A CONDITION OF BOSHERNITZAN AND UNIFORM CONVERGENCE IN THE MULTIPLICATIVE ERGODIC THEOREM

DAVID DAMANIK^1, DANIEL LENZ^2

1 Department of Mathematics 253–37, California Institute of Technology, Pasadena, CA 91125, U.S.A., E-Mail: damanik@its.caltech.edu

2 Fakultät für Mathematik, TU Chemnitz, D-09107 Chemnitz, Germany, E-Mail: dlenz@mathematik.tu-chemnitz.de

2000 AMS Subject Classification: 37A30, 47B39 Key Words: Multiplicative ergodic theorem, uniform cocycles, Cantor spectrum

Abstract. This paper is concerned with uniform convergence in the multiplicative ergodic theorem on aperiodic subshifts. If such a subshift satisfies a certain condition, originally introduced by Boshernitzan, every locally constant SL(2,R)-valued cocycle is uniform. As a consequence, the corresponding Schrödinger operators exhibit Cantor spectrum of Lebesgue measure zero.

An investigation of Boshernitzan’s condition then shows that these results cover all earlier results of this type and, moreover, provide various new ones. In particular, Boshernitzan’s condition is shown to hold for almost all circle maps and almost all Arnoux-Rauzy subshifts.

1. Introduction

This paper is concerned with uniform convergence in the multiplicative ergodic theorem.

More precisely, let (Ω, T ) be a topological dynamical system Thus, Ω is a compact metric space and T : Ω −→ Ω is a homeomorphism. Assume furthermore that (Ω, T ) is uniquely ergodic, that is, there exists a unique T -invariant probability measure μ on Ω.

As usual the dynamical system (Ω, T ) is called minimal if every orbit {T^nω : n ∈ Z} is dense in Ω. It is called aperiodic if T^nω ≠ ω for all ω ∈ Ω and n ≠ 0.

Let SL(2,R) be the group of real valued 2×2-matrices with determinant equal to one equipped with the topology induced by the standard metric on 2 × 2 matrices.

To a continuous function A : Ω −→ SL(2,R) we associate the cocycle

A(·, ·) : Z × Ω −→ SL(2,R)

defined by

A(n, ω) ≡ � � � A(T^{n−1}ω) · · · A(ω) : n > 0 Id : n = 0 A^{−1}(T^nω) · · · A^{−1}(T^{−1}ω) : n < 0.

D. D. was supported in part by NSF grant DMS–0227289. 1

By the multiplicative ergodic theorem, there exists a Λ(A) ∈ R with

(1) Λ(A) = lim_{n→∞} 1 n log ‖A(n, ω)‖

for μ-almost every ω ∈ Ω. Now, it is well known that unique ergodicity of (Ω, T ) is equivalent to uniform convergence in the Birkhoff additive ergodic theorem when applied to continuous functions. Therefore, it is natural to investigate uniform convergence in (1). This motivates the following definition.

Definition 1.1. [39, 90]. Let (Ω, T ) be uniquely ergodic. The continuous function A : Ω −→ SL(2,R) is called uniform if the limit Λ(A) = lim_{n→∞}^1_n log ‖A(n, ω)‖ exists for all ω ∈ Ω and the convergence is uniform on Ω.

Remark 1. For minimal topological dynamical systems, uniform existence of the limit in the definition implies uniform convergence. This was proven by Furstenberg and Weiss [40]. In fact, their result is even more general and applies to arbitrary real-valued continuous cocycles.

Various aspects of uniformity of cocycles have been considered in the past: A first topic has been to provide examples of non-uniform cocycles. In fact, in [90] Walters asks the question whether every uniquely ergodic dynamical system with non-atomic measure μ admits a non-uniform cocycle. He presents a class of examples admitting non-uniform cocycles based on results of Veech [86]. He also gives another class of examples, namely suitable irrational rotations, for which nonuniformity was shown by Herman [45]. In general, however, Walters’ question is still open.

A different line of study has been pursued by Furman in [39]. He characterizes uniformity of A on a given uniquely ergodic minimal (Ω, T ) by a suitable hyperbolicity condition. The results of Furman can essentially be extended to uniquely ergodic systems (and, in fact, a strengthening of some sort can be obtained for minimal uniquely ergodic systems), as shown by Lenz in [65]. They also give that the corresponding results of [46] provide examples of non-uniform cocycles as discussed in [65].

Finally, somewhat complementary to Walters’ original question, it is possible to study conditions on subshifts over finite alphabets which imply uniformity of locally constant cocycles. This topic and variants of it have been discussed at various places [23, 47, 62, 63, 64, 65]. It is the main focus of the present article. It is not only of intrinsic interest but also relevant in the study of spectral theory of certain Schrödinger operators, as recently shown by Lenz [63] (see below for details).

To elaborate on this and state our main results, we recall some further notions. (Ω, T ) is called a subshift over A if A is finite with discrete topology and Ω is a closed T -invariant subset of A^Z, where A^Z carries the product topology and T : A^Z −→ A^Z is given by (T s)(n) := s(n + 1). A function F on Ω is called locally constant if there exists an N ∈ N with

(2) F (ω) = F (ρ) whenever (ω(−N), . . . , ω(N)) = (ρ(−N), . . . , ρ(N)).

We will freely use notions from combinatorics on words (see, e.g., [67, 68]). In particular, the elements of A are called letters and the elements of the free monoid

A^∗ over A are called words. The length |w| of a word w is the number of its letters. The number of occurrences of a word w in a word x is denoted by #_w(x).

Each subshift (Ω, T ) over A gives rise to the associated set of words

(3) W(Ω) := {ω(k) · · · ω(k + n − 1) : k ∈ Z, n ∈ N, ω ∈ Ω}.

For w ∈ W, we define

V_w := {ω ∈ Ω : ω(1) · · · ω(|w|) = w}.

Finally, if ν is a T -invariant probability measure on (Ω, T ) and n ∈ N, we set (4) η_ν (n) := min{ν(V_w) : w ∈ W, |w| = n}.

If (Ω, T ) is uniquely ergodic with invariant probability measure μ , we set η(n) := η_μ(n).

Definition 1.2. Let (Ω, T ) be a subshift over A. Then, (Ω, T ) is said to satisfy condition (B) if there exists an ergodic probability measure ν on Ω with lim sup n→∞ n η_ν (n) > 0.

Thus, (Ω, T ) satisfies (B) if and only if there exists an ergodic probability measure ν on Ω, a constant C > 0 and a sequence (l_n) in N with l_n → ∞ for n → ∞ such that |w|ν(V_w ) ≥ C whenever w ∈ W(Ω) with |w| = l_n for some n ∈ N.

This condition was introduced by Boshernitzan in [11] (also see [12] for related material). For minimal interval exchange transformations, it was shown to imply unique ergodicity by Veech in [89]. Finally, in [14], Boshernitzan showed that it implies unique ergodicity for arbitrary minimal subshifts.

Our main result is:

Theorem 1. Let (Ω, T ) be a minimal subshift which satisfies (B). Let A : Ω −→ SL(2,R) be locally constant. Then, A is uniform.

As discussed below, this result covers all earlier results of this form as given in [23, 47, 64, 65]. Moreover, as we will show below, it also applies to various new examples, including many circle maps and Arnoux-Rauzy subshifts. This point is worth emphasizing, as most circle maps and Arnoux-Rauzy subshifts seem to have been rather out of reach of earlier methods.

The proof of the main result is based on two steps. In the first step, we give various equivalent characterizations of condition (B). This is made precise in Theorem 5. This result may be of independent interest. In our context it shows that (B) implies uniform convergence on “many scales.” In the second step, we use the so-called Avalanche Principle introduced by Goldstein and Schlag in [41] and extended by Bourgain and Jitomirskaya in [15] to conclude uniform convergence from uniform convergence on “many scales.”

As a by-product of our proof, we obtain a simple combinatorial argument for unique ergodicity for subshifts satisfying (B). Unlike the proof given in [14], we do not need any apriori estimates on the number of invariant measures.

As mentioned already, our results are particularly relevant in the study of certain Schrödinger operators. This is discussed next:

To each bounded V : Z −→ R, we can associate the Schrödinger operator H_V : ℓ^2(Z) −→ ℓ^2(Z) acting by (H_V u)(n) ≡ u(n + 1) + u(n − 1) + V (n)u(n).

The spectrum of H_V is denoted by σ(H_V ).

Now, let (Ω, T ) be a subshift over A and assume without loss of generality that A ⊂ R. Then, (Ω, T ) gives rise to the family (H_ω)_{ω∈Ω} of selfadjoint operators. These operators arise in the study of aperiodically ordered solids, so-called quasicrystals. They exhibit interesting spectral features such as Cantor spectrum of Lebesgue measure zero, purely singularly continuous spectrum and anomalous transport. They have attracted a lot of attention in recent years (see, e.g., the surveys [21, 85] and discussion below for details). Recently, Lenz has shown that uniformity of certain locally constant cocycles is intimately related to Cantor spectrum of Lebesgue measure zero for these operators [63]. This can be combined with our main result to give the following theorem (see below for details).

Theorem 2. Let (Ω, T ) be a minimal subshift which satisfies (B). If (Ω, T ) is aperiodic, then there exists a Cantor set Σ ⊂ R of Lebesgue measure zero with σ(H_ω) = Σ for every ω ∈ Ω.

This result covers all earlier results on Cantor spectrum of measure zero [1, 7, 8, 16, 24, 25, 63, 66, 73, 83, 84] as discussed below. More importantly, it gives various new ones. In particular, it covers almost all circle maps and Arnoux-Rauzy subshifts.

To give a flavor of these new examples, we mention the following theorem. Define for α, θ, β ∈ (0, 1) arbitrary, the function

V_{α,β,θ} : Z −→ {0, 1}, by V_{α,β,θ}(n) := χ_{[1−β,1)}(nα + θ mod 1), where χ_M denotes the characteristic function of the set M. These functions are called circle maps.

Theorem 3. Let α ∈ (0, 1) be irrational. Then, we have the following: (a) For almost every β ∈ (0, 1), the spectrum σ(H_{Vα,β,θ} ) is a Cantor set of Lebesgue measure zero for every θ ∈ (0, 1).

(b) If α has bounded continued fraction expansion, then σ(H_{Vα,β,θ} ) is a Cantor set of Lebesgue measure zero for every β ∈ (0, 1) and every θ ∈ (0, 1).

Remark 2. This result is particularly relevant as all earlier results on Cantor spectrum for circle maps [1, 8, 24, 83, 84] only cover a set of parameters (α, β) of Lebesgue measure zero in (0, 1) × (0, 1) (cf. Appendix A).

Finally, we mention the following by-product of our investigation. Details (and precise definitions) will be discussed in Section 8.

Theorem 4. Let (Ω, T ) be a minimal subshift which satisfies (B) and (H_ω )_{ω∈Ω} the associated family of operators. Then the Lyapunov exponent γ : R −→ [0, ∞) is continuous.

The paper is organized as follows: In Section 2 we study condition (B) and show its equivalence to various other conditions. As a by-product this shows unique ergodicity of subshifts satisfying (B). Moreover, it is used in Section 3 to give a proof of our main result. Stability of the results under certain operations on the subshift is discussed in Section 4. In Section 5 we discuss examples for which (B) is known to hold. New examples, viz certain circle maps and Arnoux-Rauzy subshifts, are given in Sections 6 and 7. Finally, the application to Schrödinger operators is discussed in Section 8.

2. Boshernitzan’s Condition (B)

In this section, we give various equivalent characterizations of (B). This is made precise in Theorem 5. Then, we provide a new proof of unique ergodicity for systems satisfying (B) in Theorem 6. Theorem 5 in some sense generalizes the main results of [62] and its proof heavily uses and extends ideas from there.

To state our result, we need some preparation. We start by introducing a variant of Boshernitzan’s condition (B). Namely, if (Ω, T ) is a subshift, we define for w ∈ W(Ω) the set U_w by

U_w := {ω ∈ Ω : ∃n ∈ {0, 1, . . . , |w| − 1} such that ω(−n + 1) . . . ω(−n + |w|) = w}.

If ω belongs to U_w, we say that w occurs in ω around one.

Definition 2.1. Let (Ω, T ) be a subshift over A. Then, (Ω, T ) is said to satisfy condition (B’) if there exists an ergodic probability measure ν on Ω, a constant C^′ > 0, and a sequence (l^′_n) in N with l^′_n → ∞ for n → ∞ such that ν(U_w) ≥ C^′ whenever w ∈ W(Ω) with |w| = l^′_n for some n ∈ N.

Next, we discuss a consequence of Kingman’s ergodic theorem. Recall that F : W(Ω) −→ R is called subadditive if it satisfies F (xy) ≤ F (x) + F (y) whenever x, y, xy ∈ W(Ω), where (Ω, T ) is an arbitrary subshift.

Proposition 2.2. Let (Ω, T ) be a uniquely ergodic subshift with invariant probability measure μ. Let F : W(Ω) −→ R be subadditive, then there exists a number Λ(F ) ∈ R ∪ {−∞} with

Λ(F ) = lim_{n→∞} n^{−1}F (ω(1) · · · ω(n))

for μ-almost every ω in Ω.

Proof. For n ∈ N, we define the continuous function f_n : Ω −→ R, by

f_n(ω) := F (ω(1) . . . ω(n)).

As F is subadditive, (f_n) is a subadditive cocycle. Thus Kingman’s subadditive theorem applies. This proves the statement. □

Theorem 5. Let (Ω, T ) be a minimal subshift over A. Then the following conditions are equivalent:

(i) (Ω, T ) satisfies (B). (ii) (Ω, T ) satisfies (B’).

(iii) (Ω, T ) is uniquely ergodic and there exists a sequence (l^′_n) in N with l^′_n → ∞ for n → ∞ such that lim_{n→∞} |w_n|^{−1}F (w_n) = Λ(F ) for every subadditive F and every sequence (w_n) in W(Ω) with |w_n| = l^′_n for every n ∈ N.

The remainder of this section is devoted to a proof of this theorem. The proof will be split into several parts.

Lemma 2.3. Let (Ω, T ) be a minimal subshift. Then, (Ω, T ) satisfies (B) if and only if it satisfies (B’).

Proof. If (Ω, T ) is periodic, validity of (B) and (B’) is immediate. Thus, we can restrict our attention to aperiodic (Ω, T ).

Apparently, ν(U_w) ≤ |w|ν(V_w ) for all w ∈ W(Ω) and all ergodic probability measures ν on Ω. Thus, (B’) implies (B) (with the same ν, l_n, and C).

Conversely, assume that (Ω, T ) satisfies (B). We will show that it satisfies (B’) with l^′_n = [2l_n/3] + 1, n ∈ N, and C^′ = C/9. Here, for arbitrary a ∈ R, we set [a] := sup{n ∈ Z : n ≤ a}.

Consider v ∈ W(Ω) with |v| = l^′_n for some n ∈ N. Choose w ∈ W(Ω) with |w| = l_n such that v is a prefix of w. There are two cases:

Case 1. There exists a primitive x ∈ W(Ω) and a prefix ~x of x such that w = x^k ~x for some k ≥ 6.

As (Ω, T ) is minimal and aperiodic, the word x does not occur with arbitrarily high powers. Thus, we can find y ∈ W(Ω) such that ~w := x^{k−1}y ∈ W(Ω) satisfies | ~w| = l_n but x^k is not a prefix of ~w. Now, as x is primitive, it does not appear non-trivially in x^{k−1}. Therefore, different copies of ~w have distance at least (k − 2)|x|. This gives

ν(U_{~w}) ≥ (k − 2)|x|ν(V_{~w} ) ≥

(k − 2)|x| (k + 2)|x|

| ~w|ν(V_{~w} ) ≥ 1 2 C. Moreover, by construction, v is a subword of ~w (and even of x^{k−1}) with |v| | ~w| ≥ 1 2 . Putting these estimates together, we infer

ν(U_v ) ≥ 1 2 ν(U_{~w}) ≥ 1 2 · 1 2 · C = C 4 . Case 2. There does not exist a primitive x in W and a prefix ~x of x with w = x^k ~x for some k ≥ 6.

In this case, different copies of w have distance at least^1_6 |w|. Therefore, we have

ν(U_w) ≥ 1 6 |w|ν(V_w )

and this gives ν(U_v) ≥ 2 3 ν(U_w) ≥ 2 3 · 1 6 · |w|ν(V_w ) ≥ 1 9 C. In both cases the desired estimates hold and the proof of the lemma is finished. □ We next give our proof of unique ergodicity for systems satisfying (B’). The proof proceeds in two steps. In the first step, we use (B’) to show existence of the frequencies along certain sequences. In the second step, we show existence of the frequencies along all sequences. Let us emphasize that it is exactly this twostep procedure which is underlying the proof of our main result on locally constant matrices. However, in that case the details are more involved.

We need the following proposition.

Proposition 2.4. Let (Ω, T ) be a subshift with ergodic probability measure ν. Let f : Ω −→ R be a bounded measurable function. Then, lim n,m≥0,n+m→∞ 1 n + m n� k=−m

f(T^kω) = ν(f)

for ν-almost every ω ∈ Ω.

Proof. By Birkhoff’s ergodic theorem, we have both

lim_{n→∞} 1 n n−1� k=0 f(T^kω) = ν(f) and lim_{m→∞} 1 m 0� k=−m

f(T^kω) = ν(f)

for ν-almost every ω ∈ Ω. Now, for every sequence (a_k)_{k∈Z} with

lim_{n→∞} 1 n n� k=0 a_k = lim_{m→∞} 1 m 0� k=−m

a_k = a,

one easily infers lim n,m≥0,n+m→∞ 1 n + m n� k=−m

a_k = a.

The statement follows immediately. □

Theorem 6. If the subshift (Ω, T ) satisfies (B’), it is uniquely ergodic and minimal.

Proof. It suffices to show that the frequencies lim_{|x|→∞}^{#w (x)}_{|x|} exist for every w ∈ W. Then, the system is uniquely ergodic by standard reasoning. Moreover, in this case, the system is minimal as well as all frequencies are positive by (B’).

Thus, let an arbitrary w ∈ W(Ω) be given. We proceed in two steps. Step 1. For all ε > 0, there exists an n_0 = n_0(ε) with � �^{#w (x)}_{|x|} − ν(Vw ) � � ≤ ε whenever |x| = l^′_n with n ≥ n_0.

Step 2. For ε > 0, there exists an N_0 = N_0(ε) with � �^{#w (x)}_{|x|} − ν(Vw) � � ≤ ε whenever |x| ≥ N_0.

Here, Step 2 follows easily from Step 1 by partitioning long words x into pieces of length l^′_n with sufficiently large n ∈ N.

Thus, we are left with the task of proving Step 1. To do so, assume the contrary. Then, there exist δ > 0, (x_n) in W and (l^′_{k(n)}) in N with |x_n| = l^′_{k(n)}, k(n) −→ ∞ and (5) � � � #_w(x_n) |x_n|

− ν(V_w ) � � � ≥ δ

for every n ∈ N. Consider

E := ∞� n=1 ∞� k=n U_{xk} .

By (B’), we have ν(E) = lim_{n→∞} ν(∪^∞_{k=n}U_{xk} ) ≥ C^′ > 0.

Thus, by Proposition 2.4, we can find an ω in E with

(6) lim

n,m≥0,n+m→∞

#_w(ω(−m) . . . ω(n)) n + m

= ν(V_w ).

As ω belongs to E, there are infinitely many x_n occurring around one in ω. Now, if we calculate the occurrences of w along this sequence of x_n, we stay away from ν(V_w) by at least δ according to (5). On the other hand, by (6), we come arbitrarily close to ν(V_w ) when calculating the frequency of w along any sequence of words occurring in ω around one. This contradiction proves Step 1 and therefore finishes the proof of the theorem by the discussion above. □

Our next task is to relate (B’) and convergence in subadditive ergodic theorems. We need two auxiliary results.

Proposition 2.5. Let (Ω, T ) be a uniquely ergodic subshift and F : W(Ω) −→ R be subadditive. Then, lim sup_{|x|→∞} |x|^{−1}F (x) ≤ Λ(F ).

Proof. Define f_n as in the proof of Proposition 2.2. Then, the statement is a direct consequence of Corollary 2 in [39]. □

Proposition 2.6. Let (Ω, T ) be a uniquely ergodic subshift with invariant probability measure μ. Let w ∈ W(Ω) be arbitrary and denote by χ_{Uw} the characteristic function of U_w. Then,

lim_{n→∞} 1 n n−1� k=0 χ_{Uw} (T^kω) = μ(U_w)

uniformly in ω ∈ Ω.

Proof. As U_w is both closed and open, the characteristic function χ_{Uw} is continuous. Thus, the statement follows from unique ergodicity. □

Now, our result on subadditive ergodic theorems and (B’) reads as follows.

Lemma 2.7. Let (Ω, T ) be a uniquely ergodic and minimal subshift. Let (w_n) be a sequence in W(Ω) with |w_n| −→ ∞, n → ∞. Then, the following assertions are equivalent:

(i) lim_{n→∞} |w_n|^{−1}F (w_n) = Λ(F ) for every subadditive F : W(Ω) −→ R. (ii) There exists a C^′ > 0 with μ(U_{wn} ) ≥ C^′ for every n ∈ N.

Proof. The proof can be thought of as an adaptation and extension of the proofs of Lemma 3.1 and Lemma 3.2 in [62] to our setting.

(i) =⇒ (ii). Assume the contrary. Then, the sequence (μ(U_{wn} )) is not bounded away from zero. By passing to a subsequence, we may then assume without loss of generality that (7) ∞� n=1 μ(U_{wn} ) < 1 2 . As (Ω, T ) is minimal, we have μ(U_{wn} ) > 0 for every n ∈ N. Moreover, by assumption, we have

(8) |w_n| −→ ∞, n −→ ∞.

For w, x ∈ W(Ω), we say that w occurs in x around j ∈ {1, . . . , |x|} if there exists l ∈ N with l ≤ j < l + |w| − 1 and x(l) . . . x(l + |w| − 1) = w.

Now, define for n ∈ N, the function F_n : W(Ω) −→ R by

F_n(x) := #{j ∈ {1, . . . , |x|} : w_n occurs in x around j}.

Here, #M denotes the cardinality of M. Thus F_n(x) measures the amount of “space” covered in x by copies of w_n. Obviously, −F_n is subadditive for every n ∈ N.

The definition of F_n shows

F_n(ω(1) . . . ω(m)) =

m−|w_n|−1 � k=0 χ_{Uwn} (T^kω)

for arbitrary ω ∈ Ω and m ∈ N. Thus, by Proposition 2.6, we have lim |x|→∞

|x|^{−1}F_n(x) = μ(U_{wn} )

for arbitrary but fixed n ∈ N.

Invoking this equality and (7) and (8), we can choose inductively for every k ∈ N a number n(k) ∈ N with

|w_{n(k+1)}| 2 > |w_{n(k)}| and_k � j=1 F_{n(j)}(x) |x| < 1 2 , whenever |x| ≥ |w_{n(k+1)}|. It is not hard to see that

F (x) := ∞� j=1 F_{n(2j)}(x)

is finite for every x ∈ W(Ω) and −F : W(Ω) −→ R, x → −F (x), is subadditive. Therefore, by our assumption (i) the limit

−Λ(−F ) = lim_{n→∞}

F (w_n) |w_n| exists. On the other hand, for every k ∈ N, we have F (w_{n(2k)}) |w_{n(2k)}| ≥ F_{n(2k)}(w_{n(2k)}) |w_{n(2k)}| = 1 as well as F (w_{n(2k+1)}) |w_{n(2k+1)}| = 1 |w_{n(2k+1)}| k� j=1 F_{n(2j)}(w_{n(2k+1)}) ≤ 1 |w_{n(2k+1)}| 2k� j=1 F_{n(j)}(w_{n(2k+1)}) < 1 2 . This is a contradiction and the proof of this part of the lemma is finished.

(ii) =⇒ (i). Let F : W(Ω) −→ R be subadditive. By Proposition 2.5, we have

(9) lim sup_{|x|→∞}

F (x) |x| ≤ Λ(F ).

Thus, it remains to show Λ(F ) ≤ lim inf_{n→∞}

F (w_n) |w_n| . Assume the contrary. Then, Λ(F ) > −∞ and there exists a subsequence (w_{n(k)}) of (w_n) and δ > 0 with

(10)

F (w_{n(k)}) |w_{n(k)}|

≤ Λ(F ) − δ

for every k ∈ N. For w, x ∈ W(Ω), we define #^∗_w(x) to be the maximal number of disjoint copies of w in x.

It is not hard to see that

|w| · #^∗_w(ω(1) . . . ω(m)) ≥ 1 2 m−|w|−1 � k=0 χ_{Uw} (T^kω)

for all ω ∈ Ω and m ∈ N. By Proposition 2.6, this implies

lim inf

|x|→∞

#^∗_w(x) |x| |w| ≥ 1 2 μ(U_w).

Combining this with our assumption (ii), we infer

(11) lim inf_{|x|→∞}

#^∗_{wn(k)} (x) |x| |w_{n(k)}| ≥

C^′ 2 for every k ∈ N. By (9), we can choose L_0 such that

(12)

F (x) |x| ≤ Λ(F ) +

C^′ 16 δ, whenever |x| ≥ L_0. Fix k ∈ N with |w_{n(k)}| ≥ L_0. Using (11), we can now find an L_1 ∈ R such that every x ∈ W(Ω) with |x| ≥ L_1 can be written as x = x_1w_{n(k)}x_2w_{n(k)} . . . x_lw_{n(k)}x_{l+1} with

(13) l − 2 2 ≥ C^′ 8 |x| |w_{n(k)}| . Now, considering only every other copy of w_{n(k)} in x, we can write x as x = y_1w_{n(k)}y_2 . . . y_rw_{n(k)}y_{r+1}, with |y_j | ≥ |w_{n(k)}| ≥ L_0, j = 1, . . . , r + 1, and by (13) r ≥ l − 2 2 ≥ C^′ 8 |x| |w_{n(k)}| . Using (12), (10) and this estimate, we can now calculate

F (x) |x| ≤ r+1� j=1 F (y_j ) |y_j |

|y_j | |x| + F (w_{n(k)}) |w_{n(k)}| r|w_{n(k)}| |x| ≤ r+1� j=1 (Λ(F ) +

C^′ 16 δ) |y_j | |x| + (Λ(F ) − δ) r|w_{n(k)}| |x| ≤ Λ(F ) +

C^′ 16 δ − C^′ 8 |x| |w_{n(k)}|

|w_{n(k)}| |x| δ ≤ Λ(F ) −

C^′ 16 δ. As this holds for arbitrary x ∈ W(Ω) with |x| ≥ L_1, we arrive at the obvious contradiction Λ(F ) ≤ Λ(F ) −^{C′}_{16} δ. This finishes the proof. □

Proof of Theorem 5. Given the previous results, the proof is simple: The equivalence of (i) and (ii) is shown in Lemma 2.3. The implication (ii) =⇒ (iii) follows from Theorem 6 combined with Lemma 2.7. The implication (iii) =⇒ (ii) is immediate from Lemma 2.7. This finishes the proof of Theorem 5. □

3. Uniformity of Locally Constant Cocycles In this section we provide a proof of our main result, Theorem 1. As mentioned already, the cornerstones of the proof are Theorem 5 and the so-called Avalanche Principle, introduced in [41] and later extended in [15].

We use the Avalanche Principle in the following form given in Lemma 5 of [15]. Lemma 3.1. There exist constants λ_0 > 0 and κ > 0 such that � � � � � log ‖A_N . . . A_1‖ +

N−1� j=2 log ‖A_j ‖ −

N−1� j=1 log ‖A_{j+1}A_j ‖ � � � � � ≤ κ · N exp(λ) , whenever N = 3^P with P ∈ N and A_1, . . . , A_N are elements of SL(2,R) such that • log ‖A_j ‖ ≥ λ ≥ λ_0 for every j = 1, . . . , N;

• | log ‖A_j ‖ + log ‖A_{j+1}‖ − log ‖A_j A_{j+1}‖| <^1_2 λ for every j = 1, . . . , N. Remark 3. Actually, Lemma 5 in [15] is more general in that more general N are allowed.

Before we can give the proof of Theorem 1, we need one more auxiliary result. Proposition 3.2. Let (Ω, T ) be an arbitrary subshift and A : Ω −→ SL(2,R) a locally constant function. Then,

0 = lim_{n→∞} sup � 1 n |log ‖A(n, ω)‖ − log ‖A(n, ρ)‖| : ω(1) . . . ω(n) = ρ(1) . . . ρ(n) � . Proof. As A is locally constant, there exists an N ∈ N such that A(ω) = A(ρ), whenever ω(−N) . . . ω(N) = ρ(−N) . . . ρ(N). Thus, A(n − 2N, T^N ω) = A(n − 2N, T^N ρ), whenever n ≥ 2N and ω(1) . . . ω(n) = ρ(1) . . . ρ(n). Moreover, for arbitrary matrices X, Y, Z in SL(2,R), we have

log ‖Y ‖ − log ‖X‖ − log ‖Z‖ ≤ log ‖XY Z‖ ≤ log ‖X‖ + log ‖Y ‖ + log ‖Z‖, where we used the triangle inequality as well as ‖M‖ = ‖M^{−1}‖ for M ∈ SL(2,R). Finally, we have A(n, σ) = A(N, T^{n−N} σ)A(n − 2N, T^N σ)A(N, σ).

Putting these three equations together, we arrive at the desired conclusion. □ Remark 4. Let us point out that the previous proposition is the only point in our considerations where local constancy of A enters. In particular, our main result holds for all A for which the conclusion of the proposition holds. Proof of Theorem 1. Let (Ω, T ) be a subshift satisfying (B) and let A : Ω −→ SL(2,R) be locally constant. We have to show that A is uniform.

Case 1. Λ(A) = 0: As A takes values in SL(2,R), we have ‖A(n, ω)‖ ≥ 1 and the estimate 0 ≤ lim inf n→∞ 1 n log ‖A(n, ω)‖ holds uniformly in ω ∈ Ω. On the other hand, by Corollary 2 of [39], we have

lim sup n→∞ 1 n log ‖A(n, ω)‖ ≤ Λ(A) uniformly in ω ∈ Ω. This shows the desired uniformity in this case.

Case 2. Λ(A) > 0: Define F : W(Ω) −→ R by F (x) := sup{log ‖A(n, ω)‖ : ω(1) . . . ω(n) = x}.

Apparently, F is subadditive. As discussed above, there exists then Λ(F ) with

Λ(F ) = lim_{n→∞}

F (ω(1) . . . ω(n)) n for μ-almost every ω ∈ Ω. On the other hand, by the multiplicative ergodic theorem, there also exists Λ(A) with

Λ(A) = lim_{n→∞} log ‖A(n, ω)‖ n for μ-almost every ω ∈ Ω. By Proposition 3.2, we infer that Λ(A) = Λ(F ). Summarizing, we have (14) Λ(A) = Λ(F ) > 0. Combining this equation with Theorem 5, we infer

lim_{n→∞}

F (w_n) |w_n|

= Λ(A),

whenever (w_n) is a sequence with |w_n| = l^′_n. Also, combining (14) with Proposition 2.5, we infer lim sup n→∞ 1 n log ‖A(n, ω)‖ ≤ lim sup_{|x|→∞}

F (x) |x| ≤ Λ(A)

uniformly in ω ∈ Ω. It remains to show

Λ(A) ≤ lim inf_{n→∞} 1 n log ‖A(n, ω)‖

uniformly in ω ∈ Ω. To do so, let ε > 0 with ε ≤ 1/12 be given.

The preceding considerations and Proposition 3.2 give existence of n_0 ∈ N such that with l := l^′_{n0} 2 , the following holds:

(I) log ‖A(n, ω)‖ ≤ Λ(A)(1 + ε)n for all ω ∈ Ω whenever n ≥ l. (II) log ‖A(2l, ω)‖ ≥ Λ(A)(1 − ε)2l for all ω ∈ Ω. (III) Λ(A)(1 − 3ε)l ≥ λ_0. (IV)^{2κ}_{l exp(λ0 )} < εΛ(A).

Here, λ_0 and κ are the constants from Lemma 3.1. Using (II), subadditivity and (I), we can calculate Λ(A)(1 − ε)2l ≤ log ‖A(2l, ω)‖ ≤ log ‖A(l, ω)‖ + log ‖A(l, T^lω)‖ ≤ log ‖A(l, ω)‖ + Λ(A)(1 + ε)l.

This implies Λ(A)(1 − 3ε)l ≤ log ‖A(l, ω)‖ and therefore by (III), (15) λ_0 ≤ Λ(A)(1 − 3ε)l ≤ log ‖A(l, ω)‖ for every ω ∈ Ω. Moreover, by subadditivity, (I) and (II), we have � �log ‖A(l, ω)‖ + log ‖A(l, T^lω)‖ − log ‖A(2l, ω)‖ � � = log ‖A(l, ω)‖ + log ‖A(l, T^lω)‖ − log ‖A(2l, ω)‖ ≤ Λ(A)2l(1 + ε) − log ‖A(2l, ω)‖ ≤ Λ(A)2l(1 + ε) − Λ(A)2l(1 − ε) = Λ(A)4lε for arbitrary ω ∈ Ω. Using the assumption ε ≤ 1/12, we infer

(16) � log ‖A(l, ω)‖ + log ‖A(l, T^lω)‖ − log ‖A(l, ω)‖ � ≤ 1 2 Λ(A)(1 − 3ε)l.

Equations (15) and (16) and (III) show that the Avalanche Principle, Lemma 3.1, with λ = Λ(A)(1 − 3ε)l can be applied to the matrices A_1, . . . , A_N , where N = 3^P with P ∈ N arbitrary and A_j = A(l, T^{(j−1)l}ω), j = 1, . . . , N with ω ∈ Ω arbitrary. This gives � � � � � � log ‖A_N . . . A_1‖ +

N−1� j=2 log ‖A_j ‖ −

N−1� j=1 log ‖A_{j+1}A_j ‖ � � � � � � ≤ κN exp(λ) . This yields

log ‖A_N . . . A_1‖ ≥

N−1� j=1 log ‖A_{j+1}A_j ‖ −

N−1� j=2 log ‖A_j ‖ − κ · N exp(λ)

≥ (N − 1)Λ(A)(1 − ε)2l − (N − 2)Λ(A)(1 + ε)l − κ · N exp(λ)

= Λ(A)Nl(1 − 3ε) + Λ(A)4εl − κ · N exp(λ)

≥ Λ(A)Nl(1 − 3ε) − κ · N exp(λ) . Here, we used (I) and (II) in the second step and positivity of Λ(A)4εl in the last step. Dividing by by n := Nl, and invoking (IV), we obtain

(17) Λ(A)(1 − 4ε) ≤ 1 n log ‖A(n, ω)‖

for all ω ∈ Ω and all n = 3^P · l with P ∈ N.

We finish the proof by showing that

(18) Λ(A)(1 − 44ε) ≤ 1 n log ‖A(n, ω)‖

for all n ≥ l and all ω ∈ Ω. As ε was arbitrary, this gives the desired statement.

To show (18), choose ω ∈ Ω and and n ≥ l. Let P ∈ N ∪ {0} be such that 3^P · l ≤ n < 3^{P +1} · l.

Then, by (17) and subadditivity we have

Λ(A)(1 − 4ε) ≤ 1 3^{P +2}l log ‖A(3^{P +2}l, ω)‖ ≤ 1 3^{P +2}l log ‖A(n, ω)‖ + 1 3^{P +2}l log ‖A(3^{P +2}l − n, T^nω)‖ ≤ 1 n log ‖A(n, ω)‖ · n 3^{P +2}l

+ Λ(A)(1 + ε)(1 − n 3^{P +2}l ), where we could use (I) in the last estimate as, by assumption on n, 3^{P +2}l − n ≥ 3^{P +1}2l > l. Now, a direct calculation gives

Λ(A) � 1 + ε − 5ε

3^{P +2}l n � ≤ 1 n log ‖A(n, ω)‖.

As 3^{P +2}l/n ≤ 9 by the very choice of P , the desired equation (18) follows easily. This finishes the proof of our main theorem. □ 4. Stability of Uniform Convergence Under Substitutions In the last section, we studied sufficient conditions on (Ω, T ) to ensure property (P) : Every locally constant A : Ω −→ SL(2,R) is uniform.

In this section, we consider “perturbations” (Ω(S), T ) of (Ω, T ) by substitutions S and study how validity of (P) for (Ω, T ) is related to validity of (P) for (Ω(S), T ).

We start with the necessary notation. Let A and B be finite sets. A map S : A −→ B^∗ is called a substitution. Obviously, S can be extended to A^∗ in the obvious way. Moreover, for a two-sided infinite word (ω(n))_{n∈Z} over A, we can define S(ω) by S(ω) := · · · S(ω(−2))S(ω(−1))|S(ω(0))S(ω(1))S(ω(2)) · · · , where | denotes the position of zero. If (Ω, T ) is a subshift over A and S : A −→ B^∗ is a substitution, we define Ω(S) by Ω(S) := {T^kS(ω) : ω ∈ Ω, k ∈ Z}.

Then, (Ω(S), T ) is a subshift over B. It is not hard to see that (Ω(S), T ) is minimal (uniquely ergodic) if Ω is minimal (uniquely ergodic).

Theorem 7. Let (Ω, T ) be a minimal uniquely ergodic subshift over A that satisfies (P). Let S be a substitution over A. Then, (Ω(S), T ) satisfies (P) as well. Proof. Let B : Ω(S) −→ SL(2,R) be locally constant. Define A : Ω −→ SL(2,R) by A(ω) := B(|S(ω(0))|, S(ω)).

Then, A is locally constant as well and A(n, ω) = B(|S(ω(0) . . . ω(n − 1))|, S(ω)).

In particular, we have (19) log ‖B(|S(ω(0) . . . ω(n))|, S(ω))‖ |S(ω(0) . . . ω(n))| = n + 1 |S(ω(0) . . . ω(n))| · log ‖A(n, ω)‖ n + 1 . By |S(ω(0) . . . ω(n))| = � a∈A |S(a)|#_a(ω(0) . . . ω(n)) and unique ergodicity of (Ω, T ), the quotients n + 1 |S(ω(0) . . . ω(n))| converge uniformly in ω ∈ Ω towards a number ρ. From (19) and validity of (P) for (Ω, T ) we infer that

lim_{n→∞} log ‖B(|S(ω(0) . . . ω(n))|, S(ω))‖ |S(ω(0) . . . ω(n))|

= ρ · Λ(A)

uniformly on Ω. As every σ ∈ Ω(S) has the form σ = T^kS(ω) with |k| ≤ max{|S(a)| : a ∈ A}, uniform convergence of^1_n log ‖B(n, σ)‖ follows. □

In certain cases, a converse of this theorem holds. To be more precise, let (Ω, T ) be a subshift over A and S a substitution on A. Then, S is called recognizable (with respect to (Ω, T )) if there exists a locally constant map ~S : Ω(S) −→ Ω × Z

with ~S(T^kS(ω)) = (ω, k), whenever 0 ≤ k ≤ |S(ω(0))|. Recognizability is known for various classes of substitutions that generate aperiodic subshifts, including all primitive substitutions [72] and all substitutions of constant length that are oneto-one [3] (cf. the discussion in [38]).

Theorem 8. Let (Ω, T ) be a uniquely ergodic minimal subshift over A. Let S be a recognizable substitution over A. If (Ω(S), T ) satisfies (P), then (Ω, T ) satisfies (P) as well.

Proof. Let B : Ω −→ SL(2,R) be locally constant. For σ ∈ Ω(S) define

A(σ) ≡ � B(ω) : σ = S(ω) id : otherwise.

Note that σ = S(ω) if and only if the second component of ~S(σ) is 0. As ~S is locally constant, this shows that A is locally constant as well.

Moreover, by definition of A and recognizability of S, we have

A(|S(ω(0) . . . ω(n − 1))|, S(ω)) = B(n, ω).

Now, the proof can be finished similarly to the proof of the previous theorem. □

There is an instance of the previous theorem that deserves special attention, viz subshifts derived by return words. Return words and the derived subshifts have been discussed by various authors since they were first introduced by Durand in [32]. We recall the necessary details next.

Let (Ω, T ) be a minimal subshift and w ∈ W(Ω) arbitrary. Then, x ∈ W(Ω) is called a return word of w if xw satisfies the following three properties: it belongs to W(Ω), it starts with w and it contains exactly two copies of w. We then introduce a new alphabet A_w consisting of the return words of w. Obviously, there is a natural map S_w : A_w −→ A^∗ which maps the return word x of w (which is a letter of A_w) to the word x over A. Partitioning every word ω ∈ Ω according to occurrences of w, we obtain a unique two-sided infinite word ω_w over A_w with

T^{−k}S_w(ω_w) = ω for k ≤ 0 maximal with ω(k) . . . ω(k + |w| − 1) = w. We define Ω_w := {ω_w : ω ∈ Ω}.

Then, (Ω_w, T ) is a subshift, called the subshift derived from (Ω, T ) with respect to w. It is not hard to see that (Ω_w, T ) is minimal. Moreover, (Ω_w, T ) is uniquely ergodic if (Ω, T ) is uniquely ergodic. Clearly, S_w is recognizable and (Ω, T ) = (Ω_w(S_w), T ) since the whole construction only depends on the (local) information of occurrences of w. Thus, we obtain the following corollary from the previous theorem.

Corollary 1. Let (Ω, T ) be a minimal uniquely ergodic subshift that satisfies (P). Let w ∈ W(Ω) be arbitrary. Then, (Ω_w, T ) satisfies (P) as well.

The aim of this paper is to study (P). Given that (B) is a sufficient condition for (P), it is then natural to ask for stability properties of (B) as well. It turns out that (B) shares the stability features of (P).

Theorem 9. Let (Ω, T ) be a minimal uniquely ergodic subshift over A. Let S be a substitution on A and (Ω(S), T ) the corresponding subshift. (a) If (Ω, T ) satisfies (B), so does (Ω(S), T ).

(b) If (Ω(S), T ) satisfies (B) and S is recognizable, then (Ω, T ) satisfies (B) as well.

Before we can give a proof, we note the following simple observation. Proposition 4.1. Let (Ω, T ) be a minimal uniquely ergodic subshift satisfying (B) with length scales (l_n) and constant C > 0. Then,

|w|μ(V_w ) ≥ C N , whenever w ∈ W(Ω) satisfies l_n/N ≤ |w| ≤ l_n for some n ∈ N and N ∈ N. Proof. Every w ∈ W(Ω) with l_n/N ≤ |w| ≤ l_n is a prefix of a v ∈ W with |v| = l_n. Then, V_v ⊂ V_w holds and (B) implies

|w|μ(V_w ) ≥ |v| N μ(V_w) ≥ |v| N μ(V_v ) ≥ C N . This finishes the proof of the proposition. □ Proof of Theorem 9. Define M := {|S(a)| : a ∈ A} and denote the unique T - invariant probability measure on Ω (resp., Ω(S)) by μ (resp., μ_S ). (a) We assume that (Ω, T ) satisfies (B) with length scales (l_n) and constant C > 0. Let w ∈ W(Ω(S)) with |w| = l_n for some n ∈ N be given. Then, there exists a word v ∈ W(Ω) such that w is a subword of S(v) and satisfies the estimate

(20) |w| M ≤ |v| ≤ |w|.

Choose ω ∈ Ω arbitrary. Obviously, #_w(S(ω(1) . . . ω(k))) ≥ #_v (ω(1) . . . ω(k)).

Thus, counting occurrences of w ∈ S(ω) and occurrences of v in ω, we obtain by unique ergodicity

|w|μ_S (V_w ) = |w| lim_{n→∞}

#_w(S(ω)(1) . . . S(ω)(n)) n ≥ |w| lim_{k→∞}

#_v (ω(1) . . . ω(k)) kM = |w| M μ(V_v ) ≥ 1 M |v|μ(V_v ) ≥ 1 M^2 C, where we used (20) in the second-to-last step and Proposition 4.1 combined with (20) in the last step. This shows (B) for (Ω(S), T ) along the same length scales (l_n) with new constant C/M^2.

(b) We assume that (Ω(S), T ) satisfies (B) with constant C > 0 and length scales (l_n). By recognizability, there exists a map ~S : Ω(S) −→ Ω × Z and an N ∈ N with ~S(T^kS(ω)) = (ω, k), whenever 0 ≤ k ≤ |S(ω(0))|, and ~S(ω) = ~S(ρ), whenever ω(−N) . . . ω(N) = ρ(−N) . . . ρ(N). Let n_0 be chosen such that � l_n 3M � ≥ N,

for all n ≥ n_0.

Choose an arbitrary v ∈ W(Ω) with |v| =

�_{ln} 3M � for some n ≥ n_0.

Let x, y ∈ W(Ω) be given with |x| = |y| = |v| and xvy ∈ W(Ω). By recognizability and our choice of the lengths of x, y and v, occurrences of S(xvy) in S(ω) correspond to occurrences of v in ω for any ω ∈ Ω. Thus, we obtain

#_v (ω(1) . . . ω(n)) ≥ #_{S(xvy)}(S(ω(1) . . . ω(n))) for every n ∈ N and ω ∈ Ω. Therefore, a short calculation invoking unique ergodicity gives

|v|μ(V_v ) = |v| lim_{n→∞}

#_v(ω(1) . . . ω(n)) n ≥ |v| lim_{n→∞}

#_{S(xvy)}(S(ω(1) · · · ω(n))) n ≥ |v| |S(xvy)| lim_{n→∞}

|S(ω(1) · · · ω(n))| n |S(xvy)|

#_{S(xvy)}(S(ω(1) · · · ω(n))) |S(ω(1) · · · ω(n))| ≥ 1 3M |S(xvy)|μ_S (V_{S(xvy)}),

where we used the trivial bound |S(x)|/|x| ≥ 1 in the second-to-last step. By construction, we have l_n 2M ≤ |xvy| ≤ |S(xvy)| ≤ l_n.

Thus, we can apply Proposition 4.1, and the assumption (B) on Ω(S), to our estimate on |v|μ(V_v ) to obtain |v|μ(V_v ) ≥^C_{6M 2} . As v ∈ W with |v| =

�_{ln} 3M � was arbitrary, we infer (B) with the new length scales [l_n/3] for n ≥ n_0 and new constant C/(6M^2). □

5. Examples Known to Satisfy (B)

In this section we discuss the classes of subshifts for which the Boshernitzan condition is either known or a simple consequence of known results. In our discussion of the occurrence of zero-measure Cantor spectrum for Schrödinger operators in Section 8, this will be relevant since all the models for which this spectral property was previously known will be shown to satisfy (B). Hence we present a unified approach to all these results.

5.1. Examples Satisfying (PW): Linearly Recurrent Subshifts and Subshifts Generated by Primitive Substitutions. A subshift (Ω, T ) over A satisfies the condition (PW) (for positive weights) if there exists a constant C > 0 such that lim inf

|x|→∞

#_v (x) |x| |v| ≥ C for every v ∈ W(Ω).

This condition was introduced by Lenz in [62]. There, it was shown that the class of subshifts satisfying (PW) is exactly the class of subshifts for which a uniform subadditive ergodic theorem holds. Moreover, (PW) implies minimality and unique ergodicity.

The following is obvious:

Proposition 5.1. If the subshift (Ω, T ) satisfies (PW), then it satisfies (B).

The condition (PW) holds in many cases of interest. For example, it is easily seen to be satisfied for all linearly recurrent subshifts. Here, a subshift (Ω, T ) is called linearly recurrent (or linearly repetitive) if there exists a constant K such that if v, w ∈ W(Ω) with |w| ≥ K|v|, then v is a subword of w.

We note:

Proposition 5.2. If the subshift (Ω, T ) is linearly recurrent, then it satisfies (PW).

The class of linearly recurrent subshifts was studied, for example, in [33, 34]. A popular way to generate linearly recurrent subshifts is via primitive substitutions. A substitution S : A → A^∗ is called primitive if there exists k ∈ N such that for every a, b ∈ A, S^k(a) contains b. Such a substitution generates a subshift (Ω, T ) as follows. It is easy to see that there are m ∈ N and a ∈ A such that S^m(a) begins with a. If we iterate S^m on the symbol a, we obtain a one-sided infinite limit, u, called a substitution sequence. Ω then consists of all two-sided sequences for which all subwords are also subwords of u. One can verify that this construction is in fact independent of the choice of u, and hence Ω is uniquely determined by S. Prominent examples are given by

a → ab, b → a Fibonacci a → ab, b → ba Thue-Morse a → ab, b → aa Period Doubling a → ab, b → ac, c → db, d → dc Rudin-Shapiro

The following was shown in [34]:

Proposition 5.3. If the subshift (Ω, T ) is generated by a primitive substitution, then it is linearly recurrent.

It may happen that a non-primitive substitution generates a linearly recurrent subshift. An example is given by a → aaba, b → b. In fact, the class of linearly recurrent subshifts generated by substitutions was characterized in [25]. In particular, it turns out that a subshift generated by a substitution is linearly recurrent if and only if it is minimal.

5.2. Sturmian and Quasi-Sturmian Subshifts. Consider a minimal subshift (Ω, T ) over A. Recall that the associated set of words is given by

W(Ω) := {ω(k) · · · ω(k + n − 1) : k ∈ Z, n ∈ N, ω ∈ Ω}.

The (factor) complexity function p : N → N is then defined by

(21) p(n) = #W_n(Ω),

where W_n(Ω) = W(Ω) ∩ A^n and # denotes cardinality.

It is a fundamental result of Hedlund and Morse that periodicity can be characterized in terms of the complexity function [44]:

Theorem 10 (Hedlund-Morse). (Ω, T ) is aperiodic if and only if p(n) ≥ n + 1 for every n ∈ N.

Aperiodic subshifts of minimal complexity, p(n) = n + 1 for every n ∈ N, exist and they are called Sturmian. If the complexity function satisfies p(n) = n + k for n ≥ n_0, k, n_0 ∈ N, the subshift is called quasi-Sturmian. It is known that quasi-Sturmian subshifts are exactly those subshifts that are a morphic image of a Sturmian subshift; compare [18, 19, 74].

There are a large number of equivalent characterizations of Sturmian subshifts; compare [9]. We are mainly interested in their geometric description in terms of an irrational rotation. Let α ∈ (0, 1) be irrational and consider the rotation by α on the circle, R_α : [0, 1) → [0, 1), R_αθ = {θ + α}, where {x} denotes the fractional part of x, {x} = x mod 1. The coding of the rotation R_α according to a partition of the circle into two half-open intervals of length α and 1 − α, respectively, is given by the sequences

v_n(α, θ) = χ_{[0,α)}(R^n_αθ).

We obtain a subshift

Ω_α = {v(α, θ) : θ ∈ [0, 1)}

= {v(α, θ) : θ ∈ [0, 1)} ∪ {ṽ^{(k)}(α) : k ∈ Z} ⊂ {0, 1}^Z

which can be shown to be Sturmian. Here, ṽ^{(k)}n (α) = χ_{(0,α]}(R^{n+k}_α 0). Conversely, every Sturmian subshift is essentially of this form, that is, if Ω is minimal and has complexity function p(n) = n + 1, then up to a one-to-one morphism, Ω = Ω_α for some irrational α ∈ (0, 1).

By uniform distribution, the frequencies of factors of Ω are given by the Lebesgue measure of certain subsets of the torus. Explicitly, if we write I_0 = [0, α) and I_1 = [α, 1), then the word w = w_1 . . . w_n ∈ {0, 1}^n occurs in v(α, θ) at site k + 1 if and only if

{kα + θ} ∈ I(w_1, . . . , w_n) := n� j=1 R^{−j}_α (I_{wj} ).

This shows that the frequency of w is θ-independent and equal to the Lebesgue measure of I(w_1, . . . , w_n). It is not hard to see that I(w_1, . . . , w_n) is an interval whose boundary points are elements of the set

P_n(α) := {{−jα} : 0 ≤ j ≤ n}.

The n + 1 points of P_n(α) partition the torus into n + 1 subintervals and hence the length h_n(α) of the smallest of these intervals bounds the frequency of a factor of length n from below. It is therefore of interest to study lim sup nh_n(α).

To this end we recall the notion of a continued fraction expansion; compare [56, 79]. For every irrational α ∈ (0, 1), there are uniquely determined a_k ∈ N such that

(22) α = [a_1, a_2, a_3, . . .] := 1 a_1 + 1 a_2 + 1 a_3 + · · ·

.

The associated rational approximants^{pk}_{qk} are defined by p_0 = 0, p_1 = 1, p_k = a_kp_{k−1} + p_{k−2}, q_0 = 1, q_1 = a_1, q_k = a_kq_{k−1} + q_{k−2}.

These rational numbers are best approximants to α in the following sense, (23) min_{p,q∈N}

0<q<qk+1

|qα − p| = |q_kα − p_k| ,

and the quality of the approximation can be estimated according to (24) 1 q_k + q_{k+1}

< |q_kα − p_k| < 1 q_{k+1} . By definition, we have h_n(α) = min_{0<|q|≤n}{qα}.

Notice that for 0 < q ≤ n, we have min{{qα}, {−qα}} = ‖qα‖, where we denote ‖x‖ = min_{p∈Z} |x − p|.

In particular, (25) h_n(α) = min_{0<q≤n} ‖qα‖.

As noted by Hartman [43], this shows that h_n(α) can be expressed in terms of the continued fraction approximants. Indeed, if we combine (23) and (25), we obtain: Lemma 5.4 (Hartman). If q_k ≤ n < q_{k+1}, then h_n(α) = |q_kα − p_k|.

This allows us to show the following:

Theorem 11. Every Sturmian subshift obeys the Boshernitzan condition (B). Proof. We only need to show that (26) lim sup_{n→∞} nh_n(α) ≥ C > 0.

We shall verify this on the subsequence n_k = q_{k+1} − 1. Hartman’s lemma together with (24) shows that

n_kh_{nk} (α) = (q_{k+1} − 1)|q_kα − p_k| ≥ q_{k+1} − 1 q_k + q_{k+1} = 1 − q^{−1}_{k+1} 1 + q_kq^{−1}_{k+1} . Thus (26) holds (with C = 1/3, say). □ Corollary 2. Every quasi-Sturmian subshift obeys (B).

Proof. This follows from Theorem 11 along with the stability result, Theorem 9. □

5.3. Interval Exchange Transformations. Subshifts generated by interval exchange transformations (IET’s) are natural generalizations of Sturmian subshifts. They were studied, for example, in [13, 35, 36, 37, 53, 54, 55, 69, 77, 87, 88, 89].

IET’s are defined as follows. Given a probability vector λ = (λ_1, . . . , λ_m) with λ_i > 0 for 1 ≤ i ≤ m, we let μ_0 = 0, μ_i =

�_i j=1 λ_j , and I_i = [μ_{i−1}, μ_i). Let τ be a permutation of A_m = {1, . . . , m}, that is, τ ∈ S_m, the symmetric group. Then λ^τ = (λ_τ −1_{(1)}, . . . , λ_τ −1_{(m)}) is also a probability vector and we can form the corresponding μ^τ_i and I^τ_i . Denote the unit interval [0, 1) by I. The (λ, τ) interval exchange transformation is then defined by

T : I → I, T (x) = x − μ_{i−1} + μ^τ_{(i)−1} for x ∈ I_i, 1 ≤ i ≤ m.

It exchanges the intervals I_i according to the permutation τ.

The transformation T is invertible and its inverse is given by the (λ^τ , τ^{−1}) interval exchange transformation.

The symbolic coding of x ∈ I is ω_n(x) = i if T^n(x) ∈ I_i. This induces a subshift over the alphabet A_m: Ω_{λ,τ} = {ω(x) : x ∈ I}.

Sturmian subshifts correspond to the case of two intervals as a first return map construction shows.

Keane [53] proved that if the orbits of the discontinuities μ_i of T are all infinite and pairwise distinct, then T is minimal. In this case, the coding is one-to-one and the subshift is minimal and aperiodic. This holds in particular if τ is irreducible and λ is irrational. Here, τ is called irreducible if τ({1, . . . , k}) ≠ ({1, . . . , k}) for every k < m and λ is called irrational if the λ_i are rationally independent.

Regarding property (B), Boshernitzan has proved two results. First, in [12] the following is shown:

Theorem 12 (Boshernitzan). For every irreducible τ ∈ S_m and for Lebesgue almost every λ, the subshift Ω_{λ,τ} satisfies (B).

In fact, Boshernitzan shows that for every irreducible τ ∈ S_m and for Lebesgue almost every λ, the subshift Ω_{λ,τ} satisfies a stronger condition where the sequence of n’s for which η(n) is large cannot be too sparse. This condition is easily seen to imply (B), and hence the theorem above.

Note that when combined with Keane’s minimality result, Theorem 12 implies that almost every subshift arising from an interval exchange transformation is uniquely ergodic. The latter statement confirms a conjecture of Keane [53] and had earlier been proven by different methods by Masur [69] and Veech [88]. Keane had in fact conjectured that all minimal interval exchange transformations would give rise to a uniquely ergodic system. This was disproved by Keynes and Newton [55] using five intervals, and then by Keane [54] using four intervals (the smallest possible number). The conjecture was therefore modified in [54] and then ultimately proven by Masur and Veech.

In a different paper, [13], Boshernitzan singles out an explicit class of subshifts arising from interval exchange transformations that satisfy (B). The transformation T is said to be of (rational) rank k if the μ_i span a k-dimensional space over Q (the field of rational numbers).

Theorem 13 (Boshernitzan). If T has rank 2, the subshift Ω_{λ,τ} satisfies (B).

6. Circle Maps

Let α ∈ (0, 1) be irrational and β ∈ (0, 1) arbitrary. The coding of the rotation R_α according to a partition into two half-open intervals of length β and 1 − β, respectively, is given by the sequences

v_n(α, β, θ) = χ_{[0,β)}(R^n_αθ).

We obtain a subshift

(27) Ω_{α,β} = {v(α, β, θ) : θ ∈ [0, 1)} ⊂ {0, 1}^Z.

Subshifts generated this way are usually called circle map subshifts or subshifts generated by the coding of a rotation. These natural generalizations of Sturmian subshifts were studied, for example, in [1, 2, 10, 28, 29, 30, 48, 52, 80].

To the best of our knowledge, the Boshernitzan condition for this class of subshifts has not been studied explicitly. It is, however, intimately related to classical results on inhomogeneous diophantine approximation problems. In this section we make this connection explicit and study the condition (B) for circle map subshifts.

To describe the relation of frequencies of finite words occurring in a subshift to the length of intervals on the circle, let us write, in analogy to the Sturmian case, I_0 = [0, β) and I_1 = [β, 1). The word w = w_1 . . . w_n ∈ {0, 1}^n occurs in v(α, β, θ) at site k + 1 if and only if

R^k_α(θ) ∈ I(w_1, . . . , w_n) := n� j=1 R^{−j}_α (I_{wj} ).

Thus the frequency of w is θ-independent and equal to the Lebesgue measure of I(w_1, . . . , w_n). Moreover, I(w_1, . . . , w_n) is an interval whose boundary points are elements of the set

P_n(α, β) := {{−jα + kβ} : 1 ≤ j ≤ n, 0 ≤ k ≤ 1}.

This shows in particular that Ω_{α,β} is quasi-Sturmian when β ∈ Z + αZ as in this case P_n(α, β) splits the unit interval into n + k subintervals for large n. On the other hand, when β ∉ Z + αZ, P_n(α, β) contains 2n elements and the complexity of Ω_{α,β} is p(n) = 2n for n large enough.

Again, the points of P_n(α, β) partition the torus into 2n (resp., n+k) subintervals and hence the length h_n(α, β) of the smallest of these intervals bounds the frequency of a factor of length n from below. Explicitly, we have

h_n(α, β) = min {‖qα + rβ‖ : 0 ≤ |q| ≤ n, 0 ≤ r ≤ 1, (q, r) ≠ (0, 0)} .

Let us also define h̃_n(α, β) = min {‖qα + β‖ : 0 ≤ |q| ≤ n} .

Then h_n(α, β) ≤ h̃_n(α, β) and therefore

(28) lim sup_{n→∞} nh̃_n(α, β) = 0 ⇒ lim sup_{n→∞} nh_n(α, β) = 0.

Since we saw in Theorem 11 above that the points of P_n(α) are nicely spaced for many values of n, the Boshernitzan condition can only fail for a circle map subshift Ω_{α,β} if the orbit of the α-rotation comes too close to β. In other words, to prove such a negative result for a circle map subshift, it should be sufficient to study h̃_n(α, β), followed by an application of (28).

Motivated by Hardy and Littlewood [42], Morimoto [70, 71] carried out an indepth analysis of the asymptotic behavior of the numbers h̃_n(α, β). Morimoto’s results and related ones were summarized in [57]. While it is possible to deduce consequences regarding the Boshernitzan condition from these papers, we choose to give direct and elementary proofs of our positive results below and make reference to a specific theorem of Morimoto only for a complementary negative result.

Our first result shows that the Boshernitzan condition holds in almost all cases.

Theorem 14. Let α ∈ (0, 1) be irrational. Then the subshift Ω_{α,β} satisfies (B) for Lebesgue almost every β ∈ (0, 1).

Proof. Denote the set of β’s for which the Boshernitzan condition fails by N(α),

N(α) = {β ∈ (0, 1) : Ω_{α,β} does not satisfy (B)}.

By (26) and Theorem 11, there exists a sequence n_k → ∞ such that lim inf k→∞ n_kh_{nk} (α) = C > 0.

Let ε > 0 with ε < C be given and denote the^ε_{2n} -neighborhood of the set {{qα} : 0 < |q| ≤ n} by U(ε, n). Clearly, every β ∈ N(α) belongs to U(ε, n_k) for k ≥ k_0(β). Therefore,

(29) N(α) ⊆ lim inf_{k→∞} U(ε, n_k) = ∞� m=1 � k≥m U(ε, n_k).

The sets S_m = � k≥m U(ε, n_k)

obey S_m ⊆ S_{m+1} and |S_m| ≤ ε for every m; | · | denoting Lebesgue measure. Hence, � � � �lim inf k→∞ U(ε, n_k) � � � � ≤ ε.

It follows that N(α) has zero Lebesgue measure. □

The next result concerns a subclass of α’s for which the Boshernitzan condition holds for all β’s.

Theorem 15. Let α ∈ (0, 1) be irrational with bounded continued fraction coefficients, that is, a_n ≤ C. Then, Ω_{α,β} satisfies (B) for every β ∈ (0, 1).

Proof. By Lemma 5.4 and (24), we have

h_n(α) > 1 q_k + q_{k+1} , where k is chosen such that q_k ≤ n < q_{k+1}. Thus, for every n, we have

(30) nh_n(α) > n q_k + q_{k+1} ≥ q_k (a_{k+1} + 2)q_k ≥ 1 C + 2 . Now assume there exists β ∈ (0, 1) such that Ω_{α,β} does not satisfy (B). Let ε = (7C +14)^{−1}. As lim sup_{n→∞} nε(n) = 0, we have nε(n) < ϵ for every sufficiently large n. Thus, for each such n we can find a word of length n with frequency less than ε/n. Now, each such word corresponds to an interval with length less than ε/n with boundary points in P_n(α, β). Moreover, invoking (30) and the fact that ϵ < 1/(C + 2), we infer that the length of the interval has the form |m_nα − β − k_n| with |m_n| ≤ n. To summarize, we see that for every n large enough there exist k_n, m_n with |m_n| ≤ n such that

|m_nα − β − k_n| ≤ ε n . Clearly, the mapping n → m_n can take on each value only finitely many times. Therefore, there exists a sequence n_j → ∞ such that m_{nj} ≠ m_{nj +1}. This implies � �m_{nj +1} − m_{nj} � α − �k_{nj +1} − k_{nj} � � � ≤ � �m_{nj +1}α − β − k_{nj +1} � � + � �m_{nj} α − β − k_{nj} � � ≤ ε n_j + 1 + ε n_j ≤ 2ε n_j . Since 0 < � �m_{nj +1} − m_{nj} � � ≤ 2(n_j + 1) ≤ 3n_j =: ñ_j , we obtain ñ_j h_{ñj} (α) ≤ 6ε < (C + 2)^{−1}, which contradicts (30). □

This raises the question whether Ω_{α,β} satisfies (B) for every β also in the case where α has unbounded coefficients a_n. It is a consequence of a result of Morimoto [71] that this is not the case.

Theorem 16 (Morimoto). Let α ∈ (0, 1) be irrational with unbounded continued fraction coefficients. Then, there exists β ∈ (0, 1) such that lim sup n→∞ nh̃_n(α, β) = 0.

Corollary 3. Let α ∈ (0, 1) be irrational with unbounded continued fraction coefficients. Then, there exists β ∈ (0, 1) such that Ω_{α,β} does not satisfy (B).

Proof. This is an immediate consequence of Theorem 16 and (28). □

We close this section with a brief discussion of the case where the circle is partitioned into a finite number of half-open intervals. To be specific, let 0 < β_1 < · · · < β_{p−1} < 1 and associate the intervals of the induced partition with p symbols: Let β_p = β_0 = 0 and v_n(θ) = k ⇔ R^n_α(θ) ∈ [β_k, β_{k+1}).

We obtain a subshift over the alphabet {0, 1, . . . , p − 1}, Ω_β = {v(θ) : θ ∈ [0, 1)}.

Again, the word w = w_1 . . . w_n ∈ {0, 1}^n occurs in v(θ) at site k + 1 if and only if

R^k_αθ ∈ I(w_1, . . . , w_n) := n� j=1 R^{−j}_α (I_{wj} )

and the connected components of the sets I(w_1, . . . , w_n) are bounded by the points (31) {−jα + β_k : 1 ≤ j ≤ n, 0 ≤ k ≤ p − 1}.

Recall that lim sup_{n→∞} nh̃_n(α, β) is an important quantity in the case of a partition of the circle into two intervals. In fact, we showed that this quantity being positive is a necessary condition for (B) to hold. When there are three or more intervals, however, we will need to require a much stronger condition as the β_i’s may now “take turns” in being well approximated by the α-orbit. Indeed, we shall now be interested in studying lim inf_{n→∞} nh̃_n(α, γ) (for certain values of γ, associated with the β_i’s). More precisely, define the following quantity: M(α, γ) = lim inf_{|n|→∞} |n| · ‖nα − γ‖. Let P (α) = {γ : M(α, γ) > 0}.

Then, we have the following result:

Theorem 17. Let α ∈ (0, 1) be irrational. Suppose that 0 = β_0 < β_1 < · · · < β_{p−1} < β_p = 1 are such that β_k − β_l ∈ P (α) for 0 ≤ k ≠ l ≤ p − 1.

Then the subshift (Ω_β , T ) satisfies the Boshernitzan condition (B). Remarks. 1. This gives a finite number of conditions whose combination is a sufficient condition for (B) to hold.

2. The set P (α) is non-empty for every irrational α. In fact, for every irrational α there exists a suitable γ such that M(α, γ) > 1/32; compare [79, Theorem IV.9.3]. 3. We discuss in Appendix B how M(α, γ) can be computed with the help of the so-called negative continued fraction expansion of α and the α-expansion of γ. Proof. By (31), all frequencies of words of length n are bounded from below by ĥ_n(α, β) = min {‖qα + β_k − β_l‖ : 0 ≤ |q| ≤ n, 0 ≤ k, l ≤ p − 1, (q, k − l) ≠ (0, 0)} . As in our considerations above, we choose a sequence n_k → ∞ such that lim inf k→∞ n_kh_{nk} (α) = C > 0.

By assumption, we have D = min{M(α, β_k − β_l) : 0 ≤ k ≠ l ≤ p − 1} > 0.

Notice that with these choices of C and D, frequencies of words of length n_k are bounded from below by ĥ_{nk} (α, β) ≥ min � C − o(1) n_k , D − o(1) n_k � . Putting everything together, we obtain lim sup n→∞ n · η(n) ≥ lim inf_{k→∞} n_k · η(n_k) ≥ min{C, D} > 0,

and hence (B) is satisfied. □

7. Arnoux-Rauzy Subshifts and Episturmian Subshifts In this section we consider another natural generalization of Sturmian subshifts, namely, Arnoux-Rauzy subshifts and, more generally, episturmian subshifts. These subshifts were studied, for example, in [4, 27, 31, 50, 51, 78, 91]. They share with Sturmian subshifts the fact that, for each n, there is a unique subword of length n that has multiple extensions to the right. Our main results will show that, similarly to the circle map case, the Boshernitzan condition is almost always satisfied, but not always.

Let us consider a minimal subshift (Ω, T ) over the alphabet A_m = {1, 2, . . . , m}, where m ≥ 2. Recall that the set of subwords of length n occurring in elements of Ω is denoted by W_n(Ω) (cf. (3)) and that the complexity function p is defined by p(n) = ♯W_n(Ω) (cf. (21)). A word w ∈ W(Ω) is called right-special (resp., left-special) if there are distinct symbols a, b ∈ A_m such that wa, wb ∈ W(Ω) (resp., aw, bw ∈ W(Ω)). A word that is both right-special and left-special is called bispecial.

For later use, let us recall the Rauzy graphs that are associated with W(Ω). For each n, we consider the directed graph R_n = (V_n, A_n), where the vertex set is given by V_n = W_n(Ω), and A_n contains the arc from aw to wb, a, b ∈ A_m, |w| = n − 1, if and only if awb ∈ W_{n+1}(Ω). That is, |V_n| = p(n) and |A_n| = p(n + 1). Moreover, a word is right-special (resp., left-special) if and only if its out-degree (resp., indegree) is ≥ 2.

Note that the complexity function of a Sturmian subshift obeys p(n+1)−p(n) = 1 for every n and hence for every length, there is a unique right-special factor and a unique left-special factor, each having exactly two extensions. This property is clearly characteristic for a Sturmian subshift.

Arnoux-Rauzy subshifts and episturmian subshifts relax this restriction on the possible extensions somewhat, and they are defined as follows: Ω is called an Arnoux-Rauzy subshift if for every n, there is a unique right-special word r_n ∈ W(Ω) and a unique left-special word l_n ∈ W(Ω), both having exactly m extensions. This implies in particular that p(1) = m and hence

p(n) = (m − 1)n + 1.

Arnoux-Rauzy subshifts over A_2 are exactly the Sturmian subshifts.

On the other hand, Ω is called episturmian if W(Ω) is closed under reversal (i.e., for every w = w_1 . . . w_n ∈ W(Ω), we have w^R = w_n . . . w_1 ∈ W(Ω)) and for every n, there is exactly one right-special word r_n ∈ W(Ω).

It is easy to see that every Arnoux-Rauzy subshift is episturmian. On the other hand, every episturmian subshift turns out to be a morphic image of some Arnoux- Rauzy subshift. We shall explain this connection below. Since we are interested in studying the Boshernitzan condition, this fact is important and allows us to limit our attention to the Arnoux-Rauzy case.

Risley and Zamboni [78] found two useful descriptions of a given Arnoux-Rauzy subshift, namely, in terms of the recursive structure of the bispecial words and in terms of an S-adic system.

Let ϵ be the empty word and let {ϵ = w_1, w_2, . . .} be the set of all bispecial words in W(Ω), ordered so that 0 = |w_1| < |w_2| < · · · . Let I = {i_n} be the sequence of elements i_n of A_m so that w_ni_n is left-special. The sequence I is called the index sequence associated with Ω. Risley and Zamboni prove that, for every n, w_{n+1} is the palindromic closure (w_ni_n)^+ of w_ni_n, that is, the shortest palindrome that has w_ni_n as a prefix. Conversely, given any sequence I, one can associate a subshift Ω as follows: Start with w_1 = ϵ and define w_n inductively by w_{n+1} = (w_ni_n)^+. The sequence of words {w_n} has a unique one-sided infinite limit w_∞ ∈ A^N_m, called the characteristic sequence, which then gives rise to the subshift (Ω(I), T ) in the standard way; Ω(I) consists of all two-sided infinite sequences whose subwords occur in w. Risley and Zamboni prove the following characterization.

Proposition 7.1 (Risley-Zamboni). For every Arnoux-Rauzy subshift (Ω, T ) over A_m, every a ∈ A_m occurs in the index sequence {i_n} infinitely many times and Ω = Ω(I). Conversely, for every sequence {i_n} ∈ A^N_m such that every a ∈ A_m occurs in {i_n} infinitely many times, (Ω(I), T ) is an Arnoux-Rauzy subshift and {i_n} is its index sequence.

The S-adic description of an Arnoux-Rauzy subshift, that is, involving iterated morphisms chosen from a finite set, found in [78] reads as follows.

Proposition 7.2 (Risley-Zamboni). Let (Ω, T ) be an Arnoux-Rauzy subshift over A_m and {i_n} the associated index sequence. For each a ∈ A_m, define the morphism τ_a by τ_a(a) = a and τ_a(b) = ab for b ∈ A_m \ {a}.

Then for every a ∈ A_m, the characteristic sequence is given by lim m→∞ τ_{i1} ∘ · · · ∘ τ_{im} (a).

We can now state our positive result regarding the Boshernitzan condition for Arnoux-Rauzy subshifts.

Theorem 18. Let (Ω, T ) be an Arnoux-Rauzy subshift over A_m and {i_n} the associated index sequence. Suppose there is N ∈ N such that for a sequence k_j → ∞, each of the words i_{kj} . . . i_{kj +N−1} contains all symbols from A_m. Then the Boshernitzan condition (B) holds.

This result is similar to Theorem 14 in the sense that if we put any probability measure ν on A_m assigning positive weight to each symbol, then almost all sequences {i_n} with respect to the product measure ν^N correspond to Arnoux-Rauzy subshifts that satisfy the assumption of Theorem 18.

Before proving this theorem, we state our negative result, which is an analog of Corollary 3.

Theorem 19. For every m ≥ 3, there exists an Arnoux-Rauzy subshift over A_m that does not satisfy the Boshernitzan condition (B).

Remark 5. The assumption m ≥ 3 is of course necessary since the case m = 1 is trivial and the case m = 2 corresponds to the Sturmian case, where the Boshernitzan condition always holds; compare Theorem 11.

The Arnoux-Rauzy subshifts are uniquely ergodic and we set

d(w) ≡ μ(V_w), w ∈ W(Ω),

where, as usual, the unique invariant probability measure is denoted by μ.

Proof of Theorem 18. This proof employs the description of the subshift in terms of the bispecial words; compare Proposition 7.1.

Observe that there is some k_0 such that |w_k | ≤ 2|w_{k−1}| for every k ≥ k_0. Essentially, we need that i_1, . . . , i_{k0 −1} contains all symbols from A_m.

Now consider a value of k ≥ k_0 such that i_k . . . i_{k+N−1} contains all symbols from A_m. We claim that

(32) |w_k | · η(|w_k|) ≥ 2^{−N} .

By the assumption, this implies

lim sup n→∞ n · η(n) ≥ 2^{−N}

and hence the Boshernitzan condition (B).

The Rauzy graph R_{|wk |} has one vertex (namely, w_k) with in-degree and outdegree m, while all other vertices have in-degree and out-degree 1. Thus, the graph splits up into m loops that all contain w_k and are pairwise disjoint otherwise. These loops can be indexed in an obvious way by the elements of the alphabet A_m.

Since w_{k+1} = (w_k i_k)^+, w_{k+1} begins and ends with w_k and, moreover, w_{k+1} contains all words that correspond to the loop in R_{|wk |} indexed by i_k. Iterating this argument, we see that w_{k+N} contains the words from all loops and hence all words from W_{|wk |}(Ω). This implies min w∈W_{|wk|} (Ω)

d(w) ≥ d(w_{k+N} ) ≥ 1 |w_{k+N} | ≥ 1 2^N |w_k|

and hence (32), finishing the proof. □

Proof of Theorem 19. This proof employs the description of the subshift in terms of an S-adic structure; compare Proposition 7.2.

We shall construct an index sequence {i_n} over three symbols (i.e., over the alphabet A_3) such that the corresponding Arnoux-Rauzy subshift does not satisfy the Boshernitzan condition (B). It is easy to verify that the same idea can be used to construct such a subshift over A_m for any m ≥ 3.

The index sequence will have the form

(33) i_1i_2i_3 . . . = 1^{a1} 2^{a2} 3^{a3} 1^{a4} 2^{a5} 3^{a6} 1^{a7} . . .

with a rapidly increasing sequence of integers, {a_n}.

By the special form of the Rauzy graph, the words w_ka label all the frequencies of words in W_{|wk |+1}(Ω) since words corresponding to arcs on a given loop in R_{|wk |} must have the same frequency. Put differently,

(34) η(|w_k | + 1) = min_{a∈A3} d_{w∞} (w_ka).

Here, we make the dependence of the frequency on w_∞ explicit.

Moreover, it is sufficient to control η(n) for these special values of n since every subword u that is not bispecial has a unique extension to either the left or the right, and this extension must have the same frequency. This shows

(35) η(|w_k | + 1) ≥ η(n) for |w_k| + 1 ≤ n ≤ |w_{k+1}|.

Now write μ_{k,m} = τ_{ik} ∘ · · · ∘ τ_{ik+m−1} . Proposition 7.2 says that the characteristic sequence is given by the limit

w = lim_{m→∞} μ_{1,m}(a) for every a ∈ A_3.

We also define w^{(k)} = lim_{m→∞} μ_{k,m}(a) = (μ_{1,k−1})^{−1}(w).

By [50], w^{(k)} is the derived sequence labeling the return words of w_k in w_∞. In particular, w^{(k)} labels the occurrences of w_ka, a ∈ A_3, in w. Moreover,

(36) d_{w∞} (w_ka) = d_w(k) (a) � b∈A_3 dw^{(k)} (b)|μ1,k−1(b)| ≤ d_w(k) (a) min_{b∈A3} |μ_{1,k−1}(b)| . Combining (34) and (36), we obtain

(37) (|w_k | + 1) · η(|w_k | + 1) ≤

|w_k| + 1 min_{b∈A3} |μ_{1,k−1}(b)|

· min_{a∈A3} d_w(k) (a).

Notice that (|w_k | + 1)(min_{b∈A3} |μ_{1,k−1}(b)|)^{−1} only depends on i_1, . . . , i_{k−1} and min_{a∈A3} d_w(k) (a) only depends on i_k, i_{k+1}, . . .. Thus, if we choose a rapidly increasing sequence {a_n} in (33), we can arrange for

(38) lim_{k→∞}(|w_k| + 1) · η(|w_k | + 1) = 0.

This together with (35) implies

lim_{n→∞} n · η(n) = 0,

proving the theorem.

Let us briefly comment on (38). Choose a monotonically decreasing sequence e_k → 0. Assign any value ≥ 1 to a_1. Then, a_2 should be chosen large enough so that for 1 ≤ k ≤ a_1, (37) yields

(39) (|w_k | + 1) · η(|w_k | + 1) ≤ e_k.

Here we use that between consecutive 3’s in w^{(k)}, there must be at least a_2 2’s. Next, we choose a_3 so large that (39) holds for a_1 + 1 ≤ k ≤ a_2. Here we use that between consecutive 1’s in w^{(k)}, there must be at least a_3 3’s. We can continue in this fashion, thereby generating a sequence {a_n} such that (39) holds for all k. This shows in particular that (|w_k | + 1) · η(|w_k | + 1) can go to zero arbitrarily fast. □

One may wonder what sequences are generated by the procedures described before Propositions 7.1 and 7.2 if one starts with an index sequence that does not necessarily satisfy the assumption above, namely, that all symbols occur infinitely often. It was shown by Droubay, Justin and Pirillo [31, 50] that one obtains episturmian subshifts and, conversely, every episturmian subshift can be generated in this way.

Proposition 7.3 (Droubay, Justin, Pirillo). For every episturmian subshift (Ω, T ) over A_m, there exists an index sequence {i_n} such that Ω = Ω(I). Conversely, for every sequence {i_n} ∈ A^N_m, (Ω(I), T ) is an episturmian subshift and {i_n} is its index sequence. For every a ∈ A_m, the characteristic sequence is given by lim m→∞ τ_{i1} ∘ · · · ∘ τ_{im} (a).

We can now quickly deduce results concerning (B) (and hence (P)) for episturmian subshifts. If (Ω, T ) is an episturmian subshift over A_m, denote by A ⊆ A_m the set of all symbols that occur in its index sequence infinitely many times. Fix k such that i_k, i_{k+1}, . . . only contains symbols from A. Thus this tail sequence corresponds to an Arnoux-Rauzy subshift over |A| symbols and the given episturmian subshift is a morphic image (under μ_{1,k−1}) of it. (Note that |A| ≥ 2 since (Ω, T ) is aperiodic.) If the associated Arnoux-Rauzy subshift satisfies (B) (if, e.g., Theorem 18 applies), then (Ω, T ) satisfies (B) by Theorem 9. On the other hand, since every Arnoux-Rauzy subshift is episturmian, Theorem 19 shows that not all episturmian subshifts satisfy (B). In this context, it is interesting to note that Justin and Pirillo showed that all episturmian subshifts are uniquely ergodic [50].

8. Application to Schrödinger Operators

In this section we discuss applications of our previous study to spectral theory of Schrödinger operators. This is based on methods introduced in [63] by Lenz.

Let (Ω, T ) be a minimal uniquely ergodic subshift over the finite set A and assume A ⊂ R. As discussed in the introduction, (Ω, T ) gives rise to the family (H_ω)_{ω∈Ω} of selfadjoint operators H_ω : ℓ^2(Z) −→ ℓ^2(Z) acting by

(H_V u)(n) ≡ u(n + 1) + u(n − 1) + ω(n)u(n).

As (Ω, T ) is minimal, there exists a set Σ ≡ Σ((Ω, T )) ⊂ R with

σ(H_ω) = Σ for all ω ∈ Ω

(see, e.g., [8]). We will assume furthermore that (Ω, T ) is aperiodic. Such subshifts have attracted a lot of attention in recent years for both physical and mathematical reasons:

These subshifts can serve as models for a special class of solids discovered in 1984 by Shechtman et al. [81]. These solids, later called quasicrystals, have very special mechanical, electrical, and diffraction properties [49, 82]. In the quantum mechanical description of electrical (i.e., conductance) properties of these solids, one is led to the operators (H_ω) above. These operators in turn have a tendency to display intriguing mathematical features. These features include:

(Z) Cantor spectrum of Lebesgue measure zero, that is, Σ is a Cantor set of Lebesgue measure zero.

(SC) Purely singular continuous spectrum, that is, absence of both point spectrum and absolutely continuous spectrum.

(AT ) Anomalous transport.

By now, absence of absolutely continuous spectrum is completely established for all relevant subshifts due to results of Last and Simon [61] in combination with earlier results of Kotani [59]. The other spectral features have been investigated for large, but special, classes of examples. Here, our focus is on (Z). As for the other properties, we refer the reader to the survey articles [21, 83].

The property (Z) has been investigated for several models: For the perioddoubling substitution and the Thue-Morse substitution, it was shown to hold by Bellissard et al. in [7] (cf. earlier work of Bellissard [6] as well). A more general result for primitive substitutions has then been obtained by Bovier and Ghez [16]. Recently, proofs of (Z) for all primitive substitutions were obtained by Liu et al. [66] and, independently, by Lenz [63]. For special examples of on-primitive substitutions, (Z) has recently been investigated by de Oliveira and Lima [73]. Their results were extended by Damanik and Lenz [25].

For Sturmian operators, (Z) has been proven by Sütő in the golden mean case (= Fibonacci substitution) [83, 84]. The general case was then treated by Bellissard et al. [8]. A different approach to (Z) in the Sturmian case has been developed in [26] by Damanik and Lenz. A suitably modified version of this approach can also be used to study (Z) for a certain class of substitutions as shown by Damanik [22].

For quasi-Sturmian operators, (Z) was shown in [24]. Later a different proof was given in [64].

All approaches to (Z) are based on a fundamental result of Kotani [59]. To discuss this result, we need some preparation.

Spectral properties of the operators (H_ω) are intimately linked to behavior of solutions of the difference equation

(40) u(n + 1) + u(n − 1) + (ω(n) − E)u(n) = 0 for E ∈ R. To study this behavior, we define, for E ∈ R, the locally constant function M^E : Ω −→ SL(2,R) by

(41) M^E (ω) ≡ � E − ω(1) −1 1 0 � . Then, it is easy to see that a sequence u is a solution of the difference equation (40) if and only if

(42) � u(n + 1) u(n) � = M^E(n, ω) � u(1) u(0) � , n ∈ Z.

The rate of exponential growth of solutions of (40) is then measured by the so-called Lyapunov exponent γ(E) ≡ Λ(M^E ). The fundamental result of Kotani, mentioned above, says that (due to aperiodicity)

(43) |{E ∈ R : γ(E) = 0}| = 0,

where | · | denotes Lebesgue measure on R. By general principles, it is clear that {E ∈ R : γ(E) = 0} ⊂ Σ [17]. The overall strategy to prove (Z) is then to show

(44) Σ = {E ∈ R : γ(E) = 0}.

Given (44), Σ can not contain an interval by (43). Moreover, Σ is a closed set, as the spectrum of an operator always is. Finally, Σ does not contain isolated points, again by general principles on random operators [17]. Hence, Σ is a Cantor set of measure zero if (44) holds.

The standard approach to (44) used to rely on trace maps. Trace maps are a powerful tool in the study of spectral properties. In particular, they can be used not only to study (Z), but also to investigate (SC) and (AT ). However, trace maps do not seem to be available as soon as the dynamical systems get more complicated. This difficulty is avoided in a new approach to (Z) introduced in [63]. There, validity of (44) is related to certain ergodic properties of the underlying dynamical system. More precisely, the abstract cornerstone of this new approach is the following result.

Theorem 20. [63] Let (Ω, T ) be a minimal uniquely ergodic subshift over A ⊂ R. Then, Σ = {E ∈ R : γ(E) = 0} if and only if M^E is uniform for every E ∈ R. In this case, the map γ : R −→ [0, ∞) is continuous.

Given this theorem, it becomes possible to show (44) by studying uniformity of the functions M^E. In fact, as shown in [63], uniformity of M^E holds for all systems satisfying (PW) and, in particular, for all linearly repetitive systems (see [62] as well). In [63], this was used to prove (Z) for all primitive substitutions. Later (Z) has been established for various further systems by showing linear repetitivity [1, 25, 73].

Proof of Theorem 2. Given Theorem 20 and Kotanis result (43), the assertion follows easily from our main result: By (B) and Theorem 1, the function M^E is uniform for every E ∈ R. By Theorem 20, this implies Σ = {E : γ(E) = 0}. By (43), this gives that Σ is a Cantor set of Lebesgue measure zero, as discussed above. □

Proof of Theorem 3. The result follows from Theorem 2 and the results regarding the validity of (B) for circle map subshifts of Section 6. □

Proof of Theorem 4. The assertion is immediate from Theorem 20 and our main result, Theorem 1. □

As becomes clear from the discussion in Section 5, Theorem 2 generalizes all earlier results on (Z). Moreover, it gives various new ones. One of these new results on (Z) is Theorem 3. Similarly, combining Theorem 2 and the results of Subsection 5.3, we obtain another new result on (Z) for subshifts associated with interval exchange transformations. To the best of our knowledge this is the first result on (Z) for operators associated to interval exchange transformations (not counting those which are Sturmian or linearly repetitive).

Theorem 21. Let τ ∈ S_m be irreducible. Then, for Lebesgue almost every λ, Σ = Σ(Ω_{λ,τ} ) is a Cantor set of Lebesgue measure zero.

Proof. As discussed in Subsection 5.3, if τ ∈ S_m is irreducible, Ω_{λ,τ} is minimal, aperiodic, and satisfies (B) for almost every λ. This, combined with Theorem 2, yields the assertion. □

Finally, we also mention the following result for Arnoux-Rauzy subshifts, which follows from Theorem 2 and the discussion in Section 7

Theorem 22. Let (Ω, T ) be an aperiodic Arnoux-Rauzy subshift over A_m and {i_n} the associated index sequence. Suppose there is N ∈ N such that for a sequence k_j → ∞, each of the words i_{kj} . . . i_{kj +N−1} contains all symbols from A_m. Then, Σ is a Cantor set of measure zero.

Acknowledgments. We thank Barry Simon for stimulating discussions. A substantial part of this work was done while one of the authors (D.L.) was visiting Caltech in September 2003. He would like to thank Barry Simon and the Department of Mathematics for the warm hospitality.

Appendix A. Almost Every Circle Map Subshift Has Infinite Index

In this section, we show that the previous results on zero-measure Cantor spectrum for Schrödinger operators associated with circle map subshifts only cover a zero-measure set in parameter space. This should be seen in connection with Theorem 3, where this spectral result is established for almost all parameter values.

Recall that for every (α, β) ∈ (0, 1) × (0, 1), we may define a subshift Ω_{α,β} as in (27).

Proofs of zero-measure spectrum for the associated operators based on trace map dynamics were given in [8, 24, 83, 84]. They cover the case of arbitrary irrational α ∈ (0, 1) and β’s in (0, 1) of the form β = mα + n. This is clearly a zero-measure set in (0, 1) × (0, 1).

The paper [1] applies the results of [63] and shows zero-measure spectrum for a class of circle map subshifts that is characterized by means of a generalized continued fraction algorithm. Essentially, [1] characterizes the pairs (α, β) for which the associated subshifts are linearly recurrent. We want to show that these, too, form a set of measure zero.

To this end, we note that every aperiodic linearly recurrent subshift Ω has finite index in the sense that there is N < ∞ such that its set of finite subwords, W(Ω), contains no word of the form w^N . (This is immediate from the definition.)

We say that a subshift Ω has infinite index if for every n ≥ 1, there is a word w such that w^n ∈ W(Ω) and prove the following:

Proposition A.1. For almost every (α, β) ∈ (0, 1) × (0, 1), the subshift Ω_{α,β} has infinite index.

Remarks. (a) This implies that for almost every (α, β) ∈ (0, 1) × (0, 1), Ω_{α,β} is not linearly recurrent.

(b) Our proof is an extension of arguments from [28, 52].

Proof. It suffices to show that for each fixed β ∈ (0, 1), Ω_{α,β} has infinite index for almost every α ∈ (0, 1).

For a sequence l_k → ∞ with

(45) ∞� k=1 l^{−1}_k = ∞

(e.g., l_k = k), we define the sets G_{α,β} (k) ⊆ [0, 1) by G_{α,β} (k) = {θ ∈ [0, 1) : V_θ(mq_k + j) = V_θ(j), −2l_k + 1 ≤ m ≤ 2l_k − 1, 1 ≤ j ≤ q_k}, where V_θ(n) = χ_{[0,β)}(R^n_αθ).

It is clearly sufficient to show that for each β ∈ (0, 1) fixed (and | · | denoting Lebesgue measure), � � � �lim sup k→∞ G_{α,β} (k) � � � � > 0 for almost every α.

Since | lim sup G_{α,β} (k)| ≥ lim sup |G_{α,β} (k)|, this will follow from (46) lim sup_{k→∞} |G_{α,β} (k)| > 0 for almost every α.

Define

G^{(1)}_{α,β} (k) = � θ : min

(−2l_k +2)q_k +1≤m≤(2l_k −1)q_k

‖mα + θ‖ > |q_kα − p_k| � , G^{(2)}_{α,β} (k) = � θ : min

(−2l_k +2)q_k +1≤m≤(2l_k −1)q_k

‖mα + θ − β‖ > |q_kα − p_k| � . It follows from (23) that ‖((m ± q_k)α + θ) − (mα + θ)‖ = |q_kα − p_k|.

This in turn implies (47) G_{α,β}(k) ⊆ G^{(1)}_{α,β}(k) ∩ G^{(2)}_{α,β} (k) On the other hand, we have

G^{(1)}_{α,β} (k)^c =

(2l_k −1)q_k � m=(−2l_k +2)q_k +1

{θ : ‖mα + θ‖ ≤ |q_kα − p_k|},

G^{(2)}_{α,β} (k)^c =

(2l_k −1)q_k � m=(−2l_k +2)q_k +1

{θ : ‖mα + θ − β‖ ≤ |q_kα − p_k|}, which, by (24), gives for i = 1, 2,

(48) |G^{(i)}_{α,β} (k)^c| ≤ 2q_k(4l_k − 3)|q_kα − p_k| ≤ (8l_k − 6) q_k q_{k+1} ≤ 8l_k a_{k+1} . Combining (47) and (48), we get

lim sup k→∞ |G_{α,β} (k)| ≥ 1 − lim inf_{k→∞}

16l_k a_{k+1} . By our assumption (45), we have that lim inf_{k→∞}^{16lk}_{ak+1} is less than 1/2, say, for almost every α [56, Theorem 30]. This shows (46) and hence concludes the proof. □

Appendix B. Some Remarks on Inhomogeneous Diophantine Approximation Let α ∈ (0, 1) be irrational and let γ ∈ [0, 1). The two-sided inhomogeneous approximation constant M(α, γ) is given by M(α, γ) = lim inf_{|n|→∞} |n| · ‖nα − γ‖,

where ‖ · ‖ denotes the distance from the closest integer. The number M(α, γ) turned out to be important in our study of the Boshernitzan condition for circle map subshifts corresponding to partitions of the unit circle into at least three intervals; compare Section 6. In this appendix we sketch a way to compute M(α, γ) which was proposed by Pinner. For background information, we refer the reader to the excellent texts by Khinchin [56] and Rockett and Szüsz [79]. We shall present results from [75]. Related work can be found in Cusick et al. [20] and Komatsu [58].

The negative continued fraction expansion of α is given by α = 1 a_1 − 1 a_2 − 1 a_3 − · · ·

=: [0; a_1, a_2, a_3, . . .]^−,

where the integers a_i ≥ 2 are generated as follows:

α_0 := {α}, a_{n+1} := � 1 α_n � , α_{n+1} := � 1 α_n � − 1 α_n . The corresponding convergents p_n/q_n = [0; a_1, a_2, . . . , a_n]^− are given by p_{−1} = −1, p_0 = 0, p_{n+1} = a_{n+1}p_n − p_{n−1}, q_{−1} = 0, q_0 = 1, q_{n+1} = a_{n+1}q_n − q_{n−1}.

There is a simple way to switch back and forth between regular and negative continued fraction expansion; see [75].

Write α_i := [0; a_i, a_{i−1}, . . . , a_1]^−, α_i := [0; a_{i+1}, a_{i+2}, . . .]^−.

Then D_i := q_iα − p_i = α_0 · · · α_i, q_i = (α_1 · · · α_i)^{−1}.

The α-expansion of γ is now obtained as follows: Let

γ_0 := {γ}, b_{n+1} := � γ_n α_n � , γ_{n+1} := � γ_n α_n � , so that

{γ} = ∞� i=1 b_iD_{i−1}.

Finally, with t_k := 2b_k − a_k + 2, let

d^−_k := k� j=1 t_j q_{j−1} q_k

, d^+_k := ∞� j=k+1

t_j D_{j−1} D_{k−1} and s_1(k) :=^1_4 (1 − α_k + d^−_k )(1 − α_k + d^+_k )q_kD_{k−1}, s_2(k) :=^1_4 (1 + α_k + d^−_k )(1 + α_k + d^+_k )q_kD_{k−1}, s_3(k) :=^1_4 |1 − α_k − d^−_k | |1 − α_k − d^+_k |q_kD_{k−1}, s_4(k) :=^1_4 (1 + α_k − d^−_k )(1 + α_k + d^+_k )q_kD_{k−1}.

We have the following result [75]:

Theorem 23 (Pinner). Suppose that γ ∉ Zα + Z and that its α-expansion has b_i = a_i − 1 at most finitely many times. Then M(α, γ) = lim inf_{k→∞} min{s_1(k), s_2(k), s_3(k), s_4(k)}.

References

[1] B. Adamczewski and D. Damanik, Linearly recurrent circle map subshifts and an application to Schrödinger operators, Ann. Henri Poincaré 3 (2002), 1019–1047 [2] P. Alessandri and V. Berthé, Three distance theorems and combinatorics on words, Enseign.

Math. 44 (1998), 103–132 [3] C. Apparacio, Reconnaissabilité des substitutions de longeur constante, Stage de Maitrise de l’ENS Lyon (1999) [4] P. Arnoux and G. Rauzy, Représentation géométrique de suites de complexité 2n + 1, Bull.

Soc. Math. France 119 (1991), 199–215 [5] M. Baake and R. Moody (eds), Directions in Mathematical Quasicrystals, CRM Monogr.

Ser., 13, Amer. Math. Soc, Providence, RI (2000) [6] J. Bellissard, Spectral properties of Schrödinger operators with a Thue-Morse potential, in:

Number theory and physics, Eds. J.-M. Luck, P. Moussa, M. Waldschmidt, Proceedings in Physics, 47, Springer, Berlin (1989), 140–150 [7] J. Bellissard, A. Bovier and J.-M. Ghez, Spectral properties of a tight binding Hamiltonian with period doubling potential, Commun. Math. Phys. 135 (1991), 379–399 [8] J. Bellissard, B. Iochum, E. Scoppola and D. Testard, Spectral properties of one-dimensional quasi-crystals, Commun. Math. Phys. 125 (1989), 527–543 [9] J. Berstel, Recent results in Sturmian words, in Developments in Language Theory, Eds.

J. Dassow and A. Salomaa, World Scientific, Singapore (1996), 13–24 [10] J. Berstel and L. Vuillon, Coding rotations on intervals, Theoret. Comput. Sci. 281 (2002), 99–107 [11] M. Boshernitzan, A unique ergodicity of minimal symbolic flows with linear block growth, J.

Analyse Math. 44 (1984/85), 77–96 [12] M. Boshernitzan, A condition for minimal interval exchange maps to be uniquely ergodic, Duke Math. J. 52 (1985), 723–752 [13] M. Boshernitzan, Rank two interval exchange transformations, Ergod. Th. & Dynam. Sys. 8 (1988), 379–394

[14] M. Boshernitzan, A condition for unique ergodicity of minimal symbolic flows, Ergod. Th. & Dynam. Sys. 12 (1992), 425–428 [15] J. Bourgain and S. Jitomirskaya, Continuity of the Lyapunov exponent for quasiperiodic operators with analytic potential, J. Statist. Phys. 108 (2002), 1203–121 [16] A. Bovier and J.-M. Ghez, Spectral properties of one-dimensional Schrödinger operators with potentials generated by substitutions, Commun. Math. Phys. 158 (1993), 45–66; Erratum: Commun. Math. Phys. 166, (1994), 431–432 [17] R. Carmona and J. Lacroix, Spectral Theory of Random Schrödinger Operators, Birkhäuser, Boston (1990) [18] J. Cassaigne, Sequences with grouped factors, in Developments in Language Theory III, Aristotle University of Thessaloniki (1998), 211–222 [19] E. M. Coven, Sequences with minimal block growth, II, Math. Systems Theory 8 (1975), 376–382 [20] T. W. Cusick, A. M. Rockett and P. Szüsz, On inhomogeneous Diophantine approximation, J. Number Theory 48 (1994), 259–283 [21] D. Damanik, Gordon-type arguments in the spectral theory of one-dimensional quasicrystals, in: Directions in Mathematical Quasicrystals, Eds. M. Baake, R. V. Moody, CRM Monograph Series 13, AMS, Providence, RI (2000), 277–305 [22] D. Damanik, Substitution Hamiltonians with bounded trace map orbits, J. Math. Anal. Appl.

249 (2000), 393–411 [23] D. Damanik and D. Lenz, Uniform spectral properties of one-dimensional quasicrystals, II. The Lyapunov exponent, Lett. Math. Phys. 50 (1999), 245–257 [24] D. Damanik and D. Lenz, Uniform spectral properties of one-dimensional quasicrystals, IV. Quasi-Sturmian potentials, J. Anal. Math. 90 (2003), 115–139 [25] D. Damanik and D. Lenz, Substitution dynamical systems: Characterization of linear repetitivity and applications, Preprint (2003) [26] D. Damanik and D. Lenz, Half-line eigenfunctions estimates and singular continuous spectrum of zero Lebesgue measure, to appear in Forum Math.

[27] D. Damanik and L. Q. Zamboni, Combinatorial properties of Arnoux-Rauzy subshifts and applications to Schrödinger operators, to appear in Rev. Math. Phys.

[28] F. Delyon and D. Petritis, Absence of localization in a class of Schrödinger operators with quasiperiodic potential, Commun. Math. Phys. 103 (1986), 441–444 [29] G. Didier, Combinatoire des codages de rotations, Acta Arith. 85 (1998), 157–177 [30] G. Didier, Codages de rotations et fractions continues, J. Number Theory 71 (1998), 275–306 [31] X. Droubay, J. Justin and G. Pirillo, Epi-Sturmian words and some constructions of de Luca and Rauzy, Theoret. Comput. Sci. 255 (2001), 539–553 [32] F. Durand, A characterization of substitutive sequences using return words, Discrete Math.

179 (1998), 89–101 [33] F. Durand, Linearly recurrent subshifts have a finite number of non-periodic subshift factors, Ergod. Th. & Dynam. Sys. 20 (2000), 1061–1078; Erratum: Ergod. Th. & Dynam. Sys. 23 (2003), 663–669 [34] F. Durand, F. Host and C. Skau, Substitution dynamical systems, Bratteli diagrams and dimension groups, Ergod. Th.& Dynam. Sys. 19 (1999), 953–993 [35] S. Ferenczi, C. Holton and L. Q. Zamboni, Structure of three-interval exchange transformations. I. An arithmetic study, Ann. Inst. Fourier (Grenoble) 51 (2001), 861–901 [36] S. Ferenczi, C. Holton and L. Q. Zamboni, Structure of three-interval exchange transformations. II. A combinatorial description of the trajectories, J. Anal. Math. 89 (2003), 239–276 [37] S. Ferenczi, C. Holton and L. Q. Zamboni, Structure of three-interval exchange transformations. III. Ergodic and spectral properties, to appear in J. Anal. Math.

[38] P. Fogg, Substitutions in Dynamics, Arithmetics and Combinatorics, Edited by V. Berthé, S. Ferenczi, C. Mauduit, and A. Siegel, Lecture Notes in Mathematics 1794, Springer-Verlag, Berlin (2002) [39] A. Furman, On the multiplicative ergodic theorem for uniquely ergodic ergodic systems, Ann.

Inst. Henri Poincaré Probab. Statist. 33 (1997), 797–815 [40] H. Furstenberg and B. Weiss, private communication [41] M. Goldstein and W. Schlag, Hölder continuity of the integrated density of states for quasiperiodic Schrödinger equations and averages of shifts of subharmonic functions, Ann. of Math. 154 (2001), 155–203

[42] G. H. Hardy and J. E. Littlewood, Some problems of diophantine approximation, Acta Math.

37 (1914), 155–191 [43] S. Hartman, Über die Abstände von Punkten nξ auf der Kreisperipherie, Ann. Soc. Polon.

Math. 25 (1952), 110–114 [44] G. A. Hedlund and M. Morse, Symbolic dynamics, Amer. J. Math. 60 (1938), 815–866 [45] M.-R. Herman, Construction d’un difféomorphisme minimal d’entropie non nulle, Ergod. Th.

& Dynam. Sys. 1 (1981), 65–76 [46] M.-R. Herman, Une méthode pour minorer les exposants de Lyapunov et quelques exemples montrant the caractère local d’un théorème d’Arnold et de Moser sur le tore de dimension 2, Comment. Math. Helv 58 (1983), 4453–502 [47] A. Hof, Some remarks on aperiodic Schrödinger operators, J. Stat. Phys. 72 (1993), 1353– 1374 [48] A. Hof, O. Knill and B. Simon, Singular continuous spectrum for palindromic Schrödinger operators, Commun. Math. Phys. 174 (1995), 149–159 [49] C. Janot, Quasicrystals, A Primer, Monographs on the Physics and Chemistry of Materials, Oxford University Press, Oxford (1992) [50] J. Justin and G. Pirillo, Episturmian words and episturmian morphisms, Theoret. Comput.

Sci. 276 (2002), 281–313 [51] J. Justin and L. Vuillon, Return words in Sturmian and episturmian words, Theor. Inform.

Appl. 34 (2000), 343–356 [52] M. Kaminaga, Absence of point spectrum for a class of discrete Schrödinger operators with quasiperiodic potential, Forum Math. 8 (1996), 63–69 [53] M. Keane, Interval exchange transformations, Math. Z. 141 (1975), 25–31 [54] M. Keane, Non-ergodic interval exchange transformations, Israel J. Math. 26 (1977), 188–196 [55] H. B. Keynes and D. Newton, A minimal, non-uniquely ergodic interval exchange transformation, Math. Z. 148 (1976), 101–105 [56] A. Ya. Khinchin, Continued Fractions, Dover Publications, Mineola (1997) [57] J. F. Koksma, Diophantische Approximationen, Ergebnisse der Mathematik und ihrer Grenzgebiete 4 (1937), 407–571 [58] T. Komatsu, On inhomogeneous Diophantine approximation and the Nishioka-Shiokawa- Tamura algorithm, Acta Arith. 86 (1998), 305–324 [59] S. Kotani, Jacobi matrices with random potentials taking finitely many values, Rev. Math.

Phys. 1 (1989), 129–133 [60] J. C. Lagarias and P. A. B. Pleasants, Repetitive Delone sets and quasicrystals, Ergod. Th.

& Dynam. Sys. 23 (2003), 831–867 [61] Y. Last and B. Simon, Eigenfunctions, transfer matrices, and absolutely continuous spectrum for one-dimensional Schrödinger operators, Invent. Math. 135 (1999), 329–367 [62] D. Lenz, Uniform ergodic theorems on subshifts over a finite alphabet, Ergod. Th. & Dynam.

Sys. 22 (2002), 245–255 [63] D. Lenz, Singular continuous spectrum of Lebesgue measure zero for one-dimensional quasicrystals, Commun. Math. Phys. 227 (2002), 119–130 [64] D. Lenz, Ergodic theory and discrete one-dimensional random Schrödinger operators: Uniform existence of the Lyapunov exponent, Contemp. Math. 327 (2003), 223–238 [65] D. Lenz, Existence of non-uniform cocycles on uniquely ergodic systems, to appear in Ann.

Inst. Henri Poincaré Probab. Statist.

[66] Q.-H. Liu, B. Tan, Z.-X. Wen and J. Wu, Measure zero spectrum of a class of Schrödinger operators, J. Statist. Phys. 106 (2002), 681–691 [67] M. Lothaire, Combinatorics on Words, Cambridge University Press, Cambridge (1997) [68] M. Lothaire, Algebraic Combinatorics on Words, Cambridge University Press, Cambridge (2002) [69] H. Masur, Interval exchange transformations and measured foliations, Ann. of Math. 115 (1982), 168–200 [70] S. Morimoto, On a problem proposed by Hardy and Littlewood, Proc. Imp. Acad. Jap. 4 (1928), 347–349 [71] S. Morimoto, Über die Größenordnung des absoluten Betrages einer linearen inhomogenen Form, V. Über das Hardy-Littlewoodsche Problem, Tohoku Math. J. 38 (1933), 7–33 [72] B. Mossé, Puissances de mots et reconnaissabilité des points fixes d’une substitution, Theoret.

Comput. Sci. 99 (1992), 327–334

[73] C. R. de Oliveira and M. Lima, Uniform Cantor singular continuous spectrum for nonprimitive Schrödinger operators, J. Statist. Phys. 112 (2003), 357–374 [74] M. E. Paul, Minimal symbolic flows having minimal block growth, Math. Systems Theory 8 (1975), 309–315 [75] C. G. Pinner, More on inhomogeneous Diophantine approximation, J. Théor. Nombres Bordeaux 13 (2001), 539–557 [76] M. Queffélec, Substitution Dynamical Systems - Spectral Analysis, Lecture Notes in Mathematics, Vol. 1284, Springer, Berlin, Heidelberg, New York (1987) [77] G. Rauzy, Échanges d’intervalles et transformations induites, Acta Arith. 34 (1979), 315–328 [78] R. Risley and L. Q. Zamboni, A generalization of Sturmian sequences: combinatorial structure and transcendence, Acta Arith. 95 (2000), 167–184 [79] A. Rockett and P. Szüsz, Continued Fractions, World Scientific, River Edge, NJ (1992) [80] G. Rote, Sequences with subword complexity 2n, J. Number Theory 46 (1994), 196–213 [81] D. Shechtman, I. Blech, D. Gratias and J. V. Cahn, Metallic phase with long-range orientational order and no translational symmetry, Phys. Rev. Lett. 53 (1984), 1951–1953 [82] M. Senechal, Quasicrystals and Geometry, Cambridge University Press, Cambridge (1995) [83] A. Sütő, The spectrum of a quasiperiodic Schrödinger operator, Commun. Math. Phys. 111 (1987), 409–415 [84] A. Sütő, Singular continuous spectrum on a Cantor set of zero Lebesgue measure, J. Stat.

Phys. 56 (1989), 525–531 [85] A. Sütő, Schrödinger difference equation with deterministic ergodic potentials, in Beyond Quasicrystals (Les Houches, 1994 ), 481–549, Springer, Berlin, 1995 [86] W. A. Veech, Strict ergodicity in zero-dimensional dynamical systems and the Kronecker- Weyl theorem modulo 2, Trans. Amer. Math. Soc. 140 (1969), 1–33 [87] W. A. Veech, Interval exchange transformations, J. Analyse Math. 33 (1978), 222–272 [88] W. A. Veech, Gauss measures for transformations on the space of interval exchange maps, Ann. of Math. 115 (1982), 201–242 [89] W. A. Veech, Boshernitzan’s criterion for unique ergodicity of an interval exchange transformation, Ergod. Th. & Dynam. Sys. 7 (1987), no. 1, 149–153;

[90] P. Walters, Unique ergodicity and random matrix products, Lyapunov Exponents (Bremen, 1984 ), 37–55, Lecture Notes in Math., 1186, Springer, Berlin (1986) [91] N. Wozny and L. Q. Zamboni, Frequencies of factors in Arnoux-Rauzy sequences, Acta Arith.

96 (2001), 261–278