LINEAR RESPONSE FUNCTION FOR COUPLED HYPERBOLIC ATTRACTORS

MIAOHUA JIANG AND RAFAEL DE LA LLAVE

ABSTRACT We prove that when we take the thermodynamic limit in the context of coupled hyperbolic attractors, Ruelle’s derivative formula of the SRB measure with respect to the underlying dynamical system remains true if one of the terms is interpreted appropriately.

1. Introduction: Derivative formulas of the SRB measure and its entropy

For uniformly hyperbolic systems, Ruelle proved that the (generalized) SRB measure depends on the system differentiably and calculated its derivative formula [14, 16]. The derivative formula of the SRB state with respect to the underlying system is also called the linear response function and is used to develop the theory of non-equilibrium statistical mechanics [15]. Since Statistical Mechanics is mainly concerned with infinite systems and the relevant physical quantities are obtained through thermodynamic limits, it is of interest to study the thermodynamic limit of the linear response function. The differentiability of the thermodynamic limit of SRB measures was established in [7]. In this paper, we want to study the thermodynamic limit of the formulas for the derivative of the SRB measures.

For a finite dimensional hyperbolic attractor f, let φ(x) be a differentiable function on M and δf be the vector field on M in which the derivative of the SRB measure μ_f is taken. Denote X = δf ∘ f^{−1}. Ruelle’s derivative formula states that

(1.1) δμ_f (φ) = ∞� n=0 � [< grad(φ(f^n)), X^s > −φ(f^n)div^u_σX^u]dμ_f ,

where X^s and X^u are projections of X onto the stable and unstable subspaces, respectively, and div^u_σX^u is the divergence of the vector field X^u on the unstable manifold with respect to the canonical metric σ induced by the SRB measure. Even though the vector field X^u is in general, not differentiable as observed by D. Dolgopyat, its 1

divergence is well-defined and it is Hölder continuous on the hyperbolic attractor [16].

The formula (1.1) is expected to hold whenever the SRB measure exists and is differentiable with respect to the map f [17]. In this paper, combining the techniques developed in our proof [7] of the smooth dependence of the SRB measure for coupled hyperbolic systems and the strategy that Ruelle used to obtain the formula in finite dimensional systems [14, 16], we prove that an analogous formula for the derivative holds in the thermodynamic limit for coupled hyperbolic attractors. We just need to require that the function φ(x) is sufficiently differentiable and that it satisfies certain decay property commonly needed for infinite-dimensional systems. We also need to give a proper interpretation to the term involving divergences: While the divergence div^u_σX^u is infinite for most meaningful vector fields on the coupled system, the divergence of the projection of each component of X onto the unstable subspace X^u_i can be shown to be finite and_∞ � n=0 � φ(Φ^n)div^u_σX^udμ

can be interpreted as ∞� n=0 � φ(Φ^n)div^u_σX^udμ = ∞� n=0 � i∈Z^d � φ(Φ^n)div^u_σX^u_i dμ.

The sum on the righthand side converges because of the exponential decay of correlation functions. Indeed, we will also show that the sum

(1.2) ∞� n=0 � φ(Φ^n)div^u_σX^u_V dμ_V

converges as V → Z^d, where Φ_V , X_V denote the restrictions of the coupled map Φ and the vector filed X onto the finite product M_V = ⊗_{i∈V} M, V ⊂ Z^d is a finite set. As usual in statistical mechanics, we will need to understand that the limit V → Z^d is reached in some sufficiently strong sense. For example, in [19], one can find discussions of limits in the sense van Hove or of Fisher. We will carry out the details only when V are cubes but indicate that there are some more general limits that could be considered. We denote by μ_V is the SRB measure of Φ_V . Thus, we can use the limit as V → Z^d in (1.2) as the definition of the series ∞� n=0 � φ(Φ^n)div^u_σX^udμ.

We then, have the same derivative formula for coupled hyperbolic attractors

δμ_Φ(ψ) = ∞� n=0 � [< grad(φ(Φ^n)), X^s > −φ(Φ^n)div^u_σX^u]dμ_Φ.

In the finite dimensional case, the derivative formula of the entropy with respect to the SRB measure is given by [16]

δh_{μf} (f) = ∞� n=−∞ � − log J^uf(f^n(x))div^u_σX^udμ_g.

By an analogous argument, the derivative formula of the entropy in the thermodynamic limit is given by

δh_{μΦ} (Φ) = ∞� n=−∞ � [− log Jf^u + ψ_ϵ] ∘ Φ^n(x̄)div^u_σX^udμ_Φ,

where − log Jf^u + ψ_ϵ is the potential function for the SRB measure μ_Φ [10, 7] and the integral � [− log Jf^u + ψ_ϵ] ∘ Φ^n(x̄)div^u_σX^udμ_Φ

is defined via the thermodynamic limit of finite dimensional approximation as V → Z^d.

For additional recent results in the area of smooth dependence and the differentiation of SRB measures, we refer readers to [1], [5], [12], and [18].

2. Notation and Formulation of the Main Result

First, we briefly introduce the notation. For more details, see [7]. 1. Let M be a smooth compact Riemannian manifold and f a C^r (r > 4) diffeomorphism of M. Assume that f possesses a hyperbolic attractor Λ_f . The direct product space ⊗_{i∈Z}dM_i over the integer lattice of dimension n is denoted by M, where M_i is a copy of M. This direct product space is a Banach manifold under the usual supremum metric ρ

ρ(x̄, ȳ) = sup_{i∈Zd} d(x_i, y_i), x̄ = (x_i), ȳ = (y_i) ∈ M.

M is also equipped with the so called “compact metric” ρ_q, 0 < q < 1.

(2.1) ρ_q(x̄, ȳ) = sup_{i∈Zd} q^{|i|}d(x_i, y_i), x̄ = (x_i), ȳ = (y_i) ∈ M, where i = (i_1, i_2, · · · , i_d) ∈ Z^d and |i| is the lenght, |i| =

�_d k=1 |i_k|. Note that, the supremun metric is invariant under translations of the indices i, but the compact metric is not.

The infinite dimensional system F = ⊗_{i∈Z}df over M is called the uncoupled system and it possesses a hyperbolic attractor Δ = ⊗_{i∈Z}dΛ_f .

2. For the integer lattice Z^d, given α_0 > d, θ_0 ≥ 0, there exists a > 0 such that the function defined by

(2.2) Γ(i) = � a|i|^{−α0} exp(−θ_0|i|) i ≠ 0, a i = 0,

satisfies the following properties: (1) � i∈Z^d Γ(i) < ∞, (2) � j∈Z^d Γ(i − j)Γ(j − k) ≤ Γ(i − k).

A function satisfying these two conditions is called a decay function. (See [7] Proposition 3.2).

In this paper, we will only consider a fixed decay function of the form (2.2) and with θ_0 > 0. Let V_n = {i : i ∈ Z^d, |i| ≤ n} and ^V_n = Z^d \ V_n. The following properties can be easily verified for decay functions as in (2.2).

(1) For any number α > 0, there exist some constants C and β

depending only on the decay function Γ and α, such that � i∈ ^V_n

(Γ(i))^α ≤ C exp(−βn).

(2) For any number α > 0, there exist some constants C and β

depending only on the decay function Γ and α, such that � j∈Z^d

(Γ(i − j)Γ(j − k))^α ≤ C exp(−β|i − k|).

The inequalities above and (3.7) are the only places were we use that the V_n are cubes. It is clear that there are more general sequences of sets which converge to Z^d and which also satisfy the inequalities. These inequalities are slightly more restrictive than the sense of Van Hove considered in [19]. We do not attempt to investigate the optimal sense in which the limit can be reached. We note that, by considering cubes, we can obtain explicit estimates on the rate at which the limit is reached.

Throughout the paper, we will use C, α, and β to denote generic constants that will appear in various definitions and estimates. Instead of using different symbols for different constants, we will use these generic symbols with explicit explanations of their dependence.

3. A coupled map lattice Φ is defined to be a small perturbation of F of the form Φ = G ∘ F, where G is a C^r, r > 4 diffeomorphism of M close to the identity. By lifting G(x̄) to the tangent space T_{x̄}M, we can identify G with a smooth section of the tangent bundle T M.

4. Now we give the definitions of Banach spaces for the objects we study. (1) C^0(M, T M), the space of continuous sections of the tangent bundle:

{v̄(x̄) : x̄ → v(x̄) ∈ T_{x̄}M is continuous, ||v̄||_C0 ≡ sup_{i∈Zd} sup_{x̄∈M} |v_i(x̄)| < ∞}

(2)C^α(M, T M), the space of Hölder continuous sections of the tangent bundle: For 0 < α < 1, we fix a trivialization of T M by a finite number of coordinate charts, {P_1, . . . , P_l}

C^α(M, T M) =

{v̄(x̄) : ||v̄||_Cα ≡ max(||v̄||_C0 , sup_{i∈Zd} max_k sup_{x̄≠ȳ∈M,xi,yi∈Pk}

|v_i(x̄) − v_i(ȳ)| d(x̄, ȳ)^α

< ∞)}

(2.3)

The Banach space of all Hölder continuous functions on M with Hölder exponent α will be denoted by C^α(M, R).

(3) C^α_Γ (M, T M), the space of Hölder continuous sections satisfying decay property specified by Γ:

Let h : M → R^n be a function. Define

γ_{α,i}(h) = sup_{(xj )j≠i} sup

(z_j =y_j =x_j )_{j≠i},y_i≠z_i

‖h(ȳ) − h(z̄)‖ d^α(y_i, z_i) , where the first supremum is taken over all x̄ = (x_j ) without the ith variable and the second supremum is taken over all pairs of ȳ and z̄ with their variables equal to that of x̄ except at the lattice site i.

We can identify v_j , the jth variable of v = (v_j ), with a function from M to R^n. For 0 < α <≤ 1. C^α_Γ (M, T M) = � v ∈ C^0(M, T M) : ‖v‖_Cα_Γ ≡ max{‖v‖_C0 , sup_{i,j∈Zd} γ_{α,j}(v_i)Γ^{−1}(i − j)} < ∞ � .

(4) C^r_Γ(M, T M), the space of C^r-sections satisfying decay property specified by Γ: For each r ∈ N, we denote

C^r_Γ(M, T M) = � v ∈ C^r(M, T M) ∩ C^1_Γ(M, T M) :

‖v‖_Cr_Γ ≡ max_{0≤k≤r} sup_{i1,··· ,i}

k∈Z^d

sup_{i∈Zd} � � � � ∂^k ∂x_{i1} · · · ∂x_{ik} v_i(x̄) � � � �_{C0} max{Γ^{−1}(i − i_1), · · · Γ^{−1}(i − i_k)} < ∞ � . The space of C^r functions on M satisfying decay property specified by Γ will be denoted by C^r_Γ(M, R). For any function φ ∈ C^r_Γ(M, R), we have � � � ∂φ ∂x_i � � � ≤ Γ(i)‖φ‖^{Cr}Γ .

For convenience, we also introduce a semi-norm for each coupled map

‖Φ‖_Cr_Γ = max_{0≤k≤r} sup_{i1,··· ,i}

k∈Z^d

sup_{i∈Zd} � � � � ∂^k ∂x_{i1} · · · ∂x_{ik}

Φ_i(x̄) � � � �_{C0} max{Γ^{−1}(i−i_1), · · · , Γ^{−1}(i−i_k)}

This norm is finite as long as the C^r_Γ-norm of the corresponding perturbation function G is finite.

The following results on the existence, uniqueness, and the differentiability of the SRB measure for the coupled map lattice Φ are contained in [7, 10].

Given a decay function Γ, a smooth Riemannian manifold M, and a C^r (r > 4) system f with a topologically mixing hyperbolic attractor Λ, there exists a C^r_Γ neighborhood U of the uncoupled system F = ⊗_{i∈Z}df such that for all Φ ∈ U, the following statements are true.

1) There is a topologically mixing hyperbolic attractor set Δ_Φ close

to Δ_F .

2) There is a map h_Φ : Δ_F → Δ_Φ such that

Φ ∘ h_Φ = h_Φ ∘ F.

The map h_Φ is unique among those that are C^0_Γ close to the identity. It is C^α_Γ for some α > 0.

3) The map Φ → h_Φ is C^{r−2} considered as a map from C^r_Γ to C^α_Γ . 4) There exists a measure μ_Φ on Δ_Φ (called SRB measure), invariant under Φ, such that it is the limit of the SRB measures of finite approximations of the coupled lattice map.

5) Given any function φ ∈ C^{r−1}_Γ (M, R), the function A_φ : U → R

defined by A_φ(Φ) = � φ dμ_Φ

is C^{r−3} when U is given the C^r_Γ topology.

In this article, we obtain the derivative formula for the function

A_φ(Φ) = � φ dμ_Φ

under the conditions of the previous theorem.

Theorem 1. Let δf ∈ C^r_Γ(M, T M) be a C^r-vector (r > 4) field on M. Assume that Φ = G ∘ F ∈ U with G ∈ C^r_Γ(M, T M) and μ_Φ is its SRB measure. Let X = δf(Φ^{−1}). Then, for any function φ(x̄) ∈ C^{r−1}_Γ (M, R), the functional φ → � φdμ_Φ

is differentiable with respect to Φ = G ∘ F, G ∈ C^r_Γ(M, T M) in the direction of δf. The derivative (linear response function) is given by

< δμ_Φ, φ >= ∞� n=0 � [< grad(φ(Φ^n)), X^s > −φ(Φ^n)div^u_σX^u]dμ_Φ,

where the integral � φ(Φ^n)div^u_σX^u is defined by taking the limit in the finite dimensional approximation as V → Z^d.

3. The proof

3.1. The strategy of the proof.

We use the following standard approach to obtain the derivative:

Proposition 2. Assume that g_V (ϵ) is a sequence of real-valued functions and converges to g(ϵ) as V → Z^d for every ϵ ∈ (−ϵ_0, ϵ_0). Assume that g_V (ϵ) is C^1 in ϵ and g^′_V (ϵ) is bounded uniformly in V and that lim_{V →Z}d g^′_V (ϵ) = g̃(ϵ) in (−ϵ_0, ϵ_0). Then, g(ϵ) is C^1 and g^′(ϵ) = g̃(ϵ).

The differentiability of the SRB measure with respect to Φ was proved in [7] using symbolic representation of the system. Here, in the process of determining the derivative formula, we obtain another proof based on Ruelle’s derivative formula of the SRB measures for finite dimensional systems. This proof gives the derivative formula in the infinite dimensional setting as the limit of the derivative formulas of finite dimensional approximation. The proof in [7] established existence of the derivative for hyperbolic sets but did not provide a formula. The present paper establishes the formula for attractors and also proves the convergence of the finite dimensional approximations for the derivative.

3.2. Finite dimensional approximations. In the rest of the section, we make precise the notions of the finite approximations to the coupled map lattice.

Pick any point x̄^∗ ∈ Δ_Φ, which we will use as the boundary conditions at infinity. It will be a byproduct of our work that one obtains the same results no matter which point we choose.

Given any set V ⊂ Z^d – it suffices for later applications consider the case that V is a cube –, we define the map Φ_V : x_V → Φ_V (x_V ) on M_V = ⊗_{i∈V} M_i is the restriction of Φ on M_V .

Φ_V (x_V ) = Φ(x_V , x^∗_{^V} ) � � �_V .

The coordinatewise description is given by � Φ_V (x_V ) � i = � Φ(x_V , x^∗_{^V} ) � i, i ∈ V,

where the point (x_V , x^∗_{^V} ) denotes an element in M whose restrictions to V and its complement ^V ≡ Z^d − V , are x_V and x^∗_{^V} , respectively.

The map Φ_V is a diffeomorphism of M_V when the perturbation G is sufficiently close to the identity and it is C^1-close to the diffeomorphism F_V = ⊗_{i∈V} f. By the structural stability theorem, Φ_V possesses a hyperbolic attractor Δ_{ΦV} since F_V has a hyperbolic attractor Δ_{FV} = ⊗_{i∈V} Λ. There exists a conjugating homeomorphism h_V : Δ_{FV} → Δ_{ΦV} ,

Φ_V ∘ h_V = h_V ∘ F_V .

We note that, the hyperbolicity constants are uniform in V . Hence, we can apply the structural stability theorem for all V . See [7] for more details.

For any smooth function φ ∈ C^{r−1}_Γ (M, R), we can similarly define its restriction to the finite product M_V :

φ_V (x_V ) = φ(x_V , x^∗_{^V} ).

It is clearly a C^{r−1}-function on M_V with respect to the differentiable structure induced by the direct product of Riemannian metric.

We fix a coupled map Φ = G ∘ F in U. Let δf ∈ C^r_Γ(M, T M) be a translation invariant vector field. We describe the ϵ-perturbation of Φ in the direction of δf by the map Φ_ϵ(x̄) = A^{−1}_{Φ(x̄)}ϵδf(Φ(x̄)), where ϵ belongs to certain open interval (−ϵ_0, ϵ_0) and A_{Φ(x̄)} is the exponential map at Φ(x̄).

We need to truncate the map Φ_ϵ over the finite volume V : Φ_{V,ϵ}(x_V ) = Φ_ϵ(x_V , x^∗_{^V} ) � � V . Note that Φ_ϵ(x_V , x^∗_{^V} ) � � �_V = [A^{−1}_{Φ(xV ,x}∗_{^V )}ϵδf(Φ(xV , x^∗_{^V} ))] � � �_V .

So, it is an ϵ-perturbation of the map Φ_V in the direction of the vector field δf_V = δf(x_V , x^{∗∗}_{^V} ) � �_V , where x^{∗∗} = Φ(x_V , x^∗_{^V} ).

With V fixed, we apply the Ruelle’s derivative formula (1.1) to the finite dimensional system (Φ_{V,ϵ}, M_V ) in the direction of δf_V .

The function g_V (ϵ) : ϵ → � Δ_{ΦV,ϵ}

φ_V dμ_{ΦV,ϵ}

is C^1 in ϵ and the derivative is given by dg_V (ϵ) dϵ = ∞� n=0 � Δ_{ΦV,ϵ}

[< grad(φ_V (Φ^n_{V,ϵ})), X^s_V > −φ(Φ^n_{V,ϵ})div^uX^u_V ]dμ_{ΦV,ϵ} ,

where X^s_V and X^u_V are projections of the vector field X_V = δf(Φ^{−1}_{V,ϵ}) onto the stable and unstable subspaces of DΦ_{V,ϵ} and Δ_{ΦV,ϵ} is the hyperbolic attractor for Φ_{V,ϵ}.

Since we already know that

lim_{V →Zd} g_V (ϵ) = lim_{V →Zd} � Δ_{ΦV,ϵ}

φ_V dμ_{ΦV,ϵ} = g(ϵ) =: � Δ_{Φϵ}

φdμ_{Φϵ} ,

in order to obtain the derivative formula for the SRB measure of Φ, we only need to prove the following statements on the derivative of g_V (ϵ):

Proposition 3. (1) As functions of ϵ, both infinite series ∞� n=0 � < grad(φ_V (Φ^n_{V,ϵ})), X^s_V > dμ_{ΦV,ϵ}

and_∞ � n=0 � (φ ∘ Φ^n_{V,ϵ})div^uX^u_V dμ_{ΦV,ϵ} are uniformly bounded in V .

(2) For each ϵ ∈ (−ϵ_0, ϵ_0), the following limits exist. (a) lim_{V →Zd} ∞� n=0 � < grad(φ_V (Φ^n_{V,ϵ})), X^s_V > dμ_{ΦV,ϵ} = ∞� n=0 � < grad(φ(Φ^n_ϵ )), X^s > dμ_{Φϵ} . (b) lim_{V →Zd} ∞� n=0 � φ(Φ^n_{V,ϵ})div^uX^u_V dμ_{ΦV,ϵ} = ∞� n=0 � φ(Φ^n_ϵ )div^uX^udμ_{Φϵ} .

These limits should be considered as the definitions of the righthand sides.

3.3. Proof of Proposition 3: Convergence of the first term. In this section, we consider the convergence of:

(3.1) ∞� n=0 � < grad(φ_V (Φ^n_{V,ϵ})), X^s_V > dμ_{ΦV,ϵ} .

3.3.1. Uniform boundedness in V . We first estimate the integral � � � � < gradφ_V (Φ^n_{V,ϵ}), X^s_V > dμ_{ΦV,ϵ} � � � . For any function φ ∈ C^{r−1}_Γ (M, R), its gradient is well defined. Assume that X ∈ C^0(M, T M) is a bounded vector field on M. We have the following useful estimates. The proofs are omitted as the estimates follow directly from the decay property of φ. The norm ‖X‖ denotes the C^0-norm of the vector field X and ‖φ‖ denotes the C^{r−1}_Γ norm of φ.

Lemma 1. For any φ ∈ C^{r−1}_Γ (M, R) and X ∈ C^0(M, T M), we have (1) | < gradφ, X > | ≤ ‖φ‖‖X‖ � i∈Z^d

Γ(i).

(2) If X = ⊕_{i∈Z}dX_i, X_i ∈ T M_i and |X_i| ≤ CΓ(i − j) for some constant C, then

| < gradφ, X > | ≤ C‖φ‖‖X‖Γ(j).

We also notice that

< gradφ_V (Φ^n_{V,ϵ}), X^s_V >=< gradφ_V , DΦ^n_{V,ϵ}X^s_V >

and by the uniform contraction condition

‖DΦ^n_{V,ϵ}X^s_V ‖ ≤ C^′λ^n‖X^s_V ‖, where C^′ > 0 is a constant and 0 < λ < 1 is the contracting constant along the stable direction. Note that as long as our ϵ_0 is chosen small, the contracting constant λ can be so chosen that it is independent of ϵ and V . Thus, by the decay property of φ_V and Lemma 1 (1) we have

| < gradφ_V , DΦ^n_{V,ϵ}X^s_V > | ≤ CC^′λ^n‖φ‖‖X^s_V ‖ � i∈Z^d

Γ(i).

So, as functions of ϵ, ∞� n=0 � < grad(φ_V (Φ^n_{V,ϵ})), X^s_V > dμ_{ΦV,ϵ} ≤ C 1 − λ

‖φ‖‖X‖ � i∈Z^d

Γ(i)

is uniformly bounded in V .

3.3.2. Convergence as V → Z^d. Because of the uniform convergence of the series ∞� n=0 � < grad(φ_V (Φ^n_{V,ϵ})), X^s_V > dμ_{ΦV,ϵ}

in V , to prove that its limit as V → Z^d is ∞� n=0 � < grad(φ(Φ^n_ϵ )), X^s > dμ_{Φϵ} ,

we just need to show that for each fixed n,

lim_{V →Zd} � < grad(φ_V (Φ^n_{V,ϵ})), X^s_V > dμ_{ΦV,ϵ} = � < grad(φ(Φ^n_ϵ )), X^s > dμ_{Φϵ} .

Let X^s_{V,i}, X^s_i be the ith coordinate of the vector fields X^s_V , X^s, respectively. We have X^s_V = � i∈V X^s_{V,i}, X^s = � i∈Z^d

X^s_i .

By Lemma 1, the term < gradφ(Φ^n_ϵ ), X^s > is well-defined and

< gradφ(Φ^n_ϵ ), X^s >= � i∈Z^d

< gradφ(Φ^n_ϵ ), X^s_i > .

Since

< gradφ_V (Φ^n_{V,ϵ}), X^s_V >= � i∈V < gradφ_V (Φ^n_{V,ϵ}), X^s_{V,i} > and the measure μ_{Φϵ} converges to μ_{Φϵ} weakly, it suffices to show that for each fixed n and all V

| < gradφ_V (Φ^n_{V,ϵ}), X^s_{V,i} > | ≤ a_i, and � i∈Z^d

a_i < ∞

and for each i

lim_{V →Zd} < gradφ_V (Φ^n_{V,ϵ}), X^s_{V,i} >=< gradφ(Φ^n_ϵ ), X^s_i >

uniformly in x̄ ∈ M.

We first prove several properties needed in the proof of the convergence. For typographical simplicity, we drop the subscript C^r_Γ in the norm ‖Φ‖_Cr_Γ : ‖Φ‖ = ‖Φ‖_Cr_Γ .

Lemma 2.

(1) For each n, there exists a constant C(n) depending only on the norm ‖Φ‖ and the size of the manifold M such that the ith coordinates of Φ^n_{V,ϵ} and Φ^n_ϵ satisfy d( � Φ^n_{V,ϵ}(x_V ) � i, � Φ^n_ϵ (x̄) � i) ≤ C(n) � j∈ ^V

Γ(i − j)

for every i ∈ V and x̄ ∈ M.

(2) For each n, the truncated function φ_V (Φ^n_{V,ϵ}(x_V )) converges to φ(Φ^n_ϵ (x̄)) uniformly in x̄ and ϵ. Indeed, we have

|φ_V (Φ^n_{V,ϵ}(x_V )) − φ(Φ^n_ϵ (x̄))| ≤ (C(n) + ‖Φ‖)‖φ‖ � j∈ ^V

Γ(j)

(3) For each i ∈ Z^d and n ∈ N,^∂_{∂xi} φ_V (Φ^n_{V,ϵ}(x_V )) converges to^∂_{∂xi} φ(Φ^n_ϵ ) exponentially as V → Z^d.

(4) For each fixed n, we have < gradφ(Φ^n_V ), X_i > | ≤ ‖X‖‖φ‖‖Φ‖^nΓ(i).

Proof. (1) Notice that for the ith coordinate, i ∈ V , we have d( � Φ_{ϵ,V} (x_V ) � i, � Φ_ϵ(x̄) � i) = d( � Φ_ϵ(x_V , x^∗_{^V} ) � i, � Φ_ϵ(x̄) � i) ≤ � j∈ ^V | ∂Φ_{ϵ,i} ∂x_j

|d(x^∗_j , x_j),

where x^∗_j denotes the coordinate of x^∗ at j. Let L be the maximum distance between two points on the compact manifold M. Note that | ∂Φ_{ϵ,i} ∂x_j

| ≤ ‖Φ‖Γ(i − j).

We have d( � Φ_{V,ϵ}(x_V ) � i, � Φ_ϵ(x̄) � i) ≤ L‖Φ‖ � j∈ ^V

Γ(i − j).

In general, for the ith coordinate, i ∈ V and ȳ = (y_i)_{i∈Z}d = (y_V , x^∗_{^V} ), we have d( � Φ_{V,ϵ}(y_V ) � i, � Φ_ϵ(x̄) � i) = d( � Φ_ϵ(y_V , x^∗_{^V} ) � i, � Φ_ϵ(x̄) � i) ≤ � j∈Z^d | ∂Φ_{ϵ,i}

∂x_j

|d(y_j, x_j )

≤ L‖Φ‖ � j∈Z^d

Γ(i − j)d(y_j, x_j ).

Thus, d( � Φ^2_{V,ϵ}(x_V ) � i, � Φ^2_ϵ (x̄) � i) = d( � Φ_{V,ϵ}(y_V ) � i, � Φ_ϵ(z̄) � i) ≤ � j∈Z^d

∂Φ_{ϵ,i}

∂x_j d(y_j, z_j ),

where ȳ = (Φ_{V,ϵ}(x_V ), x^∗_{^V} ) and z̄ = (z_j)_{j∈Z}d = Φ_ϵ(x̄). Using the previous estimation, we

have: d( � Φ^2_{V,ϵ}(x_V ) � i, � Φ^2_ϵ (x̄) � i) ≤ L‖Φ‖ � j∈V Γ(i − j)d(y_j, z_j ) + L‖Φ‖ � j∈ ^V

Γ(i − j)d(x^∗_j , z_j)

≤ L‖Φ‖ � j∈V Γ(i − j)L‖Φ‖ � k∈ ^V

Γ(j − k) + L^2‖Φ‖ � j∈ ^V

Γ(i − j)

≤ L^2‖Φ‖^2 � k∈ ^V � j∈V Γ(i − j)Γ(j − k) + L^2‖Φ‖ � j∈ ^V

Γ(i − j)

≤ L^2‖Φ‖^2 � k∈ ^V

Γ(i − k) + L^2‖Φ‖ � j∈ ^V

Γ(i − j)

≤ L^2(‖Φ‖^2 + ‖Φ‖) � j∈ ^V

Γ(i − j).

By induction in n, we have, for x_V = x̄|_V , | � Φ^n_{V,ϵ}(x_V ) � i − � Φ^n_ϵ (x̄) � i| ≤ C(n) � j∈ ^V

Γ(i − j),

where C(n) is a constant depending on L, ‖Φ‖ and n.

The claim (2) is now a direct consequence of (1).

|φ(Φ^n_{V,ϵ}(x_V ), x^∗_{^V} ) − φ(Φ^n_ϵ (x̄))| ≤ � i∈Z^d | ∂φ ∂x_i |d( � Φ^n_{V,ϵ}(x_V ) � i, � Φ^n_ϵ (x̄) � i) ≤ C(n)‖φ‖ � i∈V Γ(i) � j∈ ^V

Γ(i − j) + L‖φ‖ � i∈ ^V

Γ(i)

≤ ‖φ‖(C(n) + L) � i∈ ^V

Γ(i).

(3) With i ∈ V and n fixed, we wish to estimate � � � � ∂ ∂x_i φ_V (Φ^n_{V,ϵ}(x_V )) − ∂ ∂x_i φ(Φ^n_ϵ (x̄)) � � � � = � � � � ∂ ∂x_i φ(Φ^n_{V,ϵ}(x_V ), x^∗_{^V} ) − ∂ ∂x_i φ(Φ^n_ϵ (x̄)) � � � � .

We may drop the symbol ϵ in our calculation since the conditions involved are always

independent of ϵ.

Using the chain rule, we have: � � ∂ ∂x_i φ(Φ^n_V (x_V ), x^∗_{^V} ) − ∂ ∂x_i φ(Φ^n(x̄)) � � ≤ � j∈Z^d � � � ∂φ ∂x_j � � �_{(ΦnV (xV ),x∗^} V ) ∂(Φ^n_V )_j

∂x_i − ∂φ ∂x_j � � �_{Φn(x̄)}

∂(Φ^n)_j

∂x_i � � �, (3.2)

where (Φ^n_V )_j and (Φ^n)_j denote the jth coordinate of maps Φ^n_V and Φ^n, respectively.

We note that since the manifold M is multidimensional the products in the formula

are actually matrix products.

We first estimate the following difference between partial derivatives of φ. We use

the fact that the decay function Γ is of the form (2.2) and the elementary inequality min{a, b} ≤ (ab)^12 for a, b ≥ 0. � � ∂φ ∂x_j � � (Φ^n_V (x_V ),x^∗_{^V} ) − ∂φ ∂x_j � � Φ^n(x̄) � �

≤ � k∈Z^d � � � � ∂^2φ ∂x_j ∂x_k � � � � d((Φ^nV (x^V ), x^{∗^}V ), Φ^n(x̄)) ≤ � k∈Z^d

‖φ‖ min{Γ(j), Γ(k)}C(n) � j∈ ^V

Γ(k − j)

≤ ‖φ‖C(n)Γ(j)^{12} � k∈Z^d

Γ(k)^{12} � j∈ ^V

Γ(k − j)

≤ ‖φ‖C(n)Γ(j)^{12} � k∈Z^d � j∈ ^V

Γ(k)^{12} Γ(k − j)

≤ ‖φ‖C(n)Γ(j)^{12} e^{−βl(V )},

(3.3)

where β is some constant and l(V ) is the linear size of V . Note that for all j ∈ Z^d, we also have

(3.4) � � � ∂φ ∂x_j � � � ≤ ‖φ‖Γ(j).

Now, we estimate

∂(Φ^n_V )_j

∂x_i , ∂(Φ^n)_j

∂x_i

, and � � �∂(Φ^{nV} )^j ∂x_i − ∂(Φ^n)_j

∂x_i � � � .

When n = 1, � � � ∂(Φ_V )_j

∂x_i � � � = � � � � ∂Φ_j (x_V , x^∗_{^V} ) ∂x_i � � � � ≤ ‖Φ‖Γ(i − j).

The same estimation holds for |^{∂Φj}_{∂xi} |.

When n = 2, � � � ∂(Φ^2_V )_j ∂x_i � � � = � � � ∂(Φ_V )_j(Φ_V (x_V ))

∂x_i � � � = � � � � � k∈V ∂(Φ_V )_j ∂x_k

∂(Φ_V )_k ∂x_i � � � � ≤ � k∈V ‖Φ‖^2Γ(j − k)Γ(k − i) ≤ ‖Φ‖^2Γ(i − j)

Inductively, we have

(3.5) � � � ∂(Φ^n_V )_j

∂x_i � � � ≤ ‖Φ‖^nΓ(i − j).

The same estimation holds for^{∂(Φn)j}_{∂xi} .

The difference ∂(Φ^n_V )_j

∂x_i − ∂(Φ^n)_j ∂x_i can also be estimated inductively.

When n = 1, we have � � � � ∂Φ_j (x_V , x^∗_{^V} )

∂x_i − ∂Φ_j (x̄) ∂x_i � � � � ≤ � k∈Z^d | ∂^2Φ_j ∂x_i∂x_k

|d((x_V , x^∗_{^V} )_k, x_k)

≤ L � k∈ ^V | ∂^2Φ_j ∂x_i∂x_k

| ≤ L � k∈ ^V

‖Φ‖ min{Γ(i − j), Γ(k − j)}

≤ C_1 exp(−α_1|i − j|) � k∈ ^V

exp(−β_1|i − k|)

≤ C_1 exp(−α_1|i − j|) exp(−β_1|i − ∂V |),

for some positive constants C_1, α_1, and β_1. The term |i − ∂V | denotes the minimal distance between i and ∂V , the boundary of V .

Assume that this estimation holds for n − 1: � � � � ∂(Φ^{n−1}_V )_j

∂x_i − ∂(Φ^{n−1})_j ∂x_i � � � � ≤ C^{n−1} exp(−α^{n−1}|i − j|) exp(−β^{n−1}|i − ∂V |),

for some positive constants C_{n−1}, α_{n−1}, and β_{n−1} depending on n, ‖Φ‖, and L. � � �∂(Φ^{nV} )^j

∂x_i − ∂(Φ^n)_j ∂x_i � � � = | ∂ ∂x_i

Φ_j (Φ^{n−1}_V (x_V ), x^∗_{^V} ) − ∂ ∂x_i

Φ_j (Φ^{n−1}(x̄))| ≤ � k∈V � � � ∂Φ_j ∂x_k � � �_{(Φn−1V (xV ),x∗^} V ) ∂(Φ^{n−1}_V )_k ∂x_i − ∂Φ_j ∂x_k � � �_{Φn−1(x̄)}

∂Φ^{n−1}_k ∂x_i � � � + � k∈ ^V � � �∂Φ^j ∂x_k � � Φ^{n−1}(x̄)

∂Φ^{n−1}_k ∂x_i � � � .

We estimate these sums separately. We estimate the second sum first. � k∈ ^V � � � ∂Φ_j

∂x_k � � �_{Φn−1(x̄)}

∂Φ^{n−1}_k

∂x_i � � � ≤ � k∈ ^V

‖Φ‖Γ(k − j)‖Φ‖^{n−1}Γ(i − k)

≤ ‖Φ‖^n exp(−α|i − j|) � k∈ ^V

Γ^{12} (i − k).

For the first sum, we have � k∈V � � � � ∂Φ_j

∂x_k � � �_{(Φn−1V (xV ),x∗^} V ) ∂(Φ^{n−1}_V )_k

∂x_i − ∂Φ_j

∂x_k � � �_{Φn−1(x̄)}

∂Φ^{n−1}_k

∂x_i � � � � ≤ � k∈V � � � ∂Φ_j

∂x_k

|_{(Φ}n−1_{V (xV ),x}∗_{^V )} −

∂Φ_j

∂x_k

|_Φn−1_{(x̄)} � � � · � � � ∂(Φ^{n−1}_V )_k

∂x_i � � � + � � � � ∂Φ_j

∂x_k

|_Φn−1_{(x̄)} � � � � · � � � � ∂(Φ^{n−1}_V )_k

∂x_i − ∂Φ^{n−1}_k

∂x_i � � � � .

(3.6)

The second part of the sum (3.6) can be estimated as follows: � k∈V � � � � ∂Φ_j

∂x_k � � �_{Φn−1(x̄)} � � � � � � � � ∂(Φ^{n−1}_V )_k

∂x_i − ∂Φ^{n−1}_k

∂x_i � � � � ≤ � k∈V ‖Φ‖Γ(j − k)C_{n−1} exp(−α_{n−1}|i − k|) exp(−β_{n−1}|i − ∂V |)

≤ ‖Φ‖C_{n−1} exp(−β_{n−1}|i − ∂V |) � k∈V Γ(j − k) exp(−α_{n−1}|i − k|)

≤ C_n exp(−β_{n−1}|i − ∂V |) exp(−α_n|i − j|).

The first part of the sum (3.6) needs to be estimated more carefully. � k∈V � � � � ∂Φ_j

∂x_k

|_{(Φ}n−1_{V (xV ),x}∗_{^V )} −

∂Φ_j

∂x_k

|_Φn−1_{(x̄)} � � � � � � � � ∂(Φ^{n−1}_V )_k

∂x_i � � � � = � k∈V � l∈Z^d � � � ∂^2Φ_j

∂x_k∂x_l � � � d((Φ^{n−1}V (x^V ), x^{∗^}V )^l, (Φ^{n−1}(x̄))^l)‖Φ‖^{n−1}Γ(i − k) = � k∈V � l∈V ‖Φ‖ min{Γ(j − k), Γ(j − l)}C(n − 1) � j^′∈ ^V

Γ(l − j^′)‖Φ‖^{n−1}Γ(i − k) + � k∈V � l∈ ^V

‖Φ‖ min{Γ(j − k), Γ(j − l)}L‖Φ‖^{n−1}Γ(i − k).

Both sums in the previous expression are bounded by

C exp(−α|i − j|) exp(−β|i − ∂V |), for some constants C, α, and β depending on n, ‖Φ‖, and L. Thus, we have

(3.7) � � �∂(Φ^{nV} )^j ∂x_i − ∂(Φ^n)_j ∂x_i � � � ≤ C_n exp(−α_n|i − j|) exp(−β_n|i − ∂V |),

for some positive constants C_n, α_n, and β_n depending on n, ‖Φ‖, and L. The statement (3) follows from the estimates (3.2), (3.3) (3.4) (3.5),and (3.7).

The last statement (4) of the lemma follows immediately from our previous estimates. � � � ∂ ∂x_i φ(Φ^n_V ) � � � = � � � � � k∈V ∂φ ∂x_k

∂(Φ^n_V )_k ∂x_i � � � � ≤ � k∈V ‖φ‖Γ(k)‖Φ‖^nΓ(i − k) ≤ ‖φ‖‖Φ‖^nΓ(i). □ Now, the only thing left to show is that for each i

lim_{V →Zd} X^s_{V,i} = X^s_i

uniformly in x̄. We will need the closeness of stable and unstable subspaces for Φ_{V,ϵ} and Φ in compact metric (2.1) ρ_q for some 0 < q < 1. Using the Grassmanian distance on subspaces of the manifold M, we introduce the corresponding ρ_q metric for Hölder continuous sections of the tangent bundles close to ⊗_{i∈Z}dE^s_i and ⊗_{i∈Z}dE^u_i . We formulate these properties in the following lemma but omit their proofs as they are proved using standard techniques (the fixed point theorem of contracting maps in the compact metric ρ_q, see for example, Lemma 2 of [9]). We take V = V_m, the hypercubes in Z^d for convenience. E^s_V , E^u_V , E^s, E^u denote stable and unstable subspaces of Φ_V and Φ, respectively. The map Φ_V is extended to the entire M by adding copies of f to it outside the hypercube V_m.

Lemma 3.

(1) There exist constants C > 0, 0 < λ < 1 such that

ρ_q(h_{ΦVn} , h_Φ) ≤ Cλ^n.

(2) There exist constants C > 0, 0 < λ < 1 such that

ρ_q(E^s_{Vn} , E^s) ≤ Cλ^n, ρ_q(E^u_{Vn} , E^u) ≤ Cλ^n.

(3) lim_{Vn→Z}d X^s_{Vn,i}(x_{Vn} ) = X^s_i (x̄) uniformly in x̄.

Proof of the convergence. By Lemmas 2 and 3, we have

lim_{V →Zd} < grad(φ_V (Φ^n_{V,ϵ})), X^s_V >= lim_{V →Zd} � i∈V ∂φ_V (Φ^n_{V,ϵ}) ∂x_i

X^s_{V,i}

= � i∈Z^d

∂φ(Φ^n_ϵ ) ∂x_i

X^s_i =< grad(φ_V (Φ^n_ϵ )), X^s >,

i.e.,

lim_{V ∈Zd} � < grad(φ_V (Φ^n_{V,ϵ})), X^s_V > dμ_{ΦV,ϵ} = � < grad(φ_V (Φ^n_ϵ )), X^s > dμ_{Φϵ} .

3.4. Proof of Proposition 3: Convergence of the second term. To show the convergence of the second series ∞� n=0 � φ(Φ^n_{V,ϵ})div^u_σX^u_V dμ_{ΦV,ϵ} → ∞� n=0 � φ(Φ^n_ϵ )div^u_σX^udμ_{Φϵ},

the termwise convergence as V → Z^d is proved exactly in the same way since we have the divergence formula [14]

(3.8) � < gradφ(Φ^n_{V,ϵ}), X^u_V > dμ_{ΦV,ϵ} = − � φ(Φ^n_{V,ϵ})div^u_σX^u_V dμ_{ΦV,ϵ} .

But the convergence of the series uniform in the volume V requires a careful analysis.

We need to estimate the term � φ(Φ^n_{V,ϵ})div^u_σX^u_V dμ_{ΦV,ϵ}

using the exponential decay of correlation functions for SRB measures μ_{ΦV,ϵ} . The meaning of the divergence div^u_σX^u_V is given by Ruelle in [16] and we will also briefly discuss it later.

We decompose the vector field in a different way. We project each component of X_V onto the unstable subspace first and then, add them up:

X^u_V = � � i∈V X_{V,i}

�_u = � i∈V X^u_{V,i}, i.e., X^u_{V,i} denotes the projection of the ith coordinate of X_V onto the unstable subspace E^u_V . Thus, � φ(Φ^n_{V,ϵ})div^u_σX^u_V dμ_{ΦV,ϵ} = � i∈V � φ(Φ^n_{V,ϵ})div^u_σX^u_{V,i}dμ_{ΦV,ϵ} .

Now it suffices to prove the following theorem.

Theorem 4. There exist constants C > 0, 0 < α, β < 1 that depend on the map Φ, the vector field X, and the decay function Γ but are independent of V such that � � � � φ(Φ^n_{V,ϵ})div^u_σX^u_{V,i}dμ_{ΦV,ϵ} � � � ≤ Ce^{−αn−β|i|}.

This theorem follows from results of Bricmont and Kupiainen in [3, 4] once we show that the function div^u_σX^u_{V,i}(x_V ) is Hölder continuous in x_V with the Hölder constant and exponent independent of the volume V with respect to the (translated) metric ρ_{q,i}:

ρ_{q,i}(x_V , y_V ) = sup_{j∈V} q^{|i−j|}d(x_j, y_j).

Since the vector field X is assumed to be translation invariant, we have

div^u_σX^u_{V,i} = div^u_σX^u_{V −i,0},

where V − i denotes the volume V translated by −i. So, we just need to prove the following theorem.

Theorem 5. There exist constant C > 0 and 0 < α < 1 independent of the volume V such that

|div^u_σX^u_{V,0}(x_V ) − div^u_σX^u_{V,0}(y_V )| ≤ C[ρ_q(x_V , y_V )]^α.

Now we focus on the proof of this theorem. We first need to recall the definition of div^u_σX^u_{V,0}. Note that X^u_{V,0} is usually not differentiable even though X_{V,0}, the coordinate of X_V at 0 ∈ Z^d is. However, the divergence, which measures the change of the volume form under the flow determined by the vector field, exists for non-differentiable vector fields satisfying certain conditions. We will see that since the stable foliation is absolutely continuous, the divergence of any smooth vector field projected onto the unstable manifold can be properly defined and calculated with the help of the holonomy map defined by the stable foliation. Ruelle showed in [16] that using a specially adapted local coordinate system, the divergence div^u_σX^u_{V,0} can be expressed as the derivative of the Jacobian of the holonomy map of the stable foliation. The choice of the adapted coordinate system depends on the vector field X_{V,0} and is not convenient in our case since we need to take the limit V → Z^d. We use Ruelle’s idea of calculation of the divergence to obtain a more general relation between the divergence div^u_σX^u_{V,0} and the Jacobian of the holonomy map. Since the divergence is independent of the choice of the coordinate system, we identify a neighborhood on the Riemannian manifold with a neighborhood of R^n = R^u ⊕ R^s equipped with Riemannian metric and the unstable manifolds are identified with R^u.

Definition 6. Let X be a continuous vector field defined in an open set U on a Riemannian manifold with a volume form dw. Let G denote the family of C^∞ functions in U with compact support. Assume that there is an integrable function h(x) such that � < gradg, X > dw = − � g(x)h(x)dw,

for all g ∈ G. Then, we call h(x) the divergence of X and denote it by divX.

It is clear that the divergence of a vector field is unique up to a measure zero set. When X is C^1, the definition is consistent with the common definition if we choose h(x) to be continuous. The following proposition can be directly verified and it gives the geometric meaning of the divergence.

Proposition 7. Let X be a continuous vector field on R^n with a measure m determined by a volume form dω. Let t ∈ (−1, 1) and A_t be a map on R^n defined by

A_t(x) = x + tX(x).

Assume that the induced measure A^∗_t m is absolutely continuous with respect to m with a Radon-Nikodym derivative ρ(x, t) continuous in x. Assume that^1_t (ρ(x, t)−ρ(x, 0)) = 1 t (ρ(x, t) − 1) is bounded in x for all t sufficiently small. Then, the divergence of X(x) is equal to the derivative divX =^d_{dt} ρ(x, t) � �_{t=0} when it exists.

When X is differentiable, the Radon-Nikodym derivative becomes the Jacobian of A_t. Using the definition of the divergence, one can easily see that linearity holds, i.e.,

div(aX_1 + bX_2) = adivX_1 + bdivX_2.

The Gauss divergence theorem can also be verified.

We prove the following lemma.

Lemma 4. Let X be a C^1- vector field on R^n = R^u ⊕ R^s and E^s(x) denote the distribution tangent to an absolutely continuous foliation W with smooth leaves transversal to the manifold R^u. Let X = X^u + X^s denote the projections of X onto R^u and E^s(x), respectively. Then, div^uX^u, the divergence of X^u on the manifold R^u with respect to the volume form restricted to the manifold is well defined. Moreover, when the Jacobian

Jξ(x^u, t) of the the holonomy map ξ(x^u, t) from R^u to R^u + tX defined by the foliation is differentiable in t and continuous in x^u, we have

div^uX^u = div^uX^u_c − d dt Jξ(x^u, t)|_{t=0}, x^u ∈ R^u

where X^u_c is the projection of the vector field X onto the coordinate subspaces R^u and R^s: X = X^u_c + X^s_c .

Proof. Note that since the foliation W has differentiable leaves, the derivative^d_{dt} Jξ(x^u, t)|_{t=0} is uniquely determined by its first order linear approximation, the distribution E^s(x^u), x^u ∈ R^u. Thus, in calculating the Jacobian of the holonomy map at t = 0, we may consider ξ(x^u, t) as the intersection of hyperplanes E^s(x^u) and R^u + tX. For each fixed x^u ∈ R^u, ξ(x^u, t) is linear in t. Indeed, since any point in E^s(x^u) can be expressed as (x^u +B(x^u)x^s, x^s) where B(x^u) is a linear map from R^s to R^u and R^u +tX = R^u +tX^s_c , we have, in the coordinate system of R^u × R^s,

ξ(x^u, t) = (x^u + tB(x^u)X^s_c , X^s_c ).

Thus, the holonomy map maps x^u to x^u + tB(x^u)X^s_c , and by Proposition 7, d dt Jξ(x^u, t)|_{t=0} = div � B(x^u)X^s_c � . We can now determine X^u in terms of X^u_c , X^s_c and B(x^u). We look for coefficients a and b such that X = ae^u + bf^s, where e^u, f^s denotes the basis of R^u and E^s(x^u): f^s = (B(x^u)e^s, e^s). We have equations:

X^u_c = a + bB(x^u); X^s_c = b.

Thus, X^u = a = X^u_c − B(x^u)X^s_c .

Note that X^u_c is C^1. We have

divX^u = div(X^u_c − B(x^u)X^s_c ) = divX^u_c − d dt Jξ(x^u, t)|_{t=0}. □ Remark. We have assumed in the proof that the volume forms on R^u and R^u + tX are the same. This is not true in general. But this will not affect the formula as we are taking limit t → 0. Note also that divX^u_c is not zero in general, even when X^u_c is constant since the volume form on R^u is not necessarily constant. But it is possible to choose a coordinate system such that divX^u_c = 0 locally.

Proof. We now prove Theorem 5.

In the context of our coupled hyperbolic attractors, we need to show that div^u_σX^u_{V,0} depends on x_V Hölder continuously in the metric ρ_q, where σ is the canonical metric on the unstable manifold. We note that the density function s_V of this metric satisfies the equation s_V (x_V ) s_V (y_V ) = ∞� k=1 �J uΦ_V (Φ−k_V x_V )

J^uΦ_V (Φ^{−k}_V y_V )

�_{−1} . We also have the identity

div^u_σX^u_{V,0} = div^u_ωX^u_{V,0}+ < grad log s_V , X^u_{V,0} >,

where w is the induced volume form on the unstable manifold. We will drop w for simplicity.

Note that the gradient

grad log s_V = grad log ∞� k=1 J^uΦ_V (Φ^{−k}_V x_V )

is taken in the unstable direction X^u_{V,0}. We can prove its Hölder continuity with straightforward estimations as we did in Part I. For div^uX^u_{V,0}, we use the representation from Lemma 4 div^uX^u_{V,0} = div^uX^u_{V,0,c} − d dt Jξ_V (x_V , t),

where ξ_V (x_V , t) denotes the corresponding holonomy map defined on the unstable manifold of Φ_V . Note that the first term X^u_{V,0,c} is differentiable in x_V and its partial derivatives with respect to x_i approach zero exponentially as |i| → ∞. This guarantees the Hölder continuity of this divergence and the Hölder constant and exponent can be chosen independent of V . For the second term, we need an explicit representation of the Jacobian.

1. Calculating the derivative of the Jacobian with respect to t.

We identify a small neighborhood of the manifold with R^u × R^s. We shall now consider the Jacobian whose formula is given [11, p. 190] by

Jξ_V (x_V , t) = ∞� n=0 | det(D_{pn} Φ_V � � �_{En} )|

| det(D_p′_n Φ_V � � E^′_n )| ,

where p_n = Φ^n_V (x_V ), p^′_n = Φ^n_V (ξ(x_V , t)), E_n = D_{pn} Φ^n_V E^u_V (x_V ), and E^′_n = D_p′_n Φ^n_V E^u_{V,t}, where E^u_{V,t} = E^u_V (x_V ) + tX_{V,0}(x_V ).

It is clear that this Jacobian is bounded away from zero since it is equal to 1 when t = 0. We prove the Hölder continuity of d dt log Jξ_V (x_V , t) � � t=0 in terms of x_V with respect to the metric ρ_q with Hölder exponent and constant independent of V .

Note that the numerator det(D_{pn} Φ_V � � �_{En} ) is independent of t. So, we have

(3.9) d dt log J_V (x, t) � � �_{t=0} = − ∞� n=0 d dt log | det(D_p′_n Φ_V � � �_{E ′n} )|.

We now consider^d_{dt} log det(D_p′_n Φ_V � � E^′_n

) with n and x_V fixed. Note that when t varies, p^′_n = Φ^n_V (ξ(x̄, t)) is moving along the stable manifold. The subspace D_p′_n Φ_V E^u_{V,t}(x̄) varies smoothly in t.

We denote ψ(y, E) = log | det(D_yΦ_V � � �_E )|, where DyΦV � � �_E is the differential of ΦV along the subspace E at the point y in a neighborhood U of p_n, and E is any subspace in a C^α_Γ -neighborhood V (using the Grassmannian distance) of the direct sum ⊗_{i∈V} E^u_i (y). We take V large enough to include all subspaces E^u_{V,t} for 0 ≤ t ≤ t_0 (for some t_0 > 0).

Thus, we have a smooth function ψ(y, E) on the product space U × V with differentiable manifold structure.

Note that

E^u_{V,t} = tX_{V,0}(x_V ) + E^u_V (x_V ) = tX^s_{V,0}(x_V ) + E^u_V (x_V )

and that

D_p′_n Φ^n_V E^u_{V,t} = tD_p′_n Φ^n_V X^s_{V,0}(x_V ) + D_p′_n Φ^n_V E^u_V (x̄).

Taking the derivative of log | det(D_p′_n Φ_V � � E^′_n

)| with respect to t, we have d dt | det(D_p′_n Φ_V � � �_{E ′n} )| = ∂ ∂y ψ(y, E)DΦ^n_V d dt ξ(x̄, t)+ ∂ ∂E ψ(y, E)D_p′_n Φ^n_V X^s_{V,0}(x̄),

where the differentials^∂_{∂y} ψ(y, E) and^∂_{∂E} ψ(y, E) are partial differential operators of ψ(y, E) taken with respect to y and E, respectively.

At the point t = 0, since the stable subspace E^s_V is tangent to the leaf of the stable foliation passing the point x̄, we simply have d dt ξ_V (x_V , 0) = X^s_{V,0} and therefore, ∂ ∂y ψ(y, E)DΦ^n_V d dt ξ_V (x_V , t) = ∂ ∂y ψ(y, E)DΦ^n_V X^s_{V,0}.

Evaluating the derivative at t = 0, we have d dt log | det(D_p′_n Φ_V � �_{E ′n} )| � �_{t=0} = ∂ ∂y ψ(y, E) � �_{y=pn} DΦ^n_V X^s_{V,0}(x̄)+ ∂ ∂E ψ(y, E) � �_{En} DΦ^n_V X^s_{V,0}(x̄).

2.Proof of the Hölder continuity of the derivative We need a standard lemma.

Lemma 5. Let

�_∞ n=1 ϕ_n(x) be a series of Hölder continuous functions with a common Hölder exponent α and Hölder constants c_n satisfying the condition c_n < L^n for some constant L > 0. Assume that |ψ_n(x)| < Cλ^n for another constants C > 0, 0 < λ < 1. Then, the sum is a Hölder continuous with Hölder exponent and constant dependent on constants α, L, C and λ.

Since X^s_{V,0} is in the stable subspace and Φ ∈ C^r_Γ(M, M), we have ‖DΦ^n_V X^s_{V,i}(x_V )‖ ≤ Cλ^n‖X^s_{V,0}‖ for some constants C > 0, 0 < λ < 1.

We now need to consider partial derivatives of the function

ψ(y, E) = log | det(D_yΦ_V � �_E )|.

Using the basis of the tangent space, we represent the differential D_yΦ_V � �_E as a matrix.

Note that y is changing along a stable manifold of Φ_V . So, we can use the coordinate system provided by the stable and unstable subspaces ⊕_{i∈V} E^s_i , ⊕_{i∈V} E^u_i of the uncoupled map F_V at the corresponding conjugating point h^{−1}_V y. Let {e^u_i , i ∈ V } and {e^s_i , i ∈ V } denote the orthonormal bases of the direct sums ⊕_{i∈V} E^u_i and ⊕_{i∈V} E^s_i . We take an orthonormal basis of E, {ẽ^u_i }. Since E is in the C^α_Γ - neighborhood V of ⊕_{i∈V} E^u_i , {ẽ^u_i } can be uniquely represented as a linear combination of {e^u_i , i ∈ V } and {e^s_i , i ∈ V }:

(3.10) ẽ^u_i = � j∈V a_{ij} e^u_i + b_{ij} e^s_i ,

where a_{ij} and b_{ij} satisfy the conditions ‖a_{ij} − δ_{ij} ‖ ≤ CΓ(i − j), ‖b_{ij} ‖ ≤ CϵΓ(i − j).

The constants C and ϵ are valid for the entire neighborhood of ⊕_{i∈V} E^u_i .

The matrix representation of D_yΦ_V |_E is now given by the images of the basis vectors under the map DΦ_V , i.e., (DΦ_V ẽ^u_i ), i ∈ V.

If we use the same letter E to denote the coefficient matrix in (3.10), then, the matrix representation is simply DΦ_V E.

If the unstable subspace E^u_i is of dimension u and the manifold M is of dimension n, then DΦ_V E is a n|V | × u|V | matrix. We now have

[det(D_yΦ_V |_E)]^2 = det(DΦ_V E)^T DΦ_V E = det E^T (DΦ_V )^T DΦ_V E, where DΦ_V is evaluated at the point y.

This determinant as a function of the point y is well defined in an open neighborhood of the hyperbolic attractor Δ_F . For each point y, it is a function of E in the C^α_Γ - neighborhood V of the unstable subspace at h^{−1}_V y. We prove the following estimates on its partial derivatives. These estimates allow us to verify the conditions of Lemma 5 and thus, obtain the desired Hölder continuity.

Lemma 6. Assume that the map Φ ∈ C^r_Γ(M, M), r > 4. Then, there exist constants C and β independent of V such that

(3.11) ‖

∂^2ψ(y, E) ∂y_k∂y_j

‖ ≤ Ce^{−β|k−j|}, k, j ∈ V and (3.12) ‖

∂^2ψ(y, E) ∂y_k∂E

‖ ≤ Ce^{−β|k|}, k ∈ V.

Proof. We rewrite the matrix B^T B in the form B^T B = E^T (DΦ_V )^T DΦ_V E = (DF )(I + A), where (DF ) is a diagonal matrix dependent on F_V and E, but independent of the perturbation.

By the Banach algebra property of the decay function Γ, we know that the offdiagonal entries of the matrix A satisfies the same decay property as those of DΦ_V and E. We now calculate the partial derivatives of log det(DF )(I + A).

log det(DF )(I + A) = log det(DF ) + log det(I + A).

Clearly, when k ≠ j, ∂^2 log det(DF ) ∂x_k∂x_j

= 0.

We expand the function log det(I + A):

log det(I + A_V ) = trace(log(I + A_V )) = − � i∈V w_i(x_V ),

where w_i(x_V ) = ∞� n=1 (−1)^n n a^{(n)}_{ii} (x_V ),

where {a^{(n)}_{ii} (x_V ), i ∈ V } are the entries on the main diagonal of the matrix (A_V )^n.

It suffices now to show that there exist constants C, β_1, β_2 such that (3.13) ‖

∂^2w_i ∂x_k∂x_l

‖ ≤ Ce^{−(β1|i−k|+β2|i−l|)}.

We denote the entries of (A_V )^n by a^{(n)}_{ij} (x_V ). The following lemma is similar to what were proved in earlier papers [7, 9] about the same matrix and the estimation (3.13) follows immediately.

Sublemma 1. The entries of the matrix (A_V )^n satisfy the following properties. (1) |a^{(n)}_{ij} (x_V )| ≤ (cϵ)^nC_1 exp(−β_1|i − j|).

(2) |^{∂a(n)ij}_{∂xk} (x_V )| ≤ (cϵ)^nC_2 exp(−β_2(|i − j| + |j − k| + |i − k|)).

(3) |^{∂2a(n)ij}_{∂xk∂xl} (x_V )| ≤ (cϵ)^nC_3 exp(−β_3(|i − j| + |i − k| + |i − l| + |j − k| + |j − l| + |k − l|)).

We leave out the proof since it involves only straightforward estimations. We are left to calculate the partial derivative of ψ(ȳ, E) = 1 2 log det E^T (DΦ_V )^T DΦ_V E with respect to E. For convenience, we denote the matrix (DΦ_V )^T DΦ_V by B again. We have:

log det(E + tE^′)^T B(E + tE^′) = log det(E^T BE + t(E^{′T} BE + E^T BE^′) + t^2E^{′T} BE^′) = log det E^T BE

+ log det(I + t(E^{′T} BE(E^T BE)^{−1} + (E^T BE)^{−1}E^T BE^′) + t^2E^{′T} BE^′(E^T BE)^{−1}) Thus, the derivative of 2ψ(ȳ, E) along the direction E^′ is equal to trace E^{′T} BE(E^T BE)^{−1} + (E^T BE)^{−1}E^T BE^′.

With E, E^′ fixed,^{∂2ψ(y,E)}_{∂yk∂E} satisfies the estimate (3.12) in the lemma as claimed since ∂B ∂y_k satisfies the same estimate and is independent of the volume V . □ By Lemmas 5 and 6, we conclude that the Jacobian^d_{dt} Jξ_V (x_V , t) � � �_{t=0} and thus,div^uX^u_{V,0}(xV ) is a Hölder continuous function with respect to a compact metric ρ_q with the Hölder constant and exponent independent of the volume V . This completes our proof of the formula for the linear response function. □ References

[1] F, Bonetto, P. Falco, and A. Giuliani, Analyticity of the SRB measure of a lattice of coupled Anosov diffeomorphisms of the torus, J. Math. Phys., 45(8) , 3282–3309, (2004) [2] J. Bricmont and A. Kupiainen 1995 Coupled Analytic Maps Nonlinearity 8 379-396 [3] J. Bricmont and A. Kupiainen 1996 High Temperature Expansions and Dynamical Systems Comm.Math. Phys. 178 703-732 [4] J. Bricmont and A. Kupiainen 1997 Infinite-dimensional SRB measures Phys.

D 103 no. 1-4 18–33 [5] D. Dolgopyat, On differentiability of SRB states for partially hyperbolic systems. Invent. Math. 155 (2004), no. 2, 389–449 [6] M. Jiang 1995 Equilibrium states for lattice models of hyperbolic type Nonlinearity 8 no.5 631-659 [7] M. Jiang and R. de la Llave 2000 Smooth dependence of thermodynamic limits of SRB measures Comm. Math. Physics 211 303-333 [8] M. Jiang 1999 The entropy formula for SRB-measures of lattice dynamical systems. J. Statist. Phys. 95 no. 3-4 791–803 [9] M. Jiang, Sinai-Ruelle-Bowen measures for lattice dynamical systems Journal of Statistical Physics, 111, Nos. 3/4 (2003) 863-902 [10] M. Jiang and Y. B. Pesin 1998 Equilibrium Measures for Coupled Map Lattices:

Existence, Uniqueness, and Finite-Dimensional Approximation Comm. Math. Physics 193 675-711 [11] Ricardo Ma~né 1987 Ergodic Theory and Differential Dynamics Springer-Verlag New York [12] M. Pollicott, Stability of mixing rates for Axiom A attractors. Nonlinearity 16 (2003), no. 2, 567–578 [13] D. Ruelle 1978 Thermodynamic Formalism. Encyclopedia of Mathematics and Its Applications No.5 Addison Wesley New York [14] D. Ruelle, Differentiation of SRB states, Commun. Math. Phys. 187, (1997) 227- [15] 241 D. Ruelle, Smooth dynamics and new theoretical ideas in nonequilibrium statistical mechanics. J. Statist. Phys. 95 (1999), no. 1-2, 393–468 [16] D. Ruelle, Differentiation of SRB states: correction and complements, Commun. Math. Phys. (2003)

[17] D. Ruelle, Application of hyperbolic dynamics to physics: some problems and conjectures. Bull. Amer. Math. Soc. (N.S.) 41 (2004), no. 3, 275–278 (electronic) [18] D. Ruelle, Differentiation of SRB states for hyperbolic flows, preprint, mp arc, 2004 [19] D. Ruelle, Statistical Mechanics, Reprint of Third Edition, World Scientific, River Edge NJ (1999).

Department of Mathematics, Wake Forest University, Winston Salem, NC 27109, USA E-mail address, M. Jiang: jiangm@wfu.edu

Department of Mathematics, University of Texas, Austin, TX 78712-0257, USA E-mail address, R. de la Llave: llave@math.utexas.edu