Regularities of ground states of quantum field models

Asao Arai^∗, Masao Hirokawa^†and Fumio Hiroshima^‡

September 21, 2004

Abstract

Regularities and higher order regularities of ground states of quantum field models are investigated through the fact that asymptotic annihilation operators vanish ground states. Moreover a sufficient condition for the absence of a ground state is given.

1 Introduction

A basic object in a quantum field model is a ground state of it which is defined to be an eigenvector of the Hamiltonian H (a self-adjoint operator on a Hilbert space) of the model with eigenvalue equal to the infimum E(H) of the spectrum of H, provided that E(H) is an eigenvalue of H. In this paper we investigate regularities of ground states of quantum field models. Here we mean by regularities properties of what class of subspaces ground states belong to, including absence of ground states in certain subspaces.

As is well known, existence of a ground state of a quantum field model may depend on properties of objects contained in its Hamiltonian such as a one-particle energy function and cutoff functions. In particular, it is subtle in the case where the quantum field is massless ([5, 2, 9, 10, 11, 12, 18] and references therein), being related to the so-called infrared divergence [20]. From this point of view, it is important to characterize regularities of ground states, in particular, absence of them, in terms of objects contained in the Hamiltonian of the model under consideration, as generally as possible. This is the main motivation of this work. Preliminary work concerning this theme was done in a previous paper [5], where the absence of ground states of an abstract and general model, called the generalized spin boson (GSB) model, was

∗Department of Mathematics, Hokkaido University, Sapporo 060-0810, Japan. †Department of Mathematics, Faculty of Science, Okayama University, Okayama 700-8530, Japan. ‡Department of Mathematics and Physics, Setsunan University, Osaka 572-8508, Japan. 1 discussed. In the present work we extend results obtained in [5] to a more general class of quantum field models, establishing new criteria for regularities of ground states.

This paper is organized as follows. In Section 2 we define the quantum field model to be considered. We prove general results on regularities of ground states of the model. Section 3 is concerned with absence of ground states of the model. In Section 4 we consider higher order regularities of ground states, where higher order regularities means properties that ground states belong to smaller subspaces indexed by powers of a nonnegative self-adjoint operator. In Section 5 we apply the general results established in the previous sections to the GSB model and obtain results which extend those in [5]. In the last section we give some remarks on other quantum field models in view of the present work.

2 Regularities of ground states: general aspects

2.1 Fock spaces and second quantizations

Let K be a separable Hilbert space over complex field C, and ⊗^n_s K denote the n-fold symmetric tensor product of K with ⊗^0_sK := C. The norm and the scalar product on Hilbert space X are denoted by ‖f‖_X and (f, g)_X , f, g ∈ X , respectively, where (f, g)_X is anti-linear in f and linear in g. The norm of bounded operator from X to a Hilbert space Y is denoted by ‖X‖_{X →Y} and the domain of unbounded operator Y is by D(Y ). The Boson Fock space over K is defined by

F_b(K) := ∞� n=0 [⊗^n_s K] = {Ψ = {Ψ^{(n)}}^∞_{n=0}|‖Ψ‖^2_{Fb(K)} := ∞� n=0 ‖Ψ^{(n)}‖^2_⊗n_{s K} < ∞}.

The Fock vacuum is defined by

Ω := {1, 0, 0, ...} ∈ F_b(K)

and the finite particle subspace of F_b(K) by

F_{b,0}(K) := � {Ψ^{(n)}}^∞_{n=0} ∈ F_b(K)|Ψ^{(n)} = 0 for all n ≥ n_0 with some n_0 � . It is known that F_{b,0}(K) is dense in F_b(K). The annihilation operator a(f) with f ∈ K is defined to be a densely defined closed operator on F_b(K) whose adjoint is given by

(a(f)^∗Ψ)^{(n)} := √ nS_n(f ⊗ Ψ^{(n−1)}), Ψ ∈ D(a(f)^∗),

where S_n denotes the symmetrization operator on ⊗^nK, i.e., S_n(⊗^nK) = ⊗^n_s K. We note that a(f) is anti-linear in f and a^∗(g) linear in g. The opertors a(f) and a^∗(f) leave F_{b,0}(K) invariant and satisfy canonical commutation relations on F_{b,0}(K): [a(f), a^∗(g)] = (f, g)_K, (2.1) [a(f), a(g)] = 0, (2.2) [a^∗(f), a^∗(g)] = 0. (2.3) Since a(f) and a^∗(f) are closable operators, their closed extensions are denoted by the same symbols, respectively. Define F^D_{b,0}(K) with subspace D ⊂ K by the finite linear hull of {a^∗(f_1) · · · a^∗(f_n)Ω, Ω|f_j ∈ D, j = 1, ..., n, n ≥ 1} .

It is known that F^D_{b,0}(K) is dense in F_b(K) if D is dense in K. Let C be a closed operator on K. Define dΓ_n(C) : ⊗^n_s K → ⊗^n_s K by

dΓ_n(C) := n� j=1 1 ⊗ 1 · · · 1⊗ j C̆ ⊗1 · · · 1 ⊗ 1

� � � n , n ≥ 1,

and dΓ_0(C) : C → C by dΓ_0(C)z = 0, z ∈ C.

The second quantization of C is the operator defined by

dΓ(C) := ∞� n=0 dΓ_n(C)

with D(dΓ(C)) := F^{D(C)}_{b,0} (K). Note that dΓ(C)Ω = 0 dΓ(C)a^∗(f_1) · · · a^∗(f_n)Ω = n� j=1 a^∗(f_1) · · · a^∗(Cf_j) · · · a^∗(f_n)Ω, f_j ∈ D(C), j = 1, ..., n.

For a nonnegative self-adjoint operator K, dΓ(K) is a nonnegative essentially selfadjoint operator. We denote its self-adjoint extension by the same symbol, dΓ(K). dΓ(1) is refered to as the number operator, which is denoted by N := dΓ(1).

It is known that, for all Ψ ∈ D(dΓ(K)^{1/2}) and f ∈ D(K^{−1/2}),

‖a(f)Ψ‖^2_{Fb(K)} ≤ ‖K^{−1/2}f‖^2_K‖dΓ(K)^{1/2}Ψ‖^2_{Fb(K)}, (2.4) ‖a^∗(f)Ψ‖^2_{Fb(K)} ≤ ‖K^{−1/2}f‖^2_K‖dΓ(K)^{1/2}Ψ‖^2_{Fb(K)} + ‖f‖^2_K‖Ψ‖^2_{Fb(K)}. (2.5)

Lemma 2.1 Let 0 ≤ ϵ < 1 and n be a non-negative integer. Let f ∈ D(K^{−1/2}) ∩ D(K^{n+1}). Then a^♯(f) maps D(dΓ(K)^{n+ϵ+1/2}) into D(dΓ(K)^{n+ϵ}). In particular, it follows that for Ψ ∈ D(dΓ(K)^{n/2}) and f_j ∈ D(K^{−1/2}) ∩ D(K^{[n/2]}), j = 1, ..., n, Ψ ∈ D(a^♯(f_1) · · · a^♯(f_n)), where a^♯ denotes a or a^∗, and [n/2] the integer part of n/2. Moreove it follows that [dΓ(K), a(f)]Ψ = −a(Kf), Ψ ∈ D(dΓ(K)^{3/2}), f ∈ D(K), [dΓ(K), a^∗(f)]Ψ = a^∗(Kf), Ψ ∈ D(dΓ(K)^{3/2}), f ∈ D(K).

Proof: See [1, Lemmas 2.3 and 2.5]. □

2.2 Total Hamiltonians

Let H be a Hilbert space over C. Then one can make the Hilbert space F := H ⊗ F_b(K).

Let A be a self-adjoint operator bounded from below on H and S a nonnegative selfadjoint operator on H. The decoupled Hamiltonian H_0 := A ⊗ 1 + 1 ⊗ dΓ(S) is self-adjoint on D(H_0) := D(A ⊗ 1) ∩ D(1 ⊗ dΓ(S)) and bounded from below. Let H_I be a symmetric operator on F such that D(H_0) ⊂ D(H_I). The total Hamiltonian under consideration is the symmetric operator H := H_0 + gH_I on F, where g ∈ R is a coupling constant. Assumption (A.1) is as follows. (A.1) There exist constants a ≥ 0 and b ≥ 0 such that ‖H_IΨ‖ ≤ a‖H_0Ψ‖ + b‖Ψ‖, Ψ ∈ D(H_0).

Proposition 2.2 Suppose (A.1). Then for g with |g| < 1/a, H is self-adjoint on D(H_0) and bounded from below. Moreover it is essentially self-adjoint on any core of H_0.

Proof: It follows from the Kato-Rellich theorem [22]. □ It is known that there exist a finite measure space ⟨M, μ⟩, a nonnegative measurable function S on ⟨M, μ⟩ and a unitary operator U : K → L^2(M) := L^2(M, dμ) such that (1) Ψ ∈ D(S) if and only if S(·)(UΨ)(·) ∈ L^2(M), (2) (USU^{−1}Ψ)(k) = S(k)Ψ(k) for Ψ ∈ UD(S) for almost every k ∈ M. Hence, without loss of generality, we can take K to be an L^2-space. Thus, in what follows, we set K = L^2(M, dμ), where we do not assume that μ is a finite measure, but σ-finite measure, and take S to be a multiplication operator on K by a non-negative function S(k) such that 0 < S(k) < ∞, μ − a.e.k.

We set M_m := D(S^m).

2.3 Regularities of ground states

We denote inf σ(K) by E(K) for a self-adjoint operator K. Let us assume that a ground state φ_g of H exists. Then Hφ_g = E(H)φ_g.

We fix a normalized ground state φ_g of H, i.e., ‖φ_g‖_F = 1. Let B and C be operators on a Hilbert space W. We define a quadratic form [B, C]^D_W with form domain D × D such that D ⊂ D(B^∗) ∩ D(B) ∩ D(C^∗) ∩ D(C), by [B, C]^D_W (Ψ, Φ) := (B^∗Ψ, CΦ)_W − (C^∗Ψ, BΦ)_W , Ψ, Φ ∈ D.

Assumption (A.2) is as follows. (A.2) There exists an operator T (k) : F → F, a.e. k ∈ M, such that (1) D(H) ⊂ D(T (k)) for almost every k ∈ M,

(2) T (k)Φ, Φ ∈ D(H), is weakly measurable in k, (3) [1 ⊗ a(f), H_I]^{D(H)}_W (Ψ, Φ) = � M f(k)(Ψ, T (k)Φ)_F dμ(k) for Ψ, Φ ∈ D(H).

Define

a_t(f) := e^{−itH} e^{itH0} (1 ⊗ a(f))e^{−itH0} e^{itH} = e^{−itH} (1 ⊗ a(e^{itS} f))e^{itH} .

We want to investigate a_t(f) as t → ∞ strongly. Let σ(S), σ_p(S) and σ_{ac}(S) be the spectrum, the point spectrum, and the absolutely continuous spectrum of S, respectively. Assumptions (A.3)-(A.5) are as follows. (A.3) The operator S is purely absolutely continuous. (A.4) There exists a dense subspace C_0 ⊂ L^2(M) such that

(1) C_0 ⊂ M_{−1/2}, and for any f ∈ M_{−1/2} ∩ M_0, there exists a sequence {f_m}_m ⊂ C_0 such that s-lim_{m→∞} f_m = f and s-lim_{m→∞} f_m/ √ S = f/ √ S, (2) for f ∈ C_0 and Ψ ∈ D(H), � M f(k)(Ψ, e^{−is(H−E(H)+S(k))}T (k)φ_g)_F dμ(k) ∈ L^1([0, ∞), ds).

(A.5) ‖T (·)φ_g‖_F ∈ M_{−1/2} ∩ M_0.

Lemma 2.3 Suppose (A.3). Then for any a ∈ R, μ({k ∈ M|S(k) = a}) = 0.

Proof: Let N := {k ∈ M|S(k) = a} and suppose that 0 < μ(N ) ≤ ∞. Since μ is a σ-finite measure, M = ∪^∞_{n=1}M_n with μ(M_n) < ∞ for all n. Then there exists m such that μ(M_m ∩ N ) > 0. Let 1_{Mm∩N} be the characteristic function on M_m ∩ N . Then 1_{Mm∩N} ∈ L^2(M) and S1_{Mm∩N} = a1_{Mm∩N} , which implies that a ∈ σ_p(S). It contradicts with (A.3). Thus μ(N ) = 0. □

Lemma 2.4 Assume (A.1)-(A.5). Then for f ∈ M_{−1/2} ∩ M_0, � M ‖f(k)(H − E(H) + S(k))^{−1}T (k)φ_g‖_F dμ(k) < ∞ and (1 ⊗ a(f))φ_g = −g � M f(k)(H − E(H) + S(k))^{−1}T (k)φ_gdμ(k), where the integral on the right-hand side above is in the strong sense.

Remark 2.5 (1) Lemma 2.4 is a generalization of [11, 12].

(2) By Lemma 2.3, S(k) ≠ 0 for almost every k ∈ M. Thus (H − E(H) + S(k))^{−1} is a bounded operator for almost every k ∈ M.

(3) T (k)Φ, Φ ∈ D(H), is strongly measurable since T (k)Φ is weakly measurable [21, Theorem IV.22].

Proof: Note that � M ‖f(k)(H − E(H) + S(k))^{−1}T (k)φ_g‖_F dμ(k) ≤ ‖f/ √ S‖_L2_{(M)} � M ‖T (k)φ_g‖^2_F /S(k)dμ(k)

�_{1/2}

< ∞, (2.6) and φ_g ∈ D(1 ⊗ a(f)) follows from the fact that φ_g ∈ D(1 ⊗ dΓ(S)) and Lemma 2.1. We see that for Ψ, Φ ∈ D(H) and for f ∈ C_0, d dt (Ψ, a_t(f)Φ)_F = ig[1 ⊗ a(e^{itS} f), H_I]^{D(H)}_W (e^{itH} Ψ, e^{itH} Φ) = ig � M f(k)e^{−itS(k)}(Ψ, e^{−itH} T (k)e^{itH} Φ)_F dμ(k).

Then

(Ψ, a_t(f)Φ)_F = (Ψ, (1 ⊗ a(f))Φ)_F + ig

�_t 0 ds � M f(k)e^{−isS(k)}(Ψ, e^{−isH} T (k)e^{isH} Φ)_F dμ(k) � . (2.7) Since, by (A.2), s- lim_{t→∞} a_t(f)φ_g = 0, f ∈ L^2(M), it follows from (2.7) and (A.4) that

(Ψ, (1 ⊗ a(f))φ_g)_F = −ig

�_∞ 0 ds � M f(k)(Ψ, e^{−is(H−E(H)+S(k))}T (k)φ_g)_F dμ(k) � . We have

(Ψ, (1 ⊗ a(f))φ_g)_F = −ig lim_{ϵ→0}

�_∞ 0 dse^{−ϵs} � M f(k)(Ψ, e^{−is(H−E(H)+S(k))}T (k)φ_g)_F dμ(k) �

= −g � M (Ψ, f(k)(H − E(H) + S(k))^{−1}T (k)φ_g)_F dμ(k).

Here on the first equality we used the Lebesgue dominated convergence theorem and (A.4)-(2), on the second equality, Fubini’s theorem and (A.5). Hence by (2.6), for f ∈ C_0,

(Ψ, (1 ⊗ a(f))φ_g)_F = (Ψ, −g � M f(k)(H − E(H) + S(k))^{−1}T (k)φ_gdμ(k))_F and then (1 ⊗ a(f))φ_g = −g � M f(k)(H − E(H) + S(k))^{−1}T (k)φ_g. (2.8) We can take a sequence {f_m} ⊂ C_0 such that s-lim_{m→∞} f_m = f and s-lim_{m→∞} f_m/ √ S = f/ √ S for f ∈ M_{−1/2} ∩ M_0. We see that s- lim_{m→∞}(1 ⊗ a(f_m))φ_g = (1 ⊗ a(f))φ_g (2.9) by ‖a(f)Ψ‖_F ≤ ‖S^{−1/2}f‖_L2_{(M)}‖dΓ(S)^{1/2}Ψ‖_F , Ψ ∈ D(dΓ(S)^{1/2}).

Moreover from ‖ � M (f_m(k) − f(k))(H − E(H) + S(k))^{−1}T (k)φ_gdμ(k)‖ ≤ ‖(f_m(k) − f(k))/ √ S‖_L2_{(M)} � M ‖T (k)φ_g‖^2_F /S(k)dμ(k)

�_{1/2} , it follows that s- lim_{m→∞} � M f_m(k)(H − E(H) + S(k))^{−1}T (k)φ_gdμ(k) = � M f(k)(H − E(H) + S(k))^{−1}T (k)φ_gdμ(k). (2.10) By (2.9) and (2.10), (2.8) can be extended for f ∈ M_{−1/2} ∩ M_0. Thus the lemma is proven. □ We want to find a necessary and sufficient conditions for φ_g ∈ D(1⊗dΓ(G)^{1/2}) with a nonnegative multiplication operator G on L^2(M). We define κ_G(k) ∈ F by κ_G(k) := � G(k)(H − E(H) + S(k))^{−1}T (k)φ_g, a.e. k ∈ M, and T_G : L^2(M) → F by T_Gf := � M f(k)κ_G(k)dμ(k), f ∈ L^2(M).

Then by Lemma 2.4, for f ∈ M_{−1/2} ∩ M_0, (1 ⊗ a( √ Gf))φ_g = −gT_Gf̄.

Lemma 2.6 (1) T_G is a Hilbert-Schmidt operator if and only if � M ‖κ_G(k)‖^2_F dμ(k) < ∞. (2.11) (2) Suppose that T_G is a Hilbert-Schmidt operator. Then Tr(T^∗_GT_G) = � M ‖κ_G(k)‖^2_F dμ(k).

Proof: It is enough to show (1) and (2) for adjoint operator T^∗_G : F → L^2(M) instead of T_G. T^∗_G is refered to as a Carleman operator with kernel κ_G, i.e., T^∗_GΦ(·) = (κ_G(·), Φ)_F , Φ ∈ F.

Then it is established in e.g., [24, p.141] that T^∗_G is a Hilbert-Schmidt operator if and only if (2.11) holds, and Tr(T_GT^∗_G) = � M ‖κ_G(k)‖^2_F dμ(k).

Hence the lemma is proven. □ Lemma 2.7 Let K be a bounded operator on K, and {e_m}^∞_{m=1} a complete orthonormal system in K such that e_m ∈ M_{−1/2} ∩ M_0. Then (1) and (2) are equivalent. (1) Ψ ∈ D(dΓ(K^∗K)^{1/2}). (2) Ψ ∈ ∞� m=1 D(a(K^∗e_m)) and ∞� m=1 ‖a(K^∗e_m)Ψ‖^2_{Fb(K)} < ∞.

Furthermore suppose that (1) or (2) is fulfilled. Then ‖dΓ(K^∗K)^{1/2}Ψ‖^2_{Fb(K)} = ∞� m=1 ‖a(K^∗e_m)Ψ‖^2_{Fb(K)}.

Proof: See Appendix. □ Theorem 2.8 Assume (A.1)-(A.5). Let G be a nonnegative multiplication operator on L^2(M). Then (1) and (2) are equivalent. (1) φ_g ∈ D(1 ⊗ dΓ(G)^{1/2}). (2) � M G(k)‖(H − E(H) + S(k))^{−1}T (k)φ_g‖^2_F dμ(k) < ∞.

Furthermore suppose that (1) or (2) holds. Then it follows that

‖(1 ⊗ dΓ(G)^{1/2})φ_g‖^2_F = g^2 � M G(k)‖(H − E(H) + S(k))^{−1}T (k)φ_g‖^2_F dμ(k). (2.12) Proof: We divide a proof into two steps. (Step I) The case where G is bounded.

Let {e_m}^∞_{m=1} be a orthonormal system of K such that e_m ∈ M_{−1/2} ∩ M_0, m ≥ 1. By Lemma 2.7, φ_g ∈ D(1 ⊗ dΓ(G)^{1/2}) is equivalent to ∞� m=1 ‖(1 ⊗ a( √ Ge_m))φ_g‖^2_F < ∞, (2.13) and, if (2.13) holds, the left-hand side of (2.13) is identical with ‖(1 ⊗ dΓ(G)^{1/2})φ_g‖^2_F . By the definition of T_G, (2.13) can be rewritten as g^2 ∞� m=1 ‖T_Ge_m‖^2_F < ∞.

Then T_G is a Hilbert-Schmidt operator. Hence by Lemma 2.6, (1) is equivalent to � M ‖κ_G(k)‖^2_F dμ(k) < ∞. (2.14) Namely (1) is equivalent to (2).

(Step II) The case where G is unbounded. Let φ_g = {φ^{(n)}_g }^∞_{n=0} and G_Λ(k) := � G(k), G(k) < Λ, Λ, G(k) ≥ Λ.

Proof of (1) =⇒ (2). Note that ‖(1 ⊗ dΓ_n(G_Λ)^{1/2})φ^{(n)}_g ‖^2_{Fn} = � M^n � � n� j=1 G_Λ(k_j) � � ‖φ^{(n)}_g (k_1, · · · , k_n)‖^2_Hdμ(k_1) · · · dμ(k_n).

Hence we see that ‖(1 ⊗ dΓ(G_Λ)^{1/2})φ_g‖^2_F = ∞� n=0 ‖(1 ⊗ dΓ_n(G_Λ)^{1/2})φ^{(n)}_g ‖^2_{Fn} is monotonously increasing in Λ. Then the monotone convergence theorem yields that lim_{Λ→∞} ‖(1 ⊗ dΓ(G_Λ)^{1/2})φ_g‖^2_F = lim_{Λ→∞} ∞� n=0 ‖(1 ⊗ dΓ_n(G_Λ)^{1/2})φ^{(n)}_g ‖^2_{Fn} = ∞� n=0 lim_{Λ→∞} ‖(1 ⊗ dΓ_n(G_Λ)^{1/2})φ^{(n)}_g ‖^2_{Fn} = ‖(1 ⊗ dΓ(G)^{1/2})φ_g‖^2_F .

Since φ_g ∈ D(1 ⊗ dΓ(G_Λ)^{1/2}), we have by (Step I),

‖(1 ⊗ dΓ(G_Λ)^{1/2})φ_g‖^2_F = � M G_Λ(k)‖(H − E(H) + S(k))^{−1}T (k)φ_g‖^2_F dμ(k).

Take Λ → ∞ on the both sides above. By the monotone convergence theorem again, we obtain that

∞ > ‖(1 ⊗ dΓ(G)^{1/2})φ_g‖^2_F = � M G(k)‖(H − E(H) + S(k))^{−1}T (k)φ_g‖^2_F dμ(k).

Thus (2) follows.

Proof of (1) ⇐= (2). From (2) it follows that ∞ > � M G_Λ(k)‖(H − E(H) + S(k))^{−1}T (k)φ_g‖^2_F dμ(k) = ∞� n=0 ‖(1 ⊗ dΓ_n(G_Λ)^{1/2})φ^{(n)}_g ‖^2_{Fn} .

Then by the monotone convergence theorem, as Λ → ∞ on the both sides above we obtain that ∞ > � M G(k)‖(H − E(H) + S(k))^{−1}T (k)φ_g‖^2_F dμ(k) = ∞� n=0 ‖(1 ⊗ dΓ_n(G)^{1/2})φ^{(n)}_g ‖^2_{Fn} = ‖(1 ⊗ dΓ(G)^{1/2})φ_g‖^2_F .

Thus (1) follows.

Finally (2.12) follows from the fact that ‖(1 ⊗ dΓ(G)^{1/2})φ_g‖^2_F = g^2 ∞� m=1 ‖T_Ge_m‖^2_F = g^2Tr(T^∗_GT_G) = g^2 � M G(k)‖(H − E(H) + S(k))^{−1}T (k)φ_g‖^2_F dμ(k).

Thus the proof is complete. □ Corollary 2.9 Let G be a nonnnegative multiplication operator on L^2(M). In addition to (A.1)-(A.5), suppose that √ G‖T (·)φ_g‖_F /S ∈ L^2(M). (2.15) Then φ_g ∈ D(1 ⊗ dΓ(G)^{1/2}). In particular suppose that ‖T (·)φ_g‖_F /S ∈ L^2(M). (2.16) Then φ_g ∈ D(1 ⊗ N^{1/2}).

Remark 2.10 Condition (2.15) is a generalization of an IR regularity condition in [4].

Proof: Since � M G(k)‖(H − E(H) + S(k))^{−1}T (k)φ_g‖^2_F dμ(k) ≤ � M G(k) S(k)^2

‖T (k)φ_g‖^2_F dμ(k) < ∞, Theorem 2.8 yields the corollary. □

3 Absence of ground states

Let P_g be the projection onto the one-dimensional subspace {zφ_g|z ∈ C} of F. Theorem 3.1 Assume (A.1)-(A.5). Let G be a nonnegative multiplication operator on L^2(M). Then H has no ground state φ_g in D(1 ⊗ dΓ(G)^{1/2}) such that √ G(φ_g, T (·)φ_g)_F /S ∉ L^2(M). (3.1) Remark 3.2 Condition (3.1) is a generalization of an IR singularity condition in [4]. Proof: Suppose that there exists a ground state φ_g such as in (3.1). We have � M G(k)‖(H − E(H) + S(k))^{−1}T (k)φ_g‖^2_F dμ(k) ≥ � M G(k)‖(H − E(H) + S(k))^{−1}P_gT (k)φ_g‖^2_F dμ(k).

Since ‖(H − E(H) + S(k))^{−1}P_gT (k)φ_g‖^2_F = 1 S(k)^2

‖P_gT (k)φ_g‖^2_F = 1 S(k)^2

|(φ_g, T (k)φ_g)_F |^2, it follows that � M G(k)‖(H − E(H) + S(k))^{−1}T (k)φ_g‖^2_F dμ(k) ≥ � M � � � G(k) S(k)

|(φ_g, T (k)φ_g)_F | � � 2 dμ(k).

Since the right-hand side above diverges by (3.1), Lemma 2.6 yields that φ_g ∉ D(1 ⊗ dΓ(G)^{1/2}).

Thus the desired result is obtained. □ Setting G = 1 in Theorem 3.1, we have a corollary.

Corollary 3.3 Assume (A.1)-(A.5). Then H has no ground state φ_g in D(1 ⊗ N^{1/2}) such that 1 S (φ_g, T (·)φ_g)_F ∉ L^2(M). (3.2)

4 Higher order regularities of ground states

Through this section we fix a natural number n and assume (A.1)-(A.5). We shall consider an asymptotic field for 1 ⊗ a(f_1) · · · a(f_n). Namely we investigate s- lim_{t→∞} e^{−itH} (1 ⊗ a(e^{itS} f_1) · · · a(e^{itS} f_n))e^{itH} .

We introduce assumptions. (H.1) T (k) satisfies that D(H) ⊂ D(T (k)(1 ⊗ a(f))) ∩ D((1 ⊗ a(f))T (k)) a.e.k ∈ M, and [T (k), 1 ⊗ a(f)]Ψ = 0, Ψ ∈ D(H), a.e. k ∈ M. (4.1) (H.2) The operator (1 ⊗ dΓ(S)^{(n+1)/2})(H + z)^{−m} is a bounded operator for some m and z ∈ ρ(H) ∩ R, where ρ(H) denotes the resolvent of H.

Lemma 4.1 Suppose (H.2). Then for f_j ∈ M_{−1/2} ∩ M_{[n/2]}, j = 1, ..., n, φ_g ∈ D(1 ⊗ a(f_1) · · · a(f_n)) (4.2) and (1 ⊗ a(f_1) · · · a(f_m))φ_g ∈ D(H), m = 1, ..., n − 1. (4.3) Proof: From (H.2) it follows that ‖(1 ⊗ dΓ(S))^{(n+1)/2}φ_g‖_F ≤ ‖(1 ⊗ dΓ(S))^{(n+1)/2}(H + z)^{−m}‖_{F→F} |E(H) + z|^m ‖φ_g‖_F . Hence φ_g ∈ D(1 ⊗ dΓ(S)^{(n+1)/2}) (4.4) follows, from which we can see (4.2) by Lemma 2.1. From Lemma 2.1 it follows that (1 ⊗ a(f_1) · · · a(f_n))φ_g ∈ D(1 ⊗ dΓ(S)).

Together with (1 ⊗ a(f_1) · · · a(f_n))φ_g ∈ D(A ⊗ 1), we obtain that (1 ⊗ a(f_1) · · · a(f_n))φ_g ∈ D(A ⊗ 1) ∩ D(1 ⊗ dΓ(S)) = D(H).

Then (4.3) is proven. □ P_n denotes the set of all the permutations of degree n and we set for σ ∈ P_n,

R^σ_i := � �H − E(H) + n� j=i S(k_{σ(j)}) � � −1 , R̃^σ_i := � H − E(H) + S(k_{σ(i)})

�_{−1} . Remark 4.2 Let ⊗^mμ denote the product measure on M^m. Then (⊗^mμ)({(k_1, ..., k_m) ∈ M^m|S(k_1) + · · · + S(k_m) = 0}) = 0 follows. This implies that R^σ_i and R̃^σ_i are bounded operators on F for almost every (k_{σ(i)}, ..., k_{σ(n)}) ∈ M^{n−i+1}. We set ^H := H − E(H).

Assumption (H.3) and (H.4) are as follows.

(H.3) There exist dense subspaces C_n ⊂ L^2(M) and E ⊂ F such that (1) C_n ⊂ M_{−1/2} ∩ M_{[n/2]}, and for f ∈ M_{−1/2} ∩ M_{[n/2]}, there exists a sequence {f_m}_m ⊂ C_n such that s-lim_{m→∞} f_m/ √ S^k = f/ √ S^k for 0 ≤ k ≤ n, (2) Ψ ⊂

�_n

m=1 D(T (k_m)^∗e^{itm} ^^H · · · T (k_1)^∗e^{it1} ^^H ) for almost every (k_1, ..., k_m) ∈ M^m and for Ψ ∈ E, (3) for arbitrary f_j ∈ C_n, j = 1, ..., n, and Ψ ∈ E, � M dμ(k_m)e^{−iTmS(km)}f_m(k_m)

(T (k_m)^∗e^{itm} ^^H · · · T (k_1)^∗e^{it1} ^^H Ψ, (1 ⊗ a(e^{iTmS} f_{m+1}) · · · a(e^{iTmS} f_n))φ_g)_F is in L^1([0, ∞); dt_m) for m = 1, 2, ..., n − 1, where T_m := t_1 + · · · + t_m, (4) for arbitrary f_j ∈ C_n, j = 1, ..., n, and Ψ ∈ E, � M dμ(k_{σ(m)}) · · · � M dμ(k_{σ(n)}) n� j=m f_{σ(k)}(k_{σ(j)})

(T (k_{σ(m)})^∗e^{itm (}

^_{H+}�^n_{j=m S(kσ(j)))}

· · · T (k_{σ(1)})^∗e^{it1 (}

^_{H+}�^n_{j=1 S(kσ(j)))} Ψ, R^σ_{m+1}T (k_{σ(m+1)}) · · · R^σ_nT (k_{σ(n)})φ_g)_F is in L^1([0, ∞); dt_m) for m = 1, 2, ..., n − 1.

Regularities of ground states 15

(H.4) The closure of (H − E(H) + S(k))^{−1}T (k), [(H − E(H) + S(k))^{−1}T (k)], is a bounded opeator and ‖[(H − E(H) + S(·))^{−1}T (·)]‖_{F→F} ∈ M_{1/2}.

Lemma 4.3 Assume (H.1)-(H.4). Then for f_ℓ ∈ M_{−1/2} ∩ M_{[n/2]}, ℓ = 1, ..., n, � M^n n� j=1 dμ(k_j) � � n� j=1 |f_j(k_j)| � � � � �R^σ_1 T (k_{σ(1)}) · · · R^σ_nT (k_{σ(n)})φ_g � � �_F < ∞ (4.5) and (1 ⊗ a(f_1) · · · a(f_n))φ_g = (−g)^n � σ∈P_n � M^n n� j=1 dμ(k_j) � � n� j=1 f_j (k_j) � � R^σ_1 T (k_{σ(1)}) · · · R^σ_nT (k_{σ(n)})φ_g. (4.6)

Proof: Note that ‖R^σ_j ‖_{F→F} ≤ ‖R̃^σ_j ‖_{F→F} , j = 1, ..., n.

From (H.4) it follows that f(k_{σ(j)})‖[R̃^σ_j T (k_{σ(j)})]‖_{F→F} ∈ L^1(M) (4.7) for f ∈ M_{−1/2} ∩ M_0 and σ ∈ P_n. We have, by (4.7), � M^n n� j=1 dμ(k_j) � � n� j=1 |f_j(k_j)| � � � �R^σ_1 T (k_{σ(1)}) · · · R^σ_nT (k_{σ(n)})φ_g � � F ≤ ‖φ_g‖_F n� j=1 � M |f_{σ(j)}(k_{σ(j)})|‖[R̃^σ_j T (k_{σ(j)})]‖_{F→F} dμ(k_{σ(j)}) < ∞. (4.8)

Then (4.5) follows. Lemma 2.1 yields that the left-hand side of (4.6) is well defined. Let f_j ∈ C_n, j = 1, ..., n. Note that by (4.3), (1 ⊗ a(f_1) · · · a(f_m))φ_g ∈ D(H), m = 1, ..., n − 1.

From this and (H.1) it follows that [T (k), 1 ⊗ a(g)](1 ⊗ a(f_1) · · · a(f_m))φ_g = 0. (4.9) By (4.9) we see that for Ψ ∈ E and f_j ∈ C_n, j = 1, ..., n, d dt (Ψ, e^{−itH} (1 ⊗ a(e^{itS} f_1) · · · a(e^{itS} f_n))e^{itH} φ_g)_F

Regularities of ground states 16

= ig n� j=1 � M dμ(k_j)e^{−itS(kj )}f_j (k_j)

(e^{it} ^^H Ψ, (1 ⊗ a(e^{itS} f_1) · · · a(e^{itS} f_{j−1}))T (k_j)(1 ⊗ a(e^{itS} f_{j+1}) · · · a(e^{itS} f_n))φ_g)_F = ig n� j=1 � M dμ(k_j)e^{−itS(kj )}f_j (k_j)

(e^{it} ^^H Ψ, T (k_j)(1 ⊗ a(e^{itS} f_1) · · · \a(e^{itS} f_j) · · · a(e^{itS} f_n))φ_g)_F . Then by (H.3)-(3) and the fact that s- lim_{t→∞}(Ψ, e^{−itH} (1 ⊗ a(e^{itS} f_1) · · · a(e^{itS} f_n))e^{itE(H)}φ_g) = 0, we have

(Ψ, (1 ⊗ a(f_1) · · · a(f_n))φ_g)_F = −ig n� j=1 �_∞ 0 dt � M dμ(k_j)e^{−itS(kj )}f_j (k_j)

(T (k_j)^∗e^{it} ^^H Ψ, (1 ⊗ a(e^{itS} f_1) · · · \a(e^{itS} f_j ) · · · a(e^{itS} f_n))φ_g)_F . (4.10) Using (4.10) again, we have by (H.3)-(3),

(T (k_j)^∗e^{it} ^^H Ψ, (1 ⊗ a(e^{itS} f_1) · · · \a(e^{itS} f_j ) · · · a(e^{itS} f_n))φ_g)_F = −ig n� j^′=1,j^′≠j

�_∞ 0 dt^′ � M dμ(k_j′ )e^{−i(t+t′ )S(kj′ )}f_j′ (k_j′ )(T (k_j′ )^∗e^{it′} ^^H T (k_j)^∗e^{it} ^^H Ψ,

(1 ⊗ a(e^{i(t+t′ )S} f_1) · · · \a(e^{i(t+t′)S} f_j) · · · \a(e^{i(t+t′)S} f_j′ ) · · · a(e^{i(t+t′ )S} f_n))φ_g)_F . We can inductively obtain that

(Ψ, (1 ⊗ a(f_1) · · · a(f_n))φ_g)_F = (−ig)^n � σ∈P_n

�_∞ 0 dt_1 � M dμ(k_{σ(1)}) · · ·

�_∞ 0 dt_n � M dμ(k_{σ(n)}) � � n� j=1 f_{σ(j)}(k_{σ(j)}) � � e^{−it1}

�_n

j=1 S(k_{σ(j)})e−it_2

�_n

j=2 S(k_{σ(j)}) · · · e−it_n S(k_{σ(n)})

(T (k_n)^∗e^{itn} ^^H · · · T (k_1)^∗e^{it1} ^^H Ψ, φ_g)_F = (−ig)^n � σ∈P_n

�_∞ 0 dt_1 � M dμ(k_{σ(1)}) · · ·

�_∞ 0 dt_n � M dμ(k_{σ(n)}) � � n� j=1 f_{σ(j)}(k_{σ(j)}) � � (T (k_{σ(n)})^∗e^{itn(} ^^{H+}

�_n

j=n S(k_{σ(j)})) · · · T (k σ(1))

∗e^{it1(} ^^{H+}

�_n

j=1 S(k_{σ(j)}))Ψ, φ

g)_F .

Since by (H.3)-(4), � M dμ(k_{σ(n)}) n� j=1 f_{σ(j)}(k_{σ(j)})

(T (k_{σ(n)})^∗e^{itn(} ^^{H+}

�_n

j=n S(k_{σ(j)})) · · · T (k σ(1))

∗e^{it1 (} ^^{H+}

�_n

j=1 S(k_{σ(j)}))Ψ, φ

g)_F

Regularities of ground states 17

is in L^1([0, ∞), dt_n), we have

�_∞ 0 dt_n � M dμ(k_{σ(n)}) � � n� j=1 f_{σ(j)}(k_{σ(j)}) � � (T (k_{σ(n−1)})^∗e^{itn−1 (} ^^{H+}

�_n

j=n−1 S(kσ(j))) · · · T (kσ(1))∗eit1( ^H+

�_n

j=1 S(k_{σ(j)}))Ψ,

e^{−itn (} ^^{H+S(kσ(n)))}T (k_{σ(n)})φ_g)_F = lim_{ϵ→0}

�_∞ 0 dt_ne^{−ϵtn} � M dμ(k_{σ(n)}) � � n� j=1 f_{σ(j)}(k_{σ(j)}) � � (T (k_{σ(n−1)})^∗e^{itn−1 (}

^_{H+}�^n_{j=n−1 S(kσ(j)))}

· · · T (k_{σ(1)})^∗e^{it1(}

^_{H+}�^n_{j=1 S(kσ(j)))} Ψ, e^{−itn (} ^^{H+S(kσ(n)))}T (k_{σ(n)})φ_g)_F = (−i) � M dμ(k_{σ(n)}) � � n� j=1 f_{σ(j)}(k_{σ(j)}) � � (T (k_{σ(n−1)})^∗e^{itn−1 (} ^^{H+}

�_n

j=n−1 S(kσ(j))) · · · T (kσ(1))∗eit1( ^H+

�_n

j=1 S(k_{σ(j)}))Ψ,

R^σ_nT (k_{σ(n)})φ_g)_F .

Here we used the Lebesgue dominated convergence theorem and Fubini’s lemma. Similarly using (H.3)-(4) we can obtain that

�_∞ 0 dt_{n−1} � M dμ(k_{σ(n−1)})

�_∞ 0 dt_n � M dμ(k_{σ(n)}) � � n� j=1 f_{σ(j)}(k_{σ(j)}) � � (T (k_{σ(n)})^∗e^{itn(}

^_{H+}�^n_{j=n S(kσ(j)))}

· · · T (k_{σ(1)})^∗e^{it1(}

^_{H+}�^n_{j=1 S(kσ(j)))}

Ψ, φ_g)_F = (−i)

�_∞ 0 dt_{n−1} � M dμ(k_{σ(n−1)}) � M dμ(k_{σ(n)}) � � n� j=1 f_{σ(j)}(k_{σ(j)}) � � (T (k_{σ(n−1)})^∗e^{itn−1 (} ^^{H+}

�_n

j=n−1 S(kσ(j))) · · · T (kσ(1))∗eit1( ^H+

�_n

j=1 S(k_{σ(j)}))Ψ,

R^σ_nT (k_{σ(n)})φ_g)_F = (−i)^2 � M dμ(k_{σ(n−1)}) � M dμ(k_{σ(n)}) � � n� j=1 f_{σ(j)}(k_{σ(j)}) � � (T (k_{σ(n−2)})^∗e^{itn−2 (} ^^{H+}

�_n

j=n−2 S(kσ(j))) · · · T (kσ(1))∗eit1( ^H+

�_n

j=1 S(k_{σ(j)}))Ψ,

R^σ_{n−1}T (k_{σ(n−1)})R^σ_nT (k_{σ(n)})φ_g)_F . Thus inductively we can see that

(Ψ, (1 ⊗ a(f_1) · · · a(f_n))φ_g)_F = (−g)^n � σ∈P_n � M^n n� j=1 dμ(k_{σ(j)}) n� j=1 f_{σ(j)}(k_{σ(j)})(Ψ, R^σ_1 T (k_{σ(1)}) · · · R^σ_nT (k_{σ(n)})φ_g)_F .

Regularities of ground states 18

By (4.8) and the fact that E is dense, we obtain that for f_j ∈ C_n, j = 1, ..., n, (1 ⊗ a(f_1) · · · a(f_n))φ_g = (−g)^n � σ∈P_n � M^n n� j=1 dμ(k_{σ(j)}) � � n� j=1 f_{σ(j)}(k_{σ(j)}) � � R^σ_1 T (k_{σ(1)}) · · · R^σ_nT (k_{σ(n)})φ_g

= (−g)^n � σ∈P_n � M^n n� j=1 dμ(k_j) � � n� j=1 f_j(k_j) � � R^σ_1 T (k_{σ(1)}) · · · R^σ_nT (k_{σ(n)})φ_g. (4.11)

Let f_j ∈ M_{−1/2} ∩ M_{[n/2]}, j = 1, ..., n. Take sequences {f_{jm}}_m, j = 1, ..., n, in C_n such that s-lim_{m→∞} f_{jm}/ √ S^k = f_j/ √ S^k, j = 1, ..., n, for 0 ≤ k ≤ n. Then s- lim_{m→∞}(1 ⊗ a(f_{1m}) · · · a(f_{nm}))φ_g = (1 ⊗ a(f_1) · · · a(f_n))φ_g. (4.12) Moreover by (4.8) it follows that

s- lim_{m→∞} � M^n n� j=1 dμ(k_j) � � n� j=1 f_{jm}(k_j) � � R^σ_1 T (k_{σ(1)}) · · · R^σ_nT (k_{σ(n)})φ_g

= � M^n n� j=1 dμ(k_j) � � n� j=1 f_j (k_j) � � R^σ_1 T (k_{σ(1)}) · · · R^σ_nT (k_{σ(n)})φ_g. (4.13)

Hence (4.11) can be extended for f_j ∈ M_{−1/2} ∩ M_{[n/2]}, j = 1, ..., n, by (4.12) and (4.13). Then the lemma follows. □

Lemma 4.4 Let {e_j }^∞_{j=1} be a complete orthonormal system in K. Then (1) and (2) are equivalent.

(1) Ψ ∈ ∞� i_1,...,i_n=1

D(a(e_{i1} ) · · · a(e_{in} )) and ∞� i_1,...,i_n=1

‖a(e_{i1} ) · · · a(e_{in} )Ψ‖^2_{Fb(K)} < ∞.

(2) Ψ ∈ D( n� j=1 (N − j + 1)^{1/2}).

Suppose that (1) or (2) holds. Then ∞� i_1,...,i_n=1

‖a(e_{i1} ) · · · a(e_{in} )Ψ‖^2_{Fb(K)} = ‖ n� j=1 (N − j + 1)^{1/2}Ψ‖^2_{Fb(K)}.

Proof: See Appendix. □

Theorem 4.5 Assume (H.1)-(H.4). Then (1) and (2) are equivalent.

Regularities of ground states 19

(1) � M^n n� j=1 dμ(k_j)‖ � σ∈P_n

R^σ_1 T (k_{σ(1)}) · · · R^σ_nT (k_{σ(n)})φ_g‖^2_F < ∞.

(2) φ_g ∈ D(1 ⊗ n� j=1 (N − j + 1)^{1/2}).

Furthermore suppose that (1) or (2) holds. Then ‖(1 ⊗ n� j=1 (N − j + 1)^{1/2})φ_g‖^2_F = g^{2n} � M^n n� j=1 dμ(k_j)‖ � σ∈P_n

R^σ_1 T (k_{σ(1)}) · · · R^σ_nT (k_{σ(n)})φ_g‖^2_F . (4.14) Proof: Let us define

κ(k_1 · · · k_n) := � σ∈P_n

R^σ_1 T (k_{σ(1)}) · · · R^σ_nT (k_{σ(n)})φ_g, a.e. (k_1, ..., k_n) ∈ M^n, and T : ⊗^nL^2(M) → F by T (f_1 ⊗ · · · ⊗ f_n) := � M^n n� j=1 dμ(k_j)f(k_1) · · · f(k_n)κ(k_1 · · · k_n).

Then (1 ⊗ a(f_1) · · · a(f_n))φ_g = (−g)^nT (f_1 ⊗ · · · ⊗ f_n) for f_j ∈ M_{−1/2} ∩ M_{[n/2]}, j = 1, ..., n. Adjoint operator T^∗ : F → ⊗^nL^2(M) ∼= L^2(M^n) is given by (T^∗Φ)(k_1, ..., k_n) = (κ(k_1, ..., k_n), Φ)_F for almost ever (k_1, ..., k_n) ∈ M^n. Then T^∗ is a Carleman operator [24] with kernel κ. Thus T^∗ is a Hilbert-Schmidt operator if and only if � M^n n� j=1 dμ(k_j)‖κ(k_1 · · · k_n)‖^2_F < ∞.

Namely T is a Hilbert-Schmidt operator if and only if � M^n n� j=1 dμ(k_j)‖ � σ∈P_n

R^σ_1 T (k_{σ(1)}) · · · R^σ_nT (k_{σ(n)})φ_g‖^2_F < ∞. (4.15) Let {e_j }^∞_{j=1} be a complete orthonormal system in L^2(M) such that e_j ∈ M_{−1/2} ∩M_{[n/2]}, j ≥ 1. If T is a Hilbert-Schmidt operator, then

∞ > g^{2n} � M^n n� j=1 dμ(k_j)‖ � σ∈P_n

R^σ_1 T (k_{σ(1)}) · · · R^σ_nT (k_{σ(n)})φ_g‖^2_F

= g^{2n} � M^n n� j=1 dμ(k_j)‖κ(k_1 · · · k_n)‖^2_F = g^{2n}Tr(T^∗T ) = g^{2n} ∞� i_1,...,i_n

‖T (e_{i1} ⊗ · · · ⊗ e_{in} )‖^2_F = ∞� i_1,...,i_n

‖(1 ⊗ a(e_{i1} ) · · · a(e_{in} ))φ_g‖^2_F = ‖(1 ⊗ n� j=1 (N − j + 1)^{1/2})φ_g‖^2_F . (4.16)

Thus (4.15) is equivalent to φ_g ∈ D(1 ⊗ n� j=1 (N − j + 1)^{1/2}). Moreover (4.14) follows from (4.16). The proof is complete. □ Assumption (H.5) is as follows.

(H.5) The closure of (H − E(H) + S(k))^{−1}T (k), [(H − E(H) + S(k))^{−1}T (k)], is a bounded operator for almsot every k ∈ M, and ‖[(H − E(H) + S(·))^{−1}T (·)]‖_{F→F} ∈ M_0.

Theorem 4.6 In addition to (H.1)-(H.4), we assume (H.5). Then φ_g ∈ D(1 ⊗ N^{n/2}).

Proof: Note that D(N^{n/2}) = n� ℓ=1 D( ℓ� j=1 (N − j + 1)^{1/2}). (4.17) See e.g., [15, Lemma 3.2]. We see that for all 1 ≤ ℓ ≤ n,

‖(1 ⊗ ℓ� j=1 (N − j + 1)^{1/2})φ_g‖^2_F

= g^{2ℓ} � M^ℓ ℓ� j=1 dμ(k_j)‖ � σ∈P_ℓ

R^σ_1 T (k_{σ(1)}) · · · R^σ_ℓ T (k_{σ(ℓ)})φ_g‖^2_F ≤ ℓ(ℓ!)^2g^{2ℓ}‖φ_g‖^2_F � M ‖(H − E(H) + S(k))^{−1}T (k)‖^2_{F→F} dμ(k)

�_ℓ

< ∞. Then φ_g ∈ n� ℓ=1 D( ℓ� j=1 (N − j + 1)^{1/2}).

By (4.17) the theorem follows. □

5 GSB models

5.1 Regularities of ground states

The Hilbert space for the GSB model is defined by F_{SB} := H ⊗ F_b(L^2(R^ν )).

Let a(f) and a^∗(f), f ∈ L^2(R^ν ), be the annihilation operator and the creation operator of F_b(L^2(R^ν )), respectively. Set ϕ(λ) := 1 √ 2 (a^∗(λ) + a(λ)) , λ ∈ L^2(R^ν ).

Hamiltonians of GSB models are defined by H_{SB} := H_{SB,0} + αH_{SB,I}, where α is a coupling constant, H_{SB,0} := A ⊗ 1 + 1 ⊗ dΓ(ω) and H_{SB,I} := J� j=1 B_j ⊗ ϕ(λ_j).

Here ω is a nonnegative multiplication operator on L^2(R^ν ), B_j, j = 1, ..., J, closed symmetric operators on H, and

�_J

j=1 B_j ⊗ ϕ(λ_j ) denotes the closure of

�_J

j=1 B_j ⊗ϕ(λ_j).

Using fundamental inequalities (2.4) and (2.5) we have ‖ϕ(λ)Ψ‖_{Fb(L}2_{(R}ν_{))} ≤ 1 √ 2 (‖λ/ √ ω‖_L2_{(R}ν_) + 2‖λ‖_L2_{(R}ν_))‖(dΓ(ω) + 1)^{1/2}Ψ‖_{Fb(L}2_{(R}ν_{))} (5.1) for Ψ ∈ D(dΓ(ω)^{1/2}). Assumptions are as follows. (B.1) A is self-adjoint and bounded from below. (B.2) λ_j, λ_j/ √ ω ∈ L^2(R^ν ), j = 1, ..., J.

(B.3) D(Â^{1/2}) ⊂

�_J

j=1 D(B_j), where Â := A − E(A), and there exist constants a_j and b_j such that ‖B_jf‖_H ≤ a_j‖Â^{1/2}f‖_H + b_j ‖f‖_H, j = 1, ..., J, f ∈ D(Â^{1/2}).

Moreover |α| ≤ � � J� j=1 a_j ‖λ_j/ √ ω‖^2_L2_{(R}ν_) � � −1 .

Proposition 5.1 Assume (B.1)-(B.3). Then H_{SB} is self-adjoint and bounded from below on D(H_{SB,0}) = D(A ⊗ 1) ∩ (1 ⊗ dΓ(ω)). Moreover it is essentially self-adjoint on any core of H_{SB,0}.

Proof: It is easily seen that for Ψ ∈ D(H_{SB,0}),

‖H_{SB,I}Φ‖_{FSB} ≤ � � J� j=1 a_j‖λ_j / √ ω‖^2_L2_{(R}ν_) � � ‖H_{SB,0}Φ‖_{FSB} + b‖Φ‖_{FSB} (5.2)

with some constant b > 0. Then by the Kato-Rellich theorem, the proposition follows. □ To formulate additional assumptions we define

Y := ν� n=1 {k = (k_1, ..., k_ν ) ∈ R^ν |k_n = 0}.

We assume (B.4) and (B.5). (B.4) λ_j ∈ C^2(R^ν \ Y ), j = 1, ..., J.

(B.5) (1) ω ∈ C^3(R^ν \ Y ) and ∂ω(k)/∂k_n ≠ 0 on R^ν \ Y , n = 1, ..., ν, (2) ω is purely absolutely continuous.

Remark 5.2 In [3] the existence of ground states of H_{SB} is proven under some conditions on ω for α with |α| sufficiently small. Moreover for massive cases the multiplicity of ground states is studied in [3]. For massless cases, an upper bound of the multiplicity of ground states is shown in [16]. We see that, for Ψ, Φ ∈ D(H_{SB,0}), [1 ⊗ a(f), H_{SB,I}]^{D(HSB,0)}_W (Ψ, Φ) = � Rν f(k)(Ψ, T_{SB}(k)Φ)_{FSB} dk, (5.3) where T_{SB}(k) := � � J� j=1 λ_j(k)B_j � � ⊗ 1.

Theorem 5.3 Assume that (B.1)-(B.5). Let G be a nonnegative multiplication operator on L^2(R^ν ). Then φ_g ∈ D(1 ⊗ dΓ(G)^{1/2}) if and only if � Rν G(k)‖(H_{SB} − E(H_{SB}) + ω(k))^{−1}T_{SB}(k)φ_g‖^2_{FSB} dk < ∞.

Furthermore suppose φ_g ∈ D(1 ⊗ dΓ(G)^{1/2}). Then

‖(1 ⊗ dΓ(G)^{1/2})φ_g‖^2_{FSB} = � Rν G(k)‖(H_{SB} − E(H_{SB}) + ω(k))^{−1}T_{SB}(k)φ_g‖^2_{FSB} dk.

Proof: Under the identifications:

H = H_{SB}, H_I = H_{SB,I}, S(k) = ω(k), T (k) = T_{SB}(k), C_0 = C^2_0 (R^ν \ Y ), (5.4)

it is enough to check (A.1)-(A.5) by Theorem 2.8. (A.1), (A.2) and (A.3) follow from (5.2), (5.3) and (B.5)-(2), respectively. Since

‖T_{SB}(k)φ_g‖_{FSB} ≤ J� j=1 λ_j (k)‖(B_j ⊗ 1)φ_g‖_{FSB} ,

it is seen that ‖T_{SB}(·)φ_g‖_{FSB} , ‖T_{SB}(·)φ_g‖_{FSB} / √ ω ∈ L^2(R^ν )

by (B.2). Thus (A.5) follows. We shall check (A.4). (A.4)-(1) is trivial. It is seen that for k ∈ R^ν \ Y ,

e^{−isω(k)} = − 1 s^2 � ∂ω(k) ∂k_μ

�_{−1} ∂ ∂k_μ � � � ∂ω(k) ∂k_μ

�_{−1} ∂ ∂k_μ e^{−isω(k)} � � , μ = 1, ..., ν. (5.5)

Then by the integration by parts formula, � � � � Rν f(k)(Ψ, e^{−is(HSB−E(HSB)+ω(k))}T_{SB}(k)φ_g)_{FSB} dk � � � ≤ 1 s^2 J� j=1 � Rν dk � � � � � ∂ ∂k_μ � ∂ω(k) ∂k_μ

�_{−1} ∂ ∂k_μ � ∂ω(k) ∂k_μ

�_{−1}

f(k)λ_j(k) � � � � � � � �(Ψ, e^{−is(HSB−E(HSB))}(B_j ⊗ 1)φ_g)_{FSB} � � � ≤ 1 s^2 J� j=1 � Rν dk � � � � � ∂ ∂k_μ � ∂ω(k) ∂k_μ

�_{−1} ∂ ∂k_μ � ∂ω(k) ∂k_μ

�_{−1}

f(k)λ_j(k) � � � � � ‖Ψ‖_{FSB} ‖(B_j ⊗ 1)φ_g‖_{FSB} .

Since the integrand of the right-hand side above is integrable for f ∈ C^2_0 (R^ν \ Y ), we obtain that � Rν f(k)(Ψ, e^{−is(HSB−E(HSB)+ω(k))}T_{SB}(k)φ_g)_{FSB} dk ∈ L^1([0, ∞), ds).

Thus (A.4)-(2) follows and the proof is complete. □

Corollary 5.4 Let G be a nonnegative multiplication operator on L^2(R^ν ). In addition to (B.1)-(B.5), suppose that √ Gλ_j/ω ∈ L^2(R^ν ), j = 1, ..., J. (5.6)

Then φ_g ∈ D(1 ⊗ dΓ(G)^{1/2}). In particular suppose that

λ_j/ω ∈ L^2(R^ν ), j = 1, ..., J.

Then φ_g ∈ D(1 ⊗ N^{1/2})

Proof: From (5.6) it follows that � Rν G(k)‖(H_{SB} − E(H_{SB}) + ω(k))^{−1}T_{SB}(k)φ_g‖^2_{FSB} dk < J� j=1 � Rν G(k)|λ_j(k)/ω(k)|^2dk‖(B_j ⊗ 1)φ_g‖^2_{FSB} < ∞.

Thus the corollary follows from Theorem 5.3. □

Example 5.5 Typical examples of λ_j , j = 1, ..., J, and ω are

ω(k) = |k|, λ_j = ρ_j / √ ω, j = 1, ..., J,

with some nonnegative functions ρ_j such that ρ_j ∈ C^2(R^ν ), ρ_j / √ ω ∈ L^2(R^ν ) and ρ_j /ω ∈ L^2(R^ν ), j = 1, ..., J. Let γ ≥ 0. In addition to (B.1) and (B.3), suppose that

ρ_jω^γ /ω^{32} ∈ L^2(R^ν ), j = 1, ..., J.

Then φ_g ∈ D(1 ⊗ dΓ(ω^γ )^{1/2}).

5.2 Absence of ground states

Theorem 5.6 Assume (B.1)-(B.5). Let G be a nonnegative multiplication operator on L^2(R^ν ). Then H_{SB} has no ground state φ_g in D(1 ⊗ dΓ(G)^{1/2}) such that √ G ω J� j=1 (φ_g, (B_j ⊗ 1)φ_g)_{FSB} λ_j ∉ L^2(R^ν ).

Proof: By Theorems 5.3 and 3.1 under identification (5.4), there exists no ground state φ_g in D(1 ⊗ dΓ(G)^{1/2}) such that √ G ω (φ_g, T_{SB}(·)φ_g)_{FSB} ∉ L^2(R^ν ).

Since (φ_g, T_{SB}(k)φ_g)_{FSB} = J� j=1 (φ_g, (B_j ⊗ 1)φ_g)_{FSB} λ_j(k), the theorem follows. □

Corollary 5.7 Assume (B.1)-(B.5) and for some ℓ, λ_ℓ/ω ∉ L^2(R^ν ).

Then H_{SB} has no ground state φ_g in D(1 ⊗ N^{1/2}) such that (φ_g, (B_ℓ ⊗ 1)φ_g) > 0 and (φ_g, (B_j ⊗ 1)φ_g)λ_j ≥ 0 for all j but j ≠ ℓ. Proof: Since

�_J

j=1(φ_g, (B_j ⊗ 1)φ_g)_{FSB} λ_j ≥ (φ_g, B_ℓφ_g)λ_ℓ, we have 1 ω J� j=1 (φ_g, (B_j ⊗ 1)φ_g)_{FSB} λ_j ∉ L^2(R^ν ).

Thus by Theorem 5.6 with G = 1, the corollary follows. □

Example 5.8 Let ω(k) = |k| and λ_j = ρ_j / √ ω with some nonnegative functions ρ_j such that ρ_j ∈ C^2(R^ν ), ρ_j / √ ω ∈ L^2(R^ν ) and ρ_j /ω ∈ L^2(R^ν ), j = 1, ..., J. Suppose (B.1), (B.3) and ρ_ℓω^γ /ω^{3/2} ∉ L^2(R^ν ) for some γ ≥ 0. Then H_{SB} has no ground state φ_g in D(1 ⊗ dΓ(ω^γ)^{1/2}) such that (φ_g, (B_ℓ ⊗ 1)φ_g) > 0 and (φ_g, (B_j ⊗ 1)φ_g)λ_j ≥ 0 for all j but j ≠ ℓ.

5.3 Higher order regularities

In this subsection, we fix a natural number n and consider cores of (H_{SB} + 1)^n. 5.3.1 Cores of (H_{SB} + 1)^n We define ad^k_A(B) by ad^0_A(B) := B and ad^k_A(B) := [A, ad^{k−1}_A (B)] for k ≥ 1. If D is an invariant subspace of A and B, we have for all Ψ ∈ D,

[A^k, B]Ψ = k� ℓ=1 � k ℓ � ad^ℓ_A(B)A^{k−ℓ}Ψ, ad^k_A(BC)Ψ = k� ℓ=0 � k ℓ � ad^ℓ_A(B)ad^{k−ℓ}_A (C)Ψ. (5.7)

(B.6) There exists a dense subspace D_∞ ⊂ H such that

(1) D_∞ ⊂ D(A) ∩ � ∩^J_{j=1}D(B_j) � ,

(2) AD_∞ ⊂ D_∞ and B_j D_∞ ⊂ D_∞, j = 1, ..., J, (3) A^n⌈_{D∞} is essentially self-adjoint, (4) there exist constants a_k and b_k such that for all Ψ ∈ D_∞ and j = 1, ..., J, ‖ad^k_A(B_j )Ψ‖_L2_{(R}ν_) ≤ a_k‖Â^{(k+1)/2}Ψ‖_L2_{(R}ν_) + b_k‖Ψ‖_L2_{(R}ν_), 0 ≤ k ≤ n.

(B.7) ω^kλ_j/ √ ω ∈ L^2(R^ν ) and ω^kλ_j ∈ L^2(R^ν ) for 0 ≤ k ≤ n and j = 1, ..., J.

Example 5.9 Let A and B_j , j = 1, ..., J, be bounded. Then (B.6) are satisfied with D_∞ = H.

Example 5.10 Let S(R^ν ) be the Schwartz space of rapidly dicreasing C^∞ functions on R^ν and V ∈ S(R^ν ) be real-valued. Let A = −Δ + βV and B_j = −i∇_j , j = 1, ..., ν. Then (B.6) is satisfied with D_∞ = S(R^ν ) for β with |β| sufficiently small. See Appendix for details.

Let us define a Hamiltonian K by K := K_0 + αH_{SB,I}, where K_0 := Â ⊗ 1 + 1 ⊗ dΓ(ω).

The self-adjoint operator (K + 1)^n is defined through the spectral theorem, i.e., (K + 1)^n = � [E(H_{SB}),∞)

(λ − E(A) + 1)^ndE(λ), where E(λ) is the spectral projection associated with H_{SB}. Let F_∞ := D_∞ ⊗_{alg} F^{C∞(ω)}_{b,0} , where C^∞(ω) := ∩^∞_{n=1}D(ω^n) and ⊗_{alg} denotes the algebraic tensor product. Since H_{SB} leaves F_∞ invariant, it follows that F_∞ ⊂ ∩^∞_{n=1}D(H^n_{SB}), and canonical commutation relations for a(f) and a^∗(g) hold on F_∞. Theorem 5.11 Suppose (B.1), (B.6) and (B.7). Then there exists α_∗ > 0 such that for α with |α| < α_∗, (K +1)^n is self-adjoint on D((K_0 +1)^n) and essentially self-adjoint on any core of (K_0 + 1)^n. In particular it is essentially self-adjoint on F_∞. To prove Theorem 5.11 we prepare some lemmas.

Lemma 5.12 Suppose (B.1), (B.6) and (B.7). Then there exist constants C_ℓ, ℓ = 1, ..., m, such that, for Ψ ∈ F_∞,

‖[(K_0 + 1)^m, H_{SB,I}]Ψ‖_{FSB} ≤ m� ℓ=1 � m ℓ � C_ℓ‖(K_0 + 1)^{m+1−(ℓ/2)}Ψ‖_{FSB} .

Proof: We see that, for Ψ ∈ F_∞,

[(K_0 + 1)^m, H_{SB,I}]Ψ = m� ℓ=1 � m ℓ � ad^ℓ_{K0+1}(H_{SB,I})(K_0 + 1)^{m−ℓ}Ψ. (5.8)

Using formula (5.7) we have

ad^ℓ_{K0+1}(H_{SB,I})Ψ = J� j=1 ad^ℓ_{K0} ((B_j ⊗ 1)(1 ⊗ ϕ(λ_j))Ψ = J� j=1 ℓ� k=0 � ℓ k � ad^k_{K0} (B_j ⊗ 1)ad^{ℓ−k}_{K0} (1 ⊗ ϕ(λ_j))Ψ = J� j=1 ℓ� k=0 � ℓ k � ad^k_Â(B_j ) ⊗ ad^{ℓ−k}_{dΓ(ω)}(ϕ(λ_j))Ψ = J� j=1 ℓ� k=0 � ℓ k � ad^k_Â(B_j ) ⊗ ϕ((−i)^{ℓ−k}ω^{ℓ−k}λ_j)i^{ℓ−k}Ψ.

From (B.6)-(4), it follows that

‖ad^k_Â(B_j ) ⊗ ϕ((−i)^{ℓ−k}ω^{ℓ−k}λ_j)i^{ℓ−k}Ψ‖_{FSB} ≤ a_k‖(Â^{(k+1)/2} ⊗ ϕ((−i)^{ℓ−k}ω^{ℓ−k}λ_j))Ψ‖_{FSB} + b_k‖(1 ⊗ ϕ((−i)^{ℓ−k}ω^{ℓ−k}λ_j))Ψ‖_{FSB} ≤ ξ_{ℓ−k,j} � a_k‖(Â^{(k+1)/2} ⊗ (dΓ(ω) + 1)^{1/2})Ψ‖_{FSB} + b_k‖(1 ⊗ (dΓ(ω) + 1)^{1/2})Ψ‖_{FSB} � , where ξ_{m,j} := (‖ω^mλ_j/ √ ω‖_L2_{(R}ν_) + 2‖ω^mλ_j‖_L2_{(R}ν_))/ √ 2. Note that

‖(Â^{(k+1)/2} ⊗ (dΓ(ω) + 1)^{1/2})Ψ‖_{FSB} ≤ ‖(K_0 + 1)^{(k+2)/2}Ψ‖_{FSB} , k ≥ 0, and ‖(1 ⊗ (dΓ(ω) + 1)^{1/2})Ψ‖_{FSB} ≤ ‖(K_0 + 1)^{1/2}Ψ‖_{FSB} .

Hence we have ‖ad^k_Â(B_j ) ⊗ ϕ((−i)^{ℓ−k}ω^{ℓ−k}λ_j))i^{k−ℓ}Ψ‖_{FSB} ≤ ξ_{ℓ−k,j} � a_k‖(K_0 + 1)^{(k+2)/2}Ψ‖_{FSB} + b_k‖(K_0 + 1)^{1/2}Ψ‖_{FSB} � .

From this it follows that

‖ad^ℓ_{K0+1}(H_{SB,I})Ψ‖_{FSB} ≤ J� j=1 ℓ� k=0 � ℓ k � ξ_{ℓ−k,j} � a_k‖(K_0 + 1)^{(k+2)/2}Ψ‖_{FSB} + b_k‖(K_0 + 1)^{1/2}Ψ‖_{FSB} �

≤ � � ℓ� k=0 � ℓ k �_J � j=1 ξ_{ℓ−k,j}(a_k + b_k) � � ‖(K_0 + 1)^{(ℓ+2)/2}Ψ‖_{FSB} . (5.9)

Hence from (5.9) and (5.8) the lemma follows. □

Lemma 5.13 Suppose (B.1), (B.6) and (B.7). Then there exist constants c_k, k = 1, ..., n, such that ‖(K_0 + 1)^kH_{SB,I}Ψ‖_{FSB} ≤ c_{k+1}‖(K_0 + 1)^{k+1}Ψ‖_{FSB} , Ψ ∈ F_∞, 0 ≤ k ≤ n − 1. (5.10) Proof: We prove the lemma by induction with respect to k. For k = 0, (5.10) holds true. Assume that (5.10) is satisfied for k = 0, 1, ..., m − 1. We see that for Ψ ∈ F_∞, (K_0 + 1)^mH_{SB,I}Ψ = H_{SB,I}(K_0 + 1)^mΨ + [(K_0 + 1)^m, H_{SB,I}]Ψ.

By Lemma 5.12 we have ‖(K_0 + 1)^mH_{SB,I}Ψ‖_{FSB} ≤ ‖H_{SB,I}(K_0 + 1)^mΨ‖_{FSB} + m� ℓ=1 � m ℓ � C_ℓ‖(K_0 + 1)^{m+1−(ℓ/2)}Ψ‖_{FSB}

≤ c_0‖(K_0 + 1)^{m+1}Ψ‖_{FSB} + m� ℓ=1 � m ℓ � C_ℓ‖(K_0 + 1)^{m+1−(ℓ/2)}Ψ‖_{FSB}

≤ (c_0 + m� ℓ=1 � m ℓ � C_ℓ)‖(K_0 + 1)^{m+1}Ψ‖_{FSB}

with some constant c_0. Thus the lemma follows with c_{m+1} = c_0 +

�_m ℓ=1 � m ℓ � C_ℓ, m ≥ 1. □ Proof of Theorem 5.11 We have on F_∞, (K + 1)^n = (K_0 + 1)^n + αH_I(n), where H_I(n) := H^{(1)}_I + αH^{(2)}_I + · · · + α^{n−1}H^{(n)}_I , and H^{(1)}_I := n� i=1 (K_0 + 1) · · ·^iH_{SB,I} · · · (K_0 + 1)

� � � n ,

H^{(2)}_I := n� i_1<i_2

(K_0 + 1) · · ·^{i1}H_{SB,I} · · ·^{i2}H_{SB,I} · · · (K_0 + 1)

� � � n ,

H^{(3)}_I := n� i_1<i_2<i_3

(K_0 + 1) · · ·^{i1}H_{SB,I} · · ·^{i2}H_{SB,I} · · ·^{i3}H_{SB,I} · · · (K_0 + 1)

� � � n , . . H^{(n)}_I := H^n_{SB,I}.

We see that (K_0 + 1)^nΨ = n� k=0 k� ℓ=0 � n k � � k ℓ � Â^ℓ ⊗ dΓ(ω)^{k−ℓ}Ψ, Ψ ∈ F_∞,

and �_n k=0 �_k ℓ=0 � n k � � k ℓ � Âℓ ⊗ dΓ(ω)k−ℓ is essentially self-adjoint on

C(Â^n) ⊗_{alg} C(dΓ(ω)^n), where C(Â^n) and C(dΓ(ω)^n) are any cores of A^n and dΓ(ω)^n, respectively. In particular F_∞ is a core of (K_0 + 1)^n. From Lemma 5.13 and the definition of H^{(j)}_I , j = 1, ..., n, we can see that for Ψ ∈ F_∞, ‖H^{(j)}_I Ψ‖_{FSB} ≤ d_j‖(K_0 + 1)^nΨ‖_{FSB} , j = 1, ..., n, with some constant d_j, which implies that ‖H_I(n)Ψ‖_{FSB} ≤ (d_1 + |α|d_2 + · · · + |α|^{n−1}d_n)‖(K_0 + 1)^nΨ‖_{FSB} .

Since F_∞ is a core of (K_0 + 1)^n, we can see that D((K_0 + 1)^n) ⊂ D(H_I(n)) and ‖H_I(n)Ψ‖_{FSB} ≤ (d_1 + |α|d_2 + · · · + |α|^{n−1}d_n)‖(K_0 + 1)^nΨ‖_{FSB} , Ψ ∈ D((K_0 + 1)^n), where H_I(n) denotes the closure of H_I(n)⌈_{F∞} . For α such that |α|(d_1 + |α|d_2 + · · · + |α|^{n−1}d_n) < 1, by the Kato-Rellich theorem K_n := (K_0 + 1)^n + αH_I(n) is self-adjoint on D((K_0 + 1)^n) and bounded from below. Moreover it is essentially selfadjoint on any core of D((K_0 + 1)^n). In particular K_n⌈_{F∞} is essentially self-adjoint. Let α_∗ := max � |α| � �|α|(d_1 + |α|d_2 + · · · + |α|^{n−1}d_n) ≤ 1 � . Since (K + 1)^n⌈_{F∞} = K_n⌈_{F∞} ⊂ K_n⌈_{D((K0 +1)}n_) and K_n⌈_{D((K0+1)}n_) is self-adjoint for α with |α| < α_∗, we conclude that (K + 1)^n = K_n⌈_{D((K0+1)}n_), i.e., (K + 1)^n is self-adjoint on D((K_0 + 1)^n) and essentially self-adjoint on any core of (K_0 + 1)^n for α with |α| < α_∗. Thus we get the desired results. □

5.3.2 Higher order regularities of ground states Lemma 5.14 Suppose (B.1), (B.6) and (B.7). Then there exist constants α_{∗∗} > 0 and ξ_k, k = 1, ..., n, such that for α with |α| < α_{∗∗},

‖(K_0 + 1)^kΨ‖_{FSB} ≤ ξ_k‖(K + 1)^kΨ‖_{FSB} , 1 ≤ k ≤ n, Ψ ∈ D((K + 1)^k). In particular −1 ∈ ρ(K) and (K_0 + 1)^k(K + 1)^{−k}, k = 1, ..., n, is a bounded operator with ‖(K_0 + 1)^k(K + 1)^{−k}‖_{FSB→FSB} ≤ ξ_k.

Proof: We prove the lemma by induction with respect to k. For k = 1, we have ‖(K_0 + 1)Ψ‖_{FSB} ≤ ‖(K + 1)Ψ‖_{FSB} + |α|‖H_{SB,I}Ψ‖_{FSB} ≤ ‖(K + 1)Ψ‖_{FSB} + |α|c_0‖(K_0 + 1)Ψ‖_{FSB} with some constant c_0. Thus ‖(K_0 + 1)Ψ‖_{FSB} ≤ ξ_1‖(K + 1)Ψ‖_{FSB} , Ψ ∈ F_∞, (5.11) with ξ_1 = 1/(1 − |α|c_0) follows for α with |α| < 1/c_0. Since F_∞ is a core of K + 1, (5.11) can be extended for Ψ ∈ D(K + 1). Thus the lemma follows for k = 1. Suppose that the lemma holds for k = m < n. Note that for Ψ ∈ F_∞, (K_0 + 1)^{m+1}Ψ = (K_0 + 1)(K + 1)^{−1}(K_0 + 1)^m(K + 1)Ψ +(K_0 + 1)(K + 1)^{−1}[K + 1, (K_0 + 1)^m]Ψ.

We have

‖(K_0 + 1)(K + 1)^{−1}(K_0 + 1)^m(K + 1)Ψ‖_{FSB} ≤ ξ_1ξ_m‖(K + 1)^{m+1}Ψ‖_{FSB} (5.12) and by Lemma 5.12,

‖(K_0 + 1)(K + 1)^{−1}[K + 1, (K_0 + 1)^m]Ψ‖_{FSB} ≤ ξ_1|α|‖[H_{SB,I}, (K_0 + 1)^m]Ψ‖_{FSB} ≤ ξ_1|α| m� ℓ=1 � m ℓ � C_ℓ‖(K_0 + 1)^{m+1−(ℓ/2)}Ψ‖_{FSB}

≤ ξ_1|α|

�_m � ℓ=2 � m ℓ � C_ℓ‖(K_0 + 1)^{m+1−(ℓ/2)}Ψ‖_{FSB} + mC_1‖(K_0 + 1)^{m+(1/2)}Ψ‖_{FSB} �

≤ ξ_1|α|

�_m � ℓ=2 � m ℓ � C_ℓ‖(K_0 + 1)^mΨ‖_{FSB} + mC_1‖(K_0 + 1)^{m+1}Ψ‖_{FSB} � . Thus we have

‖(K_0 + 1)^{m+1}Ψ‖_{FSB} ≤ ξ_1 1 − ξ_1|α|mC_1 � ξ_m‖(K + 1)^{m+1}Ψ‖_{FSB} + |α| m� ℓ=2 � m ℓ � C_ℓ‖(K_0 + 1)^mΨ‖_{FSB} �

≤ ξ_1 1 − ξ_1|α|mC_1

(ξ_m + |α| m� ℓ=2 � m ℓ � C_ℓξ_m)‖(K + 1)^{m+1}Ψ‖_{FSB} , Ψ ∈ F_∞, (5.13)

for α with |α| < 1/ξ_1mC_1. Since F_∞ is a core of (K + 1)^{m+1}, (5.13) can be extended for Ψ ∈ D((K + 1)^{m+1}). Thus the lemma follows with α_{∗∗} := 1/(nξ_1C_1). □ Let ϵ_0 := E(A) − 1.

Corollary 5.15 Suppose (B.1), (B.6) and (B.7). Then ϵ_0 ∈ ρ(H_{SB}) and for α with |α| < min{α_∗, α_{∗∗}}, operator (1⊗dΓ(ω)^m)(H_{SB} −ϵ_0)^{−n} for m ≤ n is a bounded operator. Proof: We have ‖(1 ⊗ dΓ(ω)^m)Ψ‖_{FSB} ≤ ‖(K_0 + 1)^mΨ‖_{FSB} ≤ ‖(K_0 + 1)^nΨ‖_{FSB} (5.14) for Ψ ∈ F_∞. Since F_∞ is a core of (K_0 + 1)^n, (5.14) can be extended for Ψ ∈ D((K_0 + 1)^n). Thus (1 ⊗ dΓ(ω)^m)(K_0 + 1)^{−n} is a bounded operator with ‖(1 ⊗ dΓ(ω)^m)(K_0 + 1)^{−n}‖_{FSB→FSB} ≤ 1.

Hence Lemma 5.14 yields that ‖(1 ⊗ dΓ(ω)^m)(H_{SB} − ϵ_0)^{−n}Ψ‖_{FSB} ≤ ‖(1 ⊗ dΓ(ω)^m)(K_0 + 1)^{−n}(K_0 + 1)^n(K + 1)^{−n}Ψ‖_{FSB} ≤ ξ_n‖Ψ‖_{FSB} .

Thus the corollary follows. □ Lemma 5.16 Suppose (B.1), (B.6) and (B.7). Then for α with |α| < α_∗, T_{SB}(k) : D((H_{SB} − ϵ_0)^m) −→ D((H_{SB} − ϵ_0)^{m−1}), 1 ≤ m ≤ n. (5.15) In particular

D((H_{SB} − ϵ_0)^n) ⊂ D(T_{SB}(k_m)^∗e^{itm} ^^{HSB} · · · T_{SB}(k_1)^∗e^{it1} ^^{HSB} ), 1 ≤ m ≤ n, (5.16) where ^H_{SB} := H_{SB} − E(H_{SB}). Proof: Let Ψ ∈ F_∞. We have

(K_0 + 1)^{m−1}(B_j ⊗ 1)Ψ = (B_j ⊗ 1)(K_0 + 1)^{m−1}Ψ + [(K_0 + 1)^{m−1}, B_j ⊗ 1]Ψ = (B_j ⊗ 1)(K_0 + 1)^{m−1}Ψ +

m−1� ℓ=1 � m − 1 ℓ � ad^ℓ_{K0} (B_j ⊗ 1)(K_0 + 1)^{m−1−ℓ}Ψ.

By (B.6)-(4), we have ‖ad^ℓ_{K0} (B_j ⊗ 1)Ψ‖_{FSB} = ‖(ad^ℓ_A(B_j) ⊗ 1)Ψ‖_{FSB} ≤ a_ℓ‖ � Â^{(ℓ+1)/2} ⊗ 1 � Ψ‖_{FSB} + b_ℓ‖Ψ‖_{FSB} ≤ c_ℓ‖(K_0 + 1)^{(ℓ+1)/2}Ψ‖_{FSB} with some constant c_ℓ. Hence it follows that

‖(K_0 + 1)^{m−1}(B_j ⊗ 1)Ψ‖_{FSB} ≤ c_0‖(K_0 + 1)^{m−(1/2)}Ψ‖_{FSB} +

m−1� ℓ=1 � m − 1 ℓ � c_ℓ‖(K_0 + 1)^{m−(ℓ+1)/2}Ψ‖_{FSB} ≤ C‖(K_0 + 1)^mΨ‖_{FSB} with come constant C. Thus for Ψ, Φ ∈ F_∞, it follows that |((B_j ⊗ 1)Ψ, (K_0 + 1)^{m−1}Φ)_{FSB} | ≤ C‖(K_0 + 1)^mΨ‖_{FSB} ‖Φ‖_{FSB} . (5.17)

It is seen that

‖(B_j ⊗ 1)Ψ‖_{FSB} ≤ C‖(K_0 + 1)^{1/2}Ψ‖_{FSB} , Ψ ∈ D((K_0 + 1)^{1/2})). From this it follows that ‖(B_j ⊗ 1)Ψ‖_{FSB} ≤ C‖(K_0 + 1)^mΨ‖_{FSB} , Ψ ∈ D((K_0 + 1)^m)). (5.18) Since F_∞ is a core of (K_0 + 1)^m and B_j is a closed operator, using (5.18) we can extend (5.17) for Ψ ∈ D((K_0 + 1)^m) and Φ ∈ D((K_0 + 1)^{m−1}). Set Q(Ψ, Φ) := ((B_j ⊗ 1)Ψ, (K_0 + 1)^{m−1}Φ)_{FSB} , Ψ ∈ D((K_0 + 1)^m), Φ ∈ D((K_0 + 1)^{m−1}). For each fixed Ψ ∈ D((K_0 + 1)^m), Q(Ψ, Φ) can be extended for all Φ ∈ F_{SB} by (5.17) as a linear bounded functional, which is denoted by Q(Ψ, Φ). Thus, by the Riesz representation theorem, there exists a unique F_Ψ ∈ F_{SB} such that Q(Ψ, Φ) = (F_Ψ, Φ)_{FSB} , Ψ ∈ D((K_0 + 1)^m), Φ ∈ F_{SB}. (5.19) In particular ((B_j ⊗ 1)Ψ, (K_0 + 1)^{m−1}Φ)_{FSB} = (F_Ψ, Φ)_{FSB} , Ψ ∈ D((K_0 + 1)^m), Φ ∈ D((K_0 + 1)^{m−1}). This implies that (B_j ⊗ 1)Ψ ∈ D((K_0 + 1)^{m−1}) for Ψ ∈ D((K_0 + 1)^m), i.e., B_j ⊗ 1 : D((K_0 + 1)^m) → D((K_0 + 1)^{m−1}).

Since T_{SB}(k) = (

�_J

j=1 λ_j (k)B_j) ⊗ 1, we have T_{SB}(k) : D((K_0 + 1)^m) → D((K_0 + 1)^{m−1}).

(5.15) follows from the fact that D((K_0 + 1)^m) = D((K + 1)^m) = D((H_{SB} − ϵ_0)^m). Noting that e^{it} ^^{HSB} : D((H_{SB} − ϵ_0)^m) → D((H_{SB} − ϵ_0)^m), we can conclude (5.16) and the proof is complete. □ Theorem 5.17 Suppose (B.1), (B.4)–(B.7) and λ_j/ω ∈ L^2(R^ν ), j = 1, .., J. (5.20) Then for α with |α| < min{α_∗, α_{∗∗}}, φ_g ∈ D(1 ⊗ N^{n/2}).

Proof: By Theorem 4.6 it is enough to check (H.1)-(H.5) under identifcation (5.4) and

E = D((H_{SB} − ϵ_0)^n), C_n = C^2_0 (R^ν \ Y ).

Since T_{SB}(k) =

�_J

j=1 λ_j(k)B_j � ⊗ 1, (H.1) is satisfied. In Corollary 5.15 we checked that (1 ⊗ dΓ(ω)^m)(H_{SB} − ϵ_0)^{−n}, m ≤ n, is a bounded operator. This implies (H.2). Let

β := J� j=1 a_j‖λ_j / √ ω‖^2_L2_{(R}ν_).

Then

‖(Â^{1/2} ⊗ 1)Ψ‖^2_{FSB} ≤ (Ψ, H_{SB,0}Ψ)_{FSB} + E(A)‖Ψ‖^2_{FSB} ≤ ( 1 2 + |E(A)|)‖Ψ‖^2_{FSB} + 1 2 ‖H_{SB,0}Ψ‖^2_{FSB} ≤ ( 1 2 + |E(A)|)‖Ψ‖^2_{FSB} + 1 2(1 − |α|β)^2

‖H_{SB}Ψ‖^2_{FSB} , and ‖(Â^{1/2} ⊗ 1)Ψ‖_{FSB} ≤ 1 √ 2(1 − |α|β)

‖H_{SB}Ψ‖_{FSB} + � 1 2 + |E(A)|

�_{1/2}

‖Ψ‖_{FSB} .

Hence we have

‖T_{SB}(k)Ψ‖_{FSB} ≤ J� j=1 ‖λ_j (k)(B_j ⊗ 1)Ψ‖_{FSB} ≤ J� j=1 |λ_j(k)| � a_j ‖(Â^{1/2} ⊗ 1)Ψ‖_{FSB} + b_j ‖Ψ‖_F �

≤ J� j=1 |λ_j(k)| � a_j/ √ 2 1 − |α|β

‖H_{SB}Ψ‖_{FSB} + � b_j + a_j � 1 2 + |E(A)|

�_{1/2}�

‖Ψ‖_{FSB} �

≤ J� j=1 |λ_j(k)| � d_j‖^H_{SB}Ψ‖ + d^′_j‖Ψ‖ � , where

d_j = a_j/ √ 2 1 − |α|β

, d^′_j = b_j + a_j � 1 2 + |E(A)|

�_{1/2} + a_j |E(H_{SB})|/ √ 2 1 − |α|β . Thus we can obtain that

‖T_{SB}(k)(^H_{SB} + ω(k))^{−1}Ψ‖_{FSB} ≤ J� j=1 |λ_j(k)| � d_j + d^′_j 1 ω(k) � ‖Ψ‖_{FSB} , from which it follows that

‖[(^H_{SB} + ω(k))^{−1}T_{SB}(k)]Ψ‖_{FSB} ≤ J� j=1 |λ_j(k)| � d_j + d^′_j 1 ω(k) � ‖Ψ‖_{FSB} .

From (B.2) and (5.20), it follows that √ ω‖[(^H_{SB} + ω(·))^{−1}T_{SB}(·)]Ψ‖_{FSB} , ‖[(^H_{SB} + ω(·))^{−1}T_{SB}(·)]Ψ‖_{FSB} ∈ L^2(R^ν ).

Thus (H.4) and (H.5) follow. Finally we shall check from (H.3)-(1) to (H.3)-(4). (H.3)- (1) is trivial. In Lemma 5.16 we obtained that

D((H_{SB} − ϵ_0)^n) ⊂ D(T_{SB}(k_m)^∗e^{itm} ^^{HSB} · · · T_{SB}(k_1)^∗e^{it1} ^^{HSB} ), 1 ≤ m ≤ n,

which implies (H.3)-(2). Note that

T_{SB}(k_m)^∗e^{itm} ^^{HSB} · · · T_{SB}(k_1)^∗e^{it1} ^^{HSB} = J� ℓ_1,...,ℓ_m

λ_{ℓm} (k_m) · · · λ_{ℓ1} (k_1)(B_{ℓm} ⊗ 1)e^{itm} ^^{HSB} · · · (B_{ℓ1} ⊗ 1)e^{it1} ^^{HSB} ,

Using (5.5) and the integration by parts formula, we obtain that for Ψ ∈ D((H_{SB}−ϵ_0)^n), f_j ∈ C^2_0 (R^ν \ Y ), j = 1, ..., n, and T_m = t_1 + · · · + t_m, � � � � Rν dk_me^{−iTmω(km)}f_m(k_m)

(T_{SB}(k_m)^∗e^{itm} ^^{HSB} · · · T_{SB}(k_1)^∗e^{it1} ^^{HSB} Ψ, (1 ⊗ a(e^{iTmω}f_{m+1}) · · · a(e^{iTmω}f_n))φ_g)_{FSB} � � � � ≤ 1 |T_m|^2 J� j=1 � Rν dk_m � � �F_j (k_m)(T_{SB}(k_{m−1})^∗e^{itm−1} ^^{HSB} · · · T_{SB}(k_1)^∗e^{it1} ^^{HSB} Ψ,

e^{−itm} ^^{HSB} B_j ⊗ a(e^{iTmω}f_{m+1}) · · · a(e^{iTmω}f_n)φ_g)_{FSB} � � � ≤ 1 |T_m|^2 J� j=1 � Rν dk_m|F_j(k_m)| � � �T_{SB}(k_{m−1})^∗e^{itm−1} ^^{HSB} · · · T_{SB}(k_1)^∗e^{it1} ^^{HSB} Ψ � � �_{FSB} � �B_j ⊗ a(e^{iTmω}f_{m+1}) · · · a(e^{iTm ω}f_n)φ_g � � F_{SB} , (5.21)

where

F_j (k_m) = ∂ ∂k_{mμ} � ∂ω(k_m) ∂k_{mμ}

�_{−1} ∂ ∂k_{mμ} � ∂ω(k_m) ∂k_{mμ}

�_{−1}

f_m(k_m)λ_j(k_m).

Since � �[B_j ⊗ a(e^{iTmω}f_{m+1}) · · · a(e^{iTmω}f_n)]φ_g � �_{FSB} ≤ C � �(B_j ⊗ dΓ(ω)^{(n−m)/2})φ_g � �_{FSB}

Regularities of ground states 36

with some C independent of T_m. Then the integrand of the right-hand side of (5.21) is independent of T_m and integrable by (B.4) and (B.5). Thus the right-hand side of (5.21) is in L^1([0, ∞); dt_m). Hence (H.3)-(3) follows. Let

R^σ_k = (^H_{SB} + n� ℓ=k ω(k_{σ(ℓ)}))^{−1}, σ ∈ P_n.

Using (5.5) and the integration by parts formula again, we see that for Ψ ∈ D((H_{SB} − ϵ_0)^n), f_j ∈ C^2_0 (R^ν \ Y ), j = 1, ..., n, � � � � � � Rν dk_{σ(m)} · · · � Rν dk_{σ(n)} n� j=m f_{σ(j)}(k_{σ(j)})

(T_{SB}(k_{σ(m)})^∗e^{itm(} ^^{HSB+}

�_n

j=m ω(k_{σ(j)})) · · · T

SB(k_{σ(1)})^∗e^{it1(} ^^{HSB+}

�_n

j=1 ω(k_{σ(j)}))Ψ,

R^σ_{m+1}T_{SB}(k_{σ(m+1)}) · · · R^σ_nT_{SB}(k_{σ(n)})φ_g)_{FSB} � � � = � � � � � � Rν dk_{σ(m)} · · · � Rν dk_{σ(n)} n� j=m f_{σ(j)}(k_{σ(j)})

e^{it1ω(kσ(1))}e^{i(t1 +t2)ω(kσ(2))} · · · e^{i(t1 +···+tm−1 )ω(kσ(m−1))}e^{i(t1 +···+tm)(ω(kσ(m) +···+ω(kσ(n))} (T_{SB}(k_{σ(m)})^∗e^{itm} ^^{HSB} · · · T_{SB}(k^∗_{σ(1)}e^{it1} ^^{HSB} Ψ, R^σ_{m+1}T_{SB}(k_{σ(m+1)}) · · · R^σ_nT_{SB}(k_{σ(n)})φ_g)_{FSB} � � � = 1 t_1 + · · · + t_m � � � � � J� j=1 � Rν dk_{σ(m)} · · · � Rν dk_{σ(n)} n� j=m+1

f_{σ(j)}(k_{σ(j)})F_j (k_{σ(m)})

e^{it1ω(kσ(1))}e^{i(t1 +t2)ω(kσ(2))} · · · e^{i(t1 +···+tm−1 )ω(kσ(m−1))}e^{i(t1 +···+tm)(ω(kσ(m+1) +···+ω(kσ(n))} (T_{SB}(k_{s(m−1)})^∗e^{itm−1} ^^{HSB} · · · T_{SB}(k_{σ(1)})^∗e^{it1} ^^{HSB} Ψ,

e^{−itm} ^^{HSB} (B_j ⊗ 1)R^σ_{m+1}T_{SB}(k_{σ(m+1)}) · · · R^σ_nT_{SB}(k_{σ(n)})φ_g)_{FSB} � � � ≤ 1 t_1 + · · · + t_m J� j=1 � Rν dk_{σ(m)} · · · � Rν dk_{σ(n)} � � � � � n� j=m+1

f_{σ(j)}(k_{σ(j)}) � � � � � |F_j(k_{σ(m)})|

‖T_{SB}(k_{s(m−1)})^∗e^{itm−1} ^^{HSB} · · · T_{SB}(k_{σ(1)})^∗e^{it1} ^^{HSB} Ψ‖_{FSB} ‖(B_j ⊗ 1)R^σ_{m+1}T_{SB}(k_{σ(m+1)}) · · · R^σ_nT_{SB}(k_{σ(n)})φ_g)_{FSB} ‖_{FSB} , (5.22)

where

F_j(k_{σ(m)}) = ∂ ∂k_{σ(m)μ} � � ∂ω(k_{σ(m)})

∂k_{σ(m)μ} � � −1 ∂ ∂k_{σ(m)μ} � � ∂ω(k_{σ(m)}) ∂k_{σ(m)μ} � � −1 f_{σ(m)}(k_{σ(m)})λ_j(k_{σ(m)}).

Then the right-hand side of (5.22) is in L^1([0, ∞); dt_m). Hence (H.3)-(4) follows. Thus the proof is complete. □

6 Concluding Remarks

In this section we give some remarks on ground states of the Nelson model and the Pauli-Fierz model. Through this section we assume that ω is the multiplication operator on L^2(R^ν ) by ω(k) := |k|. (6.1)

6.1 The Nelson models

The so-called Nelson model was introduced by Nelson [19], which describes an iteraction between nonrelativistic particles and a scalar quantum field. Here we consider only the case where one nonrelativistic particle interacts with a scalar quantum field in R^ν . Then the Hilbert space for the Nelson model is defined by

F_N := L^2(R^ν ) ⊗ F_b(L^2(R^ν )) ∼=

�_⊕ Rν F_b(L^2(R^ν ))dx,

where

�_⊕

Rν · · · dx denotes a constant fiber direct integral [23]. The Nelson Hmailtonian, H_N, is defined by H_N := H_{N,0} + gH_{N,I},

where g ∈ R is a coupling constant,

H_{N,0} := � − 1 2 Δ + V � ⊗ 1 + 1 ⊗ dΓ(ω)

with V : R^ν → R an external potential, and

H_{N,I} :=

�_⊕ Rν ϕ(x)dx

with ϕ(x) := 1 √ 2 {a(f^x_{ωλ}) + a^∗(f^x_{ωλ})} .

Here for each x ∈ R^ν we define f^x_{ωλ} ∈ L^2(R^ν ) by

f^x_{ωλ}(k) := λ(k)e^{−ikx}/ � ω(k).

Proposition 6.1 Assume that λ/ √ ω, λ/ω ∈ L^2(R^ν ) and that V is relatively bounded with respect to − 1 2 Δ with a relative bound strictly less than one. Then for all g ∈ R, H_N is self-adjoint on D(H_{N,0}) and bounded from below. Moreover it is essentially selfadjoint on any core of H_{N,0}.

Proof: See [19]. □ We see that

[1 ⊗ a(f), H_{N,I}]^{D(HN)}_W (Ψ, Φ) = � Rν f̄(k)(Ψ, T_N(k)Φ)_{FN} dk,

where T_N(k) := λ(k) � 2ω(k)

�_⊕ Rν e^{−ikx}dx.

Under the following identifications

H = H_N, H_I = H_{N,I}, S(k) = ω(k), T (k) = T_N(k), C_0 = C^2_0 (R^ν \ Y ),

We can check that H_N satisfies assumptions (A.1)-(A.5). We introduce an assumption.

(IR) On a neighboorhood of {0}, λ is continuous and λ(k) ∼ |k|^p, where 2p ≤ 3 − ν.

Suppose (IR). Then λ/ω^{3/2} ∉ L^2(R^ν ), (6.2) and if a ground state φ_g of H_N exists, then 1 ω (φ_g, T_N(·)φ_g)_{FN} = (φ_g, e^{−i·x}φ_g)_{FN} λ √ 2ω^{3/2}

∉ L^2(R^3). (6.3)

Thus it follows from Theorem 3.1 that, if (6.2) holds, then H_N has no ground state φ_g in D(1 ⊗ N^{1/2}). Actually the absence of ground states of H_N under condition (6.2) has been established. See [10, 18].

6.2 Infrared regular representation of the Nelson models

The Nelson model in a non-Fock representation is introduced and investigated in [2]. The Nelson Hamiltonian in a non-Fock representation is given as a self-adjoint operator on F_N by H^{reg}_N := H_{N,0} + gH^{reg}_{N,I} , where H^{reg}_{N,I} := H̃^{reg}_{N,I} − gW ⊗ 1 + gc, and

W (x) := � Rν λ(k)^2 ω(k)^2 e^{−ikx}dk, c := 1 2 ‖λ/ω‖^2_L2_{(R}ν_), H̃^{reg}_{N,I} :=

�_⊕ Rν ϕ_{reg}(x)dx.

Here ϕ_{reg}(x) := 1 √ 2 {a^∗(f^x_{ωλ} − f_{ωλ}0 ) + a(f^x_{ωλ} − f_{ωλ}0 )} .

It is known [2] that in the case of λ/ω^{3/2} ∈ L^2(R^ν ), there exists a unitary operator U on F_N such that UH_NU^{−1} = H^{reg}_N . (6.4) However, in the case of λ/ω^{3/2} ∉ L^2(R^ν ), H_N and H^{reg}_N are not unitarily equivalent. We see that [1 ⊗ a(f), H^{reg}_{N,I} ]^{D(HregN )}_W (Ψ, Φ) = � Rν f(k)(Ψ, T^{reg}_N (k)Φ)_{FN} dk, where T^{reg}_N (k) := λ(k) � 2ω(k)

�_⊕ Rν (e^{−ikx} − 1)dx.

Suppose that a ground state φ_g of H^{reg}_N exists and

‖(|x| ⊗ 1)φ_g‖_{FN} < ∞. (6.5)

Actually for some V , e.g., V (x) = −1/|x|, |x|^2, (6.5) has been established. See, e.g., [7, 8, 16]. Then 1 ω(k)

|(φ_g, T^{reg}_N (k)φ_g)_{FN} | ≤ λ(k)|k| √ 2ω(k)^{3/2}

‖φ_g‖_{FN} ‖(|x| ⊗ 1)φ_g‖_{FN} = λ(k) � 2ω(k)

‖φ_g‖_{FN} ‖(|x| ⊗ 1)φ_g‖_{FN} .

Hence 1 ω (φ_g, T^{reg}_N (·)φ_g)_{FN} ∈ L^2(R^ν ). (6.6)

Remark 6.2 We do not assume λ/ω^{3/2} ∈ L^2(R^ν ) in (6.6).

In [2], the existence of a ground state φ_g of H^{reg}_N such that φ_g ∈ D(1 ⊗ N^{1/2}) is established without assuming λ/ω^{3/2} ∈ L^2(R^ν ).

6.3 The Pauli-Fierz models

The Pauli-Fierz model [20] describes an interaction between nonrelativistic particles and a quantum radiation field. The Hilbert space of the Pauli-Fierz model is given by

F_{PF} := L^2(R^ν ) ⊗ F_b(⊕^{ν−1}L^2(R^ν )) ∼=

�_⊕ Rν F_b(⊕^{ν−1}L^2(R^ν ))dx.

The creation operator and the annihilation operator are denoted by a^∗(f_1 ⊕ · · · ⊕ f_{ν−1}) and a(f_1 ⊕ · · · ⊕ f_{ν−1}), respectively. The Pauli-Fierz Hamiltonian is defined by

H_{PF} := H_{PF,0} + eH_{PF,I}, where

H_{PF,0} := � − 1 2 Δ + V � ⊗ 1 + 1 ⊗ dΓ(⊕^{ν−1}ω),

H_{PF,I} := −(p ⊗ 1) · A + e 2 A · A.

Here p = (−i∂/∂x_1, ..., −i∂/∂x_n) denotes the set of generalized partial differential operator, e ∈ R a coupling constant, V an external potential and A = (A_1, ..., A_ν ) denotes a quantum radition field defined by

A_μ :=

�_⊕ Rν A_μ(x)dx, μ = 1, ..., ν,

where A_μ(x) := 1 √ 2 � a^∗(⊕^{ν−1}_j e^j_μf^x_{ωλ}) + a(⊕^{ν−1}_j e^j_μf^x_{ωλ}) �

and e^j (k) = (e^j_1(k), ..., e^j_ν (k)) , j = 1, .., ν −1, denote ν-dimensional polarization vectors such that e^j (k) · e^{j′} (k) = δ_{jj}′ 1, k · e^j (k) = 0, j, j^′ = 1, .., ν − 1.

We can take e^1, e^2, ..., e^{ν−1} such that e^j_μ (μ = 1, ..., ν, j = 1, ..., ν − 1) is continuous on

R^ν \ Z for some Z ⊂ R^ν with Lebesgue measure |Z| = 0.

Proposition 6.3 Suppose that √ ωλ, λ, λ/ √ ω, λ/ω ∈ L^2(R^ν ) and that external potential V is relatively bounded with respect to − 1 2 Δ with a relative bound strictly less than one. Then H_{PF} is self-adjoint on D(H_{PF,0}) for all e ∈ R.

Proof: See [13, 14]. □ We see that

[1 ⊗ a(f_1 ⊕ · · · ⊕ f_{ν−1}), H_{PF,I}]^{D(HPF)}_W =

ν−1� j=1 � Rν f_j (k)(Ψ, T_{PFj}(k)Φ)_{FPF} dk,

where T_{PFj}(k) := − λ(k) � 2ω(k) u_ke^j (k) · (p ⊗ 1 − eA)

and u_k : F_{PF} → F_{PF} is the unitary operator defined by u_k =

�_⊕

Rν e^{−ikx}dx. Under the following identifications

H = H_{PF}, H_I = H_{PF,I}, S(k) = ⊕^{ν−1}ω(k), T (k) = ⊕^{ν−1}_{j=1} T_{PFj}(k), C_0 = C^2_0 (R^ν \ (Z ∪ Y )), we can check that H_{PF} satisfies assumptions (A.1)-(A.5). Suppose that there exists a ground state φ_g of H_{PF} such that ‖(|x| ⊗ 1)φ_g‖_{FPF} < ∞. Then we obtain that

T_{PFj} (k)φ_g = i λ(k) � 2ω(k) � (H_{PF} − E(H_{PF})) + (p ⊗ 1 − eA) · k + 1 2 |k|^2 � u_ke^j (k)·(x⊗1)φ_g.

Then

ν−1� j=1 (φ_g, T_{PFj}(k)φ_g)_{FPF} = ν−1� j=1 i λ(k) � 2ω(k)

(φ_g, � (p ⊗ 1 − eA) · k + 1 2 |k|^2 � u_ke^j(k) · (x ⊗ 1)φ_g)_{FPF} . (6.7)

By (6.7) we can obtain that | ν−1� j=1 (φ_g, T_{PFj} (k)φ_g)_{FPF} | ≤ (c_1|k| + c_2|k|^2)‖φ_g‖_{FPF} ‖(|x| ⊗ 1)φ_g‖_{FPF} (6.8)

with some constants c_1 and c_2. See [16] for details. From this we can coclude that 1 ω ν−1� j=1 (φ_g, T_{PFj}(k)φ_g)_{FPF} ∈ L^2(R^ν ). (6.9)

Remark 6.4 We do not assume λ/ω^{3/2} ∈ L^2(R^ν ) in (6.9).

In [6] the existence of a ground state φ_g of H_{PF} such that φ_g ∈ D(1 ⊗ N^{1/2}) is actually established without assuming λ/ω^{3/2} ∈ L^2(R^ν ).

Remark 6.5 (6.9) holds for the dipole approximation of H_{PF}, too. We omit the details. See [9].

7 Appendix

7.1 Proof of Lemma 2.7

Proof of (1) =⇒ (2).

Let Ψ = {Ψ^{(n)}}^∞_{n=0} ∈ F_{b,0}(K) be such that Ψ^{(n)} = a^∗(f^{(n)}_1 ) · · · a^∗(f^{(n)}_n )Ω. Then, using canonical commutation relations (2.1)–(2.3), we can show that

s- lim_{M→∞} M� m=1 a^∗(K^∗e_m)a(K^∗e_m)Ψ^{(n)}

= s- lim_{M→∞} n� j=1 a^∗(f^{(n)}_1 ) · · · a^∗(K^∗ M� m=1 (e_m, Kf^{(n)}_j )e_m) · · · a^∗(f^{(n)}_n )Ω = n� j=1 a^∗(f^{(n)}_1 ) · · · a^∗(K^∗Kf^{(n)}_j ) · · · a^∗(f^{(n)}_n )Ω = dΓ(K^∗K)Ψ^{(n)}.

Hence we have ∞� m=1 ‖a(K^∗e_m)Ψ‖^2_{Fb(K)} =

finite� n=0 (Ψ^{(n)}, ∞� m=1 a^∗(K^∗e_m)a(K^∗e_m)Ψ^{(n)})_⊗n_{s K} = (Ψ, dΓ(K^∗K)Ψ)_{Fb(K)} = ‖dΓ(T^∗K)^{1/2}Ψ‖^2_{Fb(K)}.

Since the finite linear hull of such Ψ’s, say D, is a core of dΓ(K^∗K)^{1/2}, we can choose Ψ_ϵ ∈ D for Ψ ∈ D(dΓ(K^∗K)^{1/2}) such that Ψ_ϵ → Ψ and dΓ(K^∗K)^{1/2}Ψ_ϵ → dΓ(K^∗K)^{1/2}Ψ as ϵ → 0 strongly. From the facts that a(f) is a closed operator and that by (2.4), ‖a(K^∗e_m)Ψ‖_{Fb(K)} ≤ ‖dΓ(K^∗K)^{1/2}Ψ‖_{Fb(K)}, it follows that lim_{ϵ→0} ‖a(K^∗e_m)Ψ_ϵ‖_{Fb(K)} = ‖a(K^∗e_m)Ψ‖_{Fb(K)}.

Then we obtain that M� m=1 ‖a(K^∗e_m)Ψ_ϵ‖^2_{Fb(K)} ≤ ∞� m=1 ‖a(K^∗e_m)Ψ_ϵ‖^2_{Fb(K)} = ‖dΓ(K^∗K)^{1/2}Ψ_ϵ‖^2_{Fb(K)}, and as ϵ → 0 on the both sides above, M� m=1 ‖a(K^∗e_m)Ψ‖^2_{Fb(K)} ≤ ‖dΓ(K^∗K)^{1/2}Ψ‖^2_{Fb(K)}.

Hence, taking M → ∞ on the both sides above, we can conclude that ∞� m=1 ‖a(K^∗e_m)Ψ‖^2_{Fb(K)} < ∞.

Proof of (1) ⇐= (2).

Let Ψ = {Ψ^{(n)}}^∞_{n=0}. We have ∞� m=1 ‖a(K^∗e_m)Ψ‖^2_{Fb(K)} = ∞� m=1 ∞� n=1 ‖a(K^∗e_m)Ψ^{(n)}‖^2_⊗n−1_{s K} = lim_{M→∞} ∞� n=1 M� m=1 ‖a(K^∗e_m)Ψ^{(n)}‖^2_⊗n−1_{s K} = ∞� n=1 lim_{M→∞} M� m=1 ‖a(K^∗e_m)Ψ^{(n)}‖^2_⊗n−1_{s K}. (7.1)

Here on the third equality we used the monotone convergence theorem. The restriction A_M :=

�_M

m=1 a^∗(K^∗e_m)a(K^∗e_m)⌈_⊗n_{s K} is a bounded operator, and ‖A_M ‖_⊗n_{s K→⊗}n_{s K} ≤ ‖dΓ_n(K^∗K)^{1/2}‖_⊗n_{s K→⊗}n_{s K}.

Then s- lim_{M→∞} A_M = dΓ_n(K^∗K) on ⊗^n_s K. Hence we have by (7.1), ∞ > ∞� m=1 ‖a(K^∗e_m)Ψ‖^2_{Fb(K)} = ∞� n=1 lim_{M→∞}(Ψ^{(n)}, A_M Ψ^{(n)})_⊗n_{s K} = ∞� n=1 (Ψ^{(n)}, dΓ_n(K^∗K)Ψ^{(n)})_⊗n_{s K} = ∞� n=0 ‖dΓ_n(K^∗K)^{1/2}Ψ^{(n)}‖^2_⊗n_{s K} = ‖dΓ(K^∗K)^{1/2}Ψ‖^2_{Fb(K)}.

Thus the lemma is proven. □

7.2 Proof of Lemma 4.4

It is seen that for Ψ = a^∗(f_1) · · · a^∗(f_m)Ω, lim m_1,...,m_n→∞ m_1,...,m_n � i_1,...,i_n=1

‖a(e_{i1} ) · · · a(e_{in} )Ψ‖^2_{Fb(K)} = m(m − 1) · · · (m − n + 1)‖Ψ‖^2_{Fb(K)}. Hence by a limiting argument we have for Ψ ∈ F_{b,0}(K), lim m_1,...,m_n→∞ m_1 ,...,m_n � i_1,...,i_n=1

‖a(e_{i1} ) · · · a(e_{in} )Ψ‖^2_{Fb(K)} = ‖ n� j=1 (N − j + 1)Ψ‖^2_{Fb(K)}.

Proof of (1) =⇒ (2) Let Ψ_M ∈ F_{b,0}(K) be a truncated vector for Ψ defined by Ψ^{(m)}_M := � Ψ^{(m)}, m ≤ M, 0, m > M.

Then ∞� i_1,...,i_n=1

‖a(e_{i1} ) · · · a(e_{in} )Ψ_M ‖^2_{Fb(K)} = ‖ n� j=1 (N − j + 1)Ψ_M ‖^2_{Fb(K)} = M� m=0 ‖ n� j=1 (N − j + 1)Ψ^{(m)}‖^2_⊗m_{s K}.

Take M → ∞ on the both sides above. Then we have by the monotone convergence theorem, ∞ > ∞� i_1,...,i_n=1

‖a(e_{i1} ) · · · a(e_{in} )Ψ‖^2_{Fb(K)} = ∞� m=0 ‖ n� j=1 (N − j + 1)Ψ^{(m)}‖^2_⊗m_{s K} = ‖ n� j=1 (N − j + 1)Ψ‖^2_{Fb(K)}.

Thus (2) follows. Proof of (2) =⇒ (1)

m_1,...,m_n � i_1,...,i_n=1

‖a(e_{i1} ) · · · a(e_{in} )Ψ‖^2_{Fb(K)} ≤ ‖ n� j=1 (N − j + 1)Ψ‖^2_{Fb(K)}.

Take m_1, ..., m_n → ∞ on the both sides above. Thus (1) follows. □

7.3 Example 5.10

In this section we shall prove that A = −Δ + βV , V ∈ S(R^ν ), and B_j = −i∇_j (= p_j), j = 1, ..., ν, satisfy (B.6) with D_∞ = S(R^ν ) for β with |β| sufficiently small. Proposition 7.1 Suppose that |β| is sufficiently small. Then (1) A^n is self-adjoint on D(A^n) = D((−Δ)^n) and essentially self-adjoint on any core of (−Δ)^n. In particular A^n is essentially selfadjoint on S(R^ν ), (2) there exist constants a_k and b_k such that for all Ψ ∈ S(R^ν ) and j = 1, ..., ν,

‖ad^k_A(p_j)Ψ‖_L2_{(R}ν_) ≤ a_k‖Â^{(k+1)/2}Ψ‖_L2_{(R}ν_) + b_k‖Ψ‖_L2_{(R}ν_), k ≥ 0.

Before going to a proof of Proposition 7.1 we prepare some lemmas. In this section we write ‖ · ‖ for ‖ · ‖_L2_{(R}ν_) for simplicity. Note that

‖p_{j1} · · · p_{jm} Φ‖ ≤ ‖(−Δ)^{m/2}Φ‖, Φ ∈ S(R^ν ), 1 ≤ j_1, ..., j_m ≤ ν, and for k ≤ l, ‖(−Δ)^{k/2}Φ‖ ≤ C_{k,ℓ}(‖(−Δ)^{l/2}Φ‖ + ‖Φ‖), Φ ∈ S(R^ν ), (7.2) with some constant C_{k,ℓ}. The operators A and p_j leave S(R^ν ) invariant and we see that A^n⌈_{S(R}ν_)= ((−Δ)^n + βK_I)⌈_{S(R}ν_), where

K_I := � j (−Δ) · · ·^jV · · · (−Δ)

� � � n +β � j_1<j_2

(−Δ) · · ·^{j1}V · · ·^{j2}V · · · (−Δ)

� � � n +β^2 � j_1<j_2<j_3

(−Δ) · · ·^{j1}V · · ·^{j2}V · · ·^{j3}V · · · (−Δ)

� � � n + · · · + β^{n−1}V^n.

Lemma 7.2 There exists a constant C_m such that ‖[p_{j1} p_{j2} · · · p_{jm} , V ]Φ‖ ≤ C_m(‖(−Δ)^{(m−1)/2}Φ‖ + ‖Φ‖), Φ ∈ S(R^ν ), 1 ≤ j_1, ..., j_m ≤ ν. Proof: Since on S(R^ν ),

[p_{j1} p_{j2} · · · p_{jm} , V ] = m� ℓ=1 � {i_1,...,i_ℓ}⊂{j_1,...,j_m}

V^{i1,...,iℓ} p_{j1} · · · \p_{i1} · · · \p_{iℓ} · · · p_{jm} , where V^{i1,...,iℓ} = (−i)^ℓ

∂^ℓV ∂x_{i1} · · · ∂x_{iℓ} , we have

‖[p_{j1} p_{j2} · · · p_{jm} , V ]Φ‖ ≤ m� ℓ=1 � {i_1,...,i_ℓ}⊂{j_1,...,j_m}

‖V^{i1,...,iℓ} ‖_∞‖(−Δ)^{(m−ℓ)/2}Φ‖. (7.3)

Here ‖f‖_∞ := ess.sup_{k∈R}ν |f(k)|. From (7.2) it follows that ‖(−Δ)^{(m−ℓ)/2}Φ‖ ≤ C_{(m−ℓ)/2,(m−1)/2}(‖(−Δ)^{(m−1)/2}Φ‖ + ‖Φ‖). (7.4) Then the lemma follows from (7.3) and (7.4). □ Lemma 7.3 There exists a constant C_ℓ such that ‖(−Δ)^ℓV Φ‖ ≤ C_ℓ(‖(−Δ)^ℓΦ‖ + ‖Φ‖), Φ ∈ S(R^ν ). (7.5) Proof: Note that for Φ ∈ S(R^ν ), ‖(−Δ)^ℓV Φ|| ≤ ‖V (−Δ)^ℓΦ‖ + ‖[(−Δ)^ℓ, V ]Φ‖.

Since on S(R^ν ), [(−Δ)^ℓ, V ] = ν� j_1,...,j_ℓ=1

[p^2_{j1} · · · p^2_{jℓ} , V ], by Lemma 7.2

‖[(−Δ)^ℓ, V ]Φ‖ ≤ C(‖(−Δ)^{(2l−1)/2}Φ‖ + ‖Φ‖) ≤ C^′(‖(−Δ)^ℓΦ‖ + ‖Φ‖) (7.6) with some constants C and C^′. Moreover ‖V (−Δ)^ℓΦ‖ ≤ ‖V ‖_∞‖(−Δ)^ℓΦ‖. (7.7) From (7.5), (7.6) and (7.7), it follows that ‖(−Δ)^ℓV Φ‖ ≤ (C^′ + ‖V ‖_∞)(‖(−Δ)^ℓΦ‖ + ‖Φ‖).

Then the proof is complete. □ Lemma 7.4 There exists a constant C_{i1,...,im} such that for 1 ≤ i_1 < · · · < i_m ≤ n, ‖ (−Δ) · · ·^{i1}V · · ·^{i2}V^{···}· · ·^{im}V · · · (−Δ)

� � � n Φ‖ ≤ C_{i1,...,im} (‖(−Δ)^{n−m}Φ‖ + ‖Φ‖), Φ ∈ S(R^ν ).

Proof: It inductively follows from Lemma 7.3. □ Proof of Proposition 7.1 (1) From the definition of K_I, (7.2) and Lemma 7.4, it follows that ‖K_IΦ‖ ≤ n� ℓ=1 |β|^{ℓ−1}C_{I,ℓ}(‖(−Δ)^{n−ℓ}Φ‖ + ‖Φ‖) ≤ C_I(‖(−Δ)^nΦ‖ + ‖Φ‖), Φ ∈ S(R^ν ), (7.8) with some constants C_I and C_{I,ℓ}, ℓ = 1, ..., n. Since S(R^ν ) is a core of (−Δ)^n, we can extend (7.8) for Φ ∈ D((−Δ)^n) with ‖K_IΦ‖ ≤ C_I(‖(−Δ)^nΦ‖ + ‖Φ‖), (7.9) where K_I denotes the closure of K_I⌈_{S(R}ν_). Then for β with |β| < 1/C_I, the Kato-Rellich theorem yields that (−Δ)^n +βK_I is self-adjoint on D((−Δ)^n) and bounded from below. Moreover it is essentially self-adjoint on any core of (−Δ)^n. In particular (−Δ)^n + βK_I is essentially self-adjoint on S(R^ν ). Since A^n⌈_{S(R}ν_)= ((−Δ)^n + βK_I)⌈_{S(R}ν_)⊂ ((−Δ)^n + βK_I)⌈_{D((−Δ)}n_), we obtain that A^n = ((−Δ)^n + βK_I)⌈_{D((−Δ)}n_).

Hence for β with |β| < 1/C_I, A^n is self-adjoint on D(−Δ)^n and essentially self-adjoint on any core of (−Δ)^n. Thus Proposition 7.1 (1) follows. □

Regularities of ground states 47 Lemma 7.5 Let g ∈ S(R^ν ) and m ≥ 1. Then there exist g^{(1)}, ..., g^{(m−1)}, g^{(k)}_{j1···jℓ} ∈ S(R^ν ), j_1, ..., j_ℓ = 1, ..., ν, ℓ = 1, ..., m, such that ad^m_A (g) =

m−1� ℓ=0 ad^ℓ_A(g^{(ℓ)}) + m� ℓ=1 ν� j_1,..,j_ℓ=1

g^{(k)}_{j1···jℓ} p_{j1} · · · p_{jℓ} . (7.10) Proof: We prove the lemma by induction with respect to m. Let m = 1. Then ad_A(g) = −g^{′′} + 2 ν� j=1 g^′_jp_j = ad^0_A(−g^{′′}) + 2 ν� j=1 g^′_jp_j , (7.11) where g^{′′} = Δg and g^′_j = −i∂g/∂x_j . Thus (7.10) follows for m = 1. Suppose (7.10) holds for m = 0, 1, ..., k. Then we have

ad^{k+1}_A (g) = ad_Aad^k_A(g) =

k−1� ℓ=0 ad^{ℓ+1}_A (g^{(ℓ)}) + k� ℓ=1 ad_A(g^{(k)}_{j1···jℓ} p_{j1} · · · p_{jℓ} ). (7.12) Directly we can see by (7.11) that ad_A(g^{(k)}_{j1···jℓ} p_{j1} · · · p_{jℓ} ) = ad_A(g^{(k)}_{j1···jℓ} )p_{j1} · · · p_{jℓ} + g^{(k)}_{j1···jℓ} ad_A(p_{j1} · · · p_{jℓ} ) = (−(g^{(k)}_{j1···jℓ} )^{′′} + 2 ν� j=1 (g^{(k)}_{j1···jℓ} )^′_j p_j)p_{j1} · · · p_{jℓ} + g^{(k)}_{j1···jℓ} [V, p_{j1} · · · p_{jℓ} ] = g^{(k)}_{j1···jℓ}

ℓ−1� m=1 � {i_1,...,i_ℓ}⊂{j_1,...,j_m}

V^{i1,...,iℓ} p_{j1} · · · \p_{i1} · · · \p_{iℓ} · · · p_{jm}

� � �

≤ℓ−1

−(g^{(k)}_{j1···jℓ} )^{′′} p_{j1} · · · p_{jℓ}

� � � ℓ +2 ν� j=1 (g^{(k)}_{j1···jℓ} )^′_j p_j p_{j1} · · · p_{jℓ}

� � � ℓ+1 + g^{(k)}_{j1···jℓ} V^{j1,...,jℓ}

� � �

=ad^0_A(g^{(k)}_{j1···jℓ} V^{j1,...,j}ℓ )

. (7.13)

Substituting (7.13) to (7.12) and rearranging, we can see that ad^{k+1}_A (g) = k� ℓ=0 ad^ℓ_A(g̃^{(ℓ)}) +

k+1� ℓ=1 ν� j_1,..,j_ℓ=1

g̃^{(k)}_{j1...jℓ} p_{j1} · · · p_{jℓ} with some g^{(ℓ)}, g̃^{(k)}_{j1...jℓ} ∈ S(R^ν ), j_1, ..., j_ℓ = 1, .., ν, ℓ = 1, ..., k + 1. Thus the lemma follows. □ Lemma 7.6 Let g ∈ S(R^ν ). Then there exists a constant C_{g,m} such that ‖ad^m_A (g)Φ‖ ≤ C_{g,m}(‖(−Δ)^{m/2}Φ‖ + ‖Φ‖), Φ ∈ S(R^ν ), m ≥ 0. (7.14)

Proof: We prove the lemma by induction with respect to m. For m = 0, (7.14) follows. Assume that (7.14) holds for m = 0, 1, .., k. Then by Lemma 7.5 we see that ‖ad^{k+1}_A (g)Φ‖ ≤ k� ℓ=0 ‖ad^ℓ_A(g^{(ℓ)})Φ‖ +

k+1� ℓ=1 ν� j_1,..,j_ℓ=1

‖g^{(k)}_{j1···jℓ} p_{j1} · · · p_{jℓ} Φ‖ ≤ k� ℓ=0 ‖ad^ℓ_A(g^{(ℓ)})Φ‖ + C

k+1� ℓ=1 ‖(−Δ)^{ℓ/2}Φ‖ with some constant C. By the assumption of the induction and (7.2) we have ‖ad^{k+1}_A (g)Φ‖ ≤ C^′

k+1� ℓ=0 (‖(−Δ)^{ℓ/2}Φ‖ + ‖Φ‖) ≤ C^{′′}(‖(−Δ)^{(k+1)/2}Φ‖ + ‖Φ‖) with some constants C^′ and C^{′′}. Then the lemma follows. □ Lemma 7.7 We have ad^k_A(p_j ) = βad^{k−1}_A (i∂V/∂x_j ) on S(R^ν ). Proof: We see that on S(R^ν ),

ad^k_A(p_j) = ad^k_{(−Δ)+βV} (p_j ) = ad^k_{(−Δ)}(p_j) +β � j ad_{(−Δ)} · · ·^jad_V · · · ad_{(−Δ)}

� � � k (p_j)

+β^2 � j_1<j_2

ad_{(−Δ)} · · ·^{j1}ad_V · · ·^{j2}ad_V · · · ad_{(−Δ)}

� � � k (p_j)

+β^3 � j_1<j_2<j_3

ad_{(−Δ)} · · ·^{j1}ad_V · · ·^{j2}ad_V · · ·^{j3}ad_V · · · ad_{(−Δ)}

� � � k (p_j ) . . +β^kad^k_V (p_j).

Since ad_{(−Δ)}(p_j ) = 0, we have ad^k_A(p_j ) = β ad_{(−Δ)} · · · ad_{(−Δ)}

� � � k−1 ad_V (p_j )

+β^2 � j ad_{(−Δ)} · · ·^jad_V · · · ad_{(−Δ)}ad_V

� � � k−1 (p_j)

+β^3 � j_1<j_2

ad_{(−Δ)} · · ·^{j1}ad_V · · ·^{j2}ad_V · · · ad_{(−Δ)}ad_V

� � � k−1 (p_j) . . +β^kad^{k−1}_V ad_V (p_j) = βad^{k−1}_A ad_V (p_j) = βad^{k−1}_A (i∂V/∂x_j ).

Thus the lemma follows. □ Lemma 7.8 Let k ≥ 1. Then there exists a constant C_{V,k} such that ‖ad^k_A(p_j )Φ‖ ≤ |β|C_{V,k}(‖(−Δ)^{(k−1)/2}Φ‖ + ‖Φ‖), Φ ∈ S(R^ν ).

Proof: By Lemmas 7.6 and 7.7 we have

‖ad^k_A(p_j )Φ‖ = |β|‖ad^{k−1}_A (i∂V/∂x_j )Φ‖ ≤ |β|C(‖(−Δ)^{(k−1)/2}Φ‖ + ‖Φ‖) with some constant C. Then the lemma follows. □ Proof of Proposition 7.1 (2) Let Φ ∈ S(R^ν ). We have

‖(−Δ)^nΦ‖ = ‖((−Δ)^n + βK_I − βK_I)Φ‖ ≤ ‖A^nΦ‖ + |β|‖K_IΦ‖ ≤ ‖A^nΦ‖ + |β|C(‖(−Δ)^nΦ‖ + ‖Φ‖) with some constant C. Hence it follows that ‖(−Δ)^nΦ‖ ≤ 1 1 − |β|C

(‖A^nΦ‖ + ‖Φ‖) for β with |β| < 1/C. Moreover ‖A^nΦ‖ ≤ a‖Â^nΦ‖ + b‖Φ‖, Φ ∈ S(R^ν ), with some constants a and b. Then ‖(−Δ)^nΦ‖ ≤ C^′(‖Â^nΦ‖ + ‖Φ‖), Φ ∈ S(R^ν ), (7.15) follows with some constant C^′. Since S(R^ν ) is a core of Â^n, one can see that (7.15) can be extended to Φ ∈ D(Â^n). Then ‖(−Δ)^{n/2}Φ‖ ≤ C^{′′}(‖Â^{n/2}Φ‖ + ‖Φ‖), Φ ∈ D(Â^{n/2}), (7.16)

Regularities of ground states 50

with some constant C^{′′}. By Lemma 7.8 and (7.16) it follows that ‖ad^k_A(p_j)Φ‖ ≤ |β|C^{′′′}(‖Â^{(k−1)/2}Φ‖ + ‖Φ‖), Φ ∈ S(R^ν ), with some constant C^{′′′}. In particular ‖ad^k_A(p_j )Φ‖ ≤ |β|C(‖Â^{(k+1)/2}Φ‖ + ‖Φ‖) Φ ∈ S(R^ν ), follows. Then the Proposition 7.1 (2) follows. □ Acknowledgements. F.H. thanks Grant-in-Aid for Science Research (C) 15540191 from MEXT.

References

[1] A. Arai, Pertubation of embedded eigenvalues:A general class of exactly soluble models in Fock spaces, Hokkaido Mathematical Journal, 19 (1990), 1–34.

[2] A. Arai, Ground state of the massless Nelson model without infrared cutoff in a non-Fock representation, Rev. Math. Phys. 13 (2001), 1075–1094.

[3] A. Arai and M. Hirokawa, On the existence and uniqueness of ground states of a generalized spin-boson model, J. Funct. Anal. 151 (1997), 455–503.

[4] A. Arai and M. Hirokawa, Ground states of a general class of quantum field Hamiltonians, Rev.

Math. Phys. 12 (2000), 1085–1135.

[5] A. Arai, M. Hirokawa, and F. Hiroshima, On the absence of eigenvectors of Hamiltonians in a class of massless quantum field models without infrared cutoff, J. Funct. Anal. 168 (1999), 470–497.

[6] V. Bach, J. Fröhlich, I. M. Sigal, Spectral analysis for systems of atoms and molecules coupled to the quantized radiation field, Commun. Math. Phys. 207 (1999), 249–290.

[7] V. Bach, J. Fröhlich, I. M. Sigal, Quantum electrodynamics of confined nonrelativistic particles, Adv. Math. 137 (1998), 299–395.

[8] M. Griesemer, E. Lieb and M. Loss, Ground states in non-relativistic quantum electrodynamics, Invent. Math. 145 (2001), 557–595.

[9] M. Hirokawa, Recent developments in Mathematical methods for models in non-relativistic quantum electrodynamics, Garden of quanta ed. by A. Tonomura et. al., World Scientific, 2003, 209– 242.

[10] M. Hirokawa, Infrared catastrophe for Nelson’s model, mp-arc 03-512, preprint, 2003. [11] M. Hirokawa, Mathematical addendum for “infrared catastrophe for Nelson’s model”, preprint, mp-arc 03-551, 2003.

[12] M. Hirokawa, A mathematical mechanism in infrared catastrophe, mp-arc 04-089, preprint, 2004. [13] F. Hiroshima, Essential self-adjointness of translation-invariant quantum field models for arbitrary coupling constants, Commun. Math. Phys. 211 (2000), 585–613.

[14] F. Hiroshima, Self-adjointness of the Pauli-Fierz Hamiltonian for arbitrary values of coupling constants, Ann. Henri Poincaré, 3 (2002), 171–201.

Regularities of ground states 51

[15] F. Hiroshima, Localization of the number of photons in nonrelativistic QED, Rev. Math. Phys.

15 (2003), 271–312.

[16] F. Hiroshima, Multiplicity of ground states in quantum field models:applications of asymptotic fields, mp-arc 04-49, preprint (2004).

[17] R. Hϕegh-Krohn, Asymptotic fields in some models of quantum field theory I, J. Math. Phys. 9 (1968), 2075–2080.

[18] J. Lőrinczi, R. A. Minlos and H. Spohn, The infrared behaviour in Nelson’s model of a quantum particle coupled to a massless scalar field, Ann. Henri Poincaré 3 (2001), 1–28.

[19] E. Nelson, Interaction of nonrelativistic particles with a quantized scalar field, J. Math. Phys. 5 (1964), 1190–1197.

[20] W. Pauli and M. Fierz, Zur Theorie der Emission langwelliger Lichtquanten, Nuovo Cimento 15 (1938), 167–188, Theory of the emission of long-wave light quanta, Early Quantum Electrodynamics, ed. by I. Miller, Cambridge Univ. Press, 1995, 227–243.

[21] M. Reed and B. Simon, Methods of Modern Mathematical Physics I, Academic Press, 1980. [22] M. Reed and B. Simon, Methods of Modern Mathematical Physics II, Academic Press, 1975. [23] M. Reed and B. Simon, Methods of Modern Mathematical Physics IV, Academic Press, 1978. [24] J. Weidmann, Linear Operators in Hilbert Spaces, GTM 68, Springer-Verlag, 1980.