NON-SELF-ADJOINT OPERATORS, INFINITE DETERMINANTS, AND SOME APPLICATIONS

FRITZ GESZTESY, YURI LATUSHKIN, MARIUS MITREA, AND MAXIM ZINCHENKO

With great respect and deep admiration, we dedicate this paper to the memory of Boris M. Levitan 1914–2004.

Abstract. We study various spectral theoretic aspects of non-self-adjoint operators. Specifically, we consider a class of factorable non-self-adjoint perturbations of a given unperturbed non-self-adjoint operator and provide an in-depth study of a variant of the Birman–Schwinger principle as well as local and global Weinstein–Aronszajn formulas.

Our applications include a study of suitably symmetrized (modified) perturbation determinants of Schrödinger operators in dimensions n = 1, 2, 3 and their connection with Krein’s spectral shift function in two- and threedimensional scattering theory. Moreover, we study an appropriate multidimensional analog of the celebrated formula by Jost and Pais that identifies Jost functions with suitable Fredholm (perturbation) determinants and hence reduces the latter to simple Wronski determinants.

1. Introduction

This paper has been written in response to the increased demand of spectral theoretic aspects of non-self-adjoint operators in contemporary applied and mathematical physics. What we have in mind, in particular, concerns the following typical two scenarios: First, the construction of certain classes of solutions of a number of completely integrable hierarchies of evolution equations by means of the inverse scattering method, for instance, in the context of the focusing nonlinear Schrödinger equation in (1 + 1)-dimensions, naturally leads to non-self-adjoint Lax operators. Specifically, in the particular case of the focusing nonlinear Schrödinger equation the corresponding Lax operator is a non-self-adjoint one-dimensional Dirac-type operator. Second, linearizations of nonlinear partial differential equations around steady state and solitary-type solutions, frequently, lead to a linear non-self-adjoint spectral problem. In the latter context, the use of the so-called Evans function (an analog of the one-dimensional Jost function for Schrödinger operators) in the course of a linear stability analysis has become a cornerstone of this circle of ideas. As shown in [15], the Evans function equals a (modified) Fredholm determinant

Date: November 15, 2005.

2000 Mathematics Subject Classification. Primary: 47B10, 47G10, Secondary: 34B27, 34L40. Key words and phrases. Fredholm determinants, non-self-adjoint operators, Jost functions, Evans function.

Based upon work supported by the US National Science Foundation under Grant Nos. DMS- 0405526, DMS-0338743, DMS-0354339, DMS-0400639, FRG-0456306, and the CRDF grant UP1- 2567-OD-03.

To appear in Russ. J. Math. Phys. 12, No. 4 (2005). 1

associated with an underlying Birman–Schwinger-type operator. This observation naturally leads to the second main theme of this paper and a concrete application to non-self-adjoint operators, viz., a study of properly symmetrized (modified) perturbation determinants of non-self-adjoint Schrödinger operators in dimensions n = 1, 2, 3.

Next, we briefly summarize the content of each section. In Section 2, following the seminal work of Kato [24] (see also Konno and Kuroda [28] and Howland [20]), we consider a class of factorable non-self-adjoint perturbations, formally given by B^∗A, of a given unperturbed non-self-adjoint operator H_0 in a Hilbert space H and introduce a densely defined, closed linear operator H in H which represents an extension of H_0 + B^∗A. Closely following Konno and Kuroda [28], we subsequently derive a general Birman–Schwinger principle for H in Section 3. A variant of the essential spectrum of H and a local Weinstein–Aronszajn formula is discussed in Section 4. The corresponding global Weinstein–Aronszajn formula in terms of modified Fredholm determinants associated with the Birman–Schwinger kernel of H is the content of Section 5. Both, Sections 4 and 5 are modeled after an exemplary treatment of these topics by Howland [20] in the case where H_0 and H are self-adjoint. In Section 6 we turn to concrete applications to properly symmetrized (modified) perturbation determinants of non-self-adjoint Dirichlet- and Neumann-type Schrödinger operators in L^2(Ω; d^nx) with Ω = (0, ∞) in the case n = 1 and rather general open domains Ω ⊂ R^n with a compact boundary in dimensions n = 2, 3. The corresponding potentials V considered are of the form V ∈ L^1((0, ∞); dx) for n = 1 and V ∈ L^2(Ω; d^nx) for n = 2, 3. Our principal result in this section concerns a reduction of the Fredholm determinant of the Birman–Schwinger kernel of H in L^2(Ω; d^nx) to a Fredholm determinant associated with operators in L^2(∂Ω; d^{n−1}σ). The latter should be viewed as a proper multidimensional extension of the celebrated result by Jost and Pais [23] concerning the equality of the Jost function (a Wronski determinant) and the associated Fredholm determinant of the underlying Birman–Schwinger kernel. In Section 7 we briefly discuss an application to scattering theory in dimensions n = 2, 3 and re-derive a formula for the Krein spectral shift function (related to the logarithm of the determinant of the scattering matrix) in terms of modified Fredholm determinants of the underlying Birman–Schwinger kernel. We present an alternative derivation of this formula originally due to Cheney [9] for n = 2 and Newton [38] for n = 3 (in the latter case we obtain the result under weaker assumptions on the potential V than in [38]). Finally, Appendix A summarizes results on Dirichlet and Neumann Laplacians in L^2(Ω; d^nx) for a general class of open domains Ω ⊆ R^n, n ≥ 2, with a compact boundary. We prove the equality of two natural definitions of Dirichlet and Neumann Laplacians for such domains and prove mapping properties between appropriate scales of Sobolev spaces. These results are crucial ingredients in our treatment of modified Fredholm determinants in Section 6, but they also appear to be of independent interest.

We will use the following notation in this paper. Let H and K be separable complex Hilbert spaces, (·, ·)_H and (·, ·)_K the scalar products in H and K (linear in the second factor), and I_H and I_K the identity operators in H and K, respectively. Next, let T be a closed linear operator from dom(T ) ⊆ H to ran(T ) ⊆ K, with dom(T ) and ran(T ) denoting the domain and range of T . The closure of a closable operator S is denoted by S. The kernel (null space) of T is denoted by ker(T ). The spectrum and resolvent set of a closed linear operator in H will be denoted by σ(·) and ρ(·). The Banach spaces of bounded and compact linear operators in H are denoted by B(H) and B_∞(H), respectively. Similarly, the Schatten–von Neumann (trace) ideals will subsequently be denoted by B_p(H), p ∈ N. Analogous notation B(H_1, H_2), B_∞(H_1, H_2), etc., will be used for bounded, compact, etc., operators between two Hilbert spaces H_1 and H_2. In addition, tr(T ) denotes the trace of a trace class operator T ∈ B_1(H) and det_p(I_H +S) represents the (modified) Fredholm determinant associated with an operator S ∈ B_p(H), p ∈ N (for p = 1 we omit the subscript 1). Moreover, X_1 → X_2 denotes the continuous embedding of the Banach space X_1 into the Banach space X_2.

Finally, in Sections 6 and 7 we will introduce various operators of multiplication, M_f , in L^2(Ω; d^nx) by elements f ∈ L^1_{loc}(Ω; d^nx), where Ω ⊆ R^n is open and nonempty.

2. Abstract Perturbation Theory

In this section, following Kato [24], Konno and Kuroda [28], and Howland [20], we consider a class of factorable non-self-adjoint perturbations of a given unperturbed non-self-adjoint operator. For reasons of completeness we will present proofs of many of the subsequent results even though most of them are only slight deviations from the original proofs in the self-adjoint context.

We start with our first set of hypotheses.

Hypothesis 2.1. (i) Suppose that H_0 : dom(H_0) → H, dom(H_0) ⊆ H is a densely defined, closed, linear operator in H with nonempty resolvent set,

ρ(H_0) ≠ ∅, (2.1)

A: dom(A) → K, dom(A) ⊆ H a densely defined, closed, linear operator from H to K, and B : dom(B) → K, dom(B) ⊆ H a densely defined, closed, linear operator from H to K such that

dom(A) ⊇ dom(H_0), dom(B) ⊇ dom(H^∗_0 ). (2.2)

In the following we denote

R_0(z) = (H_0 − zI_H)^{−1}, z ∈ ρ(H_0). (2.3)

(ii) For some (and hence for all) z ∈ ρ(H_0), the operator −AR_0(z)B^∗, defined on dom(B^∗), has a bounded extension in K, denoted by K(z),

K(z) = −AR_0(z)B^∗ ∈ B(K). (2.4)

(iii) 1 ∈ ρ(K(z_0)) for some z_0 ∈ ρ(H_0).

That K(z_0) ∈ B(K) for some z_0 ∈ ρ(H_0) implies K(z) ∈ B(K) for all z ∈ ρ(H_0) (as mentioned in Hypothesis 2.1 (ii)) is an immediate consequence of (2.2) and the resolvent equation for H_0.

We emphasize that in the case where H_0 is self-adjoint, the following results in Lemma 2.2, Theorem 2.3, and Remark 2.4 are due to Kato [24] (see also [20], [28]). The more general case we consider here requires only minor modifications. But for the convenience of the reader we will sketch most of the proofs.

Lemma 2.2. Let z, z_1, z_2 ∈ ρ(H_0). Then Hypothesis 2.1 implies the following facts:

AR_0(z) ∈ B(H, K), R_0(z)B^∗ = [B(H^∗_0 − z)^{−1}]^∗ ∈ B(K, H), (2.5) R_0(z_1)B^∗ − R_0(z_2)B^∗ = (z_1 − z_2)R_0(z_1)R_0(z_2)B^∗ (2.6) = (z_1 − z_2)R_0(z_2)R_0(z_1)B^∗, (2.7) K(z) = −A[R_0(z)B^∗], K(z)^∗ = −B[R_0(z)^∗A^∗], (2.8) ran(R_0(z)B^∗) ⊆ dom(A), ran(R_0(z)^∗A^∗) ⊆ dom(B), (2.9) K(z_1) − K(z_2) = (z_2 − z_1)AR_0(z_1)R_0(z_2)B^∗ (2.10) = (z_2 − z_1)AR_0(z_2)R_0(z_1)B^∗. (2.11) Proof. Equations (2.5) follow from the relations in (2.2) and the Closed Graph Theorem. (2.6) and (2.7) follow from combining (2.5) and the resolvent equation for H^∗_0 . Next, let f ∈ dom(B^∗), g ∈ dom(A^∗), then

(R_0(z)B^∗f, A^∗g)_H = (R_0(z)B^∗f, A^∗g)_H = (AR_0(z)B^∗f, g)_K = −(K(z)f, g)_K. (2.12) By continuity this extends to all f ∈ K. Thus, −A[R_0(z)B^∗]f exists and equals K(z)f for all f ∈ K. This proves the first assertions in (2.8) and (2.9). The remaining assertions in (2.8) and (2.9) are of course proved analogously. Multiplying (2.6) and (2.7) by A from the left and taking into account the first relation in (2.8), then proves (2.10) and (2.11). □ Next, following Kato [24], one introduces R(z) = R_0(z) − R_0(z)B^∗[I_K − K(z)]^{−1}AR_0(z), z ∈ {ζ ∈ ρ(H_0) | 1 ∈ ρ(K(ζ))}.

(2.13)

Theorem 2.3. Assume Hypothesis 2.1 and suppose z ∈ {ζ ∈ ρ(H_0) | 1 ∈ ρ(K(ζ))}. Then, R(z) defined in (2.13) defines a densely defined, closed, linear operator H in H by R(z) = (H − zI_H)^{−1}. (2.14) Moreover, AR(z), BR(z)^∗ ∈ B(H, K) (2.15) and R(z) = R_0(z) − R(z)B^∗AR_0(z) (2.16) = R_0(z) − R_0(z)B^∗AR(z). (2.17) Finally, H is an extension of (H_0 + B^∗A)|_{dom(H0)∩dom(B}∗_{A)} (the latter intersection domain may consist of {0} only), H ⊇ (H_0 + B^∗A)|_{dom(H0)∩dom(B}∗_{A)}. (2.18) Proof. Suppose z ∈ {ζ ∈ ρ(H_0) | 1 ∈ ρ(K(ζ))}. Since by (2.13) AR(z) = [I_K − K(z)]^{−1}AR_0(z), (2.19) BR(z)^∗ = [I_K − K(z)^∗]^{−1}BR_0(z)^∗, (2.20)

R(z)f = 0 implies AR(z)f = 0 and hence by (2.19) AR_0(z)f = 0. The latter implies R_0(z)f = 0 by (2.13) and thus f = 0. Consequently, ker(R(z)) = {0}. (2.21) Similarly, (2.20) implies ker(R(z)^∗) = {0} and hence ran(R(z)) = H. (2.22) Next, combining (2.13), the resolvent equation for H_0, (2.6), (2.7), (2.10), and (2.11) proves the resolvent equation R(z_1) − R(z_2) = (z_1 − z_2)R(z_1)R(z_2), z_1, z_2 ∈ {ζ ∈ ρ(H_0) | 1 ∈ ρ(K(ζ))}.

(2.23)

Thus, R(z) is indeed the resolvent of a densely defined, closed, linear operator H in H as claimed in connection with (2.14).

By (2.19) and (2.20), AR(z) ∈ B(H, K) and [BR(z)^∗]^∗ = R(z)B^∗ ∈ B(K, H), proving (2.15). A combination of (2.13), (2.19), and (2.20) then proves (2.16) and (2.17).

Finally, let f ∈ dom(H_0)∩dom(B^∗A) and set g = (H_0 −zI_H)f. Then R_0(z)g = f and by (2.16), R(z)g − f = −R(z)B^∗Af. Thus, f ∈ dom(H) and (H − zI_H)f = g + B^∗Af = (H_0 + B^∗A − zI_H)f, proving (2.18). □

Remark 2.4. (i) Assume that H_0 is self-adjoint in H. Then H is also self-adjoint if (Af, Bg)_K = (Bf, Ag)_K for all f, g ∈ dom(A) ∩ dom(B). (2.24) (ii) The formalism is symmetric with respect to H_0 and H in the following sense: The densely defined operator −AR(z)B^∗ has a bounded extension to all of K for all z ∈ {ζ ∈ ρ(H_0) | 1 ∈ ρ(K(ζ))}, in particular,

I_K − AR(z)B^∗ = [I_K − K(z)]^{−1}, z ∈ {ζ ∈ ρ(H_0) | 1 ∈ ρ(K(ζ))}. (2.25) Moreover, R_0(z) = R(z) + R(z)B^∗[I_K − AR(z)B^∗]^{−1}AR(z), z ∈ {ζ ∈ ρ(H_0) | 1 ∈ ρ(K(ζ))}

(2.26) and H_0 ⊇ (H − B^∗A)|_{dom(H)∩dom(B}∗_{A)}. (2.27) (iii) The basic hypotheses (2.2) which amount to

AR_0(z) ∈ B(H, K), R_0(z)B^∗ = [B(H^∗_0 − z)^{−1}]^∗ ∈ B(K, H), z ∈ ρ(H_0) (2.28) (cf. (2.5)) are more general than a quadratic form perturbation approach which would result in conditions of the form AR_0(z)^{1/2} ∈ B(H, K), R_0(z)^{1/2}B^∗ = [B(H^∗_0 − z)^{−1/2}]^∗ ∈ B(K, H), z ∈ ρ(H_0), (2.29) or even an operator perturbation approach which would involve conditions of the form [B^∗A]R_0(z) ∈ B(H), z ∈ ρ(H_0). (2.30)

3. A General Birman–Schwinger Principle The principal result in this section represents an abstract version of (a variant of) the Birman–Schwinger principle due to Birman [4] and Schwinger [46] (cf. also [6], [13], [26], [27], [40], [42], [47], and [51]).

We need to strengthen our hypotheses a bit and hence introduce the following assumption:

Hypothesis 3.1. In addition to Hypothesis 2.1 we suppose the condition: (iv) K(z) ∈ B_∞(K) for all z ∈ ρ(H_0).

Since by (2.25) −AR(z)B^∗ = [I_K − K(z)]^{−1}K(z) (3.1) = −I_K + [I_K − K(z)]^{−1}, (3.2) Hypothesis 3.1 implies that −AR(z)B^∗ extends to a compact operator in K as long as the right-hand side of (3.2) exists.

The following general result is due to Konno and Kuroda [28] in the case where H_0 is self-adjoint. (The more general case presented here requires no modifications but we present a proof for completeness.)

Theorem 3.2 ([28]). Assume Hypothesis 3.1 and let λ_0 ∈ ρ(H_0). Then, Hf = λ_0f, 0 ≠ f ∈ dom(H) implies K(λ_0)g = g (3.3) where, for fixed z_0 ∈ {ζ ∈ ρ(H_0) | 1 ∈ ρ(K(ζ))}, z_0 ≠ λ_0, 0 ≠ g = [I_K − K(z_0)]^{−1}AR_0(z_0)f (3.4) = (λ_0 − z_0)^{−1}Af. (3.5) Conversely, K(λ_0)g = g, 0 ≠ g ∈ K implies Hf = λ_0f, (3.6) where 0 ≠ f = −R_0(λ_0)B^∗g ∈ dom(H). (3.7) Moreover, dim(ker(H − λ_0I_H)) = dim(ker(I_K − K(λ_0))) < ∞. (3.8) In particular, let z ∈ ρ(H_0), then z ∈ ρ(H) if and only if 1 ∈ ρ(K(z)). (3.9) Proof. Hf = λ_0f, 0 ≠ f ∈ dom(H), is equivalent to f = (λ_0 − z_0)R(z_0)f and applying (2.13) one obtains after a simple rearrangement that

(H_0 − λ_0I_H)R_0(z_0)f = −(λ_0 − z_0)R_0(z_0)B^∗[I_K − K(z_0)]^{−1}AR_0(z_0)f. (3.10) Next, define g = [I_K − K(z_0)]^{−1}AR_0(z_0)f. Then g ≠ 0 since otherwise (H_0 − λ_0I_H)R_0(z_0)f = 0, 0 ≠ R_0(z_0)f ∈ dom(H_0), and hence λ_0 ∈ σ(H_0), (3.11) would contradict our hypothesis λ_0 ∈ ρ(H_0). Applying [I_K − K(z_0)]^{−1}AR_0(λ_0) to (3.10) then yields

[I_K − K(z_0)]^{−1}AR_0(λ_0)(H_0 − λ_0I_H)R_0(z_0)f = [I_K − K(z_0)]^{−1}AR_0(z_0)f = g = −(λ_0 − z_0)[I_K − K(z_0)]^{−1}AR_0(λ_0)R_0(z_0)B^∗[I_K − K(z_0)]^{−1}AR_0(z_0)f = −(λ_0 − z_0)[I_K − K(z_0)]^{−1}AR_0(λ_0)R_0(z_0)B^∗g. (3.12)

Thus, based on (2.10), one infers g = −(λ_0 − z_0)[I_K − K(z_0)]^{−1}AR_0(λ_0)R_0(z_0)B^∗g = [I_K − K(z_0)]^{−1}[K(λ_0) − K(z_0)]g = g − [I_K − K(z_0)]^{−1}[I_K − K(λ_0)]g (3.13) and hence K(λ_0)g = g, proving (3.3). Since f = (λ_0 − z_0)R(z_0)f, using (2.19) one computes Af = (λ_0 − z_0)AR(z_0)f = (λ_0 − z_0)[I_K − K(z_0)]^{−1}AR_0(z_0)f = (λ_0 − z_0)g, (3.14) proving (3.5).

Conversely, suppose K(λ_0)g = g, 0 ≠ g ∈ K and define f = −R_0(λ_0)B^∗g. Then a simple computation using (2.10) shows g = g − [I_K − K(z_0)]^{−1}[I_K − K(λ_0)]g = [I_K − K(z_0)]^{−1}[K(λ_0) − K(z_0)]g = (λ_0 − z_0)[I_K − K(z_0)]^{−1}AR_0(z_0)f. (3.15) Thus, f ≠ 0 since f = 0 would imply the contradiction g = 0. Next, inserting the definition of f into (3.15) yields g = (λ_0 − z_0)[I_K − K(z_0)]^{−1}AR_0(z_0)f

= −(λ_0 − z_0)[I_K − K(z_0)]^{−1}AR_0(z_0)R_0(λ_0)B^∗g. (3.16) Applying R_0(z_0)B^∗ to (3.16) and taking into account R_0(z_0)B^∗g = [R_0(λ_0) − (λ_0 − z_0)R_0(z_0)R_0(λ_0)]B^∗g = −f + (λ_0 − z_0)R_0(z_0)f, (3.17) a combination of (3.17) and (2.13) yields that

− f − (z_0 − λ_0)R_0(z_0)f = (λ_0 − z_0)R_0(z_0)B^∗[I_K − K(z_0)]^{−1}AR_0(z_0)f = (λ_0 − z_0)[R_0(z_0) − R(z_0)]f. (3.18) The latter is equivalent to (λ_0 − z_0)(H − z_0I_H)^{−1}f = f. Thus, f ∈ dom(H) and Hf = λ_0f, proving (3.6).

Since K(λ_0) ∈ B_∞(K), the eigenspace of K(λ_0) corresponding to the eigenvalue 1 is finite-dimensional. The previous considerations established a one-to-one correspondence between the geometric eigenspace of K(λ_0) corresponding to the eigenvalue 1 and the geometric eigenspace of H corresponding to the eigenvalue λ_0. This proves (3.8).

Finally, (3.8), (2.13), and (2.25) prove (3.9). □ Remark 3.3. It is possible to avoid the compactness assumption in Hypothesis 3.1 in Theorem 3.2 provided that (3.8) is replaced by the statement the subspaces ker(H − λ_0I_H) and ker(I_K − K(λ_0)) are isomorphic. (3.19) (Of course, (3.8) follows from (3.19) provided ker(I_K −K(λ_0)) is finite-dimensional, which in turn follows from Hypothesis 3.1). Indeed, by formula (2.19), we have

AR(z_0) = [I_K − K(z_0)]^{−1}AR_0(z_0). By formula (3.4), if f ≠ 0, then g = AR(z_0)f ≠ 0, and thus the operator

AR(z_0) = [I_K − K(z_0)]^{−1}AR_0(z_0): ker(H − λ_0I) → ker(K(λ_0) − I) (3.20)

is injective. By formula (3.16) this operator is also surjective, since each g ∈ ker(K(λ_0) − I) belongs to its range,

g = (λ_0 − z_0)[I_K − K(z_0)]^{−1}AR_0(z_0)f = AR(z_0)f, (3.21)

where f ∈ ker(H − λ_0I).

4. Essential Spectra and a Local Weinstein–Aronszajn Formula

In this section, we closely follow Howland [20] and prove a result which demonstrates the invariance of the essential spectrum. However, since we will extend Howland’s result to the non-self-adjoint case, this requires further explanation. Moreover, we will also re-derive Howland’s local Weinstein–Aronszajn formula.

Definition 4.1. Let Ω ⊆ C be open and connected. Suppose {L(z)}_{z∈Ω} is a family of compact operators in K, which is analytic on Ω except for isolated singularities. Following Howland we call {L(z)}_{z∈Ω} completely meromorphic on Ω if L is meromorphic on Ω and the principal part of L at each of its poles is of finite rank.

We start with an auxiliary result due to Steinberg [55] with a modification by Howland [20].

Lemma 4.2 ([20], [55]). Let {L(z)}_{z∈Ω} be an analytic (resp., completely meromorphic) family in K on an open connected set Ω ⊆ C. Then for each z_0 ∈ Ω there is a neighborhood U(z_0) of z_0, and an analytic B(K)-valued function M on U(z_0), such that M(z)^{−1} ∈ B(K) for all z ∈ U(z_0) and

M(z)[I_K − L(z)] = I_K − F (z), z ∈ U(z_0), (4.1)

where F is analytic (resp., meromorphic) on U(z_0) with F (z) of finite rank (except at poles) for all z ∈ U(z_0).

The next auxiliary result is due to Ribaric and Vidav [45].

Lemma 4.3 ([45]). Let {L(z)}_{z∈Ω} be a completely meromorphic family in K on an open connected set Ω ⊆ C. Then either (i) I_K − L(z) is not boundedly invertible for all z ∈ Ω, or (ii) {[I_K − L(z)]^{−1} − I_K}_{z∈Ω} is completely meromorphic on Ω.

Moreover, we state the following result due to Howland [21].

Lemma 4.4 ([21]). Let {L(z)}_{z∈Ω} be an analytic (resp., meromorphic) family in K on an open connected set Ω ⊆ C and suppose that L(z) has finite rank for each z ∈ Ω (except at poles). Then the following assertions hold:

(i) The rank of L(z) is constant for all z ∈ Ω, except for isolated points where it decreases.

(ii) Δ(z) = det(I_K − L(z)) and tr(L(z)) are analytic (resp., meromorphic) for all z ∈ Ω.

(iii) Whenever Δ(z) ≠ 0,

Δ^′(z)/Δ(z) = −tr([I_K − L(z)]^{−1}L^′(z)), z ∈ Ω. (4.2)

We note that it can of course happen that Δ vanishes identically on Ω. Next, we introduce the multiplicity function m(·, T ) on C associated with a closed, densely defined, linear operator T in H as follows. Suppose λ_0 ∈ C is an isolated point in σ(T ) and introduce the Riesz projection P (λ_0, T ) of T corresponding to λ_0 by P (λ_0, T ) = − 1 2πi � C(λ_0 ;ε)

dζ (T − ζI_H)^{−1}, (4.3)

where C(λ_0; ε) is a counterclockwise oriented circle centered at λ_0 with sufficiently small radius ε > 0 (excluding the rest of σ(T )). Then m(z, T ), z ∈ C, is defined by

m(z, T ) = � � � � �

0, if z ∈ ρ(T ), dim(ran(P (z, T ))), if z is an isolated eigenvalue of T of finite algebraic multiplicity, +∞, otherwise.

(4.4)

We note that the dimension of the Riesz projection in (4.3) is finite if and only if λ_0 is an isolated eigenvalue of T of finite algebraic multiplicity (cf. [25, p. 181]). In analogy to the self-adjoint case (but deviating from most definitions in the nonself-adjoint case, see [12, Sect. I.4, Ch. IX]) we now introduce the set ~σ_e(T ) = {λ ∈ C | λ ∈ σ(T ), λ is not an isolated eigenvalue of T of finite algebraic multiplicity}.

(4.5)

Of course, ~σ_e(T ) coincides with the essential spectrum of T if T is self-adjoint in H. In the non-self-adjoint case at hand, the set ~σ_e(T ) is most natural in our study of H_0 and H as will subsequently be shown. It will also be convenient to introduce the complement of ~σ_e(T ) in C,

~Φ(T ) = C\~σ_e(T ) (4.6) = ρ(T ) ∪ {λ ∈ C | λ is an eigenvalue of T of finite algebraic multiplicity}.

If T is self-adjoint in H, ~Φ(T ) is the Fredholm domain of T .

If λ_0 ∈ C is an isolated eigenvalue of T of finite algebraic multiplicity, then the singularity structure of the resolvent of T is of the type

(T − zI_H)^{−1} = (λ_0 − z)^{−1}P (λ_0, T ) +

μ(λ_0 ,T ) � k=1 (λ_0 − z)^{−k−1}(−1)^kD(λ_0, T )^k

+ ∞� k=0 (λ_0 − z)^k(−1)^kS(λ_0, T )^{k+1} (4.7)

for z in a sufficiently small neighborhood of λ_0. Here

D(λ_0, T ) = (T − λ_0I_H)P (λ_0, T ) = 1 2πi � C(λ_0;ε)

dζ (λ_0 − ζ)(T − ζI_H)^{−1} ∈ B(H),

(4.8)

S(λ_0, T ) = − 1 2πi � C(λ_0 ;ε)

dζ (λ_0 − ζ)^{−1}(T − ζI_H)^{−1} ∈ B(H), (4.9)

and D(λ_0, T ) is nilpotent with its range contained in that of P (λ_0, T ), D(λ_0, T ) = P (λ_0, T )D(λ_0, T ) = D(λ_0, T )P (λ_0, T ). (4.10)

Moreover,

S(λ_0, T )T ⊂ T S(λ_0, T ), (T − λ_0I_H)S(λ_0, T ) = I_H − P (λ_0, T ), S(λ_0, T )P (λ_0, T ) = P (λ_0, T )S(λ_0, T ) = 0.

(4.11)

Finally,

μ(λ_0, T ) ≤ m(λ_0, T ) = dim(ran(P (λ_0, T ))), (4.12) tr(P (λ_0, T )) = m(λ_0, T ), tr(D(λ_0, T )^k) = 0 for some k ∈ N. (4.13) Next, we need one more notation: Let Ω ⊆ C be open and connected, and let f : Ω → C ∪ {∞} be meromorphic and not identically vanishing on Ω. The multiplicity function m(z; f), z ∈ Ω, is then defined by

m(z; f) = � � � k, if z is a zero of f of order k, −k, if z is a pole of order k, 0, otherwise.

(4.14)

= 1 2πi � C(z;ε) dζ f^′(ζ) f(ζ)

, z ∈ Ω (4.15)

for ε > 0 sufficiently small. If f vanishes identically on Ω, one defines m(z; f) = +∞, z ∈ Ω. (4.16) Here the circle C(z; ε) is chosen sufficiently small such that C(z; ε) contains no other singularities or zeros of f except, possibly, z.

The following result is due to Howland in the case where H_0 and H are selfadjoint. We will closely follow his strategy of proof and present detailed arguments in the more general situation considered here. Theorem 4.5. Assume Hypothesis 3.1. Then, ~σ_e(H) = ~σ_e(H_0). (4.17) In addition, let λ_0 ∈ C\~σ_e(H_0). Then there exists a neighborhood U(λ_0) of λ_0 and a function Δ(·) meromorphic on U(λ_0), which does not vanish identically, such that the local Weinstein–Aronszajn formula m(z, H) = m(z, H_0) + m(z; Δ), z ∈ U(λ_0) (4.18) holds.

Proof. By (2.10), K(·) is analytic on ρ(H_0) and K^′(z) = −AR_0(z)[BR_0(z)^∗]^∗, z ∈ ρ(H_0). (4.19) Let z_0 ∈ ~Φ(H_0), then by (4.7),

R_0(z) = (z_0 − z)^{−1}P_0 +

μ_0�

k=1 (z_0 − z)^{−k−1}(−1)^kD^k_0 + G_0(z), (4.20)

where G_0(·) is analytic in a neighborhood of z_0. Since ran(D_0) ⊆ ran(P_0) ⊂ dom(H_0) ⊂ dom(A), (4.21) AP_0B^∗, AD_0B^∗, and AG_0(z)B^∗ have compact extensions from dom(B^∗) to K, and the extensions of AP_0B^∗ and AD_0B^∗ are given by the finite-rank operators AP_0[BP^∗_0 ]^∗ and AP_0D_0P_0B^∗, respectively. Moreover, it is easy to see that the extension of AG_0(z)B^∗ is analytic near z_0. Consequently, K(·) is completely meromorphic on ~Φ(H_0).

Similarly, by (3.2) and Lemma 4.3, −AR(z)B^∗ is completely meromorphic on ~Φ(H_0). Moreover, by (3.2), any singularity z_0 of −AR(z)B∗ is an isolated point of σ(H). Since R_0(z), AR_0(z), and BR_0(z) all have finite-rank principal parts at their poles, (2.13) and (3.2) show that R(z) also has a finite-rank principal part at z_0. The latter implies that z_0 is an eigenvalue of H of finite algebraic multiplicity. Thus, ~Φ(H_0) ⊆ ~Φ(H). Since by Remark 2.4 (ii) this formalism is symmetric with respect to H_0 and H, one also obtains ~Φ(H_0) ⊇ ~Φ(H), and hence (4.17).

Next, by Lemma 4.2, let U_0 be a neighborhood of λ_0 such that

M(z)[I_K − K(z)] = I_K − F (z), (4.22)

with M analytic and boundedly invertible on U_0 and some F meromorphic and of finite rank on U_0. One defines

Δ(z) = det(I_K − F (z)), z ∈ U_0. (4.23)

Since by Lemma 4.3, [I_K−K(z)]^{−1} is meromorphic and M(z) is boundedly invertible for all z ∈ U_0, [I_K − F (z)]^{−1} is also meromorphic on U_0, and hence, Δ(·) is not identically zero on U_0. By Lemma 4.4 (iii) and cyclicity of the trace (i.e., tr(ST ) = tr(T S) for S and T bounded operators such that ST and T S lie in the trace class, cf. [52, Corollary 3.8]),

Δ^′(z)/Δ(z) = −tr([I_K − F (z)]^{−1}F^′(z)) = tr([I_K − K(z)]^{−1}M(z)^{−1}M^′(z)[I_K − K(z)] − [I_K − K(z)]^{−1}K^′(z)) = tr(M(z)^{−1}M^′(z) − K^′(z)[I_K − K(z)]^{−1}). (4.24)

Let z_0 ∈ U_0 and C(z_0; ε) be a clockwise oriented circle centered at z_0 with sufficiently small radius ε (excluding all singularities of [I_K − F (z)]^{−1}, except, possibly, z_0) contained in U_0. Then,

m(z_0; Δ) = 1 2πi � C(z_0;ε) dζ Δ^′(ζ) Δ(ζ) = 1 2πi � C(z_0;ε)

dζ tr(M(ζ)^{−1}M^′(ζ) − K^′(ζ)[I_K − K(ζ)]^{−1}). (4.25)

Since M is analytic and boundedly invertible on U_0, an interchange of the trace and the integral, using � C(z_0;ε)

dζ M(ζ)^{−1}M^′(ζ) = 0 (4.26)

and (4.19), then yields

m(z_0; Δ) = 1 2πi tr � � C(z_0;ε)

dζ AR_0(ζ)[BR_0(ζ)^∗]^∗[I_K − K(ζ)]^{−1} �

= 1 2πi tr � � C(z_0;ε)

dζ AR_0(ζ)[BR(ζ)^∗]^∗ � . (4.27)

Next, for ε > 0 sufficiently small, one infers from [25, p. 178] (cf. (4.13)) that

m(z_0, H) − m(z_0, H_0) = − 1 2πi tr � � C(z_0;ε)

dζ [R(ζ) − R_0(ζ)] �

= 1 2πi tr � � C(z_0;ε)

dζ [BR_0(ζ)^∗]^∗[I_K − K(ζ)]^{−1}AR_0(ζ) �

= 1 2πi tr � � C(z_0;ε)

dζ [BR(ζ)^∗]^∗AR_0(ζ) � . (4.28)

At this point we cannot simply change back the order of the trace and the integral and use the cyclicity of the trace to prove equality of (4.27) and (4.28) since now the integrand is not necessarily trace class. But one can prove the equality of (4.27) and (4.28) directly as follows. Writing (cf. (4.7)),

AR_0(z) = (z_0 − z)^{−1} ~P_0 +

μ_0�

k=1 (z_0 − z)^{−k−1}(−1)^k ~D^k_0 + ∞� k=0 (z_0 − z)^k(−1)^k ~S^{k+1}_0 ,

(4.29)

[BR(z)^∗]^∗ = (z_0 − z)^{−1} ~Q_0 +

ν_0�

k=1 (z_0 − z)^{−k−1}(−1)^k ~E^k_0 + ∞� k=0 (z_0 − z)^k(−1)^k ~T^{k+1}_0 ,

(4.30) one obtains

res_{z=z0} (AR_0(z)[BR(z)^∗]^∗) = ~P_0 ~T_0 + ~S_0 ~Q_0 +

μ_0�

k=1 ~D^k_0 ~T^{k+1}_0 +

ν_0�

k=1 ~S^{k+1}_0 ~E^k_0 , (4.31)

res_{z=z0} ([BR(z)^∗]^∗AR_0(z)) = ~T_0 ~P_0 + ~Q_0 ~S_0 +

μ_0�

k=1 ~T^{k+1}_0 ~D^k_0 +

ν_0�

k=1 ~E^k_0 ~S^{k+1}_0 . (4.32)

Using the cyclicity of the trace and Cauchy’s theorem then proves equality of (4.27) and (4.28) and hence (4.18). □

Remark 4.6. Let H_0 be as in Hypothesis 2.1.

(i) Let V ∈ B_∞(H) and define H = H_0 + V , dom(H) = dom(H_0). Then (4.18) holds identifying A = V , B = I_H, and K(z) = V R_0(z) in connection with (2.13). (ii) Let V be of finite-rank and define H = H_0 + V , dom(H) = dom(H_0). Then (4.18) holds on ~Φ(H_0) with Δ(z) = det(I_K − K(z)), K(z) = V R_0(z), z ∈ ρ(H_0), and U(λ_0) = ~Φ(H_0).

With the exception of the case discussed in Remark 4.6 (ii), Theorem 4.5 has the drawback that it yields a Weinstein–Aronszajn-type formula only locally on U(λ_0). However, by the same token, the great generality of this formalism, basically assuming only compactness of K(·), must be emphasized. In the following section we will present Howland’s global Aronszajn–Weinstein formula.

5. A Global Weinstein–Aronszajn Formula To this end we introduce a new hypothesis on K:

Hypothesis 5.1. In addition to Hypothesis 3.1 we suppose the condition: (v) For some p ∈ N, K(z) ∈ B_p(K) for all z ∈ ρ(H_0).

We denote by ‖·‖_p the norm in B_p(K) and by det_p(·) the regularized determinant of operators of the type I_K − L, L ∈ B_p(K) (cf. [16], [17], [18, Chs. IX–XI], [19, Sect. 4.2], [50], [52, Ch. 9]).

We start by recalling the following result (cf. [19, p. 162–163], [52, p. 107]).

Lemma 5.2. Let p ∈ N and assume that {L(z)}_{z∈Ω} ∈ B_p(K) is a family of B_p(K)- analytic operators on Ω, Ω ⊆ C open. Let {P_n}_{n∈N} be a sequence of orthogonal projections in K converging strongly to I_K as n → ∞. Then, the following limits hold uniformly with respect to z as z varies in compact subsets of Ω, lim_{n→∞} ‖P_nL(z)P_n − L(z)‖_p = 0, (5.1)

lim_{n→∞} det_p(I_K − P_nL(z)P_n) = det_p(I_K − L(z)), (5.2)

lim_{n→∞} d dz det_p(I_K − P_nL(z)P_n) = d dz det_p(I_K − L(z)). (5.3)

So while the situation for analytic B_p(K)-valued functions is very satisfactory, there is, however, a problem with meromorphic (even completely meromorphic) B_p(K)-valued functions as pointed out by Howland. Indeed, suppose L(z), z ∈ Ω, is meromorphic in Ω and of finite rank. Then of course det(I_K−L(·)) is meromorphic in Ω. However, the formula

det_p(I_K − L(z)) = det(I_K − L(z)) exp � tr � − p−1� j=1 j^{−1}L(z)^j � , z ∈ Ω (5.4)

shows that det_p(I_K −L(·)), for p > 1, in general, will exhibit essential singularities at poles of L. To sidestep this difficulty, Howland extends the definition of m(· ; f) in (4.14), (4.15) to functions f with isolated essential singularities as follows: Suppose f is meromorphic in Ω except at isolated essential singularities. Then we use (4.15) again to define

m(z; f) = 1 2πi � C(z;ε) dζ f^′(ζ) f(ζ)

, z ∈ Ω, (5.5)

where ε > 0 is chosen sufficiently small to exclude all singularities and zeros of f except possibly z.

Given Lemma 5.2 and the extension of m(· ; f) to meromorphic functions with isolated essential singularities, Howland [20] then proves the following fundamental result (the proof of which is independent of any self-adjointness hypotheses on H_0 and H and hence omitted here).

Lemma 5.3 ([20]). Let p ∈ N and assume that {L(z)}_{z∈Ω} is a family of B_p(K)- valued completely meromorphic operators on Ω, Ω ⊆ C open. Let M(z)}_{z∈Ω} be a boundedly invertible operator-valued analytic function on Ω such that M(z)[I_K − L(z)] = I_K − F (z), z ∈ Ω, (5.6) where F (z) is meromorphic and of finite rank for all z ∈ Ω. Define Δ(z) = det(I_K − F (z)), z ∈ Ω, (5.7) and Δ_p(z) = det_p(I_K − L(z)), z ∈ Ω. (5.8) Then, m(z; Δ) = m(z; Δ_p), z ∈ Ω. (5.9)

Combining Theorem 4.5 and Lemma 5.3 yields Howland’s global Weinstein– Aronszajn formula [20] extended to the non-self-adjoint case.

Theorem 5.4. Assume Hypothesis 5.1. Then the global Weinstein–Aronszajn formula

m(z, H) = m(z, H_0) + m(z; det_p(I_K − K(z))), z ∈ ~Φ(H_0), (5.10)

holds.

Remark 5.5. Let H_0 be as in Hypothesis 2.1, fix p ∈ N, and assume V R_0(z) ∈ B_p(H). Define H = H_0 + V , dom(H) = dom(H_0). Then (5.10) holds on ~Φ(H_0) with K(z) = V R_0(z). In the special case p = 1 this was first obtained by Kuroda [32].

6. An Application of Perturbation Determinants to Schrödinger Operators in Dimension n = 1, 2, 3

In dimension one on a half-line (0, ∞), the perturbation determinant associated with the Birman–Schwinger kernel corresponding to a Schrödinger operator with an integrable potential on (0, ∞) is known to coincide with the corresponding Jost function and hence with a simple Wronski determinant (cf. Lemmas 6.2 and 6.3). This reduction of an infinite-dimensional determinant to a finite-dimensional one is quite remarkable and in this section we intend to give some ideas as to how this fact can be generalized to dimensions two and three.

We start with the one-dimensional situation on the half-line Ω = (0, ∞) and introduce the Dirichlet and Neumann Laplacians H^D_{0,+} and H^N_{0,+} in L^2((0, ∞); dx) by H^D_{0,+}f = −f^{′′},

f ∈ dom � H^D_{0,+} � = {g ∈ L^2((0, ∞); dx) | g, g^′ ∈ AC([0, R]) for all R > 0, (6.1)

g(0) = 0, g^{′′} ∈ L^2((0, ∞); dx)},

H^N_{0,+}f = −f^{′′},

f ∈ dom � H^N_{0,+} � = {g ∈ L^2((0, ∞); dx) | g, g^′ ∈ AC([0, R]) for all R > 0, (6.2)

g^′(0) = 0, g^{′′} ∈ L^2((0, ∞); dx)}.

Next, we make the following assumption on the potential V :

Hypothesis 6.1. Suppose V ∈ L^1((0, ∞); dx).

Given Hypothesis 6.1, we introduce the perturbed operators H^D_Ω and H^N_Ω in L^2((0, ∞); dx) by

H^D_+ f = −f^{′′} + V f,

f ∈ dom � H^D_{0,+} � = {g ∈ L^2((0, ∞); dx) | g, g^′ ∈ AC([0, R]) for all R > 0, (6.3)

g(0) = 0, (−g^{′′} + V g) ∈ L^2((0, ∞); dx)},

H^N_+ f = −f^{′′} + V f,

f ∈ dom � H^N_{0,+} � = {g ∈ L^2((0, ∞); dx) | g, g^′ ∈ AC([0, R]) for all R > 0, (6.4)

g^′(0) = 0, (−g^{′′} + V g) ∈ L^2((0, ∞); dx)}.

A fundamental system of solutions ϕ^D_+ (z, ·), θ^D_+ (z, ·), and the Jost solution f_+(z, ·) of −ψ^{′′}(z, x) + V ψ(z, x) = zψ(z, x), z ∈ C\{0}, x ≥ 0, (6.5) are introduced by

ϕ^D_+ (z, x) = z^{−1/2} sin(z^{1/2}x) +

�_x 0 dx^′g^{(0)}_+ (z, x, x^′)V (x^′)ϕ^D_+ (z, x^′), (6.6)

θ^D_+ (z, x) = cos(z^{1/2}x) +

�_x 0 dx^′g^{(0)}_+ (z, x, x^′)V (x^′)θ^D_+ (z, x^′), (6.7)

f_+(z, x) = e^{iz1/2x} −

�_∞ x dx^′g^{(0)}_+ (z, x, x^′)V (x^′)f_+(z, x^′), (6.8)

Im(z^{1/2}) ≥ 0, z ∈ C\{0}, x ≥ 0, where g^{(0)}_+ (z, x, x^′) = z^{−1/2} sin(z^{1/2}(x − x^′)). (6.9) We introduce

u = exp(i arg(V )) |V |^{1/2} , v = |V |^{1/2} , so that V = u v, (6.10) and denote by I_+ the identity operator in L^2((0, ∞); dx). In addition, we let W (f, g)(x) = f(x)g^′(x) − f^′(x)g(x), x ≥ 0, (6.11) denote the Wronskian of f and g, where f, g ∈ C^1([0, ∞)). We also recall our convention to denote by M_f the operator of multiplication in L^2((0, ∞); dx) by an element f ∈ L^1_{loc}((0, ∞); dx) (and similarly in the higher-dimensional context in the main part of this section).

The following is a modern formulation of a classical result by Jost and Pais [23]. Lemma 6.2 ([14, Theorem 4.3]). Assume Hypothesis 6.1 and z ∈ C\[0, ∞) with Im(z^{1/2}) > 0. Then M_u(H^D_{0,+} − zI_+)^{−1}M_v ∈ B_1(L^2((0, ∞); dx)) and det � I_+ + M_u(H^D_{0,+} − zI_+)^{−1}M_v � = 1 + z^{−1/2}

�_∞ 0 dx sin(z^{1/2}x)V (x)f_+(z, x)

= W (f_+(z, ·), ϕ^D_+ (z, ·)) = f_+(z, 0). (6.12)

Performing calculations similar to Section 4 in [14] for the pair of operators H^N_{0,+} and H^N_+ , one also obtains the following result.

Lemma 6.3. Assume Hypothesis 6.1 and z ∈ C\[0, ∞) with Im(z^{1/2}) > 0. Then M_u(H^N_{0,+} − zI_+)^{−1}M_v ∈ B_1 � L^2((0, ∞); dx) � and det � I_+ + M_u(H^N_{0,+} − zI_+)^{−1}M_v � = 1 + iz^{−1/2}

�_∞ 0 dx cos(z^{1/2}x)V (x)f_+(z, x) = − W (f_+(z, ·), θ^D_+ (z, ·))

iz^{1/2} = f^′_+(z, 0) iz^{1/2}

. (6.13)

We emphasize that (6.12) and (6.13) exhibit the remarkable fact that the Fredholm determinant associated with trace class operators in the infinite-dimensional space L^2((0, ∞); dx) is reduced to a simple Wronski determinant of C-valued distributional solutions of (6.5). This fact goes back to Jost and Pais [23] (see also [14], [37], [39], [41, Sect. 12.1.2], [52, Proposition 5.7], [53], and the extensive literature cited in these references). The principal aim of this section is to explore possibilities to extend this fact to higher dimensions n = 2, 3. While a straightforward generalization of (6.12), (6.13) appears to be difficult, we will next derive a formula for the ratio of such determinants which permits a direct extension to dimensions n = 2, 3.

For this purpose we introduce the boundary trace operators γ_D (Dirichlet trace) and γ_N (Neumann trace) which, in the current one-dimensional half-line situation, are just the functionals,

γ_D : � C([0, ∞)) → C

g → g(0)

, γ_N : � C^1([0, ∞)) → C h → −h^′(0)

. (6.14)

In addition, we denote by m^D_{0,+}, m^D_+ , m^N_{0,+}, and m^N_+ the Weyl–Titchmarsh mfunctions corresponding to H^D_{0,+}, H^D_+ , H^N_{0,+}, and H^N_+ , respectively,

m^D_{0,+}(z) = iz^{1/2}, m^N_{0,+}(z) = − 1 m^D_{0,+}(z)

= iz^{−1/2}, (6.15)

m^D_+ (z) = f^′_+(z, 0) f_+(z, 0)

, m^N_+ (z) = − 1 m^D_+ (z) = − f_+(z, 0) f^′_+(z, 0)

. (6.16)

Theorem 6.4. Assume Hypothesis 6.1 and let z ∈ C\σ(H^D_+ ) with Im(z^{1/2}) > 0. Then, det � I_+ + M_u(H^N_{0,+} − zI_+)^{−1}M_v � det � I_+ + M_u(H^D_{0,+} − zI_+)^{−1}M_v �

= W (f_+(z), ϕ^N_+ (z)) iz^{1/2}W (f_+(z), ϕ^D_+ (z)) = f^′_+(z, 0) iz^{1/2}f_+(z, 0) = m^D_+ (z) m^D_{0,+}(z) = m^N_{0,+}(z) m^N_+ (z)

(6.17)

= 1 − � γ_N (H^D_+ − zI_+)^{−1}M_V � γ_D(H^N_{0,+} − zI_+)^{−1}

�_∗�

1. (6.18)

Proof. We start by noting that σ(H^D_{0,+}) = σ(H^N_{0,+}) = [0, ∞). Applying Lemmas 6.2 and 6.3 and equations (6.15) and (6.16) proves (6.17).

To verify the equality of (6.17) and (6.18) requires some preparations. First we recall that the Green’s functions (i.e., integral kernels) of the resolvents of H^D_{0,+} and H^N_{0,+} are given by

(H^D_{0,+} − zI_+)^{−1}(x, x^′) =

�_{sin(z1/2x)}

z^{1/2} e iz^{1/2} x^′ , 0 ≤ x ≤ x′,

sin(z^{1/2}x^′)

z^{1/2} e iz^{1/2}x, 0 ≤ x′ ≤ x, (6.19)

(H^N_{0,+} − zI_+)^{−1}(x, x^′) =

�_{cos(z1/2x)}

−iz^{1/2} e iz^{1/2}x^′ , 0 ≤ x ≤ x′,

cos(z^{1/2}x^′)

−iz^{1/2} e iz^{1/2}x, 0 ≤ x′ ≤ x, (6.20)

and hence Krein’s formula for the resolvent difference of H^D_{0,+} and H^N_{0,+} takes on the simple form

(H^D_{0,+} − zI_+)^{−1} − (H^N_{0,+} − zI_+)^{−1} = −iz^{−1/2}(ψ_{0,+}(z, ·), ·)_L2_{((0,∞);dx)}ψ_{0,+}(z, ·), z ∈ ρ(H^D_{0,+}) ∩ ρ(H^N_{0,+}), Im(z^{1/2}) > 0, (6.21) where we abbreviated ψ_{0,+}(z, x) = e^{iz1/2x}, Im(z^{1/2}) > 0, x ≥ 0. (6.22)

We also recall (H^D_+ − zI_+)^{−1}(x, x^′) = � ϕ^D_+ (z, x)ψ_+(z, x^′), 0 ≤ x ≤ x^′, ϕ^D_+ (z, x^′)ψ_+(z, x), 0 ≤ x^′ ≤ x,

(6.23)

where ψ_+(z, x) = θ^D_+ (z, x) + m^D_+ (z)ϕ^D_+ (z, x), z ∈ ρ(H^D_+ ), x ≥ 0, (6.24) and ψ_+(z, ·) = f_+(z, ·) f_+(z, 0)

∈ L^2((0, ∞); dx), z ∈ ρ(H^D_+ ). (6.25) In fact, a standard iteration argument applied to (6.8) shows that |ψ_+(z, x)| ≤ C(z)e^{−Im(z1/2)x}, Im(z^{1/2}) > 0, x ≥ 0. (6.26) In addition, we note that

γ_N (H^D_{0,+} − zI_+)^{−1}g = −

�_∞ 0 dx e^{iz1/2 x}g(x), g ∈ L^2((0, ∞); dx), (6.27)

γ_N (H^D_+ − zI_+)^{−1}g = −

�_∞ 0 dx ψ_+(z, x)g(x), g ∈ L^2((0, ∞); dx), (6.28)

γ_D (H^N_{0,+} − zI_+)^{−1}f = iz^{−1/2}

�_∞ 0 dx e^{iz1/2 x}f(x), f ∈ L^2((0, ∞); dx), (6.29) and hence, � γ_D(H^N_{0,+} − zI_+)^{−1}

�_∗ c � (·) = icz^{−1/2}ψ_{0,+}(z, ·), c ∈ C. (6.30) Then Krein’s formula (6.21) can be rewritten as

(H^D_{0,+} − zI_+)^{−1} − (H^N_{0,+} − zI_+)^{−1} = � γ_D(H^N_{0,+} − zI_+)^{−1}

�_∗

γ_N (H^D_{0,+} − zI_+)^{−1}, z ∈ ρ(H^D_{0,+}) ∩ ρ(H^N_{0,+}), Im(z^{1/2}) > 0. (6.31) Finally, using the facts (cf. (6.8)) f_+(z, 0) = 1 + z^{−1/2}

�_∞ 0 dx sin(z^{1/2}x)V (x)f_+(z, x), (6.32)

f^′_+(z, 0) = iz^{1/2} −

�_∞ 0 dx cos(z^{1/2})V (x)f_+(z, x), (6.33) one computes (since v ∈ L^2(R; dx) and ψ_+(z, ·) ∈ L^∞(R; dx)) − � γ_N (H^D_+ − zI_+)^{−1}M_V � γ_D(H^N_{0,+} − zI_+)^{−1}

�_∗� 1 = −iz^{−1/2}γ_N (H^D_+ − zI_+)^{−1}M_u(vψ_{0,+})(z, ·) = iz^{−1/2}

�_∞ 0 dx e^{iz1/2 x}V (x)ψ_+(z, x)

= iz^{−1/2}

�_∞ 0 dx � cos(z^{1/2}x) + iz^{1/2} sin(z^{1/2}x) z^{1/2} � V (x) f_+(z, x) f_+(z, 0) = i z^{1/2}f_+(z, 0)

[iz^{1/2} − f^′_+(z, 0) + iz^{1/2}(f_+(z, 0) − 1)] = f^′_+(z, 0) iz^{1/2}f_+(z, 0)

− 1. (6.34) □

At first sight it may seem unusual to even attempt to prove (6.18) in the onedimensional case since (6.17) already yields the reduction of a Fredholm determinant to a simple Wronski determinant. However, we will see in Theorem 6.11 that it is precisely (6.18) that permits a straightforward extension to dimensions n = 2, 3.

Remark 6.5. As in Theorem 6.4 we assume Hypothesis 6.1 and suppose z ∈ C\σ(H^D_+ ). First we note that

(H^D_{0,+} − zI_+)^{−1/2}(H^D_+ − zI_+)(H^D_{0,+} − zI_+)^{−1/2} − I_+ ∈ B_1 � L^2((0, ∞); dx) � , (6.35)

(H^N_{0,+} − zI_+)^{−1/2}(H^N_+ − zI_+)(H^N_{0,+} − zI_+)^{−1/2} − I_+ ∈ B_1 � L^2((0, ∞); dx) � . (6.36)

Indeed, it follows from the proof of [14, Theorem 4.2] (cf. also Lemma 6.8 below), that

(H^D_{0,+} − zI_+)^{−1/2}M_u, M_v(H^D_{0,+} − zI_+)^{−1/2} ∈ B_2 � L^2((0, ∞); dx) � , (6.37) and hence,

(H^D_{0,+} − zI_+)^{−1/2}(H^D_+ − zI_+)(H^D_{0,+} − zI_+)^{−1/2} − I_+ (6.38)

= (H^D_{0,+} − zI_+)^{−1/2}M_V (H^D_{0,+} − zI_+)^{−1/2} ∈ B_1 � L^2((0, ∞); dx) � . (6.39)

This proves (6.35), and a similar argument yields (6.36). Using the cyclicity of det(·), one can then rewrite the left-hand side of (6.17) as follows, det � I_+ + M_u(H^N_{0,+} − zI_+)^{−1}M_v � det � I_+ + M_u(H^D_{0,+} − zI_+)^{−1}M_v �

= det � I_+ + (H^N_{0,+} − zI_+)^{−1/2}M_V (H^N_{0,+} − zI_+)^{−1/2} � det � I_+ + (H^D_{0,+} − zI_+)^{−1/2}M_V (H^D_{0,+} − zI_+)^{−1/2} �

= det � (H^N_{0,+} − zI_+)^{−1/2}(H^N_+ − zI_+)(H^N_{0,+} − zI_+)^{−1/2} � det � (H^D_{0,+} − zI_+)^{−1/2}(H^D_+ − zI_+)(H^D_{0,+} − zI_+)^{−1/2}

� . (6.40)

Equation (6.40) illustrates the kind of symmetrized perturbation determinants underlying Theorem 6.4.

Now we turn to dimensions n = 2, 3. As a general rule, we will have to replace Fredholm determinants by modified ones.

For the remainder of this section we make the following assumptions on the domain Ω ⊂ R^n, n = 2, 3, and the potential V :

Hypothesis 6.6. Let n = 2, 3.

(i) Assume that Ω ⊂ R^n is an open nonempty domain of class C^{1,r} for some (1/2) < r < 1 with a compact, nonempty boundary, ∂Ω. (For details we refer to Appendix A.)

(ii) Suppose that V ∈ L^2(Ω; d^nx).

First we introduce the boundary trace operator γ^0_D (Dirichlet trace) by

γ^0_D : C(Ω) → C(∂Ω), γ^0_D u = u|_{∂Ω}. (6.41) Then there exists a bounded, linear operator γ_D,

γ_D : H^s(Ω) → H^{s−1/2}(∂Ω) → L^2(∂Ω; d^{n−1}σ), 1/2 < s < 3/2, (6.42) whose action is compatible with γ^0_D , that is, the two Dirichlet trace operators coincide on the intersection of their domains. It is well-known (see, e.g., [33, Theorem 3.38]), that γ_D is bounded. Here d^{n−1}σ denotes the surface measure on ∂Ω and we refer to Appendix A for our notation in connection with Sobolev spaces.

Next, let I_{∂Ω} denote the identity operator in L^2(∂Ω; d^{n−1}σ), and introduce the operator γ_N (Neumann trace) by

γ_N = ν · γ_D∇: H^{s+1}(Ω) → L^2(∂Ω; d^{n−1}σ), 1/2 < s < 3/2, (6.43)

where ν denotes outward pointing normal unit vector to ∂Ω. It follows from (6.42) that γ_N is also a bounded operator.

Given Hypothesis 6.6 (i), we introduce the Dirichlet and Neumann Laplacians H^D_{0,Ω} and H^N_{0,Ω} associated with the domain Ω as follows,

H^D_{0,Ω} = −Δ, dom(H^D_{0,Ω}) = {u ∈ H^2(Ω) | γ_D u = 0}, (6.44)

H^N_{0,Ω} = −Δ, dom(H^N_{0,Ω}) = {u ∈ H^2(Ω) | γ_N u = 0}. (6.45)

In the following we denote by I_Ω the identity operator in L^2(Ω; d^nx).

Lemma 6.7. Assume Hypothesis 6.6 (i). Then the operators H^D_{0,Ω} and H^N_{0,Ω} introduced in (6.44) and (6.45) are nonnegative and self-adjoint in H = L^2(Ω; d^nx) and the following mapping properties hold for all q ∈ R and z ∈ C\[0, ∞),

(H^D_{0,Ω} − zI_Ω)^{−q} , (H^N_{0,Ω} − zI_Ω)^{−q} ∈ B � L^2(Ω; d^nx), H^{2q} (Ω) � . (6.46)

The fractional powers in (6.46) (and in subsequent analogous cases such as in (6.54)) are defined via the functional calculus implied by the spectral theorem for self-adjoint operators. For the proof of Lemma 6.7 we refer to Lemmas A.1 and A.2 in Appendix A.

Lemma 6.8. Assume Hypothesis 6.6 (i) and let (n/2p) < q ≤ 1, p ≥ 2, n = 2, 3, f ∈ L^p(Ω; d^nx), and z ∈ C\[0, ∞). Then,

M_f (H^D_{0,Ω} − zI_Ω)^{−q} , M_f (H^N_{0,Ω} − zI_Ω)^{−q} ∈ B_p � L^2(Ω; d^nx) � (6.47)

and for some c > 0 (independent of z and f) � �M_f (H^D_{0,Ω} − zI_Ω)^{−q} � �_{Bp(L2(Ω;dnx))} + � �M_f (H^N_{0,Ω} − zI_Ω)^{−q} � �_{Bp(L2(Ω;dnx))}

≤ c ‖(|·|^2 − z)^{−q}‖_Lp_{(R}n_{;d}n_{x)}‖f‖_Lp_{(Ω;d}n_{x)}.

(6.48)

Proof. We start by noting that under the assumption that Ω is a Lipschitz domain, there is a bounded extension operator E,

E ∈ B � H^{2q}(Ω), H^{2q} (R^n) � such that (Eu)|_Ω = u, u ∈ H^{2q}(Ω) (6.49) (see, e.g., [33, Theorem A.4]). Next, denote by R_Ω the restriction operator

R_Ω : � L^2(R^n; d^nx) → L^2(Ω; d^nx), u → u|_Ω,

(6.50)

and let f̃ denote the following extension of f,

f̃(x) = � f(x), x ∈ Ω, 0, x ∈ R^n\Ω, f̃ ∈ L^p(R^n; d^nx). (6.51)

Then,

M_f (H^D_{0,Ω} − zI_Ω)^{−q} = R_ΩM_{f̃} (H_0 − zI)^{−q} (H_0 − zI)^qE(H^D_{0,Ω} − zI_Ω)^{−q} , (6.52) where (for simplicity) I denotes the identity operator in L^2(R^n; d^nx) and H_0 denotes the nonnegative self-adjoint operator

H_0 = −Δ, dom(H_0) = H^2(R^n) (6.53)

in L^2(R^n; d^nx). Utilizing the representation of (H_0 − zI)^q as the operator of multiplication by � |ξ|^2 − z

�_q

in the Fourier space L^2(R^n; d^nξ), one obtains

(H_0 − zI)^q ∈ B � H^{2q}(R^n), L^2(R^n; d^nx) � , (6.54)

which together with (6.46) and the mapping property of the extension operator E in (6.49) yields

(H_0 − zI)^qE(H^D_{0,Ω} − zI_Ω)^{−q} ∈ B � L^2(Ω; d^nx), L^2(R^n; d^nx) � . (6.55)

By [52, Theorem 4.1] (or [43, Theorem XI.20]) one also obtains

M_{f̃} (H_0 − zI)^{−q} ∈ B_p � L^2(R^n; d^nx) � (6.56) and � �M_{f̃} (H_0 − zI)^{−q} � �_{Bp(L2(Ω;dnx))} ≤ c ‖(|·|^2 − z)^{−q}‖_{Lp(Rn;dnx)}‖f̃‖_{Lp(Rn;dnx)}

= c ‖(|·|^2 − z)^{−q}‖_Lp_{(R}n_{;d}n_{x)}‖f‖_Lp_{(Ω;d}n_{x)}.

(6.57)

Thus, the Dirichlet parts of (6.47) and (6.48) follow from (6.52), (6.55), (6.56), and (6.57).

Similar arguments prove the Neumann parts of (6.47) and (6.48). □

Lemma 6.9. Assume Hypothesis 6.6 (i) and let ε ∈ (0, 1], n = 2, 3, and z ∈ C\[0, ∞). Then,

γ_N (H^D_{0,Ω} − zI_Ω)^{− 3+ε4} , γ_D(H^N_{0,Ω} − zI_Ω)^{− 1+ε4} ∈ B � L^2(Ω; d^nx), L^2(∂Ω; d^{n−1}σ) � . (6.58)

Proof. It follows from (6.46), that

(H^D_{0,Ω} − zI_Ω)^{− 3+ε4} ∈ B � L^2(Ω; d^nx), H^{3+ε2} (Ω) � , (6.59)

(H^N_{0,Ω} − zI_Ω)^{− 1+ε4} ∈ B � L^2(Ω; d^nx), H^{1+ε2} (Ω) � , (6.60)

and hence one infers the result from (6.42) and (6.43). □

Corollary 6.10. Let f_1 ∈ L^{p1} (Ω; d^nx), p_1 > 2n, f_2 ∈ L^{p2} (Ω; d^nx), p_2 ≥ 2, p_2 > 2n/3, n = 2, 3, and z ∈ C\[0, ∞). Then,

γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_{f1} ∈ B_{p1} � L^2(Ω; d^nx), L^2(∂Ω; d^{n−1}σ) � , (6.61)

γ_D(H^N_{0,Ω} − zI_Ω)^{−1}M_{f2} ∈ B_{p2} � L^2(Ω; d^nx), L^2(∂Ω; d^{n−1}σ) � (6.62)

and for some c_j (z) > 0 (independent of f_j ), j = 1, 2, � �γN (H^D_{0,Ω} − zIΩ)^{−1}Mf_1 � �_{Bp1 (L2(Ω;dnx),L2(∂Ω;dn−1σ))} ≤ c1(z) ‖f1‖_Lp_{1 (Ω;d}n_{x)} , (6.63) � � �γD (H^N_{0,Ω} − zIΩ)^{−1}Mf_2 � � �_{Bp2 (L2(Ω;dnx),L2(∂Ω;dn−1σ))} ≤ c2(z) ‖f2‖_Lp_{2 (Ω;d}n_{x)} . (6.64)

Proof. Let ε_1, ε_2 ∈ (0, 1) be such that 0 < ε_1 < 1−(2n/p_1) and 0 < ε_2 < min{1, 3− (2n/p_2)}. Then,

γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_{f1} = γ_N (H^D_{0,Ω} − zI_Ω)^{− 3+ε14} (H^D_{0,Ω} − zI_Ω)^{− 1−ε1}4 M_{f1} , (6.65)

γ_D(H^N_{0,Ω} − zI_Ω)^{−1}M_{f2} = γ_D(H^N_{0,Ω} − zI_Ω)^{− 1+ε24} (H^N_{0,Ω} − zI_Ω)^{− 3−ε2}4 M_{f2} , (6.66)

together with Lemmas 6.8 and 6.9 prove the corollary. □

Next, we introduce the perturbed operators H^D_Ω and H^N_Ω in L^2(Ω; d^nx) as follows. We denote by A = M_u and B = B^∗ = M_v the operators of multiplication by u = exp(i arg(V )) |V |^{1/2} and v = |V |^{1/2} in L^2(Ω; d^nx), respectively, so that M_V = BA = M_uM_v. Applying Lemma 6.8 to f = u ∈ L^4(Ω; d^nx) with q = 1/2 yields

M_u(H^D_{0,Ω} − zI_Ω)^{−1/2}, (H^D_{0,Ω} − zI_Ω)^{−1/2}M_v ∈ B_4 � L^2(Ω; d^nx) � , z ∈ C\[0, ∞), (6.67)

M_u(H^N_{0,Ω} − zI_Ω)^{−1/2}, (H^N_{0,Ω} − zI_Ω)^{−1/2}M_v ∈ B_4 � L^2(Ω; d^nx) � , z ∈ C\[0, ∞), (6.68)

and hence in particular,

dom(A) = dom(B) ⊇ H^1(Ω) ⊃ H^2(Ω) ⊇ dom(H^N_{0,Ω}), (6.69)

dom(A) = dom(B) ⊇ H^1(Ω) ⊇ H^1_0 (Ω) ⊇ dom(H^D_{0,Ω}). (6.70)

Thus, Hypothesis 2.1 (i) is satisfied for H^D_{0,Ω} and H^N_{0,Ω}. Moreover, (6.67) and (6.68) imply

M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v, M_u(H^N_{0,Ω} − zI_Ω)^{−1}M_v ∈ B_2 � L^2(Ω; d^nx) � , z ∈ C\[0, ∞), (6.71)

which verifies Hypothesis 2.1 (ii) for H^D_{0,Ω} and H^N_{0,Ω}. One verifies Hypothesis 2.1 (iii) by utilizing (6.48) with sufficiently negative z < 0, such that the B_4-norms of the operators in (6.67) and (6.68) are less than 1, and hence, the Hilbert–Schmidt norms of the operators in (6.71) are less than 1. Thus, applying Theorem 2.3 one obtains the densely defined, closed operators H^D_Ω and H^N_Ω (which are extensions of H^D_{0,Ω} + M_V on dom(H^D_{0,Ω}) ∩ dom(M_V ) and H^N_{0,Ω} + M_V on dom(H^N_{0,Ω}) ∩ dom(M_V ), respectively).

We note in passing that (6.46)–(6.48), (6.58), (6.61)–(6.64), (6.67)–(6.71), etc., extend of course to all z in the resolvent set of the corresponding operators H^D_{0,Ω} and H^N_{0,Ω}.

The following result is a direct extension of the one-dimensional result in Theorem 6.4.

Theorem 6.11. Assume Hypothesis 6.6 and z ∈ C\ � σ(H^D_Ω ) ∪ σ(H^D_{0,Ω} ) ∪ σ(H^N_{0,Ω} ) � . Then,

γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_V (H^D_Ω − zI_Ω)^{−1}M_V � γ_D(H^N_{0,Ω} − zI_Ω)^{−1}

�_∗

∈ B_1 � L^2(∂Ω; d^{n−1}σ) � , (6.72)

γ_N (H^D_Ω − zI_Ω)^{−1}M_V � γ_D(H^N_{0,Ω} − zI_Ω)^{−1}

�_∗ ∈ B_2 � L^2(∂Ω; d^{n−1}σ) � , (6.73) and det_2 � I_Ω + M_u(H^N_{0,Ω} − zI_Ω)^{−1}M_v � det_2 � I_Ω + M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v � = det_2 � I_{∂Ω} − γ_N (H^D_Ω − zI_Ω)^{−1}M_V � γ_D(H^N_{0,Ω} − zI_Ω)^{−1}

�_∗� (6.74)

× exp � tr � γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_V (H^D_Ω − zI_Ω)^{−1}M_V � γ_D(H^N_{0,Ω} − zI_Ω)^{−1}

�_∗� . Proof. From the outset we note that the left-hand side of (6.74) is well-defined by

(6.71). Let z ∈ C\ � σ(H^D_Ω ) ∪ σ(H^D_{0,Ω}) ∪ σ(H^N_{0,Ω}) � and u(x) = exp(i arg(V (x))) |V (x)|^{1/2} , v(x) = |V (x)|^{1/2} , (6.75)

~u(x) = exp(i arg(V (x))) |V (x)|^{5/6} , ~v(x) = |V (x)|^{1/6} . (6.76)

Next, we introduce

K_D(z) = −M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v, K_N (z) = −M_u(H^N_{0,Ω} − zI_Ω)^{−1}M_v (6.77)

(cf. (2.4)) and utilize the following facts,

[I_Ω − K_D(z)]^{−1} = I_Ω + K_D(z)[I_Ω − K_D(z)]^{−1}, (6.78)

[I_Ω − K_D(z)]^{−1} ∈ B(L^2(Ω; d^nx)), (6.79) and 1 = det_2(I_Ω) = det_2 � [I_Ω − K_D(z)][I − K_D(z)]^{−1} � (6.80)

= det_2 � I_Ω − K_D(z) � det_2 � [I_Ω − K_D(z)]^{−1} � exp � tr � K_D(z)^2[I_Ω − K_D(z)]^{−1} � . Thus, one obtains

det_2 � [I_Ω − K_N (z)][I_Ω − K_D(z)]^{−1} � = det_2 � I_Ω − K_N (z) � det_2 � [I_Ω − K_D(z)]^{−1} � × exp � tr � K_N (z)K_D(z)[I_Ω − K_D(z)]^{−1} � (6.81) = det_2 � I_Ω − K_N (z) � det_2 � I_Ω − K_D(z)

� exp � tr � (K_N (z) − K_D(z))K_D(z)[I_Ω − K_D(z)]^{−1} � . At this point, the left-hand side of (6.74) can be rewritten as

det_2 � I_Ω + M_u(H^N_{0,Ω} − zI_Ω)^{−1}M_v � det_2 � I_Ω + M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v � = det_2 � I_Ω − K_N (z) � det_2 � I_Ω − K_D(z) � = det_2 � [I_Ω − K_N (z)][I_Ω − K_D(z)]^{−1} � × exp � tr � (K_D(z) − K_N (z))K_D(z)[I_Ω − K_D(z)]^{−1} � = det_2 � I_Ω + (K_D(z) − K_N (z))[I_Ω − K_D(z)]^{−1} � (6.82)

× exp � tr � (K_D(z) − K_N (z))K_D(z)[I_Ω − K_D(z)]^{−1} � .

Next, temporarily suppose that V (x) ∈ L^2(Ω; d^nx)∩L^6(Ω; d^nx). Using Lemma A.3

(an extension of a result of Nakamura [36, Lemma 6]) and Remark A.5, one finds

K_D(z) − K_N (z) = −M_u � (H^D_{0,Ω} − zI_Ω)^{−1} − (H^N_{0,Ω} − zI_Ω)^{−1} � M_v

= −M_u � γ_D(H^N_{0,Ω} − zI_Ω)^{−1}

�_∗

γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_v, = − � γ_D (H^N_{0,Ω} − zI_Ω)^{−1}M_u

�_∗

γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_v.

(6.83)

Thus, inserting (6.83) into (6.82) yields,

det_2 � I_Ω + M_u(H^N_{0,Ω} − zI_Ω)^{−1}M_v � det_2 � I_Ω + M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v � = det_2 � I_Ω − � γ_D(H^N_{0,Ω} − zI_Ω)^{−1}M_u

�_∗ γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_v × � I_Ω + M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v

�_{−1}�

× exp � tr � γ_D(H^N_{0,Ω} − zI_Ω)^{−1}M_u

�_∗ γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_v (6.84)

× M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v � I_Ω + M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v

�_{−1}� . Then, utilizing Corollary 6.10 with p_1 = 12 and p_2 = 12/5, one finds,

γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_v ∈ B_{12} � L^2(Ω; d^nx), L^2(∂Ω; d^{n−1}σ) � , (6.85)

γ_D(H^N_{0,Ω} − zI_Ω)^{−1}M_u ∈ B_{12/5} � L^2(Ω; d^nx), L^2(∂Ω; d^{n−1}σ) � , (6.86)

and hence using the fact that, � I_Ω + M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v

�_{−1} ∈ B � L^2(Ω; d^nx) � , z ∈ C\ � σ(H^D_Ω ) ∪ σ(H^D_{0,Ω}) � , (6.87)

one rearranges the terms in (6.84) as follows,

det_2 � I_Ω + M_u(H^N_{0,Ω} − zI_Ω)^{−1}M_v � det_2 � I_Ω + M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v � = det_2 � I_{∂Ω} − γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_v � I_Ω + M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v

�_{−1} × � γ_D(H^N_{0,Ω} − zI_Ω)^{−1}M_u

�_∗�

× exp � tr � γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_v M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v × � I_Ω + M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v

�_{−1}�

γ_D(H^N_{0,Ω} − zI_Ω)^{−1}M_u

�_∗�

= det_2 � I_{∂Ω} − γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_{~v} � I_Ω + M_{~u}(H^D_{0,Ω} − zI_Ω)^{−1}M_{~v}

�_{−1} × � γ_D(H^N_{0,Ω} − zI_Ω)^{−1}M_{~u}

�_∗�

× exp � tr � γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_{~v} M_{~u}(H^D_{0,Ω} − zI_Ω)^{−1}M_{~v} (6.88) × � I_Ω + M_{~u}(H^D_{0,Ω} − zI_Ω)^{−1}M_{~v}

�_{−1}�

γ_D(H^N_{0,Ω} − zI_Ω)^{−1}M_{~u}

�_∗� .

In the last equality we employed the following simple identities,

M_V = M_uM_v = M_{~u}M_{~v}, (6.89)

M_v � I_Ω + M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v

�_{−1}

M_u = M_{~v} � I + M_{~u}(H^D_{0,Ω} − zI_Ω)^{−1}M_{~v}

�_{−1}

M_{~u}.

(6.90)

Utilizing (6.88) and the following analog of formula (2.20),

(H^D_{0,Ω} − zI_Ω)^{−1}M_{~v} � I_Ω + M_{~u}(H^D_{0,Ω} − zI_Ω)^{−1}M_{~v}

�_{−1}

= (H^D_Ω − zI_Ω)^{−1}M_{~v}, (6.91)

one arrives at (6.74), subject to the extra assumption V ∈ L^2(Ω; d^nx) ∩ L^6(Ω; d^nx).

Finally, assuming only V ∈ L^2(Ω; d^nx) and utilizing Lemma 6.8 and Corollary 6.10 once again, one obtains

M_{~v}(H^D_{0,Ω} − zI_Ω)^{−1/6} ∈ B_{12} � L^2(Ω; d^nx) � , (6.92)

M_{~u}(H^D_{0,Ω} − zI_Ω)^{−5/6} ∈ B_{12/5} � L^2(Ω; d^nx) � , (6.93)

γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_{~v} ∈ B_{12} � L^2(Ω; d^nx), L^2(∂Ω; d^{n−1}σ) � , (6.94)

γ_D(H^N_{0,Ω} − zI_Ω)^{−1}M_{~u} ∈ B_{12/5} � L^2(L^2(Ω; d^nx), ∂Ω; d^{n−1}σ) � , (6.95)

and hence

M_{~u}(H^D_{0,Ω} − zI_Ω)^{−1}M_{~v} ∈ B_2(L^2(Ω; d^nx)). (6.96)

Relations (6.92)–(6.96) prove (6.72) and (6.73). Moreover, since � I_Ω + M_{~u}(H^D_{0,Ω} − zI_Ω)^{−1}M_{~v}

�_{−1} ∈ B � L^2(Ω; d^nx) � , z ∈ C\ � σ(H^D_Ω ) ∪ σ(H^D_{0,Ω}) � , (6.97)

the left- and the right-hand sides of (6.88), and hence of (6.74), are well-defined for V ∈ L^2(Ω; d^nx). Thus, using (6.48), (6.63), (6.64), the continuity of det_2(·) with respect to the Hilbert–Schmidt norm ‖ · ‖_{B2(L}2_{(Ω;d}n_{x))}, the continuity of tr(·) with respect to the trace norm ‖·‖_{B1(L}2_{(Ω;d}n_{x))}, and an approximation of V ∈ L^2(Ω; d^nx) by a sequence of potentials V_k ∈ L^2(Ω; d^nx) ∩ L^6(Ω; d^nx), k ∈ N, in the norm of L^2(Ω; d^nx) as k ↑ ∞, then extends the result from V ∈ L^2(Ω; d^nx) ∩ L^6(Ω; d^nx) to V ∈ L^2(Ω; d^nx), n = 2, 3. □

Remark 6.12. Thus, a comparison of Theorem 6.11 with the one-dimensional case in Theorem 6.4 shows that the reduction of Fredholm determinants associated with operators in L^2((0, ∞); dx) to simple Wronski determinants, and hence to Jost functions as first observed by Jost and Pais [23], can be properly extended to higher dimensions and results in a reduction of appropriate ratios of Fredholm determinants associated with operators in L^2(Ω; d^nx) to an appropriate Fredholm determinant associated with an operator in L^2(∂Ω; d^{n−1}σ).

Remark 6.13. As in Theorem 6.11 we assume Hypothesis 6.6 and suppose z ∈ C\ � σ(H^D_Ω ) ∪ σ(H^D_{0,Ω}) ∪ σ(H^N_{0,Ω}) � . First we note that � (H^D_{0,Ω} − zI_Ω)^{−1/2}(H^D_Ω − zI_Ω)(H^D_{0,Ω} − zI_Ω)^{−1/2} − I_Ω � ∈ B_2 � L^2(Ω; d^nx) � , (6.98) � (H^N_{0,Ω} − zI_Ω)^{−1/2}(H^N_Ω − zI_Ω)(H^N_{0,Ω} − zI_Ω)^{−1/2} − I_Ω � ∈ B_2 � L^2(Ω; d^nx) � . (6.99)

Indeed, by (6.67) and (6.68), one obtains

(H^D_{0,Ω} − zI_Ω)^{−1/2}(H^D_Ω − zI_Ω)(H^D_{0,Ω} − zI_Ω)^{−1/2} − I_Ω

= (H^D_{0,Ω} − zI_Ω)^{−1/2}M_V (H^D_{0,Ω} − zI_Ω)^{−1/2} ∈ B_2 � L^2(Ω; d^nx) � , (6.100)

(H^N_{0,Ω} − zI_Ω)^{−1/2}(H^N_Ω − zI_Ω)(H^N_{0,Ω} − zI_Ω)^{−1/2} − I_Ω

= (H^N_{0,Ω} − zI_Ω)^{−1/2}M_V (H^N_{0,Ω} − zI_Ω)^{−1/2} ∈ B_2 � L^2(Ω; d^nx) � . (6.101)

Thus, using (6.67)–(6.71) and the cyclicity of det_2(·), one rearranges the left-hand side of (6.74) as follows,

det_2 � I_Ω + M_u(H^N_{0,Ω} − zI_Ω)^{−1}M_v � det_2 � I_Ω + M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v �

= det_2 � I_Ω + (H^N_{0,Ω} − zI_Ω)^{−1/2}M_V (H^N_{0,Ω} − zI_Ω)^{−1/2} � det_2 � I_Ω + (H^D_{0,Ω} − zI_Ω)^{−1/2}M_V (H^D_{0,Ω} − zI_Ω)^{−1/2} �

= det_2 � (H^N_{0,Ω} − zI_Ω)^{−1/2}(H^N_Ω − zI_Ω)(H^N_{0,Ω} − zI_Ω)^{−1/2} � det_2 � (H^D_{0,Ω} − zI_Ω)^{−1/2}(H^D_Ω − zI_Ω)(H^D_{0,Ω} − zI_Ω)^{−1/2}

� . (6.102)

Again (6.102) illustrates that symmetrized perturbation determinants underly Theorem 6.11.

Remark 6.14. The following observation yields a simple application of formula (6.74). Since by Theorem 3.2, for any z ∈ C\ � σ(H^D_Ω ) ∪ σ(H^D_{0,Ω}) ∪ σ(H^N_{0,Ω}) � , one has z ∈ σ(H^N_Ω ) if and only if det_2 � I_Ω + M_u(H^N_{0,Ω} − zI_Ω)^{−1}M_v � = 0, it follows from (6.74) that

for all z ∈ C\ � σ(H^D_Ω ) ∪ σ(H^D_{0,Ω}) ∪ σ(H^N_{0,Ω}) � , one has z ∈ σ(H^N_Ω )

if and only if det_2 � I_{∂Ω} − γ_N (H^D_Ω − zI_Ω)^{−1}M_V � γ_D(H^N_{0,Ω} − zI_Ω)^{−1}

�_∗� = 0.

(6.103)

One can also prove the following analog of (6.74):

det_2 � I_Ω + M_u(H^D_{0,Ω} − zI_Ω)^{−1}M_v � det_2 � I_Ω + M_u(H^N_{0,Ω} − zI_Ω)^{−1}M_v � = det_2 � I_{∂Ω} + γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_V � γ_D(H^N_Ω − zI_Ω)^{−1}

�_∗� (6.104)

× exp � − tr � γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_V (H^N_Ω − zI_Ω)^{−1}M_V � γ_D(H^N_{0,Ω} − zI_Ω)^{−1}

�_∗� . Then, proceeding as before, one obtains

for all z ∈ C\ � σ(H^N_Ω ) ∪ σ(H^N_{0,Ω}) ∪ σ(H^D_{0,Ω}) � , one has z ∈ σ(H^D_Ω ) (6.105)

if and only if det_2 � I_{∂Ω} + γ_N (H^D_{0,Ω} − zI_Ω)^{−1}M_V � γ_D(H^N_Ω − zI_Ω)^{−1}

�_∗� = 0.

7. An Application to Scattering Theory

In this section we relate Krein’s spectral shift function and hence the determinant of the scattering operator in connection with quantum mechanical scattering theory in dimensions n = 2, 3 with appropriate modified Fredholm determinants.

The results of this section are not new, they were first derived for n = 3 by Newton [38] and subsequently for n = 2 by Cheney [9]. However, since our method of proof nicely illustrates the use of infinite determinants in connection with scattering theory and is different from that in [38] and [9], and moreover, since our derivation in the case n = 3 is performed under slightly more general hypotheses than in [38], we thought it worthwhile to include it at this point.

Hypothesis 7.1. Fix δ > 0. Suppose V ∈ R_{2,δ} for n = 2 and V ∈ L^1(R^3; d^3x)∩R_3 for n = 3, where

R_{2,δ} = � V : R^2 → R measurable � � V^{1+δ} , (1 + | · |^δ)V ∈ L^1(R^2; d^2x)�, (7.1)

R_3 = � V : R^3 → R measurable � � � � R^6

d^3xd^3x^′ |V (x)||V (x^′)||x − x^′|^{−2} < ∞ � . (7.2)

We introduce H_0 as the following nonnegative self-adjoint operator in the Hilbert space L^2(R^n; d^nx),

H_0 = −Δ, dom(H_0) = H^2(R^n), n = 2, 3. (7.3)

Moreover, let A = M_u and B = B^∗ = M_v denote the operators of multiplication by u = sign(V ) |V |^{1/2} and v = |V |^{1/2} in L^2(R^n; d^nx), respectively, so that M_V = BA = M_uM_v. Then, (cf. [48, Theorem I.21] for n = 3 and [49] for n = 2),

dom(A) = dom(B) ⊇ H^1(R^n) ⊃ dom(H_0), (7.4)

and hence, Hypothesis 2.1 (i) is satisfied for H_0. It follows from Hypothesis 7.1 that

M_u(H_0 − zI)^{−1}M_v ∈ B_2 � L^2(R^n; d^nx) � , z ∈ C\[0, ∞), (7.5)

where I now denotes the identity operator in L^2(R^n; d^nx), and hence, Hypothesis 2.1 (ii) is satisfied. Taking z ∈ C\[0, ∞) with a sufficiently large absolute value, one also verifies Hypothesis 2.1 (iii). Thus, applying Theorem 2.3 and Remark 2.4 (i), one obtains a self-adjoint operator H (which is an extension of H_0 + V on dom(H_0) ∩ dom(V )).

Theorem 7.2. Assume Hypothesis 7.1 and let z ∈ C\σ(H) and n = 2, 3. Then,

(H − zI)^{−1} − (H_0 − zI)^{−1} ∈ B_1 � L^2(R^n; d^nx) � , (7.6)

and there is a unique real-valued spectral shift function

ξ(·, H, H_0) ∈ L^1 � R; (1 + λ^2)^{−1}dλ) (7.7)

such that ξ(λ, H, H_0) = 0 for λ < inf(σ(H)), and tr � (H − zI)^{−1} − (H_0 − zI)^{−1} � = − � σ(H)

dλ ξ(λ, H, H_0) (λ − z)^2

. (7.8)

We recall that ξ(·, H, H_0) is called the spectral shift function for the pair of self-adjoint operators (H, H_0). For background information on ξ(·, H, H_0) and its connection with the scattering operator at fixed energy, we refer, for instance, to [3, Sect. 19.1], [5], [7], [62, Ch. 8].

Lemma 7.3. Assume Hypothesis 7.1 and let z ∈ C\σ(H) and n = 2, 3. Then,

M_u(H_0 − zI)^{−1}M_v ∈ B_2 � L^2(R^n; d^nx) � , (7.9)

(H_0 − zI)^{−1}M_V (H_0 − zI)^{−1} ∈ B_1 � L^2(R^n; d^nx) � , (7.10) and d dz ln � det_2 � I + M_u(H_0 − zI)^{−1}M_v � = −tr � (H − zI)^{−1} − (H_0 − zI)^{−1} + (H_0 − zI)^{−1}M_V (H_0 − zI)^{−1} � . (7.11)

The key ingredient in proving (7.6) is the fact that

M_u(H_0 − zI)^{−1}, (H_0 − zI)^{−1}M_v ∈ B_2 � L^2(R^n; d^nx) � , z ∈ C\[0, ∞), n = 2, 3. (7.12) This follows from either [52, Theorem 4.1] (or [43, Theorem XI.20]), or explicitly by an inspection of the corresponding integral kernels. For instance, the one for M_u(H_0 − zI)^{−1} reads: � M_u(H_0 − zI)^{−1} � (x, x^′) = � � � u(x)(i/4)H^{(1)}_0 (z^{1/2}|x − x^′|), x ≠ x^′, x, x^′ ∈ R^2,

u(x)e^{iz1/2 |x−x′|}/[4π|x − x^′|], x ≠ x^′, x, x^′ ∈ R^3,

z ∈ C\[0, ∞), Im(z^{1/2}) > 0, (7.13)

where H^{(1)}_0 (·) denotes the Hankel function of order zero and first kind (see, e.g., [1, Sect. 9.1]). Hence, one only needs to apply equation (2.13) to conclude (7.6) and hence (7.10) (by factoring M_V = M_uM_v). (We note that (7.6) is proved in [43, Sect. XI.6] and [48, Theorem II.37] for n = 3.) Relation (7.9) is then clear from V ∈ R_3 for n = 3 and follows from [49] for n = 2. Equation (7.11) is discussed in [8] for n = 2, 3. The trace formula (7.8) is a celebrated result of Krein [29], [30]; detailed accounts of it can be found in [3, Sect. 19.1.5], [7], [31], [62, Ch. 8].

Lemma 7.4. Assume Hypothesis 7.1. Then the following formula holds for a.e. λ ∈ R,

2πiξ(λ, H, H_0) = ln � det_2 � I + M_u(H_0 − (λ + i0)I)^{−1}M_v) det_2 � I + M_u(H_0 − (λ − i0)I)^{−1}M_v) �

+ i 2π � R^n

d^nx V (x) × � � � π, λ > 0, n = 2, λ^{1/2}, λ > 0, n = 3, 0, λ ≤ 0, n = 2, 3.

(7.14)

Proof. It follows from Theorem 7.2 and Lemma 7.3, that for z ∈ C\σ(H), � R dλ ξ(λ, H, H_0)

(λ − z)^2 = d dz ln � det_2 � I + M_u(H_0 − zI)^{−1}M_v � + tr � (H_0 − zI)^{−1}M_V (H_0 − zI)^{−1} � . (7.15)

First, we rewrite the left-hand side of (7.15). Since ξ(·, H, H_0) ∈ L^1 � R;^{dλ}_{1+λ2} � , one has the following formula, � R dλ ξ(λ, H, H_0)

(λ − z)^2 = d dz � R dλ ξ(λ, H, H_0) � 1 λ − z − λ 1 + λ^2 � , z ∈ C\σ(H).

(7.16)

Next, we compute the second term on the right-hand side of (7.15). By (7.12) and the cyclicity of the trace, tr � (H_0 − zI)^{−1}M_V (H_0 − zI)^{−1} � = tr � M_u(H_0 − zI)^{−2}M_v � , z ∈ C\[0, ∞). (7.17)

Then M_u(H_0 − zI)^{−2}M_v = M_u^d_{dz} (H_0 − zI)^{−1}M_v has the integral kernel � M_u(H_0 − zI)^{−2}M_v � (x, x^′) = � � � u(x)^{iH(1)0} ′ (z^{1/2}|x−x^′|)|x−x^′| 8z^{1/2} v(x

′), x, x^′ ∈ R^2,

u(x)^{i exp(iz1/2} |^{x−x′}|^)

8πz^{1/2} v(x

′), x, x^′ ∈ R^3, x ≠ x^′, z ∈ C\[0, ∞), Im(z^{1/2}) > 0, (7.18) and hence, utilizing [11, p. 1086], one computes for z ∈ C\[0, ∞), tr � (H_0 − zI)^{−1}M_V (H_0 − zI)^{−1} � = 1 4π � R^n

d^nx V (x) × � −z^{−1}, n = 2 i(2z^{1/2})^{−1}, n = 3 = 1 4π � R^n

d^nx V (x) × d dz � −ln(z), n = 2, iz^{1/2}, n = 3. (7.19) Finally, using (7.15), (7.16), and (7.19), one obtains for z ∈ C\σ(H), � R dλ ξ(λ, H, H_0) � 1 λ − z − λ 1 + λ^2 � + C = ln � det_2 � I + M_u(H_0 − zI)^{−1}M_v � + 1 4π � R^n

d^nx V (x) × � −ln(z), n = 2, iz^{1/2}, n = 3, (7.20) where C ∈ C denotes an appropriate constant. To complete the proof we digress for a moment and recall the Stieltjes inversion formula for Herglotz functions m (i.e., analytic maps m: C_+ → C_+, where C_+ denotes the open complex upper half-plane). Such functions m permit the Nevanlinna, respectively, Riesz-Herglotz representation

m(z) = c + dz + � R dω(λ) � 1 λ − z − λ 1 + λ^2 � , z ∈ C_+,

c = Re[m(i)], d = lim_{η↑∞} m(iη)/(iη) ≥ 0,

(7.21)

with a nonnegative measure dω on R satisfying � R dω(λ) 1 + λ^2

< ∞. (7.22)

The absolutely continuous part dω_{ac} of dω with respect to Lebesgue measure dλ on R is then known to be given by dω_{ac}(λ) = π^{−1}Im[m(λ + i0)] dλ. (7.23) In addition, one extends m to the open lower complex half-plane C_− by m(z) = m(z), z ∈ C_−. (7.24) (We refer, e.g., to [2, Sect. 69] for details on (7.21)–(7.24).) Thus, in order to apply (7.21)–(7.24) to the computation of ξ(·, H, H_0) in (7.20) it suffices to decompose ξ(·, H, H_0) = ξ_+(·, H, H_0) − ξ_−(·, H, H_0) into its positive and negative parts ξ_±(·, H, H_0) ≥ 0 and separately consider the absolutely continuous measures ξ_±(·, H, H_0)dλ. Thus, letting z = λ ± iε, taking the limit ε ↓ 0 in (7.20), and subtracting the corresponding results, yields (7.14). □

We conclude with the following result:

Corollary 7.5. Assume Hypothesis 7.1. Then, for a.e. λ > 0,

det(S(λ)) = det_2 � I + M_u(H_0 − (λ − i0)I)^{−1}M_v � det_2 � I + M_u(H_0 − (λ + i0)I)^{−1}M_v �

× � � � exp � −^i_2 � R^n d

nx V (x) � , n = 2, exp � −^{iλ1/2}_{2π} � R^n d

nx V (x) � , n = 3.

(7.25)

Proof. Hypothesis 7.1 implies that the scattering operator S(λ) at fixed energy λ > 0 in L^2(S^{n−1}; d^{n−1}ω) satisfies

[S(λ) − I] ∈ B_1 � L^2(S^{n−1}; d^{n−1}ω) � for a.e. λ > 0 (7.26) and det(S(λ)) = exp(−2πiξ(λ, H, H_0)) for a.e. λ > 0 (7.27)

(cf., e.g., [3, Sects. 19.1.4, 19.1.5], [5], [7], [62, Ch. 8]), where S^{n−1} denotes the unit sphere in R^n and d^{n−1}ω the corresponding surface measure on S^{n−1}. Relation (7.25) then follows from Lemma 7.4 and (7.27). □

We note again that Corollary 7.5 was derived earlier using different means by Cheney [9] for n = 2 and by Newton [38] for n = 3. (The stronger conditions V ∈ L^2(R^3; dx^3) and the existence of a > 0 and 0 < C < ∞ such that for all y ∈ R^3, � R^3 d

3x |V (x)|[(|x| + |y| + a)/(|x − y|)]^2 ≤ C, are assumed in [38].)

Appendix A. Properties of the Dirichlet and Neumann Laplacians

The purpose of this appendix is to derive some basic domain properties of Dirichlet and Neumann Laplacians on C^{1,r}-domains Ω ⊂ R^n and to prove Lemma 6.7. Throughout this appendix we assume n ≥ 2, but we note that n is restricted to n = 2, 3 in Sections 6 and 7.

In this manuscript we use the following notation for the standard Sobolev Hilbert spaces (s ∈ R),

H^s(R^n) = � U ∈ S(R^n)^∗ | ‖U‖^2_Hs_{(R}n_) = � R^n

d^nξ � � ^U(ξ) � �^2�1 + |ξ|^{2s} � < ∞ � , (A.1)

H^s(Ω) = {u ∈ C^∞_0 (Ω)^∗ | u = U|_Ω for some U ∈ H^s(R^n)} , (A.2) H^s_0 (Ω) = the closure of C^∞_0 (Ω) in the norm of H^s(Ω). (A.3)

Here C^∞_0 (Ω)^∗ denotes the usual set of distributions on Ω ⊆ R^n, Ω open and nonempty, S(R^n)^∗ is the space of tempered distributions on R^n, and ^U denotes the Fourier transform of U ∈ S(R^n)^∗. It is then immediate that

H^{s0} (Ω) → H^{s1} (Ω) whenever − ∞ < s_0 ≤ s_1 < +∞, (A.4)

continuously and densely.

Before we present a proof of Lemma 6.7, we recall the definition of a C^{1,r}-domain Ω ⊆ R^n, Ω open and nonempty, for convenience of the reader: Let N be a space of real-valued functions in R^{n−1}. One calls a bounded domain Ω ⊂ R^n of class N if there exists a finite open covering {O_j }_{1≤j≤N} of the boundary ∂Ω of Ω with the property that, for every j ∈ {1, ..., N}, O_j ∩Ω coincides with the portion of O_j lying in the over-graph of a function φ_j ∈ N (considered in a new system of coordinates obtained from the original one via a rigid motion). Two special cases are going to play a particularly important role in the sequel. First, if N is Lip (R^{n−1}), the space of real-valued functions satisfying a (global) Lipschitz condition in R^{n−1}, we shall refer to Ω as being a Lipschitz domain; cf. [54, p. 189], where such domains are called “minimally smooth”. Second, corresponding to the case when N is the subspace of Lip (R^{n−1}) consisting of functions whose first-order derivatives satisfy a (global) Hölder condition of order r ∈ (0, 1), we shall say that Ω is of class C^{1,r}. The classical theorem of Rademacher of almost everywhere differentiability of Lipschitz functions ensures that, for any Lipschitz domain Ω, the surface measure dσ is welldefined on ∂Ω and that there exists an outward pointing normal vector ν at almost every point of ∂Ω. For a Lipschitz domain Ω ⊂ R^n it is known that � H^s(Ω)

�_∗ = H^{−s}(Ω), −^1_2 < s <^1_2 . (A.5)

See [59] for this and other related properties.

Next, assume that Ω ⊂ R^n is the domain lying above the graph of a function φ : R^{n−1} → R of class C^{1,r}. Then for 0 ≤ s < 1 + r, the Sobolev space H^s(∂Ω) consists of functions f ∈ L^2(∂Ω; d^{n−1}σ) such that f(x^′, φ(x^′)), as function of x^′ ∈ R^{n−1}, belongs to H^s(R^{n−1}). This definition is easily adapted to the case when Ω is domain of class C^{1,r} whose boundary is compact, by using a smooth partition of unity. Finally, for −1 − r < s < 0, we set H^s(∂Ω) = (H^{−s}(∂Ω))^∗. For additional background information in this context we refer, for instance, to [33, Ch. 3], [61, Sect. I.4.2].

Assuming Hypothesis 6.6 (i) (i.e., Ω is an open nonempty C^{1,r}-domain for some (1/2) < r < 1 with compact boundary ∂Ω), we introduce the Dirichlet and Neumann Laplacians ~H^D_{0,Ω} and ~H^N_{0,Ω} associated with the domain Ω as the unique selfadjoint operators on L^2(Ω; d^nx) whose quadratic form equals q(f, g) = � Ω d^nx ∇f · ∇g with the form domains H^1_0 (Ω) and H^1(Ω), respectively. Then,

dom( ~H^D_{0,Ω}) = {u ∈ H^1_0 (Ω) | there exists f ∈ L^2(Ω; d^nx) such that

q(u, v) = (f, v)_L2_{(Ω;d}n_{x)} for all v ∈ H^1_0 (Ω)}, (A.6)

dom( ~H^N_{0,Ω}) = {u ∈ H^1(Ω) | there exists f ∈ L^2(Ω; d^nx) such that

q(u, v) = (f, v)_L2_{(Ω;d}n_{x)} for all v ∈ H^1(Ω)}, (A.7)

with (·, ·)_L2_{(Ω;d}n_{x)} denoting the scalar product in L^2(Ω; d^nx). Equivalently, we introduce the densely defined closed linear operators

D = ∇, dom(D) = H^1_0 (Ω) and N = ∇, dom(N) = H^1(Ω) (A.8)

from L^2(Ω; d^nx) to L^2(Ω; d^nx)^n and note that

~H^D_{0,Ω} = D^∗D and ~H^N_{0,Ω} = N^∗N. (A.9)

For details we refer to [44, Sects. XIII.14, XIII.15]. Moreover, with div(·) denoting the divergence operator,

dom(D^∗) = {w ∈ L^2(Ω; d^nx)^n | div(w) ∈ L^2(Ω; d^nx)}, (A.10)

and hence,

dom( ~H^D_{0,Ω}) = {u ∈ dom(D) | Du ∈ dom(D^∗)}

= {u ∈ H^1_0 (Ω) | Δu ∈ L^2(Ω; d^nx)}. (A.11)

One can also define the following map � {w ∈ L^2(Ω; d^nx)^n | div(w) ∈ (H^1(Ω))^∗} → H^{−1/2}(∂Ω) = � H^{1/2}(∂Ω)

�_∗

w → ν · w (A.12) by setting

⟨ν · w, ϕ⟩ = � Ω d^nx w(x) · ∇Φ(x) + ⟨div(w) , Φ⟩ (A.13)

whenever ϕ ∈ H^{1/2}(∂Ω) and Φ ∈ H^1(Ω) is such that γ_DΦ = ϕ. The last paring in (A.13) is in the duality sense (which, in turn, is compatible with the (bilinear) distributional pairing). It should be remarked that the above definition is independent of the particular extension Φ ∈ H^1(Ω) of ϕ. Indeed, by linearity this comes down to proving that

⟨div(w) , Φ⟩ = − � Ω d^nx w(x) · ∇Φ(x) (A.14)

if w ∈ L^2(Ω; d^nx)^n has div(w) ∈ H^1(Ω))^∗ and Φ ∈ H^1(Ω) has γ_DΦ = 0. To see this, we rely on the existence of a sequence Φ_j ∈ C^∞_0 (Ω) such that Φ_j →_{j↑∞} Φ in H^1(Ω).

When Ω is a bounded Lipschitz domain, this is well-known (see, e.g., [22, Remark 2.7] for a rather general result of this nature), and this result is easily extended to the case when Ω is an unbounded Lipschitz domain with a compact boundary. For if ξ ∈ C^∞_0 (B(0; 2)) is such that ξ = 1 on B(0; 1) and ξ_j (x) = ξ(x/j), j ∈ N (here B(x_0; r_0) denotes the ball in R^n centered at x_0 ∈ R^n of radius r_0 > 0), then ξ_j Φ →_{j↑∞}

Φ in H^1(Ω) and matters are reduced to approximating ξ_j Φ in H^1(B(0; 2j)∩Ω) with test functions supported in B(0; 2j) ∩ Ω, for each fixed j ∈ N. Since γ_D (ξ_j Φ) = 0, the result for bounded Lipschitz domains applies.

Returning to the task of proving (A.14), it suffices to prove a similar identity with Φ_j in place of Φ. This, in turn, follows from the definition of div(·) in the sense of distributions and the fact that the duality between (H^1(Ω))^∗ and H^1(Ω) is compatible with the duality between distributions and test functions.

Going further, we can introduce a (weak) Neumann trace operator ~γ_N as follows:

~γ_N : {u ∈ H^1(Ω) | Δu ∈ (H^1(Ω))^∗} → H^{−1/2}(∂Ω), ~γ_N u = ν · ∇u, (A.15)

with the dot product understood in the sense of (A.12). We emphasize that the weak Neumann trace operator ~γ_N in (A.17) is an extension of the operator γ_N introduced in (6.43). Indeed, to see that dom(γ_N ) ⊂ dom(~γ_N ), we note that if u ∈ H^{s+1}(Ω) for some 1/2 < s < 3/2, then Δu ∈ H^{−1+s}(Ω) = � H^{1−s}(Ω)

�_∗ → � H^1(Ω)

�_∗

, by (A.5) and (A.4). With this in hand, it is then easy to shown that ~γ_N in (A.17) and γ_N in (6.43) agree (on the smaller domain), as claimed.

We now return to the mainstream discussion. From the above preamble it follows that

dom(N^∗) = {w ∈ L^2(Ω; d^nx)^n | div(w) ∈ L^2(Ω; d^nx) and ν · w = 0} (A.16) where the dot product operation is understood in the sense of (A.12). Consequently, with ~H^N_{0,Ω} = N^∗N, we have

dom( ~H^N_{0,Ω}) = {u ∈ dom(N) | Nu ∈ dom(N^∗)} = {u ∈ H^1(Ω) | Δu ∈ L^2(Ω; d^nx) and ~γ_N u = 0}. (A.17)

Next, we will prove that H^D_{0,Ω} = ~H^D_{0,Ω} and H^N_{0,Ω} = ~H^N_{0,Ω}, where H^D_{0,Ω} and H^N_{0,Ω} denote the operators introduced in (6.44) and (6.45), respectively. Since it follows from the first Green’s formula (cf., e.g., [33, Theorem 4.4]) that H^D_{0,Ω} ⊆ ~H^D_{0,Ω} and H^N_{0,Ω} ⊆ ~H^N_{0,Ω}, it remains to show that H^D_{0,Ω} ⊇ ~H^D_{0,Ω} and H^N_{0,Ω} ⊇ ~H^N_{0,Ω}. Moreover, it follows from comparing (6.44) with (A.11) and (6.45) with (A.17), that one needs only to show that dom( ~H^D_{0,Ω}), dom( ~H^N_{0,Ω}) ⊆ H^2(Ω).

Lemma A.1. Assume Hypothesis 6.6 (i). Then, dom(H^D_{0,Ω}) ⊆ H^2(Ω), dom(H^N_{0,Ω}) ⊆ H^2(Ω). (A.18) In particular, H^D_{0,Ω} = ~H^D_{0,Ω}, H^N_{0,Ω} = ~H^N_{0,Ω}. (A.19)

Proof. Consider u ∈ dom( ~H^N_{0,Ω}) and set f = Δu − u ∈ L^2(Ω; d^nx). Viewing f as an element in � H^1(Ω)

�_∗

, the classical Lax-Milgram Lemma implies that u is the unique solution of the boundary-value problem � � � (Δ − I_Ω)u = f ∈ L^2(Ω) → � H^1(Ω)

�_∗ , u ∈ H^1(Ω), ~γ_N u = 0.

(A.20)

One convenient way to show that actually u ∈ H^2(Ω), (A.21) is to use layer potentials. Specifically, let E(x), x ∈ R^n\{0}, be the fundamental solution of the Helmholtz operator Δ − I_Ω in R^n and denote by (Δ − I_Ω)^{−1} the operator of convolution with E. Let us also define the associated single layer potential Sg(x) = � ∂Ω d^{n−1}σ_y E(x − y)g(y), x ∈ Ω, (A.22)

where g is an arbitrary measurable function on ∂Ω. As is well-known (the interested reader may consult, e.g., [34], [60] for jump relations in the context of Lipschitz domains), if

K^#g(x) = � ∂Ω d^{n−1}σ_y ∂_{νx} E(x − y)g(y), x ∈ ∂Ω (A.23)

stands for the so-called adjoint double layer on ∂Ω, the following jump formula holds ~γ_N Sg = (^1_2 I_{∂Ω} + K^#)g. (A.24) Now, the solution u of (A.20) is given by u = (Δ − I_Ω)^{−1}f − Sg (A.25) for a suitable chosen g. In order to continue, we recall that the classical Calderón- Zygmund theory yields that, locally, (Δ − I_Ω)^{−1} is smoothing of order 2 on the scale of Sobolev spaces, and since E has exponential decay at infinity, it follows that (Δ − I_Ω)^{−1}f ∈ H^2(Ω) whenever f ∈ L^2(Ω; d^nx). We shall then require that

γ_N Sg = γ_N (Δ − I_Ω)^{−1}f or (^1_2 I_{∂Ω} + K^#)g = h = γ_N (Δ − I_Ω)^{−1}f ∈ H^{1/2}(∂Ω). (A.26) Thus, formally, g = (^1_2 I_{∂Ω} + K^#)^{−1}h and (A.21) follows as soon as we prove that 1 2 I_{∂Ω} + K^# is invertible on H^{1/2}(∂Ω) (A.27)

and that the operator S : H^{1/2}(∂Ω) → H^2(∂Ω) (A.28) is well-defined and bounded. That (A.27) holds is essentially well-known. See, for instance, [57, Proposition 4.5] which requires that Ω is of class C^{1,r} for some (1/2) < r < 1. As for (A.28), we note, as a preliminary step, that

S : H^{−s}(∂Ω) → H^{−s+3/2}(Ω) (A.29)

is well-defined and bounded for each s ∈ [0, 1], even when the boundary of Ω is only Lipschitz. Indeed, with H^{−s+3/2}(Ω) replaced by H^{−s+3/2}(Ω ∩ B) for a sufficiently large ball B ⊂ R^n, this is proved in [35] and the behavior at infinity is easily taken care of by employing the exponential decay of E.

For a fixed, arbitrary j ∈ {1, ..., n}, consider next the operator ∂_{xj} S whose kernel is ∂_{xj} E(x − y) = −∂_{yj} E(x − y). We write

∂_{yj} = n� k=1 ν_k(y)ν_k (y)∂_{yj} = n� k=1 ν_k(y) ∂ ∂τ_{k,j} (y)

+ ν_j ∂_{νy} , (A.30)

where ∂/∂τ_{k,j} = ν_k∂_j − ν_j ∂_k, j, k = 1, . . . , n, is a tangential derivative operator for which we have � ∂Ω d^{n−1}σ

∂h_1 ∂τ_{j,k} h_2 = − � ∂Ω d^{n−1}σ h_1

∂h_2 ∂τ_{j,k}

, h_1, h_2 ∈ H^{1/2}(∂Ω). (A.31)

It follows that

∂_j Sh = −D(ν_j h) + n� k=1 S � ∂(ν_kh) ∂τ_{k,j} � , (A.32)

where D, the so-called double layer potential operator, is the integral operator with integral kernel ∂_{νy} E(x − y). Its mappings properties on the scale of Sobolev spaces have been analyzed in [35] and we note here that

D : H^s(∂Ω) → H^{s+1/2}(Ω), 0 ≤ s ≤ 1, (A.33)

requires only that ∂Ω is Lipschitz.

Assuming that multiplication by (the components of) ν preserves the space H^{1/2}(∂Ω) (which is the case if, e.g., Ω is of class C^{1,r} for some (1/2) < r < 1), the desired conclusion about the operator (A.28) follows from (A.29), (A.32) and (A.33). This concludes the proof of the fact that dom(H^N_{0,Ω}) ⊆ H^2(Ω).

To prove that dom(H^D_{0,Ω}) ⊆ H^2(Ω) we proceed in an analogous fashion, starting with the same representation (A.25). This time, the requirement on g is that Sg = h = γ_D(Δ − I_Ω)^{−1}f ∈ H^{3/2}(∂Ω), where S = γ_D ∘ S is the trace of the single layer. Thus, in this scenario, it suffices to know that

S : H^{1/2}(∂Ω) → H^{3/2}(∂Ω) (A.34) is an isomorphism. When ∂Ω is of class C^∞, it has been proved in [57, Proposition 7.9] that S : H^s(∂Ω) → H^{s+1}(∂Ω) is an isomorphism for each s ∈ R and, if Ω is of class C^{1,r} with (1/2) < r < 1, the validity range of this result is limited to −1 − r < s < r, which covers (A.34). The latter fact follows from an inspection of Taylor’s original proof of Proposition 7.9 in [57]. Here we just note that the only significant difference is that if ∂Ω is of class C^{1,r} (instead of class C^∞), then S is a pseudodifferential operator whose symbol exhibits a limited amount of regularity in the space-variable. Such classes of operators have been studied in, e.g., [34], [56, Chs. 1, 2]. □

We note that Lemma A.1 also follows from [10, Theorem 8.2] in the case of C^2-domains Ω with compact boundary. This is proved in [10] by rather different methods and can be viewed as a generalization of the classical result for bounded C^2-domains.

Lemma A.2. Assume Hypothesis 6.6 (i) and let q ∈ R. Then for each z ∈ C\[0, ∞), one has

(H^D_{0,Ω} − zI_Ω)^{−q} , (H^N_{0,Ω} − zI_Ω)^{−q} ∈ B � L^2(Ω; d^nx), H^{2q} (Ω) � . (A.35)

Proof. For notational convenience, we denote by H_{0,Ω} either one of the operators H^D_{0,Ω} or H^N_{0,Ω}. The operator H_{0,Ω} is a semibounded self-adjoint operator in L^2(Ω; d^nx), and thus the resolvent set of H_{0,Ω} is linearly connected.

Step 1: We claim that it is enough to prove (A.35) for one point z in the resolvent set of H_{0,Ω}. Indeed, suppose that (A.35) holds, and z^′ is any other point in the resolvent set of H_{0,Ω}. Connecting z and z^′ by a curve in the resolvent set, and splitting this curve in small segments, without loss of generality we may assume that z^′ is arbitrarily close to z so that the operator I_Ω − (z^′ − z)(H_{0,Ω} − zI_Ω)^{−1} is invertible, and thus the operator (I_Ω − (z^′ − z)(H_{0,Ω} − zI_Ω)^{−1})^{−q} is a bounded operator on L^2(Ω; d^nx). Then (A.35) and the identity

(H_{0,Ω} − z^′I_Ω)^{−q} = (H_{0,Ω} − zI_Ω)^{−q} (I_Ω − (z^′ − z)(H_{0,Ω} − zI_Ω)^{−1})^{−q} (A.36)

imply (A.35) with z replaced by z^′, proving the claim.

Step 2: By [33, Theorem B.8] (cf. also Theorem 4.3.1.2 and Remark 4.3.1.2 in [58]), if Ω ⊆ R^n is a Lipschitz domain, n ∈ N, and s_0, s_1 ∈ R, then � H^{s0} (Ω), H^{s1} (Ω) � θ,2 = H^s(Ω), s = (1 − θ)s_0 + θs_1, 0 < θ < 1. (A.37)

Here, for Banach spaces X_0 and X_1, we denote by � X_0, X_1 � θ,p the real interpolation space (obtained by the K-method), as discussed, for instance, in [33, Appendix B] and [58, Sect. 1.3]. Letting s_0 = 0, s_1 = 2, and s = 2q, one then infers � L^2(Ω; d^nx), H^2(Ω) � q,2 = H^{2q}(Ω). (A.38)

Step 3: Using the claim in Step 1, we may assume without loss of generality that H_{0,Ω} −zI_Ω is a strictly positive operator and thus the fractional power (H_{0,Ω} −zI_Ω)^q can be defined via its spectral decomposition (see, e.g., [58, Sec.1.18.10]). We remark that the operator (H_{0,Ω} − zI_Ω)^q is an isomorphism between the Banach space dom(H_{0,Ω} − zI_Ω)^q , equipped with the graph-norm, and the space L^2(Ω; d^nx), and thus (H_{0,Ω} − zI_Ω)^{−q} ∈ B � L^2(Ω; d^nx), dom � (H_{0,Ω} − zI_Ω)^q � . (A.39)

By an abstract interpolation result for strictly positive, self-adjoint operators, see [58, Theorem 1.18.10], for any α, β ∈ C with Re α, Re β ≥ 0 and θ ∈ (0, 1) one has, � dom � (H_{0,Ω} − zI_Ω)^α � , dom � (H_{0,Ω} − zI_Ω)^β � θ,2 = dom � (H_{0,Ω} − zI_Ω)^{α(1−θ)+βθ} � . (A.40) Applying this result with α = 0 and β = 1, one infers � L^2(Ω; d^nx), dom(H_{0,Ω} − zI_Ω) � q,2 = dom � (H_{0,Ω} − zI_Ω)^q � . (A.41)

Noting that dom(H_{0,Ω}) = dom(H_{0,Ω} − zI_Ω), and using (A.38), (A.41), and Lemma A.1, one arrives at the continuous imbedding dom � (H_{0,Ω} − zI_Ω)^q � → H^{2q} (Ω). (A.42)

Thus, (A.35) is a consequence of (A.39) and (A.42). □

Finally, we will prove an extension of a result of Nakamura [36, Lemma 6] from a cube in R^n to a Lipschitz domain Ω. This requires some preparations. First, we note that (A.15) and (A.13) yield the following Green formula

⟨~γ_N u, γ_DΦ⟩ = � ∇u, ∇Φ � L^2(Ω;d^nx)^n + ⟨Δu, Φ⟩, (A.43)

valid for any u ∈ H^1(Ω) with Δu ∈ � H^1(Ω)

�_∗

, and any Φ ∈ H^1(Ω). The pairing on the left-hand side of (A.43) is between functionals in � H^{1/2}(∂Ω)

�_∗

and elements in H^{1/2}(∂Ω), whereas the last pairing on the right-hand side is between functionals in � H^1(Ω)

�_∗

and elements in H^1(Ω). For further use, we also note that the adjoint of (6.42) maps as follows

γ^∗_D : � H^{s−1/2}(∂Ω)

�_∗

→ (H^s(Ω)

�_∗

, 1/2 < s < 3/2. (A.44)

Next we observe that the operator ( ~H^N_{0,Ω} − zI_Ω)^{−1}, z ∈ C\σ( ~H^N_{0,Ω}), originally defined as

( ~H^N_{0,Ω} − zI_Ω)^{−1} : L^2(Ω; d^nx) → L^2(Ω; d^nx), (A.45)

can be extended to a bounded operator, mapping � H^1(Ω)

�_∗

into L^2(Ω; d^nx). Specifically, since ( ~H^N_{0,Ω} − zI_Ω)^{−1} : L^2(Ω; d^nx) → dom( ~H^N_{0,Ω}) is bounded and since the inclusion dom( ~H^N_{0,Ω}) → H^1(Ω) is bounded, we can naturally view ( ~H^N_{0,Ω} − zI_Ω)^{−1} as an operator ( ^H^N_{0,Ω} − zI_Ω)^{−1} : L^2(Ω; d^nx) → H^1(Ω) (A.46) mapping in a linear, bounded fashion. Consequently, for its adjoint, we have � ( ^H^N_{0,Ω} − zI_Ω)^{−1}

�_∗ : � H^1(Ω)

�_∗

→ L^2(Ω; d^nx), (A.47)

and it is easy to see that this latter operator extends the one in (A.45). Hence, there is no ambiguity in retaining the same symbol, that is, ( ~H^N_{0,Ω} − zI_Ω)^{−1}, both for the operator in (A.47) as well as for the operator in (A.45). Similar considerations and conventions apply to ( ~H^D_{0,Ω} − zI_Ω)^{−1}.

Lemma A.3. Let Ω ⊂ R^n, n ≥ 2, be a Lipschitz domain and let z ∈ C\ � σ( ~H^D_{0,Ω}) ∪ σ( ~H^N_{0,Ω}) � . Then, on L^2(Ω; d^nx),

( ~H^D_{0,Ω} − zI_Ω)^{−1} − ( ~H^N_{0,Ω} − zI_Ω)^{−1} = ( ~H^N_{0,Ω} − zI_Ω)^{−1}γ^∗_D ~γ_N ( ~H^D_{0,Ω} − zI_Ω)^{−1}, (A.48) where γ^∗_D is an adjoint operator to γ_D in the sense of (A.44)

Proof. To set the stage, we note that the composition of operators appearing on

the right-hand side of (A.48) is meaningful since

( ~H^D_{0,Ω} − zI_Ω)^{−1} : L^2(Ω; d^nx) → dom( ~H^D_{0,Ω}) ⊂ {u ∈ H^1(Ω) | Δu ∈ (H^1(Ω))^∗},

(A.49)

~γ_N : {u ∈ H^1(Ω) | Δu ∈ (H^1(Ω))^∗} → H^{−1/2}(∂Ω) (A.50)

γ^∗_D : � H^{1/2}(∂Ω)

�_∗

= H^{−1/2}(∂Ω) → � H^1(Ω)

�_∗

, (A.51)

( ~H^N_{0,Ω} − zI_Ω)^{−1} : � H^1(Ω)

�_∗ → L^2(Ω; d^nx), (A.52)

with the convention made just before the statement of the lemma used in the last

line. Next, let ϕ_1, ψ_1 ∈ L^2(Ω; d^nx) be arbitrary and define

ϕ = ( ~H^N_{0,Ω} − zI_Ω)^{−1}ϕ_1 ∈ dom( ~H^N_{0,Ω}) ⊂ H^1(Ω),

ψ = ( ~H^D_{0,Ω} − zI_Ω)^{−1}ψ_1 ∈ dom( ~H^D_{0,Ω}) ⊂ H^1(Ω).

(A.53)

It therefore suffices to show that the following identity holds: � ϕ_1, ( ~H^D_{0,Ω} − zI_Ω)^{−1}ψ_1 � L^2(Ω;d^nx) − � ϕ_1, ( ~H^N_{0,Ω} − zI_Ω)^{−1}ψ_1 � L^2(Ω;d^nx) = � ϕ_1, ( ~H^N_{0,Ω} − zI_Ω)^{−1}γ^∗_D ~γ_N ( ~H^D_{0,Ω} − zI_Ω)^{−1}ψ_1 � L^2(Ω;d^nx).

(A.54)

We note that according to (A.53) one has, � ϕ_1, ( ~H^D_{0,Ω} − zI_Ω)^{−1}ψ_1 � L^2(Ω;d^nx) = � ( ~H^N_{0,Ω} − zI_Ω)ϕ, ψ � L^2(Ω;d^nx), (A.55) � ϕ_1, ( ~H^N_{0,Ω} − zI_Ω)^{−1}ψ_1 � L^2(Ω;d^nx) = � ( ~H^N_{0,Ω} − zI_Ω)^{−1}

�_∗

ϕ_1, ψ_1 � L^2(Ω;d^nx) = � ( ~H^N_{0,Ω} − zI_Ω)^{−1}ϕ_1, ψ_1 � L^2(Ω;d^nx) = � ϕ, ( ~H^D_{0,Ω} − zI_Ω)ψ � L^2(Ω;d^nx), (A.56)

and, keeping in mind the convention adopted prior to the statement of the lemma, � ϕ_1, ( ~H^N_{0,Ω} − zI_Ω)^{−1}γ^∗_D ~γ_N ( ~H^D_{0,Ω} − zI_Ω)^{−1}ψ_1 � L^2(Ω;d^nx)

= ⟨( ~H^N_{0,Ω} − zI_Ω)^{−1}ϕ_1, γ^∗_D ~γ_N ( ~H^D_{0,Ω} − zI_Ω)^{−1}ψ_1⟩ = � γ_D( ~H^N_{0,Ω} − zI_Ω)^{−1}ϕ_1, ~γ_N ( ~H^D_{0,Ω} − zI_Ω)^{−1}ψ_1 � = � γ_Dϕ, ~γ_N ψ � (A.57)

where ⟨· , ·⟩ stands for pairings between Sobolev spaces (in Ω and ∂Ω) and their

duals. Thus, matters have been reduced to proving that � ( ~H^N_{0,Ω} − zI_Ω)ϕ, ψ � L^2(Ω;d^nx) − � ϕ, ( ~H^D_{0,Ω} − zI_Ω)ψ � L^2(Ω;d^nx) = � γ_Dϕ, ~γ_N ψ � . (A.58)

Using (A.43) for the left-hand side of (A.58) one obtains � ( ~H^N_{0,Ω} − zI_Ω)ϕ, ψ � L^2(Ω;d^nx) − � ϕ, ( ~H^D_{0,Ω} − zI_Ω)ψ � L^2(Ω;d^nx) = − � Δϕ, ψ � L^2(Ω;d^nx) + � ϕ, Δψ � L^2(Ω;d^nx) (A.59) = � ∇ϕ, ∇ψ � L^2(Ω;d^nx)^n − � ~γ_N ϕ, γ_Dψ � − � ∇ϕ, ∇ψ � L^2(Ω;d^nx)^n + � γ_Dϕ, ~γ_N ψ � = − � ~γ_N ϕ, γ_Dψ � + � γ_Dϕ, ~γ_N ψ � . Observing that ~γ_N ϕ = 0 since ϕ ∈ dom(H^N_{0,Ω}), one concludes (A.58). □

Remark A.4. While it is tempting to view γ_D as an unbounded but densely defined operator on L^2(Ω; d^nx) whose domain contains the space C^∞_0 (Ω), one should note that in this case its adjoint γ^∗_D is not densely defined: Indeed, the adjoint γ^∗_D of γ_D would have to be an unbounded operator from L^2(∂Ω; d^{n−1}σ) to L^2(Ω; d^nx) such that

(γ_D f, g)_L2_{(∂Ω;d}n−1_{σ)} = (f, γ^∗_D g)_L2_{(Ω;d}n_{x)} for all f ∈ dom(γ_D ), g ∈ dom(γ^∗_D). (A.60) In particular, choosing f ∈ C^∞_0 (Ω), in which case γ_Df = 0, one concludes that (f, γ^∗_Dg)_L2_{(Ω;d}n_{x)} = 0 for all f ∈ C^∞_0 (Ω). Thus, one obtains γ^∗_D g = 0 for all g ∈ dom(γ^∗_D). Since obviously γ_D ≠ 0, (A.60) implies dom(γ^∗_D ) = {0} and hence γ_D is not a closable linear operator in L^2(Ω; d^nx).

Remark A.5. In the case of a domain Ω of class C^{1,r}, (1/2) < r < 1, the operators ~H^D_{0,Ω} and ~H^N_{0,Ω} coincide with the operators H^D_{0,Ω} and H^N_{0,Ω}, respectively, and hence one can use the operators H^D_{0,Ω} and H^N_{0,Ω} in Lemma A.3. Moreover, since dom(H^D_{0,Ω}) ⊆ H^2(Ω), one can also replace ~γ_N by γ_N (cf. (6.43)) in Lemma A.3. In particular,

(H^D_{0,Ω} − zI_Ω)^{−1} − (H^N_{0,Ω} − zI_Ω)^{−1} = � γ_D(H^N_{0,Ω} − zI_Ω)^{−1}

�_∗ γ_N (H^D_{0,Ω} − zI_Ω)^{−1}. (A.61)

Acknowledgments. We are indebted to Konstantin Makarov, Alexander Pushnitski, Roland Schnaubelt, and Rico Zacher for very helpful discussions.

Fritz Gesztesy and Yuri Latushkin gratefully acknowledge a research leave for the academic year 2005/06 granted by the Research Council and the Office of Research of the University of Missouri–Columbia. Moreover, Yuri Latushkin gratefully acknowledges support by the Research Board of the University of Missouri.

References

[1] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions, Dover, New York, 1972.

[2] N. I. Akhiezer and I. M. Glazman, Theory of Operators in Hilbert Space, Vol. I, Pitman, Boston, 1981.

[3] H. Baumgärtel and M. Wollenberg, Mathematical Scattering Theory, Operator Theory: Advances and Applications, Vol. 9, Birkhäuser, Boston, 1983.

[4] M. Sh. Birman, On the spectrum of singular boundary-value problems, Mat. Sb. (N.S.) 55 (97), 125–174 (1961) (Russian). Engl. transl. in Amer. Math. Soc. Transl., Ser. 2, 53, 23–80 (1966).

[5] M. Sh. Birman and M. G. Krein, On the theory of wave operators and scattering operators, Sov. Math. Dokl. 3, 740–744 (1962).

[6] M. Sh. Birman and M. Z. Solomyak, Estimates for the number of negative eigenvalues of the Schrödinger operator and its generalizations, in Estimates and Asymptotics for Discrete Spectra of Integral and Differential Equations (Leningrad, 1989–90), Adv. Sov. Math. 7, 1–55 (1991).

[7] M. Sh. Birman and D. R. Yafaev, The Krein spectral shift function. The work of M. G. Krein and its further development, St. Petersburg Math. J. 4, 833–870 (1993).

[8] D. Bollé, F. Gesztesy, H. Grosse, W. Schweiger, and B. Simon, Witten index, axial anomaly, and Krein’s spectral shift function in supersymmetric quantum mechanics, J. Math. Phys. 28, 1512–1525 (1987).

[9] M. Cheney, Two-dimensional scattering: The number of bound states from scattering data, J. Math. Phys. 25, 1449–1455 (1984).

[10] R. Denk, M. Hieber, and J. Prüss, R-boundedness, Fourier multipliers and problems of elliptic and parabolic type. Mem. Amer. Math. Soc. 166, No. 788, (2003).

[11] N. Dunford and J. T. Schwartz, Linear Operators Part II: Spectral Theory, Interscience, New York, 1988.

[12] D. E. Edmunds and W. D. Evans, Spectral Theory and Differential Operators, Clarendon Press, Oxford, 1989.

[13] F. Gesztesy and H. Holden, A unified approach to eigenvalues and resonances of Schrödinger operators using Fredholm determinants, J. Math. Anal. Appl. 123, 181–198 (1987).

[14] F. Gesztesy and K. A. Makarov, (Modified ) Fredholm Determinants for Operators with Matrix-Valued Semi-Separable Integral Kernels Revisited, Integral Equations and Operator Theory 47, 457–497 (2003). (See also Erratum 48, 425–426 (2004) and the corrected electronic only version in 48, 561–602 (2004).)

[15] F. Gesztesy. Y. Latushkin, and K. A. Makarov, Evans, Jost, and Fredholm, in preparation. [16] I. Gohberg, S. Goldberg, and N. Krupnik, Traces and determinants of linear operators, Integral eq. operator theory 26, 136–187 (1996).

[17] I. Gohberg, S. Goldberg, and N. Krupnik, Hilbert–Carleman and regularized determinants for linear operators, Integral eq. operator theory 27, 10–47 (1997).

[18] I. Gohberg, S. Goldberg, and N. Krupnik, Traces and Determinants for Linear Operators, Operator Theory: Advances and Applications, Vol. 116, Birkhäuser, Basel, 2000.

[19] I. Gohberg and M. G. Krein, Introduction to the Theory of Linear Nonselfadjoint Operators, Translations of Mathematical Monographs, Vol. 18, Amer. Math. Soc., Providence, RI, 1969.

[20] J. S. Howland, On the Weinstein–Aronszajn formula, Arch. Rat. Mech. Anal. 39, 323–339 (1970).

[21] J. S. Howland, Simple poles of operator-valued functions, J. Math. Anal. Appl. 36, 12–21 (1971).

[22] D. Jerison and C. Kenig, The inhomogeneous Dirichlet problem in Lipschitz domains, J.

Funct. Anal. 130, 161–219 (1995).

[23] R. Jost and A. Pais, On the scattering of a particle by a static potential, Phys. Rev. 82, 840–851 (1951).

[24] T. Kato, Wave operators and similarity for some non-selfadjoint operators, Math. Ann. 162, 258–279 (1966).

[25] T. Kato, Perturbation Theory for Linear Operators, corr. printing of the 2nd ed., Springer, Berlin, 1980.

[26] M. Klaus, Some applications of the Birman–Schwinger principle, Helv. Phts. Acta 55, 49–68 (1982).

[27] M. Klaus and B. Simon, Coupling constant thresholds in nonrelativistic quantum mechanics.

I. Short-range two-body case, Ann. Phys. 130, 251–281 (1980).

[28] R. Konno and S. T. Kuroda, On the finiteness of perturbed eigenvalues, J. Fac. Sci., Univ.

Tokyo, Sec. I, 13, 55–63 (1966).

[29] M. G. Krein, On the trace formula in perturbation theory, Mat. Sbornik N.S. 33(75), 597–626 (1953) (Russian).

[30] M. G. Krein, Perturbation determinants and a formula for the traces of unitary and selfadjoint operators, Sov. Math. Dokl. 3, 707–710 (1962).

[31] M. G. Krein, On certain new studies in the perturbation theory for self-adjoint operators, in M. G. Krein, Topics in Differential and Integral Equations and Operator Theory, I. Gohberg (ed.), Birkhäuser, Basel, 1983, pp. 107–172.

[32] S. T. Kuroda, On a generalization of the Weinstein–Aronszajn formula and the infinite determinant, Sci. Papers of the College of Gen. Education, Univ. of Tokyo, 11, No. 1, 1–12 (1969).

[33] W. McLean, Strongly Elliptic Systems and Boundary Integral Equations, Cambridge University Press, Cambridge, 2000.

[34] D. Mitrea, M. Mitrea, and M. Taylor, Layer Potentials, the Hodge Laplacian, and Global Boundary Problems in Nonsmooth Riemannian Manifolds, Mem. Amer. Math. Soc. 150, No. 713, (2001).

[35] M. Mitrea and M. Taylor, Potential theory on Lipschitz domains in Riemannian manifolds:

Sobolev-Besov space results and the Poisson problem, J. Funct. Anal. 176, 1–79 (2000). [36] S. Nakamura, A remark on the Dirichlet–Neumann decoupling and the integrated density of states, J. Funct. Anal. 179, 136–152 (2001).

[37] R. G. Newton, Relation between the three-dimensional Fredholm determinant and the Jost function, J. Math. Phys. 13, 880–883 (1972).

[38] R. G. Newton, Noncentral potentials: The generalized Levinson theorem and the structure of the spectrum, J. Math. Phys. 18, 1348–1357 (1977).

[39] R. G. Newton, Inverse scattering. I. One dimension, J. Math. Phys. 21, 493–505 (1980). [40] R. G. Newton, Bounds on the number of bound states for the Schrödinger equation in one and two dimensions, J. Operator Th. 10, 119–125 (1983).

[41] R. G. Newton, Scattering Theory of Waves and Particles, 2nd ed., Dover, New York, 2002. [42] J. Rauch, Perturbation theory of eigenvalues and resonances of Schrödinger Hamiltonians, J. Funct. Anal. 35, 304–315 (1980).

[43] M. Reed and B. Simon, Methods of Modern Mathematical Physics. III: Scattering Theory, Academic Press, New York, 1979.

[44] M. Reed and B. Simon, Methods of Modern Mathematical Physics. IV: Analysis of Operators, Academic Press, New York, 1978.

[45] M. Ribaric and I. Vidav, Analytic properties of the inverse A(z)^{−1} of an analytic linear operator valued function A(z), Arch. Rat. Mech. Anal. 32, 298–310 (1969).

[46] J. Schwinger, On the bound states of a given potential, Proc. Nat. Acad. Sci. (U.S.A.) 47, 122–129 (1961).

[47] N. Setô, Bargmann’s inequalities in spaces of arbitrary dimensions, Publ. RIMS, Kyoto Univ.

9, 429–461 (1974).

[48] B. Simon, Quantum Mechanics for Hamiltonians Defined as Quadratic Forms, Princeton University Press, Princeton, NJ, 1971.

[49] B. Simon, The bound states of weakly coupled Schrödinger operators in one and two dimensions, Ann. Phys. 97, 279–288 (1976).

[50] B. Simon, Notes on infinite determinants of Hilbert space operators, Adv. Math. 24, 244–273 (1977).

[51] B. Simon, On the absorption of eigenvalues by continuous spectrum in regular perturbation problems, J. Funct. Anal. 25, 338–344 (1977).

[52] B. Simon, Trace Ideals and their Applications, London Mathematical Society Lecture Notes Series 35, Cambridge University Press, Cambridge, 1979.

[53] B. Simon, Resonances in one dimension and Fredholm determinants, J. Funct. Anal. 178, 396–420 (2000).

[54] E. M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Mathematical Series, No. 30, Princeton University Press, Princeton, NJ, 1970.

[55] S. Steinberg, Meromorphic families of compact operators, Arch. Rat. Mech. Anal. 31, 372– 379 (1968).

[56] M. E. Taylor, Pseudodifferential Operators and Nonlinear PDE, Progress in Mathematics Vol. 100, Birkhäuser, Boston, MA, 1991.

[57] M. E. Taylor, Partial Differential Equations, Vol. II, Springer, New York, 1996. [58] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, North-Holland, Amsterdam, 1978.

[59] H. Triebel, Function spaces on Lipschitz domains and on Lipschitz manifolds. Characteristic functions as pointwise multipliers, Rev. Mat. Complut. 15, 475–524 (2002).

[60] G. Verchota, Layer potentials and regularity for the Dirichlet problem for Laplace’s equation in Lipschitz domains, J. Funct. Anal. 59, 572–611 (1984).

[61] J. Wloka, Partial Differential Equations, Cambridge University Press, Cambridge, 1987. [62] D. R. Yafaev, Mathematical Scattering Theory, Transl. Math. Monographs, Vol. 105, Amer.

Math. Soc., Providence, RI, 1992.

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: fritz@math.missouri.edu URL: http://www.math.missouri.edu/personnel/faculty/gesztesyf.html

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: yuri@math.missouri.edu URL: http://www.math.missouri.edu/personnel/faculty/latushkiny.html

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: marius@math.missouri.edu URL: http://www.math.missouri.edu/personnel/faculty/mitream.html

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: maxim@math.missouri.edu