Phase transition induced by increasing the range of interaction in Potts Model

T. Gobron and I. Merola

Abstract. We consider the Q-state Potts model on Z^d, Q ≥ 3, d ≥ 2, with a Kac ferromagnetic interaction, with scaling parameter γ. When γ → 0 the range increases as γ^{−1} and the “strength” remains equal to 1. We prove the existence of a first order phase transition for γ small enough (thus with potential range finite). The proof is obtained by a perturbation around mean-field using the Pirogov-Sinai theory. The result is valid in particular for d = 2, Q = 3, thus providing an example of a system which undergoes a transition from second to first order phase transition when varying the finite range of the interaction.

1. Introduction

The Potts model is among the most interesting models in Statistical Mechanics and beyond. Since its original description by Potts as a simplified version of the clock model[39], it has become an ever growing source of interest, in particular in the field of phase transition. Started as the simplest generalization of the Ising Model (classical spins with Q values interacting through alike/dislike interactions), it acquired a widest meaning through the Kasteleyn-Fortuin representation [21], [37], which allows for both a straightforward generalization to any real positive value of the parameter Q (random cluster model [22]-[9]), and a direct connection between its partition function and the Tutte dichromatic polynomial [44]-[42], which have a central meaning in large areas of graph theory. The first instance gave rise to important connections with percolation theory (Q → 1) and resistor networks (Q → 0), while the second emphasizes on the properties of the graph it is defined on.

Though the Potts model is in general not solvable, it has been known since the original work by Potts that it undergoes an order-disorder phase transition. Since that time, a lot of work has been dedicated to the study of its critical properties, beginning with the nature of the transition, which appears to depend both on the number of spin values Q and the dimension of the lattice. In particular it has been proven that the transition is first order for nearest neighbor interactions in two dimensions for Q > 4 and continuous for Q ≤ 4, [4]-[5]-[45].

Besides these exact results, an important guideline in the rigorous analysis of the Potts model has been the mean field theory [45], in which the transition is continuous for Q ≤ 2 1

and first order for Q ≥ 3. The Potts model with nearest neighbor interactions on Z^d gets close to its mean field approximation in two ways, namely in high dimensions, or for large values of Q. Early attempts led to the heuristic determination of a critical value Q_c(d) beyond which the transition become mean-field like, and in particular to a few exact results Q_c(2) = 4, Q_c(4) = 2, Q_c(6) = 1 [45]. Rigorous results considered the large values of Q [29] or high dimension limit [28]while a more recent account gives a proof for d sufficiently large and all Q ≥ 3, [7].

Another possible approach consists in considering a larger range of interaction. The known results include one dimensional systems with^1_{rs} interactions, 1 < s ≤ 2. In [1], the existence of a transition has been proven in one dimension for s = 2. Numerical results [41] indicate that a transition from continuous to first order behavior occurs when s varies across some Q-dependant critical value. Recently [8] extended the previous rigorous results for long range potentials by proving the existence of a first order phase transition for potentials with the property of “reflection positivity” and sufficient spread out. It applies mainly to power law potentials for d < 3, and exponentially decaying potentials for d ≥ 3. In particular this lead to a class of bidimensional systems with Q = 3 which undergo a first order phase transition in contradistinction with the nearest neighbor case. This result confirms the behavior suggested by the mean field that the order of the transition may change with the range of interaction.

In the present work, we consider long but finite interaction potentials, and prove that for any Q ≥ 3, d ≥ 2, such a system undergoes a first order phase transition provided the range of interactions is long enough. In particular we prove that the transition takes place at a temperature close to the mean field critical temperature and that there is coexistence at the critical point between one disordered and Q ordered phases. As a byproduct, we obtain that for d = 2, Q = 3 there is a change in the nature of the transition from second order for nearest neighbor interaction to first order beyond some finite value for the interaction range.

Our method relies on the derivation of a Peierls estimate for the system of contours defined on top of coarse grained configurations, where the “mean-field states” play the role of the ground states. This method was first developed in the context of Ising models with Kac interactions [14],[11],[12], and later included an extended Pirogov-Sinai theory [46] in order to cope with non symmetrical systems, such as a continuous point particle model [33] and a quantum version of it [2]. See also [40] for a thorough account on this approach. Absence of symmetry between ordered and disordered phases also lead us to use the Pirogov-Sinai theory. This requires in turn a precise estimate of finite volume corrections to the pressures which follows from an extension of the Dobrushin uniqueness criterion ([16]) introduced in [3].

Our results suggests three possible directions for further work: (1) the proof of the existence of a transition from first to second order when increasing the range of interactions.

(2) the extension of our results to the random cluster model for all real positive values of Q. (3) the study of the phase diagram in a neighborhood of the critical temperature, applying the techniques developed in [10].

The paper is organized as follows: in Section 2, we define the model and state our main result. In Section 3, we explain the strategy of the proof and give some hints on why such approach is successful. In section 4, we define various notations and introduce the scales which appear in the problem. In section 5, we define the coarse grained configurations and prove a “Lebowitz Penrose theorem”, introducing a mean field functional. Section 6 contains the definition of contours and states the Peierls bound for their weights. This bound is proven in the remaining sections: in section 7 we prove a factorization theorem for the contour weights and introduce abstract contour models which are at the core of the Pirogov-Sinai in the Zahradnìk approach, [46].

In section 8 we identify the value of the inverse temperature β at which the orderdisorder phase transition takes place. Section 9 contains an estimate for the finite volume corrections to the pressure, which requires both a control on the decay of correlation and a small deviation estimate. Section 10 gives a large deviation estimate which provides the Peierls constant. Five appendices are added at the end of the paper: Appendix A contains a short review of the mean field theory for the Potts model as well as the derivation of the properties on which we rely in the rest of the paper. Appendix B discuss the local equilibrium properties which are used in various parts of the paper. In Appendix C, we prove the existence of the pressure for the abstract models introduced in section 7. In Appendix D, we prove a lemma needed in section 8. Finally, in Appendix E, we prove a lemma needed in the proof of the small deviation estimate of section 9.

2. Potts model with Kac interactions: definitions and main results.

We first define the Q-state Potts model on Z^d with long but finite interactions. In the following, Z^d is considered as naturally embedded in R^d.

For a fixed value of the scaling parameter γ > 0, we introduce the Kac potential J_γ defined on R^d × R^d as

J_γ (x, y) = γ^dJ (γ|x − y|) (2.1)

where J (r) is a symmetric probability kernel with range 1, differentiable with bounded derivative and |.| denotes the Euclidean norm on R^d.

Let denote by a_q, q = 1, . . . , Q, the Q different “colors”. We denote by Ω̃_o := {a_1, . . . a_Q} and by Ω̃ := Ω̃^{Zd}_o the space of configurations of the Q-state Potts model on Z^d and by

Ω̃_Λ = Ω̃Λ_o its restriction to a finite subset Λ of Zd. The color at the site i is denoted by σ(i) ∈ Ω̃_o

For any finite region Λ of Z^d, we define the Potts-Kac Hamiltonian with boundary conditions σ_Λc ∈ Ω̃_Λc as

H_{γ,Λ}(σ_Λ|σ_Λc ) := − 1 2 ∑ i,j∈Λ i≠j

J_γ (i, j)1_{{σΛ(i)=σΛ (j)}} − ∑ i∈Λ j∈Λ^c

J_γ (i, j)1_{{σΛ(i)=σΛc (j)}}

The Gibbs measure specifications are:

μ_{γ,β,Λ}(σ_Λ|σ_Λc ) = e^{−βHγ,Λ (σΛ|σΛc )} Z_{γ,β,Λ}(σ_Λc )

(2.2)

where Z_{γ,β,Λ}(σ_Λc ) is the partition function

Z_{γ,β,Λ}(σ_Λc ) := ∑ σ_Λ

e^{−βHγ,Λ(σΛ|σΛc )}

In this paper, we will work with an alternative formulation of the Potts model which is more suited for our purpose and prepare for the introduction of coarse graining: Let ⃗u_q, q = 1, · · · , Q the vectors of R^Q with components u_{q,k} = δ_{q,k}. We define Ω_o := {⃗u_1, · · · , ⃗u_Q} and Ω := Ω^{Zd}_o . Then, we associate to each element σ of Ω̃, a vector configuration ⃗ξ of Ω as

⃗ξ(i) = ⃗u_q ⇐⇒ σ(i) = a_q (2.3)

In these notations, the Hamiltonian (2.2) reads

H_{γ,Λ}(⃗ξ_Λ|⃗ξ_Λc ) = − 1 2 ∑ i,j∈Λ i≠j

J_γ (i, j)⃗ξ_Λ(i) · ⃗ξ_Λ(j) − ∑ i∈Λ j∈Λ^c

J_γ (i, j)⃗ξ_Λ(i) · ⃗ξ_Λc (j) (2.4)

where “·” denote the scalar product: ⃗v·⃗v^′ :=

∑_Q

k=1 v_kv^′_k. In these variables, the Potts model appears as a superposition of Q lattice gases, with configurations ξ_q ∈ {0, 1}^{Zd}, interacting through hard core exclusion, ∑ q ξ_q(i) = 1 for all i ∈ Z^d.

The main result of this paper is stated in the following theorem:

Theorem 2.1. For any d ≤ 2 and Q ≥ 3, there exists γ̄ > 0 such that for any γ ∈ (0, γ̄), there is a value of the inverse temperature β_c(γ) at which there exist Q + 1 distinct DLR measures.

In particular there are Q DLR measures μ^{(q)}_{γ,β}, q = 1, · · · , Q, the “ordered” states, where one of Q colors is dominant:

μ^{(q)}_{γ,β}(σ_0 = a_q) > μ^{(q)}_{γ,β}(σ_0 = a_p) ∀p, q ∈ {1, · · · , Q} (2.5)

The remaining DLR measure is the “disordered” state μ^{(−1)}_{γ,β} where all colors appear with the same density:

μ^{(−1)}_{γ,β} (σ_0 = a_q) = 1 Q

3. Idea of the proof and stability properties of the Free energy functional

The main stream of ideas which leads to the present proof originates in the work by Lebowitz and Penrose [35] on the rigorous derivation of the Van der Waals theory of liquidvapor transition using the inverse range of interaction γ as a control parameter.

The first step consists in the introduction of a continuous approximation of the free energy of the system by a “mean field free energy functional”

F_{γ,β}(⃗ρ) = ∫ dr Φ^{mf}_β (⃗ρ) + 1 4 ∫ ∫ dxdy J_γ (x, y)(⃗ρ(y) − ⃗ρ(x))^2

defined for all ⃗ρ ∈ L^∞(R^d, S_Q), where

S_Q = { ⃗ρ ∈ R^Q_+, ∑ q ρ_q = 1 } (3.1)

The mean field free energy density ϕ^{mf}_β is defined on S_Q as

ϕ^{mf}_β (⃗v) := 1 2 (⃗v · ⃗v) − 1 β ⃗v · ln(⃗v)

and finally

Φ^{mf}_β (⃗v) := ϕ^{mf}_β (⃗v) − inf_{⃗v∈SQ} ϕ^{mf}_β (⃗v)

This approximation allows for a perturbative analysis that relies on the stability properties of F_{γ,β}(⃗ρ).

The critical points in L^∞(R^d, S_Q) of F_{γ,β} (·) identify with the fixed points of the map ⃗M = (M_1, . . . , M_Q) defined on L∞(Λ, S_Q) as:

⃗ρ → ⃗M(⃗ρ) with M_k(⃗ρ) := e^{βLk(⃗ρ)} ∑ l e^{βLl(⃗ρ)}

(3.2)

where ⃗L(⃗ρ)(r) = ∫ dy J_γ (x, y)⃗ρ(y). The stability property we are referring to is the fact that the map ⃗M(·) is a contraction in a neighborhood of each fixed point relevant to our analysis. These fixed points are the constant vector functions, which take values in the set of the fixed points of the “mean field map” ⃗M^{mf} (·) defined on S_Q:

M^{mf}_k (⃗v) := e^{βvk} ∑ l e^{βvl}

This correspondence uses the fact that ⃗L(⃗ρ) = ⃗ρ for any constant profile ⃗ρ on R^d. In appendix A it is shown that for β in an interval (β_0, Q) there are Q + 1 solutions of the mean field equation in S_Q:

⃗v = M^{mf}_k (⃗v) (3.3)

denoted by ⃗ρ^{(q̂)} ≡ ⃗ρ^{(q̂)}_β , q̂ ∈ {−1, 1, . . . , Q}, which are the local minimizers of the mean field free energy density function ϕ^{mf}_β (⃗v) on S_Q (Theorem A.1). Q of them are the “ordered states” ⃗ρ^{(q)}, q > 0, in which one of the color dominates, and the remaining one is a “disordered state”, ⃗ρ^{(−1)} in which all colors have the same density. Around each of these minimizers, the mean field map is a contraction (Theorem A.3). and the map ⃗M inherits the same property for β close enough to the mean field critical inverse temperature β^{mf}_c (Q) as shown in section 9.1.

The next step consists in the introduction of a coarse grained level of description, at which one can introduce reference states in which the local empirical mean is everywhere close to one of the constant minimizers of F_{γ,β} (⃗ρ). Our result is then based on the derivation of Peierls bounds for a systems of contours defined on a larger scale, as perturbations of these references states.

The absence of symmetry between ordered and disordered phases lead to use the Pirogov-Sinai theory. We follow the approach of Zahradnìk [46] (see also [40], [33], [2]) and define abstract contours models with cut-off weights, supported by a the restricted ensemble of configurations associated to a reference state. The value of the inverse temperature at which the pressures of these models are equal identifies with the critical value at which the transition takes place. In fact, equality between these pressures together with an accurate estimate on their finite volume corrections lead to a Peierls estimate for the “true model”. This latter point is obtained by proving for the abstract models both the fast decay of correlations and a small deviation estimate. These proofs depend in a crucial way on the stability properties of the free energy functional F_{γ,β} (⃗ρ). The value of the Peierls constant as well as the control over the various error terms then follows from a large deviation estimate based on the continuous approximation introduced above.

Technically, we first derive a factorization theorem (Theorem 7.1) for the weight of a contour. The proof then splits into two parts: a large deviation estimate gives an estimate for the free energy of a contour (Theorem 7.2) while the control on the other term in the factorization formula follows from the analysis of the abstract contours models (Theorem 7.3). This last theorem uses estimates on decay of correlations and small deviation estimates for these models. Connection with the original model holds when the cut-off weights for the abstract models identify with the true weightswhich occurs for a single value β = β_c(γ).

By these three Theorem (7.1, 7.2 and 7.3) we prove that a Peierls bound holds at the critical temperature β_c(γ) for γ small enough (Theorem (6.3)). A classical Peierls argument then proves that, at β = β_c(γ), the Q ordered phases coexist with the disordered one (Theorem (2.1)).

4. Notations and scales

Notations We consider Z^d as imbedded in R^d and frequently need to define similar functions both on Z^d and on R^d. In order to avoid confusion and duplication of all notations, we will stick to the convention that functions are defined on Z^d or on R^d according to which of the two following notations is used for their arguments:

x,y are points in R^d. i, j are points in Z^d.

Accordingly, for any subset Λ ∈ R^d, we will write {i ∈ Λ} for the set {i ∈ Λ ⊓ Z^d}. We denote by |Λ| the volume of the set Λ and by |∂Λ| its surface.

Furthermore, the Q colors in the microscopic model are denoted {a_1, · · · , a_Q}, and we use indices p or q in {1, · · · , Q} to denote them. After coarse graining, these indices refer to the Q ordered states in which one color is dominant, while one extra color a_{−1} is introduced corresponding to a disordered state. Thus we use indices p̂ or q̂ in {−1, 1, · · · , Q} to designate the colors after coarse graining. Correspondingly there are Q+1 local minimizers in the mean field model which we denote by the symbol ⃗ρ^{(q̂)} ≡ ⃗ρ^{(q̂)}_β . We will also denote by the same symbol the Q + 1 density functions in L^∞(Z^d, S_Q) (respectively L^∞(R^d, S_Q)) constantly equal to ⃗ρ^{(q̂)} on Z^d (respectively R^d).

We will use instead k and l as indices in {1, · · · , Q} to designate the k^{th} and l^{th} coordinates of a vector in S_Q. Finally, m is an index in {1, · · · , d}.

We equip R^d with the following two norms: let x, y ∈ R^d

dist(x, y) := max_{m∈{1,...,d}} |x_m − y_m| (4.4)

|x − y| := d∑ m=1 (x_m − y_m)^2 (4.5)

We also introduce two norms on S_Q. For all ⃗v in S_Q, let

‖⃗v‖_⋆ := sup_{k∈{1,...,Q}} |v_k| (4.6)

|⃗v| := Q∑ k=1 v^2_k (4.7)

Finally, we denote by J_γ the normalization constant of the interaction kernel J_γ on Z^d:

J_γ := ∑ j∈Z^d

J_γ (0, j) lim_{γ→0} J_γ = 1 (4.8)

Scales:

In the sequel, we introduce three lengths ℓ_0, ℓ_{−,γ} and ℓ_{+,γ} which grow as powers of the potential range, respectively as γ^{− 1}2 , γ^{−(1−α)} and γ^{−(1+α)}, where α ∈ (0,^1_{16d} ). The bound

1 16d will be requested in the course of the proofs in order to satisfy various requirements. For ℓ = ℓ_0, ℓ_{−,γ} , ℓ_{+,γ} we construct a partition D^ℓ of R^d in cubes of side length ℓ. In order that these three partitions are one coarser than the other, we define ℓ_0, (respectively ℓ_{−,γ} and ℓ_{+,γ} ) as the largest power of 2 smaller than γ^{− 1}2 , (respectively γ^{−(1−α)} and γ^{−(1+α)}). In other terms,

ℓ_0 = 2 [ 1 2 ln γ−1 ln 2 ] (4.9)

ℓ_{±,γ} = 2^{(1±α)}

[_{ln γ−1}

ln 2 ] (4.10)

where [·] denotes the integer part We will also consider γ small enough so that these lengths are ordered as

1 < ℓ_0 < ℓ_{−,γ} < γ^{−1} < ℓ_{+,γ} (4.11)

5. Coarse graining and mean field functional

Let ℓ a large positive integer and D^ℓ a partition of R^d in cubes of size ℓ. For all x in R^d, we denote by C^ℓ_x the cube of D^ℓ containing x. We define a coarse grained configuration on D^ℓ as follows: for each configuration ⃗ξ ∈ Ω and any x ∈ R^d, we define the coarse grained configuration (at scale ℓ) as the Q-dimensional vector, ⃗ξ^ℓ(x) = ℓ^{−d} ∑ i∈C^ℓ_x

⃗ξ(i) (5.12)

where we make use of our notational conventions. The k^{th} component ξ^ℓ_k(x) is the empirical density of color a_k in C^ℓ_x. Due to the underlying discretization, ⃗ξ^ℓ(x) takes values in the finite set M^Q_{ℓd}

M^Q_{ℓd} = { (r_1, · · · , r_Q); (ℓ^dr_k) ∈ N, Q∑ k=1 r_k = 1 }

Let Λ a D^ℓ-measurable subset of R^d. The set of coarse grained configuration in Λ is denoted by Ω^ℓ_Λ and identifies with the set of D^ℓ-measurable functions on Λ with values in M^Q_{ℓd} . We extend the discrete set M^Q_{ℓd} to the simplex S_Q in R^Q defined as

S_Q = { ⃗ρ ∈ R^Q_+, ∑ q ρ_q = 1 } (5.13)

Thus all coarse grained configurations in Ω^ℓ_Λ are also elements of L^∞(Λ, S_Q). Conversely we will approximate any function in L^∞(Λ, S_Q) by a coarse grained configuration. For any

⃗ρ ∈ L^∞(Λ, S_Q), we will denote by ⃗ρ^ℓ its D^ℓ-measurable approximation

⃗ρ^ℓ(x) = ℓ^{−d} ∫ C^ℓ_x

⃗ρ(y)dy (5.14)

for all x in Λ, and by [⃗ρ ]^ℓ the only function in Ω^ℓ_Λ such that − 1 2ℓ^d

< [⃗ρ ]^ℓ_k(x) − ρ^ℓ_k(x) ≤ 1 2ℓ^d

(5.15)

for all k and all x in Λ.

For Λ a finite D^ℓ-measurable region of R^d, we define the mean field free energy functional on L^∞(Λ, S_Q) as,

F_{γ,β,Λ}(⃗ρ_Λ|⃗ρ_Λc ) = V_{γ,Λ}(⃗ρ_Λ|⃗ρ_Λc ) − 1 β I(⃗ρ_Λ) (5.16)

where ⃗ρ_Λc ∈ L^∞(Λ^c, S_Q) defines the boundary conditions. The two functionals V_{γ,Λ}(⃗ρ_Λ|⃗ρ_Λc ) and I(⃗ρ_Λ) are respectively the energy and the entropy of configuration ⃗ρ_Λ,

V_{γ,Λ}(⃗ρ_Λ|⃗ρ_Λc ) = − 1 2 ∫ Λ ∫ Λ J_γ (x, y) ( ⃗ρ_Λ(x) · ⃗ρ_Λ(y) ) dxdy − ∫ Λ ∫ Λ^c

J_γ (x, y) ( ⃗ρ_Λ(x) · ⃗ρ_Λc (y) ) dxdy

I(⃗ρ_Λ) = − ∫ Λ Q∑ q=1 ρ_{Λ,q}(x) ln(ρ_{Λ,q}(x))dx=: − ∫ Λ ⃗ρ_Λ(x) · ln ⃗ρ_Λ(x)dx

For all A ⊏ Ω_Λ we define the constrained partition function Z_{γ,β,Λ}(A|⃗ξ_Λc )

Z_{γ,β,Λ}(A|⃗ξ_Λc ) = ∑ ⃗ξ_Λ∈A

e^{−βHγ,Λ(⃗ξΛ|⃗ξΛc )}

We now state a theorem relating constrained partition functions and mean field free energy:

Theorem 5.1. There exists a constant c > 0 such that for all γ > 0, ℓ ∈ (1, γ^{−1}) and all bounded D^ℓ-measurable region Λ of R^d, the following inequalities hold:

For all subsets A of Ω^ℓ_Λ,

ln Z_{γ,β,Λ}({⃗ξ^ℓ_Λ ∈ A}|⃗ξ_Λc ) + β inf_{⃗ρΛ∈A} F_{γ,β,Λ}(⃗ρ_Λ|⃗ξ^ℓ_Λc ) ≤ βcϵ(γ, ℓ)|Λ|

and for all ⃗ρ_Λ ∈ L^∞(Λ, S_Q),

ln Z_{γ,β,Λ}({⃗ξ_Λ : ⃗ξ^ℓ_Λ = [⃗ρ_Λ]^ℓ}|⃗ξ_Λc ) + βF_{γ,β,Λ}(⃗ρ_Λ|⃗ξ^ℓ_Λc ) ≥ −βcϵ(γ, ℓ)|Λ|

where

ϵ(γ, ℓ) = γℓ + ln ℓ ℓ^d Proof. We first estimate the difference between the energy H_{γ,Λ}(⃗ξ_Λ|⃗ξ_Λc ) and its coarse grained approximation V_{γ,Λ}(⃗ξ^ℓ_Λ|⃗ξ^ℓ_Λc ). Given two cubes C_1 and C_2 of the partition D^ℓ, for any two points i ∈ C_1 and j ∈ C_2, we have

|J_γ (i, j) − 1 ℓ^{2d} ∫ C_1×C_2

J_γ (x, y) dx dy| ≤ 2 √ d‖∇J ‖_∞γ^{d+1}ℓ1_{d(C1,C2)≤γ}−1

where d(C1, C2) = inf_{x∈C1,y∈C2} |x − y|.

Hence | H_{γ,Λ}(⃗ξ_Λ|⃗ξ_Λc ) − V_{γ,Λ}(⃗ξ^ℓ_Λ|⃗ξ^ℓ_Λc ) | ≤ ∑ C_1∈D^ℓ_Λ C_2∈D^ℓ | | ∑ i∈C_1∩Z^d j∈C_2∩Z^d

J_γ (i, j)⃗ξ_Λ(i) · ⃗ξ_Λ(j) − ∫ C_1×C_2

J_γ (x, y)⃗ξ^ℓ_Λ(x) · ⃗ξ^ℓ_Λ(y) | |

≤ ∑ C_1∈D^ℓ_Λ C_2∈D^ℓ | | ∑ i∈C_1∩Z^d j∈C_2∩Z^d

( J_γ (i, j) − 1 ℓ^{2d} ∫ C_1×C_2

J_γ (x, y) dx dy ) ⃗ξ_Λ(i) · ⃗ξ_Λ(j)|

≤ 2 √ d‖∇J ‖_∞γ^{d+1}ℓ ∑ C_1,C_2

|C_1||C_2|1_{d(C1,C2)≤γ}−1

≤ c_dγℓ|Λ|

where c_d is a constant independent on γ, ℓ ≤ γ^{−1} and Λ

c_d = 2^{d+1} √ d‖∇J ‖_∞ (5.17)

Thus for any profile ⃗ρ_Λ in Ω^ℓ_Λ, we have | | ln Z^{γ,β,Λ}({

⃗ξ_Λ : ⃗ξℓ_Λ = ⃗ρ_Λ}|⃗ξ_{Λc} )

|{⃗ξ_Λ : ⃗ξ^ℓ_Λ = ⃗ρ_Λ}|e^{−βVγ,Λ (⃗ρΛ|⃗ξℓ}Λ^{c )} | | ≤ c_dγℓ|Λ|

The cardinality of {⃗ξ_Λ : ⃗ξ^ℓ_Λ = ⃗ρ_Λ} can be related to the entropy of ⃗ρ_Λ. The error bounds for the Stirling formula 1 12N + 1 ≤ ln(N!)

N(ln(N) − 1) + ln( √ 2πN) ≤ 1 12N (5.18)

leads to the following estimate | ln |{⃗ξ_Λ : ⃗ξ^ℓ_Λ = ⃗ρ_Λ}| − I(⃗ρ_Λ) | ≤ dQ|Λ| log ℓ ℓ^d one gets | ln Z_{γ,β,Λ}({⃗ξ_Λ : ⃗ξ^ℓ_Λ = ⃗ρ_Λ}|⃗ξ_Λc ) + βF_{γ,β,Λ}(⃗ρ_Λ|⃗ξ^ℓ_Λc ) | ≤ βc_dγℓ|Λ| + Qd|Λ| log ℓ ℓ^d Now an easy upper bound for the cardinality of Ω^ℓ_Λ gives for all A ⊏ Ω^ℓ_Λ

ln |A| ≤ ln |Ω^ℓ_Λ| ≤ Qd |Λ| ℓ^d log ℓ

where |A| denotes the cardinality of the set A. Combining these two last inequalities gives the first part of Theorem 5.1 with c = max(c_d,^{2Qd}_β ). On the other side, for all ⃗ρ ∈ L^∞(Λ, S_Q), one has

log Z_{γ,β,Λ}(⃗ξ^ℓ_Λ = [⃗ρ_Λ ]^ℓ|⃗ξ_Λc ) ≥ −βF_{γ,β,Λ}([⃗ρ]^ℓ|⃗ξ^ℓ_Λc ) − cϵ(γ, ℓ)|Λ|

Now using

|V_{γ,Λ}(⃗ρ_Λ|⃗ξ^ℓ_Λc ) − V_{γ,Λ}(⃗ρ^ℓ_Λ|⃗ξ^ℓ_Λc )| ≤ c_dγℓ|Λ|

and the concavity of the entropy, one gets

F_{γ,β,Λ}(⃗ρ_Λ|⃗ξ^ℓ_Λc ) ≥ F_{γ,β,Λ}(⃗ρ^ℓ_Λ|⃗ξ^ℓ_Λc ) − c_dγℓ|Λ|

Furthermore, approximating ⃗ρ^ℓ_Λ by [⃗ρ_Λ ]^ℓ gives F_{γ,β,Λ}(⃗ρ^ℓ_Λ|⃗ξ^ℓ_Λc ) ≥ F_{γ,β,Λ}([⃗ρ_Λ ]^ℓ|⃗ξ^ℓ_Λc ) − dQ |Λ| ℓ^d we thus get:

log Z_{γ,β,Λ}(⃗ξ^ℓ_Λ = [⃗ρ ]^ℓ|⃗ξ_Λc ) ≥ −βF_{γ,β,Λ}(⃗ρ_Λ|⃗ξ^ℓ_Λc ) − βcϵ(γ, ℓ)|Λ| which gives the second part of the theorem with the same constant as before. □ We will use theorem 5.1 mostly in the following weaker form:

Corollary 5.2. There exists a constant c > 0 such that for all γ > 0, ℓ an integer in (1, γ^{−1}) and all bounded D^ℓ-measurable region Λ of R^d, | log Z_{γ,β,Λ}(⃗ξ_Λc ) + β inf_{⃗ρΛ} F_{γ,β,Λ}(⃗ρ_Λ|⃗ξ^ℓ_Λc ) | ≤ βcϵ(γ, ℓ)|Λ| Theorem 5.1 leads also to the Lebowitz-Penrose limit for the Potts model Theorem 5.3. [Lebowitz-Penrose] There exists the limit lim_{γ→∞} lim_{Λ→Rd} log Z_{γ,β,Λ} |Λ| = P^{mf}_β where P^{mf}_β is the mean field pressure.

Proof. The free energy functional on L^∞(Λ, S_Q) with boundary conditions ⃗ρ_Λc can be rewritten as

F_{γ,β,Λ}(⃗ρ_Λ|⃗ρ_Λc ) = F_{γ,β,Λ}(⃗ρ_Λ|⃗ρ_Λc ) − 1 2 ∫ Λ ∫ Λ^c

J_γ (x, y)|⃗ρ_Λc (y)|^2dxdy where

F_{γ,β,Λ}(⃗ρ_Λ|⃗ρ_Λc ) = ∫ Λ ϕ^{mf} (⃗ρ_Λ(x))dx + 1 4 ∫ Λ ∫ Λ J_γ (x, y)|⃗ρ_Λ(x) − ⃗ρ_Λ(y)|^2dxdy + 1 2 ∫ Λ ∫ Λ^c

J_γ (x, y)|⃗ρ_Λ(x) − ⃗ρ_Λc (y)|^2dxdy with ϕ^{mf}_β (⃗ρ) the mean field free energy density on S_Q (A.2). We have clearly inf ⃗ρ_Λ∈L^∞(Λ,S_Q)

F_{γ,β,Λ}(⃗ρ_Λ|⃗ρ_Λc ) ≥ inf_{⃗ρΛ∈L∞(Λ,SQ)} ∫ Λ ϕ^{mf}_β (⃗ρ_Λ(x))dx which gives a lower bound for the free energy as inf ⃗ρ_Λ∈L^∞(Λ,S_Q)

F_{γ,β,Λ}(⃗ρ_Λ|⃗ρ_Λc ) ≥ −P^{mf}_β |Λ| − cγ^{−1}|∂Λ| with P^{mf}_β = − inf_{⃗v∈SQ} ϕ^{mf}_β (⃗v) (5.19)

From 5.1 with ℓ = γ^{− 1}2 , one gets log Z_{γ,β,Λ}

β|Λ|

≤ P^{mf}_β + cϵ(γ, γ^{−1/2}) + γ^{−1}

|∂Λ| |Λ| and hence

lim inf γ→0 lim inf

Λ↗R^d

log Z_{γ,β,Λ} β|Λ|

≤ P^{mf}_β

where the limit lim inf_{Λ↗R}d is taken on a sequence of Van Hove subsets of R^d. On the other side, writing (5.19) for ⃗ρ_Λ = ⃗ρ^{p̂}1_Λ, where ⃗ρ^{p̂} is the absolute minimizer of ϕ^{mf}_β , we get

F_{γ,β,Λ}(⃗ρ^∗1_Λ|⃗ρ_Λc ) ≤ F_{γ,β,Λ}(⃗ρ^∗1_Λ|⃗ρ_Λc ) ≤ −P^{mf}_β |Λ| + cγ^{−1}|∂Λ|

From the second inequality in 5.1 one gets log Z_{γ,β,Λ}

β|Λ|

≥ P^{mf}_β − cϵ(γ, γ^{−1/2}) + γ^{−1}

|∂Λ| |Λ| and finally

lim sup γ→0 lim sup

Λ↗R^d

log Z_{γ,β,Λ} β|Λ|

≥ P^{mf}_β □

6. Contours

We first define three phase indicators: η, θ, Θ. These indicators are block spin variables which take value in {0, a_{−1}, a_1, . . . , a_Q}, (a_{−1} a new “color” which will sign the disordered state). We will define them both on configurations in Ω and on functions in L^∞(R^d, S_Q) or in L^∞(Z^d, S_Q), using the same notation, as follows: Let C^{ℓ−,γ}_x the block of the partition D^{ℓ−,γ} of size ℓ_{−,γ} that contains the point x ∈ R^d.

η_x(⃗s) := a_{p̂} if ‖⃗s^{ℓ−,γ} (x) − ⃗ρ^{(p̂)}_β ‖_⋆ < γ^a, p̂ ∈ {−1, 1, . . . , Q}

0 otherwise.

(6.1)

where ⃗s^{ℓ−,γ} is a D^{ℓ−,γ} -measurable function defined either by (5.12) or by (5.14) and ⃗ρ^{(q̂)} are the local minimizers in S_Q of the mean field free energy density.

The value of the exponent a > 0 defines the “accuracy parameter” γ^a in the right hand side of (6.1). Our proof will require in addition that a < α.

Let then denote by C^{ℓ+,γ}_y the cube of the partition D^{ℓ+,γ} that contains the point y ∈ R^d. We define

θ_x(⃗s) := η_x(⃗s) if η_y(⃗s) = a_{p̂} ∀y ∈ C^{ℓ+,γ}_x , 0 otherwise.

(6.2)

Θ_x(⃗s) = θ_x(⃗s) ∏ C^{ℓ+,γ}_y :C^{ℓ+,γ}_y ∼C^{ℓ+,γ}_x

1_{θx(⃗s)=θy (⃗s)} (6.3)

The set {C^{ℓ+,γ}_y : C^{ℓ+,γ}_y ∼ C^{ℓ+,γ}_x } is the set of cubes in D^{ℓ+,γ} ∗-connected with C^{ℓ+,γ}_x , i.e. : C^{ℓ+,γ}_y ⊓ C^{ℓ+,γ}_x ≠ ∅.

Notice that, by definition, if Θ_x(⃗s) = a_{p̂} and Θ_y(⃗s) = a_{q̂} and p̂ ≠ q̂, then dist(x, y) > 2ℓ_{+,γ} Thus the regions {x : Θ_x(⃗s) = a_{p̂}} and {x : Θ_x(⃗s) = a_{q̂}} will be separated by a domain which form the support for the contours which we now define with respect to a configurations ⃗ξ. A similar definition with respect to a continuous profile ⃗ρ will also hold.

Definition 6.1. A contour Γ ≡ (sp(Γ), η_Γ) for a configuration ⃗ξ in Ω , is specified by a couple (sp(Γ), η_Γ) where sp(Γ) is one of the maximal connected component of the subset of R^d {x : Θ_x(⃗ξ) = 0} and η_Γ is the coarse grained configuration on sp(Γ) on the scale ℓ_{γ,−}, η_Γ ≡ {η_x(⃗ξ)}_{x∈sp(Γ)}.

We will prove that a Peierls bound for these contours holds for a range of values in β. Before stating our precise result in a Theorem, we need to introduce some notations related to the notion of contour:

Notations

For any set B ⊏ R^d, r ∈ R, we define

δ^r_{in}[B] := {x ∈ B : dist(x, B^c) ≤ r} (6.4) δ^r_{out}[B] := {x ∈ B^c : dist(x, B) ≤ r} (6.5)

where dist(x, B) = inf_{y∈B} dist(x, y).

We denote by |Γ| ≡ |sp(Γ)| the volume of the region sp(Γ). For any bounded contour (|Γ| < ∞), we denote by Ext(Γ) the (unique) unbounded connected component of sp(Γ)^c and by {Int_i(Γ)}, i ∈ I the collection of its bounded connected components:

sp(Γ)^c = Ext(Γ) ⊔_{i∈I} Int_i(Γ) (6.6)

By definition of a contour, for any point x in δ^{ℓ+,γ}_{out} [sp(Γ)], Θ_x ≠ 0 and we define

A^{q̂} ≡ A^{q̂}(Γ) := {x ∈ δ^{ℓ+,γ}_{out} [sp(Γ)] : Θ_x = a_q} ; A(Γ) := ⨆ q̂ A^{q̂} = δ^{ℓ+,γ}_{out} [sp(Γ)] (6.7)

Note that A^{q̂} depends only on Γ. Correlatively, for each connected component of sp(Γ)^c, Int_i(Γ) (respectively Ext(Γ)) the phase indicator Θ is constant and nonzero on δ^{ℓ+,γ}_{in} [Int_i(Γ)] (respectively on δ^{ℓ+,γ}_{in} [Ext(Γ)]). Thus we write

I^{q̂}(Γ) := {i : Int_i(Γ) ⊓ A^{q̂} ≠ ∅; } ; Int^{q̂}(Γ) := ⨆ i∈I^{q̂} (Γ)

Int_i(Γ) (6.8)

We call Γ a “p̂-contour” if Ext(Γ) ⊓ A^{p̂} ≠ ∅ and define c(Γ) := sp(Γ) ⊔_{i∈I} Int_i(Γ) (6.9)

Weights of contours Let denote by E(Γ, p̂) the event that Γ is a p̂-contour:

E(Γ, p̂) := { ⃗ξ : η_x(⃗ξ) = η_Γ ∀ x ∈ sp(Γ) ;^{Θx(⃗ξ)=aq̂ ∀ x∈Aq̂ (Γ) ∀q̂∈{−1,1,...,Q}}

Θ_x(⃗ξ)=a_{p̂} ∀ x∈A(Γ)⊓Ext(Γ) }

and by E( ̸Γ, p̂) the event that the phase p̂ extends on sp(Γ) ⊔ A(Γ) E( ̸Γ, p̂) := {⃗ξ : Θ_x(⃗ξ) = a_{p̂} ∀ x ∈ sp(Γ) ⊔ A(Γ)}

We then define the weight of a p̂-contour as follows:

w^{p̂}_{γ,β}(Γ; ⃗ξ_Ap̂ ) := μ_{γ,β,c(Γ)\Int}p̂_{(Γ)}(E(Γ, p̂)|⃗ξ_Ap̂ ) μ_{γ,β,c(Γ)\Int}p̂_{(Γ)}(E( ̸Γ, p̂)|⃗ξ_Ap̂ )

(6.10)

Peierls bounds We say that the p̂-contours satisfy a Peierls bound if there exists a constant K > 0 such that for any p̂-contour Γ:

w^{p̂}_{γ,β}(Γ; ⃗ξ_Ap̂ ) ≤ e^{−K NΓ} (6.11) where N_Γ is the number of cubes of D^{ℓ+,γ} in sp(Γ): N_Γ := |Γ| |C^{ℓ+,γ}_0 | Theorem 6.2. If there is K_γ large enough such that, for any p̂ ∈ {−1, 1, · · · , Q}, the weights w^{p̂}_γ (Γ; ⃗ξ_Ap̂ ) satisfy the Peierls bound (6.11) then there exist Q + 1 distinct DLR measures and:

μ^{(q)}_{γ,β}(Θ = a_{−1}) ≠ μ^{(−1)}_{γ,β} (Θ = a_{−1}) ∀q > 0 μ^{(q)}_{γ,β}(Θ = a_{−1}) ≤ e^{−(Kγ −b)} ∀q > 0 with b a positive constant.

The proof of Theorem 2.1 follows from Theorem 6.2, showing that there exist a value of β = β_c(Q, γ) and a constant K := K_γ (γ, β) such that the bounds (6.11) hold.

The proof of Theorem 6.2 uses the well known Peierls argument and is omitted. The key estimate is stated in the following Theorem:

Theorem 6.3. there exists a value γ̄ such that for any γ < γ̄ there exists β_c(γ):

w^{p̂}_{γ,βc(γ)}(Γ; ⃗ξ_Ap ) ≤ exp{−K_γ |N_Γ|} with K_γ = c_pβ_c(γ)γ^{2a}|C^{ℓ−,γ} | (6.12)

with c_d a constant depending only on Q and on the dimension of the space,

c_p = 1 3^{d+1}

(Q − β^{mf}_c (Q)) > 0 (6.13)

7. Peierls estimates

Let X^{q̂} := {⃗s : Θ_x(⃗s) = a_{q̂} ∀x ∈ R^d}, defined for ⃗s that can be either in Ω, or in L^∞(R^d, S_Q) or in L^∞(Z^d, S_Q).

For any q̂ ∈ {−1, 1, . . . , Q}, and any ⃗s ∈ X^{q̂} := {⃗s ∈ L^∞(Z^d, S_Q) : Θ_x(⃗s) = a_{q̂} ∀x ∈ R^d}, we define the “diluted partition function” Z^{q̂}_{γ,β,Λ}(⃗s_Λc ), as

Z^{q̂}_{γ,β,Λ}(⃗s_Λc ) := Z_{γ,β,Λ}({⃗ξ_Λ : θ_x(⃗ξ_Λ) = a_{q̂} ∀x ∈ δ^{ℓ+,γ}_{in} [Λ]}|⃗s_Λc ) (7.14)

where the definition of the Hamiltonian (2.4) have been naturally extended to boundary conditions in L^∞(Z^d, S_Q).

Let Γ a p̂-contour and

G^{p̂} := sp(Γ) ⨆ q̂≠p̂

A^{q̂} (7.15)

Theorem 7.1. There are γ̄, b̄ and a constant c such that for all γ < γ̄, |β −β^{mf}_c (Q)| < b̄ : w^{p̂}_{γ,β}(Γ; ⃗ξ_Ap̂ ) ≤ ∏ q̂≠p̂ Z q̂ γ,β,Int^q (Γ)\A^{q̂} (⃗ρ q̂) ∏ q̂≠p̂ Z p̂ γ,β,Int^{q̂} (Γ)\A^{q̂} (⃗ρ p̂) exp{cγ^{12} |Γ|} (7.16)

· exp { − β [ inf ⃗ρ_{Gp̂} :η(⃗ρ_{Gp̂} )=η_Γ

⃗ρ_{Aq̂} =⃗ρ^{q̂}

F_{γ,β,G}p̂ (⃗ρ_Gp̂ |⃗ξ^{(ℓ0)}_{Ap̂} ) − inf_{⃗ρ}

Gp̂ :η(⃗ρ_{Gp̂} )=a^p ⃗ρ_{Aq̂} =⃗ρ^{p̂}

F_{γ,β,G}p̂ (⃗ρ_Gp̂ |⃗ξ^{(ℓ0)}_Ap ) ]}

Proof of Theorem 7.1. The proof of this theorem is a straightforward consequence of the analysis of section 5 and appendix B. We recall the definition of the weight of a p̂-contour given in (6.10):

w^{p̂}_{γ,β}(Γ; ⃗ξ_Ap̂ ) := μ_{γ,β,c(Γ)\Int}p̂_{(Γ)}(E(Γ, p̂)|⃗ξ_Ap̂ ) μ_{γ,β,c(Γ)\Int}p̂_{(Γ)}(E( ̸Γ, p̂)|⃗ξ_Ap̂ )

For each set A^{q̂}, q̂ ≠ p̂, we denote by:

Â^{q̂} := A^{q̂} ⊔ δ^{ℓ+,γ}_{out} [A^{q̂}] (7.17) Ǎ^{q̂} := A^{q̂} ⊔ δ^{ℓ+,γ /2}_{out} [A^{q̂}] (7.18)

Σ^{q̂,e} := (^ A^{q̂} \ Ǎ^{q̂} ) ⊓ sp(Γ)^c (7.19) Σ̄^{q̂,e} := (Ǎ^{q̂} \ A^{q̂}) ⊓ sp(Γ)^c (7.20)

Σ^e := ⊔_{q̂≠p̂}Σ^{q̂,e} (7.21)

and also:

Δ^{p̂} := sp(Γ) ⊔_{q̂≠p̂} Ǎ^{q̂} V^{q̂} := Int^{q̂}(Γ) \ Â^{q̂}

We write:

w^{p̂}_{γ,β}(Γ; ⃗ξ_Ap̂ ) := ∑ ⃗ξ_{Σe} :⃗ξ_{Σq̂,e} ∈X q̂

e^{−β ∑q̂≠p̂ Hγ (⃗ξΣq̂,e )}Z_{β,Δ}p̂ (E(Γ)|⃗ξ_Σe ; ⃗ξ_Ap̂ ) ∏ q̂≠p̂

Z^{q̂}_{β,V q̂} (⃗ξ_Σq̂,e ) ∑ ⃗ξ_{Σe} ∈X p̂

e^{−βHγ (⃗ξΣe )}Z_{β,Δ}p̂ (E( ̸Γ)|⃗ξ_Σe ; ⃗ξ_Ap̂ ) ∏ q̂≠p̂

Z^{p̂}_{β,V q̂} (⃗ξ_Σq̂,e )

By Theorem 5.1 with ℓ = ℓ_0, we have:

w^{p̂}_{γ,β}(Γ; ⃗ξ_Ap̂ ) ≤ e^{cγℓ0|Γ|} · (7.22) ∑ ⃗ξ_{Σe} :⃗ξ_{Σq̂,e} ∈X q̂

e^{−β ∑q̂≠p̂ Hγ (⃗ξΣq̂,e )} exp{−β inf_{ρ:η(ρ)=ηΓ r∈sp(Γ)}

η(ρ)=a_{q̂} r∈Ǎ^{q̂}

F_{γ,β,Δ}p̂ (⃗ρ|⃗ξ^{ℓ0}_Σe ; ⃗ξ^{ℓ0}_{Ap̂} )} ∏ q̂≠p̂

Z^{q̂}_{β,V q̂} (⃗ξ_Σq̂,e ) ∑ ⃗ξ_{Σe} ∈X p̂

e^{−βHγ (⃗ξΣe )} exp{−β inf_{ρ:η(ρ)=ap̂} F_{γ,β,Δ}p̂ (⃗ρ|⃗ξ^{ℓ0}_Σe ; ⃗ξ^{ℓ0}_{Ap̂} )} ∏ q̂≠p̂

Z^{p̂}_{β,V q̂} (⃗ξ_Σq̂,e )

Using Corollary B.5 with Λ = Ǎ^{q̂}, we can find a lower bound for the free energy term in the numerator by considering density profiles ⃗ρ identically equal to ⃗ρ^{q̂} on A^{q̂},at the expense of a small error term; we have: inf ρ:η(ρ)=η_Γ r∈sp(Γ) η(ρ)=a_{q̂} r∈Ǎ^{q̂}

F_{γ,β,Δ}p̂ (⃗ρ|⃗ξ^{ℓ0}_Σe ; ⃗ξ^{ℓ0}_{Ap̂} ) ≥ inf

ρ:η(ρ)=η_Γ r∈sp(Γ) η(ρ)=a_{q̂} r∈Ǎ^{q̂} ⃗ρ≡⃗ρ^{q̂} r∈A^{q̂}

F_{γ,β,Δ}p̂ (⃗ρ|⃗ξ^{ℓ0}_Σe ; ⃗ξ^{ℓ0}_{Ap̂} ) − c_ωe^{−ωγℓ+,γ /2}|Ǎ|

= inf

ρ:η(ρ)=η_Γ r∈sp(Γ)

⃗ρ≡⃗ρ^{q̂} r∈A^{q̂}

F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{ℓ0}_Σe ; ⃗ξ_Ap̂ ) + ∑ q̂ inf ρ:η(ρ)=a_{q̂}

F_{γ,β,}¯_Σq̂,e (⃗ρ|⃗ξ^{ℓ0}_Σe ; ⃗ρ^q_{Aq̂} ) − c_ωe^{−ωγℓ+,γ /2}|Γ|

≥ inf

ρ:η(ρ)=η_Γ r∈sp(Γ)

⃗ρ≡⃗ρ^{q̂} r∈A^{q̂}

F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{ℓ0}_Σe ; ⃗ξ_Ap̂ ) − 1 β ∑ q̂ log ( Z_{β,}¯_Σq̂,e (⃗ξ_Σe ; ⃗ρ^q_{Aq̂} ) ) − ( c_ωe^{−ωγℓ+,γ /2} + cγℓ_0 ) |Γ|

The free energy term in the denominator of (7.22) can be directly bounded from above, as inf ρ:η(ρ)=a_{p̂}

F_{γ,β,Δ}p̂ (⃗ρ|⃗ξ^{ℓ0}_Σe ; ⃗ξ^{ℓ0}_{Ap̂} ) ≤ inf_{ρ:η(ρ)=ap̂}

⃗ρ≡⃗ρ^{q̂} r∈A^{q̂}

F_{γ,β,Δ}p̂ (⃗ρ|⃗ξ^{ℓ0}_Σe ; ⃗ξ^{ℓ0}_{Ap̂} )

= inf

ρ:η(ρ)=a_{p̂}

F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{ℓ0}_Σe ; ⃗ξ_Ap̂ ) + ∑ q̂ inf ρ:η(ρ)=a_{p̂}

F_{γ,β,}¯_Σq̂,e (⃗ρ|⃗ξ^{ℓ0}_Σe ; ⃗ρ^{p̂}_{Aq̂} )

≤ inf

ρ:η(ρ)=a_{p̂}

F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{ℓ0}_Σe ; ⃗ξ_Ap̂ ) − 1 β ∑ q̂ log ( Z_{β,}¯_Σq̂,e (⃗ξ_Σe ; ⃗ρ^{p̂}_{Aq̂} ) ) + cγℓ_0|Γ|

Inserting both estimates in (7.22) we get the following factorization:

w^{p̂}_{γ,β}(Γ; ⃗ξ_Ap̂ )

≤ e^{β(3cγℓ0+cωe−ωγℓ+,γ /2)|Γ|} ∑ ⃗ξ_{Σe} :⃗ξ_{Σq̂,e} ∈X q̂ ∏ q̂≠p̂

e^{−βHγ (⃗ξΣq̂,e )}Z_{β,}¯_Σq̂,e (⃗ξ_Σe ; ⃗ρ^q_{Aq̂} )Z^{q̂}_{β,V q̂} (⃗ξ_Σq̂,e ) ∑ ⃗ξ_{Σe} ∈X p̂ ∏ q̂≠p̂

e^{−βHγ (⃗ξΣq̂,e )}Z_{β,}¯_Σq̂,e (⃗ξ_Σe ; ⃗ρ^{p̂}_{Aq̂} )Z^{p̂}_{β,V q̂} (⃗ξ_Σq̂,e )

× exp { −β ( inf ρ:η(ρ)=η_Γ r∈sp(Γ)

⃗ρ≡⃗ρ^{q̂} r∈A^{q̂}

F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{ℓ0}_Σe ; ⃗ξ_Ap̂ ) − inf_{ρ:η(ρ)=ap} F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{ℓ0}_Σe ; ⃗ξ_Ap̂ ) )}

= e^{3βcγℓ0|Γ|+βcωe−ωγℓ+,γ /2} ∏ q̂≠p̂ Z q̂ γ,β,Int^q (Γ)\A^{q̂} (⃗ρ q̂) ∏ q̂≠p̂ Z p̂ γ,β,Int^{q̂} (Γ)\A^{q̂} (⃗ρ p̂) · exp { − β [ inf ⃗ρ_{Gp̂} :η(⃗ρ_{Gp̂} )=η_Γ

⃗ρ_{Aq̂} =⃗ρ^{q̂}

F_{γ,β,G}p̂ (⃗ρ_Gp̂ |⃗ξ^{(ℓ0)}_{Ap̂} ) − inf_{⃗ρ}

Gp̂ :η(⃗ρ_{Gp̂} )=a^p ⃗ρ_{Aq̂} =⃗ρ^{p̂}

F_{γ,β,G}p̂ (⃗ρ_Gp̂ |⃗ξ^{(ℓ0)}_Ap ) ]}

□ Using Theorem 7.1, the proof of the Theorem 6.3 follows from estimates on the terms appearing in (7.16), which are provided by two theorems, 7.2 and 7.3.

Notice that the first factor in (7.16): ∏ q̂≠p̂ Z q̂ γ,β,Int^{q̂} (Γ)\A^{q̂} (⃗ρ

(q̂)) ∏ q̂≠p̂ Z p̂ γ,β,Int^{q̂} (Γ)\A^{q̂} (⃗ρ

(p̂))

would be identically equal to 1 in presence of symmetry between all the phases. In a nonsymmetric case this factor is close to one only for special values of the parameters. Our case is somehow an intermediate one since there is a symmetry (by color permutation) relating the ordered phases, and we need only to distinguish between ordered (q̂ > 0) and disordered (q̂ < 0) phases. The proof of the Peierls bound requires an accurate estimate of the partition functions in this ratio, which means to go beyond the bulk contribution and get also some control over boundary terms.

We now state the two Theorems which allow us to control the terms appearing in the factorization formula of Theorem 7.1:

Theorem 7.2. For all β such that |β − β^{mf}_c (Q)| ≤ c_bγ^{1/2} inf ⃗ρ_{Gp̂} :η(⃗ρ_{Gp̂} )=η_Γ

⃗ρ_{Aq̂} =⃗ρ^{q̂}

F_{γ,β,G}p̂ (⃗ρ_Gp̂ |⃗ξ^{(ℓ0)}_Ap ) − inf_{⃗ρ}

Gp̂ :η(⃗ρ_{Gp̂} )=a_{p̂} ⃗ρ_{Aq̂} =⃗ρ^{p̂}

F_{γ,β,G}p̂ (⃗ρ_Gp̂ |⃗ξ^{(ℓ0 )}_Ap )

≥ c_f γ^{2a}ℓ^d_{−,γ} |Γ| + ∑ q̂≠p̂

I_Aq̂ (|⃗ρ_{q̂}|^2 − |⃗ρ_{p̂}|^2)

where

I_Aq̂ = 1 2 ∫ A^{q̂} ∫ (Int^{q̂} (Γ)\A^{q̂} )

J_γ (x, y)dxdy

and the constant c_b is fixed by theorem 8.1 and c_f reads

c_f = 1 3^{d+1} ( Q β − 1) (7.23)

Theorem 7.3. There is γ̄, and a constant κ_1 such that for any γ < γ̄, there is a value of β, β_c(γ): | | |ln ( Z^{(q)}_{γ,βc(γ),Λ}(⃗ρ^{(q)})e^{IAq̂ |⃗ρ(q)| 2} Z^{(−1)}_{γ,βc(γ),Λ}(⃗ρ^{(−1)})e^IA^{q̂ |⃗ρ(−1)| 2} ) | | | ≤ κ^1γ^{1/8}|Γ| ∀q > 0 (7.24)

The proof of Theorem 7.2 is postponed until Section 10, while Theorem 7.3 will be proved in the next sections.

In order to prove Theorem 7.3 we will introduce Q + 1 “abstract contour models” and estimate the ratio between their finite volume partition functions. The relation between the partition functions of the “abstract contour models” and the corresponding diluted partition functions of the “true model” (see 7.14), will be stated for suitable values of β in Theorem 7.4 below.

We will prove that there exists a value of β, β_c(γ), so that the pressures of these abstract systems are all equal. For this value of the temperature we will be also able to get an estimate on the “finite volume correction to these pressures”, hence on the value of finite volume partition functions of the abstract models. This result is obtained by estimates on the decay of the correlations and a control on the probability of “small deviations” for the measures of these abstract contour models. Abstract contour models

For any p̂ we define:

X^{p̂} := {⃗ξ : θ_x(⃗ξ) ≡ a_{p̂}, x ∈ Z^d} (7.25) {Γ}^{p̂} := the collection of all p̂ contours s.t |sp(Γ)| < ∞ (7.26) B^{p̂} := { Γ = (Γ_1, .., Γ_n) : n ∈ N_+, Γ_i ∈ {Γ}^{p̂}, sp(Γ_i) ⊓ sp(Γ_j) = ∅, i ≠ j } (7.27) B^{Ext,p̂} := {Γ ∈ B^{p̂} : sp(Γ) ⊓ Int(Γ^′) = ∅ ∀Γ, Γ^′ ∈ Γ} (7.28)

where A denotes the closure of the set A.

{Γ}^{p̂}_Λ, B^{p̂}_Λ and B^{Ext,p̂}_Λ are defined similarly, but with the condition that all contours should have spatial support in Λ.

Abstract contour models are systems defined on the product spaces X^{p̂} × B^{p̂}. The partition functions read:

Z^{p̂}_{abs,β,Λ}(⃗ξ_{Λc} ) = ∑ Γ∈B^{p̂}_Λ ∑ ⃗ξ_Λ∈X^{p̂}_Λ ∏ Γ∈Γ W^{p̂}(Γ; ⃗ξ)e^{−βHγ,Λ (⃗ξΛ|⃗ξ}Λ^{c )} (7.29)

where the weights W^{p̂}(Γ; ⃗ξ) are assigned with an arbitrary rule and may depend on ⃗ξ ∈ X^{p̂}, but only through its restriction on sp(Γ) ⨆ p̂ A^{p̂}. The abstract contours are given by specifying (sp(Γ), η_Γ), where η_Γ is an arbitrary D^{ℓ−,γ} -measurable function with value in {0, a_{−1}, a_1, · · · , a_Q}, with a constant value different from zero on each connected component of the boundaries δ^{ℓ+,γ}_{in} [sp(Γ)], and compatible with the condition Γ ∈ {Γ}^{p̂} .

Then, for any ⃗ξ ∈ X^{p̂}, we introduce the “dilute”, finite volume Gibbs measures on X^{p̂}_Λ ×B^{p̂}_Λ, Λ a bounded D^{ℓ+,γ} measurable region, by setting

μ^{p̂}_{abs,Λ}(⃗ξ^′, Γ|⃗ξ_{Λc} ) :=

1_{⃗ξ′∈X p̂} Z^{p̂}_{abs,β,Λ}(⃗ξ_{Λc} ) ∏ Γ∈Γ W^{p̂}(Γ, ⃗ξ^′)e^{−Hγ,Λ(⃗ξ′Λ|⃗ξ}Λ^{c )} (7.30)

Remarks. Notice that the elements of a pair (⃗ξ, Γ) in an abstract model are totally unrelated, in fact the configuration ⃗ξ is in X^{p̂} and therefore has no contour.

We will consider the Q + 1 “abstract contour models” , for any p̂ ∈ {−1, 1, . . . , Q}, defined by the following choice of “cut-off weights” W^{p̂}(Γ|⃗ξ),

Ŵ^{p̂}_γ (Γ; ⃗ξ) := min{w^{p̂}_{abs,β}(Γ; ⃗ξ), e^{− Kγ}_2^NΓ } (7.31)

where K_γ is given by (6.12) and w^{p̂}_{abs,β}(Γ; ⃗ξ) are defined by an inductive way on the volume, as:

w^{p̂}_{abs,β}(Γ; ⃗ξ_Ap̂ ) :=

∑_⃗

ξ_{Gp̂} e

−βH_{γ,Gp̂} (⃗ξ_{Gp̂} |⃗ξ_{Ap̂} )1 η(⃗ξ_{sp(Γ)})=η_Γ ∏ q̂≠p̂ 1η⃗_{ξAq̂} =aq̂ Z q̂ abs,β,Int^{q̂} (Γ)\A^{q̂} (

⃗ξ_{Aq̂} ) ∑_⃗

ξ_{Gp̂} e

−βH_{γ,Gp̂} (⃗ξ_{Gp̂} |⃗ξ_{Ap̂} )1 η(⃗ξ_{Gp̂} )=a_{p̂} ∏ q̂≠p̂ Z q̂ abs,β,Int^{q̂} (Γ)\A^{q̂} (

⃗ξ_{Aq̂} ) (7.32) We point out that the sum

∑_⃗

ξ_{Gp̂} in the definition (7.32), that is a sum on the whole

space Ω_Gp̂ , enter only in the definition of the weights, without any relations with the configurations ⃗ξ ∈ X^{p̂} of the abstract model that we are considering.

Recalling the definition of diluted partition function (7.14) we state the following theorem:

Theorem 7.4. If for any p̂ and any p̂-contour Γ the weights Ŵ^{p̂}_γ (Γ; ⃗ξ), defined by (7.31), satisfy Ŵ^{p̂}_γ (Γ; ⃗ξ) < e^{− Kγ}_2^NΓ (7.33)

then W^{p̂}_γ (Γ; ⃗ξ) = w^{p̂}_{γ,β}(Γ; ⃗ξ) ; Z^{p̂}_{abs,β,Λ}(⃗ξ^c_Λ) = Z^{p̂}_{β,Λ}(⃗ξ^c_Λ) (7.34)

Proof. We first rewrite the diluted partition function of the “true model”, Z^{p̂}_{β,Λ}(⃗ξ_{Λc} ), as

Z^{p̂}_{β,Λ}(⃗ξ_{Λc} ) = ∑ Γ∈B^{Ext,p̂} Λ ∑ ⃗ξ_{R(Γ)}∈X p̂ ∏ Γ∈Γ w^{p̂}_{γ,β}(Γ; ⃗ξ)e^{−βHγ,Λ (⃗ξR(Γ)|⃗ξ}Λ^{c )} ∏ q̂ ∏ i∈I_{q̂}

Z^{p̂}_{abs,β,Intq̂i (Γ)\Aq̂ (Γ)}(⃗ξ_{R(Γ)})

where

R(Γ) := Λ \ ( ⊔_{Γ∈Γ} ⊔_{i∈IΓ} (Int^{q̂}_i (Γ) \ A^{q̂}(Γ)) ) Proceeding by iteration on Z^{p̂}_{abs,β,Intq̂ (Γ)\Aq̂} (⃗ξ_{R(Γ)}) one gets:

Z^{p̂}_{β,Λ}(⃗ξ_{Λc} ) = ∑ Γ∈B^{p̂}_Λ ∑ ⃗ξ_Λ∈X^{q̂}_Λ ∏ Γ∈Γ w^{p̂}_{γ,β}(Γ; ⃗ξ)e^{−βHγ,Λ (⃗ξΛ|⃗ξ}Λ^{c )}

The proof of the theorem 7.4 is then obtained by induction on the volume (see for instance [40], or [3]).

Let Δ_n a sequence of increasing D^{ℓ+,γ} -measurable regions with Δ_1 : |Δ_1| = 3^d|C^{ℓ+,γ} | (the minimal size for the support of a contour); and Δ_{n+1} := δ^{2ℓ+,γ}_{out} [Δ_n]. Let T_n := {Γ ∈ B^{q̂} : |Int_i(Γ)| ≤ |Δ_n|∀i}. Suppose then that for any Γ ∈ T_1, the weights Ŵ^{p̂}_γ (Γ; ⃗ξ), defined by (7.31), satisfy the hypothesis (7.33), that means Ŵ^{p̂}_γ (Γ; ⃗ξ) = w^{p̂}_{abs,β}(Γ; ⃗ξ) (see (7.31)). Since contours in T_1 cannot contain any smaller contour in their interior, it follows that:

Z^{q̂}_{abs,β,Int(Γ)\Aq̂} (⃗ξ_Aq̂ ) = Z^{q̂}_{β,Int(Γ)\Aq̂} (⃗ξ_Aq̂ ) ∀ Γ ∈ T_1

and then, recalling (7.32), w^{p̂}_{abs,β}(Γ; ⃗ξ) = w^{p̂}_{γ,β}(Γ; ⃗ξ). As a consequence the diluted partition functions on Δ_2 are equal : Z^{q̂}_{abs,β,Δ2} = Z^{q̂}_{β,Δ2}

because all contours in B^{p̂}_{Δ2\δℓ+,γin [Λ1]} are in T_1. This equality induces, via (7.32), equality

of the weights w^{p̂}_{abs,β}(Γ; ⃗ξ) = w^{p̂}_{γ,β}(Γ; ⃗ξ) for contours in T_2. The iteration of this argument proves the Theorem. □ An immediate corollary of Theorem 7.4 is:

Corollary 7.5. If for any q̂, any q̂-contour Γ satisfies:

w^{q̂}_{abs,β}(Γ; ⃗ξ) < e^{−Kγ NΓ} (7.35)

then the Peierls bound (6.12) holds for any q̂ contour.

In fact in this case (7.33) holds, and then w^{q̂}_{γ,β}(Γ; ⃗ξ) = w^{q̂}_{abs,β}(Γ; ⃗ξ) < e^{−Kγ NΓ} . The proof of the phase transition is then obtained by proving the existence of a value of β such that (7.35) holds.

A statement similar to Theorem 7.1 holds analogously for the weights w^{q̂}_{abs,β}(Γ; ⃗ξ) defined in (7.32). Hence the proof of (7.35) will follow by Theorem 7.2 and from the analogous of Theorem 7.3 for the abstract partition functions, that also implies, via Theorem 7.4, the validity of (7.24) for the dilute partition functions.

The proof of the version of Theorem 7.3 for abstract partition functions requires estimates on the pressures of the abstract models and their finite volume corrections that will given respectively in sections 8 and 9. The proof of Theorem 7.2 is given in section 10.

Working with the abstract models has many advantages, since Peierls bounds hold by definition (7.31). We will show that Peierls bounds for the cut-off weights Ŵ^{p̂}_γ (Γ; ⃗ξ) together with the stability properties discussed in section 3 allow to prove uniqueness of the Gibbs measure μ^{q̂}_{abs,β} of the abstract models. From a technical point of view the we will take advantage of (7.31) making a partial cluster expansion of the partition function that gives an extra interaction, an “effettive hamiltonian ” H^{p̂}_{γ,Λ}, with infinite range but fast decay. In this way the space of the configurations can be restricted to X^{p̂} while the “effective Hamiltonian” H^{p̂}_{γ,Λ}(⃗ξ) takes into account the sum over contours as a Gibbs factor, ∑ Γ∈B^{p̂}_Λ

Ŵ^{p̂}_γ (Γ; ⃗ξ) = e^{−βHp̂}γ,Λ^{(⃗ξ}Λ^) (7.36)

The validity of the cluster expansion leading to the Hamiltonians H^{p̂}_{γ,Λ}(⃗ξ) follows here by the Peierls bound that the abstract weights satisfy by definition (7.31) (for γ small enough):

Theorem 7.6. If the weights W^{p̂}(Γ, ⃗ξ) satisfy the Peierls bounds with a constant K_γ large enough then, for any bounded, D^{ℓ+,γ} -measurable region Λ and any ⃗ξ ∈ X^{p̂},

Z^{p̂}_{abs,β,Λ}(⃗ξ_{Λc} ) = ∑ Γ∈B^{p̂}_Λ ∑ ⃗ξ′∈X^{p̂}_Λ

Ŵ^{p̂}_γ (Γ, ; ⃗ξ^′)e^{−H}γ,Λ^{(⃗ξ′}Λ^{|⃗ξ}Λ^{c )} = ∑ ⃗ξ′∈X^{p̂}_Λ

e^{−H̃p̂γ,Λ(⃗ξ′Λ|⃗ξΛc )} (7.37)

H̃^{p̂}_{γ,Λ}(⃗ξ^′_Λ|⃗ξ_{Λc} ) := H_{γ,Λ}(⃗ξ^′_Λ|⃗ξ_{Λc} ) + H^{p̂}_{γ,Λ}(⃗ξ^′_Λ) (7.38)

H^{p̂}_{γ,Λ}(⃗ξ) = ∑ Δ⊏Λ U^{p̂}_Δ(⃗ξ) (7.39)

where the potentials U^{p̂}_Δ(⃗ξ_Δ) are defined by (7.45) below and satisfy:

U^{p̂}_Δ = 0 if Δ is not connected (7.40)

‖U^{p̂}_Δ(·)‖_∞ = sup_⃗

ξ_Δ

|U^{p̂}_Δ(⃗ξ_Δ)| ≤ e^{−( Kγ2 −b)NΔ} (7.41)

where N_Δ is the number of D^{ℓ+,γ} -cubes in Δ; b > 0 a dimension dependent constant, such that ∑ Δ∋x e^{−bNΔ} ≤ 1.

The Gibbs measures relative to H̃^{p̂}_{γ,Λ}(⃗ξ^′_Λ|⃗ξ_Λc ) on X^{p̂},

μ̃^{p̂}_{abs,Λ}(⃗ξ_Λ|⃗ξ_{Λc} ) := e^{−βH̃p̂γ,Λ(⃗ξΛ|⃗ξΛc )} Z^{p̂}_{abs,β,Λ}(⃗ξ_{Λc} )

(7.42)

are the marginals on X^{p̂} of the measures μ^{p̂}_{abs,Λ}(⃗ξ, Γ|⃗ξ_{Λc} ).

Proof. (7.37) follows from (7.29) and (7.38), by setting

e^{−Hp̂Λ(⃗ξΛ)} = ∑ Γ∈B^+_Λ

W^{p̂}(Γ, ⃗ξ_Λ) (7.43)

To prove the remaining statements we use a cluster expansion to express the energy H^{p̂}_Λ(⃗ξ_Λ) in terms of a sum of weights of polymers, which will then identify the many-body potentials U^{p̂}_Δ(⃗ξ_Δ).

Polymers are functions I : {Γ}^{p̂} → N such that the collection {Γ : I(Γ) > 0} is finite and connected, where two elements Γ and Γ^′ in {Γ}^{p̂} are connected if sp(Γ) ⊓ sp(Γ^′) ≠ ∅. Denote by P^{p̂} the collection of all polymers and by P^{p̂}_Λ those made by contours in {Γ}^{p̂}_Λ. It then follows from Kotecki and Preis, [30], that, if the Peierls constant is large enough, there are numbers ϖ(I, s), such that ln ∑ Γ∈ B^{p̂}_Λ

W^{p̂}(Γ, ⃗ξ) = ∑ I∈ P^{p̂}_Λ

ϖ^{p̂}(I, ⃗ξ) (7.44)

Calling sp(I) = ⨆ Γ:I(Γ)>0

sp(Γ), we then set

−U^{p̂}_Δ(⃗ξ_Δ) = ∑ I∈ P^{p̂}_Λ, sp(I)=Δ

ϖ^{p̂}(I, ⃗ξ_Δ) (7.45)

(7.41) follows from (7.45) and [30].

The proof of (7.42) follows from (7.30) in a similar way. Theorem 7.6 is proved. □

8. Equality of the pressures

Since all the measures with q̂ > 0 are equivalent (equal up to a permutation of the indices), (7.29)-(7.31) define actually only two distinct “abstract models”, the ordered and the disordered one, relative respectively to values q̂ > 0, q̂ < 0. In the next two sections we will use the superscripts ± instead of p̂ in order to distinguish only between disordered and ordered phases.

Let denote by P^±_{abs,Λ,γ,β}(⃗ξ_{Λc} ) := 1 β|Λ| ln Z^±_{abs,β,Λ}(⃗ξ_{Λc} )

the “finite volume pressures”.

The proof of Theorem 7.3 requires the proof of the following theorem to control the bulk contribution to the ratio in (7.24):

Theorem 8.1. Let {Λ_n} a sequence of sets in R^d of side 2^nℓ_{+,γ} . There exist the two limits:

P^±_{abs,γ,β} := lim_{n→∞} 1 β|Λ_n| ln P^±_{abs,Λ,γ,β}(⃗ρ^±_β ) (8.1)

that are continuous in β, moreover there are constants c_b, γ̄ s.t. for any γ < γ̄ there is a value of β, β_c(γ), s.t.

P^+_{abs,γ,βc(γ)} = P^−_{abs,γ,βc(γ)} |β^{mf}_c (Q) − β_c(γ)| < c_bγ^{1/2} (8.2)

The proof of the Theorem 8.1 relies on the well known mean field result on the existence of a first order phase transition for any Q > 2, (see [45]), that we recall for completeness in appendix A. In particular we prove that there exists an inverse temperature β^{mf}_c (Q) such that the mean field free energy function satisfies:

ϕ_βmf_{c (Q)}(⃗ρ^+_{βmfc (Q)}) = ϕ_βmf_{c (Q)}(⃗ρ^−_{βmfc (Q)}) = inf_{⃗ρ∈SQ} ϕ_βmf_{c (Q)}(⃗ρ) (8.3) and d dβ [ ϕ^{mf}_β (⃗ρ^+_β ) − ϕ^{mf}_β (⃗ρ^−_β ) ] | | |_{β=βmfc (Q)} ≠ 0 (8.4)

Proof of Theorem 8.1. The proof of existence of the two pressures P^±_{abs,γ,βc(γ)} and their continuity in β is given in Appendix C, while the proof of (8.2) is an immediate consequence the following lemma :

Lemma 8.2. There are constants κ and γ̄ such that for any γ < γ̄ and for any β : |β − β^{mf}_c (Q)| ≤ γ^{2a}:

|P^±_{abs,γ,β} + ϕ^{mf}_β (⃗ρ^±_β )| ≤ κ β γ^{1/2} (8.5)

that implies:

|P^+_{abs,γ,β} − P^−_{abs,γ,β} − (ϕ^{mf}_β (⃗ρ^−) − ϕ^{mf}_β (⃗ρ^+))| < 2 κ β γ^{1/2} (8.6)

(8.6), (8.4), (8.3), and the continuity in β of the pressures prove (8.2) and complete the proof of the Theorem 8.1 □

proof of Lemma 8.2. The proof of (8.5) could be obtained as a byproduct of a more detailed analysis contained in the next section but since a direct proof is quite shorter we sketch it here. We first prove an upper bound for P^±_{abs,γ,β}.

P^±_{abs,γ,β} = lim_{n→∞} 1 β|Λ_n| ln Z^±_{abs,β,Λ}(⃗ρ^±_β )

and denoting by Ẑ^±_{abs,β,Λ}(⃗ρ^±_β ) the abstract partition function with interactions H_{γ,Λ}(⃗ξ_Λ|⃗ξ_Λc ), we get:

P^±_{abs,γ,β} ≤ lim_{n→∞} 1 β|Λ_n| ln Ẑ^±_{abs,β,Λ}(⃗ρ^±_β ) + sup_⃗

ξ∈X^± ∑ Δ:Δ∋0

|U^±_Δ (⃗ξ)|

By (7.41) the last term is bounded as e^{− Kγ}2^{+2b} and by Theorem 5.1 we have:

P^±_{abs,γ,β} ≤ − lim_{n→∞} inf_{⃗ρ∈XΛn}

F_{β,γ,Λn} (⃗ρ|⃗ρ^±_β ) β|Λ_n|

+ c_dγ^{1/2}

we postpone at the end of this section the proof of the following bound that follows by the concavity of the entropy:

P^±_{abs,γ,β} ≤ c_dγ^{1/2} − lim_{n→∞} inf_{⃗ρ∈XΛn} 1 |Λ_n| ∫ Λ_n

ϕ_β ( J_γ ∗ (⃗ρ1_{Λn} + ⃗ρ^±_β 1_Λc_n ) ) dr (8.7)

where 1_A := 1_{{x∈A}}. Let

J^{(ℓ−,γ )} γ (x, y) := 1 (ℓ_{−,γ} )^d ∫ z∈C^{ℓ−,γ}_y

J_γ (x, z)

where C^{ℓ−,γ}_y is the cube of the partition D^{ℓ−,γ} containing the point y. Then for any ⃗s ∈ X^±:

‖J_γ ∗ ⃗s(r) − ⃗ρ^±‖_⋆ ≤ ‖ ∫ J^{(ℓ−,γ )} γ (r, r^′)(⃗s(r^′) − ⃗ρ^±)‖_⋆ +‖ ∫ [J^{(ℓ−,γ )} γ (r, r^′) − J_γ (r, r)](⃗s(r^′) − ⃗ρ^±)‖_⋆

By the assumptions on J_γ (see (2.1)-(4.8)) the second term is bounded as : ‖ ∫ [J^{(ℓ−,γ )} γ (r, r^′) − J_γ (r, r^′)](⃗s(r^′) − ⃗ρ^±)‖_⋆ ≤ κ_3γℓ_{−,γ} = κ_3γ^α

while the first term, since ⃗s ∈ X ± and J^{(ℓ−,γ )}(r, r^′) is constant w.r.t. the second variable in each cube of D^{ℓ−,γ} : ‖ ∫ J^{(ℓ−,γ )} γ (r, r^′)(⃗s(r^′) − ⃗ρ^±)‖_⋆ ≤ γ^a

going back to (8.7) we have:

P^±_{abs,γ,β} ≤ cγ^{1/2} − inf

‖⃗s−⃗ρ^±‖_⋆<γ^a+κ_3γ^α

ϕ_β(⃗s) (8.8)

In appendix A, is shown that inf_{⃗s} ϕ_βmf_{c (Q)}(⃗s) = ϕ_βmf_{c (Q)}(⃗ρ^{q̂}_{βmfc (Q)}), for any q̂ ∈ {−1, 1, . . . Q}. By continuity for |β − β^{mf}_c (Q)| < γ^{2a}, γ small enough ϕ_β (⃗s) has Q + 1 local minima ⃗ρ^{q̂}_β s.t. |⃗ρ^{q̂}_β − ⃗ρ^{q̂}_{βmfc (Q)}| < c|β − β^{mf}_c (Q)| < cγ^{2a}. The are respectively then absolute minimizers in the sets ‖⃗s − ⃗ρ^±‖_⋆ < γ^a + κ_3γ^α. We then get:

P^±_{abs,γ,β} ≤ cγ^{1/2} − ϕ_β (⃗ρ^±_β ) (8.9) We now prove a lower bound for the pressures. By Theorem 5.1 with ℓ = ℓ_0, we have for any ⃗ρ^{(n)} ∈ X^±_{Λn} :

P^±_{abs,γ,β} ≥ − lim_{n→∞}

F_{β,γ,Λn} (⃗ρ^{(n)}|⃗ρ^±_β ) β|Λ_n|

− cγ^{1/2}

and for γ small enough the same argument as before shows that ρ^±_β 1_{Λn} ∈ X^±_{Λn} . We then get:

P^±_{abs,γ,β} ≥ −cγ^{1/2} − ϕ_β(⃗ρ^±_β ) (8.10) □

Proof of (8.7):

F_{β,γ,Λn} (⃗ρ|⃗ρ^±_β ) = F_{β,γ} (⃗ρ1_{Λn} + ⃗ρ^±_β 1_Λc_n ) − F_{β,γ} (⃗ρ^±_β 1_Λc_n ) = ∫ Λ_n⊔δ^{γ−1}_{out} [Λ_n]

ϕ_β

(_{Jγ ∗(⃗ρ1Λ}

n +⃗ρ^±_β 1_Λc_n ) ) dr + 1 β ∫ Λ_n⊔δ^{γ−1}_{out} [Λ_n] [ I (_{Jγ ∗(⃗ρ1Λ}

n +⃗ρ^±_β 1_Λc_n ) ) − J_γ ∗ I(⃗ρ1_{Λn} +⃗ρ^±_β 1_Λc_n ) ] dr − ∫ δ^{γ−1}_{out} [Λ_n]

ϕ_β

(_{Jγ ∗(⃗ρ±}

β 1_Λc_n ) ) dr − 1 β ∫ δ^{γ−1}_{out} [Λ_n] [ I(Jγ ∗⃗ρ^±_β 1_Λc_n ) − J_γ ∗ I(⃗ρ^±_β 1_Λc_n ) ] dr where we have used the fact that ϕ_β(0) = I(0) = 0. By concavity of I(·) the second term is non negative and since |ϕ_β (⃗s)| is bounded in ⃗s ∈ S_Q we have:

F_{β,γ,Λn} (⃗ρ|⃗ρ^±_β ) ≥ ∫ Λ_n

ϕ_β

(_{Jγ ∗(⃗ρ1Λ}

n +⃗ρ^±_β 1_Λc_n ) ) dr − c|δ^{γ−1}_{out} [Λ_n]|

9. finite volume corrections to the pressure

The proof of the Theorem 7.3, is obtained by proving the same bound as in (7.24) for the abstract partition functions:

| log

(Z^+_{abs,β,Λ}(⃗ρ^{(+1)})e^{IAq̂ |⃗ρ(+1)| 2} Z^−_{abs,β,Λ}(⃗ρ^{(−1)})e^IA^{q̂ |⃗ρ(−1)| 2} ) | ≤ κ_1γ^{1/8}|Γ| (9.1)

for |β − β^{mf}_c (Q)| < c_bγ^{1/2} and the conclusion, at the inverse temperature β_c(γ), comes from (7.34) once proved (7.33).

In the regime when Theorem 8.1 holds, the proof of (9.1) requires a control of the finite volume corrections to the pressure.

We define R^±_{abs,Λ} the finite volume correction to the thermodynamical pressure P^±_{abs,γ} as: R^±_{abs,Λ} := log Z^±_{abs,β,Λ}(⃗ξ) − β|Λ|P^±_{abs,γ} lim_{Λ↗Zd}

R^±_{abs,Λ} |Λ| = 0 In this section we will study the partition functions Z^±_{abs,β,Λ}(⃗ξ), with ⃗ξ ∈ X^± an ordereddisordered boundary condition, Λ a D^{(ℓ+,γ )} bounded region, and prove the following theorem.

Theorem 9.1. There is a constant c > 0 so that | | ln Z_{±abs,β,Λ}(⃗ξ) − {β|Λ|P_{±abs,γ} + β 2 ∑ i∈Λ j∈Λ^c

J_γ (i, j) (⃗ρ^± · ⃗ρ^±)} | |

≤ β ∑ i∈Λ | ∑ j∈Λ^c

J_γ (i, j) (⃗ξ(i) − ⃗ρ^±)| + cγ^{1/8}|δ^{ℓ+,γ}_{in} [Λ]| (9.2)

The proof of Theorem 9.1 is obtained in two steps, the first one is a bound on the decay of correlations, that allows to control the contribution of the bulk to the surface corrections, and the second step is a small deviation estimate to control the contribution coming from regions near the boundary.

Notice that if the boundary condition ⃗ξ satisfy: ‖ ∑ j∈Λ^c

J_γ (i, j) (⃗ξ(j) − ⃗ρ^±)‖ < cγ^{1/8}|δ^{ℓ+,γ}_{in} [Λ]| (9.3) then the leading contribution to R^±_{abs,Λ} is the finite volume correction to the mean field pressure (with ρ^± b.c.)

R^{mf,±}_{γ,Λ} := β 2 ∑ i∈Λ j∈Λ^c

J_γ (i, j) (⃗ρ^± · ⃗ρ^±) (9.4)

Since the proof of the bounds in 9.1 only requires to consider “perfect boundary conditions”( through Theorem 7.1) we restrict the analysis to this case. In the sequel, we will consider boundary conditions ⃗ξ = ⃗ρ^± and denote by:

P^±_{abs,γ,Λ} := ln Z^±_{abs,β,Λ}(⃗ρ^±)

Following Dobrushin [16] we write the pressures of the abstract models in terms of correlations functions introducing the interpolating Hamiltonians h^±_u (⃗ξ), u ∈ [0, 1] defined as follows: let u ∈ [0, 1], and:

h^±_u (⃗ξ) := uH̃^±(⃗ξ|⃗ρ^±) + (1 − u)H^±_γ (⃗ξ)

where H^± are the one body “mean field” Hamiltonians,

H^±_{γ,Λ}(⃗ξ) := − ∑ i∈Λ ( ⃗δξ_i · ⃗L_γ (⃗ρ^±; i)) + H_{γ,Λ}(⃗ρ^±|⃗ρ^±) (9.5)

with ⃗L_γ (⃗ξ; i) the “convolution”:

⃗L_γ (⃗ξ; i) := ∑ j≠i

J_γ (i, j)⃗ξ(j) (9.6) and ⃗δξ := ⃗ξ − ⃗ρ^± (9.7)

The choice of the one body hamiltonians H^±_{γ,Λ}(⃗ξ) is done in such a way that the expectations of the densities with respect to the corresponding Gibbs measures converges to the mean field values:

lim_{γ→0}⟨ξ_q⟩_H±_{γ,Λ} = lim_{γ→0} e^{βLq (ρ±)} ∑ i e^{βLi(ρ±)}

= ρ^±_q q ∈ {1, . . . , Q} (9.8)

The additive constant appearing in (9.5) is added to get the mean field pressure in the limit when γ goes to 0:

P^±_{abs,γ,0} := lim_{Λ↗∞} 1 β|Λ| ln Z^±_{abs,β,Λ;0} (9.9) ≡ 1 β|C_0| ln ∑ ⃗ξ∈X^±_{C0} ∏ i∈C_0

e^β

(_{⃗δξi· ⃗L(ρ±;i)}) + 1 2 J_γ (⃗ρ^± · ⃗ρ^±) where C_0 the cube of the partition D^{ℓ+,γ} that contains 0 and

J_γ := ∑ j J_γ (i, j)

The pressure relative to the one body interaction H^±_{γ,Λ}(⃗ξ) represents the first order approximation of P^±_{abs,γ} .

The proof of (9.9) and the proof of the convergence of the pressures P^±_{abs,γ,0} to the mean field free energy is given in Appendix D. Estimates on the finite volume corrections to the pressures P^±_{abs,γ,0} are also given in Appendix D.

Let denote by μ̃^±_{abs,Λ;u} the [finite volume] Gibbs measure with hamiltonian h^±_u (⃗ξ) on X^±_Λ . Following Dobrushin [16], we write the “finite volume pressure” in terms of correlation functions:

P^±_{abs,γ,Λ} := 1 β|Λ| ln Z^±_{abs,β,Λ;1}(⃗ρ^±) = 1 β|Λ| ln Z^±_{abs,β,Λ;0} − 1 |Λ| ∫_1 0 du ⟨ H̃^±_Λ (⃗ξ^′_Λ|⃗ρ^±) − H^±_Λ (⃗ξ^′_Λ) ⟩ μ̃^±_{abs,Λ;u}

(9.10)

Proposition 9.2. The exist g_{γ,i,Λ}, g_{γ,i} : Z^d → R: [ H̃^±_Λ (⃗ξ^′_Λ|⃗ρ^±) − H^±_Λ (⃗ξ^′_Λ) ] = ∑ i∈Λ g_{γ,i,Λ} (9.11) lim Λ↗R^d

g_{γ,i,Λ} = g_{γ,i} (9.12)

Proof.

H̃^±_Λ (⃗ξ_Λ|⃗ρ^±) − H^±_Λ (⃗ξ_Λ)= +1 2 ∑ i∈Λ ⃗δξ_i ∑ j∈Λ j≠i

J_γ (i, j) ⃗δξ_j + H^±_{γ,Λ}(⃗ξ_Λ)

Recalling (7.39):

H^±_Λ (⃗ξ) = ∑ Δ⊏Λ U^±_Δ (⃗ξ) = ∑ i∈Λ ∑ Δ⊏Λ Δ∋i 1 |Δ| U^±_Δ (⃗ξ)

Defining:

g_{γ,i,Λ}(⃗ξ):= + 1 2 ⃗δξ_i ∑ j∈Λ: j≠i

J_γ (i, j) ⃗δξ_j + ∑ Δ∋i Δ⊏Λ 1 |Δ| U^±_Δ (⃗ξ) (9.13)

we can write:

H̃^±_Λ (⃗ξ_Λ|⃗ρ^±) − H^±_Λ (⃗ξ_Λ) = ∑ i∈Λ g_{γ,i,Λ}(⃗ξ)

Recalling (7.41), the limit (9.12) exists:

lim_{Λ↗Rd} g_{γ,i,Λ}(⃗ξ) = − 1 2 ⃗δξ_i ∑ j:j≠i

J_γ (i, j) ⃗δξ_j + ∑ Δ∋i 1 |Δ| U^±_Δ (⃗ξ) =: g_{γ,i}(⃗ξ) (9.14) □ Suppose now that the Gibbs measure μ̃^±_{abs,Λ;u} has a unique limit when Λ ↗ R^d that we denoted by μ̃^±_{abs;u}, then taking the limit of (9.10), we would have :

P^±_{abs,γ} = P^±_{abs,γ,0} −

∫_1 0 du ⟨g_{γ,0}⟩_{μ̃}±_{abs;u} (9.15)

and we can rewrite (9.10) as:

P^±_{abs,γ,Λ} = P^±_{abs,γ} + [ 1 β|Λ| ln Z^±_{abs,β,Λ;0} − P^±_{abs,γ,0} ]

− ∫_1 0 du [ 1 |Λ| ∑ i∈Λ ⟨g_{γ,i,Λ}⟩_{μ̃}±_{abs,Λ;u} − ⟨g_{γ,0}⟩_{μ̃}±_{abs;u} ]

The finite volume corrections are then given by:

R^±_{abs,Λ} = R^±_{abs,Λ,0} − β

∫_1 0 du ∑ i∈Λ [ ⟨g_{γ,i,Λ}⟩_{μ̃}±_{abs,Λ;u} − ⟨g_{γ,i}⟩_{μ̃}±_{abs;u} ] (9.16)

where R^±_{abs,Λ,0} := ln Z^±_{abs,β,Λ;0} − β|Λ|P^±_{abs,γ,0} In appendix D it is proven that:

R^±_{abs,Λ,0} = R^{mf,±}_{γ,Λ}

and then the proof of the Theorem 9.1 follows by estimating the remaining terms in (9.16). In the next subsections we will prove that there are positive constant c, ω such that: | |⟨gγ,i,Λ⟩_{μ̃}±_{abs,Λ;u} − ⟨gγ,i⟩_{μ̃}±_{abs;u} | | ≤ c e^{−ωγdist(i,Λ)} (9.17) ∑ i∈δ^{ℓ+,γ}_{in} [Λ]

{|⟨g_{γ,i}⟩_{μ̃}±_{abs;u} | + |⟨g_{γ,i,Λ}⟩_{μ̃}±_{abs,Λ;u} |} ≤ cγ^{1/8}|δ^{ℓ+,γ}_{in} [Λ]| (9.18)

The proof of (9.17) and the existence of the limit of μ̃^±_{abs,Λ;u} when Λ ↗ R^d is given in the next subsection as a consequence of the exponentially decay of the correlations, while the estimate (9.18) is a consequence of the small deviations estimates proved in the last subsection.

9.1. Decay of the correlations. In this subsection we prove the following Theorem:

Theorem 9.3. There are c and ω positive so that for any bounded sets Λ and Δ, Λ D^{ℓ+,γ} -measurable, and any ⃗ξ ∈ X^{(±)}, there is a coupling Q_u of μ̃^{(±)}_{abs,Λ;u}(·|⃗ξ) and μ̃^{(±)}_{abs;u}(·) such that Q_u(⃗ξ_Δ ≠ ⃗ξ^′_Δ) ≤ c|Δ|e^{−ωγdist(Δ,Λc)} (9.19)

It follows that:

Corollary 9.4. For any u ∈ [0, 1] there is a unique DLR measure μ̃^±_{abs;u} with hamiltonian h^±_u and for any local function f with support in Δ :

lim_{Λ↗Zd}⟨f⟩_{μ̃}±_{abs,Λ;u} = ⟨f⟩_{μ̃}±_{abs;u}

and, for any Δ ⊏ Λ, there are positive constants c, ω: | |⟨f⟩_{μ̃}±_{abs,Λ;u} − ⟨f⟩_{μ̃}±_{abs;u} | | ≤ c |Δ| sup_{x∈Δ}{f(x)} e^{−ωγdist(Δ,Λc)}

Corollary 9.4 applied to our case, proves inequality (9.17): | |⟨g_{γ,x,Λ}⟩_{μ̃±}

abs,Λ;u

− ⟨g_{γ,x}⟩_{μ̃}±_{abs;u} | | ≤ κ_4 e_{−ωγdist(x,Λ}^c_)

Proof. The proof of Theorem 9.3 requires an extension of the Dobrushin high temperature uniqueness Theorem. In fact the classical Dobrushin Theorem does not apply to this case because of the restriction to the set X^±, that corresponds to an hard-core interaction.

We recall that the classical Dobrushin uniqueness criterium requires that there is a function r_{ij} : Z^d × Z^d → R^+, r_{ii} = 0 such that for all i ∈ Z^d: and all ⃗ξ^{(1)}, ⃗ξ^{(2)} ∈ X^±:

R_i(μ_i(·|⃗ξ^{(1)}_ic ), μ_i(·|⃗ξ^{(2)}_ic )) ≤ ∑ j≠i

r_{ij} dist_j(⃗ξ^{(1)}_j , ⃗ξ^{(2)}_j ) (9.20)

sup_j ∑ j≠i

r_{ij} < δ 0 < δ < 1 (9.21)

where R_i(μ_i(·|⃗ξ^{(1)}_ic ), μ_i(·|⃗ξ^{(2)}_ic )) is the Vaserstein distance between the two single spin measures μ_i(·|⃗ξ^{(1)}_ic ), μ_i(·|⃗ξ^{(2)}_ic ).

In our case this criterium cannot be satisfied uniformly in ⃗ξ^{(1)}_ic , ⃗ξ^{(2)}_ic because there is a subset of configurations ⃗ξ_{ic} that are “critical” in the sense that the conditional measures μ^{p̂}_{abs,i;u}(·|⃗ξ_{ic} ) have support only a strict subset of Ω_i (the subset of values of ⃗ξ_x for which ⃗ξ_y1_{y≠x} + ⃗ξ_x1_{y=x} is in X ±), while the Vaserstein distance between measures with different supports is not small.

In reference [3], the Dobrushin uniqueness criterium is extended to the case when the “classical Dobrushin condition” is not satisfied uniformly in the boundary conditions, but only for “most of the configurations”. Uniqueness of the measure can be proven here along the same line as in the original Dobrushin proof, using a criterium analogous to (9.20)- (9.21), where the single spin measures are replaced by measures on Ω_{Cn} , with C_n a cube of a partition D^ℓ of Z^d. With such a choice, the uniqueness Dobrushin criterium would read as:

R_{Cn} (μ_C (·|⃗ξ^{(1)}_Cc_n ), μ_{Cn} (·|⃗ξ^{(2)}_Cc_n )) ≤ ∑ m∈(ℓZ)^d

r_{nm}dist(⃗ξ^{(1)}_{Cm} , ⃗ξ^{(2)}_{Cm} ) (9.22)

sup_n ∑ m≠n

r_{nm} < δ 0 < δ < 1 (9.23)

with r_{nm} : (ℓZ)^d × (ℓZ)^d → R^+, r_{nn} ≡ 0.

Here we use an alternative line of proof [3] inspired by [26] and based on the Kantorovich- Rubinstein duality in order to avoid measurability problems. This formulation has the advantage of being less restrictive and in particular the [small] probability of “bad configurations” can be “adsorbed” in r_{nm}, but the nice situation of having an easily checkable criterium is lost. (In the context of spin systems, the Vaserstein distance between single spin measures can be explicitly calculated).

In reference [3], a set of five assumptions on the measures is provided which validity imply (9.22)-(9.23) and can be proven more easily that a direct check of the criterium. Theorem 9.3 will be proved through the demonstration that these five assumptions hold for the two abstract models μ̃^{(±)}_{abs;u}(d⃗ξ^′).

In our context, recalling the definition of X^±, the “natural” choice for the partition in (9.22) is D^{ℓ−,γ} and the five assumptions stated below will imply the validity of the criterium (9.22)-(9.23) with ℓ = ℓ_{−,γ}.

In the sequels we prove assumptions 1 and 2 which require a specific treatment in the present case. Assumptions 3-5 can be verified along the same lines as in the Ising case (section 9 of [3]) and will be stated here without proofs.

9.1.1. First assumption:

The first assumption requires to prove that for any i ∈ Z^d there is a measurable set G^±_i ⊏ X^± depending only on {⃗ξ_j, j ∈ C^{ℓ−,γ}_i \ i}, such that there exists b(i, j) with the following properties:

b(i, j) ≥ 0 ; b(i, i) = 0 sup_{i∈Zd} ∑ j∈C^{ℓ−,γ}_i

b(i, j) < δ < 1 (9.24)

R(μ^±_{abs,i;u}(⃗ξ_i|⃗ξ), μ^±_{abs,i;u}(⃗ξ_i|⃗ξ^′)) ≤ ∑ j b(i, j) dist(⃗ξ_j, ⃗ξ^′_j ) for any ⃗ξ, ⃗ξ^′ ∈ G_i where dist(⃗ξ_j , ⃗ξ^′_j) is a distance defined on the configuration space and R(μ^±_{abs,i;u}(⃗ξ_i|⃗ξ), μ^±_{abs,i;u}(⃗ξ_i|⃗ξ^′)) is the associated Vaserstein distance. Here, we consider the following distance between configurations:

dist(⃗ξ_i, ⃗ξ^′_i) := 1 2 ∑ i |ξ_i(i) − ξ^′_i(i)| (9.25)

and define G_i as :

G^±_i := {⃗ξ ∈ X^{(±)} : ⃗ξ^{(i,q)} ∈ X^{(±)}∀q} (9.26)

where we have denoted

⃗ξ^{(i,q)}_j =

⃗ξ_j j ≠ i,

⃗u_q j = i.

(9.27)

Remark: G^±_i is the set of configurations ⃗ξ which belong to X^{(±)} independently of the value of ⃗ξ_i and is measurable on ⃗ξ_ic . When ⃗ξ, ⃗ξ^′ are not in G^±_i , the probability measures for ⃗ξ_i, have support on a strict subset of Ω and the Vaserstein distance can be larger than the bound in (9.24).

Theorem 9.5. There are γ̄, ς, so that for γ < γ̄, and for any β : |β − β^{mf}_c (Q)| < c_bγ^12 , there exists b(i, j) satisfying the relations (9.24) with G_i as in (9.26). b(i, j) has the expression:

b(i, j) = r [ J_γ (i, j) + e^{−( Kγ2 −2b)Nγ (i,j)} ]

where r < 1, K_γ and b as in (7.41) and N_γ (i, j):

N_γ (i, j) = 1 + integer part [ |i − j| ℓ_{+,γ} ]

Proof. The Vaserstein distance between the two measures μ_i(⃗ξ_i|⃗ξ_1), μ_i(⃗ξ_i|⃗ξ_2) is defined as

R(μ_i(⃗ξ_i|⃗ξ_1), μ_i(⃗ξ_i|⃗ξ_2)) := inf_∐ E_∐(dist(⃗ξ_i, ⃗ξ^′_i))

where the infimum is taken over all couplings between μ_i(⃗ξ_i|⃗ξ_1), μ_i(⃗ξ_i|⃗ξ_2). Recalling (4.4), the infimum is realized on the couplings which have the maximal mass on the diagonal

∐(⃗ξ_i = ⃗ξ^′_i = ⃗u_q) = min{μ_i(⃗u_q|⃗ξ_1), μ_i(⃗u_q|⃗ξ_2)}

Let ∐ be such a coupling for μ_{abs,i;u}(⃗ξ_i|⃗ξ_1), μ_{abs,i;u}(⃗ξ_i|⃗ξ_2). We have:

R(μ_{abs,i;u}(⃗ξ_i|⃗ξ_1), μ_{abs,i;u}(⃗ξ_i|⃗ξ_2)) = E_∐ ( dist(⃗ξ_i, ⃗ξ^′_i) ) = ∐(⃗ξ_i ≠ ⃗ξ^′_i)

= 1 − ∑ q min{μ_{abs,i;u}(⃗u_q|⃗ξ_1), μ_{abs,i;u}(⃗u_q|⃗ξ_2)} = 1 2 ∑ q ( μ_{abs,i;u}(⃗u_q|⃗ξ_1) + μ_{abs,i;u}(⃗u_q|⃗ξ_2)

−2 min{μ_{abs,i;u}(⃗u_q|⃗ξ_1), μ_{abs,i;u}(⃗u_q|⃗ξ_2)} ) = 1 2 ∑ q |μ_{abs,i;u}(⃗u_q|⃗ξ_1) − μ_{abs,i;u}(⃗u_q|⃗ξ_2)|

Since ⃗ξ and ⃗ξ^′ are in G_i, the constraint of being in X^± does not affect the values of ⃗ξ_i, and the conditional measures μ^±_{abs,i;u}(·|⃗ξ) are given by the Gibbs conditional measures. Using (7.42), we get,

R(μ^±_{abs,i;u}(⃗ξ_i|⃗ξ), μ^±_{abs,i;u}(⃗ξ_i|⃗ξ^′)) = 1 2 ∑ q

| | | | e^{βk±;uq (⃗ξ)} ∑_Q p=1 e^{βk±;up (⃗ξ)} − e^{βk±;uq (⃗ξ′)} ∑_Q p=1 e^{βk±;up (⃗ξ′)} | | | | = 1 2 ∑ q |g_q(⃗k^{±;u}(⃗ξ)) − g_q(⃗k^{±;u}(⃗ξ^′))|

Where ⃗g(·) is defined in (A.12) and ⃗k^{±;u}_i (⃗ξ) ≡ ⃗k^{±;u}_i (⃗ξ_{ic} ) is the vector

⃗k^±_i (⃗ξ) := u ⃗L_γ (⃗ξ; i) + (1 − u) ⃗L_γ (⃗ρ^±; i) − u ∑ q ( H^±(⃗ξ^{(i,q)}) − H^±(⃗ξ_{ic} ) ) ⃗u_q = u ∑ j≠i

J_γ (i, j)⃗ξ_j + (1 − u) ∑ j≠i

J_γ (i, j)⃗ρ^±_j − u ∑ q ∑ Δ∋i U^±_Δ (⃗ξ^{(i,q)})⃗u_q

Using (7.41), we have:

lim_{γ→0} sup_⃗

ξ∈G_i

‖⃗k^±(⃗ξ) − ⃗ρ^±‖ ≤ lim_{γ→0} ( cγ^a + ∑ Δ∋i Q‖U^±_Δ (·)‖_∞ ) = 0 (9.28)

Hence , for γ small enough, we can use theorem A.3 and get

R ( μ^±_{abs,i;u}(⃗ξ_i|⃗ξ), μ^±_{abs,i;u}(⃗ξ_i|⃗ξ^′) ) ≤ 1 2 (1 − 1 2Q ) ∑ q |k^{±;u}_q (⃗ξ) − k^{±;u}_q (⃗ξ^′)|

On the other hand, we have the following bound for all Δ ∋ x

|U^±_Δ (⃗ξ^{(i,q)}) − U^±_Δ (⃗ξ^{′(i,q)})| ≤ 2‖U^±_Δ (·)‖_∞ ∑ j∈Δ\i

dist(⃗ξ_j, ⃗ξ^′_j)

and thus

∑ q |k^{±;u}_q (⃗ξ) − k^{±;u}_q (⃗ξ^′)| ≤ 2 ∑ j≠i

uJ_γ (i, j) + ∑ Δ∋i,j

Q‖U^±_Δ (·)‖_∞ dist(⃗ξ_j , ⃗ξ^′_j ) (9.29)

Recalling (7.41) we bound the last term in (9.29) as: ∑ Δ∋i,j

‖U^±_Δ (·)‖_∞ ≤ ∑ Δ∋i,j

e^{−( Kγ2 −b)NΔ} ≤ e^{−( Kγ2 −2b)Nγ (i,j)} ∑ Δ∋i e^{−bNΔ} ≤ e^{−( Kγ2 −2b)Nγ (i,j)} (9.30)

Since K_γ = cγ^{−(1−α)d+2a}, lim_{γ→0} ∑ Δ∋i,j

Q‖U^±_Δ (·)‖_∞ = 0

hence, we take for all u,

b(i, j) := (1 − 1 2Q ) ( uJ_γ (i, j) + e^{−( Kγ2 −2b)Nγ (i,j)} ) (9.31) We have lim_{γ→0} sup_{i∈Zd} ∑ j∈C^{ℓ−,γ}_i \i

b(i, j) = 0 (9.32)

so that (9.24) holds for all γ small enough. □

9.1.2. Second Assumption:

The second assumption is a bound on the probability of G^±_i^c, where G^±_i is defined in (9.26). Here we deal with a bounded state space and the assumption may be written as: sup ⃗ξ∗∈X ±

μ^{(±)}_{abs,D,u}(G^±_i^c|⃗ξ^∗) ≤ e^{−cγ2aℓd−,γ} (9.33)

c a positive constant and D = C^{ℓ−,γ}_i . The proof of (9.33) requires a Peierls estimate inside the restricted set X^±. Let ζ^′ > 0, we define the “bad” set A^±_i := {⃗ξ ∈ X^{(±)} : ‖⃗ξ^{(ℓ−,γ )}(i) − ⃗ρ^±‖_⋆ > (1 − ζ^′)γ^a} Notice that for any ζ^′ > 0 and γ small enough, we have for all i G^{±c}_i ⊏ A^±_i so that A^±_i does not depend on ⃗ξ_i, and we have sup ⃗ξ ∗∈X ±

μ^{(±)}_{abs,D,u}(G^±_i^c|⃗ξ^∗) ≤ sup_⃗

ξ^∗∈X^±

μ^{(±)}_{abs,D,u}(A^±_i |⃗ξ^∗)

Let F_{γ,D,u} := − u 2 ∫ D×D dr dr^′ J_γ (r, r^′)⃗ρ_D(r) · ⃗ρ_D(r^′) − (1 − u) ∫ D dr ⃗ρ_D(r) · ⃗ρ^± − ∫ D×D^c

dr J_γ (r, r^′)⃗ρ_D(r) · ⃗ρ_Dc (r^′) + 1 β ∫ D dr⃗ρ_D(r) · ln ⃗ρ_D(r)

The proof of the second assumption is thus based on the following proposition whose proof is given at the end of subsection 9.2:

Proposition 9.6. There is a constant c > 0 so that for all γ small enough, any x: sup ⃗ξ∗∈X (±)

ln μ_{abs,D,u}(A^±|⃗ξ^∗) ≤ − inf_{⃗ρDc ∈X ±} Dc ( inf ⃗ρ_D ∈X^±_D , | |⃗ρ^{(ℓ−,γ )}(r)−⃗ρ^± | |>(1−ζ^′)ζ

F_{γ,D,u}(⃗ρ_D|⃗ρ_Dc )

− inf_{⃗ρD ∈X ±} D F_{γ,D,u}(⃗ρ_D|⃗ρ_Dc ) ) + cγ^{1/2}ℓ^d_{−,γ} (9.34)

where, by an abuse of notation, we have denoted by the same symbol X^±, the restricted ensemble:

X^± := { ⃗ρ ∈ L^∞(R^d, S_Q) : ‖⃗ρ^{(ℓ−,γ )}(r) − ⃗ρ^±‖_⋆ ≤ γ^a, ∀r ∈ R^d } (9.35)

and denote by X^±_Λ the above expression (9.35) when the constrain is imposed on Λ, with Λ ⊏ R^d, a D^{(ℓ−,γ )}-measurable set.

Proof. Using a result similar to Theorem 5.1 but with a slightly different functional, one gets for all ⃗ξ^∗ ∈ X^{(±)}

ln μ_{abs,D,u}(A^±|⃗ξ^∗) = ln Z_{abs,D,u}(A^±|⃗ξ^∗) − ln Z_{abs,D,u}(⃗ξ^∗) ≤ inf_{⃗ρD∈X ±} D , | | |⃗ρ^{(ℓ−,γ )}(r)−⃗ρ^± | | |>(1−ζ^′)ζ

F_{γ,D,u}(⃗ρ_D|(⃗ξ^∗)^{(ℓ0)}) − inf_{⃗ρD ∈X ±} D F_{γ,D,u}(⃗ρ_D|(⃗ξ^∗)^{(ℓ0 )}) + cγ^{−1}ℓ_0|D|

≤ − inf_{⃗ρDc ∈X ±} Dc ( inf ⃗ρ_D ∈X^±_D , | |⃗ρ(ℓ_{−,γ} )(r)−⃗ρ_± | |>(1−ζ_′)ζ

F_{γ,D,u}(⃗ρ_D|⃗ρ_Dc ) − inf_{⃗ρD∈X ±} D F_{γ,D,u}(⃗ρ_D|⃗ρ_Dc ) ) + cγ^{1/2}ℓ^d_{−,γ}

□

The proof of the validity of the second assumption (9.33) follows from an estimate for the r.h.s of (9.3). We define:

F^0_{γ,D,u}(⃗ρ_D|⃗ρ_Dc ) := − ∫ D dr ( ⃗L^u(r, ⃗ρ_{Dc} ) · ⃗ρ_D− 1 β ⃗ρ_D · ln ⃗ρ_D )

where ⃗L^u(r, ⃗ρ_Dc ) is the external field:

⃗L^u(r, ⃗ρ_{Dc} ) := (1 − u)⃗ρ^± + u ∫ D^c

J_γ (r, r^′)⃗ρ_Dc (r^′)dr^′ (9.36)

Since F^0_{γ,β,D}(⃗ρ_D|⃗ρ_Dc ) differs from F_{γ,β,D}(⃗ρ_D|⃗ρ_Dc ) by the self interaction energy, which is bounded proportionally to |D|^2, there is a constant c^′ > 0 such that:

|F_{γ,D,u}(⃗ρ_D|⃗ρ_Dc ) − F^0_{γ,D,u}(⃗ρ_D|⃗ρ_Dc )| ≤ c^′uγ^d|D|^2 (9.37)

F^0_{γ,D}(⃗ρ_D|⃗ρ_Dc ) is a convex functional on L^∞(D, S_Q), and has thus a unique minimizer that we denote by ⃗ρ^∗(r; ⃗ρ_Dc ) ≡ ⃗ρ^∗(r), whose components are given by:

ρ^∗_k (r) = e^{βLu}k^{(r,⃗ρDc )} ∑ l e^{βLu}l^{(r,⃗ρDc )}

(9.38)

We need to evaluate the difference:

F^0_{γ,D,u}(⃗ρ_D|⃗ρ_Dc ) − F^0_{γ,D,u}(⃗ρ^∗_D |⃗ρ_Dc ) = ∫ D dr^′ ( −⃗ρ_D(r^′) · ⃗L^u(r, ⃗ρ_Dc ) + 1 β ⃗ρ_D(r^′) · ln ⃗ρ_D(r^′) ) − ( −⃗ρ^∗_D (r^′) · ⃗L^u(r, ⃗ρ_Dc ) + 1 β ⃗ρ^∗_D (r^′) · ln ⃗ρ^∗_D (r^′) )

Using (9.38), we write ⃗L^u(r, ⃗ρ_Dc ) in terms of ⃗ρ^∗ and get:

F^0_{γ,D,u}(⃗ρ_D|⃗ρ_Dc ) − F^0_{γ,D,u}(⃗ρ^∗_D |⃗ρ_Dc ) = 1 β ∫ D dr^′ Q∑ k=1 ρ_k(r^′) ln ρ_k(r^′) ρ^∗_k (r^′)

(9.39)

Thus by the Kullback-Leibler inequality, one gets

F^0_{γ,D,u}(⃗ρ_D|⃗ρ_Dc ) − F^0_{γ,D,u}(⃗ρ^∗_D |⃗ρ_Dc ) ≥ 1 2β ∫ D dr^′|⃗ρ_D(r^′) − ⃗ρ^∗_D (r^′)|^2

We claim that there is ϵ > 0 such that, for any ⃗ρ_Dc and for γ > 0 small enough,

‖⃗ρ^∗ − ⃗ρ^±‖_⋆ ≤ (1 − ϵ)γ^a (9.40)

Using Cauchy-Schwartz inequality, we thus get (taking ζ^′ < ϵ):

F^0_{γ,D,u}(⃗ρ_D|⃗ρ_Dc ) − F^0_{γ,D,u}(⃗ρ^∗_D |⃗ρ_Dc ) ≥ 1 2β |D|(ϵ − ζ^′)^2γ^{2a} (9.41)

Postponing the proof of (9.40), we get the following bound by using proposition 9.6 together with (9.37) and (9.41):

sup ⃗ξ∗∈X (±)

ln μ_{abs,D,u}(A^±_x |⃗ξ^∗) ≤ exp { − ( 1 2β |D|(ϵ − ζ^′)^2γ^{2a} − c^′γ^d|D|^2 ) + cγ^{1/2}ℓ^d_{−,d} }

= exp { − ( 1 2β (ϵ − ζ^′)^2γ^{2a} − c^′γ^{dα} + cγ^{1/2} ) ℓ^d_{−,d} }

Assumption (9.33) is then proven. We now turn to the proof of (9.40):

In order to prove (9.40), we show that there is b ∈ (0, 1):

|ρ^∗_k (r) − ρ^±_k | ≤ b|L^u_k (r) − ρ^±_k | (9.42)

while ‖ ⃗L^u(r) − ⃗ρ^±‖_⋆ is small and close enough to γ^a.

We first prove that |L^u_k (r) − ρ^±_k | is small enough. We define

J^{(ℓ−,γ )} γ (r, ⟨r^′⟩) := 1 |C^{ℓ−,γ}_{r′} | ∫ J_γ (r, r^{′′})dr^{′′}

For γ small enough, by hypothesis on J (see (2.1)) | |J_γ (r, r^′) − J^{(ℓ−,γ )}_γ (r, ⟨r^′⟩) | | ≤ √ d‖∇J ‖_∞γ^{d+1}ℓ_{−,γ} 1_{{|r−r}′_{|≤2γ}−1_} (9.43)

Then, for any ⃗ρ ∈ L^∞(R^d_+, S_Q), there is a constant c_d = 2^d √ d‖∇J ‖_∞ ‖ J_γ ∗ ⃗ρ − J^{(ℓ−,γ )}_γ ∗ ⃗ρ ‖ ≤ c_d γℓ_{−,γ} = c_dγ^α

Using the fact that ⃗ρ_Dc ∈ X^±_Dc , we write: ‖ ‖ ⃗L^u(r) − ⃗ρ^± ‖ ‖ = u ‖ ‖ ∫ D^c

J_γ (r, r^′)⃗ρ_Dc (r^′)dr^′ − ⃗ρ^± ‖ ‖ ≤ ‖ ‖ ∫ D^c ( J_γ (r, r^′) − J^{(ℓ−,γ )}_γ (r, r^′) ) ⃗ρ_Dc (r^′)dr^′ ‖ ‖ + ‖ ∫ D^c

J^{(ℓ−,γ )} γ (r, r^′) ( ⃗ρ_Dc (r^′) − ⃗ρ^± ) dr^′ ‖ + ‖ ∫ D J^{(ℓ−,γ )} γ (r, r^′)⃗ρ^±dr^′ ‖ ≤ c_dγ^α + γ^a + c^′_dγ^{αd}

with c^′_d = ‖J ‖_∞. Recalling (9.38), we have ‖ ⃗ρ^∗_D (r) − ⃗ρ^± ‖ = ‖ ⃗g( ⃗L^u(r)) − ⃗g(⃗ρ^±) ‖ (9.44)

Applying Theorem A.3, we get ‖ ‖⃗ρ^∗_D (r) − ⃗ρ^± ‖ ‖ ≤ (1 − 1 2Q ) ( γ^a + c_dγ^α + c^′_dγ^{αd} )

≤ (1 − 1 4Q )γ^a − ( 1 4Q γ^a − (1 − 1 2Q )(c_dγ^α + c^′_dγ^{αd}) )

≤ γ^a(1 − ϵ)

for γ small enough and a < α, taking ϵ = 1 −^1_{4Q} .

9.1.3. Third Assumption: Let B(n) := {m ∈ (ℓ_{−,γ} Z)^d : dist(C^{ℓ−,γ}_n , C^{ℓ−,γ}_m ) ≤ γ^{−1}} there is r̃_{nm} : (ℓ_{−,γ} Z)^d ×(ℓ_{−,γ} Z)^d → R^+ s.t. for any ⃗ξ^1, ⃗ξ^2 : ⃗ξ^1(j) = ⃗ξ^2(j) ∀j ∈ [Z^d ⊓B(n)]\i, it holds that:

R_{Cn} (μ_C (·|⃗ξ^{(1)}_Cc_n ), μ_{Cn} (·|⃗ξ^{(2)}_Cc_n )) ≤ ∑ m∈(ℓ_{−,γ} Z)^d\B(n)

r̃_{nm}dist(⃗ξ^{(1)}_{Cm} , ⃗ξ^{(2)}_{Cm} ) (9.45)

sup_n ∑ m /∈B(n)

r̃_{nm} < 1 (9.46)

This is a condition on the tail of the interaction, which in our case is satisfied because of the exponential decay of the interaction h^±_u due to the Peierls estimates.

9.1.4. Fourth Assumption:

Let r(n, m) : (ℓ_{−,γ} Z)^d × (ℓ_{−,γ} Z)^d → R^+ defined as follows:

r(n, m) :=

0 if m = n r̃_{nm} if m /∈ B(n) r̃^∗_{nm} if m ∈ B(n) \ n where:

r̃^∗_{nm} := sup

j∈C^{ℓ−,γ}_m ∑ i∈C^{ℓ−,γ}_n ∑ k>0 b^k_{Cℓ−,γn} (i, j) + 2e^{−cγ2aℓd−,γ} ( ℓ^d_{−,γ} + ∑ i,i^′∈C^{ℓ−,γ}_n ∑ k>0 b^k_{Cℓ−,γn} (i, i^′) )

with b_Cℓ_{−,γn} (i, j) := b(i, j)1_{i∈Cn} and b^k_{Cℓ−,γn} (i, j) is the k-th convolution of b_Cℓ_{−,γn} (i, j). Assumption 4 then states:

sup_n ∑ m r(n, m) ≤ δ 0 < δ < 1 (9.47)

9.1.5. Fifth Assumption:

There is a metric ψ(n, m) on (ℓ_{−,γ} Z)^d s.t. ψ(n, m) ≥ d_0 > 0 for all n ≠ m ∈ (ℓ_{−,γ} Z)^d, and

sup_n δe^{sup}j∈B(n)ψ(n,m) + ∑ m /∈B(n)

r(n, m)e^{ψ(n,m)}

< 1 (9.48)

for δ as in (9.47).

9.1.6. Conclusion of subsection (9.1).

We have proved that the assumptions 1, 2, 3, 4 hold for the two abstract models, which imply uniqueness of the measure. Moreover assumption 5 holds and implies exponential decay of the correlation of the measures μ̃^±_{abs,u}. see [3].

Hence the validity of assumptions 1, 2, 3, 4 5 imply Theorem 9.3 and Corollary 9.4 □

9.2. Small deviation estimates. In this subsection we prove the estimate (9.18)

∫_1 0 du ∑ i∈A {|⟨g_{γ,i}⟩_{μ̃}±_{abs;u} | + |⟨g_{γ,i,Λ}⟩_{μ̃}±_{abs,Λ;u} |} ≤ cγ^{1/8}|δ^{ℓ+,γ}_{in} [Λ]|

Let A := δ^{ℓ+,γ}_{in} [Λ] and define the set S^±(⃗ξ) as:

S^±(⃗ξ) := {i ∈ Ǎ : ‖⃗ξ^{(ℓ0)}(i) − ⃗ρ^±‖_⋆ ≥ γ^{1/8}} (9.49)

where Ǎ := A ⊔ δ^{γ−1}_{out} [A] (9.50)

We first prove the following bound:

∫_1 0 du ∑ i∈A {|⟨g_{γ,i}⟩_{μ̃}±_{abs;u} | + |⟨g_{γ,i,Λ}⟩_{μ̃}±_{abs,Λ;u} |} (9.51)

≤ J_γ

∫_1 0 du [ ⟨1_{|S}±_{|≥γ}1/8_{|A|}⟩_{μ̃}±_{abs;u} + ⟨1_{|S}±_{|≥γ}1/8_{|A|}⟩_{μ̃}±_{abs,Λ;u} ] + c(γ^{1/2}|A| + γ^{1/8}|A|)

proof of (9.51). We recall the definition of g_{γ,i,Λ}(⃗ξ) (9.13) and g_{γ,i}(⃗ξ) (9.14):

g_{γ,i,Λ}(⃗ξ) := − 1 2 ⃗δξ_i ∑ j∈Λ j≠i

J_γ (i, j) ⃗δξ_j + ∑ Δ∋i Δ⊏Λ 1 |Δ| U^±_Δ (⃗ξ)

g_{γ,i}(⃗ξ) := lim_{Λ↗Rd} g_{γ,i,Λ}(⃗ξ) = − 1 2 ⃗δξ_i ∑ j≠i

J_γ (i, j) ⃗δξ_j + ∑ Δ∋i 1 |Δ| U^±_Δ (⃗ξ)

By (7.41), ∑ Δ∋i 1 |Δ| U^±_Δ (⃗ξ) ≤ e^{−( Kγ2 −b)}

Hence, we have: ∑ i∈A | g_{γ,i}(⃗ξ) | ≤ 1 2 ∑ i∈A | ⃗ δξ_i ∑ j≠i

J^{(ℓ0)}_γ (i, j) ⃗δξ_j | + cγℓ_0|A| ≤ ∑ i∈A ∑ j∈Ǎ

J^{(ℓ0)}_γ (i, j)‖ ⃗δξ^{(ℓ0)}_j ‖_⋆ + cγ^{1/2}|A|

≤ J_γ ∑ j∈Ǎ

‖ ⃗δξ^{(ℓ0)}_j ‖_⋆ + cγ^{1/2}|A|

≤ J_γ |S^±(⃗ξ)| + c(γ^{1/2}|A| + γ^{1/8}|A|)

where we have defined

J^{(ℓ0)}_γ (i, ⟨j⟩) := 1 |C^{ℓ0} | ∑ j^′∈C^{ℓ0}_j

J_γ (i, j)

and used that by definition (9.49), ‖ ⃗δξ_j‖_⋆ ≤ γ^{1/8} for all j /∈ S. A similar estimate for g_{γ,i,Λ} holds and (9.51) follows. □

Since the two terms in the integral in the right hand side of (9.51) are very similar, we give the derivation of an estimate for the first term only. We prove the following

⟨1_{|S}±_{|≥γ}1/8_{|A|}⟩_{μ̃}±_{abs;u} ≤ e^{−cγ3/8|A|} (9.52)

proof of (9.52). Let

Â := A ⊔ δ^{ℓ+,γ}_{out} [A]

⟨1_{|S}±_{|≥γ}1/8_{|A|}⟩_{μ̃}±_{abs;u} = ⟨ μ̂^±_{abs;Â,u}(1_{|S}±_{|≥γ}1/8_{|A|}e^{−β} ∑ Δ:Δ⊓Â≠∅ U ± Δ (⃗ξ)|⃗ξ

Âc )

μ̂^±_{abs;Â,u}(e^{−β} ∑ Δ:Δ⊓Â≠∅ U ± Δ (⃗ξ)|⃗ξ

Âc )

⟩_{μ̃}±_{abs;u} (9.53)

where μ̂^±_{abs;Â,u} is the measure on X^±_Â associated to the finite range interpolating Hamiltonian ĥ±_u (⃗ξ_Â|⃗ξ_{Âc} )

ĥ^±_u (⃗ξ_Â|⃗ξ_{Âc} ) := uH_{γ,Â}(⃗ξ_Â|⃗ξ_{Âc} ) + (1 − u)H^±_{γ,Â}(⃗ξ)

Recalling (7.41), we get:

⟨1_{|S}±_{|≥γ}1/8_{|A|}⟩_{μ̃}±_{abs;u} ≤ ⟨μ̂^±_{abs;Â,u}(1_{|S}±_{|≥γ}1/8_{|A|}|⃗ξ_{Âc} )⟩_{μ̃}±_{abs;u} × e^{β|Â|e−(Kγ −4b)} (9.54)

we write

μ̂^±_{abs;Â,u}(1_{|S}±_{|≥γ}1/8_{|A|}|⃗ξ_{Âc} ) =

Ẑ^±_{abs,β,Â;u}(S^±|⃗ξ_{Âc} ) Ẑ^±_{abs,β,Â;u}(⃗ξ_{Âc} )

(9.55) where Ẑ^±_{abs,β,Â;u}(S^±|⃗ξ_{Âc} ) := ∑ ⃗ξ_Â∈X^±_Â

1_{|S}±_{|≥γ}1/8_{|A|}e^{−βĥ±u (⃗ξÂ|⃗ξÂc )}

Ẑ^±_{abs,β,Â;u}(⃗ξ_{Âc} ) := ∑ ⃗ξ_Â∈X^±_Â

e^{−βĥ±u (⃗ξÂ|⃗ξÂc )}

Now the partition function Ẑ^±_{abs,β,Â;u}(S^±|⃗ξ_{Âc} ) can be estimated using an approximation to the continuum. Defining

F_{γ,Â,u}(⃗ξ_Â|⃗ξ^{(ℓ0)}_{Âc} ) := − 1 2 ∫ Â×Â

J_γ (r, r^′) ( u⃗ξ_Â(r) · ⃗ξ_Â(r^′) + (1 − u)⃗ρ^± · ⃗ρ^± ) drdr^′ − ∫ Â×Âc

J_γ (r, r^′) ( u⃗ξ_Â(r) · ⃗ξ^{(ℓ0)}_{Âc} (r^′) + (1 − u)⃗ρ^± · ⃗ρ^± ) drdr^′

−(1 − u) ∫ Â (⃗ ξ_Â(r) · ⃗ρ^± ) dr + 1 β ∫ Â ⃗ξ_Â(r) · ln ⃗ξ_Â(r)dr and Z^± := { ⃗ξ_Â ∈ Ω^ℓ0_Λ : ⃗ξ_Â(r) = ⃗ξ^{(ℓ}0^)(r) ; η(⃗ξ; r) = a_± r ∈ Â ; ∫ Ǎ 1_{‖⃗ξÂ−⃗ρ±‖⋆≥γ1/8} ≥ γ^{1/8}|A| }

A result similar to theorem 5.1 holds for the above functional and leads to

ln Ẑ^±_{abs,β,Â;u}(S^±|⃗ξ_{Âc} ) ≤ −β inf_{⃗ξ}

Â∈Z^±

F_{γ,Â,u}(⃗ξ_Â|⃗ξ^{(ℓ0)}_{Âc} ) + cγ^{1/2}|Â| (9.56)

where c is a constant independent on u.

We are then reduced to study the variational problem in (9.56) for F_{γ,Â,u}(⃗ξ_Â|⃗ξ^{(ℓ0)}_{Âc} ) on Z^±. We define the “excess free energy functional”:

F^{eff}_{γ,Â,u}(⃗ξ_Â|⃗ξ^{(ℓ0)}_{Âc} ) := F_{γ,Â,u}(⃗ξ_Â|⃗ξ^{(ℓ0)}_{Âc} ) + A (9.57)

A := − inf_{⃗v:‖⃗v‖=1}ϕ^{mf}_u (⃗v)|Â| + u 2 ∫ Â×Âc

J_γ (r, r^′) (⃗ ξ^{(ℓ0)}_{Âc} (r^′) · ⃗ξ^{(ℓ0)}_{Âc} (r^′) ) dr dr^′ (9.58)

ϕ^{mf,±}_u (⃗v) := −u

(⃗v · ⃗v) 2 − (1 − u)(⃗v · ρ^±) + 1 β (⃗v · ln ⃗v) (9.59)

F^{eff}_{γ,Â,u}(⃗ξ_Â|⃗ξ^{(ℓ0)}_{Âc} ) is positive and differs from F_{γ,Â,u}(⃗ξ_Â|⃗ξ^{(ℓ0)}_{Âc} ) by a constant (hence has the same minimizers and its minimum is finite)

Denoting by:

Φ^{eff,±}_u (⃗ξ_Â) := ϕ^{mf,±}_u (⃗ξ_Â) − inf_{⃗v:‖⃗v‖=1} ϕ^{mf,±}_u (⃗v) (9.60)

F^{eff}_{γ,u}(⃗ξ_Â|⃗ξ^{(ℓ0)}_{Âc} ) can be rewritten then as:

F^{eff}_{γ,Â,u}(⃗ξ_Â|⃗ξ^{(ℓ0)}_{Âc} ) = ∫ Â Φ^{eff,±}_u (⃗ξ_Â) + u 4 ∫ Â×B

J_γ (r, r^′)[⃗ξ_Â(r) − ⃗ξ_Â(r^′)]^2 + u 2 ∫ Â×Âc

J_γ (r, r^′)[⃗ξ_Â(r) − ⃗ξ^{(ℓ0)}_{Âc} (r^′)]^2

The analysis in appendix B, see corollary B.5, proves that there are positive constants ω, c_ω, so that for any ⃗ξ ∈ Z^± there is ⃗ψ_Â:

F^{eff}_{γ,Â,u}(⃗ξ_Â|⃗ξ^{(ℓ0 )}_{Âc} ) ≥ F^{eff}_{γ,Â,u}( ⃗ψ_Â|⃗ξ^{(ℓ0)}_{Âc} ) − c_ωe^{−ωγℓ+,γ /4}|Â| (9.61) where ⃗Ψ_Â has the following properties: η( ⃗ψ_Â; r) = a_± ∀r ∈ Â ⃗ψ_Â(r) = ⃗ρ^± ∀r ∈ Σ :=(Â \ A) \ δ^{ℓ+,γ /4}_{in} (Â \ A) (9.62) ⃗ψ_Â(r) = ⃗ξ(r) ∀r ∈ Ǎ sup_q |ψ_{Â,q}(r) − ρ^±_q | ≤ (1 − κ_0)γ^a ∀r ∈ δ^{ℓ+,γ /4}_{in} [Â] κ_0 > 0 We can write:

ln Ẑ^±_{β,Â;u}(S^±|⃗ξ_{Âc} ) ≤ −β inf_{⃗ψ}

Â∈B^0

F^{eff}_{γ,Â,u}( ⃗ψ_Â|⃗ξ^{(ℓ0)}_{Âc} ) + cγℓ_0|Â| + βc_ωe^{−ωγℓ+,γ /4}|Â| + A (9.63) where

B^0 := { ⃗ψ_Â : sup_q |ψ_{Â,q} − ρ^±_q | ≤ (1 − κ_0)γ^a, r ∈ δ^{ℓ+,γ/4}_{in} [Â]; η( ⃗ψ_Â; r) = a_±, r ∈ Â; (9.64) ⃗ψ_Â = ⃗ρ^± r ∈ Σ; ⃗ψ_Â(r) = ⃗ψ^{(ℓ0)}_Â (r), r ∈ Ǎ; ∫ Ǎ 1_{‖ ⃗ψÂ,q −⃗ρ±‖⋆≥γ1/8} > γ^{1/8}|A|} In appendix E it is proved that for any ψ_Â ∈ B^0 there is ⃗ψ^∗_Â :

⃗ψ^∗_Â =

⃗ψ_Â on δ^{ℓ+,γ /4}_{in} [Â], ⃗ρ^± elsewhere.

(9.65)

so that:

F^{eff}_{γ,Â,u}( ⃗ψ_Â|⃗ξ^{(ℓ0)}_{Âc} ) ≥ F^{eff}_{γ,Â,u}( ⃗ψ^∗_Â|⃗ξ^{(ℓ0)}_{Âc} ) + cγ^{1/4}(γ^{1/8}|A|) (9.66) Let [ψ^∗]^{ℓ0} defined as in (5.15). By theorem 5.1 we then have:

−βF_{γ,Â,u}( ⃗ψ^∗_Â |⃗ξ^{(ℓ0)}_{Âc} ) ≤ ln Ẑ_{β,Â;u} ( {⃗ξ^{ℓ0}_Â = [ ⃗ψ^∗_Â ]^{ℓ0} } |⃗ ξ_{Âc} ) + γℓ_0|Â| and since by definition : ‖[ ⃗ψ^∗_Â ]^{ℓ0} − ⃗ψ^∗_Â ‖_⋆ < 1 2 ℓ^{−d}_0 we have:

‖[ ⃗ψ^∗_Â ]^{ℓ0}_q − ⃗ρ^±‖_⋆ < 1 2 ℓ^{−d}_0 + (1 − κ_0)γ^a so that the set {⃗ξ^{ℓ0}_Â = [ ⃗ψ^∗_Â ]^{ℓ0} } ∈ X^± and −βF_{γ,Â,u}( ⃗ψ^∗_Â |⃗ξ^{(ℓ0)}_{Âc} ) ≤ ln Ẑ^±_{abs,β,Â;u} (⃗ ξ_{Âc} ) + γℓ_0|Â|

By (9.57) and (9.63)

ln Ẑ^±_{abs,β,Â;u}(S^±|⃗ξ_{Âc} ) ≤ ln Ẑ^±_{abs,β,Â;u} (⃗ ξ_{Âc} ) + βc_ωe^{−ωγℓ+,γ /4}|Â| − cγ^{1/4}(γ^{1/8}|A|) + c^′γℓ_0|Â|

Inserting this inequality in (9.53), we get (9.52) for γ small enough. □

10. Large deviation estimates

Let Γ a p̂-contour. Recalling the definition (7.15) of G^{p̂},

G^{p̂} := sp(Γ) ⨆ q̂≠p̂

A^{q̂}

we define R(Γ) and R( ̸Γ) as the two subsets of L^∞(G^{p̂}, S_Q) such that

R(Γ) := {⃗ρ ∈ L^∞(G^{p̂}, S_Q) : η_x(⃗ρ) = η_Γ(x) ∀x ∈ sp(Γ); ⃗ρ(x) = ⃗ρ^{q̂} ∀x ∈ A^{q̂} ∀q̂ ≠ p̂}

R( ̸Γ) := {⃗ρ ∈ L^∞(G^{p̂}, S_Q) : η(⃗ρ, x) = a_{p̂} ∀x ∈ Γ; ρ(x) = ⃗ρ^{p̂} ∀x ∈ ⨆ q̂≠p̂

A^{q̂}}

We prove the following:

Theorem 10.1. There exists γ̄ > 0 and a constant c_f > 0 such that for all γ ≤ γ̄ and all β such that |β − β^{mf}_c (Q)| ≤ c_bγ^12 , the following large deviation estimate holds: inf ⃗ρ∈R(Γ)

F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{(ℓ0)}_{Ap̂} ) − inf_{⃗ρ∈R(Γ̸)} F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{(ℓ0)}_{Ap̂} ) ≥ c_f |Γ|γ^{2a}

(ℓ_{−,γ} ℓ_{+,γ}

)_d + ∑ q̂≠p̂

I_Aq̂ (⃗ρ^2_{q̂} − ⃗ρ^2_{p̂})

where

I_Aq̂ = 1 2 ∫ A^{q̂} ∫ (Int^{q̂} (Γ)\A^{q̂} )

J_γ (x, y)dxdy

Proof. For each D^{ℓ+,γ} -measurable cube C in sp(Γ), at least one of the two following events occurs (recall definition (6.3)):

(a) there is x in Γ such that C^{ℓ+,γ}_x ∼ C and η^{ℓ−,γ}_x = 0.

(b) there are x_1, x_2 in Γ such that C^{ℓ+,γ}_{x1} ∼ C, C^{ℓ+,γ}_{x2} ∼ C, C^{ℓ−,γ}_{x1} ∼ C^{ℓ−,γ}_{x2} and η_{x1} ≠ 0,η_{x2} ≠ 0,η_{x1} ≠ η_{x2} .

Let N_Γ the number of cubes of D^{ℓ+,γ} contained in sp(Γ). Since a single event can be associated to at most 3^d cubes, there are at least 3^{−d}N_Γ distinct and nonintersecting events. Let consider a maximal family of nonintersecting events and denote by (x^i_0)_{i∈Ia} , respectively (x^j_1, x^j_2)_{j∈Ib} a set of points (respectively a set of pairs of points) characterizing the events of type a (respectively of type b). We also define B_a = ⨆ i∈I_a

C^{ℓ−,γ}_{xi0} (10.1) B_b = ⨆ j∈I_b

(C^{ℓ−,γ}_{xj1} ⊔ C^{ℓ−,γ}_{xj2} ) (10.2)

We have |I_a| + |I_b| ≥ 1 3^d

N_Γ (10.3)

|B_a| + |B_b| ≥ 1 3^d

(ℓ_{−,γ} ℓ_{+,γ}

)_d |Γ| (10.4) We separate G^{p̂} in two components G^{p̂} = G_1 ⊔ G_2, G_1 = δ^{ℓ+,γ}_{out} (A^{p̂}) ⊓ sp(Γ) (10.5) G_2 = G^{p̂} \ G_1 (10.6) and write for all ⃗ρ in R(Γ) F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{(ℓ0)}_{Ap̂} ) = F_{γ,β,G1} (⃗ρ_{G1} |⃗ξ^{(ℓ0)}_{Ap̂} ) + F_{γ,β,G2} (⃗ρ_{G2} |⃗ρ_{G1} ) (10.7) We first apply corollary B.5 with Λ = G_1 \ δ^{γ−1}_{in} (G_1), ρ^∗ = ρ and u = 0. Thus there are positive constants ω and c_ω and there exists ψ ∈ R(Γ) such that F_{γ,β,G1} (⃗ρ_{G1} |⃗ξ^{(ℓ0)}_{Ap̂} ) ≥ F_{γ,β,G1} ( ⃗ψ_{G1} |⃗ξ^{(ℓ0)}_{Ap̂} ) − c_ω|G_1|e^{−ωℓ+,γ /4} (10.8) with ⃗ψ_{G1} =

⃗ρ_{G1} on δ^{γ−1}_{in} (G_1), ⃗ρ^{p̂} on G_1 \ δ^{ℓ+,γ /4}_{in} (G_1)

(10.9)

and F_{γ,β,G2} (⃗ρ_{G2} |⃗ρ_{G1} ) = F_{γ,β,G2} (⃗ρ_{G2} | ⃗ψ_{G1} ) (10.10) Thus we have F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{(ℓ0)}_{Ap̂} ) ≥ F_{γ,β,G}p̂ ( ⃗ψ|⃗ξ^{(ℓ0)}_{Ap̂} ) − c_ω|G_1|e^{−ωℓ+,γ /4} (10.11) For i ∈ I_a, we write C_i = C^{ℓ−,γ}_{xi} as a shorthand notation, and define the function ⃗ψ^0 on G^{p̂} as ⃗ψ^0(r) = 1 |C_i| ∫ C^{ℓ−,γ}_r

⃗ψ(r^′)dr^′ if r ∈ B_a, ψ(r) otherwise.

(10.12)

From the definition of a contour, it follows that dist(B_a, sp(Γ)^c) ≥ γ^{−1}. Thus the energy terms in the free energies of ⃗ψ and ⃗ψ^0 differ by the quantity

|U_{γ,G}p̂ ( ⃗ψ|⃗ξ^{(ℓ0)}_{Ap̂} ) − U_{γ,G}p̂ ( ⃗ψ^0|⃗ξ^{(ℓ0)}_{Ap̂} )| = 1 2 |∫ sp(Γ)×sp(Γ)

J_γ (x, y) ⃗ψ(x) · ⃗ψ(y)dxdy − ∫ sp(Γ)×sp(Γ)

J_γ (x, y) ⃗ψ^0(x) · ⃗ψ^0(y)dxdy |

= 1 2 | | ∫ sp(Γ)×sp(Γ)

J_γ (x, y)( ⃗ψ(x) + ⃗ψ^0(x)) · ( ⃗ψ(y) − ⃗ψ^0(y))dxdy | | = 1 2 ∑ i∈I_a | 1 |C_i| ∫ sp(Γ)×C_i

dxdyJ_γ (x, y)( ⃗ψ(x) + ⃗ψ^0(x)) · ∫ C_i

dy^′( ⃗ψ(y) − ⃗ψ(y^′)) |

= 1 2 ∑ i∈I_a | | 1 |C_i| ∫ sp(Γ)×C_i

dxdy( ⃗ψ(x) + ⃗ψ^0(x)) · ⃗ψ(y) ∫ C_i

dy^′(J_γ (x, y) − J_γ (x, y^′)) | |

≤ 1 2 ∑ i∈I_a 1 |C_i| ∫ sp(Γ)×C_i

dxdy|( ⃗ψ(x) + ⃗ψ^0(x)) · ⃗ψ(y)| ∫ C_i

dy^′|J_γ (x, y) − J_γ (x, y^′)|

≤ 2^d √ dℓ_{−,γ} γ‖∇J ‖_∞|B_a|

where in the last inequality we used

|( ⃗ψ(x) + ⃗ψ^0(x)) · ⃗ψ(y)| ≤ 2 (10.13) and |J_γ (x, y) − J_γ (x, y^′)| ≤ √ dℓ_{−,γ} γ^{d+1}‖∇J ‖_∞1_{{|x−y|≤2γ}−1_} (10.14)

that for all y, y^′ in C_i. By concavity of the entropy, I( ⃗ψ) ≤ I( ⃗ψ^0) and we get

F_{γ,β,G}p̂ ( ⃗ψ|⃗ξ^{(ℓ0)}_{Ap̂} ) ≥ F_{γ,β,G}p̂ ( ⃗ψ^0|⃗ξ^{(ℓ0)}_{Ap̂} ) − 2^d √ dℓ_{−,γ} γ‖∇J ‖_∞|B_a| (10.15)

We look for a lower bound of the free energy of ⃗ψ^0. We again divide G^{p̂} in two parts G^{p̂} = G^′_1 ⊔ G^′_2 where

G^′_1 = δ^{ℓ+,γ /2}_{out} (A^{p̂}) ⊓ sp(Γ) (10.16) G^′_2 = G \ G^′_1 (10.17)

We have

F_{γ,β,G}p̂ ( ⃗ψ^0|⃗ξ^{(ℓ0)}_{Ap̂} ) = F_{γ,β,G}′_1 ( ⃗ψ^0_G′_1 |⃗ξ^{(ℓ0)}_{Ap̂} ) + F_{γ,β,G}′_2 ( ⃗ψ^0_G′_2 | ⃗ψ^0_G′_1 ) (10.18)

We write the second term as:

F_{γ,β,G}′_2 ( ⃗ψ^0_G′_2 | ⃗ψ^0_G′_1 ) = ∫ G^′_2

dxϕ^{mf}_β ( ⃗ψ^0(x)) + 1 4 ∫ G^′_2×G^′_2

dxdyJ_γ (x, y)| ⃗ψ^0(x) − ⃗ψ^0(y)|^2 − ∫ G^′_2×G^′_1

dxdyJ_γ (x, y)( ⃗ψ^0(x) · ⃗ψ^0(y)) + 1 2 ∫ G^′_2×G^{′c}_2

dxdyJ_γ (x, y)| ⃗ψ^0(x)|^2 (10.19)

The last two terms can be calculated since, by (10.9), ⃗ψ^0 is constant and equal to ⃗ρ^{p̂} on both δ^{γ−1}_{out} (G^′_1) ⊓ G^′_2 and G^′_1 ⊓ δ^{γ−1}_{out} (G^′_2), and equal to ⃗ρ^{q̂} on A^{q̂}, q̂ ≠ p̂. We get:

F_{γ,β,G}′_2 ( ⃗ψ^0_G′_2 | ⃗ψ^0_G′_1 ) = ∫ G^′_2

dxϕ^{mf}_β ( ⃗ψ^0(x)) + 1 4 ∫ G^′_2×G^′_2

dxdyJ_γ (x, y)| ⃗ψ^0(x) − ⃗ψ^0(y)|^2 + 1 2 ∑ q̂≠p̂ ∫ G^′_2×(Int^{q̂} (Γ)\A^{q̂} )

dxdyJ_γ (x, y)|⃗ρ^{q̂} |^2 − 1 2 ∫ G^′_2×G^′_1

dxdyJ_γ (x, y)|⃗ρ^{p̂}|^2

Since B_b ⊏ G^′_2, the second term can be bounded by the contributions of the b-events. We have the following estimate: 1 4 ∫ G^′_2×G^′_2

dxdyJ_γ (x, y)| ⃗ψ^0(x) − ⃗ψ^0(y)|^2 ≥ 1 4 ∑ j∈I_b (∫ G^′_2×C_j

dxdyJ_γ (x, y)| ⃗ψ^0(x) − ⃗ψ^0(y)|^2 + ∫ G^′_2×C^′_j

dxdy^′J_γ (x, y^′)| ⃗ψ^0(x) − ⃗ψ^0(y^′)|^2 )

= 1 4 ∑ j∈I_b 1 |C_j | ∫ G^′_2 dx ∫ C_j ×C^′_j

dydy^′ ( J_γ (x, y)| ⃗ψ^0(x) − ⃗ψ^0(y)|^2 + J_γ (x, y^′)| ⃗ψ^0(x) − ⃗ψ^0(y^′)|^2 )

where we used the notations C_j = C^{ℓ−,γ}_{xj1} , C^′_j = C^{ℓ−,γ}_{xj2} for all j ∈ I_b. Using now the fact that for all (y, y^′) in C_j × C^′_j, | J_γ (x, y) − J_γ (x, y^′) | ≤ 2 √ dℓ_{−,γ} γ^{d+1}‖∇J ‖_∞1_{{|x−y|≤2γ}−1_} (10.20)

we get 1 4 ∫ G^′_2×G^′_2

dxdyJ_γ (x, y)| ⃗ψ^0(x) − ⃗ψ^0(y)|^2 (10.21) ≥ 1 4 ∑ j∈I_b ∫ G^′_2 dx 1 2|C_j |

· (10.22) ∫ C_j ×C^′_j

dydy^′(J_γ (x, y) + J_γ (x, y^′)) ( | ⃗ψ^0(x) − ⃗ψ^0(y)|^2 + | ⃗ψ^0(x) − ⃗ψ^0(y^′)|^2 )

−2^{d−1} √ dℓ_{−,γ} γ‖∇J ‖_∞|B_b|

Now using successively the inequality

|a − b|^2 + |a − c|^2 ≥ 1 2 |b − c|^2 (10.23)

and dist(B_b, G^{′c}_2 ) ≥ γ^{−1}, we can sum over the x variable to obtain 1 4 ∫ G^′_2×G^′_2

dxdyJ_γ (x, y)| ⃗ψ^0(x) − ⃗ψ^0(y)|^2 (10.24) ≥ 1 8 ∑ j∈I_b ∫ G^′_2 dx 1 2|C_j | ∫ C_j ×C^′_j

dydy^′(J_γ (x, y) + J_γ (x, y^′))| ⃗ψ^0(y) − ⃗ψ^0(y^′)|^2

−2^{d−1} √ dℓ_{−,γ} γ‖∇J ‖_∞|B_b| ≥ 1 8 ∑ j∈I_b 1 |C_j | ∫ C_j ×C^′_j

dydy^′| ⃗ψ^0(y) − ⃗ψ^0(y^′)|^2 − 2^{d−1} √ dℓ_{−,γ}γ‖∇J ‖_∞|B_b|

We finally get 1 4 ∫ G^′_2×G^′_2

dxdyJ_γ (x, y)| ⃗ψ^0(x) − ⃗ψ^0(y)|^2 ≥ 1 8 ∑ j∈I_b 1 |C_j | |∫ C_j

dy ⃗ψ^0(y) − ∫ C^′_j

dy^′ ⃗ψ^0(y^′) |_2 − 2^{d−1} √ dℓ_{−,γ} γ‖∇J ‖_∞|B_b|

Now collecting all estimates (10.11),(10.15) and (10.25), we get for all ⃗ρ in R(Γ):

F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{(ℓ0)}_{Ap̂} ) ≥ F_{γ,β,G}′_1 ( ⃗ψ^0_G′_1 |⃗ξ^{(ℓ0)}_{Ap̂} ) + ∑ q̂≠p̂

I_Aq̂ |⃗ρ^q|^2 − 1 2 ∫ G^′_2×G^′_1

dxdyJ_γ (x, y)|⃗ρ^{p̂}|^2

+ ∫ G^′_2

dxϕ^{mf}_β ( ⃗ψ^0(x)) + 1 8 ∑ j∈I_b 1 |C_j| | | ∫ C_j

dy^′ ⃗ψ^0(y^′) − ∫ C^′_j

dy^{′′} ⃗ψ^0(y^{′′}) | |^2

−c_ω|G_1|e^{−ωℓ+,γ /4} − 2^d √ dℓ_{−,γ} γ‖∇J ‖_∞|B_a| − 2^{d−1} √ dℓ_{−,γ} γ‖∇J ‖_∞|B_b|

Using the definitions of B_a and B_b and the results of appendix A, we have for all β such that β − β^{mf}_c (Q) ≤ c_bγ^12 ,

ϕ^{mf}_β ( ⃗ψ^0(x)) ≥ ϕ^{mf}_β (⃗ρ^{p̂}) + ( Q β − 1)γ^{2a} − cγ^{12} (10.25)

for all x in B_a and 1 |C_j |^2 |∫ C_j

dy ⃗ψ^0(y) − ∫ C^′_j

dy^′ ⃗ψ^0(y^′) |_2 ≥ ( Q − 1 Q − 2γ^a)^2 (10.26)

on all j in I_b Hence

F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{(ℓ0)}_{Ap̂} ) ≥ F_{γ,β,G}′_1 ( ⃗ψ|⃗ξ^{(ℓ0)}_{Ap̂} ) + |G^′_2|ϕ^{mf}_β (⃗ρ^{p̂}) + ∑ q̂≠p̂

I_Aq̂ |⃗ρ^q|^2 − 1 2 ∫ G^′_2×G^′_1

dxdyJ_γ (x, y)|⃗ρ^{p̂}|^2

+( Q β − 1)γ^{2a}|B_a| + 1 4 ( Q − 1 2Q − γ^a)^2|B_b|

−c_ω|G_1|e^{−ωℓ+,γ /4} − 2^d √ dℓ_{−,γ}γ‖∇J ‖_∞|B_a| − cγ^{12} − 2^{d−1} √ dℓ_{−,γ} γ‖∇J ‖_∞|B_b|

Now for a < min(^1_4 ,^α_2 ), we may choose γ so that the last three error terms are a fraction of the respective gain terms. In addition, since we have both |B_a| + |B_b| ≥^1_{3d}

(_{ℓ−,γ}

ℓ_{+,γ}

)_d

|Γ| and G_1 ⊏ Γ, the remaining error term can be also compensated for γ small enough. We define γ̄ as the largest value of γ such that the following inequalities hold simultaneously

2^{d−1} √ dℓ_{−,γ} γ‖∇J ‖_∞ ≤ 1 3 ( Q − 1 2Q − γ^a)^2

2^d √ dℓ_{−,γ} γ‖∇J ‖_∞ ≤ 1 3 ( Q β − 1)γ^{2a}

c_ωe^{−ωℓ+,γ /4} ≤ 1 3 ( Q β − 1)γ^{2a} 1 4 ( Q − 1 2Q − γ^a)^2 ≥ 1 3 ( Q β − 1)γ^{2a}

For all γ ≤ γ̄, we have

F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{(ℓ0)}_{Ap̂} ) ≥ F_{γ,β,G}′_1 ( ⃗ψ|⃗ξ^{(ℓ0)}_{Ap̂} ) + |G^′_2|ϕ^{mf}_β (⃗ρ^{p̂}) − 1 2 ∫ G^′_2×G^′_1

dxdyJ_γ (x, y)|⃗ρ^{p̂}|^2 + ∑ q̂≠p̂

I_Aq̂ |⃗ρ^q|^2 + 1 3^{d+1} ( Q β − 1)γ^{2a}

(ℓ_{−,γ} ℓ_{+,γ}

)_d

|Γ| (10.27)

Now consider the function ⃗φ in L^∞(G^{p̂}, S_Q) defined as

⃗φ(r) =

⃗ψ(r) r ∈ G′_1, ⃗ρ^{p̂} r ∈ G^′_2.

(10.28)

⃗φ(r) belongs clearly to R( ̸Γ), and since ⃗φ(r) = ⃗ρ^{p̂} on G^′_1 ⊓ δ^{γ−1}_{out} (G^′_2), its free energy reads

F_{γ,β,G}p̂ (⃗φ|⃗ξ^{(ℓ0)}_{Ap̂} ) = F_{γ,β,G}′_1 (⃗φ|⃗ξ^{(ℓ0)}_{Ap̂} )

+|G^′_2|ϕ^{mf}_β (⃗ρ^{p̂}) − 1 2 ∫ G^′_2×G^′_1

dxdyJ_γ (x, y)|⃗ρ^{p̂}|^2 + ∑ q̂≠p̂

I_Aq̂ |⃗ρ^p|^2

Hence we have for all ⃗ρ in R(Γ), F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{(ℓ0)}_{Ap̂} ) ≥ F_{γ,β,G}p̂ (⃗φ|⃗ξ^{(ℓ0)}_{Ap̂} ) + ∑ q̂≠p̂

I_Aq̂ (|⃗ρ^{q̂}|^2 − |⃗ρ^{p̂}|^2) + 1 3^{d+1} ( Q β − 1)γ^{2a}

(ℓ_{−,γ} ℓ_{+,γ}

)_d

|Γ| (10.29)

and since ⃗φ is in R( ̸Γ), F_{γ,β,G}p̂ (⃗φ|⃗ξ^{(ℓ0)}_{Ap̂} ) ≥ inf_{ρ∈R(Γ̸)} F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{(ℓ0)}_{Ap̂} ) (10.30)

Taking now the infimum over R(Γ) in (10.29), we get for all γ ≤ γ̄, inf ⃗ρ∈R(Γ)

F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{(ℓ0)}_{Ap̂} ) ≥ inf_{ρ∈R(Γ̸)} F_{γ,β,G}p̂ (⃗ρ|⃗ξ^{(ℓ0)}_{Ap̂} ) + ∑ q̂≠p̂

I_Aq̂ (|⃗ρ^{q̂}|^2 − |⃗ρ^{p̂}|^2) + c_f γ^{2a}

(ℓ_{−,γ} ℓ_{+,γ}

)_d

|Γ| (10.31)

with

c_f = 1 3^{d+1} ( Q β − 1) (10.32) □

Acknowledgments We thank Marzio Cassandro, Roberto Fernandez, Joel Lebowitz and Errico Presutti for many helpful discussions. T.G. thanks the warm hospitality of the Mathematics departments of Universities of Rome 2 and l’Aquila where most of the work has been done.

Appendix A. Mean Field Model

In this appendix, we review briefly the mean field theory of the Potts model [45], and derive the various quantities needed in the rest of the paper.

We consider a Q-state Potts model defined on a complete graph with N sites and derive its behavior in the large N limit. A variable σ_i, σ_i ∈ [1, · · · , Q], is attached to each site i of the graph so that the space of configurations is Ω_N = [1, · · · , Q]^N . The mean field Hamiltonian on Ω_N is:

H^{mf} (σ) := − 1 2N ∑ i≠j

1_{{σi=σj }}

H^{mf} is invariant under any permutation of sites so that its value on a given configuration depends only on the number of sites with color q, says N_q, q ∈ [1, · · · , Q]. The partition function of the model is thus:

Z_{N,β} = ∑ {N_q }: ∑ N_q =N N! ∏ q N_q!

e^{β2N ∑q Nq (Nq −1)} (A.1)

For N large, Z_{N,β} is dominated by the configurations which realize the minimum of the free energy density ϕ^{mf}_β defined on S_Q = {⃗ρ ∈ R^Q_+, ∑ q ρ_q = 1} as

ϕ^{mf}_β (⃗ρ) = − 1 2 ∑ q ρ^2_q + 1 β ∑ q ρ_q ln(ρ_q) (A.2)

with the correspondence ρ_q =^{Nq}_N . In fact, for our present purpose, we are also interested in all local minimizers of ϕ^{mf}_β , which appear to be of two kinds: one “disordered” (or uniform) state in which all colors have the same density and Q degenerated “ordered” (or colored) states in which one color dominates. As can be expected, the first one exists for small values of β, while the other Q exist only for β large enough. In addition, there is a critical value of β which determines which kind of local minimizer is the actual absolute minimizer for ϕ^{mf}_β . We make these statements precise in the two following theorems. We first characterize all local minimizers:

Theorem A.1. For all Q > 2, there exists β_0 < Q such that the mean field free energy ϕ^{mf}_β (A.2) on S_Q has exactly:

• 1 local minimizer for β ≤ β_0, • Q + 1 local minimizers for β_0 < β < Q, and • Q local minimizers for β ≥ Q.

These minimizers are of two kinds and characterized as follows:

• For all β < Q, the uniform state ⃗ρ^{(−1)}, with components

ρ^{(−1)}_q = 1 Q for all q ∈ {1, · · · , Q} (A.3) and free energy ϕ^{mf}_β (⃗ρ^{(−1)}) = −1 2Q − 1 β log(Q) (A.4) • For all β > β_0, Q colored states ⃗ρ^{(p)} ≡ ⃗ρ^{(p)}_β , p ∈ {1, · · · , Q}, with components

ρ^{(p)}_q = ρ_A if q = p, ρ_B otherwise.

(A.5)

where (ρ_A, ρ_B ), ρ_A > ρ_B , is the solution of the set of equations log(ρ_A) − log(ρ_B )

ρ_A − ρ_B

= β (A.6) ρ_A + (Q − 1)ρ_B = 1 (A.7) which verify Qβρ_Aρ_B < 1 (A.8) These Q states are degenerate and have free energy ϕ^{mf}_β (⃗ρ^{(p)}) = −1 2 Qρ_Aρ_B + 1 2β log(ρ_Aρ_B ) (A.9) The mean field first order transition is described in the following Theorem A.2. For all Q > 2, there exists a critical value of β, in (β_0, Q), β^{mf}_c (Q) ≡

2(Q − 1) Q − 2 log(Q − 1) (A.10) such that ϕ^{mf}_β has:

• 1 minimizer ⃗ρ^{(−1)} for all β < β^{mf}_c (Q);

• Q + 1 minimizers ⃗ρ^{(p̂)}, p̂ ∈ {−1, 1, · · · , Q} for β = β^{mf}_c (Q); • Q minimizers ⃗ρ^{(p)}, p ∈ {1, · · · , Q} for β > β^{mf}_c (Q).

Finally, the relevance of local minimizers in our problem arises from their local stability, which is stated in the following theorem:

Theorem A.3. For all Q > 2 and all β in (β_0, Q), the map ⃗ρ → ⃗g(⃗ρ) (A.11) where g_q(⃗ρ) = exp(βρ_q) ∑_Q

p=1 exp(βρ_p)

(A.12)

is a contraction around the Q + 1 local minimizers ⃗ρ^{(p̂)} of the mean field free energy ϕ^{mf}_β . In particular, sup_{q,q′}

| ∂g_q(⃗ρ)

∂ρ_q′ | ≤ 1 − 1 2Q (A.13)

for all ⃗ρ such that sup_q |ρ_q − ρ^{p̂}_q | ≤^1_{4β2Q2} for some p̂.

Proof. of Theorem A.1:

We consider the variational problem for ϕ^{mf}_β (⃗ρ).

inf ⃗ρ: ∑_Q

q=1 ρ_q =1

ϕ^{mf}_β (⃗ρ) = min_{⃗ρ,λ}^{loc} ϕ^{mf}_β (⃗ρ) + λ Q∑ j=q ρ_q − 1

where λ is a Lagrange parameter associated to the constraint ∑ q ρ_q = 1. Since the gradient of the free energy points inward the simplex S_Q, the (local) minima cannot stay on the boundary of S_Q and are thus solutions of the set of equations:

∂ϕ^{mf}_β (⃗ρ)

∂ρ_q

+ λ = 0, q = 1, · · · , Q (A.14)

together with the condition Q∑ q1,q2=1

∂^2ϕ^{mf}_β (⃗ρ) ∂ρ_{q1} ρ_{q2} x_{q1} x_{q2} ≥ 0 (A.15)

for all ⃗x ∈ R^Q such that

∑_Q

q=1 x_q = 0.

Explicitly the first derivatives of the free energy read

∂ϕ^{mf}_β (⃗ρ)

∂ρ_q

≡ 1 − ρ_q + 1 β (ln ρ_q + 1) (A.16)

while the Hessian matrix of ϕ^{mf}_β (⃗ρ) is diagonal and

∂^2ϕ^{mf}_β (⃗ρ) ∂ρ_{q1} ρ_{q2}

= δ_{q1,q2} ( −1 + 1 βρ_{q1} ) (A.17)

As a function of ρ_q alone,^{∂ϕmfβ (⃗ρ)}_{∂ρq} is a strictly concave C^∞ function and hence cannot take the same value more than twice. Thus there are two kind of solutions for (A.14), depending on whether ρ_q takes one or two values.

The first case correspond to a “disordered” solution ⃗ρ^{(−1)} in which each color has the same density:

ρ^{(−1)}_q = 1 Q for all q = 1, · · · , Q (A.18)

ϕ^{mf}_β (⃗ρ^{(−1)}) = −1 2Q − 1 β ln(Q) (A.19)

Using (A.17), ⃗ρ^{(−1)} is a local minimum of ϕ^{mf}_β (⃗ρ) if and only if β < Q

In the second case, let ⃗ρ a vector in S_Q which components takes two values, says ρ_A and ρ_B with ρ_A > ρ_B, and let n, 0 < n < Q, the number of components equal to ρ_A (the remaining Q − n are thus equal to ρ_B ). According to (A.14), ⃗ρ is a critical point for ϕ^{mf}_β (⃗ρ) in S_Q whenever the constraint is satisfied and both ρ_A and ρ_B are associated to the same value of the Lagrange parameter:

nρ_A + (Q − n)ρ_B = 1 (A.20)

λ = ρ_A − 1 − 1 β (ln ρ_A + 1) = ρ_B − 1 − 1 β (ln ρ_B + 1) (A.21)

However, all such points are not local minima: equation (A.21) implies the relation (A.6) between β, ρ_A and ρ_B , β = ln ρ_A − ln ρ_B

ρ_A − ρ_B

(A.22)

and by concavity of the logarithmic function, we have necessarily 1 ρ_A

< β < 1 ρ_B

(A.23)

Thus the second derivative of ϕ^{mf}_β (⃗ρ) is negative in each direction in which ρ_q = ρ_A. This is obviously not compatible with the condition (A.15) for n ≥ 2. In the case n = 1, the constraint (A.21) reduces to (A.7):

ρ_A + (Q − 1)ρ_B = 1 (A.24)

while the condition (A.15) can be made explicit using (A.17): ( −1 + 1 βρ_A ) + 1 Q − 1 ( −1 + 1 βρ_B ) ≥ 0 or equivalently using the constraint (A.24), one gets (A.8): βQρ_Aρ_B ≤ 1 (A.25) We need to find out all triples (β, ρ_A, ρ_B ) which solve simultaneously (A.22), (A.24) and (A.25). For ρ_A in (^1_Q , 1), we consider the function β̃(ρ_A) as

β̃(ρ_A) = ln ρ^A − ln ρ^B ρ_A − ρ_B

(A.26)

where ρ_B is taken implicitly as a function of ρ_A, through (A.24) Its first derivative reads ∂β̃(ρ_A) ∂ρ_A = 1 (Q − 1)(ρ_A − ρ_B) [ 1 ρ_Aρ_B

− βQ ] (A.27)

while the second derivative can be cast in the form ∂^2β̃(ρ_A) ∂ρ^2_A = φ(ρ_A) − φ(ρ_B ) (Q − 1)^2(ρ_A − ρ_B)^3

(A.28)

where

φ(ρ) = 2Q^2 log(ρ) + 4Q ρ − 1 ρ^2

(A.29)

One can check that the function φ(ρ) is strictly increasing and thus the second derivative of β̃(ρ_A) is always positive. It follows that there exists a unique value ρ_0 in (^1_Q , 1) so that the first derivative is zero in ρ_0, strictly negative for ρ < ρ_0 and strictly positive for ρ > ρ_0. We define β_0 ≡ β̃(ρ_0). Since equation (A.22) is equivalent to β = β̃(ρ_A), solutions to (A.22) will exist only for β in the image of β̃(·), and thus for β ≥ β_0. Now the condition for a local minimum (A.25) is equivalent to^{∂β̃(ρA)}_{∂ρA} ≥ 0 and thus to ρ_A ≥ ρ_0. Furthermore the function β̃(·) is invertible from (ρ_0, 1) onto (β_0, +∞) and therefore, for all β > β_0 there is a unique couple (ρ_A, ρ_B ) for which the vectors (A.5) are Q local minima, and there is no “colored” solutions for β < β_0. Whenever they exist, those minima are degenerate and their mean field free energy is given by (A.9). We postpone the proof that β_0 < Q at the end of the proof of the next theorem. □

Proof. of Theorem A.2 For β in (β_0, Q), we consider the difference of free energy between ordered and disordered local minima

Δ(ϕ^{mf}_β ) ≡ ϕ^{mf}_β (⃗ρ^{(p)}) − ϕ^{mf}_β (⃗ρ^{(−1)}) =

1 − Q^2ρ_Aρ_B 2Q + 1 2β log(Q^2ρ_Aρ_B) (A.30)

We first note that βΔ(ϕ^{mf}_β ) is a strictly decreasing function of β: using (A.26), we have for β in (β_0, Q), ∂ ∂β ( βΔ(ϕ^{mf}_β ) ) = ( ∂β̃ ∂ρ_A

)_{−1} ∂β̃Δ(ϕ^{mf}~_β ) ∂ρ_A = − (1 − Qρ_A)^2 2Q(Q − 1)

< 0 (A.31)

Furthermore, Δ(ϕ^{mf}_β ) has one zero for Q^2ρ_Aρ_B = 1 or equivalently

ρ_A =

Q − 1 Q (A.32)

This zero is thus necessarily unique and defines a critical value of β

β^{mf}_c (Q) = β̃(

Q − 1 Q ) = 2(Q − 1) Q − 2 log(Q − 1) (A.33)

We complete the proof by showing that (A.25) holds at β = β^{mf}_c (Q). We have for all Q > 2:

Qβ^{mf}_c (Q)ρ_Aρ_B =

2(Q − 1) Q(Q − 2) log(Q − 1) = log(Q − 1) sinh(log(Q − 1))

< 1 (A.34)

Thus β^{mf}_c (Q) > β_0. On the other hand, since ρ_Aρ_B = Q^{−2} at β = β^{mf}_c (Q), (A.34) proves also that β^{mf}_c (Q) < Q, and thus β_0 < β^{mf}_c (Q) < Q. This also complete the proof of theorem A.1. □ Proof. of Theorem A.3 Let β be in the interval (β_0, Q) and consider the map ⃗ρ → ⃗g(⃗ρ) defined in (A.12). We have ∂g_q(⃗ρ) ∂ρ_q′

= βg_q(⃗ρ) ( δ_{q,q}′ − g_q′ (⃗ρ) ) (A.35)

and since 0 ≤ g_q(⃗ρ) ≤ 1, we have a first bound uniform in ⃗ρ:

sup_{q,q′}

| ∂g_q ∂ρ_q′

(⃗ρ) | ≤ β (A.36)

On the other hand, from (A.35), one can also write

sup_{q,q′} |

∂g_q ∂ρ_q′

(⃗ρ)| ≤ sup_{q,q′} |

∂g_q ∂ρ_q′

(⃗ρ^{p̂})| + sup_{q,q′} |

∂g_q ∂ρ_q′

(⃗ρ) −

∂g_q ∂ρ_q′

(⃗ρ^{p̂})| (A.37)

The first term can be bounded by

sup_{q,q′} |

∂g_q ∂ρ_q′

(⃗ρ^{p̂})| = β sup_{q,q′} |ρ^{p̂}_q (δ_{q,q}′ − ρ^{p̂}_{q′} )| ≤ 1 − 1 Q (A.38)

where the inequality follows from (A.3) and β ≤ Q for p̂ = −1, and from (A.8) and (A.7) for p̂ > 0. The second term in (A.37) can be bounded using (A.36) as

sup_{q,q′} |

∂g_q ∂ρ_q′

(⃗ρ) −

∂g_q ∂ρ_q′

(⃗ρ^{p̂})| ≤ 2β sup_q |g_q(⃗ρ) − g_q(⃗ρ^{p̂})| ≤ 2Qβ^2 sup_q |ρ_q − ρ^{p̂}_q | (A.39)

Thus for all ρ such that sup_q |ρ_q − ρ^{p̂}_q| ≤^1_{4β2Q2} for some p̂ one gets

sup_{q,q′} |

∂g_q ∂ρ_q′

(⃗ρ)| ≤ 1 − 1 2Q (A.40) □ We conclude this appendix by a proof of (8.4):

From equation (A.31) and the definition of β^{mf}_c (Q) (A.10), one gets explicitly: d dβ [ P^−_{mf,β} − P^+_{mf,β} ] | |_{β=βmfc (Q)} = 1 β^{mf}_c (Q) ∂ ∂β ( βΔ(ϕ^{mf}_β ) ) |_{β=β}mf_{c (Q)} = − (Q − 2)^2 2Q(Q − 1)β^{mf}_c (Q)

< 0 (A.41)

Appendix B. Local equilibrium

The main result of this appendix is the proof that, for suitable values of the temperature, if a density profile is in a neighborhood of an equilibrium value in a region Λ⊔δ^{γ−1}_{out} [Λ], then it can be made closer to equilibrium inside Λ at an exponential rate from its boundary, decreasing the free energy. This result is essentially due to the stability properties of the free energy functionals discussed in section 3, namely the contraction property of the map ⃗M around its constant fixed point. The precise result is stated in the Theorem B.1 below. The proof follows the lines developed in [40],(see also [2]) for Ising model and continuum particle models, and we will stress here only the points specific for our model while we will only sketch the points that are quite analogous to the other cases.

Without lost of generality we study the local equilibrium around the phase “ p̂ ”, p̂ ∈ {−1, 1, . . . Q}. Let Λ a bounded D^{ℓ+,γ} -measurable region, and η^ζ_x(⃗ρ) ∈ L^∞(R^d, S_Q) defined analogously as η_x(⃗ρ) in (6.1), but with an accuracy parameter, denoted by ζ, that here we leave free

η^ζ_x(⃗ρ) = a_{p̂} if ‖⃗ρ^{ℓ−,γ} (x) − ⃗ρ^{(p̂)}_β ‖_⋆ < ζ 0 otherwise.

M^{p̂}_{Λ,ζ} := {⃗ρ ∈ L^∞(R^d, S_Q) : η^ζ_x(⃗ρ) = a_{p̂} ∀x ∈ Λ ⊔ δ^{γ−1}_{out} [Λ]} and for any ⃗ρ^∗ ∈ M^{p̂}_Λ, we define

X^{p̂}_{Λ,⃗ρ ∗} := {⃗ρ ∈ M^{p̂}_{Λ,ζ} : ⃗ρ_Λc (x) ≡ ⃗ρ^∗_Λc (x)}

Theorem B.1. There are positive constant ζ_0, ω, c_ω so that for any ζ < ζ_0, γ^α < κ_0ζ and any ⃗ρ^∗ ∈ M^{p̂}_{Λ,ζ} , s.t.

• there is a unique ⃗ψ ∈ X_{Λ,⃗ρ} ∗ s.t.: inf ⃗ρ∈X^{p̂}_{Λ,⃗ρ ∗}

F_{γ,u,Λ}(⃗ρ|⃗ρ^∗_Λc ) = F_{γ,u,Λ}( ⃗ψ|⃗ρ^∗_Λc ) (B.1)

• ⃗ψ is the unique solution of the mean field equation and has the following properties:

* ⃗ψ_Λ ∈ C^∞(Λ, M^{p̂}_{Λ,(1−κ0 )ζ} ), sup_{r∈Λ} ‖∇ψ_Λ(r)‖_⋆ ≤ β‖∇J_γ ‖_1 * ‖ ⃗ψ_Λ(r) − ⃗ρ^{p̂}‖ ≤ c_ωe^{−ω dist(r,Λc≠)} where Λ^c_≠ := {r ∈ Λ^c : dist(r, Λ) ≤ γ^{−1}; ⃗ρ^∗(r) ≠ ⃗ρ^{p̂}}

• If ⃗ψ, ⃗ϕ are minimizers resp. in X^{p̂}_{Λ,⃗ρ1} , X^{p̂}_{Λ,⃗ρ2} then:

‖ ⃗ψ_Λ(r) − ⃗ϕ_Λ(r)‖ ≤ c_ωe^{−ωdist(r,Λc1,2,≠)}

where Λ^c_{1,2,≠} := {r ∈ Λ^c : dist(r, Λ) ≤ γ^{−1}; ⃗ρ_1(r) ≠ ⃗ρ_2(r)}

The proof of Theorem B.1 is obtained by defining a dynamic ⃗T^{u,Λ,p̂}_t on L^∞(R^d, S_Q), and proving that this dynamic maps M^{p̂}_{Λ,ζ} into itself and that it is dissipative for the free energy F_{γ,u,Λ}. The minimizer ⃗ψ is then obtained as the limit point of the orbit ⃗T^{u,Λ,p̂}_t as t → ∞.

Following [40] we define an opportune dynamic ⃗T^{u,Λ,p̂}_t (suitable for our model) that has the properties that allow to conclude as in reference [40].

The essential point in the proof of the Theorem B.1 is the contraction property of the map ⃗M(·) discussed in section 3, that extends to the map ⃗M^{(u,p̂)}(·) parameterized by u, u ∈ [0, 1], defined as follows:

M^{(u,p̂)}_q (⃗ρ)(r) := e^{βLu,p̂q (⃗ρ;r)} ∑ q^′ e βL_q′ (⃗ρ;r)

L^{u,p̂}_q (⃗ρ; r) := u ∫ dr^′ J_γ (r, r^′)ρ_q(r^′) + (1 − u) ρ^{p̂}_q

We state here a lemma which proof is postponed at the end of this appendix :

Lemma B.2. There are ζ^′_0 and κ_0 positive, so that for any ζ < ζ^′_0 and γ^α < κ_0ζ, any bounded D^{ℓ−,γ} -measurable region Λ, r ∈ Λ, ⃗ρ ∈ M^{p̂}_{Λ,ζ}

sup_{r∈Λ} ‖ ⃗L^{u,p̂}(⃗ρ)(r) − ⃗ρ^{p̂}(r)‖_⋆ ≤ u(1 + c_dκ_0)ζ < 2ζ (B.2)

sup_{r∈Λ} ‖ ⃗M^{(u,p̂)}(⃗ρ)(r) − ⃗ρ^{p̂}(r)‖_⋆ ≤ u(1 − κ_0)ζ (B.3)

We then define a dynamic given by the semigroup ⃗T^{u,Λ,p̂}_t (·), t ≥ 0 on L^∞(Λ, S_Q), ⃗T^{u,Λ,p̂} t (⃗ρ) := ( T^{u,Λ,p̂}_{1,t} (ρ_1), . . . , T^{u,Λ,p̂}_{Q,t} (ρ_Q)) for any ⃗ρ ∈ L^∞(R^d, S_Q) (B.4) where T^{u,Λ,p̂}_{q,t} (ρ^∗_i ) are solutions of the Cauchy problem:

dρ^Λ_q (r, t) dt = −ρ^Λ_q (r, t) + M^{(u,p̂)}_q (⃗ρ^Λ) for any q = 1, . . . , Q

⃗ρ^Λ(r, t) = ⃗ρ^∗(r, t) (r, t) ∈ [Λ^c × {t ≥ 0}] ⊔ [R^d × {t = 0}]

(B.5)

Existence, uniqueness and continuity w.r.t. the initial datum of the solution follows by the continuity and the Lipschitz property of the r.h.s. of equation (B.5) Notice that ⃗T^{u,Λ}_t (·) maps L^∞(R^d, S_Q) in itself, and has as a fixed point ⃗ρ^{p̂}. We next prove the following properties:

(1) ⃗T^{u,Λ,p̂}_t (M^{p̂}_{Λ,ζ} ) ⊏ M^{p̂}_{Λ,ζ} for any t ≥ 0

(2) For any ⃗ρ_0 ∈ L^∞(R^d, S_Q) and Λ a Borel set, T^{u,Λ,p̂}_{q,t} (⃗ρ_0), q = 1, . . . , Q, converges by subsequences as t → ∞ to functions v_q that are bounded in Λ and with ∇v_q bounded in Λ. The limit points are solutions of (B.6) below.

(3) F_{γ,u,Λ}( ⃗T^{u,Λ,p̂}_t (⃗ρ_0)) decrease with t, strictly unless ⃗ρ_0 is stationary, in which case satisfies:

ρ_{0,q} = e^{βLuq (⃗ρ0(r,t))} Q∑ q^′=1

e^{βLuq′ (⃗ρ0(r,t))}

∀q = 1, . . . Q ∀r ∈ Λ (B.6)

(4) As a consequence of the property (3), for any ⃗ρ^∗(r) ∈ M^{p̂}_{Λ,ζ} , the minimizers of F_{γ,u,Λ}(·) in X_{Λ,⃗ρ} ∗ := {⃗ρ ∈ M^{p̂}_{Λ,ζ} : ⃗ρ_Λc (r) ≡ ⃗ρ^∗_Λc (r)} are solutions of (B.6): ⃗ρ = ⃗M^{u,p̂}(⃗ρ). By the contraction property of the map ⃗M^{u,p̂}(·) we get uniqueness of the minimizer.

Proof of the properties 1,2,3

(1) Clearly we have ⃗T^{u,Λ,p̂}_t (S_Q) ⊏ S_Q. To prove the first point, let then τ > 0, ⃗ρ_0 ∈ M^{p̂}_{Λ,ζ} and

X_{τ,⃗ρ0} := {⃗ρ ∈ L^∞(R^d × [0, τ]; S_Q) : ⃗ρ(r, t) = ⃗ρ_0(r) (r, t) ∈ [ R^d × 0 ] ⊔ [ Λ^c × [0, τ] ] } Let Ω̂^{p̂}(·) the map from X_{τ,⃗ρ0} into itself defined for any t ∈ [0, τ], r ∈ Λ as

⃗Ω^{p̂}(⃗ρ)(r, t) = e^{−t}⃗ρ_0(r) +

∫_t 0 e^{−(t−s)} ⃗M^{(u,p̂)}(⃗ρ) ds

if τ is small enough ⃗Ω^{p̂} is a contraction and its fixed point is the solution of (B.5), T^{u,Λ,p̂}_t (⃗ρ_0), t ∈ [0, τ]. By (B.3) the set:

{⃗v ∈ X_{τ,⃗ρ0} : ⃗v(·, t) ∈ M^{p̂}_{Λ,ζ} ∀t ∈ [0, τ]}

is invariant under the map Ω̂, and since it is closed, it contains the fixed point of Ω̂. By induction the statement can be extended fo any t: T^{u,Λ,p̂}_t (⃗ρ_0) ⊏ M^{p̂}_{Λ,ζ} , t ≥ 0.

(2) Convergence on subsequences follows by Ascoli-Arzelà theorem, after having written the integral expression of the evolution (B.5) and observed T^{u,Λ,p̂}_{q,t} (⃗ρ) − e^{−t}ρ_q is bounded with bounded gradient.

(3) The decreasing of the free energy functional, follows by observing that: d dt F_{γ,u,Λ}([ ⃗T^{u,Λ,p̂}_t (⃗ρ)] | ⃗ρ_Λc ) < 0

an explicit calculation gives in fact : d dt F_{γ,u,Λ}([ ⃗T^{u,Λ,p̂}_t (⃗ρ)] | ⃗ρ_Λc = ∑ q ∫ Λ dr ( − L^u_q ( ⃗T^{u,Λ,p̂}_t (⃗ρ)) + 1 β (1 + ln T^{u,Λ,p̂}_{q,t} (⃗ρ)) )

· ( − T^{u,Λ,p̂}_{q,t} (⃗ρ) + M^{(u,p̂)}_q ( ⃗T^{u,Λ,p̂}_t (⃗ρ)) )

= ∑ q ∫ Λ dr 1 β ( ln T^{u,Λ,p̂}_{q,t} (⃗ρ) M^{(u,p̂)}_q ( ⃗T^{u,Λ,p̂}_t (⃗ρ))

+ 1 − ln ∑ q^′

e^{βLuq′ ( ⃗T u,Λ,p̂t (⃗ρ))}) )

· ( − T^{u,Λ,p̂}_{q,t} (⃗ρ) + M^{(u,p̂)}_q ( ⃗T^{u,Λ,p̂}_t (⃗ρ)) )

= 1 β ∑ q ∫ Λ dr ( ln T^{u,Λ,p̂}_{q,t} (⃗ρ) M^{(u,p̂)}_q ( ⃗T^{u,Λ}_t (⃗ρ)) )( − T^{u,Λ,p̂}_{q,t} (⃗ρ) + M^{(u,p̂)}_q ( ⃗T^{u,Λ,p̂}_t (⃗ρ)) )

+ K β ∑ q ∫ Λ dr ( − T^{u,Λ,p̂}_{q,t} (⃗ρ) + M^{(u,p̂)}_q ( ⃗T^{u,Λ,p̂}_t (⃗ρ)) )

with K = (1−ln ∑ q^′ e βL^u_{q′} (⃗ρ)). By normalization condition, last term is null, while

the first one is negative (in fact if the first factor inside the integral is positive, the last one is negative and viceversa). We denote by:

D^{u,p̂}_Λ (⃗ρ) := 1 β ∑ i ( ln ρ_i M^{(u,p̂)}_i (⃗ρ) )( − ρ_i + M^{(u,p̂)}_i (⃗ρ) )

D^{u,p̂}_Λ (⃗ρ) = 0 if and only if ⃗ρ satisfies the equation:

ρ_q = M^{(u,p̂)}_q (⃗ρ) ∀q = 1, . . . , Q

To conclude we need a lower bound on ⃗T^{u,Λ,p̂}_t (⃗ρ) that assure that the dynamic is always well defined for any time t > 0. (notice that D^{u,p̂}_Λ (⃗ρ) diverges if one of the coordinates ρ_q(t) becomes null.)

Lemma B.3. Let ⃗ρ ∈ L^∞(R^d, S_Q), Λ a Borel set in R^d, ⃗ρ^Λ(·, t) = ⃗T^{u,Λ,p̂}_t (m) and v^0_q := inf_{r′∈Λ}ρ^Λ_q (r^′). Then for all r ∈ Λ and t ≥ 0:

ρ_q(r, t) ≥ [ v^0_q − c_q(u, β) ] e^{−t} + c_q(u, β) (B.7)

where c_q(u, β) =^1_{eβu}^{e(1−u)βρ} p̂ q ∑ q′ e^{(1−u)βρ} p̂ q′ ≥^1

Qe^{β[u+(1−u)]} ≥ 1 Qe^β

Proof. For any q = 1, . . . , Q, let v_q(t) the solutions of the Cauchy problems:

dv_q(t) dt = −v_q(t) + 1 e^{βu} c_q(u, β) ⃗v(t) = ⃗v^0

(B.8)

Let w_q(r, t) := v_q(t)1_{r∈Λ} +⃗ρ^∗(r, t)1_{r∈Λ}c , Since −w_q(r, t)+^1_{eβu} c_q(u, β) ≤ −w_q(r, t)+ M^{(u,p̂)}_q ( ⃗w) uniformly in r and w_q ∈ [0, 1].By Gronwall Lemma , ρ_q(r, t) ≥ w_q(r, t) for any r ∈ R^d, t > 0, and it is strictly positive for any t > s > 0. □ By Lemma B.3 for any s > 0, the functions [T^{u,Λ,p̂}_{q,t} (⃗ρ)]_Λ, t ≥ s , for any q ∈ [1, . . . , Q] are bounded away from 0, so that:

F_{γ,u,Λ}([ ⃗T^{u,Λ,p̂}_t (⃗ρ)]_Λ|⃗ρ^∗) − F_{γ,u,Λ}([ ⃗T^{u,Λ,p̂}_s (⃗ρ)]_Λ|⃗ρ^∗) =

∫_t s D^{u,p̂}_Λ ( ⃗T^{u,Λ,p̂}_t′ (⃗ρ))dt^′

Since D^{u,p̂}_Λ ( ⃗T^{u,Λ,p̂}_s (⃗ρ)) is monotone in s, by the Lebesgue dominated convergence theorem, the limit s → 0 exists, and we get:

F_{γ,u,Λ}([ ⃗T^{u,Λ,p̂}_t (⃗ρ)]_Λ|⃗ρ^∗) − F_{γ,u,Λ}(⃗ρ_Λ|⃗ρ^∗) =

∫_t 0 D^{u,p̂}_Λ ( ⃗T^{u,Λ,p̂}_{t′} (⃗ρ))dt^′

We omit the proof of the following theorem that follows by previous analysis:

Theorem B.4. Let ⃗ρ ∈ L^∞(R^d, S_Q) and Λ a bounded, Borel set. Then, any limit point of ⃗T^Λ_t (⃗ρ) satisfies (B.6) and for any ⃗ρ^∗ ∈ L^∞(Λ^c, S_Q) there is ⃗v ∈ C^1(Λ, S_Q), with ∇v_x bounded for any x in Λ s.t.

F_{γ,u,Λ}(⃗v|⃗ρ^∗_Λc ) ≤ F_{γ,u,Λ}(⃗ρ^∗_Λ |⃗ρ^∗_Λc )

As a corollary of the Theorem B.1 we have the following result used in Subsection 9.2, and 10

Corollary B.5. There are positive constants ω and c^′_ω so that for any u ∈ [0, 1] and any ⃗ρ^∗ ∈ M^{p̂}_{Λ,ζ,ℓ} there is ⃗ψ^{(u)} ∈ X_{Λ,⃗ρ} ∗ with the following properties:

⃗ψ(u)(r) = ⃗ρ ∗(r) r ∈ Λc ⊔ δ^{γ−1}_{in} [Λ] ⃗ψ(u)(r) = ⃗ρp̂(r) r ∈ Λ \ δ^{ℓ+,γ /4}_{in} [Λ] F_{γ,u,λ}( ⃗ψ^{(u)}) ≤ F_{γ,u,λ}(⃗ρ^∗) + c_ω|Λ|e^{−ωℓ+,γ /4}

(B.9)

We conclude this appendix by giving the proof of the Lemma B.2

Proof of Lemma B.2: In order to prove the first statement, we define a D^{(ℓ−,γ )}- measurable approximation of the interaction kernel as:

J^{(ℓ−,γ )} γ (x, ⟨y⟩) = 1 |C^{(ℓ−,γ )}| ∫ y^′∈C^{(ℓ−,γ )} y J_γ (x, y^′)dy^′ (B.10)

We have for ℓ_{−,γ} = γ^{−1+α} ≪ γ^{−1},

|J^{(ℓ−,γ )} γ (x, ⟨y⟩) − J_γ (x, y)| ≤ sup

y^′∈C^{(ℓ−,γ )} y |J^{(ℓ−,γ )} γ (x, ⟨y⟩) − J_γ (x, y^′)| (B.11) ≤ √ d ℓ_{−,γ} γ^{d+1}‖∇J‖_∞1_{{|x−y|}≤2γ}−1 (B.12)

Using this result, we can write for all r and all q,

|L^u_q (⃗ρ)(r) − ρ^{p̂}_q | = u | | ∫ dr^′ J_γ (r, r^′)(ρ_q(r^′) − ρ^{p̂}_q ) | | ≤ u | | ∫ dr^′ J^{(ℓ−,γ )}_γ (r, ⟨r^′⟩)(ρ_q (r^′) − ρ^{p̂}_q ) | | + u | | ∫ dr^′ (J_γ (r, r^′) − J^{(ℓ−,γ )}_γ (r, ⟨r^′⟩))(ρ_q(r^′) − ρ^{p̂}_q) | | ≤ u ( ∑ j∈(ℓ_{−,γ} Z)^d

J^{(ℓ−,γ )} γ (r, ⟨x⟩) ∫ r^′∈C^{(ℓ−,γ )} j |ρ_q(r^′) − ρ^{p̂}_q |dr^′ + 2^d √ d‖∇J‖_∞γℓ_{−,γ} )

≤ u(1 + c_dκ_0)ζ

for γ^α ≤ κ_0ζ and c_d = 2^d √ d‖∇J‖_∞. Hence

sup_r ‖ ⃗L^u(⃗ρ) − ⃗ρ^{p̂}‖_⋆ ≤ u(1 + c_dκ_0)ζ ≤ 2ζ (B.13)

for κ_0 small enough.

In order to prove (B.3), we take ζ^′_0 small enough so that theorem A.3 holds ( for example ζ^′_0 <

(_1 2βQ )_2

) for all ζ < ζ^′_0. We get for any r ∈ Λ ‖ ⃗M^{(u,p̂)}(⃗ρ)(r) − ⃗ρ^{p̂}(r)‖_⋆ = ‖⃗g( ⃗L^u(⃗ρ))(r) − ⃗g(⃗ρ^{p̂})(r)‖_⋆ ≤ (1 − 1 2Q )‖ ⃗L^u(⃗ρ)(r) − ⃗ρ^{p̂}(r)‖_⋆ ≤ (1 − 1 2Q )u(1 + c_dκ_0)ζ ≤ u(1 − κ_0)ζ (B.14) having chosen κ_0 so small that κ_0 ≤ 1 2Q(1 + c_d)

(B.15) and (B.3) holds. □

Appendix C. Existence of the pressures P^±_{abs,γ,β} of the abstract models Let {Λ_n} a sequence of sets of side 2^nℓ_{+,γ} and D_{γ,β} (n) := ln Z^±_{abs,Λnγ,β}(⃗ρ^±_β ) β|Λ_n| − ln Z^±_{abs,Λn−1,γ,β}(⃗ρ^±_β )

β|Λ_{n−1}| The proof of existence and continuity in β o the abstract pressures follows by the continuity in β of D_{γ,β}(n) and by proving that there is a constant κ_7: |D_{γ,β}(n)| ≤ κ_72^{−n} (C.1)

Proof. Decomposing Λ_n into cubes Λ_{n−1}(k), k = 1, . . . , 2^d, since the interaction energy is bounded uniformly in ⃗ξ and recalling (7.41), we have:

ln Z^±_{abs,Λnγ,β}(⃗ρ^±_β ) ≥ (C.2) 2^d ln Z^±_{abs,Λn−1γ,β}(⃗ρ^±_β ) − cγ^{−1}(2^nℓ_{+,γ})^{d−1} − 2d(2^{n−1})^{d−1}e^{−(Kγ −2b)} where, denoting by [δΛ^0_n] := ⊔^{2d}_{k=1}δ^{ℓ+,γ}_{in} [Λ_{n−1}(k)], we have used the estimate | ∑ Δ⊏Λ_n

U_Δ(⃗ξ) − ∑ k ∑ Δ⊏Λ_{n−1}(k)

U_Δ(⃗ξ)| = ∑ Δ:Δ⊓[δΛ^0_n]≠∅

‖U_Δ(⃗ξ)‖_∞ ≤ 2d(2^{n−1})^{d−1}e^{−(Kγ −2b)}

(C.2) gives:

D_{γ,β}(n) ≥ −c2^{−n} the same arguments give also the upper bound:

D_{γ,β}(n) ≤ −c2^{−n} □

Appendix D. Existence of the pressure P^±_{abs,γ;0} and surface correction.

In this appendix we prove the following Lemma:

Lemma D.1. There exists a constant c_d such that for γ small enough

|P^±_{abs,γ;0} + ϕ^{mf}_β (ρ^±)| ≤ c_dγ (D.1)

where P^±_{abs,γ;0} is defined in (9.5) and (9.9), and

R^±_{abs,Λ;0} = R^{mf}_{γ,Λ} := β 2 ∑ x∈Λ y∈Λ^c

J_γ (x, y)(⃗ρ^± · ⃗ρ^±) (D.2)

Proof.

We denote by C_0 ≡ C^{ℓ+,γ}_0 , the cube of the partition D^{ℓ+,γ} that contains the point 0,

ln Z^±_{abs,β,Λ;0} = ln{ ∑ ⃗ξ_Λ ∏ x∈Λ e^β

(_{(⃗ξx−ρ±)· ⃗L(ρ±)}) 1_{⃗ξ∈X} ±_{C0} } − βH_{γ,Λ}(⃗ρ^±_Λ |⃗ρ^±_Λc )

= ln{ ∑ ⃗ξ_Λ ∏ x∈Λ e^β

(_{⃗ξx· ⃗L(ρ±)})

1_{⃗ξ∈X} ±_{C0} } − β|Λ|J_γ (ρ^± · ⃗ρ^±) − βH_{γ,Λ}(⃗ρ^±_Λ |⃗ρ^±_Λc )

= |Λ| |C_0| ln{ ∑ ⃗ξ_{C0} ∏ x∈C_0

e^β

(_{⃗ξx· ⃗L(ρ±)})

1_{⃗ξ∈X} ±_{C0} } − β|Λ| 2 J_γ (ρ^± · ⃗ρ^±) (D.3)

+ β| 2 ∑ x∈Λ y∈Λ^c

J_γ (x, y)(⃗ρ^± · ⃗ρ^±)

where we recall H_{γ,Λ}(⃗ρ^±_Λ |⃗ρ^±_Λc ) = −^1_2

∑_{x∈Λ} y∈Λ J_γ (x, y)(⃗ρ^± · ⃗ρ^±) −

∑_{x∈Λ}

y∈Λ^c

J_γ (x, y)(⃗ρ^± · ⃗ρ^±) =

−^1_2

∑_{x∈Λ}

y∈Z^d

J_γ (x, y)(⃗ρ^± · ⃗ρ^±) −^1_2

∑_{x∈Λ}

y∈Λ^c

J_γ (x, y)(⃗ρ^± · ⃗ρ^±). Then we get:

P^±_{abs,γ,0} := lim_{Λ↗∞} 1 β|Λ| ln Z^±_{abs,β,Λ;0} = lim_{Λ↗∞} 1 β|Λ| ln{ ∑ ⃗ξ_{C0} ∏ x∈C_0

e^{−βH±γ,Λ(⃗ξ)}1_{⃗ξ∈X} ±_{C0} }

≡ 1 β|C_0| ln{ ∑ ⃗ξ_{C0} ∏ x∈C_0

e^β

(_{⃗ξx· ⃗L(ρ±)}) 1_{⃗ξ∈X} ±_{C0} } − 1 2 J_γ (⃗ρ^± · ⃗ρ^±) (D.4)

A comparison of (D.3) and (D.4) gives directly (D.2).

We now prove (D.1)

Let consider the first term of (D.4): 1 β|C_0| ln{ ∑ ⃗ξ_{C0} ∏ x∈C_0

e^β

(_{⃗ξx· ⃗L(ρ±)}) 1_{⃗ξ∈X} ±_{C0} }

= 1 β|C_0| ln G_{±,γ;0}[1_{⃗ξ∈X} ±_{C0} ] + 1 β|C_0| ln ∑ ⃗ξ_{C0} ∏ x∈C_0

e^β

(_{⃗ξx· ⃗L(ρ±)})

= 1 β|C_0| ln G_{±,γ;0}[1_{⃗ξ∈X} ±_{C0} ] + 1 β ln ∑ i=1,Q

e^{βJγ ρ±i}

where G_{±,γ;0}[1_{⃗ξ∈X} ±_{C0} ] is the probability of the event 1_{⃗ξ∈X} ±_{C0} w.r.t. the Gibbs measure specified by:

μ^±_{γ;0} := e^β ∑ x (_{⃗ξx· ⃗L(ρ±)})

Z^±_{γ;0} Postponing the proof that the first term is negligible, as

G_{±,γ;0}[1_{⃗ξ∈X} ±_{C0} ] > 1 − Ce^{−cγ2a|Cℓ−,γ |} (D.5)

we consider the second term. We have | 1 β ln ∑ i=1,Q

e^{βJγ ρ±i} − 1 β ln ∑ i=1,Q

e^{βρ±i} | ≤ 2^d √ d‖∇J ‖_∞γ and 1 β ln ∑ i=1,Q

e^{βρ±i} = 1 β ∑ j ρ^±_j ln ∑ i=1,Q

e^{βρ±i}

= 1 β ∑ j ρ^±_j [ − ln ρ^±_j + βρ^±_j ] = −ϕ^{mf}_β (⃗ρ^±)

Going back to (D.4), and using (D.5), we get

|P^±_{abs,γ,0} + ϕ^{mf}_β (⃗ρ^±)| ≤ c_dγ + Ce^{−cγ2a|Cℓ−,γ |} ≤ c^′_dγ

for γ small enough.

To conclude we are then left with the proof of (D.5). Since the derivation is similar (and simpler) to what is done in section 10 but with a different free energy functional, we just sketch the proof here. We consider the one body functional F^{(1)}_{β,C0} on C_0,

F^{(1)}_{β,C0} (⃗ρ_{C0} ) = − 1 2 ∫ C_0

(⃗ρ^± · ⃗ρ_{C0} (x))dx − 1 β ∫ C_0

I(⃗ρ_{C0} (x))dx (D.6)

Using a result similar to 5.1 leads to an estimate valid for γ small enough of G_{±,γ;0}[1_{⃗ξ /∈X} ±_{C0} ] in terms of the functional F^{(1)}_{β,C0} , as

G_{±,γ;0}[1_{⃗ξ /∈X} ±_{C0} ] =

∑_⃗

ξ_{C0} ∏ x∈C_0 e β (_{⃗ξx· ⃗L(ρ±)})

1_{⃗ξ /∈X} ±_{C+} 0 ∑_⃗

ξ_{C0} ∏ x∈C_0 e β (_{⃗ξx· ⃗L(ρ±)})

= ∑_⃗

ξ_{C0} ∏ x∈C_0 e βJ_γ

(_{⃗ξx·⃗ρ±})

1_{⃗ξ /∈X} ±_{C0} ∑_⃗

ξ_{C0} ∏ x∈C_0 e βJ_γ

(_{⃗ξx·⃗ρ±})

≈ exp { −β ( inf ⃗ρ_{C0} ∉X^±_{C0}

F^{(1)}_{β,C0} (⃗ρ_{C0} ) − inf_{⃗ρC0} F^{(1)}_{β,C0} (⃗ρ_{C0} ) )}

Following the analysis of section 10, one gets a similar estimate for the large deviation cost as inf ⃗ρ_{C0} ∉X^±_{C0}

F^{(1)}_{β,C0} (⃗ρ_{C0} ) − inf_{⃗ρC0} F^{(1)}_{β,C0} (⃗ρ_{C0} ) ≥ cγ^{2a}|C^{ℓγ,−} | (D.7)

for some constant c and γ small enough. The estimate (D.5) then follows. □

Appendix E. Proof of (9.65)-(9.66) In this appendix we prove that for any ψ_B ∈ B^0 there is ⃗ψ^∗_B :

⃗ψ^∗_B =

⃗ψ_B on δ^{ℓ+,γ /4}_{in} [B], ⃗ρ^± elsewhere.

(E.1)

so that:

F^{eff}_{γ,B,u}( ⃗ψ_B |⃗ξ^{(ℓ0)}_Bc ) ≥ F^{eff}_{γ,B,u}( ⃗ψ^∗_B |⃗ξ^{(ℓ0)}_Bc ) + cγ^{1/4}(γ^{1/8}|A|) (E.2)

The proof is analogous to the case of the Ising model widely analyzed in [40] to which we refer for details. A sketchy version is reported here for completeness.

Let Σ as in (9.62), and Δ = A ⊔ δ^{ℓ+,γ /4}_{out} [A] Then, recalling that the interaction term appearing in the excess of free energy is always positive, we get a lower bound by neglecting the interaction between Δ and B \ Δ:

F^{eff}_{γ,B,u}( ⃗ψ_B |⃗ξ^{(ℓ0)}_Bc ) ≥ F^{eff}_{γ,B\Δ,u}( ⃗ψ_{B\Δ}|⃗ξ^{(ℓ0)}_Bc ) + F^{eff}_{γ,Δ,u}( ⃗ψ_Δ) where, for any sets D, F ⊏ R^d:

F^{eff}_{γ,D,u}( ⃗ψ_D) := ∫ D Φ^{eff,±}_u ( ⃗ψ_D) + u 4 ∫ D×D J_γ (r, r^′)[ ⃗ψ_D(r) − ⃗ψ_D(r^′)]^2

F^{eff}_{γ,D,u}( ⃗ψ_D|⃗ξ_F ) := ∫ D Φ^{eff,±}_u ( ⃗ψ_D) + u 4 ∫ D×D J_γ (r, r^′)[ ⃗ψ_D(r) − ⃗ψ_D(r^′)]^2 + u 2 ∫ D×F J_γ (r, r^′)[ ⃗ψ_D(r) − ⃗ξ_F (r^′)]^2

For any ψ_B ∈ B^0 ((9.64)), since ⃗ψ^∗_B (r) ≡ ⃗ψ_B (r) on r ∈ δ^{ℓ+,γ /4}_{in} [B] ⊔ Σ, and ⃗ψ_B (r) = ⃗ρ^± on r ∈ Σ, we have that:

F^{eff}_{γ,B\Δ,u}( ⃗ψ_{B\Δ}|⃗ξ^{(ℓ0)}_Bc ) = F^{eff}_{γ,B,u}( ⃗ψ^∗_B |⃗ξ^{(ℓ0)}_Bc )

in fact the distance between the sets δ^{ℓ+,γ /4}_{in} [B] and Δ is larger than γ^{−1} and F_{γ,Δ,u}(⃗ρ^±) ≡ 0:

Hence we need to prove that for any ⃗ψ_B ∈ B^0:

F^{eff}_{γ,Δ,u}( ⃗ψ_Δ) ≥ cγ^{1/4} ( γ^{1/8}|A| ) (E.3)

It is convenient here to fix a specific color p̂ instead of distinguish only disordered and ordered configurations.

We then denote by

S^{p̂} := {r ∈ Â : ‖ ⃗ψ_B (r) − ⃗ρ^{p̂}‖_⋆ ≥ γ^{1/8}}

that can be written as the sum of two sets S_0, S_1:

S_0 := {r ∈ S : ‖ ⃗ψ_B (r) − ⃗ρ^{p̂}‖_⋆ ≥ γ^{1/8} ∀q̂ = −1, 1, . . . , Q} S_1 := {r ∈ S : ∃q̂ ≠ p̂ : ‖ ⃗ψ_B (r) − ⃗ρ^{q̂}‖_⋆ ≤ γ^{1/8}}

Recalling the definition of Φ^{eff,p̂}_u (⃗v) in (9.60), and (9.57)-(9.59), we will prove that there are positive constants, c_0, c_1, c_2, so that: ∫ S_0

Φ^{eff,p̂}_u ( ⃗ψ(r)) ≥ c_0γ^{1/4}|S_0| (E.4) ∫ S_1

Φ^{eff,p̂}_u ( ⃗ψ(r)) ≥ (c_1u + c_2(1 − u))|S_1| (E.5)

(E.4) and (E.5) prove (E.3)

Proof of (E.4). (E.4) follows from the bound immediately obtained by the explicit expression of Φ^{eff,p̂}_u (⃗v):

inf u∈(0,1) inf {⃗v:‖⃗v−ρ^{q̂} ‖_⋆≥γ^{1/8}∀q̂}

Φ^{eff,p̂}_u (⃗v) ≥ c_0γ^{1/4}

c_0 a suitable constant □

Proof of (E.5). Suppose ‖⃗v − ⃗ρ^{q̂}‖_⋆ ≤ γ^{1/8} for some q̂ ≠ p̂. We will prove separately two bounds: ∫ S_1

Φ^{eff,p̂}_u ( ⃗ψ(r)) ≥ 2c_2(1 − u)|S_1| (E.6) ∫ S_1

Φ^{eff,p̂}_u ( ⃗ψ(r)) ≥ 2c_1u|S_1| (E.7)

that together give (E.5)

Proof of (E.6)

Φ^{eff,p̂}_u (⃗v) ≥ (1 − u) [ − ⃗ρ^{p̂} · (⃗v − ⃗ρ^{p̂}) + 1 β [ ⃗v ln ⃗v − ⃗ρ^{p̂} ln ⃗ρ^{p̂} ] ] ≥ 0 (E.8)

Since ⃗ρ^{p̂} is a solution of the mean field equations ⃗ρ^{p̂} =^{eβ⃗ρp̂}_∑

i e^{βρp̂}i

, it satisfies:

βρ^{p̂}_i = ln ρ^{p̂}_i − ln C

with C = ∑ i e^{βρp̂i} and the square parenthesis in r.h.s. of (E.8), can be rewritten as: [ − ⃗ρ^{p̂} · (⃗v − ⃗ρ^{p̂}) + 1 β [ ⃗v ln ⃗v − ⃗ρ^{p̂} ln ⃗ρ^{p̂} ] ]

= − 1 β ∑ i (v_i − ρ^{p̂}_i ) ln ρ^p_i + 1 β ∑ i (v_i − ρ^{p̂}_i ) ln C^{−1} + 1 β [ ⃗v ln ⃗v − ⃗ρ^{p̂} ln ⃗ρ^{p̂} ]

= − 1 β ∑ i (v_i − ρ^{p̂}_i ) ln ρ^p_i + 1 β [ ⃗v ln ⃗v − ⃗ρ^{p̂} ln ⃗ρ^{p̂} ]

where in the last equality we used the fact that ∑ i v_i = ∑ i ρ^{p̂}_i = 1. We then have:

Φ^{eff,p̂}_u (⃗v) ≥

(1 − u) β ⃗v ln ⃗v ⃗ρ^{p̂} and by Kullback-Leibler inequality:

Φ^{eff,p̂}_u (⃗v) ≥

(1 − u) 2β (⃗v − ⃗ρ^{p̂})^2 ≥ (1 − u) 2β [ (⃗ρ^{q̂} − ⃗ρ^{p̂})^2 − γ^{1/4} ]

We consider separately the case when q̂ = −1, p̂ > 0 (or viceversa) and the case where both q̂, p̂ are positive.

In the first case:

Φ^{eff,p̂}_u (⃗v) ≥

(1 − u) 2β [( ρ_A − 1 Q )_2 + ( ρ_B − 1 Q )_2

(Q − 1) − γ^{1/4} ]

≥ (1 − u) 2β [ Q(1 − 2/Q)^2 (Q − 1)

− γ^{1/4} ]

If both q̂, p̂ are positive

Φ^{eff,p̂}_u (⃗v) ≥

(1 − u) 2β [ 2 (ρ_A − ρ_B)^2 − γ^{1/4} ]

≥ (1 − u) 2β [( Q(1 − 2/Q) (Q − 1)

)_2

− γ^{1/4} ]

Finally, for γ small enough:

Φ^{eff,p̂}_u (⃗v) ≥

(1 − u) 20β We now prove (E.7). Let r ∈ S_1 ∫ dr^′J_γ (r, r^′) ( ⃗ψ_B (r) − ⃗ψ_B (r^′)

)_2 ≥ ∫ dr^′J^{(ℓ−,γ )}_γ (r, ⟨r^′⟩) ( ⃗ψ_B (r) − ⃗ψ_B (r^′)

)_2 − cγℓ_{−,γ}

where

J^{(ℓ−,γ )} γ (r, ⟨r^′⟩) := 1 |C^{ℓ−,γ} | ∫ C^{ℓ−,γ}_{r′}

J_γ (r, r^{′′})dr^{′′}

and it is constant on the cubes of the partition D^{ℓ−,γ} . By Cauchy-Schwartz inequality: 1 |C^{ℓ−,γ} | ∫ C^{ℓ−,γ}_{r′}

dr^′J^{(ℓ−,γ )}_γ (r, ⟨r^′⟩) ( ⃗ψ_B (r) − ⃗ψ_B (r^′)

)_2

≥ J^{(ℓ−,γ )} γ (r, ⟨r^′⟩) ( ⃗ψ_B (r) − 1

|C^{ℓ−,γ} | ∫ C^{ℓ−,γ}_{r′}

⃗ψ_B (r^{′′}) dr^{′′}

)_2

≥ J^{(ℓ−,γ )} γ (r, ⟨r^′⟩) ( ( ⃗ρ^{q̂} − ⃗ρ^{p̂}

)_2

− γ^{1/4} − γ^{2a} )

if both q̂, p̂ > 0, ( ⃗ρ^{q̂} − ⃗ρ^{p̂}

)_2 = 2(ρ_A − ρ_B)^2 = 2

(_{Q(1−2/Q)} Q−1 )_2 . While if q̂ or p̂ is equal to −1: ( ⃗ρ^{q̂} − ⃗ρ^{p̂}

)_2 = 2(1 − 2/Q)^2 Then: ∫ dr^′J_γ (r, r^′) ( ⃗ψ_B (r) − ⃗ψ_B (r^′)

)_2 ≥ 1 5 − cγℓ_{−,γ} − γ^{1/4} − γ^{2a} and u 4 ∫ S_1

dr dr^′J_γ (r, r^′) ( ⃗ψ_B (r) − ⃗ψ_B (r^′)

)_2 ≥ ( 1 30 ) u|S_1| □

References

[1] M. Aizenman, J. T. Chayes, L Chayes, C. M. Newman: Discontinuity of the magnetization in onedimensional^1_{|x−y|2} Ising and Potts models, J. Stat. Phys. 50 1-40, (1988)

[2] F. Baffioni, T. Kuna, I. Merola, E. Presutti: A liquid vapor phase transition in quantum statistical mechanics, Submitted to Memoirs AMS (2004)

[3] F. Baffioni, T. Kuna, I. Merola, E. Presutti: A relativized Dobrushin uniqueness condition and applications to Pirogov-Sinai models, Submitted to Memoirs AMS (2004)

[4] R. J. Baxter: Potts model at the critical temperature, J. Phys. C 6, L445 (1973)

[5] R. J. Baxter, H. N. V. Temperley, S. E. Ashley: Triangular Potts model at its transition temperature, and related models, Proc. Roy. Soc. London, Ser. A 358, 535 (1978)

[6] R. J. Baxter: Exactly solved sodels in statistical mechanics, Academic Press, London (1982).

[7] M.Biskup, L. Chayes: Rigourous analysis of discontinous phase transitions via mean field bounds, Commun. Math. Phys. 238, 53–93 (2003)

[8] M.Biskup, L. Chayes, N.Crawford: Mean-field driven first order phase transitions in systems with longrange interactions, Submitted to J. Stat. Phys.(2005)

[9] B. Bollobas, G. Grimmett, S.Janson: The random-cluster model on the complete graph, Probab. Theory Related Fields 104, 283–317 (1996)

[10] A. Bovier, I. Merola, E. Presutti, M. Zahradnìk: On the Gibbs phase rule in the Pirogov-Sinai regime, J. Stat. Phys. 114, 1235–1267 (2004)

[11] A. Bovier, M. Zahradnìk: The low-temperature phase of Kac-Ising models, J. Stat. Phys. 87, 311–332 (1997)

[12] A. Bovier,M. Zahradnìk: Cluster expansions and Pirogov-Sinai theory for long range spin systems, Markov Process and Related Fields 8, 443–478 (2002)

[13] J. Bricmont, H. Kesten, J. L. Lebowitz, R. H. Schonmann: A note in the Ising model in high dimensions, Comm. Math. Phys. 122, 597–607 (1989)

[14] M. Cassandro, E. Presutti: Phase transitions in Ising systems with long but finite range, Markov Processes and Related Fields 2, 241–262 (1996)

[15] R. Cerf, A. Pisztora: Phase coexistence in Ising, Potts and percolation models, Annales de l’Institut Henri Poincaré - Probabilités et Statistiques 37, 643-724 (2001)

[16] R. L. Dobrushin: Prescribing a system of random variables by conditional distributions, Th. Prob.

Appl. 15, 458–486 (1970)

[17] R. L.Dobrushin: Existence of phase transition in two and three dimensional Ising models, Th. Prob.

Appl. 10, 193-313 (1965)

[18] R. L. Dobrushin: Estimates of Semi-invariants for the Ising Model at Low Temperatures, Topics in statistical and theoretical physics, Amer. Math. Soc. Transl. 177, 59–81 (1996)

[19] R. L. Dobrushin, E. A. Pecherski: A criterion of the uniqueness of Gibbsian field in the non compact case, Lecture Notes in Mathematics 1021, 97–110 (1982)

[20] R. L. Dobrushin, S. B. Shlosman: Completely analytical interactions: constructive description, J. Stat.

Phys. 46, 983–1014 (1987)

[21] C. M. Fortuin, P. W. Kasteleyn: On the random cluster model I: introduction and relation to other models, Physica 57, 536–564 (1972)

[22] G. R. Grimmett: The stochastic random cluster process and the uniqueness of random cluster measures, Ann. Prob. 23, 1461–1510 (1995).

[23] G. R. Grimmett: Percolation, Springer-Verlag, Berlin (1989)

[24] G. R. Grimmett: The random-cluster model, Probability, Statistics and Optimization, F.P.Kelly ed., John Wiley & Sons, Chichester, 49–63 (1994)

[25] G. R. Grimmett: Percolative problems, Probability and phase transition, G.R. Grimmett ed., Kluwer, Dordrecht, 69–86 (1994)

[26] L. Gross: Decay of correlations in classical lattice models at hight temperature, Commun.Math.Phys.

68 9–27 (1979).

[27] M. Kac, G. Uhlenbeck and P. C. Hemmer: On the Van der Waals Theory of Vapor-Liquid equilibrium J. Mat. Phys.4, 216–228, 229–247 (1963); J. Mat. Phys.5, 60–74 (1964)

[28] H. Kesten, R. H. Schonmann: Behavior in large dimension of the Potts and Heisenberg models, Reviews in Math. Phys. 1, 147–182 (1990)

[29] R. Kotecký, S. B. Shlosman: First order phase transition in large entropy lattice models, Commun.

Math. Phys. 83, 493–515 (1982)

[30] R. Kotecký, D. Preis: Cluster expansion for abstract polymer models Comm. Math. Phys., 103, 491–498 (1986)

[31] F. den Hollander, J. E. Steif: Mixing properties of the generalized T, T^{−1}-process, J. Anal. Math. 72 165–202 (1997)

[32] J. L. Lebowitz, A. Mazel: On the uniqueness of Gibbs states in the Pigorov-Sinai theory, Comm. Math.

Phys. 189, 311–321 (1997)

[33] J. L. Lebowitz, A. E. Mazel and E. Presutti: Liquid-vapour phase transitions for systems with finite range interactions, J. Statist. Phys. 94, 955–1025 (1999)

[34] J. L. Lebowitz, A. E. Mazel, E. Presutti: Rigorous proof of a liquid-vapour phase transition in a continuum particle system Phys. Rev. Letters 80, 4701 (1998)

[35] J. L. Lebowitz and O. Penrose: Rigorous treatment of the Van der Waals Maxwell theory of the liquidvapor transition J. Mat. Phys. 7, 98–113 (1966)

[36] S.A. Pirogov, Ya. G. Sinai: (i) Teor. Mat. Fiz. 25, 358–369, (1975), in Russian; English translation:

Phase diagrams of classical lattice systems, Theor. Math. Phys. 25 1185–1192, (1975). (ii) Teor. Mat. Fiz. 26, 61–76, (1976), in Russian; English translation: Phase diagrams of classical lattice systems. Continuation, Theor. Math. Phys. 26 39–49, (1976)

[37] A. Pisztora : Surface order large deviations of Ising, Potts and percolation models, Probab. Theory Related Fields 104, 427–466 (1996)

[38] A. Pisztora : Lectures at the IHP, Paris, June (1998) (unpublished)

[39] R. Potts: Some generalyzed order-disorder transformations Proc. Camb. Phil. Soc. 48, 106–109 (1952)

[40] E. Presutti: Scaling limits in statistical mechanics & microstructures in continuum mechanics. In preparation (2005)

[41] S. Reynal, H. T. Diep: Reexamination of the long-range Potts model: A multicanonical approach Phys.

Rev E69 026109 (2004)

[42] A. D. Sokal: Chromatic polynomials, Potts models and all that, Physica A279, 324–332 (2000)

[43] M. Suzuki, M. E. Fisher: Zeros of the partition function for the Heisenberg, ferroelectric and general Ising models J. Math. Phys. 12, 235–246 (1971)

[44] W. T. Tutte: On dichromatic polynomials, J. Comb. Theory 2, 301–320 (1967)

[45] F. Y. Wu: The Potts model, R. Mod. Phys. 54, 235–268 (1982)

[46] M. Zahradnìk: A short course on the Pirogov-Sinai theory, Rend. Mat. Appl 18, 411–486 (1998)

Thierry Gobron, CNRS-UMR 8089, Laboratoire de physique théorique et modélisation, Université de Cergy-Pontoise; 2 avenue Adolphe Chauvin, Pontoise 95302 Cergy-Pontoise cedex

E-mail address: gobron@ptm.u-cergy.fr

Immacolata Merola, Dipartimento di matematica pura e applicata, Università dell’Aquila, Italy

E-mail address: merola@univaq.it