Derivation of the Gross-Pitaevskii Hierarchy for the Dynamics of Bose-Einstein Condensate

László Erdős^{2∗}, Benjamin Schlein^1 and Horng-Tzer Yau^{1†}

Department of Mathematics, Stanford University Stanford, CA 94305, USA^1

Institute of Mathematics, University of Munich, Theresienstr. 39, D-80333 Munich, Germany^2

October 21, 2005

Abstract

Consider a system of N bosons on the three dimensional unit torus interacting via a pair potential N^2V (N(x_i −x_j )), where x = (x_1, . . . , x_N ) denotes the positions of the particles. Suppose that the initial data ψ_{N,0} satisfies the condition

⟨ψ_{N,0}, H^2_N ψ_{N,0}⟩ ≤ CN^2

where H_N is the Hamiltonian of the Bose system. This condition is satisfied if ψ_{N,0} = W_N ϕ_{N,0} where W_N is an approximate ground state to H_N and ϕ_{N,0} is regular. Let ψ_{N,t} denote the solution to the Schrödinger equation with Hamiltonian H_N . Gross and Pitaevskii proposed to model the dynamics of such system by a nonlinear Schrödinger equation, the Gross-Pitaevskii (GP) equation. The GP hierarchy is an infinite BBGKY hierarchy of equations so that if u_t solves the GP equation, then the family of k-particle density matrices {⊗_ku_t, k ≥ 1} solves the GP hierarchy. We prove that as N → ∞ the limit points of the k-particle density matrices of ψ_{N,t} are solutions of the GP hierarchy. The uniqueness of the solutions to this hierarchy remains an open question. Our analysis requires that the N boson dynamics is described by a modified Hamiltonian which cuts off the pair interactions whenever at least three particles come into a region with diameter much smaller than the typical inter-particle distance. Our proof can be extended to a modified Hamiltonian which only forbids at least n particles from coming close together, for any fixed n.

1 Introduction

A very simple and useful way to understand Bose systems is to treat all bosons as independent particles. In particular, to prove the Bose-Einstein condensation is a simple exercise in the case of non-interacting bosons [12]. The true many-body problem with a pair interaction is a much harder problem. Gross [9, 10] and Pitaevskii [26] proposed to model the many-body effect by a nonlinear on-site self interaction of a complex order parameter (the “condensate wave function”). The strength

∗Partially supported by NSF grant DMS-0200235 and EU-IHP Network “Analysis and Quantum” HPRN-CT-2002- 0027. On leave from School of Mathematics, GeorgiaTech, USA

†Partially supported by NSF grant DMS-0307295 and MacArthur Fellowship.

of the nonlinear interaction in this model is given by the scattering length a_0 of the pair potential. The Gross-Pitaevskii (GP) equation is given by

i∂_tu_t = −Δu_t + σ|u_t|^2u_t = δE(u, ū) δū � � u_t

, E(u, ū) = � dx � |∇u|^2 + σ 2 |u|^4 � , (1.1)

where E is the Gross-Pitaevskii energy functional and σ = 8πa_0. The Gross-Pitaevskii equation was considered as a mean-field model; some corrections were obtained in [14, 15] and more recently, e.g., in [28].

The many-body effects can be analyzed in much more details by the Bogoliubov transformation. The Bogoliubov’s theory, it should be emphasized, postulates that the ratio between the non-condensate and the condensate is small. Apart from this assumption, the coupling constant σ derived from the Bogoliubov’s theory is the semiclassical approximation to the scattering length. One can perform some higher order diagrammatic re-summation to recover the scattering length. In the case of hard core potential, the traditional theory relies on the non-rigorous pseudo-potential model [13].

The first rigorous result concerning the many-body effects of the Bose gas was Dyson’s estimate of the ground state energy. Dyson [3] proved the correct leading upper bound to the energy and a lower bound off by a factor around 10. The matching lower bound was obtained by Lieb-Yngvason [24, 25] forty years later. The last result has inspired many subsequent works, including a proof [19, 24, 25] that the Gross-Pitaevskii energy functional correctly describes the ground state in a scaling limit to be specified later.

The experiments on the Bose-Einstein condensation were conducted by observing the dynamics of the condensate when the confining traps are switched off. It is remarkable that the Gross-Pitaevskii equation, despite being a mean-field equation, has provided a very good description for the dynamics of the condensate. The validity of the Gross-Pitaevskii equation asserts that the fundamental assumption of the Gross-Pitaevskii theory (i.e., that the many-body effects can be modelled by a nonlinear on-site self interaction of the order parameter) applies not only to the ground states, but to certain excited states and their subsequent time evolution. This remarkable and fundamental property of the Bose gas has mostly been taken for granted and has not been treated rigorously in the literature. In order to explain the issues involved, we now introduce some notations and set up the scaling for the Gross-Pitaevskii theory.

Let V ≥ 0 be a fixed nonnegative, spherically symmetric, smooth potential with compact support. The zero energy scattering solution f satisfies the equation � − Δ + 1 2 V (x) � f(x) = 0 . (1.2)

If we fix the normalization lim_{|x|→∞} f(x) = 1 and write f(r) = q(r)/r (where r = |x|), the scattering length a_0 of V is defined by a_0 = lim_{r→∞} r − q(r) (1.3)

and thus for x large, f(x) ∼ 1 − a_0/|x| . (1.4)

From the zero energy equation, we also have the identity � dxV (x)f(x) = 8πa_0 . (1.5)

Let Λ be the three-dimensional torus of unit side-length. Denote the position of N bosons in Λ by x = (x_1, x_2, . . . , x_N ), x_j ∈ Λ. Lieb, Seiringer and Yngvason [19] pointed out that, in order to obtain the GP functional, the length scale of the pair potential should be of order 1/N. Notice that the density of the system is N and the typical inter-particle distance is N^{−1/3}, which is much bigger than the length scale of the potential. The system is really a dilute gas on the scale of the range of the interaction, but it is scaled in such a way that the size of the total system is of order one.

The Hamiltonian of the Bose system on the torus Λ is given by

H = − N� j=1 Δ_j + N� j<k N^2V (N(x_j − x_k)) . (1.6)

By scaling, the scattering length of the potential N^2V (Nx) is a := a_0/N. We shall from now on use the notation V_a(x) := N^2 V (Nx) , a = a_0/N . (1.7) Notice that the pair potential in (1.6) is an approximation to the mean field Dirac delta interaction:

b_0 N N� j<k δ(x_j − x_k), b_0 = � dxV (x) .

The Schrödinger equation is given by

i∂_tψ_t = Hψ_t, or i∂_tγ_N = [H, γ_N ] , (1.8)

where γ_N is the N-particle density matrix. For a pure state, γ_ψ := |ψ⟩⟨ψ| is the orthogonal projection onto ψ.

Introduce the shorthand notation

x := (x_1, x_2, . . . , x_N ), x_k := (x_1, . . . , x_k), x_{N−k} := (x_{k+1}, . . . , x_N )

and similarly for the primed variables, x^′_k := (x^′_1, . . . , x^′_k). The k−particle density matrix is given by

γ^{(k)}_N (x_k; x^′_k) := � dx_{N−k}γ_N � x_k, x_{N−k}; x^′_k, x_{N−k} � . (1.9)

Our normalization implies that Tr γ^{(k)}_N = 1 for all k = 1, . . . , N.

The density matrix γ^{(1)}_{N,t} satisfies the following equation

i∂_tγ^{(1)}_{N,t}(x_1; x^′_1) = (−Δ_{x1} + Δ_x′_1 )γ^{(1)}_{N,t}(x_1; x^′_1)

+ (N − 1) � dx_2(V_a(x_1 − x_2) − V_a(x^′_1 − x_2))γ^{(2)}_{N,t}(x_1, x_2; x^′_1, x_2),

(1.10)

and similar equations hold for γ^{(k)}_{N,t} for k ≥ 1. To close this equation, one needs to assume some relation between γ^{(2)}_{N,t} and γ^{(1)}_{N,t}. The simplest assumption would be the factorization property, i.e.,

γ^{(2)}_{N,t}(x_1, x_2; x^′_1, x^′_2) = γ^{(1)}_{N,t}(x_1; x^′_1)γ^{(1)}_{N,t}(x_2; x^′_2) . (1.11)

This does not hold for finite N, but it may hold for a limit point γ^{(k)}_t of γ^{(k)}_{N,t} as N → ∞, i.e.,

γ^{(2)}_t (x_1, x_2; x^′_1, x^′_2) = γ^{(1)}_t (x_1; x^′_1)γ^{(1)}_t (x_2; x^′_2) . (1.12)

Under this assumption, γ^{(1)}_t satisfies the limiting equation

i∂_tγ^{(1)}_t (x_1; x^′_1) = (−Δ_{x1} + Δ_x′_1 )γ^{(1)}_t (x_1; x^′_1) + (Q_t(x_1) − Q_t(x^′_1))γ^{(1)}_t (x_1; x^′_1) (1.13)

where Q_t(x) = lim_{N→∞} N � dyV_a(x − y)ρ_t(y), ρ_t(x) = γ^{(1)}_t (x; x) . (1.14)

If, instead of V_a(x), we use the unscaled mean field potential V (x)/N, then Q_t is the convolution of V with the density ρ_t(x). The equation (1.13) becomes the Hartree equation. For Bose systems with mean field interaction and product initial wave function, the factorization assumption (1.12) can be proved for a general class of potentials. See the work of Hepp [11] and Spohn [27] for bounded potentials and [2, 6] for potentials with Coulomb type singularity. For certain quasi-free initial data, Ginibre and Velo [8] can handle all integrable singularities. We note that in one dimension the convergence to the GP hierarchy (1.24) for the delta potential was established by Adami, Bardos, Golse and Teta in [1].

In our setting, V_a(x) lives on scale 1/N and is much more singular than all the cases considered previously. If ρ_t(x) is continuous, then Q_t is given by

Q_t(x) = b_0ρ_t(x).

Thus (1.13) gives the GP equation with the incorrect coupling constant σ = b_0 instead of σ = 8πa_0. It is known that b_0/8π is the first Born approximation to the scattering length a_0 and the following inequality holds: a_0 ≤ b_0 8π = 1 4π � R^3 1 2 V (x) dx . (1.15)

To go beyond the Born approximation, we need to understand the short scale correlations of the ground state which we now review.

The ground state of a dilute Bose system with interaction potential V_a is believed to be very close to the form W (x) := � i<j f(N(x_i − x_j )) (1.16)

where f is the zero-energy solution (1.2). We remark that Dyson [3] took a different function which was not symmetric, but the short distance behavior was the same as in W . Since in the experiments the initial states were prepared with a trapping potential, living on a scale of order one, the ground state for such a trapped gas is of the form ψ(x) = W (x)ϕ(x) [19, 20] where ϕ(x) is close to a product function. Thus we shall consider initial data of the form W (x)ϕ(x).

We assume for the moment that the ansatz, ψ_t(x) = W (x)ϕ_t(x) with ϕ_t a product function, holds for all time. The reduced density matrices for ψ_t(x) satisfy

γ^{(2)}_t (x_1, x_2; x^′_1, x^′_2) ∼ f(N(x_1 − x_2))f(N(x^′_1 − x^′_2))γ^{(1)}_t (x_1; x^′_1)γ^{(1)}_t (x_2; x^′_2) . (1.17)

Together with (1.5) and the assumption that ρ_t is smooth, we have lim N→∞ N � dx_2V_a(x_1 − x_2)γ^{(2)}_{N,t}(x_1, x_2; x^′_1, x_2) = 8πa_0γ^{(1)}_t (x_1; x^′_1)ρ_t(x_1) . (1.18)

We have used that lim_{|x|→∞} f(x) = 1 and the last equation is valid for |x_1 − x^′_1| ≫ 1/N. This gives the GP equation with the correct dependence on the scattering length.

Notice that the relations (1.17) and (1.18) are very subtle. The correlation in γ^{(2)} occurs at the scale 1/N. Testing the relation (1.17) in a weak limit, all correlations at the scale 1/N disappear and the product relation (1.12) will hold. However, this short distance correlation shows up in the GP equation due to the singular potential NV_a(x_1 − x_2). Therefore, a rigorous justification of the GP equation requires a proof that the relation (1.17) holds with such a precision that (1.18) is valid—a formidable task.

We would like to divide this task into two parts. The first question is whether the short scale structure of γ^{(2)}_{N,t} is given by f(N(x_1 − x_2))f(N(x^′_1 − x^′_2)), i.e., whether, for large N,

γ^{(2)}_{N,t}(x_1, x_2; x^′_1, x^′_2) ∼ f(N(x_1 − x_2))f(N(x^′_1 − x^′_2))γ^{(2)}_t (x_1, x_2; x^′_1, x^′_2) (1.19)

where γ^{(2)}_t is a weak limit of γ^{(2)}_{N,t} (the short distance correlations given by f(N(x_1 −x_2))f(N(x^′_1 −x^′_2)) vanish when the weak limit is taken) living on a scale of order one so that lim N→∞ � dx_2V_a(x_1 − x_2)γ^{(2)}_{N,t}(x_1, x_2; x^′_1, x_2) = 8πa_0γ^{(2)}_t (x_1, x_1; x^′_1, x_1) . (1.20)

The second question is whether γ^{(2)}_t factorizes, i.e., whether

γ^{(2)}_t (x_1, x_2; x^′_1, x^′_2) = γ^{(1)}_t (x_1; x^′_1)γ^{(1)}_t (x_2; x^′_2). (1.21)

If we replace the Hamiltonian (1.6) by a modified Hamiltonian ~H, in which we remove the pair interaction when three or more particles come close together in a very short distance, then we can prove a certain version of (1.19) and (1.20). Let ℓ denote a distance much smaller than the typical inter-particle distance, say, ℓ = N^{−1/3−δ} for some δ > 0. The modified Hamiltonian is approximately of the form

~H ∼ − N� j=1 Δ_j + N� j<k � N^2V (N(x_j − x_k)) � i≠j,k

1(|x_i − x_k| ≥ ℓ) � . (1.22)

The precise definition will be given in (2.9). This cutoff modification changes the Hamiltonian for events that are rare with respect to the expected typical particle distribution, therefore it should have little effect on the dynamics. Unfortunately we cannot control this effect rigorously. (In principle, the original unmodified dynamics may introduce local clustering of particles, despite that it is unfavorable for the local energy.) In the computation of the ground state energy by Lieb-Yngvason [24], no such modification was needed since the positivity of the contribution from these rare events could be exploited. Our method is based on the conservation of ~H^2 along the dynamics and an inequality of the form: � i<j � W^2|∇_i∇_jϕ_t|^2 ≤ C � |( ~H + N)ψ_t|^2 = C � |( ~H + N)ψ_0|^2 ≤ CN^2, (1.23)

with ψ_t = W ϕ_t. The idea of using the conservation of higher power of the Hamiltonian was introduced in [6]. Clearly, the computation of ~H^2 involves derivatives of the pair potential which have no definite sign. If we use the original Hamiltonian H instead of ~H, these terms cannot be controlled by the kinetic energy operator in the rare situation when many particles come close together. The modified Hamiltonian (1.22) removes this technical obstacle.

Using (1.23) we will prove that weak limit points γ^{(k)}_t of the k-particle density γ^{(k)}_{N,t} (whose time evolution is generated by the modified Hamiltonian ~H) satisfy the following infinite BBGKY hierarchy, which will be called GP-hierarchy:

i∂_tγ^{(k)}_t (x_k; x^′_k) = k� j=1 (−Δ_{xj} + Δ_x′_j )γ^{(k)}_t (x_k; x^′_k)

+ σ k� j=1 � dx_{k+1}(δ(x_j − x_{k+1}) − δ(x^′_j − x_{k+1}))γ^{(k+1)}_t (x_k, x_{k+1}; x^′_k, x_{k+1}) .

(1.24)

with the correct coupling constant σ = 8πa_0. Notice that if u(t, x) is a solution of the GP equation (1.1), then

γ^{(k)}_t (x_k; x^′_k) = k� j=1 u(t, x_j )ū(t, x^′_j ) (1.25)

is a solution of the hierarchy (1.24). To conclude the factorization property (1.21), it remains to answer the following three open questions. The first one is to rigorously justify the cutoff modification of the Hamiltonian by controlling the clustering of particles. The second one is the uniqueness of the solution of the hierarchy in a certain space. The third one is to prove a-priori bounds on the density matrices of the Schrödinger equation so that their limits fall into the space needed in the uniqueness theorem. Recently the uniqueness problem was solved in [5]. Furthermore, the required apriori estimates were established for certain mean field Hamiltonians without the cutoff modification (see Section 3.1 for more details). However, the a-priori estimates and the removal of the cutoff modification for the GP scaling remain interesting open problems.

2 Definition of the Model and the Main Result

We now define the modified Hamiltonian and state the main result. Throughout the paper we use the notation that a ≪ b, if a/b = O(N^{−α}) for some α > 0. The notation W^{k,p} will stand for the standard Sobolev spaces.

2.1 The Two-Body Problem

We consider the problem of a single particle in the field of the scaled potential

V_a(x)/2 = (1/2)N^2V (Nx).

Here we assume V (x) to be a smooth, spherically symmetric, and compactly supported potential. For 0 < κ ≪ 1 let e_κ and (1 − w^κ) be the lowest Neumann eigenvalue and eigenfunction on the ball {y : |y| ≤ κ}, (−Δ +^1_2 V_a)(1 − w^κ) = e_κ(1 − w^κ) (2.1)

with normalization w^κ(|x| = κ) = 0. We can extend w^κ to be identically zero for |x| ≥ κ so that w^κ satisfies (−Δ +^1_2 V_a)(1 − w^κ) = e_κ(1 − w^κ)χ_κ(x), (2.2)

where χ_κ(x) := χ(|x| ≤ κ) is the characteristic function of the ball of radius κ. We will prove in Lemma A.1 that e_κ = 3aκ^{−3}(1 + o(1)),

as long as a ≪ κ ≪ 1.

Let ℓ_1 be a scale to be fixed later on with a ≪ ℓ_1 ≪ 1. Let μ(dκ) := g(κ)dκ be a probability measure supported on [ℓ_1/2, 3ℓ_1/2] with smooth density g. Define w by

1 − w := � (1 − w^κ)μ(dκ) . (2.3)

One can check that w satisfies the equation (−Δ +^1_2 V_a)(1 − w) = q(1 − w) (2.4) where q(x) := � e_κ1(|x| ≤ κ)(1 − w^κ(x))μ(dκ) � (1 − w^κ(x))μ(dκ)

. (2.5)

Some properties of the functions w(x) and q(x), which will be used in the rest of the paper, are collected in Appendix A (see, in particular, Lemma A.2).

2.2 Removal of triples We introduce a new length-scale ℓ with ℓ_1 ≪ ℓ ≪ 1. The following procedure excludes configurations with more than three particles within a distance ℓ from each other.

Let h be the exponential cutoff at scale ℓ defined by h(x) := e^− √ x^2+ℓ^2/ℓ , x ∈ Λ .

For a configuration x = (x_1, . . . x_N ) let N_{ij}(x) be the number of particles other than i and j that are within distance ℓ to either i or j: N_{ij}(x) := � k≠i,j

[h(x_k − x_i) + h(x_k − x_j)] , i ≠ j .

Let 0 < ε <^1_{10} be fixed. Define F (u) := e^{−u/ℓε} , u ≥ 0 and F_{ij} (x) := F (N_{ij} (x)) .

Thus F_{ij} (x) is exponentially small if |x_k − x_i| ≲ ℓ or |x_k − x_j| ≲ ℓ for some k ≠ i, j. The functions F_{kj}, modulo an exponentially small error, forbid particle triples within a distance ℓ and provide a strong non-overlap property. This fact and some other important properties of the functions F_{ij} will be presented in Appendix B.

Introduce the notations χ_{jk} = χ_{jk}(x) := 1(|x_j − x_k| ≤ ℓ_1) if k ≠ j , ~χ_{jk} = ~χ_{jk}(x) := 1(|x_j − x_k| ≤ ℓ) if k ≠ j , and χ_{jk} ≡ ~χ_{jk} ≡ 0 if j = k. Analogously, we will freely use the shorthand notation V_{ij} = V_a(x_i − x_j ), w_{ij} = w(x_i − x_j ), h_{ij} = h(x_i − x_j ) , q_{ij} = q(x_i − x_j) , and similarly for their derivatives. In particular w_{ii} = 0, (∇w)_{ii} = 0.

We also fix a smooth function θ ∈ C^∞_0 (R) with θ(s) = 1 for s ≤ 1 and θ(s) = 0 for s > 2. For some K > 0 we introduce the notation θ_{kj} := θ

� |x_k − x_j |

Kℓ| log ℓ| � . (2.6)

The constant K will be chosen sufficiently large but independent of N at the end of the proof. The K-dependence will be omitted from the notation.

2.3 The Modified Hamiltonian

Consider the function w defined in (2.3) for the length scale ℓ_1. We define

G_i(x) := 1 − � j≠i

w(x_i − x_j)F_{ij} (x) , and W := N� i=1 � G_i . (2.7)

The function W is our approximation to the wave function of the ground state. Due to the cutoffs it differs slightly from the form � i<j f(x_i − x_j) mentioned in Section 1. It is also slightly different from Dyson’s construction [3] of the ground state, which is non-symmetric. By Lemma A.2, w ≤ d_0 < 1 is separated away from 1. We will prove, in Section 8 (see also Lemma 4.1), that there exists a constant c_1 > 0 such that c_1 ≤ G_i ≤ 1.

Introduce the notation M_{kj} by

M_{kj} :=

F_{kj} 2 (G^{−1}_j + G^{−1}_k ) . (2.8)

The modified Hamiltonian ~H is defined by

~H := H − � k≠j

(^1_2 V_{kj} − q_{kj})[1 − (1 − w_{kj} )M_{kj}] . (2.9)

Since V and q have compact support of size at most of order ℓ_1 (Lemma A.2 in Appendix A), the factor (1/2)V_{kj} −q_{kj} vanishes for any k ≠ j unless |x_k −x_j| ≤ O(ℓ_1). Suppose now |x_k −x_j| ≤ O(ℓ_1). If there is no third particle at x_m with m ≠ k, j, such that |x_k −x_m| ≲ ℓ/| log ℓ| then G_j ≈ G_k ≈ 1−w_{kj} and F_{kj} ≈ 1 with exponential precision. Thus [1 − (1 − w_{kj})M_{kj}] is exponentially small. This shows that the difference between H and ~H is exponential small unless three or more particles are closer than ℓ to each other. Since we will choose ℓ = N^{−2/5−κ}, for some κ > 0, the probability for this to happen is, for large N, very small.

The reason for this modification will be clear in Section 6; without the subtraction of the threebody terms in (2.9) we are not able to prove the a priori estimate for H^2 (part ii) of Proposition 6.1.

Our methods can be easily generalized to remove only n-body collisions instead of removing triples collisions, for any n ≥ 3. More precisely, let f ≥ 0 be a smooth function such that f(x) = 1 for x ≤ 0, f(x) ≃ e^{−x} for x ≫ 1. We define

F^{(n)}(u) := f � u − (n − 3) ℓ^ε �

and F^{(n)}_{ij} (x) := F^{(n)}(N_{ij}(x)).

Then, apart from exponentially small errors, F^{(n)}_{ij} (x) = 1, unless there are at least n − 2 other particles in the ℓ-vicinity of x_i and x_j (and F^{(n)}_{ij} ≃ 0 if this is the case). The modified Hamiltonian

~H^{(n)} = H − � k≠j

(^1_2 V_{kj} − q_{kj})[1 − (1 − w_{kj})M^{(n)}_{kj} ] (2.10)

with M^{(n)}_{kj} defined through (2.8), with F_{ij} replaced by F^{(n)}_{ij} . Note that ~H^{(n)} now differs from H by a term which is exponentially small unless there are n or more particles closer that ℓ = N^{−2/5−κ} to each other.

Since we are dealing with bosons, the Hamiltonian (2.9) acts on the Hilbert space H^{⊗sN} := L^2(Λ, dx)^{⊗sN} of functions of 3N variables which are symmetric with respect to any permutation of the N particles, i.e., ψ ∈ H^{⊗sN} if and only if ψ ∈ H^{⊗N} and R_πψ = ψ for all permutation π ∈ S_N , where (R_πψ)(x_1, . . . , x_N ) := ψ(x_{π1}, . . . , x_{πN} ) . (2.11) The dynamics is given by the Schrödinger equation

i∂_tψ_t = ~Hψ_t, or i∂_tγ_N = [ ~H, γ_N ] , (2.12)

for a density matrix γ_N .

2.4 Weak* Topology for the Kernel of Density Matrices Let H := L^2(Λ, dx) be the one particle Hilbert space, and let H^{⊗sn} be the symmetric subspace of the n-fold tensor product H^{⊗n}. We denote by L^1_n := L^1(H^{⊗n}) the space of trace class operators on the Hilbert space H^{⊗n}. We will work with families of trace class operators Γ = {γ^{(n)}}_{n≥1} with γ^{(n)} ∈ L^1_n for all n ≥ 1.

In this section we consider the operator kernels γ^{(n)}(x_n; x^′_n) as elements of L^2(Λ^n × Λ^n), with the norm ‖γ^{(n)}‖_2 = � dx_ndx^′_n |γ^{(n)}(x_n; x^′_n)|^2 . (2.13)

For Γ = {γ^{(n)}}_{n≥1} ∈ � n≥1 L^2(Λ^n × Λ^n), and any fixed ν > 1 we define the norm

‖Γ‖_H(ν)_− := ∞� n=1 ν^{−n}‖γ^{(n)}‖_2 (2.14)

and we define the Banach space H^{(ν)}_− := {Γ ∈ � n≥1 L^2(Λ^n × Λ^n) : ‖Γ‖_H(ν)_− < ∞}. We also define

H^{(ν)}_+ := {Γ ∈ � n≥1 L^2(Λ^n × Λ^n) : lim_{n→∞} ν^n‖γ^{(n)}‖_2 = 0}. We equip H^{(ν)}_+ with the norm

‖Γ‖_H(ν)_+ = sup_{n≥1} ν^n‖γ^{(n)}‖_2 .

Similarly to the standard proof of the duality ℓ^1 = c^∗_0 between scalar valued summable sequences and vanishing sequences, one readily checks the duality H^{(ν)}_− = � H^{(ν)}_+

�_∗ . By the Banach-Alaoglu Theorem, the unit ball B^{(ν)}_− in H^{(ν)}_− is compact with respect to the weak∗ topology.

We shall fix a time T > 0 for the rest of this paper. Denote by C([0, T ], H^{(ν)}_− ) the space of weak* continuous functions from t ∈ [0, T ] to H^{(ν)}_− . Since the space H^{(ν)}_+ is separable, we can fix a dense countable subset in the unit ball of H^{(ν)}_+ , denoted by {J_i}_{i≥1}. Define the metric on H^{(ν)}_− by

ρ(Γ, ~Γ) := ∞� i=1 2^{−i} � � ∞� n=1 � dx_ndx^′_nJ^{(n)}_i (x_n; x^′_k) � γ^{(n)}(x_n; x^′_n) − ~γ^{(n)}(x_n; x^′_n) � � . (2.15)

Note that the topology induced by ρ(., .) and the weak* topology are equivalent on the unit ball B^{(ν)}_− . We equip C([0, T ], H^{(ν)}_− ) with the metric

^ρ(Γ, ~Γ) := sup_{0≤t≤T} ρ (Γ(t), ~Γ(t)) . (2.16)

2.5 The Main Result Consider the rescaled potential V_a(x) = (a_0/a)^2V ((a_0/a)x) (see (1.7)) whose scattering length a is chosen such that Na = a_0. Let ℓ, ℓ_1 be two lengthscales satisfying

a ≪ ℓ_1 ≪ ℓ ≪ 1, aℓ_1 ≪ ℓ^4, a ≪ ℓ^{3/2}_1 , ℓ_1 ≪ ℓ^{3/2}, ℓ^3_1 ≪ aℓ^{9/4}, ℓ^5 ≪ a^2 (2.17) (for example ℓ_1 = N^{−2/3+κ} and ℓ = N^{−2/5−κ} for κ > 0 small enough).

Let ~H be the modified Hamiltonian given in (2.9). Let ψ_{N,t} be a normalized solution of the N-body Schrödinger equation i∂_tψ_{N,t} = ~Hψ_{N,t} . (2.18) and let γ^{(k)}_{N,t}(x_k; x^′_k) be its k-particle marginal densities defined in (1.9). These density matrices satisfy the normalization Tr γ^{(k)}_{N,t} = 1 (2.19) for all N, k and time t. The main result of this paper is the following theorem. Theorem 2.1. Assume the unscaled pair potential V is positive, spherically symmetric, smooth and compactly supported and assume that ϱ = (8π)^{−1}(‖V ‖_1 + ‖V ‖_∞) is sufficiently small (of order one). Let T > 0 be fixed. Suppose that the normalized initial wave function ψ_{N,0} satisfies the energy bounds

⟨ψ_{N,0}, ~Hψ_{N,0}⟩ ≤ C_1N and ⟨ψ_{N,0}, ~H^2ψ_{N,0}⟩ ≤ C_2N^2. (2.20)

Then the sequence γ^{(k)}_{N,t} has at least one non-trivial limit point and any limit point satisfies the infinite Gross-Pitaevskii Hierarchy (1.24) in a weak sense with σ = 8πa_0. More precisely:

i) For sufficiently large ν, the sequence Γ_{N,t} = {γ^{(k)}_{N,t}}_{k≥1} ⊂ C([0, T ], B^{(ν)}_− ) is compact w.r.t. the topology induced by the ^ρ metric.

ii) Let Γ_{∞,t} = {γ^{(k)}_{∞,t}}_{k≥1} ∈ C([0, T ], B^{(ν)}_− ) be any limit point of Γ_{N,t} in the ^ρ metric. Then Γ_{∞,t} satisfies Tr (1 − Δ_i)(1 − Δ_j)γ^{(k)}_{∞,t} < C^k (2.21) for all i ≠ j, i, j = 1, . . . , k, for all t ∈ [0, T ], and all k ≥ 1.

iii) Any limit point Γ_{∞,t} of the sequence Γ_{N,t} is non-trivial. In particular

Tr γ^{(1)}_{∞,t} = 1 and Tr γ^{(2)}_{∞,t} = 1 . (2.22)

iv) Let Γ_{∞,t} be a limit point of Γ_{N,t} and assume h_r(x) = (3/4π) r^{−3}h(x/r) for any h ∈ C^∞_0 (Λ) with � Λ h = 1. Then, for any k ≥ 1 and t ∈ [0, T ], the limit lim r,r^′→0 � dx^′_{k+1}dx_{k+1} h_r(x^′_{k+1} − x_{k+1})h_r′ (x_{k+1} − x_j)γ^{(k)}_{∞,t}(x_k, x_{k+1}; x^′_k, x^′_{k+1})

=: γ^{(k)}_{∞,t}(x_k, x_j ; x^′_k, x_j )

(2.23)

exists in the weak W^{−1,1}(Λ^k × Λ^k)-sense and defines γ^{(k)}(x_k, x_j ; x^′_k, x_j) as a distribution of 2k variables.

v) For any k ≥ 1 and any regular test function J^{(k)}(x_k; x^′_k) in the Sobolev space W^{2,∞}(Λ^k × Λ^k), we have, for any t ∈ [0, T ], � dx_kdx^′_kJ^{(k)}(x_k; x^′_k)γ^{(k)}_{∞,t}(x_k; x^′_k) = � dx_kdx^′_kJ^{(k)}(x_k; x^′_k)γ^{(k)}_{∞,0}(x_k; x^′_k) −i k� j=1 �_t 0 ds � dx_kdx^′_k J^{(k)}(x_k; x^′_k) (−Δ_j + Δ^′_j)γ^{(k)}_{∞,s}(x_k; x^′_k)

−8πia_0 k� j=1 �_t 0 ds � dx_kdx^′_kdx_{k+1} J^{(k)}(x_k; x^′_k)

× (δ(x_j − x_{k+1}) − δ(x^′_j − x_{k+1}))γ^{(k+1)}_{∞,s} (x_k, x_{k+1}; x^′_k, x_{k+1}) .

(2.24)

Remark 2.2. The main assumption (2.20) is satisfied for ψ_{N,0} = W ϕ_N with ϕ_N sufficiently regular. See Lemma D.1 in the Appendix for a proof.

For simplicity, we state the theorem for initial conditions that are pure states. The same result holds for initial conditions γ_{N,0} ∈ L^1(H^{⊗sN} ), Tr γ_{N,0} = 1, with the bounds

Tr ~Hγ_{N,0} ≤ C_1N and Tr ~H^2γ_{N,0} ≤ C_2N^2.

As pointed out in the introduction, the factorization of the limit point γ^{(k)}_{∞,t} depends on the uniqueness of the solution to the infinite GP hierarchy (2.24), which is an open problem.

A similar proof holds if we replace the Hamiltonian ~H (2.9) with ~H^{(n)} (2.10) for any fixed n ≥ 3, if ϱ is sufficiently small, depending on n.

The structure of the rest of the paper is the following. In Section 3 we explain some of the main ideas behind the proof of the main theorem. In Section 4 we define an approximation U_{N,t} of Γ_{N,t}. In Section 6 we prove energy estimates for ~H and ~H^2, which rely on some Hardy type and Sobolev type inequalities, which are stated and proved in Section 5. The energy estimates are turned into a-priori estimates for the approximation U_{N,t} and for any limit point U_{∞,t} of U_{N,t} in Section 7. In Section 8 we show how these a-priori estimates can be used to regularize the delta-function appearing in the limiting GP-Hierarchy. Finally, in Section 9, we prove Theorem 2.1. Some technical estimates are collected in Section 10 and in the Appendices.

3 Idea of the Proof

We write the solution of the Schrödinger equation in the form ψ_{N,t} = W ϕ_{N,t}, where W , defined by (2.7), is an approximation of the wave function of the ground state of the N boson system. We shall implement a general idea that consists of two steps. A similar idea in a quite different context lies behind the relative entropy method [29].

(i) Construct an approximate solution (in our case, W ) to the dynamics and factor out this approximation from the full solution ψ.

(ii) Derive an effective inequality governing the remaining part ϕ. In general, one can prove a stronger estimate on ϕ than on ψ. This estimate often involves Dirichlet form with respect to the approximate solution.

In our case, we obtain the following key estimate on ϕ_{N,t} (Corollary 6.2): � W^2|∇_i∇_j ϕ_{N,t}|^2 ≤ C (3.1)

for any fixed i ≠ j. We define U^{(k)}_{N,t} to be roughly the k-particle density matrix corresponding to the wave function ϕ_{N,t} (the precise definition of U^{(k)}_{N,t} will be given in Section 4). We are going to use U^{(k)}_{N,t} as an approximation of the k-particle density γ^{(k)}_{N,t} (they will coincide in the weak N → ∞ limit). Then (3.1) implies that

Tr (1 − Δ_i)(1 − Δ_j)U^{(k)}_{N,t} ≤ C^k . (3.2)

Let now U^{(k)}_{∞,t} be a weak limit point of U^{(k)}_{N,t} which also satisfies (3.2). Then, using this bound, we can show, by Proposition 8.1, that U^{(k)}_{∞,t}(x_k, x_j ; x^′_k, x_j ) is well-defined. Moreover we will show (Lemma 9.5) that the limit points of γ^{(k)}_{N,t} and of U^{(k)}_{N,t} coincide, i.e. that γ^{(k)}_{∞,t} = U^{(k)}_{∞,t}. Therefore (2.23) holds true, and the right hand side of (2.24) is well-defined. Note that (2.23) and (2.24) cannot be proven directly, since we do not have estimates for Tr (1 − Δ_i)(1 − Δ_j)γ^{(k)}_{N,t}; this is why we need to introduce the auxiliary densities U^{(k)}_{N,t}.

A more refined calculation is needed to obtain σ = 8πa_0. The idea of this calculation was explained in the introduction; it can be made rigorous (Section 9) via the key estimate (3.1) and certain generalizations of the Hardy and Poincaré inequalities (Section 5). To explain (3.1) in more details, we first review the related mean field models.

3.1 The mean-field model

The mean field Hamiltonian is defined by

H_N = − N� j=1 Δ_j + N^{−1} N� j<k V^{(τ )}(x_j − x_k) (3.3)

where we have introduced a scale parameter τ and V^{(τ )}(x) = τ^{−3}V (x/τ). If we fix τ and take the limit N → ∞ (the mean field limit), then with a product initial wave function Hepp [11] and Spohn [27] proved that the one particle density matrix of the solution of the Schrödinger equation (1.8) converges to the Hartree equation

i∂_tu_t = −Δu_t + (V^{(τ )} ∗ |u_t|^2)u_t . (3.4)

If we take τ → 0 in this equation, we recover the GP equation (1.1) but with the so-called mean-field interaction constant σ = b_0 = � V instead of σ = 8πa_0 involving a_0, the scattering length of V . To investigate the simultaneous limit τ → 0, N → ∞ in the many body problem, we set τ = N^{−β}. If 0 < β < 1, then the scattering length of the interaction potential, N^{−1}V^{(τ )}, is much smaller than the range of the potential. So we are in the mean-field regime and the one particle density matrix of the solution of the Schrödinger equation (1.8) is expected to converge to the GP equation with σ = b_0. If β = 1, then the Hamiltonian in (3.3) recovers the Hamiltonian in the GP scaling (1.6) and the limit is expected to be the GP equation with σ = 8πa_0.

In a joint work with A. Elgart we prove that, for product initial data and 0 < β < 2/3, the density matrices of the Schrödinger equation (1.8) converge to a solution of the GP hierarchy (1.24) with σ = b_0. In [5], we also prove that the GP hierarchy has a unique solution in an appropriate Sobolev space. Moreover, we show in [5] that for 0 < β < 1/2 any limit of the solution to the Schrödinger equation with product initial data satisfies the a-priori Sobolev bound. Hence, in this case, we prove the uniqueness as well, and therefore we complete the derivation of the GP equation with σ = b_0 in a mean-field scaling. The same result is expected to hold also for 1/2 ≤ β < 1, but the a-priori bound in this regime is open.

The outline of the proof in [4] is similar to this paper’s. The first step is to prove the estimate � i,j � |∇_i∇_jψ_{N,t}|^2 ≤ CN^2 . (3.5)

The proof of the convergence to the hierarchy makes use of arguments similar to the ones used in Section 8 and Section 9. Since the proof of the estimate (3.5) is instructive, we reproduce it here.

Proposition 3.1. Suppose ψ(x) is a smooth normalized function. Then the following inequality holds

(ψ, H^2_N ψ) ≥ C_1 � 1 − 1 Nτ^{3/2}

�_N�

j,ℓ=1 � dx|∇_j∇_ℓψ(x)|^2

− C_2N Nτ^{3/2} N� j=1 � dx|∇_jψ(x)|^2 −

C_3N^2 Nτ^{3/2} � dx|ψ(x)|^2.

(3.6)

In particular, for τ = N^{−β} with 0 ≤ β < 2/3, we have N� j,ℓ=1 � dx|∇_j∇_ℓψ(x)|^2 ≤ C(ψ, H^2_N ψ) + CN^2 . (3.7)

Proof. By expanding the square of the energy operator and dropping some positive diagonal terms, we have

‖H_N ψ‖^2 ≥ � j,ℓ � dxΔ_jψ̄(x)Δ_ℓψ(x)

+ 1 N N� j=1 � ℓ≠m � dx(−Δ_jψ̄(x))V^{(τ )}(x_ℓ − x_m)ψ(x)

+ 1 N N� j=1 � ℓ≠m � dx(−Δ_jψ(x))V^{(τ )}(x_ℓ − x_m)ψ̄(x) .

(3.8)

From integration by parts, the second term on the right hand side of the previous equation equals 1 N N� j=1 � ℓ≠m � dx(−Δ_jψ̄(x))V^{(τ )}(x_ℓ − x_m)ψ(x) = 1 N N� j=1 � ℓ≠m � dx|∇_jψ(x))|^2V^{(τ )}(x_ℓ − x_m)

+ 2 N N� j≠ℓ � dx � ∇_jψ̄ � (x)ψ(x)∇_j V^{(τ )}(x_j − x_ℓ) .

From the Schwarz inequality, the last term is bounded by � dx∇_jψ̄(x)ψ(x)∇_j V^{(τ )}(x_j − x_ℓ) ≥ − 1 τ^{3/2} � dx |∇_j ψ(x)|^2 1 τ^2 � �∇V � x_j −x_{ℓτ} � � � − 1 τ^{3/2} � dx|ψ(x)|^2 1 τ^3 � �∇V � x_j −x_{ℓτ} � � � .

By Lemma 5.2, the last two terms are bounded below by − C_1 τ^{3/2} N� j,ℓ=1 � dx � |∇_ℓ∇_j ψ(x)|^2 + |∇_jψ(x)|^2 + |ψ(x)|^2 � .

The last term in (3.8) can be bounded in a similar way. Combining these equations, we have proved Proposition 3.1.

To understand the restriction τ ≫ N^{−2/3}, consider a single particle in the potential N^{−1}V^{(τ )}. Define the operator h in R^3 by h := −Δ_x + N^{−1}V^{(τ )}(x) .

Clearly, ⟨f, h^2f⟩ is given by

⟨f, h^2f⟩ = � f, � ΔΔ − ΔN^{−1}V^{(τ )} − N^{−1}V^{(τ )}Δ + N^{−2}(V^{(τ )})^2 � f � . (3.9)

Notice that for a general smooth function f living on scale one, the last term ⟨f, N^{−2}(V^{(τ )})^2f⟩ is of order N^{−2}τ^{−3}. This term diverges in the large N limit if τ ≪ N^{−2/3}. The middle terms, on the other hand, are bounded by CN^{−1}. Hence for smooth functions living on scale one, ⟨f, h^2f⟩ typically diverges. Therefore, functions with ⟨f, h^2f⟩ finite (in particular, the eigenstates of h) should have short scale structure. For such functions, the divergent parts of N^{−2}(V^{(τ )})^2 (and that of ΔΔ) are cancelled by the middle terms ΔN^{−1}V^{(τ )} + N^{−1}V^{(τ )}Δ. This cancellation can be understood using the following idea of “resolution of singularities” with the help of an approximate solution W . We explain the method in the setting of our modified Hamiltonian ~H.

3.2 Resolution of singularities

In this section we explain the idea behind the estimate (see (1.23)) � i,j � W^2|∇_i∇_jϕ|^2 ≤ C⟨W ϕ, ( ~H^2 + N^2)W ϕ⟩ = C⟨ψ, ( ~H^2 + N^2)ψ⟩ . (3.10)

Since the right side is a constant of motion, this implies the a-priori bound (3.1). Recall that ~H contains the singular potential N^2V (Nx). The difficulty of the singular potential was resolved in the work of Lieb-Yngvason [24] for the ground state energy problem. The basic idea was to replace the singular potential by some flattened out potential and to use the variational principle and the positivity of the potential. Our aim, instead, is to estimate the Sobolev norm of ϕ in terms of ~H^2. Therefore, there is no variational principle and the usage of positivity of the potential is limited. Our strategy is to factor out the approximate ground state W . The resulting effective Hamiltonian contains a flattened interaction potential, similar to the one in [24]. In this way, we also maintain the almost perfect cancellation between the potential and kinetic energy operators, a critical property explained in the previous section.

The action of the Hamiltonian ~H on a product function ψ = W ϕ can be written in a more convenient form. Let B be the function B := W^{−1} ~HW . (3.11) Define the operator L := � k � − Δ_k − 2∇_k(log W )∇_k � . (3.12)

The operator L is self-adjoint with respect to W^2, since � W^2ϕ̄_1(Lϕ_2) = N� k=1 � W^2(∇_kϕ̄_1)(∇_kϕ_2) = � W^2(Lϕ̄_1)ϕ_2 .

Then we have

W^{−1} ~H (W ϕ) = Lϕ + Bϕ, � ψ̄ ~Hψ = � k � W^2|∇_kϕ|^2 + � W^2B|ϕ|^2 ,

and the following identity � | ~HW ϕ|^2 = � W^2|Lϕ|^2 + � W^2Bϕ̄Lϕ + � W^2BϕLϕ̄ + � |ϕ|^2( ~HW )^2 .

Last equation can be rewritten in the following more convenient form: � | ~HW ϕ|^2 = � i,j � W^2|∇_i∇_jϕ|^2 − 2 � i,j � W^2(∇_i∇_j log W ) ∇_iϕ̄∇_jϕ + 2 � m � W^2B|∇_mϕ|^2 + � W^2(∇_mB) �¯ ϕ∇_mϕ + ϕ∇_mϕ̄ � + � B^2|ϕ|^2W^2.

(3.13)

For more details see (6.15)-(6.17). If W is the true ground state of ~H, then B is a positive constant and the middle term in the second line of the last equation vanishes. From the Schwarz inequality, we have � | ~HW ϕ|^2 ≥ � i,j � W^2|∇_i∇_j ϕ|^2 − 2 � i,j � W^2|∇_i∇_j log W | |∇_iϕ|^2. (3.14)

The singularities of the ground state wave function are of the form 1−Ca/|x_i −x_j| for some constant C and for r ≤ |x_i − x_j| ≪ 1, where r is the radius of the support of V_a (r is of order a). The second derivative of the ground state wave function is bounded by Ca/|x_i − x_j |^3 ≤ Cϱ/|x_i − x_j |^2 in this regime, since a ≤ C � V_a ≤ Ca^{−2}‖V ‖_∞r^3 ≤ Crϱ. Recall that ϱ = (8π)^{−1}(‖V ‖_1 + ‖V ‖_∞). The same estimate also holds for |x_i − x_j| ≤ r (see Appendix A). Thus |∇_i∇_j log W | ≤ Cϱ/|x_i − x_j|^2. Applying the Hardy inequality, the last term can be bounded by � W^2|∇_i∇_j log W | |∇_iϕ|^2 ≤ Cϱ � i,j � W^2|∇_i∇_jϕ|^2 .

Assuming that ϱ is small enough (of order one), together with (3.14) we get the key estimate (3.10).

In practice, we do not know the exact ground state function and its approximation will be used. When x_i is near x_j, the approximate ground state behaves like the ground state of the Neumann boundary problem given in (2.4). Thus the singularity of B for |x_i − x_j | ≪ 1 behaves like q(x_i − x_j ) where q, defined in (2.5), lives on scale ℓ_1 ≫ 1/N. This procedure, roughly speaking, replaces the singular potential V_a by an effective potential living on a bigger scale ℓ_1. The price to pay is the two middle terms in (3.13). Since the singularities of W and q are milder than that of V_a, this procedure in a sense resolves the singularity of V_a. This is the key idea behind the proof of the estimate (3.1).

4 Construction of the approximate solution

Recall the definition of the functions G_i and W ,

G_i(x) := 1 − � j≠i

w(x_i − x_j)F_{ij} (x) , and W := N� i=1 � G_i . (4.1)

In the next lemma we prove that G_i is separated away from zero.

Lemma 4.1. There is a positive constant c_1 depending only on V such that for sufficiently large N c_1 ≤ G_i ≤ 1 . (4.2) Proof. This can easily be seen because, for fixed i, the sum � j≠i wijFij equals zero, if |xi − xj | > ℓ

for all j ≠ i, while, if |x_i − x_m| ≤ ℓ for some m ≠ i, it is bounded by χ(|x_i − x_m| ≤ ℓ) � j≠i

w_{ij}F_{ij} ≤ w_{im}F_{im} + Ne^{−cℓ−ε} ≤ c_1 + Ne^{−cℓ−ε}

where we applied Lemma B.1. So if N is large enough we obtain (4.2) with some c_1 ∈ (c_0, 1).

We will also need versions of G_i and W which are independent of some of the variables x_1, . . . x_N . We define, for i, m ≠ k_1, . . . , k_α fixed, a version of F_{im} independent of x_{k1} , · · · , x_{kα} :

F^{(k1...kα)} im := F (N^{(k1...kα)} im ), N^{(k1...kα)}_{im} := � u≠i,m,k_1,...,k_α

[h_{iu} + h_{mu}] .

Moreover, for i ≠ k_1, . . . , k_α, we define

G^{(k1 ...kα)} i := � �1 − � m≠i,k_1,...,k_α

w_{im}F^{(k1...kα)} im � �

and W^{(k1...kα)} := � i≠k_1,...,k_α � G^{(k1...kα)} i . (4.3)

Thus W^{(k1...kα)} is independent of x_{k1} , . . . , x_{kα} . When α = 1, we shall drop the label α = 1 and denote the function by W^{(k)}. Notice that we have G^{(k)}_i = G_i + w_{ik}F_{ik} − � m≠k,i

w_{im}(F^{(k)}_{im} − F_{im}) .

We shall also use the notations W^{[k]} := W^{(1...k)}, F^{[k]}_{im} := F^{(1...k)}_{im} for any i, m > k, and G^{[k]}_i := G^{(1...k)} i , for i > k. In Appendix C we shall prove the existence of a constant C, such that, for any choice of the indices k_1, ..k_α, C^{−α} ≤ W^{(k1..kα)}/W ≤ C^α .

Since W ≠ 0 (by Lemma 4.1), we can write the solution of the Schrödinger equation (2.18) as ψ_{N,t} = W ϕ_{N,t}. (4.4)

We define a modified k-particle marginal distributions by

U^{(k)}_{N,t}(x_1, . . . , x_k; x^′_1, . . . , x^′_k) := � dx_{k+1} . . . dx_N (W^{[k]}(x_{k+1}, . . . , x_N ))^2 ×ϕ_{N,t}(x_1, , . . . , x_k, x_{k+1}, . . . , x_N )ϕ_{N,t}(x^′_1, . . . , x^′_k, x_{k+1}, . . . , x_N ) .

(4.5)

These density matrices will satisfy the requirements of the Main Theorem 2.1.

Clearly U^{(k)}_{N,t} ≥ 0 as an operator on L^2(Λ, dx)^{⊗sk}. Furthermore, by (C.2), we have Tr U^{(k)}_{N,t} = � dx_1 . . . dx_N (W^{[k]}(x_{k+1}, . . . , x_N ))^2|ϕ_{N,t}(x_1, . . . x_k, x_{k+1}..x_N )|^2 ≤ C^k_0 � dx_1 . . . dx_N W (x)^2|ϕ(x)|^2 ≤ C^k � dx|ψ_{N,t}(x)|^2 = C^k_0 .

It is instructive to compare the approximate densities U^{(k)}_{N,t} with the true marginal densities γ^{(k)}_{N,t}, which are given by

γ^{(k)}_{N,t}(x_1, . . . , x_k; x^′_1, . . . ,x^′_k) := � dx_{k+1} . . . dx_N W (x_1, . . . , x_N )W (x^′_1, . . . , x^′_N ) × ϕ_{N,t}(x_1, , . . . , x_k, x_{k+1}, . . . , x_N )ϕ_{N,t}(x^′_1, . . . , x^′_k, x_{k+1}, . . . , x_N ) .

A simple computation shows that γ^{(2)}_{N,t} and U^{(2)}_{N,t} satisfy the relation (1.19).

5 Hardy type and Sobolev type inequalities

We need the following finite volume version of the usual Hardy inequality � R^3

|f|^2 |x|^2 ≤ C � R^3

|∇f|^2 . (5.1) Lemma 5.1 (Hardy Type Inequality). Let 0 ≤ U(x) ≤ c|x|^{−2} on B := {|x| ≤ ℓ} ⊂ R^3, and let ⟨f⟩ := |B|^{−1} � B f be the average of f on B (|B| = (4/3)πℓ^3 is the volume of B). Then ⟨U|f|^2⟩ ≤ C⟨|∇f|^2⟩ + C⟨U⟩⟨|f|^2⟩ . (5.2) Proof. Let f̄ := ⟨f⟩, then ⟨U |f|^2⟩ ≤ 2⟨U |f − f̄|^2⟩ + 2f̄^2⟨U⟩ .

By the usual Hardy inequality ⟨U|f − f̄|^2⟩ ≤ C⟨|∇f|^2⟩ + Cℓ^{−2}⟨|f − f̄|^2⟩ .

By the Neumann spectral gap we have ℓ^{−2}⟨|f − f̄|^2⟩ ≤ C⟨|∇f|^2⟩ .

The lemma now follows from |f̄|^2 = |⟨f⟩|^2 ≤ ⟨|f|^2⟩.

We also need some well-known inequalities, collected in the following lemma.

Lemma 5.2 (Sobolev Type Inequalities). The following two inequalities are standard.

i) Suppose U ∈ L^{3/2}(Λ), U ≥ 0, and ψ ∈ W^{1,2}(Λ). Then � Λ |ψ|^2U ≤ C‖U‖_L3/2_{(Λ)} � Λ � |∇ψ|^2 + |ψ|^2 � . (5.3)

ii) Suppose U ∈ L^1(Λ). Then, considering U(x−y) as an operator on the Hilbert space L^2(Λ, dx)⊗ L^2(Λ, dy) we have the operator inequality

U(x − y) ≤ C‖U‖_L1 (1 − Δ_x)(1 − Δ_y) . (5.4)

Proof. i) Applying the Hölder inequality we find � U |ψ|^2 ≤ � Λ U^{3/2}

�_{2/3} � Λ |ψ|^6

�_{1/3} . By the Sobolev inequality we have � Λ |ψ|^6

�_{1/3} ≤ C � Λ � |∇ψ|^2 + |ψ|^2 � , which implies part i). The proof of part ii) can be found in [6]. Let λ(x) := χ{|x| ≤ 3ℓ_1/2}

|x|^2 and σ(x) := χ{|x| ≤ 3ℓ_1/2} |x|^3 + a^3 x ∈ Λ , (5.5)

and, as usual, λ_{ij} := λ(x_i − x_j ), σ_{ij} := σ(x_i − x_j). We note the following inequalities, whose proof is given in Appendix A

w ≤ ~χ, w ≤ Caℓ_1λ, |∇w| ≤ Ca^{−1}, |∇w| ≤ Caλ, |∇^2w| ≤ Cϱλ, |∇^2w| ≤ Caσ, |∇w|^2 ≤ Caσ, w^2 ≤ Ca^2λ,

(5.6)

where ϱ = (8π)^{−1}(‖V ‖_∞ + ‖V ‖_1).

In the sequel we will use the convention that integrals without specified measure and domain will always refer to Lebesgue integration on Λ^N : � � . . . � := � Λ^N � . . . � dx .

We will use the Hardy-type and the Sobolev type inequalities in the following form:

Lemma 5.3. Let ϕ(x) ∈ L^2(Λ^N ). For any q > 0 and for fixed k, j indices and fixed x_1, .., ^x_k, .., x_N we have � dx_kW^2F^q_{kj} λ_{kj}|ϕ|^2 ≤ C_q � dx_kW^2F^{q/4}_{kj} ~χ_{kj}|∇_kϕ|^2 + C_qℓ_1ℓ^{−3} � dx_kW^2F^{q/4}_{kj} ~χ_{kj}|ϕ|^2 (5.7)

for sufficiently large N. In particular � kj � W^2F^q_{kj} λ_{kj}|ϕ|^2 ≤ C_q � W^2 � � k |∇_kϕ|^2 + Nℓ_1ℓ^{−3} � |ϕ|^2 � (5.8) by (B.2). Moreover we have � kj � W^2σ_{kj}|ϕ|^2 ≤ C(log N) � W^2 � � � jk |∇_j ∇_kϕ|^2 + N � j |∇_jϕ|^2 + N^2|ϕ|^2 � � . (5.9)

The same estimates hold if we set W ≡ 1 in all integrals.

Proof. We define F^{(k)}_j := e^{−ℓ−ε ∑m≠k,j h(xj −xm)}.

Note that F^{(k)}_j is independent of the variable x_k, and that, trivially, F_{kj} ≤ F^{(k)}_j . Moreover we have

~χ_{kj} F^q_{kj} = ~χ_{kj} e^{−qℓ−ε ∑m≠k,j (h(xj −xm)+h(xk −xm))}

≥ ~χ_{kj} e^{−qℓ−ε} ∑ m≠k,j h(xj −xm) ( 1+e^{|xj −xk|/ℓ} )

≥ ~χ_{kj} [F^{(k)}_j ]^{4q},

(5.10)

because 1 + e ≤ 4. Here we used that ((x_k − x_m)^2 + ℓ^2)^{1/2} ≤ ((x_j − x_m)^2 + ℓ^2)^{1/2} + |x_j − x_k|. Using (C.1) to replace W^2 by [W^{(k)}]^2, which is independent of x_k, applying (5.2) for x_k, and finally changing the measure back, we find: � W^2F^q_{kj}λ_{kj} |ϕ|^2 ≤ C^2_0 � [W^{(k)}]^2(F^{(k)}_j )^qλ_{kj}|ϕ|^2 ≤ C � dx_1 . . . �dx_k . . . dx_N [W^{(k)}]^2(F^{(k)}_j )^q � dx_k � |∇_kϕ|^2 + ℓ_1ℓ^{−3}|ϕ|^2 � ~χ_{kj} ≤ C � W^2(F^{(k)}_j )^q ~χ_{kj} � |∇_kϕ|^2 + ℓ_1ℓ^{−3}|ϕ|^2 � . The estimate (5.7) follows now from (5.10). Similarly the estimate (5.9) follows from (5.4), after replacing W by W^{(k,j)}. It is clear that setting W ≡ 1 would not alter the validity of the proof.

6 Energy Estimate

We begin by computing the action of the Hamiltonian H defined in (1.6) on the wave function W , defined in Section 2.3. For any fixed index k we have

W^{−1}(−Δ_k)W =

−Δ_kG_j

2G_j

− 1(i ≠ j) 1 4 ∇_kG_i G_i

∇_kG_j G_j + 1 4 � ∇_kG_j G_j

�_2 . Here, and in the rest of the paper, we use the summation convention: all unspecified indices are summed up; in this case the j and i indices on the right hand side.

Direct computation shows that for any fixed k

−Δ_kG_k = (Δw)_{kj} F_{kj} + Ω_k ,

where Ω_k := 2(∇w)_{kj} ∇_kF_{kj} + w_{kj}Δ_kF_{kj} (6.1) and, if k ≠ j are fixed, then −Δ_kG_j = (Δw)_{kj} F_{kj} + Ω_{kj} with Ω_{kj} := 2(∇w)_{kj} ∇_kF_{kj} + w_{ij}Δ_kF_{ij} .

From (2.4) it follows that

Δw = −(1/2)V_a(1 − w) + (1 − w)q .

Then we have W^{−1}HW = ((1/2)V_{kj} − q_{kj})[1 − (1 − w_{kj})M_{kj} ] + q_{kj} + Ω (6.2) with Ω :=

Ω_k 2G_k + Ω_{kj} 2G_j − 1 4 ∇_kG_i G_i

∇_kG_j G_j

1(i ≠ j) + 1 4 � ∇_kG_i G_i

�_2 (6.3)

and, for any k, j (see 2.8) M_{kj} :=

F_{kj} 2 (G^{−1}_j + G^{−1}_k ) . (6.4)

The action of the modified Hamiltonian (2.9) on the wave function W is then simply given by

W^{−1} ~HW = q_{kj} + Ω .

It follows that the action of ~H on the product W ϕ is given by

W^{−1} ~HW ϕ = Lϕ + Bϕ (6.5)

where we defined the operator

L := � k � − Δ_k − 2∇_k(log W )∇_k � , (6.6)

and the function B := W^{−1} ~HW = q_{kj} + Ω . (6.7) Note that the operator L has the self-adjointness property that (with the summation convention) � W^2ψ̄(Lϕ) = � W^2(∇_kψ̄)(∇_kϕ) = � W^2(Lψ̄)ϕ . (6.8)

Next we compute the last two terms in Ω (see (6.3)). For fixed i, k we have

∇_kG_i = (∇w)_{ik}F_{ik} − (∇w)_{kℓ}F_{kℓ}δ_{ki} − w_{iℓ}∇_kF_{iℓ} .

Hence we obtain

(∇_kG_i)^2 = (∇w)^2_{ik}F^2_{ik} + (∇w)_{kℓ}(∇w)_{ks}F_{kℓ}F_{ks}δ_{ki} − 2(∇w)_{ik}w_{iℓ}F_{ik}∇_kF_{iℓ} + 2(∇w)_{kℓ}w_{ks}F_{kℓ}∇_kF_{ks}δ_{ki} + w_{iℓ}w_{is}∇_kF_{iℓ}∇_kF_{is} .

Using Lemma B.1 we note that the second term on the r.h.s. is exponentially small unless ℓ = s. Analogously the third term is exponentially small unless k = ℓ, while the fourth and fifth terms are exponentially small unless ℓ = s. Thus summing over i, k on the left and the right side of the equation, we obtain (changing the name of the indices in the second and fourth term)

(∇_kG_i)^2

4G^2_i = (∇w)^2_{ik}F^2_{ik} 2(1 − w_{ik}F_{ik})^2 − (∇w)_{ik}w_{ik}F_{ik}(∇_kF_{ik} − ∇_iF_{ik}) 2G^2_i + w^2_{iℓ}(∇_kF_{iℓ})^2

4G^2_i + O � e^{−cℓ−ε} � . (6.9)

Here we also used that, on the support of (∇w)_{ik}, we have G_i = 1 − w_{ik}F_{ik} + O(e^{−c/ℓε} ). Analogously, for i ≠ j we have ∇_kG_i∇_kG_j

4G_iG_j = (∇w)^2_{ik}F^2_{ik} 2(1 − w_{ik}F_{ik})^2 − (∇w)_{ik}w_{jℓ}F_{ik}(∇_kF_{jℓ} − ∇_iF_{jℓ}) 2G_iG_j + w_{iℓ}w_{js}∇_kF_{iℓ}∇_kF_{js} 4G_iG_j + O � e^{−cℓ−ε} � (6.10) where we are summing over all k and all i ≠ j on the left and the right side of the equation. We see that there are some cancellations between (6.9) and (6.10). It follows that

Ω = ~Ω + O � e^{−cℓ−ε} � , (6.11)

where ~Ω = Ω^k 2G_k + Ω_{kj} 2G_j

+ Γ (6.12) and Γ = s_{ij} � (∇w)_{ik}w_{jℓ}F_{ik}(∇_kF_{jℓ} − ∇_iF_{jℓ}) 2G_iG_j − w_{iℓ}w_{js}∇_kF_{iℓ}∇_kF_{js}

4G_iG_j � . Here s_{ij} = −1 if i = j and s_{ij} = 1 if i ≠ j (and sum over all indices is understood). A more careful analysis also shows that, analogously to (6.11), for any fixed m,

∇_mΩ = ∇_m ~Ω + O � e^{−cℓ−ε} � . (6.13)

This fact will be used in the proof of the next proposition, which is the key energy estimate. Proposition 6.1. Assume a = a_0N^{−1}, a ≪ ℓ_1 ≪ ℓ ≪ 1, aℓ_1 ≪ ℓ^4, a ≪ ℓ^{3/2}_1 and a ≪ ℓ^2 (for example ℓ_1 = N^{−2/3+κ} and ℓ = N^{−2/5−κ}, for κ > 0 sufficiently small). Put ϱ = (8π)^{−1}(‖V ‖_∞ + ‖V ‖_1).

i) Then we have

(W ϕ, ~HW ϕ) = � W ϕ̄( ~HW ϕ) ≥ (1 − o(1)) � W^2 � k |∇_kϕ|^2 − o(N) � W^2|ϕ|^2 ,

for N → ∞.

ii) Moreover, if ϱ is sufficiently small, there is C > 0 such that � |H̃W ϕ|^2 ≥ (C − o(1)) � W^2 � ij |∇_i∇_jϕ|^2 − o(1) � N � W^2 � i |∇_iϕ|^2 + N^2 � W^2|ϕ|^2 �

as N → ∞.

This Proposition and the conservation of ~H and ~H^2 along the solution of the Schrödinger equation (2.18) immediately implies the following Corollary 6.2. Let ψ_{N,t}(x) = W (x)ϕ_{N,t}(x) be a symmetric (with respect to permutations of the particles) wave function solving the Schrödinger equation (2.18), with initial data ψ_{N,0} satisfying the bounds (ψ_{N,0}, ~Hψ_{N,0}) ≤ C_1N , and (ψ_{N,0}, ~H^2ψ_{N,0}) ≤ C_2N^2 .

Suppose moreover that the assumptions of Proposition 6.1 are satisfied. Then for any time t and for any fixed indices i ≠ j, we have � W^2|∇_iϕ_{N,t}|^2 ≤ C, � W^2|∇_i∇_jϕ_{N,t}|^2 ≤ C (6.14)

for some constant C, independent of t and of the indices i, j.

Proof of Proposition 6.1. From (6.5), (6.8) we have (recall the summation convention) � W ϕ̄( ~HW ϕ) = � W^2|∇_kϕ|^2 + � W^2B|ϕ|^2 ≥ � W^2|∇_kϕ|^2 − � W^2|Ω||ϕ|^2 .

Here we used that B = q_{kj} + Ω ≥ Ω, because q_{kj} ≥ 0. Part i) thus follows immediately from (6.11) and Lemma 6.3 below.

As for part ii) we note that, from (6.5), � | ~HW ϕ|^2 = � W^2|Lϕ|^2 + � W^2Bϕ̄Lϕ + � W^2BϕLϕ̄ + � |ϕ|^2( ~HW )^2 . (6.15)

Using (6.8), we can rewrite the second and third term in the last equation as � W^2Bϕ̄Lϕ + � W^2BϕLϕ̄ = 2 � W^2B|∇_mϕ|^2 + � W^2(∇_mB) �¯ ϕ∇_mϕ + ϕ∇_mϕ̄ �

≥ 2 � W^2Ω|∇_mϕ|^2 − 2 � W^2|∇_mB||ϕ||∇_mϕ|.

(6.16)

Here we used again the positivity of q. From Eqs. (6.11) and (6.13), we find � W^2Bϕ̄Lϕ + � W^2BϕLϕ̄

≥ − 2 � W^2|~Ω||∇_mϕ|^2 − 2 � W^2|∇_mq_{kj}||ϕ||∇_mϕ| − 2 � W^2|∇_m ~Ω||ϕ||∇_mϕ| + O � e^{−cℓ−ε} � � W^2|∇_mϕ|^2 + N � W^2|ϕ|^2 � . Analogously, the first term on the r.h.s. of (6.15) can be written as � W^2|Lϕ|^2 = � W^2∇_j(Lϕ̄)∇_jϕ = � W^2(L∇_jϕ̄)∇_jϕ + � W^2 � [∇_j , L]ϕ̄ � ∇_jϕ = � W^2∇_i∇_jϕ̄∇_i∇_j ϕ − 2 � W^2∇_j

�∇_iW W � ∇_iϕ̄∇_jϕ = � W^2|∇_i∇_j ϕ|^2 − 2 � W^2(∇_i∇_j log W ) ∇_iϕ̄∇_jϕ .

(6.17)

Next we note that, for any fixed i.j,

∇_i∇_j log W = 1 2 � ℓ ∇_i∇_j log G_ℓ = 1 2 � ℓ ∇_i∇_jG_ℓ G_ℓ − ∇_iG_ℓ∇_jG_ℓ G^2_ℓ . The second term gives a positive contribution. Hence we have � W^2|Lϕ|^2 ≥ � W^2|∇_i∇_j ϕ|^2 − � W^2

∇_i∇_jG_ℓ

G_ℓ

∇_iϕ̄∇_jϕ.

Thus, using G_ℓ ≥ c_1 > 0, we obtain � | ~HW ϕ|^2 ≥ � W^2|∇_i∇_jϕ|^2 − (1/c_1) � W^2|∇_i∇_jG_ℓ| |∇_iϕ||∇_j ϕ| − 2 � W^2|~Ω||∇_mϕ|^2 − 2 � W^2|∇_mq_{kj}||ϕ||∇_mϕ| − 2 � W^2|∇_m ~Ω||ϕ||∇_mϕ| + O � e^{−cℓ−ε} � � W^2|∇_mϕ|^2 + N � W^2|ϕ|^2 � . (6.18)

The first term on the r.h.s. is the positive contribution we are interested in, all the other terms are errors terms which we estimate separately in Lemmas 6.3 (note the remark after Lemma 6.3), 6.4, 6.5 and 6.6. The proposition follows then from last equation and from the results of these lemmas.

In the rest of this section we use the following notations for brevity

E(ϕ) := � W^2 � k |∇_kϕ|^2 + N � W^2|ϕ|^2

F(ϕ) := � W^2 � kj |∇_k∇_jϕ|^2 + N � W^2 � k |∇_kϕ|^2 + N^2 � W^2|ϕ|^2 ,

where the dependence on N is omitted.

Lemma 6.3. Assume a ≪ ℓ_1 ≪ ℓ ≪ 1 and aℓ_1 ≪ ℓ^4. Then � W^2|~Ω||ϕ|^2 ≤ o(1)E(ϕ)

as N → ∞.

Remark. Replacing ϕ by ∇_mϕ, and summing over m, it also follows from Lemma 6.3 that � W^2|~Ω| � m |∇_mϕ|^2 ≤ o(1)F(ϕ) .

Proof. Using G_j ≥ c_1 > 0, we have from (6.12) (using the summation convention) � W^2|~Ω||ϕ|^2 ≤ C � W^2 � |(∇w)_{kj} ||∇_kF_{kj}| + w_{ij}|Δ_kF_{ij} | � |ϕ|^2 + C � W^2 � |(∇w)_{ik}|w_{jr}F_{ik}|∇_kF_{jr}| + w_{im}w_{jr}|∇_kF_{im}||∇_kF_{jr}| � |ϕ|^2 ≤ C � W^2(aℓ^{−1} + aℓ_1ℓ^{−2})λ_{kj}F^{1/2}_{kj} |ϕ|^2 ,

where we used the estimates w_{jr} ≤ ~χ_{jr}, w_{ij} ≤ Caℓ_1λ_{ij} and |∇w_{ij} | ≤ Caλ_{ij} from (5.6), and we also used the formulas (B.3), (B.6) to sum up indices. Using ℓ_1 ≤ ℓ and (5.8), we obtain � W^2|~Ω||ϕ|^2 ≤ Caℓ^{−1} � W^2 � |∇_kϕ|^2 + Nℓ_1ℓ^{−3}|ϕ|^2 � = o(1)E(ϕ) .

Lemma 6.4. Assume a ≪ ℓ_1 ≪ ℓ and aℓ_1 ≪ ℓ^4. Then there is a constant C such that � W^2 � i,j,m

|∇_i∇_jG_m||∇_iϕ||∇_j ϕ| ≤ Cϱ � W^2 � i,j |∇_i∇_jϕ|^2 + o(1)E(ϕ)

for N → ∞. Recall that ϱ = (8π)^{−1}(‖V ‖_∞ + ‖V ‖_1).

Proof. A direct computation of ∇_i∇_jG_m and an application of Schwarz inequality (to separate |∇_j ϕ| and |∇_iϕ|) show that (with the summation convention) � W^2|∇_i∇_j G_m||∇_iϕ||∇_j ϕ| ≤ 4 � W^2|(∇^2w)_{ij} |F_{ij} |∇_iϕ|^2 + C � W^2|(∇w)_{kj} ||∇_iF_{kj}||∇_iϕ|^2 + C � W^2|(∇w)_{kj} ||∇_iF_{kj} ||∇_j ϕ|^2 + � W^2w_{km}|∇_i∇_jF_{km}||∇_iϕ|^2 .

(6.19)

Applying |∇w| ≤ Caλ (see (5.6)), (B.3), and (5.8), the second term is bounded by � W^2|(∇w)_{kj} ||∇_iF_{kj}||∇_iϕ|^2 ≤ Caℓ^{−1} � W^2λ_{kj}F^{1/2}_{kj} |∇_iϕ|^2 ≤ o(1)F(ϕ) (6.20)

if aℓ_1 ≪ ℓ^4, and a ≪ ℓ. The third term on the r.h.s. of (6.19) can be bounded analogously. As for the fourth term in (6.19), we note that, using (B.3) and w ≤ Caℓ_1λ (by (5.6)), it is bounded by � W^2w_{km}|∇_i∇_jF_{km}||∇_iϕ|^2 ≤ Caℓ_1ℓ^{−2} � W^2λ_{km}F^{1/2}_{km} |∇_iϕ|^2

and the same estimate holds as in (6.20) since aℓ_1ℓ^{−2} ≤ aℓ^{−1}.

Finally we consider the first term on the r.h.s. of (6.19). Using |∇^2ω| ≤ Cϱλ from (5.6) and the estimate (5.7) we obtain � W^2|(∇^2w)_{ij} |F_{ij} |∇_iϕ|^2 ≤ Cϱ � W^2λ_{ij}F_{ij} |∇_iϕ|^2

≤ Cϱ � W^2 ~χ_{ij}F^{1/4}_{ij} |∇_i∇_jϕ|^2 + Cϱℓ_1ℓ^{−3} � W^2 ~χ_{ij} F^{1/4}_{ij} |∇_iϕ|^2

≤ Cϱ � W^2|∇_i∇_j ϕ|^2 + C ℓ_1 Nℓ^3 N � W^2|∇_iϕ|^2 ,

where we also used (B.2). This completes the proof because ℓ_1ℓ^{−3}N^{−1} = o(1), as N → ∞.

Lemma 6.5. Assume a ≪ ℓ_1 ≪ ℓ and a ≪ ℓ^{3/2}_1 . Then � W^2 � m,k,j

|∇_mq_{kj}||ϕ||∇_mϕ| ≤ o(1)F(ϕ) ,

for N → ∞.

Proof. By part iii) of Lemma A.2 we have (with the summation convention) � W^2|∇_mq_{kj}||ϕ||∇_mϕ| ≤ Caℓ^{−3}_1 � W^2 χ(|x_m − x_j| ≤^3_2 ℓ_1)

|x_m − x_j |

|ϕ||∇_mϕ| .

Next we apply a weighted Schwarz inequality:

Caℓ^{−3}_1 � W^2 χ(|x_m − x_j| ≤^3_2 ℓ_1) |x_m − x_j |

|ϕ||∇_mϕ|

≤ Cαaℓ^{−3}_1 � W^2 χ(|x_m − x_j | ≤^3_2 ℓ_1)

|x_m − x_j|

|ϕ|^2

+ Cα^{−1}aℓ^{−3}_1 � W^2 χ(|x_m − x_j| ≤^3_2 ℓ_1)

|x_m − x_j |

|∇_mϕ|^2 .

In the first term we use (5.4) from Lemma 5.2, in the second one we estimate χ(|x_m − x_j | ≤^3_2 ℓ_1) ≤ Cℓ_1|x_m − x_j |^{−1} and apply the usual Hardy inequality (5.1). In both cases we first have to change W to W^{(j)} by (C.1) then back again to W to make the weight function W independent of the x_j variable. The result is

Caℓ^{−3}_1 � W^2χ(|x_m − x_j| ≤^3_2 ℓ_1)|ϕ||∇_mϕ| ≤ C � αaℓ^2_1 ℓ^3_1 + aℓ_1 ℓ^3_1α � F(ϕ) .

We choose α = ℓ^{−1/2}_1 . Then

Caℓ^{−4}_1 � W^2χ(|x_m − x_j| ≤^3_2 ℓ_1)|ϕ||∇_mϕ| ≤ o(1)F(ϕ)

provided a ≪ ℓ^{3/2}_1 .

Lemma 6.6. Assume a ≪ ℓ_1 ≪ ℓ ≪ 1, a ≪ ℓ^2 and aℓ_1 ≪ ℓ^4. Then � W^2 � m |∇_m ~Ω||ϕ||∇_mϕ| ≤ o(1)F(ϕ)

as N → ∞.

In order to prove this lemma we need the following estimates (we recall the definition of θ_{km} from (2.6)).

Lemma 6.7. Let a ≪ ℓ_1 ≪ ℓ ≪ 1 and a ≪ ℓ^2, then for any q > 0 � m,k � W^2σ_{km} F^q_{km}|ϕ||∇_mϕ| ≤ o(Nℓ)F(ϕ) , (6.21) � m,k,j � W^2λ_{kj}F^q_{kj}θ_{km}|ϕ||∇_mϕ| ≤ o(1)F(ϕ) . (6.22)

Proof. With a Schwarz inequality we obtain (using the summation convention) � W^2σ_{km}F^q_{km}|ϕ||∇_mϕ| ≤ � W^2σ_{km}F^q_{km} � α|ϕ|^2 + α^{−1}|∇_mϕ|^2 �

≤ α � W^2σ_{km}|ϕ|^2 + α^{−1}a^{−1} � W^2λ_{km}F^q_{km}|∇_mϕ|^2

where we used that σ_{km} ≤ a^{−1}λ_{km}. Now we apply (5.9) and (5.7) from Lemma 5.3 to the r.h.s. of the last equation. We find � W^2σ_{km}F^q_{km}|ϕ||∇_mϕ| ≤ C_q � α log N + α^{−1}a^{−1} + α^{−1}ℓ_1ℓ^{−3} � F(ϕ) .

Eq. (6.21) follows choosing α = ℓ^{−1−δ} for sufficiently small δ > 0.

As for (6.22) we have, from (5.7), � W^2λ_{kj}F^q_{kj}θ_{km}|ϕ||∇_mϕ| ≤ � W^2λ_{kj}F^q_{kj}θ_{km}(α^{−1}|∇_mϕ|^2 + α|ϕ|^2) ≤ � W^2 ~χ_{kj}F^{q/4}_{kj} θ_{km} × � α^{−1}|∇_j ∇_mϕ|^2 + α^{−1}ℓ_1ℓ^{−3}|∇_mϕ|^2 + α|∇_j ϕ|^2 + αℓ_1ℓ^{−3}|ϕ|^2 � .

Applying (5.3) for the second and third terms, and (5.4) for the last term, we get � W^2λ_{kj}F^q_{kj} θ_{km}|ϕ||∇_mϕ| ≤ C � α^{−1} + α^{−1}ℓ_1ℓ^{−3}ℓ^2| log ℓ|^2 + αℓ^2| log ℓ|^2 + αℓ_1ℓ^{−3}ℓ^3| log ℓ|^3 � F(ϕ) .

Choosing for example α = ℓ^{−1} we find (6.22).

Proof of Lemma 6.6. By the definition of ~Ω we find (using the summation convention) � W^2|∇_m ~Ω||ϕ||∇_mϕ| ≤ � W^2 � �∇m Ω_k 2G_k � �|ϕ||∇mϕ| + � W^2 � �∇m Ω_{jk} 2G_j � �|ϕ||∇mϕ| + � W^2 � �∇mΓ � �|ϕ||∇mϕ| .

(6.23)

We begin considering the first term on the r.h.s. of (6.23). � W^2 � � �∇m Ω_k 2G_k � � �|ϕ||∇mϕ| ≤ C � W^2 (|∇_mΩ_k| + |Ω_k||∇_mG_k|) |ϕ||∇_mϕ| . (6.24)

From the definition of Ω_k (see (6.1)), using Lemma B.2 to bound the derivatives of F_{mj} , we find � W^2|∇_mΩ_k||ϕ||∇_mϕ| ≤ Cℓ^{−1} � W^2|(∇^2w)_{mj} |F^{1/2}_{mj} |ϕ||∇_mϕ|

+ Cℓ^{−2} � W^2|(∇w)_{kj} |F^{1/2}_{kj} (θ_{mk} + θ_{mj} )|ϕ||∇_mϕ|

+ Cℓ^{−3} � W^2w_{kj}F^{1/2}_{kj} (θ_{mk} + θ_{mj})|ϕ||∇_mϕ| + O(ℓ^{K−1−ε})F(ϕ) .

(6.25)

We use that |(∇^2w)_{mj} | ≤ Caσ_{mj} , |(∇w)_{kj} | ≤ Caλ_{kj} and w_{kj} ≤ Caℓ_1λ_{kj} (see (5.6)), and applying Lemma 6.7 we obtain � W^2|∇_mΩ_k||ϕ||∇_mϕ| = o(1)F(ϕ) . (6.26)

For the other term in (6.24), using the definition of G_k (2.7), we have � W^2|Ω_k| |∇_mG_k| |ϕ| |∇_mϕ| ≤ C � W^2 � |(∇w)_{mj} | |(∇w)_{mn}| F_{mn} |∇_mF_{mj} | + |(∇w)_{kj} | |(∇w)_{km}| F_{km} |∇_kF_{kj} |

+ |(∇w)_{mj} | w_{mj} F_{mn} |Δ_mF_{mj} | + |(∇w)_{km}| w_{kj}F_{km} |Δ_kF_{kj}|

+ |(∇w)_{kj} | w_{kn} |∇_mF_{kn}| |∇_kF_{kj}| + w_{kj} w_{kn} |Δ_kF_{kj} | |∇_mF_{kn} | � |ϕ||∇_mϕ| .

Taking as example the first term on the r.h.s. of the last equation, we note that, unless j = n, the term is actually exponentially small because, by Lemma B.1, ‖~χ_{mj} ~χ_{mn}F_{mn}‖_∞ ≤ exp(−cℓ^{−ε}) if j ≠ n. Applying similar arguments to all other terms as well, and applying Lemma B.2 to bound the derivatives of F , we obtain � W^2|Ω_k||∇_mG_k||ϕ||∇_mϕ| ≤ C � W^2|ϕ||∇_mϕ| � ℓ^{−1} |(∇w)_{mn}|^2F_{mn} + � ℓ^{−2} |(∇w)_{kj} |F_{kj} + ℓ^{−3}w^2_{kj}F_{kj} � (θ_{mk} + θ_{mj}) �

+ � O � e^{−cℓ−ε} � + O(ℓ^{K−2−ε}) � F(ϕ)

= o(1)F(ϕ)

following the estimate of the term (6.25) and using the bounds (∇w)^2 ≤ Caσ and w^2 ≤ w from (5.6).

So, together with (6.26) we find the following estimate for the first term of (6.23) � W^2 � �∇m Ω_k 2G_k � �|ϕ||∇mϕ| ≤ o(1)F(ϕ) . (6.27)

We consider next the second term on the r.h.s. of (6.23). Clearly we have � W^2 � �∇m Ω_{jk} 2G_j � �|ϕ||∇mϕ| ≤ C � W^2 (|∇_mΩ_{kj}| + |Ω_{kj}||∇_mG_j |) |ϕ||∇_mϕ| .

Comparing Ω_{kj} with Ω_k, it is clear that it only remains to control the two terms � W^2w_{ij}|Δ_kF_{ij} ||∇_mG_j ||ϕ||∇_mϕ| (6.28)

and � W^2|∇_m(w_{ij} Δ_kF_{ij} )||ϕ||∇_mϕ| . (6.29)

We begin with (6.28). The summation over k is performed by (B.3). We have � W^2w_{ij} |Δ_kF_{ij} ||∇_mG_j ||ϕ||∇_mϕ| ≤ Cℓ^{−2} � W^2 � w_{ij} F^{1/2}_{ij} |(∇w)_{jm}|F_{jm}

+ w_{im}F^{1/2}_{im} |(∇w)_{mn}|F_{mn} + w_{ij}F^{1/2}_{ij} w_{jn}|∇_mF_{jn}| � |ϕ||∇_mϕ| .

By Lemma B.1 we know that, for example the first term is exponentially small unless i = m. Similarly, apart from exponentially small contributions, in the other two terms we can consider only the case i = n. Hence we find � W^2w_{ij} |Δ_kF_{ij} ||∇_mG_j ||ϕ||∇_mϕ| ≤ Cℓ^{−2} � W^2w_{mj} F^{1/2}_{mj} |(∇w)_{mj} | F_{mj} |ϕ| |∇_mϕ|

+ Cℓ^{−2} � W^2w^2_{jn}F^{1/2}_{jn} |∇_mF_{jn}| |ϕ| |∇_mϕ| + O � exp(−cℓ^{−ε}) � E(ϕ) .

(6.30)

On the right hand side we estimate |∇w| ≤ Caλ by (5.6). In the first term, using F ≤ 1, we have

Cℓ^{−2} � W^2w_{mj} F^{1/2}_{mj} |(∇w)_{mj} | F_{mj} |ϕ| |∇_mϕ| ≤ Caℓ^{−2} � W^2λ_{mj} F_{mj} |ϕ| |∇_mϕ| (6.31)

that can be easily estimated by o(1)F(ϕ), using the assumption a ≪ ℓ^2 and a ≪ ℓ_1 ≪ ℓ.

In the second term of (6.30) we estimate w^2 ≤ Ca^2λ. By Lemma B.2 we find

Cℓ^{−2} � W^2w^2_{jn}F^{1/2}_{jn} |∇_mF_{jn}| |ϕ| |∇_mϕ| ≤ Ca^2ℓ^{−2} � W^2λ_{jn}F^{1/2}_{jn} (θ_{mj} + θ_{mn})|ϕ| |∇_mϕ| = o(1)F(ϕ) ,

where we also applied Lemma 6.7.

We consider next (6.29). We have � W^2|∇_m(w_{ij} Δ_kF_{ij} )||ϕ||∇_mϕ| ≤ � W^2|(∇w)_{mj} ||Δ_kF_{mj} ||ϕ||∇_mϕ| + � W^2w_{ij} |∇_mΔ_kF_{ij} ||ϕ||∇_mϕ| .

(6.32)

After summation over k using (B.3), the first term can be treated as in (6.31).

As for the second term in (6.32), we use that w ≤ Caℓ_1λ and Lemma B.2. We find � W^2w_{ij} |∇_mΔ_kF_{ij} ||ϕ||∇_mϕ| ≤ aℓ_1ℓ^{−3} � W^2λ_{ij}F^{1/2}_{ij} (θ_{mi} + θ_{mj} )|ϕ||∇_mϕ|

which can be estimated by o(1)F(ϕ) by Lemma 6.7.

Finally we control the third term on the r.h.s. of (6.23). After applying Lemma B.1 we find, for any fixed m, � �∇mΓ � � ≤ C � |(∇^2w)_{mk}| w_{jn}F_{mk}(∇_kF_{jn} + ∇_mF_{jn}) + |(∇w)_{ik}| |(∇w)_{jm}| F_{ik} |∇_kF_{jm}|

+ |(∇w)_{ik}| w_{jn} |∇_mF_{ik}| |∇_kF_{jn}| + |(∇w)_{ik}| w_{jn} |∇_m∇_kF_{jn}| F_{ik} + |(∇w)^2_{im}| w_{jn}F^2_{im} |∇_mF_{jn}| + |(∇w)^2_{km}| w_{jn}F^2_{km} |∇_kF_{jn}| + |(∇w)_{ik}| w_{ik}w_{jn}F_{ik} |∇_kF_{jn}| |∇_mF_{ik}| + |(∇w)_{ik}| w^2_{jn}F_{ik} |∇_kF_{jn}| |∇_mF_{jn}| + |(∇w)_{ik}| |(∇w)_{jm}| w_{jm}F_{ik}F_{jm} |∇_kF_{jm}| + |(∇w)_{mi}| w_{jn} |∇_kF_{mi}| |∇_kF_{jn}| + |(∇w)_{mi}| w_{mi}w_{jn}F_{mi} |∇_kF_{mi}||∇_kF_{jn}| + w_{in}w_{js}|∇_k∇_mF_{in}| |∇_kF_{js}|

+ w^2_{in}w_{js}|∇_kF_{in}| |∇_mF_{in}| |∇_kF_{js}| � + O � e^{−cℓ−ε} � .

(6.33)

Using the estimates (B.3), (B.6) and (B.7) from Lemma B.2 and the bounds (5.6), we obtain � �∇_mΓ � � ≤ C � aℓ^{−1}σ_{mk}F^{1/2}_{mk} + (aℓ^{−2} + aℓ_1ℓ^{−3} + a^2ℓ^{−3})λ_{ik}F^{1/2}_{ik} (θ_{im} + θ_{km})

+ |(∇w)_{ik}| |(∇w)_{jm}| F_{ik} |∇_kF_{jm}| + |(∇w)_{ik}| w^2_{jn}F_{ik} |∇_mF_{jn}| |∇_kF_{jn}| � . (6.34)

The terms on the first line of the last equation can be bounded using directly Lemma 6.7. Consider next the first term on the second line. Its contribution, after two Schwarz inequalities is given by � W^2|(∇w)_{ik}||(∇w)_{jm}|F_{ik}|∇_kF_{jm}||ϕ||∇_mϕ| ≤ � W^2α|(∇w)_{ik} |^2 � β|ϕ|^2 + β^{−1}|∇_mϕ|^2 � χ_{ik}F_{ik}χ_{jm}|∇_kF_{jm}| + � W^2α^{−1}|(∇w)_{jm}|^2 � γ|ϕ|^2 + γ^{−1}|∇_mϕ|^2 � χ_{ik}F_{ik}χ_{jm}|∇_kF_{jm}|

≤ Cαβaℓ^{−1} � W^2σ_{ik}F_{ik}|ϕ|^2 + Cαβ^{−1}ℓ^{−1} � W^2λ_{ik}F_{ik}|∇_mϕ|^2

+ Cα^{−1}γaℓ^{−1} � W^2σ_{jm}F^{1/2}_{jm} |ϕ|^2 + Cα^{−1}γ^{−1}ℓ^{−1} � W^2λ_{jm}F^{1/2}_{jm} |∇_mϕ|^2 ≤ C � αβaℓ^{−1} log N + αβ^{−1}ℓ^{−1}(1 + ℓ_1ℓ^{−3}) + α^{−1}γaℓ^{−1} log N

+ α^{−1}γ^{−1}(1 + aℓ_1ℓ^{−3}) � F(ϕ) .

Optimizing the choice of α, β and γ, we find that this term is of order o(1)F(φ) (using that a ≪ ℓ^2 and aℓ_1 ≪ ℓ^4).

As for the last term on the r.h.s. of (6.34) we use that w^2_{jn} ≤ χ_{jn}. By Lemma B.2 and Lemma 5.3 we get � W^2|(∇w)_{ik}| w^2_{jn}F_{ik} |∇_mF_{jn}| |∇_kF_{jn}| |ϕ| |∇_mϕ|

≤ Caℓ^{−2} � W^2λ_{ik}F_{ik}(α|ϕ|^2 + α^{−1}|∇_mϕ|^2) ≤ C � αN^{−1}(aℓ^{−2} + aℓ_1ℓ^{−5}) + α^{−1}(aℓ^{−2} + aℓ_1ℓ^{−5}) � F(ϕ) ≤ C(a^{3/2}ℓ^{−2} + a^{3/2}ℓ_1ℓ^−)F(ϕ) = o(1)F(ϕ).

From (6.34), we find � W^2 � �∇_mΓ � � |ϕ| |∇_mϕ| = o(1)F(ϕ) .

This completes the proof of Lemma 6.6.

7 A-priori Estimates on U_{N,t}

Recall that H = L^2(Λ, dx) is the one particle Hilbert space, and that H^{⊗n} denotes the n-fold tensor product H^{⊗n}. We denote by L^1_n := L^1(H^{⊗n}) and by K_n := K(H^{⊗n}) the space of trace class operators and the space of compact operators on the Hilbert space H^{⊗n} respectively. We equip these spaces with the trace norm, ‖ · ‖_1 := Tr| · |, and with the operator norm, ‖ · ‖, respectively. It is a well-known fact that K^∗_n = L^1_n, that is L^1_n is the dual Banach space of K_n.

We define Sobolev-type norms on trace class operators. For γ^{(n)} ∈ L^1(H^{⊗n}), we define the norm

‖γ^{(n)}‖_{Wn} := � Tr|S_1γ^{(1)}S_1| if n = 1 Tr|S_1S_2γ^{(n)}S_1S_2| if n ≥ 2

where S_j = (1 − Δ_j )^{1/2}, and the space W_n = {γ^{(n)} ∈ L^1(H^{⊗n}) : ‖γ^{(n)}‖_{Wn} < ∞}.

Note that W_n is the dual of the space

A_n := � {S_1K^{(1)}S_1 : K^{(1)} ∈ K_1} if n = 1 {S_1S_2K^{(n)}S_2S_1 : K^{(n)} ∈ K_n} if n ≥ 2

equipped with the norms

‖T^{(1)}‖_{A1} = ‖S^{−1}_1 T^{(1)}S^{−1}_1 ‖ and ‖T^{(n)}‖_{An} := ‖S^{−1}_1 S^{−1}_2 T^{(n)}S^{−1}_2 S^{−1}_1 ‖ if n ≥ 2.

Lemma 7.1. Suppose U_{N,t} = {U^{(k)}_{N,t}}^N_{k=1} is defined as in (4.5), and that the assumptions of Theorem 2.1 are satisfied. Then there is ν > 1 large enough such that ‖U_{N,t}‖_H(ν)_− ≤ 1. Moreover there exists a constant C > 0 such that ‖U^{(k)}_{N,t}‖_{Wk} ≤ C^k (7.1) for any t ∈ [0, T ] and k ≤ N.

Let U_{∞,t} be a limit point of U_{N,t} in C([0, T ], H^{(ν)}_− ) with respect to the metric ^ρ (defined in (2.16)). Then we also have ‖U_{∞,t}‖_H(ν)_− ≤ 1 and there is a version of U_{∞,t} such that

Tr (1 − Δ_1)U^{(1)}_{∞,t} ≤ C and Tr (1 − Δ_i)(1 − Δ_j )U^{(k)}_{∞,t} ≤ C^k if k ≥ 2 (7.2)

for every k, every t ∈ [0, T ], and every i, j = 1, . . . , k with i ≠ j.

Remark 7.2. This lemma does not yet prove the compactness of the sequence U_{N,t} ∈ C([0, T ], H^{(ν)}_− ): to this end we still need the equicontinuity of U_{N,t}, which will be proven in Section 9.2. Here we prove that, if a limit U_{∞,t} ∈ C([0, T ], H^{(ν)}_− ) exists, then it satisfies (7.2).

Proof. We have ‖U^{(k)}_{N,t}‖^2 = � dx_kdx^′_k|U^{(k)}_{N,t}(x_k; x^′_k)|^2 ≤ C^k_0 Tr U^{(k)}_{N,t} ≤ C^{2k}_0 .

Here we used that U^{(k)}_{N,t} is the kernel of a positive operator with trace bounded by C^k_0 : this implies that also the operator norm of U^{(k)}_{N,t} is bounded by C^k_0 . Choosing ν > 2C_0 we immediately see that ‖U_{N,t}‖_H(ν)_− ≤ 1. The bound ‖U_{∞,t}‖_H(ν)_− ≤ 1 follows because the norm can only drop when a weak limit is taken.

From Corollary 6.2 and (C.2) we have

Tr|S_1U^{(1)}_{N,t}S_1| = � |W^{(1)}|^2 � |∇_1ϕ_{N,t}|^2 + |ϕ_{N,t}|^2 � ≤ C � W^2 � |∇_1ϕ_{N,t}|^2 + |ϕ_{N,t}|^2 � ≤ C and, for any k ≥ 2,

Tr |S_1S_2U^{(k)}_{N,t}S_1S_2| = � |W^{[k]}|^2 � |∇_1∇_2ϕ_{N,t}|^2 + |∇_1ϕ_{N,t}|^2 + |∇_2ϕ_{N,t}|^2 + |ϕ_{N,t}|^2 �

≤ C^k_0 � |W |^2 � |∇_1∇_2ϕ_{N,t}|^2 + |∇_1ϕ_{N,t}|^2 + |∇_2ϕ_{N,t}|^2 + |ϕ_{N,t}|^2 �

≤ C^k

(7.3)

for some constant C independent of k. This proves (7.1).

For each fixed t, we can assume that U_{N,t} converges to U_{∞,t} in the weak∗ topology of H^{(ν)}_− (otherwise we choose an appropriate subsequence). This follows because U_{N,t} ∈ B^{(ν)}_− (the unit ball of H^{(ν)}_− ) and because, on B^{(ν)}_− , the topology induced by the metric ρ is equivalent to the weak∗ topology. This in particular implies that, for every fixed k, U^{(k)}_{N,t} converges to U^{(k)}_{∞,t} in the weak topology of L^2(Λ^k × Λ^k). Note that U^{(k)}_{∞,t} is symmetric w.r.t. permutations of the k particles, because U^{(k)}_{N,t} is symmetric, and because the symmetry is clearly preserved in the limiting process. By passing to a subsequence and using the Alaoglu-Banach Theorem, we can assume that U^{(k)}_{N,t} also converges in the weak∗ topology of W_k, and let ~U_{∞,t} be the limit. Testing these two limits against operators with smooth kernels, one easily sees that ~U^{(k)}_{∞,t} = U^{(k)}_{∞,t} as elements of L^2(Λ^k × Λ^k), hence U^{(k)}_{N,t} converges to U^{(k)}_{∞,t} in both topologies. Then the estimate in (7.2) for the version of U^{(k)}_{∞,t} given by ~U^{(k)}_{∞,t} follow from (7.1), from the permutation symmetry of U^{(k)}_{∞,t}, and from the fact that the norm does not increase under weak∗ limit.

The next lemma will be used in Section 9 to prove part iii) of Theorem 2.1.

Lemma 7.3. Assume that a ≪ ℓ_1 ≪ ℓ ≪ 1. Then, for any fixed k and t,

i) We have Tr � U^{(k)}_{N,t} − γ^{(k)}_{N,t} � → 0 as N → ∞.

ii) Assume that U_{∞,t} = {U^{(k)}_{∞,t}}_{k≥1} ∈ C([0, T ], H^{(ν)}_− ) is a limit point of U_{N,t} = {U^{(k)}_{N,t}}^N_{k=1} with respect to the metric ^ρ. Then

Tr U^{(1)}_{∞,t} = 1 and Tr U^{(2)}_{∞,t} = 1 . (7.4)

Proof. i) We have (with ϕ = ϕ_{N,t}(x)), Tr � U^{(k)}_{N,t} − γ^{(k)}_{N,t} � = � (W^2 − (W^{[k]})^2)|ϕ|^2 = � (1 − k� j=1 G_j ) N� j=k+1

G_j |ϕ|^2 + N� m=k+1

� m−1�

j=k+1

G^{[k]}_j (G^{[k]}_m − G_m) N� j=m+1

G_j |ϕ|^2

and hence, using (C.6), � � �Tr � U^{(k)}_{N,t} − γ^{(k)}_{N,t} � � � ≤ C^k � (1 − k� j=1 G_j )W^2|ϕ|^2 + C^k N� m=k+1 � |G^{[k]}_m − G_m|W^2|ϕ|^2

≤ C^k � j≤k N� m=1 � W^2w_{jm}F_{jm}|ϕ|^2

+ C^k � m,j>k � r≤k � W^2w_{mj} F^{[k]}_{mj} θ_{mr}|ϕ|^2 + O(ℓ^{K−ε}).

So applying Lemma 5.3 for the first term and part (ii) of Lemma 5.2 for the second term (with

U = θ_{mr}), we find � �Tr � U^{(k)}_{N,t} − γ^{(k)}_{N,t} � � ≤ Ck � �aℓ_1 � j≤k � W^2|∇_jϕ|^2 + aℓ_1ℓ^{−3}k � W^2|ϕ|^2 � � + O(ℓ^{K−ε})

+ C_k � �aℓ_1(ℓ| log ℓ|)^2 � j>k � r<k � W^2|∇_r∇_j ϕ|^2

+aℓ^2_1ℓ^{−3}(ℓ| log ℓ|)^3 � m>k � r≤k � W^2(|∇_r∇_mϕ|^2 + |∇_rϕ|^2 + |∇_mϕ|^2 + |ϕ|^2) � � ≤ C_k(aℓ_1 + aℓ^2_1ℓ^{−3} + ℓ_1ℓ^2| log ℓ|^2 + ℓ^2_1| log ℓ|^3) + O(ℓ^{K−ε}) = o(1)

for N → ∞ using (6.14).

ii) From part i) we have, for any fixed k and t, Tr U^{(k)}_{N,t} → 1 as N → ∞ using the normalization (2.19). By Lemma 7.1, the sequence U^{(1)}_{N,t} in W_1 is compact w.r.t. the weak∗ topology of W_1. By passing to a subsequence we can assume U^{(1)}_{N,t} converges to U^{(1)}_{∞,t} in the weak∗ topology of W_1. In particular,

Tr U^{(1)}_{∞,t} = Tr S^{−2}_1 S_1U^{(1)}_{∞,t}S_1 = lim_{N→∞} Tr S^{−2}_1 S_1U^{(1)}_{N,t}S_1 = lim_{N→∞} Tr U^{(1)}_{N,t} = 1

since the operator S^{−2}_1 = (1 − Δ_1)^{−1} is compact on the finite periodic box Λ. The proof of (7.4) for U^{(2)}_{∞,t} is similar.

8 Approximation of the Delta Function

We consider the sequence of density matrices U_{N,t} = {U^{(k)}_{N,t}}_{k≥1}. By viewing their kernels as distributions, we will prove in Section 9.2 that U_{N,t} is compact in C([0, T ], H^{(ν)}_− ). Assuming this property for the moment, we denote a limit point by U_{∞,t}. Since for each fixed t the kernel U_{∞,t} is defined only as a distribution, the restriction of U^{(k+1)}_{∞,t} on the diagonal x_{k+1} = x^′_{k+1}, i.e.,

U^{(k+1)}

∞,t (x_k, x_{k+1}; x^′_k, x_{k+1}) (8.1)

has no a-priori meaning. On the other hand, based upon Lemma 7.1 we can view U_{N,t} and U_{∞,t} (or, more precisely, the families of operators with kernels given by U^{(k)}_{N,t} and U^{(k)}_{∞,t}) as elements of W^{(ν)}, for every t ∈ [0, T ].

We shall show in the next proposition that since U_{∞,t} ∈ W^{(ν)}, the diagonal element (8.1) is welldefined. For the rest of this section, we shall assume that U^{(k+1)} is the kernel of a density matrix with Tr U^{(k+1)} < ∞.

Proposition 8.1. Suppose δ_β(x) is a radially symmetric function, with 0 ≤ δ_β (x) ≤ Cβ^{−3}χ(|x| ≤ β) and � δ_β (x)dx = 1 (for example δ_β (x) = β^{−3}h(x/β), for a radially symmetric probability density h(x) supported in {x : |x| ≤ 1}). Then, for any J^{(k)} ∈ W^{1,∞}(Λ^k × Λ^k) and for any smooth function

U^{(k+1)}(x_{k+1}; x^′_{k+1}) corresponding to a (k + 1)-particle density matrix, we have, for any fixed j ≤ k, � � � dx_kdx^′_kdx_{k+1}dx^′_{k+1} J^{(k)}(x_k; x^′_k) U^{(k+1)}(x_k, x_{k+1}; x^′_k, x^′_{k+1}) × � δ_{β1} (x^′_{k+1} − x_{k+1})δ_{β2} (x_j − x_{k+1}) − δ(x^′_{k+1} − x_{k+1})δ(x_j − x_{k+1}) � � � ≤ C[ ‖J‖_∞ + ‖∇_j J‖_∞ � (β_1 + � β_2) Tr |S_j S_{k+1}U^{(k+1)}S_jS_{k+1}| .

(8.2)

Remark 8.2. From (8.2), using a standard approximation argument, it also follows that � � � � dx_kdx^′_kdx_{k+1}dx^′_{k+1} J^{(k)}(x_k; x^′_k) U^{(k+1)}(x_k, x_{k+1}; x^′_k, x^′_{k+1}) × � δ_{β1} (x^′_{k+1} − x_{k+1})δ_{β2} (x_j − x_{k+1}) − δ_β′_1 (x^′_{k+1} − x_{k+1})δ_β′_2 (x_j − x_{k+1}) � � ≤ C[ ‖J‖_∞ + ‖∇_j J‖_∞ � � β_1 + β^′_1 + � β_2 + � β^′_2 � Tr |S_j S_{k+1}U^{(k+1)}S_j S_{k+1}|

for any U^{(k+1)} for which the r.h.s. is finite.

Proof. It is enough to prove (8.2) for U^{(k+1)} of the form U^{(k+1)}(x_{k+1}, x^′_{k+1}) = f(x_{k+1})f(x^′_{k+1}) (in this section we use the notation x_{k+1} = (x_1, . . . x_{k+1}) and x^′_{k+1} = (x^′_1, . . . , x^′_{k+1})). Then, for a general density matrix U^{(k+1)}, the proposition follows by considering the spectral decomposition:

U^{(k+1)}(x_{k+1}; x^′_{k+1}) = � n c_nf_n(x_{k+1})f_n(x^′_{k+1})

with c_n > 0 for all n and ‖f_n‖_L2 = 1, and using the fact that Tr U^{(k+1)} = � c_n < ∞. If U^{(k+1)}(x_{k+1}; x^′_{k+1}) = f(x_{k+1})f(x^′_{k+1}) we can bound the l.h.s. of (8.2) by the sum � � � dx_{k+1}dx^′_{k+1} J^{(k)}(x_k; x^′_k) � δ_{β1} (x^′_{k+1} − x_{k+1}) − δ(x^′_{k+1} − x_{k+1}) � δ_{β2} (x_j − x_{k+1}) f(x_{k+1})f(x^′_{k+1}) � � + � � � dx_{k+1}dx^′_{k+1} J^{(k)}(x_k; x^′_k) (δ_{β2} (x_j − x_{k+1}) − δ(x_j − x_{k+1})) δ(x^′_{k+1} − x_{k+1})f(x_{k+1})f(x^′_{k+1}) � � . (8.3)

We next bound the first term by � � � dx_{k+1}dx^′_{k+1} J^{(k)}(x_k; x^′_k)δ_{β2} (x_j − x_{k+1}) � δ_{β1} (x^′_{k+1} − x_{k+1}) − δ(x^′_{k+1} − x_{k+1}) � f(x_{k+1})f(x^′_{k+1}) � � ≤ ‖J^{(k)}‖_∞ � dx_{k+1}dx^′_k δ_{β2} (x_j − x_{k+1}) |f(x_{k+1})| × � �f(x_{′k}, x_{k+1}) − � dx^′_{k+1} δ_{β1} (x_{k+1} − x^′_{k+1})f(x^′_k, x^′_{k+1}) � � . (8.4)

A slight generalization of a standard Poincaré-type inequality (see, e.g. Lemma 7.16 in [7]) yields that � �f(x_{′k}, x_{k+1}) − � dx^′_{k+1} δ_β(x_{k+1} − x^′_{k+1}) f(x^′_k, x^′_{k+1}) � � ≤ C � |y|≤β_1

|∇_{k+1}f(x^′_k, x_{k+1} + y)|

|y|^2 dy (8.5) holds for any x^′_k and x_{k+1}. Inserting this inequality on the r.h.s. of (8.4) and applying a Schwarz inequality we get � � � dx_{k+1}dx^′_{k+1} J^{(k)}(x_k; x^′_k) � δ_{β1} (x^′_{k+1} − x_{k+1}) − δ(x^′_{k+1} − x_{k+1}) � δ_{β2} (x_j − x_{k+1}) f(x_{k+1})f(x^′_{k+1}) � � ≤ ‖J^{(k)}‖_∞ � dx_{k+1}dx^′_kdy χ(|y| ≤ β_1)

|y|^2 δ_{β2} (x_j − x_{k+1}) � |f(x_k, x_{k+1})|^2 + |∇_{k+1}f(x^′_k, x_{k+1} + y)|^2 �

≤ C‖J^{(k)}‖_∞β_1 � dx_{k+1} δ_{β2} (x_j − x_{k+1})|f(x_k, x_{k+1})|^2

+ ‖J^{(k)}‖_∞ � dx^′_kdx_{k+1}dy χ(|y| ≤ β_1) |y|^2

|∇_{k+1}f(x^′_k, x_{k+1} + y)|^2

where in the first term we integrated over dx^′_k and over dy (the integration over dy gives the factor β_1), while in the second term we integrated over dx_k (in particular over dx_j). To control the first term on the r.h.s. of the last equation we apply (5.4). In the second term we shift the x_{k+1} variable and then we integrate over dy. We find, using that U^{(k+1)}(x_{k+1}, x^′_{k+1}) = f(x_{k+1})f(x^′_{k+1}), � � � dx_{k+1}dx^′_{k+1} J^{(k)}(x_k; x^′_k) � δ_{β1} (x^′_{k+1} − x_{k+1}) − δ(x^′_{k+1} − x_{k+1}) � δ_{β2} (x_j − x_{k+1}) f(x_{k+1})f(x^′_{k+1}) � � ≤ C‖J^{(k)}‖_∞ β_1 Tr (1 − Δ_{k+1})(1 − Δ_j)U^{(k+1)} (8.6)

uniformly in β_2. In order to control the second term on the r.h.s. of (8.3), we use that � dx_{k+1}dx^′_{k+1} J^{(k)}(x_k; x^′_k)δ(x^′_{k+1} − x_{k+1}) (δ_{β2} (x_j − x_{k+1}) − δ(x_j − x_{k+1})) f(x_{k+1})f(x^′_{k+1}) = � dx_kdx^′_kdx_{k+1} J^{(k)}(x_k; x^′_k) (δ_{β2} (x_j − x_{k+1}) − δ(x_j − x_{k+1})) f(x_k, x_{k+1})f(x^′_k, x_{k+1})

and then we apply Lemma 8.3 below, keeping all variables fixed, apart from x_j and x_{k+1}. This completes the proof of the proposition.

Lemma 8.3. Assume δ_β is defined as in Proposition 8.1. Then we have � � � dxdzdx^′ J(x, x^′)(δ_β (x − z) − δ(x − z))f(x, z)f (x^′, z) � � ≤ C � β � ‖J‖_∞ + ‖∇_xJ‖_∞ � � � � dxdzf(x, z)(1 − Δ_x)(1 − Δ_z)f(x, z) � � . (8.7)

Proof. From the version (8.5) of the Poincaré inequality, we can bound the left side of (8.7) by C � dz dx^′ � dx 1(|x − z| ≤ 2β)

|∇_x[J(x, x^′)f(x, z)]| |x − z|^2

|f(x^′, z)| ≤ C � dz dx^′ � dx 1(|x − z| ≤ 2β) � κ |∇_x[J(x, x^′)f(x, z)]|^2 |x − z|^2

+ κ^{−1}

|f(x^′, z)|^2 |x − z|^2 � . (8.8)

In the first term we drop the restriction 1(|x − z| ≤ 2β) and apply the Hardy-type inequality (5.2) to the z variable on the domain Λ. In the second term we perform the dx integration. Therefore the l.h.s. of (8.7) is controlled by C � dz dx^′ � dx � κ|∇_x[J(x, x^′)∇_zf(x, z)]|^2 + κ|∇_x[J(x, x^′)f(x, z)]|^2 + κ^{−1}β|f(x^′, z)|^2 � . (8.9)

The first two terms of the last expression are bounded by Cκ � ‖J‖_∞ + ‖∇_xJ‖_∞

�_2� � � f(x, z)(1 − Δ_x)(1 − Δ_z)f(x, z)dxdz � � ,

while the last term is bounded by Cβκ^{−1}‖f‖^2. Optimizing the choice of κ, we obtain (8.7).

As a corollary of the proof of this lemma, we can prove that for all 0 < β < 1, � dxdz δ_β (x − z)|f(x, z)|^2 ≤ C � dxdz f(x, z)(1 − Δ_x)(1 − Δ_z)f(x, z)

with the constant C independent of β. This reproves the second part of Lemma 5.2 (originally proven in Lemma 5.3 of [6]) for the case of radially symmetric potential U and integration over a finite volume Λ.

9 Proof of the Main Theorem

The strategy for the proof of Theorem 2.1 is as follows. First, in Section 9.1, we derive a hierarchy of equation for the time evolution of the densities U^{(k)}_{N,t}, for large, but finite N.

Using this Hierarchy we prove in Section 9.2 that the sequence U_{N,t} = {U^{(k)}_{N,t}}^N_{k=1} is equicontinuous in t with respect to the weak∗ topology of H^{(ν)}_− . This result will be used to prove that U_{N,t} is compact in the space C([0, T ], H^{(ν)}_− ) with respect to the topology induced by the metric ^ρ (defined in (2.16)).

In Section 9.3 we prove then that any limit point of U_{N,t} in C([0, T ], H^{(ν)}_− ) (w.r.t. the metric ^ρ ) is also a limit point of the sequence Γ_{N,t} = {γ^{(k)}_{N,t}}^N_{k=1} (and that any limit point of Γ_{N,t} is also a limit point of U_{N,t}). This result implies the compactness of Γ_{N,t}. Also part ii) and iii) follow immediately from the fact that the limit points of U_{N,t} and Γ_{N,t} coincide, and from the results of Lemma 7.1 (in particular, the bound (7.2)) and Lemma 7.3. Having part ii), part iv) of Theorem 2.1 follows easily from Proposition 8.1.

Finally, in Section 9.4, we complete the proof of Theorem 2.1, by proving part v): here we will start from the hierarchy we are going to derive in Section 9.1, and we will take the limit N → ∞, using again Proposition 8.1.

9.1 Convergence to a Regularized Gross-Pitaevskii Hierarchy In this section we begin our analysis of the hierarchy of equations governing the time evolution of the densities U^{(k)}_{N,t}, for large N. Here and henceforth we use the pairing

⟨J^{(k)}, U^{(k)}⟩ = � dx_kdx^′_k J^{(k)}(x_k; x^′_k)U^{(k)}(x_k; x^′_k).

The following lemma will be used in Sections 9.2 and 9.4, in order to prove the equicontinuity of U^{(k)}_{N,t} with respect to the weak∗ topology of H^{(ν)}_− and to prove that any limit point of Γ_{N,t} satisfies the Gross-Pitaevskii Hierarchy (2.24).

Proposition 9.1. Suppose J^{(k)} ∈ W^{1,∞}(Λ^k × Λ^k). For 0 < β ≤ 1 we choose a radially symmetric function δ_β ∈ C^∞_0 (R^3) such that 0 ≤ δ_β(y) ≤ Cβ^{−3}χ(|y| ≤ β) and � dy δ_β (y) = 1. Then, for any t > 0,

⟨J^{(k)}, U^{(k)}_{N,t}⟩ = ⟨J^{(k)}, U^{(k)}_{N,0}⟩ − i k� j=1 �_t 0 ds � dx_kdx^′_k J^{(k)}(x_k; x^′_k) (−Δ_j + Δ^′_j)U^{(k)}_{N,s}(x_k; x^′_k)

− 8πia_0 k� j=1 �_t 0 ds � dx_kdx^′_kJ^{(k)}(x_k; x^′_k) × � dx_{k+1}(δ_β (x_j − x_{k+1}) − δ_β (x^′_j − x_{k+1}))U^{(k+1)}_{N,s} (x_k, x_{k+1}; x^′_k, x_{k+1})

+ t O(β^{1/2}) + t o(1)

(9.1)

as N → ∞.

Proof. Put ϕ_t = ϕ_{N,t}(x). From i∂_tϕ_t = Lϕ_t + Bϕ_t (see (6.6) and (6.7)) it follows that

i∂_tU^{(k)}_{N,t}(x_k; x^′_k) = � dx_{N−k}(W^{[k]})^2 � � (Lϕ_t)ϕ^′_t − (L^′ϕ^′_t)ϕ_t � + (B − B^′)ϕ_tϕ^′_t � , (9.2)

where the superscript^′ means that the coordinates x_1, .., x_k are replaced by x^′_1, .., x^′_k. Similarly, we will use ∇^′_m := ∇_x′_m . In most cases we will not write out the arguments of all functions fully, but it is understood that functions ϕ_t, B, Ω, etc. with unspecified arguments depend on the variables x_1, x_2, . . . , x_N and their primed versions, ϕ^′_t, B^′, Ω^′, etc. depend on x^′_1, x^′_2, . . . , x^′_k, x_{k+1}, . . . , x_N .

Next we note that for any fixed k

L = − N� m=1 � Δ_m + 2∇_m(log W )∇_m �

= − k� m=1 Δ_m − 2 N� m=1 � ∇_m log W W^{[k]} � ∇_m − N� m=k+1 � Δ_m + 2∇_m(log W^{[k]})∇_m �

since W^{[k]} is independent of the first k variables. The contribution of the last term � m Δ_m + 2∇_m(log W^{[k]})∇_m cancels the analogous contribution from L^′ in (9.2) by self adjointness on the space of the last N − k variables. Moreover we use the estimate (see (6.11))

B − B^′ = (q_{jm} − q^′_{jm}) + (~Ω − ~Ω^′) + O(exp(−cℓ^{−ε}))

(with the summation convention). Thus, from (9.2) we get

i∂_tU^{(k)}_{N,t}(x_k; x^′_k) = k� j=1 (−Δ_j + Δ^′_j)U^{(k)}_{N,t}(x_k; x^′_k) + N� m,j=1 � dx_{N−k}(W^{[k]})^2(q_{jm} − q^′_{jm})ϕ_tϕ^′_t

− 2 N� m=1 � dx_{N−k}(W^{[k]})^2 � ∇_m log W W^{[k]} � (∇_mϕ_t)ϕ^′_t − � ∇^′_m log

W^′ W^{[k]} � (∇^′_mϕ^′_t)ϕ_t �

+ � dx_{N−k}(W^{[k]})^2(~Ω − ~Ω^′)ϕ_tϕ^′_t + O(exp(−cℓ^{−ε})) .

(9.3)

We can rewrite this equation in integral form

U^{(k)}_{N,t}(x_k; x^′_k) = U^{(k)}_{N,0}(x_k; x^′_k) − i k� j=1 �_t 0 ds (−Δ_j + Δ^′_j )U^{(k)}_{N,s}(x_k; x^′_k)

− i N� m,j=1

�_t 0 ds � dx_{N−k}(W^{[k]})^2(q_{jm} − q^′_{jm})ϕ_sϕ^′_s

+ 2i N� m=1 �_t 0 ds � dx_{N−k}(W^{[k]})^2 × � ∇_m log W W^{[k]} � (∇_mϕ_s)ϕ^′_s − � ∇^′_m log

W^′ W^{[k]} � (∇^′_mϕ^′_s)ϕ_s �

− i �_t 0 ds � dx_{N−k}(W^{[k]})^2(~Ω − ~Ω^′)ϕ_sϕ^′_s + O(t exp(−cℓ^{−ε})) .

(9.4)

Only the terms in the first three lines of last equation survive in the limit N → ∞. The other terms vanish as N → ∞, after they are tested against a function J^{(k)}(x_k; x^′_k) ∈ W^{1,∞}(Λ^k × Λ^k): this is proven in Lemma 10.1 and Lemma 10.2 in Section 10. Thus we are left with

⟨J^{(k)}, U^{(k)}_{N,t}⟩ = ⟨J^{(k)}, U^{(k)}_{N,0}⟩ − i k� j=1 �_t 0 ds � dx_kdx^′_k J^{(k)}(−Δ_j + Δ^′_j)U^{(k)}_{N,s}

− i N� j,m=1

�_t 0 ds � dx_kdx^′_kdx_{N−k} J^{(k)}(W^{[k]})^2(q_{jm} − q^′_{jm})ϕ_sϕ_s^′ + t o(1)

(9.5)

as N → ∞.

Next we note that q_{jm} − q^′_{jm} = 0 if j, m > k. On the other hand if j, m ≤ k, then we first use a Schwarz inequality to separate ϕ and ϕ^′, then we use (5.3) with U = χ(|x_m − x_j | ≤ 2ℓ_1) and we get � j,m≤k � dx_kdx^′_kdx_{N−k}|J^{(k)}|(W^{[k]})^2q_{mj} |ϕ_s| |ϕ^′_s|

≤ aℓ^{−3}_1 ‖J^{(k)}‖_∞ � j,m≤k � dx_kdx^′_kdx_{N−k}(W^{[k]})^2χ(|x_m − x_j | ≤ 2ℓ_1) � |ϕ_s|^2 + |ϕ^′_s|^2 �

≤ Ckaℓ^{−3}_1 ℓ^2_1‖J^{(k)}‖_∞ k� j=1 � dx_kdx^′_kdx_{N−k}(W^{[k]})^2 � |∇_jϕ_s|^2 + |ϕ_s|^2 + |ϕ^′_s|^2 �

≤ C^kkaℓ^{−1}_1 ‖J^{(k)}‖_∞ k� j=1 � � dx W^2(|∇_j ϕ_s|^2 + |ϕ_s|^2) + � dx^′ (W^′)^2|ϕ^′_s|^2 � .

(9.6)

In the last line we used that the volume is finite and that W^{[k]} ≤ C^kW^′ (by (C.1)). Since a ≪ ℓ_1 by assumption, the r.h.s. of (9.6) vanishes in the limit N → ∞.

The argument above implies that the factor q_{jm} − q^′_{jm} only gives an important contribution to

(9.5) if j ≤ k < m or m ≤ k < j. Using the permutation symmetry of the wave function we get

⟨J^{(k)}, U^{(k)}_{N,t}⟩ = ⟨J^{(k)}, U^{(k)}_{N,0}⟩ − i k� j=1 �_t 0 ds � dx_kdx^′_k J^{(k)}(−Δ_j + Δ^′_j )U^{(k)}_{N,s}

− 2i(N − k) k� j=1 �_t 0 ds � dx_kdx^′_kdx_{N−k} J^{(k)}(W^{[k]})^2

× (q(x_j − x_{k+1}) − q(x^′_j − x_{k+1}))ϕ_s(x_k, x_{N−k})ϕ_s(x^′_k, x_{N−k}) + t o(1)

(9.7)

for N → ∞.

In the next step we replace W^{[k]} by W^{[k+1]}. To this end we use that

(W^{[k]})^2 − (W^{[k+1]})^2 = (G^{[k]}_{k+1} − 1) N� m=k+2

G^{[k]}_m

+ N� i=k+2

(G^{[k]}_i − G^{[k+1]}_i ) i−1�

m=k+2

G^{[k+1]}_m N� m=i+1

G^{[k]}_m

(9.8)

and estimate the effect of this difference in (9.7). For the first term in (9.8) we use

G^{[k]}_{k+1} = 1 − � r>k+1

w_{k+1,r}F^{[k]}_{k+1,r}

and its contribution to (9.7) for any fixed j ≤ k can be bounded by

(N − k)‖J^{(k)}‖_∞ � r>k+1 � dx_kdx^′_kdx_{N−k} w_{k+1,r}F^{[k]}_{k+1,r}

�_N � m=k+2

G^{[k]}_m � |q_{j,k+1}||ϕ_s| |ϕ^′_s|

≤ Caℓ^{−3}_1 (N − k)‖J^{(k)}‖_∞ � r>k+1 � dx_kdx^′_kdx_{N−k} w_{k+1,r}F^{[k]}_{k+1,r}

�_N � m=k+2

G^{[k]}_m �

× χ(|x_j − x_{k+1}| ≤ 2ℓ_1) � |ϕ_s|^2 + |ϕ^′_s|^2 �

≤ Caℓ^{−1}_1 (N − k)‖J^{(k)}‖_∞ � r>k+1 � dx_kdx^′_kdx_{N−k}w_{k+1,r}F^{[k]}_{k+1,r}

�_N � m=k+2

G^{[k]}_m �

× � |∇_j ϕ_s|^2 + |ϕ_s|^2 + |ϕ^′_s|^2 � , where we used χ_{j,k+1} ≤ Cℓ^2_1λ_{j,k+1} and we applied the usual Hardy inequality (5.1) for the variable x_j. Next we use w ≤ Caℓ_1λ, F^{[k]}_{k+1,r} ≤ CF_{k+1,r} and we estimate � m G^{[k]}_m ≤ C^{k+1}W^2 (following from Lemma C.1), so that we can use (5.7) from Lemma 5.3 with respect to the variable x_{k+1}. We find, for any fixed j,

(N − k) � r>k+1 � dx_kdx_{N−k} w_{k+1,r}F^{[k]}_{k+1,r}

�_N � m=k+2

G^{[k]}_m � |q_{j,k+1}||ϕ_s| |ϕ^′_s|

≤ Caℓ^{−1}_1 (N − k) � aℓ_1 � dxdx^′_kd W^2 � |∇_{k+1}∇_jϕ_s|^2 + |∇_{k+1}ϕ_s|^2 + |∇_{k+1}ϕ^′_s|^2 �

+aℓ^2_1ℓ^{−3} � dxdx^′_k W^2 � |∇_j ϕ_s|^2 + |ϕ_s|^2 + |ϕ^′_s|^2 � . (9.9)

Finally we apply the estimate W ≤ C^kW^′ for the terms with ϕ^′ to obtain the energy norm. Using Corollary 6.2 and the finiteness of the volume we find (with aℓ_1 ≪ ℓ^3)

(N − k) � j<k � r>k+1 � dx_kdx^′_kdx_{N−k} w_{k+1,r}F^{[k]}_{k+1,r}

�_N � m=k+2

G^{[k]}_m � |q_{j,k+1}||ϕ_s| |ϕ^′_s|

≤ C_k(a + aℓ_1ℓ^{−3}) → 0 as N → ∞ .

The other contributions coming from the second term of (9.8) can be bounded analogously. From (9.7), and since � dx_{k+2} . . . dx_N (W^{[k+1]})^2ϕ_s(x_k, x_{N−k})ϕ_s(x^′_k, x_{N−k}) = U^{(k+1)}_{N,s} (x_k, x_{k+1}; x^′_k, x_{k+1})

it follows that

⟨J^{(k)}, U^{(k)}_{N,t}⟩ = ⟨J^{(k)}, U^{(k)}_{N,0}⟩ − i k� j=1 �_t 0 ds � dx_kdx^′_k J^{(k)}(x_k; x^′_k) (−Δ_j + Δ^′_j)U^{(k)}_{N,s}(x_k; x^′_k)

− 2i(N − k) k� j=1 �_t 0 ds � dx_kdx^′_kdx_{k+1} J^{(k)}(x_k; x^′_k)

× (q(x_j − x_{k+1}) − q(x^′_j − x_{k+1}))U^{(k+1)}_{N,s} (x_k, x_{k+1}; x^′_k, x_{k+1}) + t o(1) .

(9.10)

Note that the function q depends on N, and that Nq(x) approaches 4πa_0 times a Dirac delta function as N → ∞ (Lemma A.2). Using Proposition 8.1 (with β_1 = 0, that is δ_{β1} (x) = δ(x), and β_2 = 3/2ℓ_1) we can replace Nq(x) by 4πa_0 times a δ-function. We can also replace Nq(x) by 4πa_0 times a smoothed version of the δ-function at some fixed length scale β. More precisely, we choose a radially symmetric function δ_β ∈ C^∞_0 (R^3) such that 0 ≤ δ_β (x) ≤ Cβ^{−3}χ(|x| ≤ β) and � dx δ_β(x) = 1. By the assumption J^{(k)} ∈ W^{1,∞}(Λ^k × Λ^k) and the a-priori bound from Lemma 7.1, we have � � �_t 0 ds � dx_kdx^′_kdx_{k+1} J^{(k)}(x_k; x^′_k) [(N − k)q(x_j − x_{k+1}) − 4πa_0δ_β(x_j − x_{k+1})]

× U^{(k+1)}_{N,s} (x_k, x_{k+1}; x^′_k, x_{k+1}) � � ≤ Ct(ℓ^{1/2}_1 + β^{1/2}) ,

for some constant C depending on k and J^{(k)}, but independent of N and β. Here we used Lemma 8.3 twice, once for the function q with lengthscale ℓ_1 (Lemma A.2) and once for the function δ_β . From (9.10) we find

⟨J^{(k)}, U^{(k)}_{N,t}⟩ = ⟨J^{(k)}, U^{(k)}_{N,0}⟩ − i k� j=1 �_t 0 ds � dx_kdx^′_k J^{(k)}(x_k; x^′_k) (−Δ_j + Δ^′_j )U^{(k)}_{N,s}(x_k; x^′_k)

− 8πia_0 k� j=1 �_t 0 ds � dx_kdx^′_kJ^{(k)}(x_k; x^′_k) × � dx_{k+1}(δ_β(x_j − x_{k+1}) − δ_β(x^′_j − x_{k+1}))U^{(k+1)}_{N,s} (x_k, x_{k+1}; x^′_k, x_{k+1})

+ tO(β^{1/2}) + t o(1)

as N → ∞.

9.2 Compactness of U_{N,t}

Using Proposition 9.1 we can now prove the equicontinuity of U^{(k)}_{N,t} in t with respect to the metric ^ρ on C([0, T ], H^{(ν)}_− ), and thus the compactness of U_{N,t}.

We recall the bound

‖U_N ‖_{C([0,T ],H}(ν)_{− )} = sup_{t∈[0,T ]} � k≥1 ν^{−k}‖U^{(k)}_{N,t}‖_2 ≤ 1 (9.11)

for some sufficiently large ν > 1 (Lemma 7.1) and we recall the definition of the metric ^ρ from (2.16). In order to prove the compactness of the sequence U_{N,t} with respect to the topology induced on C([0, T ], H^{(ν)}_− ) by the metric ^ρ, it is enough, by the Arzela-Ascoli Theorem, to prove the equicontinuity of the sequence U_{N,t}.

Lemma 9.2. The sequence of families of density matrices U_{N,t} = {U^{(k)}_{N,t}}^N_{k=1}, N = 1, 2, . . . satisfying (9.11) is equicontinuous on H^{(ν)}_− with respect to the metric ρ if and only if for every fixed k ≥ 1, for arbitrary J^{(k)} ∈ W^{1,∞}(Λ^k × Λ^k) and for every ε > 0 there exists a δ > 0 such that � �⟨J^{(k)}, U^{(k)}_{N,t} − U^{(k)}_{N,s}⟩ � � ≤ ε (9.12)

whenever |t − s| ≤ δ.

Proof. Equicontinuity in the metric ρ means that, for any ε > 0 there exists δ > 0 (independent of N), such that

ρ(U_{N,t}, U_{N,s}) = ∞� j=1 2^{−j} � � � k≥1 ⟨J^{(k)}_j , U^{(k)}_{N,t} − U^{(k)}_{N,s}⟩ � � ≤ ε (9.13)

whenever |t − s| ≤ δ. Recall that J_j = {J^{(k)}_j }_{k≥1}, for j ≥ 1 was chosen as a dense countable subset of the unit ball of H^{(ν)}_+ . Using the uniform bound (9.11), one can approximate any given J = (J^{(1)}, J^{(2)}, . . .) ∈ H^{(ν)}_+ by an appropriate finite linear combinations of J_j and one can easily prove that (9.13) implies (9.12).

On the other hand it is clear, by a standard approximation argument (and because W^{1,∞}(Λ^k ×Λ^k) is dense in L^2(Λ^k × Λ^k)), that (9.12) for all J^{(k)} ∈ W^{1,∞}(Λ^k × Λ^k) implies the same bound for all J^{(k)} ∈ L^2(Λ^k × Λ^k). To prove that (9.12) for all J^{(k)} ∈ L^2(Λ^k × Λ^k) implies (9.13) one can proceed as follow. Given ε > 0, we note that � j>m 2^{−j} � � � k≥1 ⟨J^{(k)}_j , U^{(k)}_{N,t} − U^{(k)}_{N,s}⟩ � � ≤ � j>m 2^{−j} ‖J_j ‖_H(ν)_+ � ‖U_{N,t}‖_H(ν)_− + ‖U_{N,s}‖_H(ν)_− �

≤ 2 � j>m 2^{−j} ≤ ε/3

if we choose m sufficiently large. Hence � j≥1 2^{−j} � � � k≥1 ⟨J^{(k)}_j , U^{(k)}_{N,t} − U^{(k)}_{N,s}⟩ � � ≤ ε/3 + � j≤m 2^{−j} � � � k≥1 ⟨J^{(k)}_j , U^{(k)}_{N,t} − U^{(k)}_{N,s}⟩ � �. (9.14)

Moreover we note that � j≤m 2^{−j} � � � k>p ⟨J^{(k)}_j , U^{(k)}_{N,t} − U^{(k)}_{N,s}⟩ � � ≤ 2 sup_{t∈[0,T ]} ‖UN (t)‖_H(ν)_− � j≤m 2^{−j} � sup_{k>p} ν^k‖J^{(k)}_j ‖_{k,+} �

≤ ε/3 if we choose p large enough, depending on m, because lim_{k→∞} ν^k‖J^{(k)}_j ‖_{k,+} = 0 for every j. From (9.14) we therefore have � j≥1 2^{−j} � � � k≥1 ⟨J^{(k)}_j , U^{(k)}_{N,t} − U^{(k)}_{N,s}⟩ � � ≤ 2ε/3 + � j≤m 2^{−j} � � � k≤p ⟨J^{(k)}_j , U^{(k)}_{N,t} − U^{(k)}_{N,s}⟩ � �. (9.15)

Now, for every j ≤ m and k ≤ p, we can find δ_{jk} > 0 such that � �⟨J^{(k)}_j , U^{(k)}_{N,t} − U^{(k)}_{N,s}⟩ � � ≤ 2^{−k}ε/3

if |t − s| ≤ δ_{jk}. Thus, for |t − s| ≤ δ := min{δ_{jk} : j ≤ m, k ≤ p}, we have � j≥1 2^{−j} � � � k≥1 ⟨J^{(k)}_j , U^{(k)}_{N,t} − U^{(k)}_{N,s}⟩ � � ≤ ε.

This proves that (9.12) implies (9.13).

Lemma 9.3. The sequence U_{N,t} = {U^{(k)}_{N,t}}^N_{k=1} ∈ C([0, T ], H^{(ν)}_− ) is equicontinuous in t with respect to the metric ρ (defined in (2.15)). In particular, by the Arzela-Ascoli Theorem, the sequence U_{N,t} is compact in C([0, T ], H^{(ν)}_− ) with respect to ^ρ.

Proof. We prove (9.12) for all J^{(k)} ∈ W^{1,∞}(Λ^k × Λ^k). For such J^{(k)} we can apply Proposition 9.1 and we find � �⟨J^{(k)}, U^{(k)}_{N,t1} ⟩ − ⟨J^{(k)}, U^{(k)}_{N,t2} ⟩ � � ≤ k� j=1 �_{t2}

t_1 ds � �⟨J^{(k)}, (−Δj + Δ^′_j)U^{(k)}_{N,s}⟩ � �

+ 2a_0 k� j=1 �_{t2}

t_1 ds � � � dx_kdx^′_kJ^{(k)}(x_k; x^′_k) × � dx_{k+1}(δ_β (x_j − x_{k+1}) − δ_β (x^′_j − x_{k+1}))U^{(k+1)}_{N,s} (x_k, x_{k+1}; x^′_k, x_{k+1}) � � + |t_1 − t_2| O(β^{1/2}) + o(|t_1 − t_2|) .

(9.16)

Next we bound � �⟨J^{(k)}, (−Δj + Δ^′_j )U^{(k)}_{N,s}⟩ � � ≤ � �TrJ^{(k)}ΔjU^{(k)}_{N,s} � � + � �Tr J^{(k)}U^{(k)}_{N,s}Δj � �, and use � �Tr J_{(k)}Δ_jU (k)_{N,s} � � ≤ ‖S_{−1j} J_{(k)}S_j‖‖S_{−1j} Δ_jS_{−1j} ‖Tr � �S_jU (k)_{N,s}S_j � � . (9.17)

Using that J^{(k)} ∈ W^{1,∞}(Λ^k × Λ^k) and the finiteness of the volume of Λ we obtain � dx_kdx^′_k |∇_j J(x_k; x^′_k)|^2 < ∞.

It follows that S_jJ^{(k)} is a Hilbert-Schmidt operator, and thus compact. This implies in particular that S^{−1}_j J^{(k)}S_j is a bounded operator, and thus, by Lemma 7.1, the r.h.s. of (9.17) is bounded. Analogously, it also follows that |Tr J^{(k)}U^{(k)}_{N,s}Δ_j | is bounded, uniformly in N and s.

As for the second term on the r.h.s. of (9.16), we use that for fixed β, δ_β is bounded, J^{(k)}(x_k; x^′_k) is bounded and Tr U^{(k+1)}_{N,s} ≤ 1: we obtain � � � dx_kdx^′_kdx_{k+1} J^{(k)}(x_k; x^′_k)(δ_β (x_j − x_{k+1}) − δ_β(x^′_j − x_{k+1}))U^{(k+1)}_{N,s} (x_k, x_{k+1}; x^′_k, x_{k+1}) � � ≤ C (9.18)

for a constant C, independent of N and of s. It follows from (9.16) that, for any fixed J^{(k)} ∈ W^{1,∞}(Λ^k × Λ^k), � �⟨J_{(k)}, U (k)_{N,t1} ⟩ − ⟨J_{(k)}, U (k)_{N,t2} ⟩ � � ≤ C|t_1 − t_2|

for a constant C which depends on k and on J^{(k)}, but is independent of N and of t_1 and t_2. This implies, by Lemma 9.2, that U_N (t) is compact w.r.t. the topology induced by the metric ^ρ on C([0, T ], H^{(ν)}_− ).

9.3 Compactness of Γ_{N,t} The aim of this section is to prove part i) of Theorem 2.1, stating the compactness of the sequence Γ_{N,t} = {γ^{(k)}_{N,t}}^N_{k=1} in C([0, T ], B^{(ν)}_− ) with respect to the metric ^ρ.

First of all, we note that, for any ν > 2,

‖Γ_{N,t}‖_H(ν)_− = � k≥1 ν^{−k}‖γ^{(k)}_{N,t}‖_2 ≤ 1

because ‖γ^{(k)}_{N,t}‖_2 ≤ 1 for every k. Thus Γ_{N,t} ∈ B^{(ν)}_− .

In order to prove the compactness of Γ_{N,t} we use that, by Lemma 9.3, the sequence U_{N,t} is compact. It only remains to prove that limit points of U_{N,t} are also limit points of Γ_{N,t}. This is the aim of the next two lemmas.

Recall that

γ^{(k)}_{N,t}(x_k; x^′_k) = � dx_{N−k} W (x_k, x_{N−k})W (x^′_k, x_{N−k})ϕ_{N,t}(x_k, x_{N−k})ϕ_{N,t}(x^′_k, x_{N−k})

are the marginal densities corresponding to ψ_{N,t}(x) = W (x)ϕ_{N,t}(x), while

U^{(k)}_{N,t}(x_k; x^′_k) = � dx_{N−k} W^{[k]}(x_{N−k})^2ϕ_{N,t}(x_k, x_{N−k})ϕ_{N,t}(x^′_k, x_{N−k}).

Recall that W^{[k]} = W^{(1...k)} denotes the wave function W after removing its dependence on x_k = (x_1, . . . , x_k) (see (4.3)).

Lemma 9.4. Assume that Γ_{N,t} = {γ^{(k)}_{N,t}}^N_{k=1} and U_{N,t} = {U^{(k)}_{N,t}}^N_{k=1} are defined as above and that the assumptions of Theorem 2.1 are satisfied. Then we have, for every fixed k ≥ 1 and t ∈ [0, T ], � dx_kdx^′_k � �γ^{(k)}_{N,t}(xk; x^′_k) − U^{(k)}_{N,t}(xk; x^′_k) � � → 0 as N → ∞.

Proof. In this proof k is considered fixed and all constants may depend on it. We have � dx_kdx^′_k � �γ(k)_{N,t}(x_k; x_{′k}) − U (k)_{N,t}(x_k; x_{′k}) � � ≤ � dx_kdx^′_kdx_{N−k} |ϕ_{N,t}(x_k, x_{N−k})||ϕ_{N,t}(x^′_k, x_{N−k})| × � �W (x_k, x_{N−k})W (x_{′k}, x_{N−k}) − W_{[k]}(x_{N−k})_2 � � .

Using the shorthand notation ϕ = ϕ_{N,t}(x_k, x_{N−k}), ϕ^′ = ϕ_{N,t}(x^′_k, x_{N−k}), and W = W (x_k, x_{N−k}), W^′ = W (x^′_k, x_{N−k}), and W^{[k]} = W^{[k]}(x_{N−k}), we need to bound � |W W^′ − (W^{[k]})^2||ϕ||ϕ^′| ≤ � |W − W^{[k]}|W^′|ϕ||ϕ^′| + � |W^′ − W^{[k]}|W^{[k]}|ϕ||ϕ^′| . (9.19)

Using W =

�_N j=1 G^{1/2}_j and W^{[k]} =

�_N

j=k+1(G [k] j )^{1/2}, we get

|W − W^{[k]}| ≤ � �1 −^k� j=1 G^{1/2}_j � �^N�

j=k+1

G^{1/2}_j

+ N� m=k+1

� � m−1�

j=k+1

G^{1/2}_j � � � �G^{1/2}_m − (G^{[k]}_m )^{1/2} � � � � N� j=m+1

(G^{[k]}_j )^{1/2} � � .

Thus, the first term on the r.h.s. of (9.19) can be bounded by � |W − W^{[k]}|W^′|ϕ||ϕ^′| ≤ � � �1 −^k� j=1 G^{1/2}_j � � � � N� j=k+1

G^{1/2}_j � � W^′|ϕ||ϕ^′|

+ N� m=k+1 � � � m−1�

j=k+1

G^{1/2}_j � � � �G^{1/2}_m − (G^{[k]}_m )^{1/2} � � � � N� j=m+1

(G^{[k]}_j )^{1/2} � � W^′|ϕ||ϕ^′| .

Applying Schwarz inequality, with some α > 0 which will be specified later on, we find � � �W − W^{[k]} � � W^′|ϕ||ϕ^′| ≤ α � � �1 −^k� j=1 G^{1/2}_j � �^2 � � N� j=k+1

G_j � � |ϕ|^2

+ α N� m=k+1 � � � m−1�

j=k+1

G_j � � � �G^{1/2}_m − (G^{[k]}_m )^{1/2} � �^2 � � N� j=m+1

G^{[k]}_j � � |ϕ|^2

+ CNα^{−1} � (W^′)^2|ϕ^′|^2

≤ Cα � � � �1 − k� j=1 G^{1/2}_j � �^2 W^2|ϕ|^2

+ Cα N� m=k+1 � � �G_{1/2m} − (G_{[k]m} )_{1/2} � �^2W_2|ϕ|_2 + CNα_{−1} � (W^′)^2|ϕ^′|^2 .

(9.20)

Next we note that, since 0 < G_j ≤ 1, we have � �1 − k� j=1 G^{1/2}_j � � ≤ � j≤k � m w_{jm}F_{jm} .

Using (5.7) summed up for all 1 ≤ j ≤ k with the help of (B.2), the first term on the r.h.s. of (9.20) can be bounded by � � �1 −^k� j=1 G^{1/2}_j � �^2 W_2|ϕ|_2 ≤ � j≤k � m � w_{jm}F_{jm}W^2|ϕ|^2

≤ aℓ_1 � j≤k � W^2|∇_j ϕ|^2 + aℓ^2_1ℓ^{−3}k � W^2|ϕ|^2

≤ C_k(aℓ_1 + aℓ^2_1ℓ^{−3}) = o(N^{−1}ℓ^δ)

for N → ∞ and for some δ > 0 (because ℓ_1 ≪ ℓ^{3/2}). As for the second term on the r.h.s. of (9.20) we note that, since G_j ≥ c_1 > 0 (pointwise, for N large enough), we have for each fixed m

|G^{1/2}_m − (G^{[k]}_m )^{1/2}| ≤ C|G_m − G^{[k]}_m | ≤ � n≤k w_{mn}F_{mn} + � n>k w_{mn}|F_{mn} − F^{[k]}_{mn}| ≤ � n≤k w_{mn}F_{mn} + ℓ^{−ε} � n>k � r≤k w_{mn}θ_{mr}F^{[k]}_{mn} + O(ℓ^{K−ε})

using (C.4). Thus, using Lemma B.1 and the fact that w ≤ ~χ, we find, � m>k � W^2 � � �G^{1/2}_m − (G^{[k]}_m )^{1/2} � � �^2|ϕ|^2 ≤ C � m>k � n_1,n_2≤k � W^2w_{mn1} w_{mn2} F_{mn1} F_{mn2} |ϕ|^2 + O(ℓ^{K−ε})

+ Cℓ^{−2ε} � m,n_1,n_2>k � r_1,r_2≤k � W^2w_{mn1} w_{mn2} F^{[k]}_{mn1} F^{[k]}_{mn2} θ_{mr1} θ_{mr2} |ϕ|^2 ≤ C � m>k � n≤k � W^2w^2_{mn}F_{mn}|ϕ|^2

+ Cℓ^{−2ε} � m,n>k � r≤k � W^2w^2_{mn}F^{[k]}_{mn}θ_{mr}|ϕ|^2 + O(ℓ^{K−ε}) .

Using the estimates (5.6), Lemma 5.3 and (5.3) with U = θ_{mr}, we obtain N� m=k+1 � W^2 � �G^{1/2}_m − (G^{[k]}_m )^{1/2} � �^2|ϕ|^2

≤ Ca^2 � n≤k � W^2|∇_nϕ|^2 + Ca^2ℓ_1ℓ^{−3}k � W^2|ϕ|^2

+ Cℓ^{−2ε}(ℓ| log ℓ|)^2a^2 � m>k � r≤k � W^2(|∇_m∇_rϕ|^2 + k|∇_mϕ|^2)

+ Cℓ^{−2ε}(ℓ| log ℓ|)^2a^2ℓ_1ℓ^{−3}N � r≤k � W^2(|∇_rϕ|^2 + |ϕ|^2) + O(ℓ^{K−ε}) ≤ C � a^2 + a^2ℓ_1ℓ^{−3} + aℓ^{−2ε}(ℓ| log ℓ|)^2 + aℓ_1ℓ^{−1−2ε}| log ℓ|^2 � + O(ℓ^{K−ε})

= o(N^{−1}ℓ^δ)

as N → ∞, for some sufficiently small δ > 0 (here we use (6.14), that ℓ_1 ≪ ℓ^{3/2}, aℓ_1 ≪ ℓ^4 and that ε < 1/10). So choosing α = Nℓ^{−δ} (for some δ small enough), we get, from (9.20), � |W − W^{[k]}|W^′|ϕ||ϕ^′| ≤ o(1) for N → ∞. Analogously we can bound the second term on the r.h.s. of (9.19).

Lemma 9.5. For any increasing subsequence N_j , the subsequence U_{Nj ,t} converges if and only if Γ_{Nj ,t} converges (the convergence is in C([0, T ], H^{(ν)}_− ) with respect to the metric ^ρ). Moreover the limits coincide.

Proof. Suppose that, for a given subsequence N_j , U_{Nj ,t} → U_{∞,t} = {U^{(k)}_{∞,t}}_{k≥1} as j → ∞, with respect to the metric ^ρ. Then we prove that Γ_{Nj ,t} → U_{∞,t} w.r.t. ^ρ for j → ∞. Since Γ_{Nj ,t} ∈ B^{(ν)}_− (the unit ball of H^{(ν)}_− ) it is enough to prove that for every fixed k ≥ 1 and t ∈ [0, T ], and for all J^{(k)} from any dense subset of L^2(Λ^k × Λ^k), � dx_kdx^′_k J^{(k)}(x_k; x^′_k) � γ^{(k)}_{Nj ,t}(x_k; x^′_k) − U^{(k)}_{∞,t}(x_k; x^′_k) � → 0 as j → ∞. Assume now that J^{(k)} ∈ W^{0,∞}(Λ^k × Λ^k) (which is a dense subset of L^2(Λ^k × Λ^k)). Then we have � � � dx_kdx^′_k J^{(k)}(x_k; x^′_k)(γ^{(k)}_{Nj ,t}(x_k; x^′_k) − U^{(k)}_{∞,t}(x_k; x^′_k)) � � ≤ � dx_kdx^′_k � �γ^{(k)}_{Nj ,t}(xk; x^′_k) − U^{(k)}_{Nj ,t}(xk; x^′_k) � � + � dx_kdx^′_k J^{(k)}(x_k; x^′_k) � U^{(k)}_{Nj ,t}(x_k; x^′_k) − U^{(k)}_{∞,t}(x_k; x^′_k) � . The second term converges to zero, as j → ∞, because we assumed that U_{Nj ,t} → U_{∞,t} w.r.t. the metric ^ρ as j → ∞ (and because U_{Nj ,t} ∈ B^{(ν)}_− ). The first term converges to zero as j → ∞, by Lemma 9.4. This proves that Γ_{Nj ,t} → U_{∞,t} w.r.t. ^ρ as j → ∞. Analogously one can prove that, if Γ_{Nj ,t} → Γ_{∞,t}, then also U_{Nj ,t} → Γ_{∞,t}.

The last lemma, together with Lemma 9.3, implies that the sequence Γ_{N,t} is compact, and completes the proof of part i) of Theorem 2.1.

Part ii) of Theorem 2.1 follows from Lemma 9.5 and from (7.2). Part iii) of Theorem 2.1 follows on the other hand by Lemmas 9.5 and 7.3. Part iv) follows by the remark after Proposition 8.1, using that Γ_{∞,t} satisfies the bound from part ii) of Theorem 2.1, Tr (1 − Δ_i)(1 − Δ_j)γ^{(k)}_{∞,t} ≤ C^k, for all i ≠ j.

9.4 Convergence to the Gross-Pitaevskii Hierarchy In this section we prove that the limit point U_{∞,t} satisfies the Gross-Pitaevskii Hierarchy, in the sense of (2.24).

Proof of part v) of Theorem 2.1. Using the assumption J^{(k)} ∈ W^{2,∞}(Λ^k × Λ^k) we can apply Proposition 9.1. We find

⟨J^{(k)}, U^{(k)}_{N,t}⟩ = ⟨J^{(k)}, U^{(k)}_{N,0}⟩ − i k� j=1 �_t 0 ds � dx_kdx^′_k J^{(k)}(x_k; x^′_k) (−Δ_j + Δ^′_j)U^{(k)}_{N,s}(x_k; x^′_k)

− 8πia_0 k� j=1 �_t 0 ds � dx_kdx^′_kJ^{(k)}(x_k; x^′_k) × � dx_{k+1}(δ_β (x_j − x_{k+1}) − δ_β(x^′_j − x_{k+1}))U^{(k+1)}_{N,s} (x_k, x_{k+1}; x^′_k, x_{k+1})

+ tO(β^{1/2}) + to(1)

(9.21) as N → ∞.

By passing to a subsequence and by Lemma 9.5, we can assume here that U_{N,t} → Γ_{∞,t} = {γ^{(k)}_{∞,t}}_{k≥1} with respect to the topology induced by the metric ^ρ on C([0, T ], H^{(ν)}_− ). This in particular implies that U^{(k)}_{N,t} → γ^{(k)}_{∞,t} for every k ≥ 1 and for every t ∈ [0, T ] w.r.t. the weak topology of L^2(Λ^k × Λ^k). Since J^{(k)} ∈ W^{2,∞}(Λ^k × Λ^k) and |Λ| < ∞, we have J^{(k)}(x_k; x^′_k) ∈ L^2(Λ^k × Λ^k). This means that ⟨J^{(k)}, U^{(k)}_{N,t} − γ^{(k)}_{∞,t}⟩ → 0 and ⟨J^{(k)}, U^{(k)}_{N,0} − γ^{(k)}_{∞,0}⟩ → 0

as N → ∞.

Moreover, since J^{(k)} ∈ W^{2,∞}(Λ^k × Λ^k), it also follows that Δ_{xj} J^{(k)}(x_k; x^′_k) and Δ_x′_j J^{(k)}(x_k; x^′_k) are elements of L^2(Λ^k × Λ^k). This and the fact that U_{N,t} → Γ_{∞,t} w.r.t. the topology induced by the metric ^ρ, imply that sup s∈[0,T ] k� j=1 � dx_kdx^′_k Δ_jJ^{(k)}(x_k; x^′_k) � U^{(k)}_{N,s}(x_k; x^′_k) − γ^{(k)}_{∞,s}(x_k; x^′_k) � → 0

as N → ∞.

Finally we consider the limit N → ∞ of the last term on the r.h.s. of (9.21). From the proof of Proposition 8.1 (see in particular (8.6)), we have � � � dx_kdx^′_kdx_{k+1}dx^′_{k+1}J^{(k)}(x_k; x^′_k)δ_β (x_j − x_{k+1}) × � δ_η(x_{k+1} − x^′_{k+1}) − δ(x_{k+1} − x^′_{k+1}) � U^{(k+1)}

N,s (x_k, x_{k+1}; x^′_k, x^′_{k+1}) � � ≤ C η ‖J^{(k)}‖_∞Tr S_{k+1}S_jU^{(k+1)}_{N,s} S_jS_{k+1}

for some finite constant C independent of s ∈ [0, T ], of N, and of β. In particular, � dx_kdx^′_kdx_{k+1} J^{(k)}(x_k; x^′_k) � δ_β(x_j − x_{k+1}) − δ_β (x^′_j − x_{k+1}) � U^{(k+1)}

N,s (x_k, x_{k+1}; x^′_k, x_{k+1}) = � dx_kdx^′_kdx_{k+1}dx^′_{k+1} J^{(k)}(x_k; x^′_k) � δ_β (x_j − x_{k+1}) − δ_β(x^′_j − x_{k+1}) � × δ_η(x_{k+1} − x^′_{k+1})U^{(k+1)}_{N,s} (x_k, x_{k+1}; x^′_k, x^′_{k+1}) + O(η) .

On the r.h.s. of the last equation we can now let N → ∞ keeping β and η fixed. By the assumptions on J^{(k)} and by the choice of the functions δ_β and δ_η, it is easy to see that J^{(k)}(x_k; x^′_k)δ_β (x_j − x_{k+1})δ_η(x_{k+1} − x^′_{k+1}) is an element of L^2(Λ^{k+1} × Λ^{k+1}) for any fixed β and η. Hence � dx_kdx^′_kdx_{k+1}dx^′_{k+1} J^{(k)}(x_k; x^′_k) � δ_β(x_j − x_{k+1}) − δ_β(x^′_j − x_{k+1}) � δ_η(x_{k+1} − x^′_{k+1}) × � U^{(k+1)}

N,s (x_k, x_{k+1}; x^′_k, x^′_{k+1}) − γ^{(k+1)}_{∞,s} (x_k, x_{k+1}; x^′_k, x^′_{k+1}) � → 0 for N → ∞, uniformly in s. So, after taking the limit N → ∞, (9.21) becomes

⟨J^{(k)}, γ^{(k)}_{∞,t}⟩ = ⟨J^{(k)}, γ^{(k)}_{∞,0}⟩ − i k� j=1 �_t 0 ds � dx_kdx^′_k J^{(k)}(x_k; x^′_k) (−Δ_j + Δ^′_j)γ^{(k)}_{∞,s}(x_k; x^′_k)

− 8πia_0 k� j=1 �_t 0 ds � dx_kdx^′_kdx_{k+1}dx^′_{k+1} J^{(k)}(x_k; x^′_k)δ_η(x_{k+1} − x^′_{k+1})

× (δ_β (x_j − x_{k+1}) − δ_β (x^′_j − x_{k+1}))γ^{(k+1)}_{∞,s} (x_k, x_{k+1}; x^′_k, x^′_{k+1}) + O(β^{1/2}) + O(η)

for any fixed t and k. Next we apply Proposition 8.1 to replace δ_η(x_{k+1} − x^′_{k+1}) by δ(x_{k+1} − x^′_{k+1}) and δ_β (x_j − x_{k+1}) (respectively, δ_β(x^′_j − x_{k+1})) by δ(x_j − x_{k+1}) (respectively, by δ(x^′_j − x_{k+1})). The error here is of order β^{1/2} + η. Hence, letting η → 0 and β → 0 we find

⟨J^{(k)}, γ^{(k)}_{∞,t}⟩ = ⟨J^{(k)}, γ^{(k)}_{∞,0}⟩ − i k� j=1 �_t 0 ds � dx_kdx^′_k J^{(k)}(x_k; x^′_k) (−Δ_j + Δ^′_j)γ^{(k)}_{∞,s}(x_k; x^′_k)

− 8πia_0 k� j=1 �_t 0 ds � dx_kdx^′_kdx_{k+1} J^{(k)}(x_k; x^′_k)

× (δ(x_j − x_{k+1}) − δ(x^′_j − x_{k+1}))γ^{(k+1)}_{∞,s} (x_1, . . . , x_{k+1}; x^′_1, . . . , x^′_k, x_{k+1}) .

10 Control of Some Error Terms

In this section we use the notation

D(ϕ) = � dx W^2 � |∇_1∇_2ϕ|^2 + N^{−1}|∇^2_1ϕ|^2 + |∇_1ϕ|^2 + |ϕ|^2 � . By Corollary 6.2, D(ϕ) ≤ C if (W ϕ, ~HW ϕ) ≤ C_1N and (W ϕ, ~H^2W ϕ) ≤ C_2N^2.

Lemma 10.1. Assume a ≪ ℓ_1 ≪ ℓ ≪ 1, aℓ_1 ≪ ℓ^4, ℓ_1 ≪ ℓ^{3/2}. Then for any fixed k and any J^{(k)} ∈ W^{0,∞}(Λ^k × Λ^k), and for every wave function ϕ symmetric w.r.t. permutation, we have � � � dx_kdx^′_kdx_{N−k} J^{(k)}(x_k, x^′_k)(W^{[k]})^2(~Ω − ~Ω^′)ϕ(x_k, x_{N−k}) ϕ(x^′_k, x_{N−k}) � � ≤ o(1)D(ϕ) (10.1)

as N → ∞

Proof. We recall that ~Ω = Ω^p 2G_p + Ω_{pj} 2G_j

+ Γ.

Using the definitions of Ω_p, Ω_{pj} and Γ from the beginning of Section 6 and the estimates from the end of Appendix C, we find

|~Ω − ~Ω^′| ≤ Cℓ^{−1} � i � j≤k � |(∇w)_{ij} |F^{1/2}_{ij} + |(∇w^′)_{ij} |(F^′)^{1/2}_{ij} �

+ Cℓ^{−2} � i � j≤k � w_{ij} F^{1/2}_{ij} + w^′_{ij} (F^′_{ij} )^{1/2} �

+ Cℓ^{−1−ε} � i,j>k k� r,r^′=1

|(∇w)_{ij} |(F^{[k]}_{ij} )^{1/2}(θ_{ri} + θ_r′_i)

+ Cℓ^{−2−ε} � i,j>k k� r,r^′=1

w_{ij} (θ_{ri} + θ_r′_i)(F^{[k]}_{ij} )^{1/2}

+ O(N^4ℓ^{K−3−ε}) .

(10.2)

This inequality relies on the fact that if both indices i, j > k then there is a cancellation between F_{ij} and F^′_{ij} .

Using |w| ≤ Caℓ_1λ ≪ Caℓλ and |∇w| ≤ Caλ, it is sufficient to control the first and the third terms on the r.h.s of (10.2) with |(∇w)_{ij} | replaced with Caλ_{ij}.

Inserting the first term on the r.h.s. of the last equation into (10.1), taking the absolute value, and estimating J^{(k)} by its sup-norm, we find that this contribution is bounded by

Caℓ^{−1} � i � j≤k � dx_kdx^′_kdx_{N−k}(W^{[k]})^2λ_{ij} F^{1/2}_{ij} |ϕ(x^′_k, x_{N−k})| |ϕ(x_k, x_{N−k})|

≤ Caℓ^{−1} � i � j≤k � dx_kdx^′_kdx_{N−k}(W^{[k]})^2λ_{ij} F^{1/2}_{ij} � |ϕ|^2 + |ϕ^′|^2 �

≤ C � i � j≤k � aℓ^{−1} � dx_kdx_{N−k}(W^{[k]})^2 ~χ_{ij}F^{1/8}_{ij} |∇_jϕ|^2

+ aℓ_1ℓ^{−4} � dx_kdx^′_k dx_{N−k} (W^{[k]})^2 ~χ_{ij} F^{1/8}_{ij} � |ϕ|^2 + |ϕ^′|^2 �

≤ C^k � j≤k aℓ^{−1} � dx W^2 |∇_jϕ|^2

+ C^kkaℓ_1ℓ^{−4} � dx W^2 |ϕ|^2 + � dx^′ (W^′)^2 |ϕ^′|^2 �

≤ C_k(aℓ^{−1} + aℓ_1ℓ^{−4})D(ϕ) = o(1)D(ϕ)

because aℓ_1ℓ^{−4} ≪ 1. Here x^′ = (x^′_k, x_{N−k}).

The contribution from the third term on the r.h.s. of (10.2) can be bounded as follows. Also here we estimate J^{(k)} by its sup-norm.

Caℓ^{−1−ε} � i,j>k � r≤k � dx_kdx^′_kdx_{N−k}(W^{[k]})^2λ_{ij}F^{[k]}_{ij} θ_{ri} |ϕ^′| |ϕ|

≤ Caℓ^{−1−ε} � i,j>k � r≤k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2λ_{ij} F^{[k]}_{ij} θ_{ri} � |ϕ|^2 + |ϕ^′|^2 �

≤ Caℓ^{−1−ε} � i,j>k � r≤k � dx_kdx^′_kdx_{N−k}(W^{[k]})^2 ~χ_{ij} (F^{[k]}_{ij} )^{1/4}θ_{ir} � |∇_jϕ|^2 + |∇_j ϕ^′|^2 �

+ Caℓ_1ℓ^{−4−ε} � i,j>k � r≤k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2 ~χ_{ij}(F^{[k]}_{ij} )^{1/4}θ_{ir} � |ϕ|^2 + |ϕ^′|^2 � . Next we apply Lemma 5.2. We find

Cℓ^{−1−ε} � i,j>k � r≤k � dx_kdx_{N−k}(W^{[k]})^2λ_{ij}F^{[k]}_{ij} θ_{ri}|ϕ^′||ϕ|

≤ C � i,j>k � r≤k � aℓ^{−1−ε}ℓ^2| log ℓ|^2 � dx(W^{[k]})^2 ~χ_{ij} (F^{[k]}_{ij} )^{1/4} � |∇_r∇_j ϕ|^2 + |∇_jϕ|^2 �

+ aℓ^{−4−ε}ℓ_1(ℓ| log ℓ|)^3 × � dx (W^{[k]})^2 ~χ_{ij} (F^{[k]}_{ij} )^{1/4} � |∇_i∇_rϕ|^2 + |∇_rϕ|^2 + |∇_iϕ|^2 + |ϕ|^2 �

+ Ck � i,j>k � aℓ^{−1−ε}ℓ^2| log ℓ|^2 � dx^′(W^{[k]})^2 ~χ_{ij} (F^{[k]}_{ij} )^{1/4} |∇_jϕ^′|^2

+aℓ^{−4−ε}ℓ_1(ℓ| log ℓ|)^3 � dx^′ (W^{[k]})^2 ~χ_{ij} (F^{[k]}_{ij} )^{1/4} � |∇_iϕ^′|^2 + |ϕ^′|^2 � �

≤ C_k(ℓ^{1−ε}| log ℓ|^2 + ℓ_1ℓ^{−1−ε}| log ℓ|^3)D(ϕ) = o(1)D(ϕ) .

We used the assumption ℓ_1 ≪ ℓ^{3/2} (and 0 < ε < 1/4).

Lemma 10.2. Assume a ≪ ℓ_1 ≪ ℓ, ℓ_1 ≪ ℓ^{3/2}, Nℓ^3_1 ≪ ℓ^{9/4}, and N^2ℓ^5 ≪ 1. Then for any fixed k, any J^{(k)} ∈ W^{0,∞}(Λ^k × Λ^k), and any wave function ϕ symmetric w.r.t. permutations, we have � �^N� m=1 � dx_kdx^′_kdx_{N−k}J^{(k)}(x_k, x^′_k) (W^{[k]})^2 � ∇_m log W W^{[k]} � (∇_mϕ) ϕ^′ � � ≤ o(1)D(ϕ) (10.3)

as N → ∞.

Proof. We have

∇_m log W W^{[k]} = 1 2 � j≤k ∇_mG_j G_j + 1 2 � j>k � ∇_mG_j

G_j − ∇_mG^{[k]}_j

G^{[k]}_j � . Using that for each fixed j

G_j = 1 − w_{jn}F_{jn} and G^{[k]}_j = 1 − w_{jn}F^{[k]}_{jn} χ(n > k) for j > k

we have, for each fixed j > k and m,

|G_j − G^{[k]}_j | ≤ � n≤k w_{jn}F_{jn} + � n>k w_{jn}|F_{jn} − F^{[k]}_{jn} | and |∇_m(G_j − G^{[k]}_j )| ≤ |(∇w)_{jm}| |F_{jm} − F^{[k]}_{jm}| + w_{jn}|∇_m(F_{jn} − F^{[k]}_{jn} )| + |(∇w)_{jm}|F_{jm}χ(m ≤ k) .

We also use that w_{jn} is supported on |x_j − x_n| ≤ 2ℓ_1, and

χ(|x_j − x_n| ≤ 2ℓ_1) F_{jn} G_j = χ(|x_j − x_n| ≤ 2ℓ_1) F_{jn} (1 − w_{jn}F_{jn}) + O(exp(−cℓ^{−ε})).

Estimating J^{(k)} by its sup-norm, we find � m � � � dx_kdx^′_kdx_{N−k}J^{(k)}(x_k, x^′_k) (W^{[k]})^2 � ∇_m log W W^{[k]} � (∇_mϕ) ϕ^′ � � ≤ � m � j≤k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2 (|(∇w)_{jm}|F_{jm} + w_{jn}|∇_mF_{jn}|) |∇_mϕ| |ϕ^′| + � m � n,j>k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2w_{jn}|∇_m(F_{jn} − F^{[k]}_{jn} )||∇_mϕ| |ϕ^′| + � m � j>k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2|(∇w)_{jm}||(F_{jm} − F^{[k]}_{jm})||∇_mϕ| |ϕ^′|

+ O(exp(−cℓ^{−ε}))D(ϕ) .

(10.4)

Applying a Schwarz inequality we can bound the first term on the r.h.s of the last equation by (using the summation convention for m) � j≤k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2 |(∇w)_{jm}|F_{jm}|∇_mϕ||ϕ^′|

≤ aα � j≤k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2 λ_{jm}F_{jm}|∇_mϕ|^2

+ aα^{−1} � j≤k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2 λ_{jm}F_{jm}|ϕ^′|^2.

To bound the first term on the r.h.s. of the last equation we use Lemma 5.3; to bound the second one, we estimate F_{jm} ≤ 1, and, for each fixed m, we integrate over the variable x_j using that ϕ^′ doesn’t depend on it. We get � j≤k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2 |(∇w)_{jm}|F_{jm}|∇_mϕ||ϕ^′|

≤ Caα � j≤k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2 ~χ_{jm}F^{1/4}_{jm} |∇_j∇_mϕ|^2

+ Caαℓ_1ℓ^{−3} � j≤k � dx_kdx^′_kdx_{N−k}(W^{[k]})^2 ~χ_{jm}F^{1/4}_{jm} |∇_mϕ|^2

+ Caα^{−1}ℓ_1N � dx^′ (W^{[k]})^2|ϕ^′|^2

≤ C_k � αaN + αaℓ_1ℓ^{−3}N + α^{−1}aℓ_1N � D(ϕ) = o(1)D(ϕ) where we used α = ℓ^{3/2} and that ℓ_1 ≪ ℓ^{3/2}. Next we consider the second term on the r.h.s. of (10.4). We have, applying first Lemma 5.3, and then Eq. (5.3) from Lemma 5.2, (using the summation convention for the indices m, n) � j≤k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2w_{jn}|∇_mF_{jn}| |∇_mϕ||ϕ^′|

≤ Caℓ_1 � j≤k � dx_kdx^′_kdx_{N−k}(W^{[k]})^2λ_{jn}|∇_mF_{jn}| � |∇_mϕ|^2 + |ϕ^′|^2 �

≤ Caℓ_1ℓ^{−1} � j≤k � dx(W^{[k]})^2F^{1/2}_{jn} ~χ_{jn}|∇_j∇_mϕ|^2

+ Caℓ^2_1ℓ^{−4} � j≤k � dx_kdx^′_kdx_{N−k}(W^{[k]})^2θ_{jm}F^{1/2}_{jn} ~χ_{jn} � |∇_mϕ|^2 + |ϕ^′|^2 �

≤ C_k(ℓ_1ℓ^{−1} + ℓ^2_1ℓ^{−4}ℓ^2| log ℓ|^2)D(ϕ) = o(1)D(ϕ)

for N → ∞, because ℓ_1 ≪ ℓ.

We consider now the second term on the r.h.s. of (10.4). The bound (C.5) implies that (here we are summing over n, j > k and r ≤ k) � dx_kx^′_kdx_{N−k} (W^{[k]})^2w_{jn}|∇_m(F_{jn} − F^{[k]}_{jn} )||∇_mϕ||ϕ^′|

≤ Cℓ^{−1−ε} � dx_kdx^′_kdx_{N−k} (W^{[k]})^2w_{jn}F^{1/2}_{jn} θ_{jr} � α|∇_mϕ|^2 + α^{−1}|ϕ^′|^2 � + O(ℓ^{K−1−ε})

≤ Ckαaℓ_1ℓ^{−1−ε} � dx (W^{[k]})^2 ~χ_{jn}F^{1/8}_{jn} |∇_j∇_mϕ|^2

+ Cαaℓ^2_1ℓ^{−4−ε} � dx (W^{[k]})^2 ~χ_{jn}F^{1/8}_{jn} θ_{jr}|∇_mϕ|^2

+ Cα^{−1}aℓ_1ℓ^{−1−ε} � dx^′dx_k (W^{[k]})^2 ~χ_{jn}F^{1/8}_{jn} θ_{jr}|∇_j ϕ^′|^2

+ Cα^{−1}aℓ^2_1ℓ^{−4−ε} � dx^′dx_k (W^{[k]})^2 ~χ_{jn}F^{1/8}_{jn} θ_{jr}|ϕ^′ � �^2 + O(ℓ_{K−1−ε})D(ϕ) .

Applying Lemma 5.2, we find � dx_kdx_{N−k} (W^{[k]})^2w_{jn}|∇_m(F_{jn} − F^{[k]}_{jn} )||∇_mϕ||ϕ^′|

≤ Cαaℓ_1ℓ^{−1−ε}k � dx (W^{[k]})^2|∇_j ∇_mϕ|^2

+ Cαaℓ^2_1ℓ^{−4−ε}ℓ^2| log ℓ|^2k � dx (W^{[k]})^2 � |∇_j ∇_mϕ|^2 + N|∇_mϕ|^2 �

+ Ckα^{−1}aℓ_1ℓ^{−1−ε}ℓ^3| log ℓ|^3 � dx^′(W^{[k]})^2|∇_jϕ^′|^2

+ Ckα^{−1}aℓ^2_1ℓ^{−4−ε}ℓ^3| log ℓ|^3 � dx (W^{[k]})^2 � |∇_j ϕ^′|^2 + N|ϕ^′|^2 � + O(ℓ^{K−1−ε})

≤ C_k| log ℓ|^3(αaℓ_1ℓ^{−1−ε}N^2 + αaℓ^2_1ℓ^{−2−ε}N^2 + α^{−1}aℓ_1ℓ^{2−ε}N

+ α^{−1}aℓ^2_1ℓ^{−1−ε}N + ℓ^{K−1−ε})D(ϕ) ≤ C_k(αNℓ_1ℓ^{−1−ε} + α^{−1}ℓ^2_1ℓ^{−1−ε})D(ϕ) ≤ C_kℓ^{3/2}_1 N^{1/2}ℓ^{−1−ε}D(ϕ) = o(1)D(ϕ) for N → ∞. Here we first used that ℓ_1ℓ^2 ≪ ℓ^2_1ℓ^{−1} (as follows from N^2ℓ^5 ≪ 1 and a ≪ ℓ_1 ≪ ℓ ≪ 1), then we optimized the choice of α and we used that Nℓ^3_1 ≪ ℓ^{9/4} (and that ε < 1/8).

Finally we consider the third term on the r.h.s. of (10.4). Using (C.4) we find (using the summation convention for m) � j>k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2|(∇w)_{jm}||(F_{jm} − F^{[k]}_{jm})||∇_mϕ| |ϕ^′|

≤ a � j>k � r≤k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2λ_{jm}θ_{mr}(F^{[k]}_{jm})^{1/2}|∇_mϕ| |ϕ^′|.

Next we apply a weighted Schwarz inequality. We find � j>k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2|(∇w)_{jm}||(F_{jm} − F^{[k]}_{jm})||∇_mϕ| |ϕ^′| ≤ α � j>k � r≤k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2 θ_{mr} ~χ_{jm}(F^{[k]}_{jm})^{1/2}|∇_mϕ|^2

+ α^{−1}a � j>k � r≤k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2σ_{mj}θ_{mr}(F^{[k]}_{jm})^{1/2}|ϕ^′|^2

where we used that aλ^{1/2}_{jm} ≤ ~χ_{jm} and that λ^{3/2}_{jm} ≤ σ_{mj} (recall the definition of σ_{jm} from (5.5)). In the first term on the r.h.s. of the last equation we can sum over the index j (using Lemma B.1) and then we can apply Lemma 5.2 for the integration over the variable x_r. As for the second term on the r.h.s. of the last equation we can first integrate over the variable x_r (using that ϕ^′ is independent of x_r) and then we can apply (5.9). We find (using the summation convention for the index m), � j>k � dx_kdx^′_kdx_{N−k} (W^{[k]})^2|(∇w)_{jm}||(F_{jm} − F^{[k]}_{jm})||∇_mϕ| |ϕ^′|

≤ Cαℓ^2| log ℓ|^2 � r≤k � dx (W^{[k]})^2|∇_m∇_rϕ|^2

+ Cα^{−1}aℓ^3(log N) � j>k � dx^′ (W^{[k]})^2|∇_j ∇_mϕ^′|^2

≤ C_k(log N)(αNℓ^2 + α^{−1}ℓ^3N)D(ϕ) = o(1)D(ϕ)

where we chose α = ℓ^{1/2} and we used that N^2ℓ^5 ≪ 1. This completes the proof of the lemma.

A Properties of the Two Body Problem

We set r = |x| for x ∈ R^3 and for a radial function g(x) on R^3 we use the notation g(r) for the function r → g(x)|_{|x|=r}. Let g^′(r) := ∂_rg(r) be the derivative of this radial function g w.r.t. r.

Consider the (unique) solution to the zero energy problem

hω = 0, h := −Δ + (1/2)V ,

on R^3, where ω is radially symmetric and satisfies the condition lim_{r→∞} ω(r) = 1. It is known that ω is always non-negative and by Harnack inequality actually ω > 0 since V is regular. By the maximum principle, the C^2 norm of ω is also bounded. By writing ω(r) = f(r)/r, the scattering length, a, of a potential V is defined by a := lim_{r→∞} r − f(r) . (A.1)

When V has a compact support, that is, V (x) = 0 for |x| ≥ R, then f(r) = r − a for r ≥ R. It is known that a is bounded by a ≤ 1 8π � V dx (A.2)

and also a < R since f > 0.

Lemma A.1. Let V be a smooth, positive, spherical symmetric function such that supp V ⊂ {x ∈ R^3 : |x| ≤ R}, for some R > 0. Let ϱ := (8π)^{−1}(‖V ‖_∞ + ‖V ‖_{L1} ) and denote the scattering length of V by a. Let φ be the ground state of the Neumann problem

(−Δ +^1_2 V )φ = Eφ (A.3)

on the sphere of radius L, with the boundary condition

φ(L) = 1, ∂_rφ(L) = 0 .

Then, if L is sufficiently large, we have i) E = 3aL^{−3}(1 + O(1/L)) as L → ∞ . (A.4)

ii) There is a constant 0 < c_0 < 1 such that for all |x| ≤ L we have

c_0 ≤ φ(x) ≤ 1, 1 − φ(x) ≤ C |x| (A.5)

where C is a constant, depending only on the potential.

iii) For all |x| ≤ L we also have the following bounds:

|∇φ(x)| ≤ Cϱ |x|^2 + R^2

, and |∇^2φ(x)| ≤ Cϱ |x|^3 + R^3

. (A.6)

Note that, in ii) and iii), the constant C is independent of L, if L is large enough.

Proof. i) We first prove an upper bound for the energy E. We write the zero energy state ω(r) as ω(r) = f(r)/r and let ψ(r) := sin(kf(r))/r. (A.7) Note that ∂_rψ(r) = kf^′(r)r cos(kf(r)) − sin(kf(r)) r^2 . Therefore, assuming L ≥ R, ψ satisfies Neumann boundary conditions at r = L if and only if

kL = tan(k(L − a)) (A.8)

where a is the scattering length defined in (A.1). We define k to be the smallest positive real number satisfying equation (A.8), in particular ψ > 0. It is easy to check that there are constants C_1 and C_2 such that 3a L^3 � 1 − C_1R L � ≤ k^2 ≤ 3a L^3 � 1 + C_1R L � . (A.9)

Let ~h = −∂^2_r + (1/2)V , then ~hf = rhω = 0, i.e.

−f^{′′}(r) + 1 2 V (r)f(r) = 0 . (A.10)

In particular, f is linear for r > R and by the normalization lim_{r→∞} ω(r) = 1, we have f^′(r) = 1 for r > R. Moreover, f satisfies uniform bounds f(r) ≤ C(1+r), ‖f^′‖_∞, ‖f^{′′}‖_∞ ≤ C by the boundedness of ω and f does not vanish.

With the help of the identity − � sin(kf(r))

�_{′′}

= k^2f^′(r)^2 sin(kf(r)) − kf^{′′}(r) cos(kf(r)) , (A.11)

we compute

ψhψ = k^2ψ^2 + k^2(f^′ − 1)

� sin kf r �_2 + 1 r^2 � − kf^{′′}(sin kf)(cos kf) + 1 2 V (sin kf)^2 � . The last two terms are supported on |x| ≤ R. Using the equation (A.10) and the boundedness properties of f, we see that the O(k^2) terms cancel in the square bracket:

ψhψ = k^2ψ^2 + r^{−2}χ(r ≤ R)O(k^3) (A.12)

and therefore ⟨ψ, hψ⟩ = k^2⟨ψ, ψ⟩ + O(k^3) , where ⟨·, ·⟩ denotes the scalar product on L^2(|x| ≤ L).

Using the estimate sin kf(r) ≥ Ckf(r) ≥ Ckr (A.13) r ≥ 2R, we also get the lower bound

⟨ψ, ψ⟩ ≥ 4π

�_L 0 (sin kf(r))^2dr ≥ C

�_L 2R k^2r^2dr = Ck^2L^3 .

So we can use ψ as a trial function for the upper bound on the energy E ≤ ⟨ψ, hψ⟩ ⟨ψ, ψ⟩

≤ k^2 + O(kL^{−3}) = 3a L^3

(1 + O(L^{−1})) .

This proves the upper bound in (A.4). Before proving the lower bound in (A.4), we prove parts ii) and iii) of the lemma.

ii), iii) We now prove (A.5) and (A.6). We set m(r) := rφ(r) and we rewrite the eigenfunction equation (A.3) as ~hm = (−∂^2_r +^1_2 V )m = Em . (A.14)

Since V has compact support, we can explicitly write m(r) for r ∈ (R, L]. Let λ := √ E. From the boundary conditions on φ, we have

m(r) = λ^{−1} sin(λ(r − L)) + L cos(λ(r − L)), R < r ≤ L . (A.15)

From i) we have λ ≤ CL^{−3/2}. This allows us to expand m(r) up to O(λ^4), we find

m(r) = r − a + O(1/L) (A.16) uniformly in r, for r ∈ (R, L]. Using that a < R, this proves that φ(r) = m(r)/r satisfies the inequalities in (A.5) for r ∈ [R, L], if L is large enough. The properties (A.6) on the interval [R, L] can be easily proved using the explicit formula (A.15) (and using that a < R).

We now consider the region r ≤ R. From the Harnack inequality, the ratio between the supremum and the infimum of φ in a given ball is bounded. Since φ satisfies (A.5) for r ≤ R, it follows that φ(r) is bounded away from zero for r ≤ R. This proves the lower bound of φ(r) in (A.5).

To prove the bound φ(x) ≤ 1 for r ≤ R, consider the ball B_R of radius R about the origin. On the boundary of this domain φ(x) ≤ 1 − δ with some δ > 0, uniformly for all sufficiently large L from (A.16). Inside this ball,

−Δφ ≤ −Δφ + 1 2 V φ = Eφ ≤ CL^{−3}

since φ is bounded by Harnack principle, i.e. −Δ(φ + CL^{−3}x^2) ≤ 0 . By maximum principle, φ(x) ≤ 1 − δ + CL^{−3}R^2 < 1 for large enough L for all x ∈ B_R.

Finally we have to prove (A.6) for r < R. Since φ(0) is bounded, we have m(0) = 0. From the equation of m inside r ≤ R, |m^{′′}(r)| ≤ Cϱ. By integrating m^′ from 0 to r we obtain m^′(r) = m^′(0) + O(ϱr). Integrating once more yields

m(r) = m^′(0)r + O(ϱr^2) ,

hence the bound |φ^′| = O(ϱ) follows. Differentiating the equation (A.3), we obtain |m^{′′′}| ≤ Cϱ for r ∈ [0, R] and integrating three times we obtain

m^{′′}(r) = m^{′′}(0) + O(ϱr), m^′(r) = m^′(0) + m^{′′}(0)r + O(ϱr^2),

m(r) = m^′(0)r + m^{′′}(0)r^2 2 + O(ϱr^3) ,

and the bound on φ^{′′} follows.

Next we prove the lower bound in (A.4). Given any wave function ϕ satisfying the Neumann boundary condition at |x| = L, we can write it as ϕ(x) = g(x)ψ(x), where ψ is given in (A.7), and g > 0 satisfies Neumann boundary condition at |x| = L as well. From the identity hϕ = (hψ)g − (Δg)ψ − 2∇g∇ψ, we have � |x|≤L

dx ϕhϕ = � |x|≤L

dx|∇g|^2ψ^2 + � |x|≤L

dx |g|^2ψhψ

and from (A.12) � |x|≤L

dx ϕhϕ ≥ k^2‖ϕ‖^2 + � |x|≤L

dx|∇g|^2ψ^2 − Ck^3 � |x|≤R dx |g(x)|^2 |x|^2 . Using (A.13) and that f does not vanish, we have ψ(r) ≥ ck with some positive constant c, thus � |x|≤L

dx ϕhϕ ≥ k^2‖ϕ‖^2 + ck^2 � |x|≤L

dx|∇g|^2 − Ck^3 � |x|≤R dx g^2(x) |x|^2 . Using Hardy’s inequality (Lemma 5.1)

k^3 � |x|≤R

g^2(x) |x|^2 dx ≤ k^3 � |x|≤L

dx |∇g|^2 + k^3R L^3 � |x|≤L

dx |g|^2 and by ψ(r) ≥ ck the last term can be controlled by k^3R L^3 � |x|≤L

dx |g|^2 ≤ kR c^2L^3 � |x|≤L

dx |g|^2ψ^2 ≤ Ck^2L^{−3/2}‖ϕ‖^2 .

This implies the lower bound � |y|≤L

dy ϕhϕ ≥ k^2(1 + O(L^{−3/2}))‖ϕ‖^2 ≥ 3a L^3

(1 + O(L^{−1}))‖ϕ‖^2

in (A.4).

Next we apply last lemma to prove some important properties of the function w(y) and q(y), defined in Section 2.1.

Lemma A.2. Assume V_a(x) = (a_0/a)^2V ((a_0/a)x) = N^2V (Nx) (because a = a_0/N), where V ≥ 0 is a smooth, spherical symmetric potential with scattering length a_0 and with supp V ⊂ {x ∈ R^3 : |x| ≤ R_0}. Let ϱ = (8π)^{−1} (‖V ‖_1 + ‖V ‖_∞). Suppose that the functions w(x) and q(x) are defined as in (2.3) and (2.5), with a ≪ ℓ_1 ≪ 1.

i) There is a constant c_0 > 0 such that c_0 ≤ 1 − w(x) ≤ 1 (A.17) for all x ∈ R^3. Moreover w(x) ≤ Ca χ(|x| ≤ 3ℓ_1/2) |x| , (A.18) for some constant C independent of N.

ii) For x ∈ R^3 we have the following bounds on the derivatives of w(x): |∇w(x)| ≤ Ca χ(|x| ≤ 3ℓ_1/2) |x|^2 + a^2 , |∇^2w(x)| ≤ Cϱ a χ(|x| ≤ 3ℓ_1/2) |x|^3 + a^3

≤ Cϱ χ(|x| ≤ 3ℓ_1/2)

|x|^2 . (A.19)

iii) We have supp q ⊂ {x ∈ R^3 : |x| ≤ 3ℓ_1/2}. Moreover 0 ≤ q(x) ≤ Caℓ^{−3}_1 χ(|x| ≤ 3ℓ_1/2) and |∇q(x)| ≤ C a |x|ℓ^3_1 χ(|x| ≤ 3ℓ_1/2) for all x ∈ R^3.

iv) The L^1 norm of q(x) is given by � R^3

q(x)dx = 4πa(1 + o(1)) , a → 0 .

The constant C in i),ii) and iii) is independent of N, if N is large enough.

Remark A.3. Using the functions λ(x) and σ(x) introduced in (5.5), this lemma in particular proves all the bounds in (5.6). The bound |∇w|^2 ≤ Caσ follows because a(|x|^2 + a^2)^2 ≤ C(|x|^3 + a^3)^{−1}, for all x ∈ R^3.

Proof. Let e_κ and ψ_κ(x) = 1 − w_κ(x) be the lowest Neumann eigenvalue and eigenfunction on the ball {|x| ≤ κ}, that is (−Δ + 1 2 V_a(x))ψ_κ(x) = e_κψ_κ(x)

with the condition that ψ_κ(x) = 1 if |x| = κ. ψ_κ(x) is then extended to be one, for |x| ≥ κ. We define ϕ_κ(x) := ψ_κ((a/a_0)x). Then we have

(−Δ + 1 2 V (y))ϕ_κ(y) = (a/a_0)^2e_κϕ_κ(y)

for |y| ≤ (a_0/a)κ =: L, and with ϕ_κ(L) = 1. By Lemma A.1, part i), we have

(a/a_0)^2e_κ = 3a_0L^{−3}(1 + o(1))

and thus e_κ = 3aκ^{−3}(1 + o(1)). (A.20) From Lemma A.1, part ii) we get immediately

c_0 ≤ ψ_κ(x) ≤ 1 and w_κ(x) ≤ Ca χ(|x| ≤ κ) |x| (A.21)

where the constants c_0 and C are independent of κ and a (they depend only on the properties of the unscaled potential V (x)). Moreover from Lemma A.1, part iii) we find

|∇w_κ(x)| ≤ Cϱ a χ(|x| ≤ κ) |x|^2 + a^2 and |∇^2w_κ(x)| ≤ Cϱ a χ(|x| ≤ κ) |x|^3 + a^3

(A.22)

where C is independent of κ and a.

From (A.21), taking the average over κ w.r.t. the probability measure μ, part i) follows trivially. As for part ii), from (A.22) we have

|∇w(x)| ≤ � |∇w_κ(x)|μ(dκ) ≤

Cϱ a |x|^2 + a^2 � χ(|x| ≤ κ)μ(dκ)

≤ Cϱ a χ(|x| ≤ 3ℓ_1/2)

|x|^2 + a^2

(A.23)

because the measure μ is supported on [ℓ_1/2, 3ℓ_1/2]. The bound for |∇^2w(x)| in (A.19) can be proven analogously, using (A.22).

In order to prove iii) and iv) recall that q(x) was defined by

q(x) = � e_κχ(|x| ≤ κ)ψ_κ(x)μ(dκ) � ψ_κ(x)μ(dκ) = � e_κχ(|x| ≤ κ)ψ_κ(x)μ(dκ) 1 − w(x) . From (A.20) and since the measure μ is supported on [ℓ_1/2, 3ℓ_1/2], we get q(x) ≤ Caℓ^{−3}_1 . The gradient of q can be estimated by

|∇q(x)| ≤ � e_κκ^{−1}δ(|x| − κ)μ(dκ) 1 − w(x) + � e_κχ(|x| ≤ κ)|∇_xw_κ(x)|μ(dκ) 1 − w(x) + |∇w(x)| 1 − w(x) q(x) .

(A.24)

The first term on the r.h.s. of the last equation (where we already used the condition ψ_κ(x) = 1 if |x| = κ) is different from zero only if |x| ∈ [ℓ_1/2, 3ℓ_1/2]. Since the delta function forces κ = |x| we find, because of (A.20) and because 1 − w(x) ≥ c_0, � e_κδ(|x| − κ)μ(dκ) 1 − w(x) ≤ C a ℓ^3_1 χ(|x| ≤ 3ℓ_1/2) .

The second term on the r.h.s. of (A.24) can be controlled using (A.20) and (A.22). The third term on the r.h.s. of (A.24) can be estimated using the bounds (A.23) and q(x) ≤ Caℓ^{−3}_1 . This completes the proof of iii).

Finally, to prove the estimate for the L^1 norm of q(x), we note that � dx q(x) = � dx � e_κχ(|x| ≤ κ)ψ_κ(x)μ(dκ) � ψ_κ(x)μ(dκ) = � dx � e_κχ(|x| ≤ κ)μ(dκ) � ψ_κ(x)μ(dκ)

+ a o(1) (A.25)

for a → 0, because ψ_κ(x) = 1 − w_κ(x) and � � � � dx � e_κχ(|x| ≤ κ)w_κ(x)μ(dκ) � � � ≤ Ca � e_κ � dx χ(|x| ≤ κ) |x| � μ(dκ)

≤ Ca^2 � κ^{−1}μ(dκ) ≤ Ca^2ℓ^{−1}_1 = aO(a/ℓ_1) .

Analogously we can estimate the contribution of w_κ(x) in the denominator on the r.h.s. of (A.25). We get � dx q(x) = � dx � e_κχ(|x| ≤ κ)μ(dκ) + a o(1) = � e_κ � dx χ(|x| ≤ κ) � μ(dκ) + a o(1) = 4π 3 � e_κκ^3μ(dκ) + a o(1)

and thus, with (A.20), � dx q(x) = 4πa(1 + o(1))

for a → 0, which proves iv).

B Properties of the Triple Cutoff Function F_{ij}

In this appendix we collect some properties of the function F_{ij} , defined in Section 2.2.

Lemma B.1 (No overlap). For any exponent q > 0 and any fixed i and j ≠ j^′

‖~χ_{ij} ~χ_{ij}′ F^q_{ij} ‖_∞ ≤ e^{−cq/ℓε} . (B.1)

Moreover, for any fixed i, � j ~χ_{ij} F^q_{ij} ≤ c_q . (B.2)

Proof. Clearly |F | ≤ 1. Suppose there is an overlap between two functions ~χ_{ij}, ~χ_{ij}′ , i.e. for some j ≠ j^′ we have ~χ_{ij} ≠ 0 and ~χ_{ij}′ ≠ 0. Then |x_i − x_j|, |x_i − x_j′ | ≤ ℓ, so

F_{ij} ≤ e^{−ℓ−εh(xi−xj′ )} ≤ e^{−cℓ−ε}

so any overlap forces F_{ij} to be exponentially small. This proves (B.1) and also (B.2).

We have analogous controls on the derivatives of F_{ij} as well. We define the sum norm of a vector x = (x_1, . . . x_N ) ∈ R^{3N} as || x || := N� k=1 |x_k|

where |x| is the Euclidean length in R^3. Similarly, if A = (A_1, . . . , A_N ), where A_j is an n-tensor on R^3 for each j, then || A || := N� k=1 |A_k|_{(R}3_)⊗n ,

where |A_k| = |A_k|_{(R}3_)⊗n denotes the tensor norm on (R^3)^{⊗n} derived from the Euclidean norm. In particular, if ∇ = (∇_1, . . . , ∇_N ) denotes the 3N dimensional derivative, and α ∈ N, we have || ∇^αf || := � k_1 � k_2

. . . � k_α

|∇_{k1} . . . ∇_{kα} f|_{(R}3_)⊗α

where

|∇_{k1} . . . ∇_{kα} f|_{(R}3_)⊗α = sup � �(∇_{k1} . . . ∇_{kα} f)(v1 ⊗ v2 ⊗ . . . ⊗ vα) � � : v_j ∈ R_3 , |v_j| = 1�

with (∇_{k1} . . . ∇_{kα} f)(v_1 ⊗ v_2 ⊗ . . . ⊗ v_α) = 3� β_1,...β_α=1

�^α� j=1 v_{jβj}

�^α� j=1 ∂ ∂x_{jβj} � f with v_j = (v_{j1}, v_{j2}, v_{j3}).

Lemma B.2 (Control of the derivatives of F_{ij} ). Let ℓ ≪ 1, i.e. ℓ ≤ N^{−κ} for some κ > 0. For sufficiently large N the following pointwise bounds hold:

i) Let α ∈ N and q > 0. Then for any fixed i, j || ∇^αF^q_{ij} || ≤ c_αℓ^{−α}F^{q/2}_{ij} . (B.3) ii) Let K > 0 and recall the definition of θ_{kj} from (2.6). For any α ∈ N and for k ≠ i, j, and arbitrary m |∇^α_k F^q_{ij} | ≤ cℓ^{−α}(θ_{ik} + θ_{jk})F^{q/2}_{ij} + O(ℓ^{K−α−ε}), (B.4) |∇_k∇_mF^q_{ij} | ≤ cℓ^{−2}(θ_{ik} + θ_{jk})F^{q/2}_{ij} + O(ℓ^{K−2−ε}) . (B.5) iii) For any fixed α ∈ N and index k � ij |∇^α_k F^q_{ij} |~χ_{ij} ≤ c_{q,α}ℓ^{−α} . (B.6)

iv) For any fixed α, β ∈ N and index k � ijm |∇^α_k ∇^β_mF^q_{ij} |~χ_{ij} ≤ c_{q,α,β}ℓ^{−α−β} . (B.7)

Proof. For i) note that |∇^αh(x)| ≤ c_αℓ^{−α}h(x)

for α ∈ N. Then

|| ∇F^q_{ij} || = |∇_iF^q_{ij} | + |∇_jF^q_{ij} | + � k≠i,j

|∇_kF^q_{ij} | ≤ cqℓ^{−1}ℓ^{−ε} � k≠i,j

[h_{ki} + h_{kj} ]F^q_{ij} ≤ cℓ^{−1}F^{q/2}_{ij}

using that ze^{−z} ≤ ce^{−z/2} with z = cqNℓ^{−ε}. For higher derivatives the proof is similar:

|| ∇^αF^q_{ij} || ≤ cℓ^{−α} � ℓ^{−ε} � k≠i,j

[h_{ki} + h_{kj}]

�_α

F^q_{ij} ≤ c_αℓ^{−α}F^{q/2}_{ij}

using that z^αe^{−z} ≤ c_αe^{−z/2} with z = N ℓ^{−ε}.

For the proof of ii) we note that for k ≠ i, j the derivative ∇_kF_{ij} is smaller than ℓ^{K−ε} unless |x_i − x_k| or |x_j − x_k| is smaller than Kℓ| log ℓ|, therefore

|∇_kF^q_{ij} | ≤ cℓ^{−1−ε} � θ_{ki} + θ_{kj} � (h_{kj} + h_{ki}) F^q_{ij} + ℓ^{K−1−ε}

≤ cℓ^{−1} � θ_{ki} + θ_{kj} � F^{q/2}_{ij} + ℓ^{K−1−ε} k ≠ i, j .

The proof for higher derivatives is similar.

As for iii), we use the previous estimate when i, j ≠ k � i,j≠k

|∇^α_k F^q_{ij} |~χ_{ij} ≤ cℓ^{−α} � i,j≠k

θ_{kj}F^{q/2}_{ij} ~χ_{ij} + O(N^2ℓ^{K−α−ε}) .

We consider the set S_k = {j : |x_j − x_k| ≤ Kℓ| log ℓ|}. If j, j^′ ∈ S_k, and |x_j − x_j′ | ≤^ε_2 ℓ| log ℓ|, then F_{ij} ≤ exp(−ℓ^{−ε/2}). Therefore, apart from exponentially small error, the cardinality of S_k is (2K/ε)^3, since if there are more j’s in the set S_k, then |x_j − x_j′ | ≤ (ε/2)ℓ| log ℓ|, at least for two indices j, j^′ ∈ S_k. The same argument holds for the i indices, showing that the i summation is only over a finite set. This implies that � i,j≠k

θ_{kj}F^{q/2}_{ij} ~χ_{ij} ≤ � j∈S_k,j≠k � i∈S_ki≠k

F^{q/2}_{ij} ~χ_{ij} ≤ c_q(K/ε)^6 .

Choosing K sufficiently large we obtain the bound (B.6) for i, j ≠ k. For the terms with k = i or k = j we use |∇^α_k F^q_{kj}| ≤ |∇^αF^q_{kj}| ≤ cℓ^{−α}F^{q/2}_{kj} (B.8)

and the j summation is finite by (B.2).

Finally, the proof of iv) is similar. If k = i, then we have � jm |∇^α_k ∇^β_mF^q_{kj} |~χ_{kj} ≤ c_{α,β}ℓ^{−α−β} � j F^{q/2}_{kj} ~χ_{kj} = c_{q,α,β}ℓ^{−α−β}

using (B.3) and (B.2) and the same estimate holds if k = j. If i, j ≠ k, then again the cardinality of the index set S_k for i and j is bounded, apart from an exponentially small error. Therefore � ijm i,j≠k

|∇^α_k ∇^β_mF^q_{ij} |~χ_{ij} ≤ � i,j∈Sk i,j≠k � m |∇^α_k ∇^β_mF^q_{ij} | ≤ c_{α,β}ℓ^{−α−β} (K/ε)^6 + O(N^3ℓ^{K−α−β−2ε})

using (B.3).

C Local Structure after Particle Removal

Lemma C.1. There exists a constant C_0 > 0 such that for any k

C^{−1}_0 ≤

W^{(k)} W ≤ C_0 (C.1)

pointwise for sufficiently large N. Moreover, for any α ∈ N and sufficiently large N we have the pointwise estimate

C^{−α}_0 ≤

W^{(k1...kα)} W ≤ C^α_0 (C.2)

uniformly for any family of indices k_1, . . . , k_α.

Proof. Similarly to the proof of (4.2), we see that for any fixed k and sufficiently big N ≥ N(k), all G^{(k)}_i are separated away from zero uniformly in i. Therefore it is sufficient to show that � i≠k

|G^{(k)}_i − G_i| ≤ � i≠k � w_{ik}F_{ik} + � m≠i,k

w_{im}|F^{(k)}_{im} − F_{im}| � (C.3)

is uniformly bounded for any fixed k. The boundedness of the first term follows from (B.2). As for the second term, note that

|F^{(k)}_{im} − F_{im}| ≤ � �1 − e^{−ℓ−ε[hik+hmk]} � �F^{(k)}_{im} ≤ ℓ^{−ε}[hik + hmk]F^{(k)}_{im} ,

so �

i≠k � m≠i,k

w_{im}|F^{(k)}_{im} − F_{im}| ≤ 2ℓ^{−ε} � i,m≠k

χ_{im}h_{ik}F^{(k)}_{im}

since w_{im} ≤ χ_{im} by the support of w. If |x_i − x_k| ≥ Kℓ| log ℓ| for some i, then h_{ik} ≤ ℓ^K and and if K is a large constant, then ℓ^{K−ε}N^2 → 0, so this term is negligible even after the summation. Now we look at the set S_k := {i : i ≠ k, |x_k − x_i| ≤ Kℓ| log ℓ|} .

If i, i^′ ∈ S_k, i ≠ i^′ and |x_i − x_i′ | ≤^ε_2 ℓ| log ℓ| then F^{(k)}_{im} ≤ exp(−ℓ^{−ε}h_{ii}′ ) ≤ exp(−ℓ^{−ε/2}) that is exponentially small. Therefore, modulo exponentially small errors, |S_k| ≤ (K/(ε/2))^3 , which guarantees that the summation over i in (C.3) is finite. For each fixed i the summation over m is finite by (B.2). The second bound (C.2) follows easily by induction. □

The same proof immediately gives the following two bounds that are used in the proof. Here k is fixed and the constants may depend on k.

|F^{[k]}_{im} − F_{im}| ≤ Cℓ^{−ε} � r≤k (θ_{ir} + θ_{mr})F^{[k]}_{im} + O(ℓ^{K−ε}) (C.4)

and � j |∇^α_j (F^{[k]}_{im} − F_{im})| ≤ Cℓ^{−α−ε} � r≤k (θ_{ir} + θ_{mr})(F^{[k]}_{im} )^{1/2} + O(ℓ^{K−α−ε}) . (C.5)

We will often multiply these inequalities by w_{im}, then on the support of w_{im} we can use that θ_{ir} and θ_{mr} are comparable. In particular, we also obtain for each m

|G^{[k]}_m − G_m| ≤ Cℓ^{−ε} � j>k � r≤k w_{mj} F^{[k]}_{mj} θ_{mr} + O(ℓ^{K−ε}) . (C.6)

D Upper bound for ~H^2

The aim of this appendix is to prove that the assumptions of Theorem 2.1 about the energy distribution of the initial data ψ_{N,0} = W ϕ_{N,0} are satisfied for a large class of ϕ_{N,0}. In particular, in the next lemma we prove that (W ϕ_{N,0}, ~H^2W ϕ_{N,0}) ≤ CN^2 is satisfied, if the function ϕ_{N,0} is sufficiently smooth. The proof of the inequality (W ϕ_{N,0}, ~HW ϕ_{N,0}) ≤ CN for sufficiently smooth ϕ_{N,0} is similar (but much easier) and therefore omitted.

Lemma D.1. Assume a ≪ ℓ_1 ≪ ℓ ≪ 1, aℓ_1 ≪ ℓ^4 and ℓ^3_1 ≪ aℓ^{5/2}. Suppose moreover that ϕ satisfies � i,j,k,m � ϕ(1 − Δ_i)(1 − Δ_j)(1 − Δ_k)(1 − Δ_m)ϕ ≤ DN^4 (D.1)

for some D > 0. Then there is a constant C > 0 such that

(W ϕ, ~H^2 W ϕ) ≤ CN^2 .

Proof. Following the steps from (6.15) to (6.18) (but this time without neglecting the positive contributions), we find (using the summation convention)

(W ϕ, ~H^2 W ϕ) = � | ~HW ϕ|^2 ≤ � W^2|∇_i∇_j ϕ|^2 + C � W^2 (|∇_i∇_jG_ℓ| + |∇_iG_ℓ||∇_jG_ℓ|) |∇_iϕ||∇_j ϕ| + 2 � W^2|B||∇_mϕ|^2 + 2 � W^2|∇_mB||ϕ||∇_mϕ| + � W^2B^2|ϕ|^2,

with B = q_{kj} + Ω = q_{kj} + ~Ω + O � e^{−Cℓ−ε} � . Using Lemmas 6.3 - 6.6, we get � | ~HW ϕ|^2 ≤ C � W^2 � |∇_i∇_jϕ|^2 + N|∇_iϕ|^2 + N^2|ϕ|^2 � + C � W^2q_{ij}|∇_mϕ|^2 + C � W^2|∇_iG_ℓ||∇_jG_ℓ||∇_iϕ||∇_j ϕ| + � W^2B^2|ϕ|^2 .

Since W ≤ 1, and by (D.1), we find � | ~HW ϕ|^2 ≤ CN^2 + C � |∇_iG_ℓ||∇_j G_ℓ||∇_iϕ|^2 + C � q_{ij} |∇_mϕ|^2 + C � q_{ij}q_{km}|ϕ|^2 + C � ~Ω^2|ϕ|^2 .

(D.2)

We start by considering the second term on the r.h.s. of the last equation. Using Lemma B.1, we find � |∇_iG_ℓ||∇_j G_ℓ||∇_iϕ|^2 ≤ C � � |(∇w)_{mi}|^2F_{mi} + |(∇w)_{im}|w_{im}F_{im}|∇_j F_{im}|

+ |(∇w)_{jm}|w_{jm}F_{jm}|∇_iF_{jm}| + w^2_{jm}|∇_iF_{jm}||∇_nF_{jm}| � |∇_iϕ|^2

+ O(e^{−cℓ−ε} ) .

Using |∇w|^2 ≤ Cλ, |∇w| ≤ Caλ, Lemma B.2, Lemma 5.3 (with W ≡ 1) and (5.6) we find � |∇_iG_ℓ||∇_j G_ℓ||∇_iϕ|^2 ≤ C � λ_{mi}F^{1/2}_{mi} |∇_iϕ|^2 + Caℓ^{−1} � λ_{mj} F_{mj} |∇_iϕ|^2

+ Cℓ^{−2} � |∇_iϕ|^2 + O(e^{−cℓ−ε} ) ≤ C � ~χ_{mi}F^{1/2}_{mi} |∇_m∇_iϕ|^2 + ℓ_1ℓ^{−3} � ~χ_{mi}F^{1/2}_{mi} |∇_iϕ|^2

+ Caℓ^{−1} � ~χ_{mj} F^{1/2}_{mj} |∇_j∇_iϕ|^2

+ Caℓ_1ℓ^{−4} � ~χ_{mj} F^{1/2}_{mj} |∇_iϕ|^2 + O(e^{−cℓ−ε} )

≤ C(1 + aℓ^{−1}) � |∇_m∇_iϕ|^2 + ℓ_1ℓ^{−4} � |∇_iϕ|^2

+ O(e^{−cℓ−ε} ) ,

which is bounded by CN^2, because aℓ_1ℓ^{−4} ≪ 1, and because of (D.1).

Next we consider the third term in (D.2); we obtain � q_{ij}|∇_mϕ|^2 ≤ Caℓ^{−3}_1 � χ_{ij}|∇_mϕ|^2

≤ Ca � � |∇_i∇_j ∇_mϕ|^2 + N|∇_i∇_mϕ|^2 + N^2|∇_mϕ|^2 � ≤ CN^2

using (5.4) and (D.1). As for the fourth term on the r.h.s. of (D.2), we have � q_{ij}q_{km}|ϕ|^2 ≤ Ca^2ℓ^{−6}_1 � � (i,j)≠(k,m) � χ_{ij}χ_{km}|ϕ|^2 + � i,j � χ_{ij}|ϕ|^2 �

≤ Ca^2 � (i,j)≠(k,m) � ϕ(1 − Δ_i)(1 − Δ_j )(1 − Δ_k)(1 − Δ_m)ϕ

+ Ca^2ℓ^{−3}_1 � ϕ(1 − Δ_i)(1 − Δ_j )ϕ

≤ Ca^2N^4 + a^2ℓ^{−3}_1 N^2 ≤ CN^2

because of a ≪ ℓ^{3/2}_1 and of (D.1).

Finally we consider the last term on the r.h.s. of (D.2). We use that, by (6.12), ~Ω^2 ≤ CΩ_{kj}Ω_{im} + CΓ^2. By Lemma B.2 and by the estimate w ≤ aℓλ, |∇w| ≤ aλ, we obtain � Ω_{kj}Ω_{im}|ϕ|^2 ≤ C � � w_{sj}w_{rm}|Δ_kF_{sj} ||Δ_iF_{rm}|

+ |(∇w)_{kj} ||(∇w)_{im}||∇_kF_{kj}||∇_iF_{im}| � |ϕ|^2

≤ Ca^2ℓ^{−2} � λ_{kj}λ_{im}F^{1/2}_{kj} F^{1/2}_{im} |ϕ|^2 .

(D.3)

We note that, if, for example k = i, then j is forced to be equal to m, up to exponentially small errors, due to the strong non-overlapping properties of the functions F_{kj}. Hence, up to errors which are exponentially small in N and using Lemma 5.3, we can estimate the second term on the r.h.s of (D.3) by � Ω_{kj}Ω_{im}|ϕ|^2 ≤ Ca^2ℓ^{−2} � kj � λ^2_{kj}F_{kj}|ϕ|^2 + Ca^2ℓ^{−2} � (k,j)≠(i,m) � λ_{kj}λ_{im}F^{1/2}_{kj} F^{1/2}_{im} |ϕ|^2

≤ Cℓ^{−2}a � σ_{kj}|ϕ|^2 + Cℓ^{−2}a^2 � (k,j)≠(i,m) � λ_{kj}λ_{im}F^{1/2}_{kj} F^{1/2}_{im} |ϕ|^2

≤ Caℓ^{−2}(log N) � ϕ(1 − Δ_k)(1 − Δ_j)ϕ

+ Ca^2ℓ^{−2} � (k,j)≠(i,m) � λ_{im}F^{1/2}_{im} |∇_j ϕ|^2 + ℓ_1ℓ^{−3}N � λ_{im}F^{1/2}_{im} |ϕ|^2 �

≤ o(N^2) + Ca^2ℓ^{−2} � |∇_i∇_jϕ|^2 + Ca^2ℓ^{−5}ℓ_1N � |∇_j ϕ|^2

+ Ca^2ℓ^{−8}ℓ^2_1N^2 � |ϕ|^2 ,

which is o(N^2) because aℓ_1 ≪ ℓ^4. We still have to control the contribution from Γ^2. Using Lemma B.2 we have � Γ^2|ϕ|^2 ≤ C � � |(∇w)_{ik}||(∇w)_{mr} |w_{jp}w_{ns}F_{ik}F_{mr}|∇_kF_{jp}||∇_rF_{ns}|

+ w_{ik}w_{mr}w_{jp}w_{ns}|∇_qF_{ik}||∇_qF_{mr}||∇_dF_{jp}||∇_dF_{ns}| � |ϕ|^2 ≤ C � � ℓ^{−2}|(∇w)_{ik}||(∇w)_{mr} |F_{ik}F_{mr} + ℓ^{−4}w_{ik}w_{mr}F_{ik}F_{mr} � |ϕ|^2

≤ Ca^2ℓ^{−2} � λ_{ik}λ_{mr}F_{ik}F_{mr}|ϕ|^2

(D.4)

which can be bounded by CN^2 in the same way we bounded the r.h.s. of (D.3). This completes the proof of the lemma.

Acknowledgements: We would like to thank J. Yngvason for communicating this problem to us and for helpful discussions.

References

[1] Adami, R.; Bardos, C.; Golse, F.; Teta, A. Towards a rigorous derivation of the cubic nonlinear Schrödinger equation in dimension one. Asymptot. Anal. 40 (2004), no. 2, 93–108.

[2] Bardos, C.; Golse, F.; Mauser, N. Weak coupling limit of the N-particle Schrödinger equation.

Methods Appl. Anal. 7 (2000), 275–293.

[3] Dyson, F.J. Ground-state energy of a hard-sphere gas. Phys. Rev. 106 (1957), no. 1, 20–26.

[4] Elgart, A.; Erdős, L.; Schlein, B.; Yau, H.-T. Gross–Pitaevskii equation as the mean filed limit of weakly coupled bosons. To appear in Arch. Rat. Mech. Anal.. Preprint, arXiv:math-ph/0410038.

[5] Erdős, L.; Schlein, B.; Yau, H.-T. Derivation of the cubic non-linear Schrödinger equation from quantum dynamics of many-body systems. Preprint, arXiv:math-ph/0508010. Submitted to Invent. Math. (2005).

[6] Erdős, L.; Yau, H.-T. Derivation of the nonlinear Schrödinger equation from a many body Coulomb system. Adv. Theor. Math. Phys. 5 (2001), no. 6, 1169–1205.

[7] Gilbarg, D.; Trudinger, N.S. Elliptic partial differential equations of second order. Springer, 1977.

[8] Ginibre, J.; Velo, G. The classical field limit of scattering theory for non-relativistic many-boson systems. I and II. Commun. Math. Phys. 66 (1979), 37–76, and 68 (1979), 45–68.

[9] Gross, E.P. Structure of a quantized vortex in boson systems. Nuovo Cimento 20 (1961), 454– 466.

[10] Gross, E.P. Hydrodynamics of a superfluid condensate. J. Math. Phys. 4 (1963), 195–207.

[11] Hepp, K. The classical limit for quantum mechanical correlation functions. Commun. Math.

Phys. 35 (1974), 265–277.

[12] Huang, K. Statistical mechanics. Second edition. John Wiley & Sons, Inc., New York, 1987.

[13] Huang, K.; Yang, C.N. Quantum-mechanical many-body problem with hard-sphere interaction.

Phys. Rev. 105 (1957), no. 3, 767–775.

[14] Lee, T.D.; Huang, K.; Yang, C.N. Eigenvalues and eigenfunctions of a Bose system of hard spheres and its low-temperature properties. Phys. Rev. 106 (1957), no. 6, 1135–1145.

[15] Lee, T.D.; Yang, C.N. Many-body problem in quantum statistical mechanics. V. Degenerate phase in Bose-Einstein condensation. Phys. Rev. 117 (1960), no. 4, 897–920.

[16] Lieb, E.H.; Seiringer, R. Proof of Bose-Einstein condensation for dilute trapped gases. Phys.

Rev. Lett. 88 (2002), 170409-1-4.

[17] Lieb, E.H.; Seiringer, R.; Solovej, J.P.; Yngvason, J. The ground state of the Bose gas. Current Developments in Mathematics (2001). International Press, Cambridge (2002), pp. 131-178.

[18] Lieb, E.H.; Seiringer, R.; Solovej, J.P.; Yngvason, J. The quantum-mechanical many-body problem: Bose gas. Preprint arXiv:math-ph/0405004.

[19] Lieb, E.H.; Seiringer, R.; Yngvason, J. Bosons in a trap: a rigorous derivation of the Gross- Pitaevskii energy functional. Phys. Rev A 61 (2000), 043602.

[20] Lieb, E.H.; Seiringer, R.; Yngvason, J. The ground state energy and density of interacting bosons in a trap. Quantum Theory and Symmetries, Goslar, 1999. H.-D. Doebner, V.K. Dobrev, J.-D. Hennig and W. Luecke, eds., World Scientific (2000), pp. 101–110.

[21] Lieb, E.H.; Seiringer, R.; Yngvason, J. Superfluidity in dilute trapped Bose gases. Phys. Rev.

B 66 (2002), 134529.

[22] Lieb, E.H.; Solovej, J.P. Ground state energy of the one-component charged Bose gas. Commun.

Math. Phys. 217 (2001), 127–163. Errata 225 (2002), 219–221.

[23] Lieb, E.H.; Solovej, J.P. Ground state energy of the two-component charged Bose gas. Commun.

Math. Phys. 252 (2004), 485–534.

[24] Lieb, E.H.; Yngvason, J. Ground state energy of the low density Bose gas. Phys. Rev. Lett. 80 (1998), 2504–2507.

[25] Lieb, E.H.; Yngvason, J. The ground state energy of a dilute Bose gas. Differential equations and mathematical physics, University of Alabama, Birmingham (1999). R. Weikard and G. Weinstein, eds., Amer. Math. Soc./Internat. Press (2000), pp. 271–282.

[26] Pitaevskii, L.P. Vortex lines in an imperfect Bose gas. Sov. Phys. JETP 13 (1961), 451–454.

[27] Spohn, H. Kinetic Equations from Hamiltonian Dynamics. Rev. Mod. Phys. 52 (1980), no. 3, 569–615.

[28] Timmermans, E.; Tommasini, P.; Huang, K. Variational Thomas-Fermi theory of a nonuniform Bose condensate at zero temperature. Phys. Rev. A (3) 55 (1997), no. 5, 3645–3657.

[29] Yau, H.-T. Relative entropy and hydrodynamics of Ginsburg-Landau models. Letters Math.

Phys. 22 (1991), 63–80.