THE LARGE - Z BEHAVIOUR OF PSEUDO-RELATIVISTIC ATOMS

THOMAS ØSTERGAARD SØRENSEN

Abstract. In this paper we study the large - Z behaviour of the ground state energy of atoms with electrons having relativistic kinetic energy √ p^2c^2 + m^2c^4− mc^2. We prove that to leading order in Z the energy is the same as in the non-relativistic case, given by (non-relativistic) Thomas-Fermi theory. For the problem to make sense, we keep the product Zα fixed (here α is Sommerfeld’s fine structure constant), and smaller than, or equal to, 2/π, which means that as Z tends to infinity, α tends to zero.

1. Introduction and results

As a model for a relativistic atom with nuclear charge Z and N electrons, we consider the operator

H_{rel} = N∑ i=1 {√ −α^{−2}Δ_i + α^{−4} − α^{−2} − Z |x_i| } + ∑ 1≤i<j≤N 1 |x_i − x_j | . Here, x_i ∈ R^3 is the coordinate of the i’th electron, Δ_i is the Laplacian with respect to x_i, and α is Sommerfeld’s fine structure constant (the physical value of α is approximately 1/137.037). This is the expression one obtains using √ p^2c^2 + m^2c^4− mc^2 for the kinetic energy of the electrons (and making the substitution p → −iℏ∇), measuring energies (H_{rel}) in units of Rydberg, and lengths (the x_i’s) in units of the Bohr radius.

This model has been much studied over the past thirty years. Stability in the case N = 1 was proved independently by Herbst [8] and Weder [21]. The ‘Stability of Matter’ for the model was first proved by Conlon [2], later by Fefferman and de la Llave [6], and also by Lieb and Yau [16]; see the latter for an overview. A non-exhaustive list of other works on this model is [9, 20, 19, 18, 1].

It is well-known that the operator H_{rel} is bounded from below on C^∞_0 (R^{3N} ) if, and only if, Zα ≤^2_π . Only in this case is the atom stable; and we define the operator H_{rel} as a self-adjoint, unbounded operator by Friedrichs-extending this semi-bounded operator. To study the energy of large atoms, one would normally then consider the limit as Z → ∞ of the infimum of the spectrum of this operator. However, due to the upper bound on Z resulting from the restriction Zα ≤^2_π , this

August 30, 2004.

2000 Mathematics Subject Classification. Primary 81V45, 35P20; Secondary 81Q20, 81R30. Key words and phrases. Relativistic atoms, large - Z behaviour of energy, semi-classics. © 2004 by the author. This article may be reproduced in its entirety for non-commercial purposes. 1

is not possible here. To overcome this problem, we consider

H_{rel} = α^{−1} N∑ i=1 {√ −Δ_i + α^{−2} − α^{−1} − δ |x_i| } + ∑ 1≤i<j≤N α |x_i − x_j |

where δ = Zα is held fixed. This ensures that as Z → ∞, and therefore α → 0, the operator H_{rel} remains well-defined—as long as 0 ≤ δ ≤^2_π . Also, we shall keep λ ≡ N/Z fixed. The energy of the atom is then defined as

E_N (Z, δ) := inf σ_{HF} (H_{rel}) ,

where the spectrum of H_{rel} is calculated on H_F =

⋀_N L^2(R^3, C^q ), the Fermionic Hilbert space, describing N Fermions, each with q possible spin states. We will take q = 2 from now on (but this is no restriction). We note that since (the extension of) H_{rel} is self-adjoint and bounded from below, we have the Rayleigh-Ritz principle: If C is a form core for the corresponding quadratic form, then

inf σ_{HF} (H_{rel}) = inf

{ψ∈C | ‖ψ‖=1}

⟨ψ, H_{rel} ψ⟩ .

Our main result is the following:

Theorem 1.1. Let δ ∈ (0, 2/π] and λ > 0 be fixed and let H_{rel} and E_{N=λZ} (Z, δ) be as above. Then

E_{λZ} (Z, δ) = − C_{TF}(λ)Z^{7/3} + o(Z^{7/3}) , Z → ∞, (1.1)

where −C_{TF}(λ)Z^{7/3} is the (non-relativistic) Thomas-Fermi energy of the atom.

This shows that, to leading order, the ground-state energy of a relativistic atom is given by the (non-relativistic) semi-classical Thomas-Fermi energy approximation, as it is for the non-relativistic atom (note that the case δ =^2_π is included). (In the non-relativistic case this was first proved by Lieb and Simon [13]; see also Lieb [10].) This expresses the fact that for large atoms the majority of the electrons are non-relativistic.

The second term in the expansion (1.1) will be studied in a forthcoming paper [17].

The proof of Theorem 1.1 will be by finding upper and lower bounds on E_{λZ} (Z, δ). Note that the relativistic kinetic energy is always lower than the non-relativistic one: √ α^{−2}q^2 + α^{−4} − α^{−2} = α^{−2} (√ 1 + (αq)^2 − 1 ) ≤ q^2 2 . (1.2)

(Note: since we will later make Taylor expansions of the square root in the relativistic kinetic energy, we will have to insist on the non-relativistic kinetic energy being −Δ/2). This means that all upper bounds derived earlier [13, 10] for the non-relativistic operator

H_{cl} = N∑ i=1 { p^2_i 2 − Z |x_i| } + ∑ 1≤i<j≤N 1 |x_i − y_j |

will also be upper bounds for H_{rel}; in particular, to prove Theorem 1.1, we need only derive a lower bound.

2. Organisation of the paper

We start in Section 3 by reducing the N-body operator H_{rel} to a one-particle one; having done that, we only need to consider wave functions given as Slater-deter-minants when trying to minimise the energy. To proceed, we need to localise the kinetic energy. To do so, we use (in Section 4) an analogue of the IMS Localisation Formula for the Schrödinger operator, see [3, p.27]. This formula has already been developed by Lieb and Yau in [16] for both the operator √ −Δ + α^{−2} −α^{−1} and the hyper-relativistic kinetic energy |p|. This is essentially done by finding the integral kernels of these operators. For √ −Δ + α^{−2} −α^{−1}, this involves the modified Bessel function K_2, and the derivation of the formula and of needed properties of K_2 are carried out in Appendix A. The localisation error, given by a bounded operator L^{(α)} expressed as an integral operator involving K_2, is then estimated (in Section 5). Estimating the error is rather technical (calculative) and involves localisation of the operator and the above mentioned properties of K_2. Some of the localised terms are estimated with the localised energy itself (Sections 6 and 7).

Coming to the localised energy, we have to estimate the kinetic energy close to the nucleus. Since this is the high-energy region, this is where the electrons are relativistic, and so this term should be of lower order, since, to leading order, there should be no relativistic contribution to the energy. As the relativistic kinetic energy is asymptotically linear in p in the high-energy region—as opposed to the classical one which is quadratic—the singularity in the potential causes substantially more trouble. This problem is solved (in Section 6) by a clever choice of parameters in an estimate by Lieb and Yau in [16] on the sum of the eigenvalues of the energy in a ball around the nucleus. This also determines the scale on which one can localise close to the nucleus. A part of two of the localised terms of the operator L^{(α)} is estimated along with this term.

In the outer region, one uses (in Section 8) essentially the same idea as Lieb did in the classical case, see [11], to re-find the desired phase space integral, which is to give the semi-classical Thomas-Fermi energy. This involves introducing coherent states and estimating the error by doing so. The formulae for the relativistic case were developed in [15], but the error obtained there is too rough for our purposes. We therefore develop (in Appendix B) a better estimate by a more careful analysis. In order to make all this work, one need the coherent state to be supported further out than the initial cut-off around the nucleus. To get this, an intermediary zone is introduced (also in Section 4) by an additional cut-off. The energy in this shell is estimated (in Section 7) by a generalised version of the Lieb-Thirring inequality, proved by Daubechies in [4]. Also the other part of the previously mentioned two terms of the localised operator L^{(α)} is estimated in this way.

Finally we relate (in Section 8) the energy in the outer region to the Thomas- Fermi energy from the classical (that is, the Schrödinger) case. In this region, the kinetic energy is small, and using the specific scaling property of Thomas-Fermi theory allows one to make the change from the relativistic energy √ −α^{−2}Δ + α^{−4} − α^{−2} to the non-relativistic one, −Δ/2, getting errors of the desired order.

3. Reduction to a one-particle problem

We will use the notation

H = αH_{rel} = N∑ i=1 {√ −Δ_i + α^{−2} − α^{−1} − δ |x_i| } + ∑ 1≤i<j≤N α |x_i − x_j |

. (3.1)

Recall that δ = Zα is fixed and that the ground state energy of H_{rel} is to be proven to be of leading order Z^{7/3}. Since we wish to consider α as the free parameter, the relevant order of all error terms will be o(α^{−4/3}). Also, we will denote the operator √ −Δ + α^{−2} by √ p^2 + α^{−2}, and so T (p) = √ p^2 + α^{−2} − α^{−1} will be the kinetic energy.

We start by reducing the problem from an N-particle problem to a one-particle one. This is done by using an inequality on the electron-electron interaction ∑ i<j |x_i − x_j |^{−1}, which will reduce this to a one-particle potential. Choose a spherically symmetric function g ∈ C^∞_0 (R^3), non-negative, supported in the unit ball B(0, 1) of R^3, and such that ∫ g(x)^2 d^3x = 1. Let ϕ(x) = g(x)^2 and let for a > 0 (a to be chosen later), ϕ_a(x) = a^{−3}ϕ(x/a), so that ∫ ϕ_a(x) d^3x = 1.

Then for all ρ : R^3 → R we have: ∑ 1≤i<j≤N 1 |x_i − x_j | ≥ ∑ 1≤i<j≤N ∫ ∫ ϕ_a(x − x_i)ϕ_a(y − x_j ) |x − y| d^3x d^3y

= 1 2 N∑ i,j=1 ∫∫ ϕ_a(x − x_i)ϕ_a(y − x_j ) |x − y| d^3x d^3y − 1 2 N ∫∫ ϕ_a(x)ϕ_a(y) |x − y| d^3x d^3y

= N∑ i=1 ∫∫ ρ(y)ϕ_a(x − x_i)

|x − y| d^3x d^3y − 1 2 ∫ ∫ ρ(x)ρ(y) |x − y| d^3x d^3y − c(ϕ)Na^{−1}

+ 1 2 ∫∫ ( ∑ i ϕ_a(x − x_i) − ρ(x) )( ∑ j ϕ_a(y − x_j ) − ρ(y) ) |x − y| d^3x d^3y ≥ N∑ i=1 ∫∫ ρ(y)ϕ_a(x − x_i)

|x − y| d^3x d^3y − 1 2 ∫ ∫ ρ(x)ρ(y) |x − y| d^3x d^3y − c(ϕ)Na^{−1}.

In the last inequality we used that |x − y|^{−1} is of positive type (a positive kernel) since ∫ ∫ f(x)f(y) |x − y| d^3x d^3y = 4π ∫ |f̂(p)|^2 |p|^2 d^3p.

The constant c(ϕ) is independent of a:

c(ϕ) = 1 2 ∫ ∫ ϕ(x)ϕ(y) |x − y| d^3x d^3y = 2π ∫ |ϕ̂(p)|^2 |p|^2 d^3p.

Noting that (using the spherical symmetry of ϕ_a) ∫∫ ρ(y)ϕ_a(x − x_i) |x − y| d^3x d^3y = ∫ ∫ ρ(y)ϕ_a(z) |z − (x_i − y)| d^3z d^3y = ∫ ρ(y) ( ϕ_a ∗ | · |^{−1} ) (x_i − y) d^3y = ( ρ ∗ ϕ_a ∗ | · |^{−1} ) (x_i) ≡ ρ ∗ ϕ_a ∗ |x_i|^{−1}, we get the operator inequality (see (3.1) for H): H ≥ N∑ i=1 {√ p^2_i + α^{−2} − α^{−1} − δ |x_i|

+ α ρ ∗ ϕ_a ∗ |x_i|^{−1} } (3.2) − α 2 ∫ ∫ ρ(x)ρ(y) |x − y| d^3x d^3y − α c(ϕ)Na^{−1}.

Having reduced the N-body operator H to a one-body operator, we only need to consider Slater-determinants when trying to minimise the energy. That is, when considering ⟨ψ, Hψ⟩ we need only consider those ψ ∈ H_F which are given by

ψ(x_1, . . . , x_N ) = 1 √ N! det(m_i(x_j )),

where m_i ∈ L^2(R^3), i = 1, . . . , N, are orthonormal. Note also that since C^∞_0 (R^3) is a core for the operator √ p^2 + α^{−2} − α^{−1} − δ/|x|, δ ∈ [0, 2/π] (see Herbst [8]), we need only consider m_i’s in this space. Then, as soon as h is a one-particle operator acting on L^2(R^3), we have that ⟨ψ, N∑ i=1 h_iψ⟩ = N∑ i=1 (m_i, h m_i).

Here, ⟨ , ⟩ and ( , ) denote inner products in L^2(R^{3N} ), respectively L^2(R^3), both linear in the second variable, and h_i is h acting on the variable x_i of ψ. Also, we will use ‖ · ‖_p for the norm in L^p(R^3).

4. Localisation of the kinetic energy

In order to treat the one-body operator in (3.2) and in particular the singularity in the Coulomb-potential—which causes considerably more trouble than in the nonrelativistic case—we introduce, following Lieb and Yau [16], a partition of unity (see also Cycon, Froese, Kirsch and Simon [3, Definition 3.1]). For some β ∈ (0,^1_2 ), let θ_1 and θ_2 be monotone positive smooth functions on R_+, 0 ≤ θ_i ≤ 1, such that

θ_1(ξ) = { 1 if ξ < 1 − β 0 if ξ > 1 + β , θ^2(ξ) = { 0 if ξ < 1 − β 1 if ξ > 1 + β ,

and such that θ_1(ξ)^2 + θ_2(ξ)^2 = 1 for all ξ ∈ R_+. Now define, with 8/9 < r < 1 and 1/3 < t < 2/3 (these choices of parameters are governed by the later analysis), the following three functions, which (for α sufficiently small) is a partition of unity in R^3:

χ_1(x) = θ_1

(|x|

α^r ) , χ_2(x) = θ_1

(|x|

α^t ) θ_2

( |x|

α^r ) , χ_3(x) = θ_2

(|x|

α^t ) . (4.1)

Then, at least for α sufficiently small, we have the picture in Figure 1. According to Lieb and Yau [16, Theorem 9; α^{−1} corresponds to m] we have for f ∈ C^∞_0 (R^3) that (f, √ p^2 + α^{−2}f) = 3∑ j=1 (f, χ_j √ p^2 + α^{−2}χ_j f) − (f, L^{(α)}f) (4.2)

Figure 1. The partition of unity.

where L^{(α)} is a bounded operator on L^2(R^3), given by the kernel

L^{(α)}(x, y) = α^{−2} 4π^2

K_2(α^{−1}|x − y|) |x − y|^2 3∑ j=1 (χ_j (x) − χ_j (y))^2.

Here K_2 is a modified Bessel-function, defined on (0, ∞) by

K_2(t) = 1 2 ∫_∞ 0 xe^{− 12 t(x+x−1)} dx.

For completeness, we derive this in Appendix A.

Using this we find, with T (p) = √ p^2 + α^{−2} − α^{−1}, V (x) = δ/|x| and ψ a Slaterdeterminant as mentioned in the previous section, that ⟨ψ, N∑ i=1 { T (p_i) − V (x_i) + α ρ ∗ ϕ_a ∗ |x_i|^{−1} } ψ⟩ (4.3)

= N∑ i=1 (m_i, { T (p) − V (x) + α ρ ∗ ϕ_a ∗ |x|^{−1} } m_i)

= 3∑ j=1 N∑ i=1 (m_i, χ_j { T (p) − V (x) + α ρ ∗ ϕ_a ∗ |x|^{−1} } χ_j m_i) − N∑ i=1 (m_i, L^{(α)}m_i),

since

∑_3 j=1 χ_j (x)^2 = 1 for all x ∈ R^3 (and α sufficiently small).

5. The localisation error

We now estimate the error introduced by the localisation of the kinetic energy carried out in the last section. This error is given by a bounded operator L^{(α)},

L^{(α)}(x, y) = 3∑ j=1 L^{(α)}_j (x, y) , L^{(α)}_j (x, y) = α^{−2} 4π^2

K_2(α^{−1}|x − y|) |x − y|^2

(χ_j (x) − χ_j (y))^2.

As noted above, this expression is derived in Appendix A. We shall start by localising this operator, thereby splitting it it into twelve terms (!) which we will then treat individually. These terms are going to fall into groups though, and the terms in each of these will be estimated together by different means. Two of the terms will be estimated in later sections, together with the energies near the nucleus and in the intermediary zone, related to respectively χ_1 and χ_2.

In this section, the scale of the inner cut-off will be called l, that is, l = α^r, 8/9 < r < 1. Let χ_− be the characteristic function of the ball B(0, 2l) in R^3 and χ_+ that for the complement of this ball. Then each L^{(α)}_j , j = 1, 2, 3, splits into four terms:

L^{(α)}_j (x, y) = χ_+(x)L^{(α)}_j (x, y)χ_+(y) + χ_+(x)L^{(α)}_j (x, y)χ_−(y)

+ χ_−(x)L^{(α)}_j (x, y)χ_+(y) + χ_−(x)L^{(α)}_j (x, y)χ_−(y).

The following lemma will eventually take care of six of these twelve terms: Lemma 5.1. Let l = α^r, 8/9 < r < 1 and assume that, with γ ≡ 1 −^b_a > 0,

|x| > al and |y| < bl on supp χ_+(x)L^{(α)}_j (x, y)χ_−(y). Then, for f ∈ L^2(R^3),

|(f, χ_+L^{(α)}_j χ_−f)| ≤ ρ(α)‖f‖^2 ,

where ρ(α) = o(e^{−2ϵαr−1} ) as α → 0 for all ϵ such that 0 < ϵ < γ. In particular, ρ(α) = o(α^n) as α → 0 for all n ∈ N.

Remark 5.2. Note that the result with x and y interchanged also holds. Proof. By assumption we have that |x − y| > γ|x| on supp χ_+L^{(α)}_j χ_−.

Since both |x|^{−2} and K_2(α^{−1}|x|) are decreasing in |x| (the last is obvious from the definition of K_2), and since (χ_j (x) − χ_j (y))^2 ≤ 1, we get that pointwise,

χ_+(x)L^{(α)}_j (x, y)χ_−(y) ≤ χ_+(x) α^{−2} 4π^2

K_2(α^{−1}γ|x|) (γ|x|)^2 χ_−(y)

on supp χ_+L^{(α)}_j χ_−. Therefore

|(f, χ_+L^{(α)}_j χ_−f)| (5.1) ≤ (∫ |f(y)| χ_−(y) d^3y ) ( (αγ)^{−2}

4π^2 ∫ |f(x)| χ_+(x)

K_2(α^{−1}γ|x|) |x|^2 d^3x ) . We estimate both of these terms using the Cauchy-Schwartz inequality. For the first we get ∫ |f(y)| χ_−(y) d^3y ≤ ‖f‖_2 ‖χ_−‖_2 = Cl^{3/2}‖f‖_2, (5.2)

and for the second ∫ |f(x)| χ_+(x)

K_2(α^{−1}γ|x|) |x|^2 d^3x ≤ ‖f‖_2 (∫ ( χ_+(x)

K_2(α^{−1}γ|x|) |x|^2

)_2 d^3x

)_{1/2} . (5.3) Using the estimate (A.7) in Appendix A on K_2, we get the estimate ∫ ( χ_+(x)

K_2(α^{−1}γ|x|)

|x|^2

)_2

d^3x

≤ 4π

∫_∞ 2l 16 |x|^4 πe^{−2α−1 γ|x|} 2α^{−1}γ|x| ( 1 + (2α^{−1}γ|x|)^{−1} + (2α^{−1}γ|x|)^{−2}

)_2 |x|^2 d|x|

= 128π^2α^{−1}γ

∫_∞

4γlα^{−1}

t^{−3}e^{−t}(1 + 1 t + 1 t^2

)^2 dt, where the last equality follows by the change of variables t = 2γα^{−1}|x|. Dominating e^{−t} in the integrand by e^{−4γlα−1} and working out the resulting integral, we arrive at (using (5.1), (5.2), and (5.3); recall that l = α^r)

|(f, χ_+L^{(α)}_j χ_−f)| ≤ C ‖f‖^2 α^{(3r−5)/2}e^{−2γαr−1} { . . .

}_{1/2}

where { . . .

}_{1/2} = { 1 4 (4γ)^{−4}α^{4(1−r)} + 2 5 (4γ)^{−5}α^{5(1−r)} + 1 2 (4γ)^{−6}α^{6(1−r)} + 2 7 (4γ)^{−7}α^{7(1−r)} + 1 8 (4γ)^{−8}α^{8(1−r)}

}_{1/2} . Now, since 8/9 < r < 1, this term tends to zero as α tends to zero. Also α^{(3r−5)/2}e^{−2γαr−1} = o(e^{−2ϵαr−1} ) , α → 0, for all ϵ satisfying 0 < ϵ < γ. This proves the lemma. □ We now return to investigating the above mentioned twelve terms. Firstly, note that two of these terms are actually zero: χ_+(x)L^{(α)}_1 (x, y)χ_+(y) ≡ 0 χ_−(x)L^{(α)}_3 (x, y)χ_−(y) ≡ 0 as is easily seen by looking at the supports of χ_+, χ_−, χ_1, and χ_3. Next, we note that the following three terms fulfill the conditions in Lemma 5.1 and therefore are o(α^n), α → 0, for all n ∈ N:

χ_+(x)L^{(α)}_1 (x, y)χ_−(y) ≠ 0 for |x| > 2l and |y| < (1 + β)l χ_+(x)L^{(α)}_3 (x, y)χ_−(y) ≠ 0 for |x| > (1 − β)α^t and |y| < 2l χ_+(x)L^{(α)}_2 (x, y)χ_−(y) ≠ 0 for |x| > (1 − β)α^t and |y| < 2l and for |x| ∈ [2l, (1 − β)α^t] and |y| < (1 + β)l.

This is due to the fact that for α small enough, α^t > α^r, since t < 2/3 < 8/9 < r. The above is symmetric in x and y, which gives another three terms.

We are then left with four terms. For these we will use that, by the Mean Value Theorem, (χ_j (x) − χ_j (y))^2 ≤ ‖∇χ_j ‖^2_∞|x − y|^2. Note that for the four remaining terms,

χ_+L^{(α)}_2 χ_+ , χ_−L^{(α)}_1 χ_− , χ_+L^{(α)}_3 χ_+ , χ_−L^{(α)}_2 χ_− , (5.4) we only need to take the supremum of |∇χ_j (ξ)| over the ξ’s between x and y in the support of the relevant term. In this way we get:

|(f, χ_±L^{(α)}_j χ_±f)| ≤ ∫ ∫ |f(x)| χ_±(x)|f(y)| χ_±(y)L^{(α)}_j (x, y) d^3x d^3y ≤ c^±_j (α)α^{−2}

4π^2 ∫ |f(x)| χ_±(x) ( (|f| χ_±) ∗ G_α ) (x) d^3x

where G_α(x) = K_2(α^{−1}|x|) and c^±_j (α) = sup_{|x|≷2l} |∇χ_j (x)|^2. By first using the Cauchy-Schwartz inequality, then Young’s inequality, we get

|(f, χ_±L^{(α)}_j χ_±f)| ≤ c^±_j (α)α^{−2}

4π^2

‖f χ_±‖_2 ‖ (|f| χ_±) ∗ G_α‖_2 ≤ c^±_j (α) 4π^2α^2

‖f χ_±‖^2 ‖G_α‖_1.

Since

‖G_α‖_1 = ∫ K_2(α^{−1}|x|) d^3x = 4π

∫_∞ 0 α^2t^2K_2(t)α dt = 6π^2α^3

(see (A.6) in Appendix A for

∫_∞ 0 t^2K_2(t) dt) we get the following inequality:

|(f, χ_±L^{(α)}_j χ_±f)| ≤

3c^±_j (α)α 2 ‖f χ_±‖^2. (5.5)

For two of the terms in (5.4), χ_+L^{(α)}_2 χ_+ and χ_+L^{(α)}_3 χ_+, this is sufficient, since (see (4.1); recall that l = α^r) c^+_j (α) = sup_{|x|>2l} |∇χ_j |^2 = c^+_j α^{−2t} , j = 2, 3,

and since t < 2/3 we get, using (5.5), that N∑ i=1 (m_i, χ_+L^{(α)}_3 χ_+m_i) ≤ N 3 2 c^+_j α^{1−2t} = o(α^{−4/3}) , α → 0,

as N = λZ = λδα^{−1} (λ and δ fixed) and ‖m_i‖_2 = 1. Similarly for χ_+L^{(α)}_2 χ_+.

For the other two terms in (5.4), note that

‖f χ_−‖^2 = ∫ |f(x)|^2 |χ_−(x)|^2 d^3x = ∫ |f(x)|^2 χ_−(x) d^3x = (f, χ_−f)

= (f, χ_−(χ^2_1 + χ^2)f) = (χ_1f, χ_−χ_1f) + (χ_2f, χ_−χ_2f) , since χ^2_− = χ_− and χ^2_1 + χ^2 = 1 on supp χ_−. Using this and (5.5), we obtain (since χ_−χ_1 = χ_1): N∑ i=1 (m_i, χ_−(L^{(α)}_1 + L^{(α)}_2 )χ_−m_i) (5.6)

≤ C α^{1−2r}

(^N∑ i=1 (χ_1m_i, χ_1m_i) + N∑ i=1 (χ_2m_i, χ_−χ_2m_i) )

where C = 3 2 (c_1 + c_2) , c_j α^{−2r} = sup_{|x|<2l} |∇χ_j (x)|^2 , j = 1, 2.

The two terms in (5.6) will be estimated in the following two sections, the first one along with the energy at the nucleus, the second one with the energy in the intermediary zone.

6. The energy near the nucleus In this section we estimate the energy at the nucleus, that is (see (4.3)), the term N∑ i=1 (m_i, χ_1 { T (p) − V (x) + α ρ ∗ ϕ_a ∗ |x|^{−1} } χ_1m_i). (6.1)

Also, half of the remaining term (5.6) of the localisation error, treated in the previous section, will be estimated here. We start by noting that ρ∗ϕ_a ∗|x|^{−1} is positive, so that we get a lower bound to (6.1) by dropping this term. The remaining expression will be treated by using the following result by Lieb and Yau [16, Theorem 11] on the hyper-relativistic operator |p|:

Theorem 6.1. Let C_0 > 0 and R > 0 and let

H_{C0R} = |p| − 2 π |x|^{−1} − C_0/R

be defined on L^2(R^3) as a quadratic form. Let 0 ≤ γ ≤ q be a density matrix (that is, any bounded operator on L^2(R^3) which satisfies the operator inequality 0 ≤ γ ≤ q and for which Tr(γ) < ∞) and let χ be any function with support in B_R = {x | |x| ≤ R}. Then

Tr(χ̄γχH_{C0R}) ≥ −4.4827 C^4_0 R^{−1}q{(3/4πR^3) ∫ |χ(x)|^2 d^3x}. (6.2)

Note, that when χ ≡ 1 in B_R, then the factor in braces {} in (6.2) is 1.

Here, Tr(γh) is shorthand for ∑ k(f_k, hf_k)γ_k, where (f_k, γ_k) are the eigenfunctions and eigenvalues of γ. For more details, see Lieb [12]. In our situation, q = 2. For our purpose, let Π be the projection on span{m_i | i = 1, . . . N}, then Π is a density matrix as above, and

Tr(χ_1Πχ_1H_{C0R}) = N∑ i=1 (m_i, χ_1H_{C0R}χ_1m_i).

Since supp χ_1 ⊆ B(0, (1 + β)α^r) with 8/9 < r < 1, set R = (1 + β)α^r and C_0 = 2(1 + β)α^{r−1}. Then

T (p) − V (x) = √ p^2 + α^{−2} − α^{−1} − δ |x| ≥ |p| − α^{−1} − 2 π |x|^{−1} = H_{C0R} + α^{−1},

since √ p^2 + α^{−2} − α^{−1} ≥ |p| − α^{−1} and δ ≤ 2/π. Including the first term in (5.6) we now have, applying (6.2), N∑ i=1 (m_i, χ_1 { T (p) − V (x) } χ_1m_i) − C α^{1−2r} N∑ i=1 (m_i, χ_1χ_1m_i)

≥ N∑ i=1 (m_i, χ_1 { H_{C0R} + α^{−1} − C α^{1−2r} } χ_1m_i)

≥ N∑ i=1 (m_i, χ_1H_{C0R}χ_1m_i) = Tr(χ̄_1Πχ_1H_{C0R}) ≥ −Cα^{3r−4}. (6.3)

The second inequality is valid for α small enough, since r < 1, so that α^{2(1−r)} → 0 for α → 0. Since 3r − 4 > −4/3 (as 8/9 < r), the RHS of (6.3) is o(α^{−4/3}), α → 0, which is the desired order. Note that the above procedure is what decides the scale α^r, 8/9 < r < 1, on which one can localise near the nucleus.

7. The intermediary zone

The energy in this area is given by the term (see (4.3)) N∑ i=1 (m_i, χ_2 { T (p) − V (x) + α ρ ∗ ϕ_a ∗ |x_i|^{−1} } χ_2m_i). (7.1)

The zone defined by the χ_2 was introduced to separate the outer zone defined by χ_3 and the support of the coherent states to be introduced later. As in the previous section we note that by dropping the term involving ρ ∗ ϕ_a ∗ |x|^{−1}, we get a lower bound of the energy in (7.1). The remaining expression will be estimated by a generalisation of the Lieb-Thirring inequality (see Lieb and Thirring [14]), proved by Daubechies in [4, page 518]. See also page 516 loc. cit. for the conditions on the function T (p).

Proposition 7.1. Let F (s) =

∫_s 0 dt [T^{−1}(t)]^3, where T (p) = T (|p|) = √ |p|^2 + α^{−2}− α^{−1} as a function. Then ⟨ψ, N∑ i=1 { T (p_i) − V (x_i) } ψ⟩ ≥ − qC̃ ∫ F (|V (x)|) d^3x

where C̃ ≤ 0.163.

Note that this in particular means that the negative part of the spectrum of the operator T (p)−V (x) is discrete and that the sum of the negative eigenvalues of this operator is bounded from below by the quantity −qC̃ ∫ F (|V (x)|) d^3x. To see this, let {e_j }^∞_{j=0} be these negative eigenvalues, e_0 ≤ e_1 ≤ . . . , and {g_j }^∞_{j=0} corresponding orthonormal eigenfunctions, and let ψ be the Slater-determinant of the first N of the g_j ’s. Then, by the above proposition,

− qC̃ ∫ F (|V (x)|) d^3x ≤ ⟨ψ, N∑ i=1 { T (p_i) − V (x_i) } ψ⟩

= N∑ j=1 (g_j , { T (p) − V (x) } g_j ) = N∑ j=1 e_j . (7.2)

Since the left-hand-side is independent of N, we get the statement by taking the limit N → ∞. This will, as mentioned above, be used on the energy related to the cut-off χ_2, but also on the remaining half of the term χ_−(L^{(α)}_1 + L^{(α)}_2 )χ_− discussed in Section 5, see (5.6). First, let us calculate F :

T (p) = T (|p|) = √ |p|^2 + α^{−2} − α^{−1} ⇒ T^{−1}(t) = √ t^2 + 2α^{−1}t.

Then

F (s) =

∫_s 0 (t^2 + 2α^{−1}t)^{3/2} dt =

∫_s 0 ( 2t α )_{3/2}( 1 + αt 2 )_{3/2} dt. Now, by a Taylor expansion of the second term in the integral, we get ( 1 + (αt)/2

)_{3/2} ≤ 1 + 3α 4 t + 3α^2 32 t^2. (7.3)

That is, for s ≥ 0 :

F (s) ≤ ( 2 α )_{3/2}{ 2 5 s^{5/2} + 3α 14 s^{7/2} + α^2 48 s^{9/2} } . (7.4)

The two terms we wish to estimate in this section are, as mentioned above, N∑ i=1 (m_i, χ_2 { T (p) − V (x) } χ_2m_i) and Cα^{1−2r} N∑ i=1 (χ_2m_i, χ_−χ_2m_i).

In order to do so, note that on supp χ_−χ_2 we have (χ_− being the characteristic function of B(0, 2α^r))

V (x) = δ |x| ≥ δ 2α^r

≥ C α^{1−2r}

for α small enough, since r < 1, so that α^{1−r} → 0 as α → 0. Therefore, by the estimate (7.4) on F (s), and still for α small enough, we have N∑ i=1 (m_i, χ_2 { T (p) − V (x) } χ_2m_i) − C α^{1−2r} N∑ i=1 (m_i, χ_2χ_−χ_2m_i)

≥ N∑ i=1 (m_i, χ_2 { T (p) − 2V̂ (x) } χ_2m_i) (7.5)

with V̂ (x) = χ_2(x)V (x). Letting (e_j , g_j ) be the negative eigenvalues and corresponding orthonormal eigenvectors for the operator T (p) − 2V̂ (x) as before, we then have N∑ i=1 (m_i, χ_2 { T (p) − 2V̂ (x) } χ_2m_i) ≥ N∑ i=1 (χ_2m_i, { ∑ j e_j (g_j , · ) g_j } χ_2m_i) (7.6)

= ∑ j N∑ i=1 e_j |(χ_2m_i, g_j )|^2 = ∑ j N∑ i=1 e_j |(m_i, χ_2g_j )|^2 ≥ ∑ j e_j ‖χ_2g_j ‖^2 ≥ ∑ j e_j .

Here we used Bessel’s inequality (remember that the m_i’s are orthonormal), that e_j < 0 and that 0 ≤ χ_2 ≤ 1. Using (7.2) on T (p) − 2V̂ (x), in the limit N → ∞, we now reach (using (7.4), (7.5), and (7.6)) N∑ i=1 (m_i, χ_2 { T (p) − V (x) } χ_2m_i) − C α^{1−2r} N∑ i=1 (m_i, χ_2χ_−χ_2m_i)

≥ − 2C̃ ∫ supp χ_2

F (2 |V (x)|) d^3x

≥ − C ∫ supp χ_2 ( 2 α )_{3/2}{ 2 5 ( 2|V (x)|

)_{5/2} + 3α 14 ( 2|V (x)|

)_{7/2} + α^2 48 ( 2|V (x)|

)_{9/2}} d^3x

= −C4π

∫_αt

α^r ( 2 α )_{3/2}{ 2 5 ( 2δ |x| )_{5/2} + 3α 14 ( 2δ |x| )_{7/2} + α^2 48 ( 2δ |x| )_{9/2}}

|x|^2 d|x|

= − C [ 4 5 (α^{t−32} − α^{r−32} ) + 6δ 7 (α^{−(r+1)2} − α^{−(t+1)2} ) +

4δ^2 72 (α^{1−3r2} − α^{1−3t2} ) ] . Since 8/9 < r < 1 and 1/3 < t < 2/3 , all of these terms are o(α^{−4/3}), which is the desired order. We note that it is this analysis that decides the scale α^t of the outer cut-off χ_3.

8. The outer zone and Thomas-Fermi teory Up to order o(α^{−4/3}) we are now left with N∑ i=1 (m_i, χ_3 { T (p) − V (x) + α ρ ∗ ϕ_a ∗ |x|^{−1} } χ_3m_i) − α 2 ∫∫ ρ(x)ρ(y) |x − y| d^3xd^3y − α c(ϕ)Na^{−1}.

This expression will now be related to the semi-classical Thomas-Fermi energy. This is done by introducing coherent states, following Lieb and Yau in [15, proof of Lemma B.3]. Let g be the function chosen in Section 3, that is, g ∈ C^∞_0 (R^3), spherically symmetric, non-negative, supported in the unit ball B(0, 1) of R^3 and such that ∫ g(x)^2 d^3x = 1. Let g_α(x) = α^{−3s/2}g(x/α^s), 1/3 < t < s < 2/3, that is, ϕ_a(x) = g_α(x)^2 with a = α^s. In this way, since N = λZ = λδα^{−1}:

α c(ϕ)Na^{−1} = λδ c(ϕ)α^{−s} = o(α^{−2/3}),

which is also o(α^{−4/3}), α → 0. Define now the coherent states g^{p,q}_α , p, q ∈ R^3 by

g^{p,q}_α (x) = g_α(x − q)e^{ipx}.

With T̃ (p) the function √ p^2 + α^{−2} − α^{−1}, we then have the formulae

(f, f) = 1 (2π)^3 ∫ ∫ d^3p d^3q (f, g^{p,q}_α )(g^{p,q}_α , f),

(f, (V ∗ g^2_α)f) = 1 (2π)^3 ∫ ∫ d^3p d^3q V (q)(f, g^{p,q}_α )(g^{p,q}_α , f), (8.1)

(f, T (p)f) ≥ 1 (2π)^3 ∫ ∫ d^3p d^3q T̃ (p)(f, g^{p,q}_α )(g^{p,q}_α , f) − o(α^{−1/3}).

The proof of these formulae is carried out in Appendix B. In this way, letting Ṽ (x) = δ/|x| − α ρ ∗ |x|−1 (remember that ϕ_{αs} = g2_α): N∑ i=1 (m_i, χ_3 { T (p) − V (x) + α ρ ∗ ϕ_a ∗ |x|^{−1} } χ_3m_i)

= N∑ i=1 (m_i, χ_3 { T (p) − Ṽ (x) ∗ ϕ_αs + δ |x| ∗ ϕ_αs − δ |x| } χ_3m_i)

= N∑ i=1 (m_i, χ_3 { T (p) − Ṽ (x) ∗ ϕ_αs } χ_3m_i)

= 1 (2π)^3 ∫∫ d^3p d^3q (~ T (p) − Ṽ (q) )(^N∑ i=1 |(m_iχ_3, g^{p,q}_α )|^2 ) − N o(α^{−1/3}).

The second equality follows from Newton’s theorem (since ϕ_αs is spherically symmetric): |x|^{−1} −|x|^{−1} ∗ϕ_αs ≡ 0 outside supp ϕ_αs , and since supp χ_3 ∩supp ϕ_αs = ∅ for α sufficiently small (as s > t), N∑ i=1 (m_i, χ_3 { δ |x_i|

∗ ϕ_αs − δ |x_i| } χ_3m_i) = 0.

This is one of the reasons for introducing the intermediary zone by the function χ_2. Note also that N o(α^{−1/3}) = o(α^{−4/3}). Now, for α small enough, α^{s−t} < 1/4, since s > t, so that if |q| <^1_4 α^t, then

|x − q| < α^s ⇒ |x| < 1 2 α^t,

and so (m_iχ_3, g^{p,q}_α ) = 0, since supp g_α ⊂ B(0, α^s) and supp χ_3 ⊂ R^3 \ B(0,^1_2 α^t). That is, for α small enough supp_q |(m_iχ_3, g^{p,q}_α )|^2 ⊆ R^3 \ B(0,^1_4 α^t),

so that for any μ ≥ 0 we have, with M(p, q) =

∑_N

i=1 |(m_iχ_3, g^{p,q}_α )|^2 and [ f ] ± = max{±f, 0}: 1 (2π)^3 ∫∫ d^3p d^3q (~ T (p) − Ṽ (q) )(^N∑ i=1 |(m_iχ_3, g^{p,q}_α )|^2 )

= 1 (2π)^3 ∫∫ |q|>^1_4 α^t

d^3p d^3q (~ T (p) − (Ṽ (q) − αμ) ) M(p, q) − αμ N∑ i=1 (χ_3m_i, χ_3m_i)

≥ − 1 (2π)^3 ∫ ∫ |q|>^1_4 α^t

d^3p d^3q [ T̃ (p) − (Ṽ (q) − αμ) ] − − αμN,

since 0 ≤ M(p, q) ≤ 1 and (χ_3m_i, χ_3m_i) ≤ ‖m_i‖^2 = 1. The first is seen by Bessel’s inequality, since the m_i’s are orthonormal and ‖χ_3g^{p,q}_α ‖_2 ≤ ‖g^{p,q}_α ‖_2 = 1. In this way we have shown that for μ ≥ 0, ρ : R^3 → R and ψ ∈ H_F =

⋀_N L^2(R^3, C^2) :

⟨ψ, Hψ⟩ ≥ − 1 (2π)^3 ∫ ∫ |q|>^1_4 α^t

d^3p d^3q [ T̃ (p) − (Ṽ (q) − αμ) ] − − α 2 ∫∫ ρ(x)ρ(y) |x − y| d^3x d^3y − αμN − o(α^{−4/3}). (8.2)

Choose now ρ to be the Thomas-Fermi density ρ^{N,Z}_{T F} , that is, the function that minimises the Thomas-Fermi functional (here, γ = (3π^2)^{2/3}):

E_{T F} (ρ) = 3 5 γ ∫ ρ(x)^{5/3} d^3x − ∫ ρ(x) Z |x| d^3x + 1 2 ∫ ∫ ρ(x)ρ(y) |x − y| d^3x d^3y (8.3)

over the set { ρ ∈ L^{5/3}(R^3) ∩ L^1(R^3) | ρ ≥ 0, ∫ ρ(x) d^3x ≤ N } . (For the Thomas-Fermi theory, see Lieb and Simon [13] and Lieb [10]). Then ρ^{N,Z}_{T F} satisfies the Thomas-Fermi equation:

γ ρ(x)^{2/3} = [ Z |x| − ρ ∗ |x|^{−1} − μ ] + (8.4)

for some unique μ = μ(N). Furthermore,

for N ≤ Z: ∫ ρ^{N,Z}_{T F} (x) d^3x = N and μ(N) > 0,

for N > Z: ∫ ρ^{N,Z}_{T F} (x) d^3x = Z and μ(N) = 0

(see Lieb and Simon [13, Theorems II.17, 18 and 20]). In this way, ∫ ρ^{N,Z}_{T F} (x) d^3x < N implies N > Z, and therefore μ(N) = 0, so that we always have

μ(N) ∫ ρ^{N,Z}_{T F} (x) d^3x = μ(N)N. (8.5)

Let E_{T F} (N, Z) ≡ E_{T F} (ρ^{N,Z}_{T F} ) and define the Thomas-Fermi potential by

V^{N,Z}_{T F} (x) ≡ Z/|x| − ρ^{N,Z}_{T F} ∗ |x|^{−1} − μ(N), then we have the following scaling ([13, (2.24) p.608]) (remember, that λ = N/Z is fixed):

E_{T F} (N, Z) = Z^{7/3}E_{T F} (λ, 1) ≡ −C_{T F} (λ)Z^{7/3}, (8.6) V^{N,Z}_{T F} (x) = Z^{4/3}V^{λ,1}_{T F} (Z^{1/3}x) ≡ Z^{4/3}V_{T F} (Z^{1/3}x). (8.7)

The idea is now to estimate the difference between the integral in (8.2) (with ρ = ρ^{N,Z}_{T F} and μ = μ(N)) and − α (2π)^3 ∫ ∫ |q|>^1_4 α^t

d^3p d^3q

[ p2 2 − ( Z |q| − ρ^{N,Z}_{T F} ∗ |q|^{−1} − μ(N) )] − .

This is done in two steps: first, we change the domain of the integration, then we change the integrand, each time estimating the error.

First, − 1 (2π)^3 ∫∫ |q|>^1_4 α^t

d^3p d^3q [ T̃ (p) − αV^{N,Z}_{T F} (q) ] − = 1 (2π)^3 ∫∫ |q|>^1_4 α^t; T̃ (p)<αV^{N,Z}_{T F} (q)

d^3p d^3q (~ T (p) − αV^{N,Z}_{T F} (q) )

= 1 (2π)^3 ∫ ∫ |q|>^1_4 α^t ; α^{p2}_2 <αV^{N,Z}_{T F} (q)

d^3p d^3q (~ T (p) − αV^{N,Z}_{T F} (q) ) + 1 (2π)^3 ∫∫ |q|>^1_4 α^t ; T̃ (p)<αV^{N,Z}_{T F} (q)<α^{p2}_2

d^3p d^3q (~ T (p) − αV^{N,Z}_{T F} (q) ) .

Since T̃ (p) ≥ 0, we get ∫ ∫ |q|>^1_4 α^t; T̃ (p)<αV^{N,Z}_{T F} (q)<α^{p2}_2

d^3p d^3q ( αV^{N,Z}_{T F} (q) − T̃ (p) ) ≤ α ∫∫ |q|>^1_4 α^t; T̃ (p)<αV^{N,Z}_{T F} (q)<α^{p2}_2

d^3p d^3q V^{N,Z}_{T F} (q).

Using the scaling (8.7) and the change of variables ω = δ^{1/3}α^{−1/3}q, the above is equal to

δ^{1/3}α^{2/3} ∫ ∫ |ω|>^1_4 δ^{1/3} α^{t−1/3} T̃ (p)<δ^{4/3} α^{−1/3}V_{T F} (ω)<α^{p2}_2

d^3p d^3ω V_{T F} (ω). (8.8)

The limits in the integral means that

2δ^{4/3}α^{−4/3}V_{T F} (ω) ≤ p^2 ≤ 2δ^{4/3}α^{−4/3}V_{T F} (ω) ( 1 + 1 2 δ^{4/3}α^{2/3}V_{T F} (ω) ) so that with

X = 2δ^{4/3}α^{−4/3}V_{T F} (ω) , Y = 1 2 δ^{4/3}α^{2/3}V_{T F} (ω) , Z = |p|^2 , W = 1 4 δ^{1/3}α^{t−1/3}, we have

(8.8) = (4π)^2δ^{1/3}α^{2/3}

∫_∞ W d|ω| |ω|^2 V_{T F} (ω)

( ∫ X(1+Y ) X √ Z 2 dZ )

= (4π)^2δ^{1/3}α^{2/3}

∫_∞ W d|ω| |ω|^2 V_{T F} (ω)

X^{3/2} 3 ( (1 + Y )^{3/2} − 1 ) . By the Taylor-expansion (7.3), we have (1 + Y )^{3/2} ≤ 1 +^3_2 Y +^3_8 Y^2, and so

(8.8) ≤ Cδ^{7/3}α^{−4/3}

∫_∞ W |ω|^2 V_{T F} (ω)^{5/2} × ( 3 4 δ^{4/3}α^{2/3}V_{T F} (ω) + 3 32 δ^{8/3}α^{4/3}V_{T F} (ω)^2 ) d|ω|.

Using that V^{N,Z}_{T F} (x) ≤ Z/|x|, since μ(N) ≥ 0 and ρ^{N,Z}_{T F} ≥ 0 (remember that V_{T F} ≡ V^{λ,1}_{T F} ), we arrive at

(8.8) ≤ Cδ^{11/3}α^{−2/3}

∫_∞ W d|ω| |ω|^{−3/2} + √ 2π^2δ^5

∫_∞ W d|ω| |ω|^{−5/2}

∼ α^{−2/3}W^{−1/2} + W^{−3/2} ∼ α^{−2/3}α^{1/6−t/2} + α^{(1−3t)/2} = o(α^{−5/6}) + o(α^{−1/2})

since t < 2/3. This means, that − 1 (2π)^3 ∫∫ |q|>^1_4 α^t

d^3p d^3q [ T̃ (p) − αV^{N,Z}_{T F} (q) ] − ≥ 1 (2π)^3 ∫ ∫ |q|>^1_4 α^t ; α^{p2}_2 <αV^{N,Z}_{T F} (q)

d^3p d^3q (~ T (p) − αV^{N,Z}_{T F} (q) ) − o(α^{−4/3}).

Next note that since |q| >^1_4 α^t and αV^{N,Z}_{T F} (q) ≤ δ/|q| in the area of integration, we here have that

T̃ (p) = √ p^2 + α^{−2} − α^{−1} ≥ α p^2 2 − α^3 p^4 8 . In this way, we get 1 (2π)^3 ∫ ∫ |q|>^1_4 α^t ; α^{p2}_2 <αV^{N,Z}_{T F} (q)

d^3p d^3q (~ T (p) − αV^{N,Z}_{T F} (q) )

≥ 1 (2π)^3 ∫∫ |q|>^1_4 α^t ; α^{p2}_2 <αV^{N,Z}_{T F} (q)

d^3p d^3q ( α p^2 2 − α^3 p^4 8 − αV^{N,Z}_{T F} (q) )

= 1 (2π)^3 ∫∫ |q|>^1_4 α^t ; α^{p2}_2 <αV^{N,Z}_{T F} (q)

d^3p d^3q ( α p^2 2 − αV^{N,Z}_{T F} (q) ) − α^3 1 (2π)^3 ∫ ∫ |q|>^1_4 α^t; α^{p2}_2 <αV^{N,Z}_{T F} (q)

p^4 8 d^3p d^3q. (8.9)

Note that 1 (2π)^3 ∫∫ |q|>^1_4 α^t ; α^{p2}_2 <αV^{N,Z}_{T F} (q)

d^3p d^3q ( α p^2 2 − αV^{N,Z}_{T F} (q) )

= − α (2π)^3 ∫ ∫ |q|>^1_4 α^t

d^3p d^3q

[ p2 2 − ( Z |q| − ρ^{N,Z}_{T F} ∗ |q|^{−1} − μ(N) )] − ≥ − α (2π)^3 ∫∫ d^3p d^3q

[ p2 2 − ( Z |q| − ρ^{N,Z}_{T F} ∗ |q|^{−1} − μ(N) )] − . Let us now look at the last term in (8.9). Again using that V^{N,Z}_{T F} (x) ≤ Z/|x|, we have that ∫∫ |q|>^1_4 α^t; α^{p2}_2 <αV^{N,Z}_{T F} (q)

p^4 8 d^3p d^3q ≤ ∫∫ |q|>^1_4 α^t ; α^{p2}_2 <δ/|q|

p^4 8 d^3p d^3q

= (4π)^2

∫_∞ 1 4 α^t

d|q| ( |q|^2

∫ √_{2Z/|q|} 0 |p|^4 8 |p|^2 d|p| )

= 2π^2

∫_∞ 1 4 α^t

d|q| ( |q|^2 [ t^7/7

]√_{2Z/|q|} 0 )

= 2π^2(2Z)^{7/2} 7 ∫_∞ 1 4 α^t

|q|^{−3/2} d|q| =

8π^2(2Z)^{7/2} 7 α^{−t/2}.

Using this, we then get the following 1 (2π)^3 ∫ ∫ |q|>^1_4 α^t ; α^{p2}_2 <αV^{N,Z}_{T F} (q)

d^3p d^3q (~ T (p) − αV^{N,Z}_{T F} (q) )

≥ − α (2π)^3 ∫ ∫ d^3p d^3q

[ p2 2 − ( Z |q| − ρ^{N,Z}_{T F} ∗ |q|^{−1} − μ(N) ] − − α^{(6−t)/2}

(2Z)^{7/2} 7π . Hence, since δ = Zα is fixed and t < 2/3, we have

α^{(6−t)/2}

(2Z)^{7/2} 7π = 8 √ 2 7π α^{−(1+t)/2}δ^{7/2} = o(α^{−4/3}) , α → 0.

Summing up, we have now proved that for ψ ∈ H_F =

⋀_N

L^2(R^3, C^2) :

⟨ψ, Hψ⟩ ≥ − α (2π)^3 ∫∫ d^3p d^3q

[ p2 2 − ( Z |q| − ρ^{N,Z}_{T F} ∗ |q|^{−1} − μ(N)) ] − − α 2 ∫∫ ρ^{N,Z}_{T F} (x)ρ^{N,Z}_{T F} (y) |x − y| d^3xd^3y − αμ(N)N − o(α^{−4/3}). (8.10)

Integrating firstly in p in the first integral in (8.10), we get, for each q fixed: ∫ d^3p

[ p2 2 − ( Z |q| − ρ^{N,Z}_{T F} ∗ |q|^{−1} − μ(N)) ] − (8.11) = ∫ p2 2 <V^{N,Z}_{T F}

( p2 2 − ( Z |q| − ρ^{N,Z}_{T F} ∗ |q|^{−1} − μ(N)) ) d^3p = − 16 √ 2π 15 [ V^{N,Z}_{T F} (q)

]_{5/2} + .

The [ · · · ]_+, since, if the term in brackets is negative, the integrand in (8.11) will be zero.

Now, because ρ^{N,Z}_{T F} satifies the equation (8.4), we get, that [ Z |q| − ρ^{N,Z}_{T F} ∗ |q|^{−1} − μ(N)

]_{5/2} + = γ^{5/2}ρ^{N,Z}_{T F} (q)^{5/3}

= γ^{3/2}ρ^{N,Z}_{T F} (q) [ Z |q| − ρ^{N,Z}_{T F} ∗ |q|^{−1} − μ(N) ] . In the last equation, no [ · · · ]_+ is needed, since, if the last term is negative, ρ^{N,Z}_{T F} is zero, because of (8.4). In this way, by the above and by (8.5): − α (2π)^3 ∫∫ d^3p d^3q

[ p2 2 − ( Z |q| − ρ^{N,Z}_{T F} ∗ |q|^{−1} − μ(N)) ] − − α 2 ∫∫ ρ^{N,Z}_{T F} (x)ρ^{N,Z}_{T F} (y)

|x − y| d^3xd^3y − αμ(N)N = α 3 5 γ ∫ ρ^{N,Z}_{T F} (q)^{5/3} d^3q − α ∫ ρ^{N,Z}_{T F} (q) Z |q| d^3q + α ∫ ρ^N_{T F} (q) ρ^{N,Z}_{T F} ∗ |q|^{−1} d^3q + αμ(N) ∫ ρ^{N,Z}_{T F} (q) d^3q − α 2 ∫∫ ρ^{N,Z}_{T F} (x)ρ^{N,Z}_{T F} (y)

|x − y| d^3xd^3y − αμ(N)N = α ( 3 5 γ ∫ ρ^{N,Z}_{T F} (x)^{5/3} d^3x − ∫ ρ^{N,Z}_{T F} (x) Z |x| d^3x + 1 2 ∫∫ ρ^{N,Z}_{T F} (x)ρ^{N,Z}_{T F} (y) |x − y| d^3x d^3y )

= α E_{T F} (N, Z).

Since H_{rel} = α^{−1}H, and Z = δα^{−1}, with δ fixed, 0 ≤ δ ≤ 2/π, this shows, that for all ψ ∈ H_F =

⋀_N

L^2(R^3, C^2) :

⟨ψ, H_{rel}ψ⟩ ≥ − C_{T F} Z^{7/3} − o(Z^{7/3}) , Z → ∞, because of the scaling (8.6). This ends the proof of Theorem 1.1. □

Appendix A. A formula for the kinetic energy In this appendix we shall prove the localisation-formula (4.2) for the operator √ p^2 + α^{−2} (which is the equivalent of the IMS Localisation Formula for the Laplace operator −Δ, see Cycon, Froese, Kirsch and Simon [3, Theorem 3.2]). Let firstly K_2 be a modified Bessel-function of second order, defined on (0, ∞) by

K_2(t) = 1 2 ∫_∞ 0 xe^{− 12 t(x+x−1)} dx.

It is easily seen that K_2 is well-defined, decreasing and differentiable. Other properties of K_2 will be derived later. Let then χ_j , j = 1, . . . , k be smooth positive functions on R^3, such that ∑ j χ^2_j (x) = 1 for all x in R^3 and define on L^2(R^3) the bounded operator L^{(α)} by the kernel

L^{(α)}(x, y) = α^{−2} (2π)^2

K_2(α^{−1}|x − y|) |x − y|^2 k∑ j=1 (χ_j (x) − χ_j (y))^2.

Then for f ∈ S(R^3) one has the formula: (f, √ p^2 + α^{−2}f) = k∑ j=1 (f, χ_j √ p^2 + α^{−2}χ_j f) − (f, L^{(α)}f). (A.1)

The proof of the localisation formula (A.1) will be a consequence of the following formula:

Lemma A.1. For f ∈ S(R^3) , ( f, ( √ p^2 + α^{−2} − α^{−1})f ) = α^{−2} (2π)^2 ∫∫ |f(x) − f(y)|^2

K_2(α^{−1}|x − y|) |x − y|^2 d^3x d^3y.

(A.2)

Proof. Let f̂ be the Fourier transform of f. Note that by dominated convergence in momentum space, we have (f, √ p^2 + α^{−2}f) = lim_{t↘0} 1 t { (f, f) − (f, e^{−t}

√_{p2+α−2} f) } . To calculate the integral kernel exp[−t √ p^2 + α^{−2}](x, y), expand the Fourier transforms:

(f, e^{−t}

√_{p2+α−2}

f) = ∫ |f̂(p)|^2e^{−t}

√_{p2 +α−2}

d^3p = 1 (2π)^3 ∫∫ f(x)f(y) ( ∫ e^{−t}

√_{p2 +α−2}

e^{i(x−y)·p} d^3p ) d^3x d^3y.

This is justified by the fact that f ∈ S(R^3). Now, for x, y fixed, choose polar coordinates (|p|, θ, ϕ), for p such that (x − y) · p = −|p| |x − y| cos θ. Then ∫ e^{−t}

√_{p2+α−2}

e^{i(x−y)·p} d^3p = ∫_∞ 0 ∫_{2π} 0 ∫_π 0 e^{−t}

√_{p2+α−2} e^{−i|p| |x−y| cos θ} sin θ dθ dϕ |p|^2 d|p|

= 2π

∫_∞ 0 |p|^2e^{−t}

√_{p2+α−2} ( ∫ 1 −1 e^{i|p| |x−y|u} du ) d|p| , u = − cos θ = 4π |x − y|

∫_∞ 0 |p|e^{−t}

√_{p2 +α−2}

sin(|p| |x − y|) d|p| = 4π |x − y| tα^{−2}|x − y| ( |x − y|^2 + t^2

)_{−1}

K_2 [ α^{−1}(|x − y|^2 + t^2)^{1/2} ] where the last equality is given in Erdelyi, Magnus, Oberhettinger and Tricomi [5, p. 75, 2.4 (35)]. In this way,

(f,e^{−t}

√_{p2 +α−2}

f) = tα^{−2} 2π^2 ∫∫ f(x)f(y)

K_2 [ α^{−1}(|x − y|^2 + t^2)^{1/2} ] |x − y|^2 + t^2 d^3x d^3y. (A.3)

Now, letting F_t(p) = e^{−t}

√_{p2 +α−2}

, the above shows that

F̌_t(x) = 1

(2π)^{3/2} ∫ F_t(p)e^{ix·p} d^3p = √ 2 π tα^{−2}

K_2 [ α^{−1}(|x|^2 + t^2)^{1/2} ] |x|^2 + t^2 , and therefore, for all y ∈ R^3: tα^{−2} 2π^2 ∫ K_2 [ α^{−1}(|x − y|^2 + t^2)^{1/2} ] |x − y|^2 + t^2 d^3x = F_t(0) = e^{−tα−1} . (A.4)

Hence we get, using (A.3) and (A.4), which are both symmetric in x and y, that 1 t { (f, f) − (f, e^{−t}

√_{p2 +α−2} f) }

= 1 t { (f, f) − (f, e^{−tα−1} f) } + 1 t { (f, e^{−tα−1} f) − (f, e^{−t}

√_{p2 +α−2} f) }

= − e^{−tα−1} − e^{−0·α−1} t − 0

(f, f) + 1 t { ∫ 1 2 (( |f(x)|^2 + |f(y)|^2 ) − f(x)f(y) − f(y)f(x) )

× tα^{−2} 2π^2

K_2 [ α^{−1}(|x − y|^2 + t^2)^{1/2} ] |x − y|^2 + t^2 d^3x d^3y } . Cancelling t and noting that

lim_{t↘0} e^{−tα−1} − e^{−0·α−1} t − 0 = d dt ( e^{−tα−1} ) | | |_{t=0} = −α^{−1},

we get that

lim_{t↘0} 1 t { (f, f) − (f, e^{−t}

√_{p2 +α−2} f) }

= α^{−1} + α^{−2} (2π)^2 ∫∫ |f(x) − f(y)|^2

K_2(α^{−1}|x − y|) |x − y|^2 d^3x d^3y.

This proves the lemma. □

Now, to prove the formula (A.1), we simply use the fact that ∑ j χ^2_j (x) = 1 for all x in R^3: k∑ j=1 |χ_j (x)f(x) − χ_j (y)f(y)|^2

= |f(x)|^2 + |f(y)|^2 − k∑ j=1 χ_j (x)χ_j (y) ( f(y)f(x) + f(x)f(y) )

= |f(x) − f(y)|^2 + k∑ j=1 χ_j (x) ( f(y)f(x) + f(x)f(y) )( χ_j (x) − χ_j (y) ) .

Note that χ_j f ∈ S(R^3), since χ_j is smooth and bounded, so that using the formula (A.2): k∑ j=1 (f, χ_j ( √ p^2 + α^{−2} − α^{−1})χ_j f) = k∑ j=1 (χ_j f, ( √ p^2 + α^{−2} − α^{−1})χ_j f)

= α^{−2} (2π)^2 ∫ ∫ k∑ j=1 |χ_j (x)f(x) − χ_j (y)f(y)|^2

K_2(α^{−1}|x − y|) |x − y|^2 d^3x d^3y

= α^{−2} (2π)^2 ∫ ∫ { |f(x) − f(y)|^2 + k∑ j=1 χ_j (x) ( f(y)f(x)

+ f(x)f(y) )( χ_j (x) − χ_j (y)

)} K_2(α^{−1}|x − y|) |x − y|^2 d^3x d^3y. (A.5)

Using now that ∫ ∫ χ_j (x)f(y)f(x) ( χ_j (x) − χ_j (y)

) K_2(α^{−1}|x − y|) |x − y|^2 d^3x d^3y = − ∫∫ χ_j (y)f(x)f(y) ( χ_j (x) − χ_j (y)

) K_2(α^{−1}|x − y|) |x − y|^2 d^3x d^3y

simply by interchanging x and y, we finally get from (A.5) that k∑ j=1 (f, χ_j √ p^2 + α^{−2}χ_j f) = α^{−2} (2π)^2 ∫∫ |f(x) − f(y)|^2

K_2(α^{−1}|x − y|) |x − y|^2 d^3x d^3y

+ α^{−2} (2π)^2 ∫∫ f(x)f(y) k∑ j=1 ( χ_j (x) − χ_j (y)

)_2 K_2(α^{−1}|x − y|) |x − y|^2 d^3x d^3y

which, using (A.2), proves the formula (A.1). □ We now derive two facts about the function K_2: ∫_∞ 0 t^2K_2(t) dt = 3π 2 , (A.6)

K_2(t) ≤ 4 √ π 2t e^{−t} ( 1 + 1 2t + 1 (2t)^2 ) for all t ∈ R_+ (A.7)

The proof of (A.6) is straightforward by using the definition of K_2: ∫_∞ 0 t^2K_2(t) dt =

∫_∞ 0 t^2 ( 1 2 ∫_∞ 0 xe^{− 12 (x+x−1)} dx ) dt = 1 2 ∫_∞ 0 x ( ∫ ∞ 0 t^2e^{− 12 (x+x−1)} dt ) dx where the interchanging of the order of integration is allowed by Tonelli’s theorem. By applying partial integration three times, ∫_∞ 0 t^2e^{− 12 (x+x−1)} dt = 16 (x + x^{−1}) , and so ∫_∞ 0 t^2K_2(t) dt = 1 2 ∫_∞ 0 16x (x + x^{−1}) dx = 4

∫_∞ −∞ x^4 (x^2 + 1)^3 dx = 4 · 2πi Res

( z4

(z^2 + 1)^3 , i ) = 8πi 6 32i = 3π 2 .

For the estimate (A.7), we need to rewrite K_2. This is done following Gray and Mathews [7, pp. 50].

Observation A.2.

K_2(t) = √ π 2t 1 Γ(^5_2 ) e^{−t}

∫_∞ 0 e^{−ξ}ξ^{3/2} ( 1 + ξ 2t )_{3/2}

dξ. (A.8)

To prove the observation, we start on the right-hand-side of (A.8). Setting t + ξ = √ t^2 + η, one gets, since then η = ξ^2 + 2tξ, that

RHS (A.8) = √ π 2t 1 Γ(^5_2 )

∫_∞ 0 e^−

√_{t2+η} ( η 2t )_{3/2} dη 2 √ t^2 + η .

Using the formula

∫_∞ 0 e^{−(a2ξ2 +b2/ξ2 )} dξ = √ π 2a e^{−2ab}

(which holds since both sides satisfy the differential equation df/db = −2af, f(b = 0) = √ π/2a) with a = √ t^2 + η, b = 1/2, we arrive at

RHS (A.8) = 1 Γ(^5_2 )(2t)^2

∫_∞ 0 η^{3/2} ( ∫ ∞ 0 e^−

(_{(t2 +η)ξ2 +1/(2ξ)2}) dξ ) dη = 1 Γ(^5_2 )(2t)^2

∫_∞ 0 e^{−(t2ξ2+1/(2ξ)2 )} ( ∫ ∞ 0 e^{−ηξ2} η^{3/2} dη ) dξ = 1 (2t)^2

∫_∞ 0 e^{−(t2ξ2 +1/(2ξ)2)}ξ^{−5} dξ

since one has the formula ∫_∞ 0 e^{−ηξ2} η^{3/2} dη = ξ^{−5}Γ(^5_2 ).

Making the change of variables x =^1_{2tξ2} , we finally get

RHS (A.8) = 1 2 ∫_∞ 0 xe^{− 12 t(x+x−1)} dx = K_2(t).

Now, to prove the estimate (A.7), use the Tayloer expansion (7.3) on the integrand in (A.8), to get

K_2(t) ≤ √ π 2t 1 Γ(^5_2 ) e^{−t}

∫_∞ 0 e^{−ξ}ξ^{3/2} ( 1 + 3 4t ξ + 3 32t^2 ξ^2 ) dξ = √ π 2t 1 Γ(^5_2 ) e^{−t}

( ∫_∞ 0 e^{−ξ}ξ^{3/2} dξ + 3 4t ∫_∞ 0 e^{−ξ}ξ^{5/2} dξ + 3 32t^2

∫_∞ 0 e^{−ξ}ξ^{7/2} dξ )

= √ π 2t 1 Γ(^5_2 ) e^{−t} ( Γ(^5_2 ) + 3 4t Γ(^7_2 ) + 3 32t^2

Γ(^9_2 ) )

= √ π 2t e^{−t} ( 1 + 15 8t + 105 128t^2 ) ≤ 4 √ π 2t e^{−t} ( 1 + 1 2t + 1 (2t)^2 ) . Appendix B. Introducing coherent states In this section we will introduce coherent states and prove the formulae in section 8. The error introduced by using coherent states will also be estimated here. Lemma B.1. Let g ∈ C^∞_0 (R^3) be spherically symmetric, non-negative, supported in the unit ball and such that ‖g‖_2 = 1, and let g^{p,q}(x) = g(x − q)e^{ipx}. Then

(f, f) = 1 (2π)^3 ∫∫ d^3p d^3q (f, g^{p,q})(g^{p,q} , f)

(f, (V ∗ |g|^2)f) = 1 (2π)^3 ∫∫ d^3p d^3q V (q)(f, g^{p,q} )(g^{p,q}, f) (f, √ p^2 + α^{−2}f) ≥ 1 (2π)^3 ∫∫ d^3p d^3q √ p^2 + α^{−2} (f, g^{p,q})(g^{p,q} , f)

− 3α ‖∇g‖^2_∞Vol(supp g) ‖f‖^2. (B.1) Proof. The idea of the above formulae is to write the identity and other operators on L^2(R^3) as superpositions of the one-rank operators π_{pq} = ( , g^{p,q})g^{p,q}. To prove the above formulae, start with the right-hand-side of the second formula (the proof of the first formula is similar, just more simple): 1 (2π)^3 ∫∫ d^3p d^3q V (q)(f, g^{p,q} )(g^{p,q}, f) (B.2) = 1 (2π)^3 ∫∫ d^3p d^3q V (q) [∫ f(y)g(y − q)e^{−ipy} d^3y ][ ∫ f(x)g(x − q)e^{−ipx} d^3x ]

Notice, that the function in the last brackets is (2π)^{3/2} times the Fourier-transform of the function F_q (x) = f(x)g(x − q). In this way we get, by Parseval’s formula:

(B.2) = ∫∫ d^3p d^3q V (q) |F̂_q (p)|^2 = ∫ d^3q V (q) ‖F̂_q ‖^2 = ∫ d^3q V (q) ‖F_q ‖^2 = ∫ d^3q V (q) ( ∫ |f(x)|^2 |g(x − q)|^2 d^3x )

= ∫ d^3x |f(x)|^2 ( ∫ V (q) |g(x − q)|^2 d^3q ) = (f, (V ∗ |g|^2)f).

This proves the second (and the first) formula.

To prove the formula for the operator √ p^2 + α^{−2}, note that ∫ g(x − q)^2 d^3q = 1 for all x in R^3,

so that, by the symmetry of the operator √ p^2 + α^{−2}: (f, √ p^2 + α^{−2}f) = 1 2 ∫∫ f(x)g(x − q)^2 (√ p^2 + α^{−2}f ) (x) d^3q d^3x + 1 2 ∫ ∫ (√ p^2 + α^{−2}f ) (x) g(x − q)^2f(x) d^3q d^3x = 1 2 ∫∫ f(x)g_q (x)^2 (√ p^2 + α^{−2}f ) (x) d^3q d^3x + 1 2 ∫ ∫ f(x) (√ p^2 + α^{−2} ( g_q^2f )) (x) d^3q d^3x. (B.3)

Here, g_q(x) = g(x − q). Remembering that g_q(x)^2 is reel and letting g_q^2 denote the multiplication operator defined by this function, we have

(B.3) = ∫∫ (g_q f)(x) [√ p^2 + α^{−2}(g_q f) ] (x) d^3q d^3x (B.4) + 1 2 ∫∫ f(x) [( g_q^2 √ p^2 + α^{−2} + √ p^2 + α^{−2}g_q^2 − 2g_q √ p^2 + α^{−2}g_q ) f ] (x) d^3q d^3x = 1 2 ∫ ∫ f(x) ( L_qf ) (x) d^3q d^3x + ∫∫ ( ∫ √ p^2 + α^{−2} ( ∫ e^{−ipy}g_q(y)f(y) d^3y ) e^{ipx} d^3p ) g_q(x)f(x), d^3q d^3x

where ( L_qf ) (x) = (B.5) ∫ { ∫ [ g_q(y)^2 + g_q(x)^2 − 2g_q(x)g_q (y) ]√ p^2 + α^{−2}e^{ip(x−y)} d^3p } f(y) d^3y.

The second term in (B.4) is equal to ∫ ∫ d^3p d^3q √ p^2 + α^{−2} (∫ f(x)g_q(x)e^{ipx} d^3x ) (∫ f(y)g_q(y)e^{−ipy} d^3y )

= ∫∫ d^3p d^3q √ p^2 + α^{−2} (f, g^{p,q})(g^{p,q} , f).

The first term in (B.4) is the error, which will now be estimated. Keeping x and y fixed, we have, as showed in the proof of (A.2):

L_q(x, y) = ∫ [ g_q (y)^2 + g_q(x)^2 − 2g_q(x)g_q (y) ]√ p^2 + α^{−2} e^{ip(x−y)} d^3p = [ g_q(x) − g_q (y)

]_2 α^{−2}

4π^2

K_2(α^{−1}|x − y|) |x − y|^2 . In this way, using the same ideas as in Section 5, we reach the estimate

L_q(x, y) ≤ ‖∇g_q‖^2_∞ α^{−2} 4π^2

K_2(α^{−1}|x − y|) ( χ_{supp gq} (x) + χ_{supp gq} (y) ) , where χ_{supp gq} is the characteristic function of supp g_q. This gives us that ∫ L_q(x, y) d^3q ≤ ∫ ‖∇g_q‖^2_∞ α^{−2} 4π^2

K_2(α^{−1}|x − y|) ( χ_{supp gq} (x) + χsupp g_q(y) ) d^3q

= 2 ‖∇g‖^2_∞ α^{−2} 4π^2

K_2(α^{−1}|x − y|) Vol(supp g).

By this we finally get, by using first Cauchy-Schwartz’s, then Young’s inequality, that | | ∫∫ f(x) ∫ L_q(x, y) d^3q f(y) d^3x d^3y | | ≤ ∫∫ |f(x)| ( 2 ‖∇g‖^2_∞ α^{−2} 4π^2

K_2(α^{−1}|x − y|) Vol(supp g) ) |f(y)| d^3x d^3y

≤ 2 ‖∇g‖^2_∞ α^{−2} 4π^2

‖f‖_2 ‖|f| ∗ G_α‖_2 Vol(supp g) , G_α(x) = K_2(α^{−1}|x|)

≤ ‖∇g‖^2_∞ α^{−2} 2π^2

‖f‖^2 ‖G_α‖_1 Vol(supp g)

= ‖∇g‖^2_∞ α^{−2} 2π^2

6π^2α^3‖f‖^2 Vol(supp g) (see A.6 for ‖G_α‖_1)

= 3α ‖∇g‖^2_∞Vol(supp g) ‖f‖^2. □ For the case (8.1) in Section 8, let the coherent state g^{p,q} be defined from the scaled version of the function g chosen there—that is, g ∈ C^∞_0 (R^3), spherically symmetric, non-negative and with support in the unit ball B(0, 1) of R^3. Then the coherent states are

g^{p,q}_α (x) = g_α(x − q)e^{ipx} = α^{−3s/2}g

(x − q

α^s ) e^{ipx}.

In this way, ‖∇g_α‖^2_∞ = α^{−5s}‖∇g‖^2_∞ and Vol(supp g_α) =^{4π}_3 α^{3s}, and therefore (f, √ p^2 + α^{−2}f) ≥ 1 (2π)^3 ∫∫ d^3p d^3q √ p^2 + α^{−2} (f, g^{p,q}_α )(g^{p,q}_α , f) − o(α^{−1/3}),

since, as s < 2/3,

3αα^{−5s} ‖∇g‖^2_∞ 4π 3 α^{3s} ‖f‖^2 = C α^{1−2s} = o(α^{−1/3}) , α → 0.

This proves the formula (8.1), since

(f, f) = 1 (2π)^3 ∫∫ d^3p d^3q (f, g^{p,q}_α )(g^{p,q}_α , f)

and T (p) = √ p^2 + α^{−2} − α^{−1}.

References

[1] Rafael Benguria, Heinz Siedentop, and Edgardo Stockmeyer, Dissociation of homonuclear relativistic molecular ions, Ann. Henri Poincaré 2 (2001), no. 1, 27–40. MR 2002a:81347 [2] Joseph G. Conlon, The ground state energy of a classical gas, Comm. Math. Phys. 94 (1984), no. 4, 439–458. MR 86j:82005 [3] H. L. Cycon, R. G. Froese, W. Kirsch, and B. Simon, Schrödinger operators with application to quantum mechanics and global geometry, study ed., Texts and Monographs in Physics, Springer-Verlag, Berlin, 1987. MR 88g:35003

[4] Ingrid Daubechies, An uncertainty principle for fermions with generalized kinetic energy, Comm. Math. Phys. 90 (1983), no. 4, 511–520. MR 85j:81008 [5] Arthur Erdélyi, Wilhelm Magnus, Fritz Oberhettinger, and Francesco G. Tricomi, Tables of integral transforms. Vol. I, McGraw-Hill Book Company, Inc., New York-Toronto-London, 1954, Based, in part, on notes left by Harry Bateman. MR 15,868a [6] Charles Fefferman and Rafael de la Llave, Relativistic stability of matter. I, Rev. Mat.

Iberoamericana 2 (1986), no. 1-2, 119–213. MR 88g:81155 [7] Andrew Gray and G. B. Mathews, A treatise on Bessel functions and their appliations to physics, Second edition prepared by A. Gray and T. M. Mac-Robert, Dover Publications Inc., New York, 1966. MR 33 #1506 [8] Ira W. Herbst, Spectral theory of the operator (p^2 + m^2 )^{1/2} − Ze^2/r, Comm. Math. Phys.

53 (1977), no. 3, 285–294. MR 55 #9790 [9] Roger T. Lewis, Heinz Siedentop, and Simeon Vugalter, The essential spectrum of relativistic multi-particle operators, Ann. Inst. H. Poincaré Phys. Théor. 67 (1997), no. 1, 1–28. MR 98i:81046 [10] Elliott H. Lieb, Thomas-Fermi and related theories of atoms and molecules, Rev. Modern Phys. 53 (1981), no. 4, 603–641. MR 83a:81080a [11] , Variational principle for many-fermion systems, Phys. Rev. Lett. 46 (1981), no. 7, 457–459. MR 81m:81083 [12] , Density Functionals for Coulomb Systems, Int. J. Quant. Chem. XXIV (1983), 243–277.

[13] Elliott H. Lieb and Barry Simon, The Thomas-Fermi theory of atoms, molecules and solids, Advances in Math. 23 (1977), no. 1, 22–116. MR 55 #1964 [14] Elliott H. Lieb and Walter Thirring, A bound for the kinetic energy of fermions which proves the stability of matter, Phys. Rev. Lett. 35 (1975), 687–689.

[15] Elliott H. Lieb and Horng-Tzer Yau, The Chandrasekhar theory of stellar collapse as the limit of quantum mechanics, Comm. Math. Phys. 112 (1987), no. 1, 147–174. MR 89b:82014 [16] , The stability and instability of relativistic matter, Comm. Math. Phys. 118 (1988), no. 2, 177–213. MR 90c:81251 [17] Jan Philip Solovej, Wolfgang Spitzer, and Thomas Østergaard Sørensen, The Relativistic Scott-correction, in preparation.

[18] Semjon A. Vugal^′ter and Grigoriĭ M. Zhislin, The discrete spectrum of a multiparticle pseudorelativistic Hamiltonian, Funktsional. Anal. i Prilozhen. 32 (1998), no. 2, 83–86. MR 2000c:81064 [19] , Spectral properties of a pseudorelativistic system of two particles with finite masses, Teoret. Mat. Fiz. 121 (1999), no. 2, 297–306. MR 2001h:81072 [20] , On the discrete spectrum of Hamiltonians for pseudorelativistic electrons, Izv. Ross.

Akad. Nauk Ser. Mat. 66 (2002), no. 1, 71–102. MR 2003e:81055 [21] Ricardo A. Weder, Spectral analysis of pseudodifferential operators, J. Functional Analysis 20 (1975), no. 4, 319–337. MR 53 #6366

Mathematisches Institut, Universität München, Theresienstraße 39, D-80333 Munich, Germany

(On leave from) Department of Mathematical Sciences, Aalborg University, Fredrik Bajers Vej 7G, DK-9220 Aalborg East, Denmark

E-mail address: sorensen@mathematik.uni-muenchen.de