On Inverse Scattering at a Fixed Energy for Potentials with a Regular Behaviour at Infinity^{∗†}

Ricardo Weder^‡ Instituto de Investigaciones en Matemáticas Aplicadas y en Sistemas Universidad Nacional Autónoma de México Apartado Postal 20-726, México DF 01000 weder@servidor.unam.mx

Dimitri Yafaev IRMAR, Université de Rennes I Campus de Beaulieu, 35042 Rennes, Cedex, France yafaev@univ-rennes1.fr

Abstract

We study the inverse scattering problem for electric potentials and magnetic fields in R^d, d ≥ 3, that are asymptotic sums of homogeneous terms at infinity. The main result is that all these terms can be uniquely reconstructed from the singularities in the forward direction of the scattering amplitude at some positive energy.

1 Introduction

1.1. There are different formulations of the inverse scattering problem for the multidimensional Schrödinger operator. The most complete and difficult problem is to find a one-to-one correspondence between potentials on R^d and the scattering data. For the solution of this problem see the paper by L. D. Faddeev [10] and also [26] and [32]. A review and further references can be found in [22] and [25]. Here the difficult part is to find necessary and

∗Mathematics Subject Classification(2000): 81U40, 35P25, 35Q40, 35R30.

†Research partially supported by Universidad Nacional Autónoma de México under Project PAPIIT- DGAPA IN 105799, by CONACYT under Project P42553F and by the European Group of Research SPECT.

‡Fellow Sistema Nacional de Investigadores.

sufficient conditions on the scattering amplitude f(ν, ω; λ), ν, ω ∈ S^{d−1}, λ > 0, such that the corresponding potential is local.

A simpler problem of uniqueness and reconstruction of the potential from the scattering data has different settings. One of them is uniqueness and reconstruction from the highenergy limit of the scattering amplitude which was considered in [9] and [3] (see also the books [6, 22] and the papers [7, 2]). In [9] it is used that the first Born approximation is essentially the Fourier transform of the electric potential. In the time-dependent method of [7, 2] the X-ray or the Radon transforms of the electric and the magnetic potentials are reconstructed from the high-energy limit.

A similar problem of uniqueness and reconstruction of the electric and magnetic potentials from the scattering amplitude at a fixed positive energy was considered in [21] for potentials of compact support, and in [24, 8, 14, 31] for potentials decaying exponentially at infinity. On the contrary, for general short-range potentials the scattering matrix at a fixed positive energy does not determine uniquely the potential. Indeed, in [6] examples -in three dimensions- are given of non-trivial radial oscillating potentials with decay as |x|^{−3/2} at infinity such that the corresponding scattering amplitude is identically zero at some positive energy. Moreover, in dimension two there are examples [11] of potentials with a regular decay as |x|^{−2} at infinity that have zero scattering amplitude at some positive energy. Nevertheless, if two potentials have the same scattering amplitude at some positive energy and they coincide outside of some ball they necessary coincide everywhere [33].

Actually, the same problem appears in different settings. Thus, it is proven in [15, 34, 12] that the scattering matrix at a fixed positive energy uniquely determines an exponentially decreasing perturbation of a stratified media. As another example, we mention that the scattering matrix at a fixed quasi-energy uniquely determines (see [35]) time-periodic potentials that decay exponentially at spatial infinity.

1.2. We consider the related (at least in spirit) problem of the unique reconstruction of the asymptotics of the electric and magnetic potentials if only the singularity of the scattering amplitude f(ν, ω; λ) on the diagonal ν = ω is known at some fixed energy λ > 0. This problem was already studied in [17, 18, 16], where the methods of microlocal analysis were heavily used. We mention also a related paper [23] where using the method of [7] the asymptotics of the electric potential is reconstructed if the scattering amplitude is known on some (perhaps arbitrarily small) interval of positive energies.

We show that this problem admits a quite elementary solution. It consists of two steps and both of them are in some sense well known. Let us explain them for the reconstruction of the leading terms of the electric V and magnetic A potentials. The first is the small angle approximation to the scattering amplitude f(ν, ω; λ) (see, e.g., [20], §127) given by the formula

f(ν, ω; λ) ≈ e^{−πi(d−1)/4}k^{(d−1)/2}(2π)^{−(d−1)/2} ∫ Π_ω

e^ik⟨y, ω − ν⟩R(y, ω; λ; V) dy, k = λ^{1/2}, (1.1) where V = (V, A), Π_ω is the hyperplane orthogonal to ω,

R(y, ω; λ; V) = (2ik)^{−1}

∫_∞ −∞ (V (y + tω) − 2k⟨ω, A(y + tω)⟩) dt (1.2)

and ν → ω. The second is the classical inversion formula for the Radon transform. Actually, for any d we use always the two dimensional Radon transform.

1.3. Let us recall now the definition of the scattering amplitude. If the electric, V (x), and the magnetic, A(x), potentials are real-valued functions satisfying the assumption

|V (x)| + |A(x)| + |div A(x)| ≤ C(1 + |x|)^{−ρ} (1.3)

where ρ > (d + 1)/2, then the corresponding Schrödinger equation

(i∇ + A(x))^2 ψ + V (x)ψ = λψ, λ = k^2 > 0, (1.4)

has a solution with the asymptotics

ψ(x, ω, λ) = exp (ik⟨ω, x⟩) + f|x|^{−(d−1)/2} exp (ik|x|) + o(|x|^{−(d−1)/2})

as |x| → ∞. Moreover, such a solution is unique. The coefficient f(x̂, ω; λ) depends on the incident direction ω of the incoming plane wave exp(ik⟨ω, x⟩), its energy λ and the direction ν = x|x|^{−1} of observation of the outgoing spherical wave |x|^{−(d−1)/2} exp(ik|x|). The function f(ν, ω; λ) is known as the scattering amplitude. In terms of the scattering amplitude, the scattering matrix S(λ) is defined by the formula

(S(λ)u)(ω) = u(ω) + ie^{iπ(d−3)/4}λ^{(d−1)/4} (2π)^{−(d−1)/2} ∫ S^{d−1}

f(ν, ω; λ)u(ω)dω. (1.5)

A discussion of these results can be found, for example, in [36]. On the contrary, the scattering amplitude can be formally defined by equation (1.5) via the scattering matrix (see subs. 2.1, for its time-dependent definition) for all short-range potentials when ρ > 1 in (1.3). Moreover, if the assumption

|∂^αV (x)| + |∂^αA(x)| ≤ C_α(1 + |x|)^{−ρ−|α|}, ρ > 1, (1.6)

is valid for all α, then, as shown in [1], f(ν, ω; λ) is a C^∞-function of ν, ω ∈ S^{d−1} away from the diagonal ν = ω.

1.4. The diagonal singularity of the scattering amplitude contains all information about the behaviour of the potentials V (x) and A(x) as |x| → ∞. This allows one to recover their asymptotics at infinity.

Indeed, let us consider first the leading terms of the asymptotics of V (x) and A(x) when formulae (1.1) and (1.2) can be used. Given the leading singularity of the scattering amplitude on the diagonal, we can recover from (1.1) the function R(y, ω; λ) as the inverse Fourier transform of this singularity in the hyperplane Π_ω. If A = 0, then, using (1.2), we can reconstruct the asymptotics of V (x) by the inversion formula for the Radon transform. In the general case, we take into account that the integrals

R_e(y, ω; V ) =

∫_∞ −∞ V (y + tω) dt, ω ∈ S^{d−1}, y ∈ Π_ω, (1.7) and R_m(y, ω; A) =

∫_∞ −∞ ⟨ω, A(y + tω)⟩ dt, ω ∈ S^{d−1}, y ∈ Π_ω, (1.8)

are, respectively, even and odd functions of ω ∈ S^{d−1}, which determine both these integrals separately. This allows us to reconstruct, as before, the electric potential V , but it is of course impossible to find the magnetic potential A from the integral (1.8). Nevertheless, we show that this integral determines the magnetic field F = curl A. One cannot of course do better because the scattering matrix, as well as the integral (1.8), are invariant with respect to gauge transformations (see subs. 2.2).

Assuming that the potentials are asymptotically homogeneous, we actually use, for all d ≥ 3, the inversion of the Radon transform in two-dimensional planes. This is important for the reconstruction of the magnetic field. If d = 2, then the integral (1.7) can be equal to zero for all y ≠ 0 for a non-trivial homogeneous function V (see Counter-example 4.4). Therefore, in dimension 2 one cannot hope to recover the asymptotics of a potential from the forward singularity of the scattering amplitude.

Our approach extends to the complete asympotic expansion. Assume that an electric potential V (x) ≃ ∞∑ j=1 V_j(x) (1.9)

and a magnetic field F (x) ≃ ∞∑ j=1 F_j (x) (1.10)

are asymptotic sums of homogeneous functions (see subs. 2.3, for precise definitions) of orders −ρ^{(e)}_j and −r^{(m)}_j , respectively, where 1 < ρ^{(e)}_1 < ρ^{(e)}_2 < · · · and 2 < r^{(m)}_1 < r^{(m)}_2 < · · ·. Suppose that all singularities in the forward direction of the scattering amplitude at some positive energy are known. We recover all functions V_j (x) and F_j(x) in a recursive way using at every step the inversion of the two-dimensional Radon transform. In particular, our results imply that all asymptotic coefficients V_j (x) and F_j (x) are uniquely determined by these scattering data.

Compared to papers [17, 18] we do not assume that the degrees of homogeneity ρ^{(e)}_j = 1 + j, r^{(m)}_j = 2 + j. On the contrary, we recover these numbers from the singularity of the scattering amplitude. In particular, the assumption ρ^{(e)} ≥ 2, r^{(m)} ≥ 3 imposed in [17, 18] turns out to be unnecessary. Another difference of our work is that we show that both sets of functions V_j and F_j can be obtained from the singularities of the scattering amplitude at only one energy (not at two as required in [17, 18]).

We proceed from a complete description of the diagonal singularity of the scattering amplitude. Such explicit formulae were obtained in the papers [29] and [37, 38]. These formulae generalize (1.2) but formula (1.1) remains the same. This shows that actually it is natural to regard the scattering matrix as a pseudo-differential rather than an integral operator. This point of view was probably first explicitly adopted in [4] where the asymptotics of the eigenvalues of the scattering matrix was found.

Under some minor additional a priori assumptions our results combined with those of [33] show that the electric potential (not only its asymptotic expansion at infinity) is uniquely determined by the scattering amplitude at some energy (see Theorem 4.6). This result implies that the uniqueness theorem does not require the super-power decay of the potential at infinity. Of course, it does not contradict the examples of [6] because we exclude oscillations of the potential at infinity and those of [11] because we assume that d > 2.

The description of the diagonal singularities of the scattering amplitude is given in Section 3. The (inverse) problem of the reconstruction of the asymptotic expansions of V and F from these singularities is considered in Section 4. The main result is formulated as Theorem 4.2.

Finally, we note that our approach extends naturally to long-range potentials.

2 Basic Notions

2.1. Here we recall some basic definitions of scattering theory. We consider the Schrödinger operator H = (i∇ + A(x))^2 + V (x) (2.1) with electric V (x) and magnetic A(x) = (A^{(1)}(x), . . . , A^{(d)}(x)) potentials in the space L^2(R^d) where d ≥ 2. Under the condition that V, A as well as the divergence divA of A are real and bounded functions the Hamiltonian H is well defined and self-adjoint on the Sobolev class H^2(R^d). Let us denote by H_0 = −Δ the “free” Hamiltonian corresponding to the case V = 0 and A = 0. Under assumption (1.3) where ρ > 1, the positive spectrum of the operator H is absolutely continuous (and its negative spectrum consists of eigenvalues) and the wave operators W_± = s- lim_{t→±∞} e^{itH} e^{−itH0} (2.2) exist and enjoy the intertwining property HW_± = W_±H_0 (see, for example, [19] or [27]). It follows that the scattering operator

S = W^∗_+ W_− (2.3)

commutes with H_0 and is unitary.

We are now able to define the scattering matrix. Let S^{d−1} be the unit sphere in R^d, R^+ = (0, ∞) and let L^2 ( R^+, L^2(S^{d−1}) ) be the L^2-space of functions defined on R^+ with values in L^2(S^{d−1}). Define the unitary mapping

F : L^2(R^d) → L^2 ( R^+, L^2(S^{d−1}) ) by the equation

(Fu)(ω; λ) = 2^{−1/2}λ^{(d−1)/4}û(λ^{1/2}ω), where û(ξ) = (2π)^{−d/2} ∫ R^d

e^{−i⟨x,ξ⟩}u(x)dx

is the Fourier transform of u and the spectral parameter λ plays the role of the energy of a quantum particle. Then (FH_0u)(λ) = λ(Fu)(λ) and

(FSu)(λ) = S(λ)(Fu)(λ).

The unitary operator S(λ) : L^2(S^{d−1}) → L^2(S^{d−1}) is known as the scattering matrix at energy λ. If assumption (1.6) is valid for all α, then, as shown in [1], S(λ) is an integral operator with C^∞-kernel s(ν, ω; λ) away from the diagonal ν = ω. Moreover, if ρ > (d + 1)/2 in (1.3), then S(λ) is related to the scattering amplitude introduced in Section 1 by formula (1.5). For these results see, for example, [36].

2.2. It follows from (2.2) that the operators S and S(λ) are invariant under short-range gauge transformations, A → A − ∇ϕ, where ϕ ∈ C^∞(R^d) and ∂^αϕ(x) = O(|x|^{−ϱ−|α|}) for all α and some ϱ > 0 as |x| → ∞. Therefore it is natural to associate the scattering matrix S(λ) directly to the magnetic field F (x). However, since the definition of S(λ) was given in terms of the magnetic potential A(x), we have to discuss here the relation between magnetic fields and potentials. Below we use freely three-dimensional notation for the curl and the divergence keeping in mind that in the general case A is a 1-form and F is a 2-form. By definition, F (x) = curl A(x), that is in terms of components

F^{(ij)}(x) = ∂_iA^{(j)}(x) − ∂_j A^{(i)}(x). (2.4)

On the contrary, the magnetic potential can be reconstructed from the magnetic field F (x) such that div F (x) = 0 only up to arbitrary gauge transformations. It is not convenient to work in the standard transversal gauge ⟨x, A_{tr}(x)⟩ = 0 since even for magnetic fields of compact support the potential A_{tr}(x) decays only as |x|^{−1} at infinity.

Therefore we use the procedure suggested in [39] of construction of the short-range magnetic potential for an arbitrary magnetic field satisfying the condition

|∂^αF (x)| ≤ C_α(1 + |x|)^{−r−|α|}, r > 2, ∀α. (2.5)

Let us introduce the auxiliary potentials

A^{(i)}_{reg}(x) =

∫_∞ 1 s d∑ j=1 F^{(ij)}(sx)x_j ds, A^{(i)}_∞ (x) = −

∫_∞ 0 s d∑ j=1 F^{(ij)}(sx)x_j ds. (2.6)

Note that A_∞ is a homogeneous function of order −1, curl A_∞(x) = 0 for x ≠ 0 and A_{tr} = A_{reg} + A_∞. Next we define the function U(x) for x ≠ 0 as a curvilinear integral

U(x) = ∫ Γ_{x0,x}

⟨A_∞(y), dy⟩ (2.7)

taken between some fixed point x_0 ≠ 0 and a variable point x. It is required that 0 ∉ Γ_{x0,x}, so that, in view of the Stokes theorem, for d ≥ 3 the function U(x) does not depend on the choice of a contour Γ_{x0,x} and grad U(x) = A_∞(x). Let us now choose an arbitrary function η ∈ C^∞(R^d) such that η(x) = 0 in a neighbourhood of zero, η(x) = 1 for, say, |x| ≥ 1 and set A(x) = A_{reg}(x) + (1 − η(x))A_∞(x) − U(x)grad η(x). (2.8) Then curl A(x) = F (x), A ∈ C^∞(R^d) if F ∈ C^∞(R^d) and A(x) = A_{reg}(x) for |x| ≥ 2. Therefore it follows from definition (2.6) that under assumption (2.5) A(x) satisfies estimates (1.6) with ρ = r − 1.

Below we always associate to a magnetic field F the magnetic potential A by formulae (2.6) – (2.8) and then construct the scattering matrix S(λ) in terms of the Schrödinger operator (2.1). If another short-range potential Ã satisfies the relation curl Ã(x) = F (x), then necessarily the scattering matrices corresponding to potentials A and Ã coincide. This allows us to speak about the scattering matrix S(λ) corresponding to the magnetic field F .

2.3. Let us introduce some notation. We denote by Ṡ^{−ρ} = Ṡ^{−ρ}(R^d) the set of C^∞(R^d \ {0})-functions f(x) such that ∂^αf(x) = O(|x|^{−ρ−|α|}) as |x| → ∞ for all α. Then, the standard Hörmander class is defined as, S^{−ρ}(R^d) := C^∞(R^d) ∩ Ṡ^{−ρ}(R^d). An important example of functions from the class Ṡ^{−ρ} are homogeneous functions f ∈ C^∞(R^d \ {0}) of order −ρ such that f(tx) = t^{−ρ}f(x) for all x ∈ R^d, x ≠ 0, and t > 0.

Let functions f_j ∈ Ṡ^{−ρj} where ρ_j → ∞ (but the condition ρ_j < ρ_{j+1} is not required). The notation f(x) ≃ ∞∑ j=1 f_j(x) (2.9)

means that, for any N, the remainder f − N∑ j=1 f_j ∈ Ṡ^{−ρ} where ρ = min_{j≥N+1} ρ_j. (2.10)

In particular, if the sum (2.9) consists of a finite number N of terms, then the inclusion (2.10) should be satisfied for all ρ. A function f ∈ C^∞ is determined by its asymptotic expansion (2.9) up to a term from the Schwarz class S = S^{−∞}.

It follows from formulae (2.4) and (2.6) – (2.8) that the magnetic field F (x) is homogeneous of order −r^{(m)} < −2 if and only if the magnetic potential A(x) is homogeneous of order −ρ^{(m)} = −r^{(m)} + 1 < −1. Therefore A(x) is an asymptotic sum

A(x) ≃ ∞∑ j=1 A_j (x) (2.11)

of homogeneous functions A_j(x) of orders −ρ^{(m)}_j if and only if the representation (1.10) holds for F (x) with homogeneous functions F_j (x) of orders −r^{(m)}_j . Here the coefficients F_j(x) and A_j (x) are related by formulae (2.4) and (2.6) – (2.8); in particular, ρ^{(m)}_j = r^{(m)}_j − 1.

Adding terms which are equal to zero, we can assume, without loss of generality, that the numbers ρ^{(e)}_j and r^{(m)}_j in (1.9) and (1.10) are related by the equality ρ^{(e)}_j = r^{(m)}_j − 1. Anyway, by the reconstruction procedure equality of some terms to zero can never be excluded. Set V(x) = (V (x), A(x)). Then expansions (1.9) and (1.10) are equivalent to the expansion

V(x) ≃ ∞∑ j=1 V_j(x) (2.12)

in homogeneous functions V_j(x) = (V_j(x), A_j (x)) of order −ρ_j where ρ_j = ρ^{(m)}_j = ρ^{(e)}_j .

3 The Direct Problem

3.1. Following [37, 38], we give in this section a complete description of the diagonal singularity of the integral kernel s(ν, ω; λ) of the scattering matrix S(λ) for a fixed energy λ > 0. The dimension d ≥ 2 is arbitrary. Our goal is to construct, for all N, an explicit function s^{(N)} such that the difference

s − s^{(N)} ∈ C^{p(N)}(L^2(S^{d−1}) × L^2(S^{d−1})) where lim_{N→∞} p(N) = ∞. (3.1)

Since s is a C^∞-function away from the diagonal ν = ω, it suffices to construct s^{(N)} in a neighbourhood of the diagonal only. This construction is given in terms of special approximate solutions of the Schrödinger equation (1.4). Let us set

u^{(N)}_± (x, ξ) = e^{i⟨x,ξ⟩+iΦ±(x,ξ̂)}b^{(N)}_± (x, ξ), ξ = |ξ|ξ̂ ∈ R^d, (3.2)

where the phase Φ_±(x, ξ̂) = ∓

∫_∞ 0 ⟨ξ̂, A(x ± tξ̂)⟩ dt (3.3) and b^{(N)}_± (x, ξ) = N∑ n=0 (2i|ξ|)^{−n}b^{(n)}_± (x, ξ̂). (3.4)

The coefficients b^{(n)}_± are defined here by the recurrent formulae b^{(0)}_± (x, ξ̂) = 1 and

b^{(n+1)}_± (x, ξ̂) = ∓

∫_∞ 0 f^{(n)}_± (x ± tξ̂, ξ̂) dt, (3.5)

where

f^{(n)}_± = 2i⟨A − ∇Φ_±, ∇b^{(n)}_± ⟩ − Δb^{(n)}_± + ( |∇Φ_±|^2 − 2⟨A, ∇Φ_±⟩ + V + |A|^2 + idivA − iΔΦ_± ) b^{(n)}_± . (3.6)

One can arrive to these expressions for the coefficients b^{(n)}_± by plugging (3.2) and(3.3) into the Schrödinger equation (1.4) where λ = |ξ|^2. This yields the transport equation for the function b^{(N)}_± (x, ξ). Seeking it in the form (3.4) and equating coefficients at the same powers of (2i|ξ|)^{−n}, we obtain recurrent equations for the functions b^{(n)}_± . They are solved by formulae (3.5) and(3.6). This is a standard construction of approximate solutions of the Schrödinger equation going back in the context of the present paper to [5]. It is important that the remainder arising when function (3.2) is plugged into the Schrödinger equation satisfies, for larger N, better and better estimates as |x| → ∞ everywhere except the forward direction x̂ = ξ̂ for the function u^{(N)}_+ (x, ξ) and except the back direction x̂ = −ξ̂ for the function u^{(N)}_− (x, ξ). At the same time the estimates of the remainder improve as the energy λ → ∞.

A complete description of the diagonal singularity of the function s(ν, ω; λ) is given in the following theorem obtained in [37, 38].

THEOREM 3.1. Let estimates (1.6) hold for all α. Let ω_0 ∈ S^{n−1} be an arbitrary point, Π_{ω0} be the plane orthogonal to ω_0 and Ω = Ω(ω_0, δ) ⊂ S^{n−1} be determined by the condition ⟨ω, ω_0⟩ > δ > 0. Set x = ω_0z + y, y ∈ Π_{ω0} ,

h^{(N)}_± (x, ξ) = e^{iΦ±(x,ξ)} b^{(N)}_± (x, ξ), (3.7)

a^{(N)}(y, ν, ω; λ) = 2^{−1}⟨ν + ω, ω_0⟩h_+(y, kν)h_−(y, kω) + (2ik)^{−1} [ h_+(y, kν)(∂_zh_−)(y, kω) − (∂_z h_+)(y, kν)h_−(y, kω) − 2i⟨A(y), ω_0⟩h_+(y, kν) h_−(y, kω) ] , h_± = h^{(N)}_± , k = λ^{1/2}, (3.8)

and define s^{(N)}(ν, ω; λ) = (2π)^{−d+1}k^{d−1} ∫ Π_{ω0}

e^{ik⟨y,ω−ν⟩} a^{(N)}(y, ν, ω; λ) dy. (3.9)

Then relation (3.1) holds.

It can be also shown that the C^{p(N)}-norm of the kernel (3.1) is O(λ^{−q(N)}) as λ → ∞ where q(N) → ∞ for N → ∞. Thus, all singularities of s(ν, ω; λ) both for high energies and in smoothness are described by the explicit formulae (3.8), (3.9).

Note that the amplitude (3.8) is invariant under a gauge transformation A → A − ∇ϕ, h_± → e^{−iϕ} h_±, where ϕ ∈ C^∞ is an arbitrary function.

Formula (3.9) gives the singular part s^{(N)}(ν, ω; λ) of the kernel s(ν, ω; λ) for ν, ω ∈ Ω(ω_0, δ). Since ω_0 ∈ S^{d−1} is arbitrary, this determines the function s^{(N)}(ν, ω; λ) for all ν, ω ∈ S^{d−1}.

3.2. According to (3.9) it is natural to regard the scattering matrix S(λ) as a pseudodifferential operator (on the unit sphere) determined by its amplitude. For our purposes it is convenient to reformulate Theorem 3.1 in terms of asymptotic series. First, replace e^{iΦ±(x,ξ)} in (3.7) by its Taylor expansion. Then, rearrange the representation (3.8) collecting together terms of the same power with respect to V = (V, A). Thus, the amplitude a(y, ν, ω; λ) of the pseudodifferential operator S(λ) admits the expansion into the asymptotic series

a(y, ν, ω; λ) ≃ ∞∑ n=0 a_n(y, ν, ω; λ),

where a_0(ν, ω; λ) = 2^{−1}⟨ν + ω, ω_0⟩, a_1 depends linearly on V, a_2 depends quadratically on V, etc. It follows from formulae (3.5), (3.6) that a_n ∈ S^{−(ρ−1)n} for all n and, moreover,

2ika_1(y, ν, ω; λ) = 2^{−1}⟨ν + ω, ω_0⟩

∫_∞ 0 ( V (y + tν) + V (y − tω)

− 2k⟨ν, A(y + tν)⟩ − 2k⟨ω, A(y − tω)⟩ ) dt, (3.10)

up to a term from the class S^{−ρ}.

Applications to the inverse problem require that the pseudodifferential operator S(λ) be determined by its symbol. Let us recall briefly the standard procedure (see, e.g., [28, 30]) of the passage in local coordinates from the amplitude to the corresponding (right) symbol. Let us consider the orthogonal projection p of Ω on the hyperplane Π_ω and set

a(y, ω; λ) ≃ ∑ α α!^{−1}(−ik)^{|α|}∂^α_y ∂^α_η a(y, t(η), ω; λ) | |_{η=p(ω)}, y ∈ Πω, (3.11)

where the inverse mapping t = p^{−1} : p(Ω) → Ω is given by the formula t(η) = (η, (1−|η|^2)^{1/2}). Note that we have taken here into account the factor −k in the phase in (3.9) which differs our definition from the standard terminology. Then

s(ν, ω; λ) = (2π)^{−d+1}k^{d−1} ∫ Π_ω

e^{−ik⟨y,ν⟩}a(y, ω; λ) dy (3.12)

so that the scattering matrix S(λ) can be regarded as a pseudodifferential operator on S^{d−1} with right symbol a(y, ω; λ). This leads to the following conclusion.

THEOREM 3.2. Let estimates (1.6) hold for all α. Then the scattering matrix S(λ) is a pseudodifferential operator on the unit sphere. Its right symbol a(y, ω; λ) admits the expansion into the asymptotic sum a(y, ω; λ) ≃ 1 + ∞∑ n=1 a_n(y, ω; λ), ω ∈ S^{d−1}, y ∈ Π_ω, (3.13) where a_1 depends linearly on V, a_2 depends quadratically on V, etc. Explicit expressions for all functions a_n are obtained by putting formulae (3.8) and (3.11) together. In particular, we have that a_n ∈ S^{−(ρ−1)n} (3.14) and, moreover, ã_1 := a_1 − R ∈ S^{−ρ}, (3.15) where the function R is defined by formula (1.2). Thus, a − 1 − R ∈ S^{−ρ+1−ε}, ε = min{ρ − 1, 1}, (3.16) so that R(y, ω; λ) is the principal symbol of the pseudodifferential operator S(λ) − I.

It is important that, for all n, the values of a_n(y, ω; λ), y ∈ Π_ω, y ≠ 0, are determined only by the values of V(x) and its derivatives on the line x = ω + ty, t ∈ R, which does not pass through the origin.

Note that the symbol a(y, ω; λ) can be recovered from the kernel s(ν, ω; λ) by the inversion of the Fourier transform (3.12): a(y, ω; λ) = ∫ Π_ω

e^{ik⟨y,η⟩}s(t(η), ω; λ)γ(η) dη, y ∈ Π_ω, (3.17) where γ ∈ C^∞_0 (R^{d−1}) is an arbitrary function such that γ(η) = 1 in some neighbourhood of zero and γ(η) = 0 for, say, |η| ≥ 1/2.

Let a be the function constructed in Theorem 3.2. Let us denote by T the mapping that sends V into the function a − 1. Of course it is defined up to a symbol from the class S^{−∞}. Thus, we put T (y, ω; λ; V) = a(y, ω; λ) − 1. (3.18) Moreover, we distinguish the linear part R of T and set Q(y, ω; λ; V) = T (y, ω; λ; V) − R(y, ω; λ; V), (3.19) so that Q(y, ω; λ; V) = ã_1(y, ω; λ) + ∑ n≥2 a_n(y, ω; λ).

We need the following simple property of the mapping Q.

PROPOSITION 3.3. Suppose that V^{(j)} ∈ S^{−ρ(j)} , j = 1, 2, where ρ^{(2)} > ρ^{(1)} > 1. Then Q(V^{(1)} + V^{(2)}) − Q(V^{(1)}) ∈ S^{−ρ(2) +1−ε}, ε = min{ρ^{(1)} − 1, 1} > 0.

Indeed, it follows from (3.15) that ã_1(V^{(1)} + V^{(2)}) − ã_1(V^{(1)}) = ã_1(V^{(2)}) ∈ S^{−ρ(2)} .

To consider the functionals a_n(V) for n ≥ 2, let us temporarily write them as a_n(V) = a_n(V, V, . . . , V) where a_n(V^{(1)}, V^{(2)}, . . . , V^{(n)}) is linear with respect to its arguments V^{(1)}, V^{(2)}, . . . , V^{(n)}. If V^{(j)} ∈ S^{−ρ(j)} for all j = 1, . . . , n, then a_n(V^{(1)}, . . . , V^{(n)}) ∈ S^{−ρ(1) −...−ρ(n)+n}.

This property generalizes (3.14). Therefore,

a_2(V^{(1)} + V^{(2)}) − a_2(V^{(1)}) = a_2(V^{(1)}, V^{(2)}) + a_2(V^{(2)}, V^{(1)}) + a_2(V^{(2)}) and the right-hand side belongs to the class S^{−ρ(1)−ρ(2)+2}. The terms a_n(V) for n > 2 can be considered quite similarly.

3.3. Let us specify Theorem 3.2 for the perturbations considered in this paper. The following result is obtained by plugging (1.9) and (2.11) into the expressions (3.8) and (3.11) for the coefficients a_n(y, ω; λ).

THEOREM 3.4. Suppose that an electric potential V (x) and a magnetic field F (x) are C^∞-functions and that they admit the asymptotic expansions (1.9) and (1.10) where V_j(x) and F_j (x) are homogeneous functions of orders −ρ_j and −r_j = −ρ_j − 1, respectively, where 1 < ρ_1 < ρ_2 < . . .. Let the magnetic potential A(x) be defined by equalities (2.6) - (2.8). Then, the symbol a(y, ω; λ) of the PDO S(λ) admits the expansion into the asymptotic sum a(y, ω; λ) ≃ 1 + ∞∑ n=1 ∞∑ m=0 ∑ j_1,j_2,...,j_n

a_{n,m;j1,j2,...,jn} (y, ω; λ), (3.20) where j_k = 1, 2, . . . for all k = 1, . . . , n, m = 0, 1, . . ., the functions a_{n,m;j1,j2,...,jn} (y, ω; λ) only depend on V_{j1} , V_{j2} , . . . , V_{jn} and are homogeneous of order n − m − ρ_{j1} − ρ_{j2} − . . . − ρ_{jn} in the variable y. In particular, a_{1,0;j}(y, ω; λ) = R(y, ω; λ; V_j) (3.21) is a homogeneous function of order −ρ_j + 1.

COROLLARY 3.5. If, up to functions from the Schwarz class, V (x) and F (x) are homogeneous (for large |x|) functions of orders −ρ and −r = −ρ − 1, then a(y, ω; λ) ≃ 1 + ∞∑ n=1 ∞∑ m=0 a_{n,m}(y, ω; λ), where a_{n,m} is of order n in V (linear, quadratic, etc.) and is a homogeneous function of order n − m − nρ of the variable y.

4 The Inverse Problem

4.1. Our approach to the inverse problem relies on the two-dimensional Radon transform (see, e.g., [13]). Let us recall it briefly here. For v ∈ S^{−ρ}(R^2), ρ > 1, the Radon (or X-ray, which is the same in the dimension two) transform is defined by the formula r(ω, y; v) =

∫_∞ −∞ v(ωt + y)dt, ω ∈ S, ⟨ω, y⟩ = 0. (4.1) Obviously, r(ω, y) = r(−ω, y). The Fourier transform v̂ of v and hence the function v itself can be recovered in the following way. Let ω_ξ be one of the two unit vectors such that ⟨ω_ξ, ξ⟩ = 0. Then v̂(ξ) = (2π)^{−1}

∫_∞ −∞ e^{−i|ξ|s}r(ω_ξ, sξ̂; v)ds, ξ̂ = ξ|ξ|^{−1}. (4.2) We apply this method for the reconstruction of a homogeneous function V ∈ C^∞(R^d\{0}) of order −ρ < −1 from its X-ray transform (1.7) known for all ω ∈ S^{d−1} and y ∈ Π_ω, y ≠ 0.

For an arbitrary x ∈ R^d \ {0}, consider some two-dimensional plane Λ_x orthogonal to x and, for y ∈ Λ_x, set v_x(y) = V (x + y). Then for all ω ∈ Λ_x, |ω| = 1, and all y ∈ Λ_x, ⟨ω, y⟩ = 0,

r(ω, y; v_x) = R_e(ω, x + y; V ). (4.3)

Since x + y ≠ 0, the function v_x ∈ S^{−ρ}(R^2) so that we can recover the function v_x and, in particular, v_x(0) = V (x) by formula (4.2). This procedure is used for the reconstruction of the asymptotics of the electric potentials.

In the magnetic case we are given only the integral (1.8) for all ω ∈ S^{d−1} and y ∈ Π_ω, y ≠ 0. Since this integral is zero if A(x) = grad ϕ(x) and ϕ(x) → 0 as |x| → ∞, we cannot hope to recover A from this equation. Nevertheless the corresponding magnetic field F (x) = curl A(x) can be recovered. Assume again that A ∈ C^∞(R^d \ {0}) is a homogeneous vector-valued function of order −ρ < −1. Let us consider one of the components of F (x), for example, F^{(12)}(x). We will first show how F^{(12)}(x) can be reconstructed everywhere except the plane L_{12} where x_3 = . . . = x_d = 0. Let ω = (ω_1, ω_2, 0, . . . , 0) be any unit vector in the plane L_{12}, let ν = (−ω_2, ω_1, 0, . . . , 0) be the unit vector obtained by rotating ω in the plane L_{12} by the angle π/2 in the counter-clockwise sense and let x̃ = (0, 0, x_3, . . . , x_n) ≠ 0 be an arbitrary vector that is orthogonal to L_{12}. Set f^{(12)}_{x̃} (y) = F^{(12)}(x̃ + y) for y ∈ L_{12}. It is easy to see that r(ω, y; f^{(12)}_{x̃} ) = −∂R_m(ω, sν + x̃; A)/∂s, y = sν. (4.4) Indeed, since F^{(12)} is invariant under rotations in the plane L_{12}, it suffices to check (4.4) for the case ω_1 = 1, ω_2 = 0 when (4.4) reads as ∫_∞ −∞ F^{(12)}(t, s, x_3, . . . , x_n)dt = − ∂ ∂s ∫_∞ −∞ A^{(1)}(t, s, x_3, . . . , x_n)dt.

For the proof of this relation, we have only to use the definition F^{(12)} = ∂A^{(2)}/∂t − ∂A^{(1)} /∂s and the fact that the integral of ∂A^{(2)}/∂t is zero. Finding expression (4.4), we can recover F^{(12)}(y + x̃) for all y ∈ L_{12} by formula (4.2). By virtue of the homogeneity of the function F^{(12)}, this yields F^{(12)}(x) everywhere except the plane L_{12}. Thus, the magnetic field F (x) is reconstructed for all x such that all coordinates x_1, x_2 . . . , x_d are not equal to zero. This condition can be achieved for any arbitrary x ≠ 0 by a suitable choice of the coordinate system.

Formula (4.4) can of course be rewritten in the invariant way. For example, in the case d = 3 it means that, for arbitrary ω, n ∈ S^2, ⟨ω, n⟩ = 0, ∫_∞ −∞ ⟨n, curl A(tω + x)⟩dt = ⟨ω ∧ n, ∇_x

∫_∞ −∞ ⟨ω, A(tω + x)⟩dt⟩,

where the symbol “ ∧ ” means the vector product.

Finally, if only the combination (1.2) is known, then using that R_e and R_m are even and odd functions of ω ∈ S^{d−1}, respectively, we obtain that

R_e(y, ω; V ) = ik(R(y, ω; λ; V) + R(y, −ω; λ; V)), R_m(y, ω; A) = i2^{−1}(R(y, −ω; λ; V) − R(y, ω; λ; V)).

This allows us to reconstruct the functions V and F by the formulae given above.

In particular, we obtain PROPOSITION 4.1. Let V and F be homogeneous functions of orders −ρ < −1 and −r = −ρ−1. If R(y, ω; λ; V) = 0 for all ω ∈ S^{d−1} and y ∈ Π_ω, y ≠ 0, then V (x) = F (x) = 0.

4.2. Now we are in a position to reconstruct, under the assumptions of Theorem 3.4, all asymptotic coefficients V_j and F_j in (1.9) and (1.10) from the kernel s(ν, ω; λ) of the scattering matrix known, up to a C^∞(S^{d−1} × S^{d−1})-function, for some λ > 0 and all ν, ω ∈ S^{d−1}. Thus, we assume that V and F admit the asymptotic expansions (1.9) and (1.10). Then (2.12) holds but the functions V_j , and, in particular, their orders of homogeneity −ρ_j , are not known. Let us define the function a(y, ω; λ) by formula (3.17), that is a(y, ω; λ) is the right symbol of the pseudodifferential operator S(λ). This function admits an asymptotic expansion as in (3.13) where a_0 = 1 and a_n are homogeneous functions of order −μ_k and 0 < μ_1 < μ_2 < . . .. Our goal is to solve equation (3.18), where the function a is known with respect to V. Of course both sides of (3.18) are defined up to functions from the Schwarz class S. Under the assumptions of Theorem 3.4 the orders of homogeneity in the left- and right-hand sides of this equation, as well as the terms of the same order, should coincide.

Let us compare terms of the highest order in (3.18). Taking into account relation (3.16), we see that ρ_1 = μ_1 + 1 and

R(y, ω; λ; V_1) = a_1(y, ω; λ). (4.5)

This allows us to reconstruct the coefficients V_1 of the electric potential and F_1 of the magnetic field by the formulae of the previous subsection. Then we find A_1 by formulae (2.6) - (2.8).

Below it is convenient to introduce the following notation. Suppose that some function f admits the expansion in the asymptotic series (2.9) of homogeneous functions. By taking sums of such functions it cannot be excluded that some terms will be equal to zero. Therefore we define f^♯ as the highest order homogeneous term f_k in (2.9) that is not identically zero. For example, f^♯ = 0 if f ∈ S.

Suppose now that we have found the coefficients V_k for all k = 1, . . . , n−1, n ≥ 2. Let us reconstruct V_n. We apply Proposition 3.3 to the functions V^{(1)} =

∑_{n−1} j=1 V_j, V^{(2)} = V−V^{(1)} where ρ^{(1)} = ρ_1, ρ^{(2)} = ρ_n. This yields

Q(V) − Q( n−1∑ j=1 V_j) ∈ Ṡ^{−ρn+1−ε}, ε > 0,

and thus, for an arbitrary ρ_n, this term can be neglected compared to R(V_n). All terms R(V_j), j ≥ n + 1, are also negligible compared to R(V_n). Therefore rewriting equation (3.18) as

R(V_n) + ∑ j≥n+1

R(V_j) + (Q(V) − Q( n−1∑ j=1 V_j)) = a − 1 − T ( n−1∑ j=1 V_j)

and selecting terms of the highest order, we obtain that

R(V_n) = (a − 1 − T ( n−1∑ j=1 V_j))^♯. (4.6)

Having found R(V_n), we can, similarly to (4.5), recover the functions V_n, F_n and, consequently, using formulae (2.6) - (2.8) the corresponding A_n.

Thus, we have arrived at our main result.

THEOREM 4.2. Suppose that an electric potential V (x) and a magnetic field F (x) are C^∞-functions and that they admit the asymptotic expansions (1.9) and (1.10) where V_j(x) and F_j (x) are homogeneous functions of orders −ρ_j and −r_j = −ρ_j − 1, respectively, where 1 < ρ_1 < ρ_2 < · · ·. Let the magnetic potential A(x) be defined by equalities (2.6) - (2.8).

Then the scattering data consisting of the kernel s(ω, ω^′; λ) of the scattering matrix at a fixed positive energy in a neighbourhood of the diagonal ν = ω uniquely determines each one of the V_j(x) and the F_j (x). Moreover, the functions V_1(x) and F_1(x) can be reconstructed from formula (4.5) and the functions V_j (x) and F_j (x) for j ≥ 2 can be recursively reconstructed from formula (4.6).

COROLLARY 4.3. If kernel of the operator S(λ) − I belongs, for some λ > 0, to the space C^∞(S^{d−1} × S^{d−1}), then V ∈ S(R^d) and A ∈ S(R^d). More generally, let V^{(1)}, F^{(1)} and V^{(2)}, F^{(2)} satisfy the assumptions of Theorem 4.2. Suppose that s^{(1)}(λ) − s^{(2)}(λ) ∈ C^∞(S^{d−1} × S^{d−1}) for some λ > 0. Then V^{(1)} − V^{(2)} and F^{(1)} − F^{(2)} belong to the Schwarz class S(R^d).

Suppose that, for some n ≥ 2,

a − 1 − T ( n−1∑ j=1 V_j) ∈ S(Π_ω)

for all ω ∈ S^{d−1}. Then it follows from (4.6) that V_j = F_j = 0 for all j ≥ n.

We emphasize that, unlike ρ_1 = μ_1 + 1, other orders −ρ_n are not determined by the sequence μ_1, μ_2, . . . only, in particular, because a cancellation of different terms in the righthand side of (4.6) might occur. For example, in

R(V_2) = (a − 1 − T (V_1))^♯ = (a − 1 − a_1 − Q(V_1))^♯ (4.7)

a cancellation of terms in a−1−a_1 and Q(V_1) cannot be excluded. Nevertheless −ρ_2 should be smaller than the maximal order of these two series. The order of a − 1 − a_1 equals −μ_2 and the order of Q(V_1) equals or is smaller than − min{ρ_1, 2ρ_1 − 2}. This yields the bound

ρ_2 ≥ min{μ_2, ρ_1, 2ρ_1 − 2} = min{μ_2, μ_1 + 1, 2μ_1}.

4.3. We give now a counter-example that shows that in the dimension two the argument above does not work. Let us first calculate the Radon transform of the function V (x) = v(x̂)|x|^{−2} where x̂ = x|x|^{−1} ∈ S. Making the change of variables t = |y|τ, τ = tan s, we see that

∫_∞ −∞ V (y + tω) dt = |y|^{−1}

∫_∞ −∞ v ( ŷ + τω √ τ^2 + 1 ) dτ τ^2 + 1

= |y|^{−1}

∫_{π/2}

−π/2

v(cos sŷ + sin sω)ds

= |y|^{−1} ∫ S^±(ω)

v(θ)dθ, ⟨ω, y⟩ = 0, y ≠ 0, if ŷ ∈ S^±(ω), (4.8)

where S^+(ω) (S^−(ω)) is the half-circle passed from the point −ω to ω in the counter-clockwise (clockwise) direction.

It follows that the Radon transform of V is equal to zero for all ω ∈ S, ⟨ω, y⟩ = 0, y ≠ 0, if and only if ∫

S^+(ω)

v(θ)dθ = 0

for all ω ∈ S. It is easy to see that this condition is equivalent to two conditions

v(ω) = v(−ω) and ∫ S v(θ)dθ = 0. (4.9)

For example, they are satisfied if

v(ω) = 2⟨ω, ω_0⟩^2 − 1

where ω_0 ∈ S is some fixed vector.

COUNTER-EXAMPLE 4.4. Let d = 2, let A = 0 and let the electric potential V be a C^∞-function such that V (x) = v(x̂)|x|^{−2} for sufficiently large |x|. Assume that the function v satisfies conditions (4.9) but is not identically zero. Then the Radon transform (4.8) of v(x̂)|x|^{−2} equals zero for all ω ∈ S, ⟨ω, y⟩ = 0, y ≠ 0, although v does not. According to Theorem 3.2, in this case S(λ) − I is the PDO from the class S^{−2}.

We emphasize that in this example the leading singularity of the scattering amplitude disappears for all energies λ > 0. The examples of [11] are much stronger in the sense that the scattering amplitude (not only its leading singularity) equals zero. On the other hand, this is true for one energy only. It is interesting that both the examples above and of [11] are two-dimensional and the potentials decay at infinity as homogeneous functions of order −2.

4.4. In this subsection we assume that the magnetic field is zero and that d ≥ 3. According to Corollary 4.3 the electric potential is determined by the scattering matrix S(λ) for some λ > 0 up to a term from the Schwarz class. Let us show now that under stronger a priori assumptions this remainder can be removed. To that end we need the following result which is a particular case of Theorem 1 of [33].

THEOREM 4.5. Let the potentials V^{(1)} and V^{(2)} satisfy estimates (1.3) with ρ > d and let V^{(1)}(x) = V^{(2)}(x) for sufficiently large |x|. Suppose that the corresponding scattering matrices S^{(1)}(λ) = S^{(2)}(λ) for some λ > 0. Then V^{(1)}(x) = V^{(2)}(x) for all x ∈ R^d.

Combining Theorems 4.2 and 4.5, we obtain a new uniqueness result.

THEOREM 4.6. Let C^∞-potentials V^{(k)}, k = 1, 2, equal (finite) sums of homogeneous functions of order −ρ^{(k)}_j for sufficiently large |x|. Let ρ^{(k)}_j > d for k = 1, 2 and all j. Suppose that the corresponding scattering matrices S^{(1)}(λ) = S^{(2)}(λ) for some λ > 0. Then V^{(1)}(x) = V^{(2)}(x) for all x ∈ R^d.

Indeed, it follows from Corollary 4.3 that V^{(1)}(x) = V^{(2)}(x) up to a function from the Schwarz class. By our a priori assumption this function has compact support. Then it follows from Theorem 4.5 that, actually, this function is zero.

References

[1] Agmon S 1978 Some new results in spectral and scattering theory of differential operators in R^n, Seminaire Goulaouic-Schwartz (France: Ecole Politechnique) [2] Arians S 1997 Geometric approach to inverse scattering for the Schrödinger equation with magnetic and electric potentials J. Math. Phys. 38 27-61 [3] Berezanskii Y M 1958 The uniqueness theorem in the inverse problem of spectral analysis for the Schrödinger equation Tr. Mosk. Mat. Obshch 7 3-62 (Russian) [English transl. in 1964 Am. Math. Soc. Transl. 35 167-235] [4] Birman M Sh and Yafaev D R 1980 Asymptotics of the spectrum of the scattering matrix Dokl. Akad. Nauk. SSSR 255 1085-1087 (Russian) [English transl. in 1984 J. Soviet Math. 25 793-814

[5] Buslaev V S 1967 Trace formulae and certain asymptotic estimates of the resolvent kernel for the Schrödinger operator in three-dimensional space, in Topics in Math. Phys. 1, Plenum Press [6] Chadan K and Sabatier S 1989 Inverse Problems in Quantum Scattering Theory, 2nd ed (Berlin: Springer).

[7] Enss V and Weder R 1995 The geometrical approach to multidimensional inverse scattering J. Math. Phys. 36 3902-3921 [8] Eskin G and Ralston J 1995 Inverse scattering problem for the Schrödinger equation with magnetic potential at a fixed energy Comm. Math. Phys. 173 199-224 [9] Faddeev L D 1956 Uniqueness of the solution of the inverse scattering problem Vestn.

Leningrad Univ. 11 126-130 (Russian) [10] Faddeev L D 1976 Inverse problem of quantum scattering theory. II J. Soviet. Math. 5 334-396 [11] Grinevich P G 1986 Rational solitons of the Veselov-Novikov equations and reflectionless twodimensional potentials at fixed energy Teoret. Mat. Fiz. 69 307-310 [English transl. in 1986 Theoret. and Math. Phys. 69 1170-1172] [12] Guillot J C and Ralston J 1999 Inverse scattering at a fixed energy for layered media J. Math.

Pures Appl. 78 27-48 [13] Helgason S 1984 Groups and Geometric Analysis (New York: Academic Press) [14] Isozaki H 1997 Inverse scattering theory for Dirac operators Ann. Inst. H Poincaré 66 237-270 [15] Isozaki H 1997 Inverse scattering theory for wave equations in stratified media J. Diff. Eq.

138 19-54 [16] Joshi M S 2000 Explicitly recovering asymptotics of short-range potentials Comm. Partial Diff. Eq. 25 1907-1923 [17] Joshi M S and Sa Barreto A 1988 Recovering asymptotics of short-range potentials Comm.

Math. Phys. 193 197-208 [18] Joshi M S and Sa Barreto A 1999 Determining asymptotics of magnetic fields from fixed energy scattering data Asympt. Anal. 21 61-70 [19] Kuroda S T 1973 Scattering theory for differential operators I operator theory, II self-adjoint elliptic operators J. Math. Soc. Japan 25 75-104, 222-234 [20] Landau L D and Lifshitz E M 1965 Quantum mechanics (Pergamon Press: Oxford) [21] Nakamura G, Uhlmann G and Sun Z 1995 Global identifiability for an inverse problem for the Schrödinger equation with magnetic field Math. Anal. 303 377-388 [22] Newton R G 1989 Inverse Schrödinger Scattering in Three Dimensions (Berlin: Springer- Verlag)

[23] Nicoleau F 2004 A constructive procedure to recover asymptotics of short-range potentials J.

Diff. Eq. 2005 354-364

[24] Novikov R G 1994 The inverse scattering problem at fixed energy for the three dimensional Schrödinger equation with an exponentially decreasing potential Commun. Math. Phys. 161 569-595

[25] Novikov R G 2002 Scattering for the Schrödinger equation in multidimensions. Non-linear δ− equation, characterization of scattering data and related results, in Scattering. Vol. 2 edts. Pike R. Sabatier P. pp. 1729-1740 (San Diego: Academic Press)

[26] Novikov R G and Khenkin G M 1987 The ∂-equation in the multidimensional inverse scattering problem Uspekhi Mat. Nauk 42 93-152 [English transl. in 1987 Russian Math. Surveys 42 109- 180]

[27] Reed M and Simon B 1979 Methods of Modern Mathematical Physics III Scattering theory (New York: Academic Press)

[28] Shubin M A 1987 Pseudodifferential Operators and Spectral Theory (Berlin: Springer-Verlag)

[29] Skriganov M M 1978 Uniform coordinate and spectral asymptotics for solutions of the scattering problem for the Schrödinger equation J. Soviet Math. 8 120-141

[30] Treves F 1980 Introduction to Pseudodifferential and Fourier Integral Operators Volume 1 Pseudodifferential Operators (New York: Plenum Press)

[31] Uhlmann G and Vasy A 2002 Fixed energy inverse problem for exponentially decreasing potentials Methods Appl. Anal. 9 239-247

[32] Weder R 1991 Characterization of the scattering data in multidimensional inverse scattering theory Inverse Problems 7 461-489

[33] Weder R 1991 Global uniqueness at a fixed energy in multidimensional inverse scattering theory Inverse Problems 7 927-938

[34] Weder R 1999 Multidimensional inverse problems in perturbed stratified media J. Diff. Eq.

152 191-239

[35] Weder R 2004 Inverse scattering at a fixed quasi-energy for potentials periodic in time Inverse Problems 20 893-917

[36] Yafaev D R 2000 Scattering Theory: Some Old and New Problems Lecture Notes in Math.

1735 (Berlin: Springer)

[37] Yafaev D 2002 High energy asymptotics of the scattering amplitude for the Schrödinger equation Proc. Indian Acad. Sci. (Math. Sci.) 112 245-255

[38] Yafaev D 2003 High-energy and smoothness asymptotic expansion of the scattering amplitude J. Funct. Anal. 202 526-570

[39] Yafaev D R 2006 Scattering by magnetic fields St. Petersburg Math. J. 17 N 5 and arXiv SP/0501544