− mj−1 −2δj2 d1(y,BΓi )}

≤ 4^d[Γ_i + γ_j ]^d + K ((m_{j−1} − 2δ_j)/2) e^{− mj−1−2δj4 γj}

(5.61)

where we used Lemma 5.7.

Noticing that item 2 in Definition 2.2 implies γ_j ≤ Γ_{j+1} ≤ Γ_i and recalling item 8 in Lemma 5.9, the bound (5.58) follows.

The recursive estimate on the effective interaction due the integration on scale j requires now only a little extra effort. Indeed, the proof of Proposition 5.12 is concluded by the following Lemma.

Lemma 5.17. Let G ⊂⊂ G_{≥i}, G ∩ G_i ≠ ∅, s ≥ 0 and Φ^{(i,j)}_{G,s,Λ} as defined in (4.19). Then for each i ≥ j + 1 ‖Φ^{(i,j)}_{G,s,Λ}‖_∞ ≤ ε^{|G|} e^{−(mj−1 −4δj ) bTj (G,s)} (5.62) for any Λ ⊂⊂ L.

Proof. Let g ∈ G ∩ G_i; recall definition (5.3), by applying (5.22), Lemmata 5.6, 5.13, and using the same bounds as in (5.59) we get

‖Φ^{(i,j)}_{G,s,Λ}‖_∞ ≤ ε^{|G|}e^{−(mj−1 −3δj ) bTj (G,s)} � h∈G_j

e^{−δj d1(g,h)/2} sup_{h∈Gj} � R∈R_j : R↾_j ∋h

|φ_T (R)| ~ζ_R

≤ ε^{|G|}e^{−(mj−1 −4δj ) bTj (G,s)−δj γi/4} � 4^d[Γ_i + γ_j]^d + K(δ_j /2) e^{−δj γj /4}

� (5.63) where we used (5.51) and (5.60), and argued as in (5.61). Recalling the bounds 7 and 9 in Lemma 5.9 the estimate (5.62) is proven.

With the proof of this Lemma it is also completed the proof of Proposition 5.12. We finally show how to get Theorem 3.2 from (5.42) and (5.43).

Proof of Theorem 3.2. Item 1: equation (3.8) has been formally obtained in Section 4; the absolute convergence, uniform with respect to Λ, of the series involved in (3.8) follows from Proposition 5.12. Item 2 follows immediately from the remarks below definitions (4.11) and (4.15). Item 3: to prove the bound (3.9) we recall (4.8), (4.11), Theorem 5.10 and S := sup_{x∈L} |S_x| to get

‖ log Z^{(j)}_{g,Λ}‖_∞ ≤ |g|(log S + ‖U‖) + j−1� h=0 A_h (5.64)

which implies the thesis. Finally, to get the bound (3.10) we have to use equation (5.49) in definition (4.15), the obvious fact that m_{j−1} − δ_j > m_j = m_{j−1} − 4δ_j (see (5.36)), (5.5), and the fact that m_j ≥ α/8, which follows from (5.36) and item 2 in Lemma 5.9.

6. Proof of the main theorems First of all we show that Theorem 2.5 is a consequence of cluster expansion stated in Theorem 3.2.

Proof of Theorem 2.5. Recalling (2.10) and the notation introduced in Section 4, for Λ, X ⊂⊂ L we set

Ψ_{X,Λ,0} := � V_{X,Λ} if diam_∞(X) ≤ ϱ, ξ(X) = ∅, and X ∩ Λ ≠ ∅ 0 otherwise

(6.1) and Φ_{X,Λ,0} := � V_{X,Λ} if diam_∞(X) > ϱ, ξ(X) = ∅, and X ∩ Λ ≠ ∅ 0 otherwise

(6.2)

Note that the families {Ψ_{X,Λ,0}, Λ ⊂⊂ L} and {Φ_{X,Λ,0}, Λ ⊂⊂ L} are (X, ∅)–compatible. Moreover, for j ≥ 1

Ψ_{X,Λ,j} := � g∈G_j : Y_0(g)=X

log Z^{(j)}_{g,Λ}

Φ_{X,Λ,j} := � R∈Rj :

R↾≥j+1=∅, supp R=X

φ_T (R)ζ_{R,Λ}

(6.3)

We finally set Ψ_{X,Λ} :=

�_κ j=0 Ψ_{X,Λ,j} and Φ_{X,Λ} :=

�_κ

j=0 Φ_{X,Λ,j}, recall κ has been introduced in item 1 of Theorem 3.2.

From equation (3.8) and the previous definitions we have that the identity (2.11) holds. On the other hand, from Condition 2.1, the (Y_0(g), ∅)–compatibility of Z_{g,Λ}, and the (supp R, ^R ↾_{≥j+1})–compatibility of ζ_{R,Λ} we easily get that item 2 holds true.

Now, from (6.1) and (6.3) it follows that if diam_∞(X) > ϱ and ∄g ∈ G_{≥1} such that Y_0(g) = X then Ψ_{X,Λ} = 0. Moreover, recalling item 6 in Definition 2.4, for each x ∈ L we get � X∋x sup_{Λ⊂⊂L} ‖Ψ_{X,Λ}‖_∞ ≤ � X∋x sup_{Λ⊂⊂L} � ‖Ψ_{X,Λ,0}‖_∞ +

k_x�

j=1 � g∈Gj :

Y0(g)∋x

‖ log Z^{(j)}_{g,Λ}‖_∞ � (6.4)

By exploiting (2.5) in Condition 2.1, the first term on the right–hand side of (6.4) can be easily bounded as follows � X∋x sup_{Λ⊂⊂L} ‖Ψ_{X,Λ,0}‖_∞ ≤ � X∋x sup_{Λ⊂⊂L} ‖V_{X,Λ}‖_∞ ≤ A (6.5)

To bound the second term on the right–hand side of (6.4) we note that � �{g ∈ G_j : Y_0(g) ∋ x} � � ≤ [Γ_j + 1 + 2ϑ_j]d. Hence the bound (2.12), which completes the proof of item 3, follows from the above inequality, (3.9), (6.4), and (6.5).

In order to prove item 4 let us first show that for G ⊂⊂ G_j and s ≥ 0, if (|G|, s) ≠ (1, 0) we have ^T_{j−1}(G, s) ≥ 1 12 diam_∞ � Y_s(G) � (6.6)

It is interesting to remark that the bound (6.6) might fail if it were G ⊂⊂ G_{≥j} and G ∩ G_{≥j+1} ≠ ∅. If |G| = 1 then G = {g} for some g ∈ G_j ; by recalling (2.9), (5.5) we get, since s ≥ 1 and ϑ_j > 3Γ_j,

^T_{j−1}({g}, s) = 1 4 d_1 (Q(g), y_s(g)) ≥ 1 4 (ϑ_j + s) ≥ 1 12 (2ϑ_j + 2s + Γ_j) ≥ 1 12 diam_∞ (Y_s(g))

Let, now, |G| ≥ 2 and s = 0. Recall ϑ_j < 2γ_j and T (G) ≥ γ_j > 2Γ_j. By applying (5.5) we get

^T_{j−1}(G, s) ≥ 1 2 T (G) ≥ 1 3 γ_j + 1 6 T (G) ≥ 1 6 ϑ_j + 1 12 diam_∞ � Q( ^G) � ≥ 1 12 diam_∞ � Y_0( ^G) � Finally, in the case |G| ≥ 2 and s ≥ 1 by (5.5)

^T_{j−1}(G, s) ≥ 1 6 T (G) + 1 6 (ϑ_j + s) ≥ 1 12 diam_∞ � Q( ^G) � + 1 12 (2ϑ_j + 2s) ≥ 1 12 diam_∞ � Y_s( ^G) � From (6.6) we get that, given X ⊂⊂ L, for any R ∈ R_j such that supp R = X and R ↾_{≥j+1} = ∅ we have � R∈R � (G,s)∈R:

(|G|,s)≠(1,0)

^T_{j−1}(G, s) ≥ 1 12 diam_∞(X) (6.7)

Furthermore, given g ∈ G_j and x ∈ L, for any R ∈ R_j such that supp R ∋ x, R ↾_j ∋ g, and R ↾_{≥j+1} = ∅ we have that the left–hand side of (6.7) is bounded from below by d_∞(x, g)/12. Recalling (5.52), by applying Lemma 5.13, and noticing that m_{j−1} − 2δ_j ≥ m_j , we have that for each x ∈ L � X∋x e^{qαdiam∞(X)} sup_{Λ⊂⊂L} ‖Φ_{X,Λ}‖_∞ ≤ � X∋x e^{qαdiam∞(X)} � sup_{Λ⊂⊂L} ‖Φ_{X,Λ,0}‖_∞

+ � j≥1 � R∈Rj :

supp R=X, R↾≥j+1=∅ � φ_T (R) � exp � − m_j � R∈R � (G,s)∈R:

(|G|,s)≠(1,0)

^T_{j−1}(G, s) � · ~ζ_R

� (6.8)

Recalling (6.2), the first term on the right–hand side of (6.8) can be bounded as follows � X∋x e^{qαdiam∞(X)} sup_{Λ⊂⊂L} ‖Φ_{X,Λ,0}‖_∞ ≤ � X∋x:

diam∞(X)>ϱ

e^{qαT(X)} sup_{Λ⊂⊂L} ‖V_{X,Λ}‖_∞

≤ e^{−(1−q)ϱα} � X∋x e^{αT(X)} sup_{Λ⊂⊂L} ‖V_{X,Λ}‖_∞ ≤ Ae^{−(1−q)ϱα} ≤ e^{−α}

where we used T(X) ≥ diam_∞(X), Condition 2.1, and definitions (2.10).

Recall q = 2^{−5}3^{−2}, by using (6.7), the remark below it, (5.51), and m_j ≥ α/8 we get, by simple computations, that the second term on the right–hand side of (6.8) can be bounded by

e^{−mj γ1/36} � X∋x � j≥1 e^{−mj γj /18} � g∈G_j

e^{−(mj /36)d∞(x,g)} � R∈Rj : R↾j ∋g supp R=X, R↾≥j+1=∅

|φ_T (R)|~ζ_R (6.9)

which, in turn, by Lemma 5.15 is bounded by

e^{−qαγ1} � j≥1 e^{−mj γj /18} � g∈G_j

e^{−(mj /36)d∞ (x,g)} ≤ e^{−qαγ1} � j≥1 e^{−32j/18} � y∈L e^{−αqd∞(y,x)}

≤ e^{−qαγ1} e^{−16/9} 1 − e^{−16/9} K �qα d � ≤ e^{−qαγ1} K �qα d � (6.10) where we used item 6 in Lemma 5.9, Lemma 5.7, and the bound d_∞(y, x) ≥ d_1(y, x)/d. Recalling the function K has been defined in (5.24), we have proven the bound (2.13) which completes the proof of the Theorem.

Theorem 2.6 follows from Theorem 2.5 by the combinatorial techniques in [3]. We are, indeed, in a situation analogous to [3, Rem. 2.2] and it is not difficult to check that items 1 and 2 in the hypotheses of Theorem 2.6 on the geometry of the supports of the local functions f_1, . . . , f_n imply that Lemma 3.2 in [3], which yields the bound (2.17), holds.

References

[1] G. Benfatto, E. Marinari, E. Olivieri, “Some numerical results on the block spin transformation for the 2D Ising model at the critical point.” J. Statist. Phys. 78, 731–757 (1995).

[2] L. Bertini, E.N.M. Cirillo, E. Olivieri, “Renormalization group transformations under strong mixing conditions: gibbsianess and convergence of renormalized interactions.” J. Statist. Phys. 97, 831–915 (1999).

[3] L. Bertini, E.N.M. Cirillo, E. Olivieri, “A combinatorial proof of tree decay of semi– invariants,” J. Statist. Phys. 115, 395–413 (2004).

[4] L. Bertini, E.N.M. Cirillo, E. Olivieri, “Randomly perturbed strong mixing systems:

beating Griffiths’ singularity above the critical temperature.” In preparation.

[5] L. Bertini, E.N.M. Cirillo, E. Olivieri, “Renormalization group in the uniqueness region: weak Gibbsianity and convergence.” Preprint 2004.

[6] J. Bricmont, A. Kupiainen, “Phase transition in the 3d random field Ising model.”

Comm. Math. Phys. 116, 539–572 (1988).

[7] J. Bricmont, A. Kupiainen, R. Lefevere, “Renormalization group pathologies and the definition of Gibbs states.” Comm. Math. Phys. 194, 359–388 (1998).

[8] C. Cammarota, “The large block spin interaction.” Nuovo Cimento B(11) 96, 1–16 (1986).

[9] N. Cancrini, F. Martinelli, “Comparison of finite volume canonical and gran canonical Gibbs measures under a mixing condition.” Markov Process. Related Fields 6, 23–72 (2000).

[10] M. Cassandro, G. Gallavotti, “The Lavoisier law and the critical point.” Nuovo Cimento B 25, 691–705 (1975).

[11] M. Cassandro, E. Olivieri, “Renormalization group and analyticity in one dimension:

a proof of Dobrushin’s theorem.” Comm. Math. Phys. 80, 255–269 (1981).

[12] E.N.M. Cirillo, E. Olivieri, “Renormalization group at criticality and complete analyticity of constrained models: a numerical study.” J. Statist. Phys. 86, 1117–1151 (1997).

[13] R.L. Dobrushin, “A Gibbsian representation for non–Gibbsian field.” Lecture given at the workshop “Probability and Physics,” September 1995, Renkum (The Netherlands).

[14] R.L. Dobrushin, S.B. Shlosman, “Constructive criterion for the uniqueness of Gibbs fields.” Statist. Phys. and Dyn. Syst., Birkhauser, 347–370 (1985).

[15] R.L. Dobrushin, S.B. Shlosman, “Completely analytical Gibbs fields.” Statist. Phys.

and Dyn. Syst., Birkhauser, 371–403 (1985).

[16] R.L. Dobrushin, S.B. Shlosman, “Completely analytical interactions constructive description.” J. Statist. Phys. 46, 983–1014 (1987).

[17] R.L. Dobrushin, S.B. Shlosman, “Non-Gibbsian states and their Gibbs description.”

Comm. Math. Phys. 200, 125–179 (1999).

[18] H. von Dreifus, A. Klein, J.F. Perez, “Taming Griffiths’ singularities: infinite differentiability of quenched correlation functions. Comm. Math. Phys. 170, 21–39 (1995).

[19] A.C.D. van Enter, R. Fernández, A.D. Sokal, “Regularity properties and pathologies of position–space renormalization–group transformations: scope and limitations of Gibbsian theory.” J. Statist. Phys. 72, 879–1167 (1994).

[20] J. Fröhlich, J.Z. Imbrie, “Improved perturbation expansion for disordered systems:

beating Griffiths’ singularities.” Comm. Math. Phys. 96, 145–180 (1984).

[21] J. Fröhlich, T. Spencer, “Absence of diffusion in the Anderson tight binding model for large disorder or low energy.” Comm. Math. Phys. 88, 151–184 (1983).

[22] G. Gallavotti, H.J.F. Knops, “Block-spins interactions in the Ising model.” Commun.

Math. Phys. 36, 171–184 (1974).

[23] K. Gawedzki, R. Kotecký, A. Kupiainen, “Coarse–graining approach to first order phase transitions.” Proceedings of the symposium on statistical mechanics of phase transitions – mathematical and physical aspects, Trebon 1986. J. Statist. Phys. 47, 701–724 (1987).

[24] J. Glimm, A. Jaffe, “Quantum physics. A functional integral point of view.” Second edition. Springer–Verlag, New York, 1987.

[25] R.B. Griffiths, “Non–analityc behavior above the critical point in a random Ising ferromagnet.” Phys. Rev. Lett. 23, 17–19 (1969).

[26] R.B. Griffiths, P.A. Pearce, “Mathematical properties of position–space renormalization group transformations.” J. Statist. Phys. 20, 499–545 (1979).

[27] K. Haller, T. Kennedy, “Absence of renormalization group pathologies near the critical temperature. Two examples.” J. Statist. Phys. 85, 607–637 (1996).

[28] R.B. Israel, “Banach algebras and Kadanoff transformations in random fields.” J.

Fritz, J.L. Lebowitz and D. Szasz editors (Esztergom 1979), Vol. II, 593–608 (North– Holland, Amsterdam 1981).

[29] R. Kotecký, D. Preiss, “Cluster expansion for abstract polymer models.” Comm.

Math. Phys. 103, 491–498 (1986).

[30] F. Martinelli, “An elementary approach to finite size conditions for the exponential decay of covariance in lattice spin models.” On Dobrushin’s way. From probability theory to statistical physics, 169–181, Amer. Math. Soc. Trans. Ser. 2, 198, Amer. Math. Soc., Providence, RI. (2000)

[31] F. Martinelli, private communication.

[32] F. Martinelli, E. Olivieri, “Approach to equilibrium of Glauber dynamics in the one phase region I. The attractive case.” Commun. Math. Phys. 161, 447–486 (1994).

[33] F. Martinelli, E. Olivieri, “Instability of renormalization group pathologies under decimation.” J. Statist. Phys. 79, 25–42 (1995).

[34] F. Martinelli, E. Olivieri, R. Schonmann, “For 2–D lattice spin systems weak mixing implies strong mixing.” Commun. Math. Phys. 165, 33–47 (1994).

[35] C. Maes, F. Redig, S. Shlosman, A. Van Moffaert, “Percolation, path large deviations and weakly Gibbs states.” Commun. Math. Phys. 209, 517–545 (2000).

[36] E. Olivieri, “On a cluster expansion for lattice spin systems: a finite size condition for the convergence.” J. Statist. Phys. 50, 1179–1200 (1988).

[37] E. Olivieri, P. Picco, “Cluster expansion for D–dimensional lattice systems and finite volume factorization properties.” J. Statist. Phys. 59, 221–256 (1990).

[38] S.B. Shlosman, “Path large deviation and other typical properties of the low– temperature models, with applications to the weakly Gibbs states.” Markov Process. Related Fields 6, 121–133 (2000).

[39] R.H. Schonmann, S.B. Shlosman, “Complete analyticity for 2D Ising completed.”

Comm. Math. Phys. 170, 453–482 (1995).

[40] A. Suto, “Weak singularity and absence of metastability in random Ising ferromagnets.” J. Phys. A 15, L7494–L752 (1982).