Sturm–Liouville operators in the half axis with local perturbations^∗

Rafael del Rio^† Olga Tchebotareva^‡

Dedicated to Barry Simon on his 60^{th} birthday

Abstract

We give conditions which imply equivalence of the Lebesgue measure with respect to a measure μ generated as an average of spectral measures corresponding to Sturm–Liouville operators in the half axis. We apply this to prove that some spectral properties of this operators hold for large sets of boundary conditions if and only if they hold for large sets of positive local perturbations.

keywords: Sturm-Liouville operators, mixed spectra, local perturbations.

1 Introduction

A key step in important results concerning localization phenomena has been to establish absolut continuity of measures μ(·) := ∫ ρ_λ(·)dλ generated as averages of spectral measures ρ_λ which correspond to selfadjoint operators.

Let us for example consider a family of selfadjoint operators L_θ(q) in L_2(0, ∞) generated by the differential expression

lu = −u^{′′} + q(x)u

∗AMS Mathematics Subject Classification 2000: 34B24, 34L05 47E05 †IIMAS–UNAM, Circuito Escolar, Ciudad Universitaria, 04510 México, D.F. Telephone: (52-55) 56 22 35 95 Fax: (52-55) 56 22 35 96 E-mail: delrio@servidor.unam.mx ‡Facultad de Ciencias–UNAM, Circuito Exterior, Ciudad Universitaria, 04510 México, D.F. Email: olga@lya.fciencias.unam.mx

and the boundary condition

u(0) cos θ − u^′(0) sin θ = 0, θ ∈ [0, π)

and let ρ_θ be the spectral measure corresponding to L_θ. The average μ(·) :=

∫_π 0 ρ_θ(·)dθ, is not only absolutely continuous with respect to Lebesgue measure, but is equal to it! (See e.g. [7, Thm 1])

Using the absolut continuity of μ the following can be proven (see e.g. [3, Corollary 3.2]).

Theorem 1. If for almost every E ∈ I, I ⊂ R, there exists a non–trivial L^2 solution of lu = Eu, then

σ_c(L_θ) ∩ I = ∅

for almost every θ ∈ [0, π), where σ_c denotes the continuous spectrum.

For a survey of other localization results related to the absolut continuity of averages as μ see [10].

In this paper we give conditions which imply that Lebesgue measure and μ have the same zero sets and apply this to understand some aspects of the spectral theory of Sturm–Liouville operators with local perturbations. In particular, if we have some spectral property for a set of positive Lebesgue measure in the boundary conditions we can show that this property holds for a set of positive measure of local perturbations leaving any boundary condition fixed. This will be a consequence of our main result Theorem 3 below. In Sect. 2 our main results are proven. The techniques used relay heavily on the Prüfer transform which is a very useful tool in this paper. In Sect. 3 we show consequences of the previous results, some applications to α-singular and α-continuous spectrum are given and an open question is presented.

2 Main Results

For each (λ, θ) ∈ R × [0, π) let us consider the selfadjoint operator L_{λθ} in L_2(0, ∞) generated by the differential expression

l_λu = − d^2 dx^2

+ V (x) + λW (x) (1)

as follows:

L_{λ,θ}u := l_λu for u in the domain of L_{λθ} given by

D(L_{λθ}) = {f ∈ L^2(0, ∞) : f, f^′ locally absolutely continous in (0, ∞),

l_λf ∈ L_2(0, ∞), f(0) cos θ − f^′(0) sin θ = 0, θ ∈ [0, π)}.

We assume L_{λθ} is regular at 0 and the limit point case holds at ∞. See for these concepts [1]. The functions V and W are real valued and locally in L^1. The perturbation W is positive, i.e. W (x) > 0, a.e. and it is supported on a compact set which we suppose contained in [0, c].

Denote by ρ^θ_λ the spectral function of the operator L_{λθ}.

Using the same differential expression (1) we define a regular problem in the finite interval [0, c] setting for θ ∈ [0, π) the boundary conditions { u(0) cos θ − u^′(0) sin θ = 0 u(c) = 0. (2)

Definition 1. Fix E ∈ R and let us call λ(E) an eigenvalue if there is a nontrivial solution u of l_λu = Eu which satisfies the conditions (2).

The following result is well known, see for example [1, Thm 2.1 Ch. 8 p. 212], [4, Ch. XI p. 337], [11, Thm 13.2].

Theorem 2. There exists a monotonous decreasing sequence of eigenvalues λ^0 > λ^1 > λ^2 > . . . such that λ^n → −∞ if n → ∞.

If μ and ν are two measures we use the notation μ ≺≺ ν when μ is absolutely continuous with respect to ν, that is if ν(A) = 0 implies μ(A) = 0. If μ ≺≺ ν and ν ≺≺ μ we say that the two measures are equivalent. We use | · |, to denote the Lebesgue measure.

Let A be a Borel set A ⊂ (E_1, E_2) and define a measure μ_θ as follows

μ_θ(A) :=

∫_{λ2}

λ_1

ρ^θ_λ(A)dλ

the next result gives conditions which imply equivalence between μ_θ and | · |.

Theorem 3.

I) If λ_1 ≤ λ^{n+1}(E_1) < λ^n(E_2) ≤ λ_2 where λ^n are eigenvalues of the regular problem in [0, c] mentioned in previous theorem then | · | ≺≺ μ.

II) If λ_1 ≤ λ_2 then μ ≺≺ | · |.

Before we prove the theorem let us introduce notation and recall some results. Consider real solutions u ≢ 0 of l_λu = Eu such that for fixed a ∈ R

u(a) = sin θ u^′(a) = cos θ.

If we write the vector ( u^′(x), u(x) ) in polar coordinates we obtain

u(x) = r_a(x) sin ϕ_a(x) u^′(x) = r_a(x) cos ϕ_a(x) where ϕ_a(x, θ, E, λ) and r_a(x, θ, E, λ) are called the Prüfer phase and the Prüfer amplitud of u.

We fix a unique value of ϕ_a by requiring ϕ_a(a, θ, E, λ) = θ and continuity in x. These functions r_a and ϕ_a are jointly continuous in x, E and λ (use arguments similar to [11, Thm 2.1], [1, Thm Ch.2.4], [4, Thm Ch.V.3]). This will be very important in what follows.

We shall need the next results a) ρ^θ_λ ( (E_1, E_2) ) = lim_{b→∞} 1 π ∫_{E2}

E_1

r_0(b, θ, E, λ)^{−2}dE

if E_1 and E_2 are not discrete points of ρ^θ_λ. See [7, Thm 2].

b) i) (∂_λϕ_a)(x, λ) = − 1 r_a(x, λ)^2

∫_x a W (t)r_a(t, λ)^2 sin^2 ϕ_a(t, λ)dt

ii) (∂_E ϕ_a)(x, E) = 1 r_a(x, λ)^2

∫_x a r_a(t, E)^2 sin^2 ϕ_a(t, E)dt

See [9, Appendix B].

c) For any a, x, θ, E ∈ R 1 π ∫_{θ+π} θ r_a(x, β, E)^{−2}dβ = 1.

See [8, Corollary 12] and [9, Appendix B].

d) For the Prüfer phase ϕ of a solution of l_λu = Eu we have

ϕ(p, λ) → ∞ as λ → −∞

for any point p ∈ supp W (see [1, formula (2.5) in proof of Thm 2.1, p. 212] or [11, Thm 13.2 part c)]).

Proof of Theorem 3.

We use an argument similar to the one used in [9, Lemma 5.10] where II) was proven for the case of the whole line. Given any E_1 < E_2, the measure ρ^θ_λ is continuous in E_1 and E_2 for almost any λ.

¿From a) we know that

μ_θ ( (E_1, E_2) ) = ∫_{λ2}

λ_1

ρ^θ_λ ( (E_1, E_2) ) dλ =

∫_{λ2}

λ_1 [ lim_{b→∞} 1 π ∫_{E2}

E_1

r_0(b, θ, E, λ)^{−2}dE ] dλ (3)

Let b > c > 0 where c = sup S and S = {x : W (x) ≠ 0} = supp W . Let us estimate ∫_{λ2}

λ_1 1 π [∫_{E2}

E_1 ( r_0(b, θ, E, λ)

)_{−2} dE ] dλ Using Fubini we can interchange integrals and from the equality

r_0(b, θ, E, λ)^{−2} = r_0(c, θ, E, λ)^{−2}r_c ( b, ϕ_0(c, θ, E, λ), E

)_{−2}

and the fact that r_0 is jointly continuous in E and λ and strictly positive we get 1 π sup E∈[E1,E2] λ∈[λ1,λ2]

{r_0(c, θ, E, λ)^{−2}}

∫_{E2}

E_1 dE [∫_{λ2}

λ_1

r_c ( b, ϕ_0(c, θ, E, λ), E

)_{−2} dλ ] ≥ ∫_{λ2}

λ_1 1 π [∫_{E2}

E_1 ( r_0(b, θ, E, λ)

)_{−2} dE ] dλ = 1 π ∫_{E2}

E_1

[∫_{λ2}

λ_1

[r_0(b, θ, E, λ)]^{−2} dλ ] dE ≥ 1 π inf E∈[E1,E2] λ∈[λ1,λ2]

{r_0(c, θ, E, λ)^{−2}}

∫_{E2}

E_1 dE [∫_{λ2}

λ_1

r_c ( b, ϕ_0(c, θ, E, λ), E

)_{−2} dλ ] .

Define β(λ) := ϕ_0(c, θ, E, λ).

¿From b)–i) we know that β^′(λ) < 0. Changing variables we obtain

∫_{λ2}

λ_1

r_c ( b, ϕ_0(λ), E

)_{−2} dλ =

∫_{β(λ2)}

β(λ_1 )

r_c(b, β, E)^{−2} β^′(λ) dβ =

∫_{β(λ1)}

β(λ_2 ) 1 |β^′(λ)| r_c(b, β, E)^{−2}dβ

Using b)–i) and the fact that r_0 is jointly continuous in λ and E we obtain

|β^′(λ)| =

∫_c 0 W (t) r^2_0(t, θ, E, λ) sin^2 ϕ_0(t, θ, E, λ)dt r^2_0(c, θ, E, λ) ≤ ∫_c 0 W (t) r^2_0(t, θ, E, λ)dt r^2_0(c, θ, E, λ)

≤ sup_{t∈[0,c]}

E∈[E1,E2] λ∈[λ1,λ2]

{ r^2_0 (t, θ, E, λ) r^2_0(c, θ, E, λ)

} ∫_c 0 W (t)dt

≤ sup_{t,E,λ} r^2_0(t, θ, E, λ)

inf_{E,λ} r^2_0(c, θ, E, λ)

∫_c 0 W (t)dt

therefore 1 |β^′(λ)| ≥ inf r^2_0(c, θ, E, λ)

sup r^2_0(t, θ, E, λ)

∫_c 0 W (t)dt

=: c .

On the other hand we have that

r^2_0(t, θ, E, λ) r^2_0(c, θ, E, λ)

≥ C > 0

for t ∈ [0, c] locally uniformly in E, λ and, since sin ϕ_0( · , θ, E, λ) has only isolated zeros, ∫_c 0 W (t) sin^2 ϕ_0(t, θ, E, λ)dt > 0.

By continuity in E and λ we arrive at inf E∈[E1,E2] λ∈[λ1,λ2]

∫_c 0 W (t) sin^2 ϕ_0(t, θ, E, λ)dt > 0 and 1 |β^′(λ)|

≤ C.

Altogether we get C ∫_{β(λ1 )}

β(λ_2)

r_c(b, β, E)^{−2}dβ ≥

∫_{λ2}

λ_1

r_c ( b, ϕ_0(λ), E

)_{−2}

dλ =

∫_{β(λ1)}

β(λ_2)

r_c(b, β, E)^{−2} |β^′(λ)| dβ ≥ c ∫_{β(λ1)}

β(λ_2)

r_c(b, β, E)^{−2}dβ

hence

C̃ ∫_{E2}

E_1 dE [∫_{β(λ1)}

β(λ_2 )

r_c(b, β, E)^{−2}dβ ] ≥ ∫_{λ2}

λ_1 1 π [∫_{E2}

E_1 ( r_0(b, θ, E, λ)

)_{−2} dE ] dλ = = 1 π ∫_{E2}

E_1

[∫_{λ2}

λ_1

r_0(b, θ, E, λ)^{−2}dλ ] dE ≥ c̃

∫_{E2}

E_1 dE [∫_{β(λ1 )}

β(λ_2)

r_c(b, β, E)^{−2}dβ ]

where c̃ =^1_π inf_{E∈[E1,E2]}

λ∈[λ1,λ2]

{r_0(b, θ, E, λ)^{−2}} c and C̃ =^1_π sup_{E∈[E1,E2]}

λ∈[λ1,λ2]

{r_0(b, θ, E, λ)^{−2}} C.

In order to handle the limit that appears in (3) we would like to get estimates for ∫_{β(λ1)}

β(λ_2)

r_c(b, β, E)^{−2}dβ

which are independent of b. To accomplish this we look for conditions on λ_1, λ_2 which guarantee that β(λ_1) − β(λ_2) ≥ π and then apply result c) mentioned above.

To prove I) we need an estimate from below. ¿From b)–i), ii) and d) we know that β(λ) = ϕ_0(c, θ, E, λ) is decreasing in λ, increasing in E and β(λ) → ∞ if λ → −∞ or E → ∞. Moreover, λ is an eigenvalue of the problem with boundary conditions (2) if and only if β(λ) = mπ. For fixed E choose two consecutive eigenvalues λ^n, λ^{n+1} of this problem and take λ_2 > λ^n > λ^{n+1} > λ_1 then we will have β(λ_1) − β(λ_2) ≥ π. Now since β is increasing in E we can choose λ_2 ≥ λ^n(E_2) > λ^{n+1}(E_1) > λ_1 and we get

β(λ_1, E) − β(λ_2, E) ≥ π for every E ∈ [E_1, E_2] then we can conclude ∫_{λ2}

λ_1 1 π [∫_{E2}

E_1 ( r_0(b, θ, E, λ)

)_{−2} dE ] dλ ≥ πc̃(E_2 − E_1).

To get the estimate from above that we need to prove II) it is not necessary to impose extra conditions on λ_1, λ_2. We split the interval [β(λ_2), β(λ_1)] into intervals of length at most π and apply c) ∫_{β(λ1)}

β(λ_2)

r_c(b, β, E)^{−2}dβ ≤ π ( β(λ_1) − β(λ_2) π + 1 ) . Remember that β(λ) = ϕ_0(c, θ, E, λ) is bounded locally uniformly in E, then ∫_{λ2}

λ_1 1 π [∫_{E2}

E_1 ( r_0(b, θ, E, λ)

)_{−2} dE ] dλ ≤ π Ĉ (E_2 − E_1).

where Ĉ = (β(λ_1) − β(λ_2) + π) C̃ (E_2 − E_1).

Since^1_π

∫_{E2}

E_1 ( r_0(b, θ, E, λ)

)_{−2}

dE is bounded uniformly for every b > c and λ ∈ [λ_1, λ_2] (use [6, Lemma 1.1 Ch. 2] and joint continuity) we can apply the Lebesgue theorem of dominated convergence to obtain

π Ĉ (E_2 − E_1) ≥ μ_θ ( (E_1, E_2) ) ≥ π c̃ (E_2 − E_1).

Using countable additivity the theorem follows for general Borel set A.

Q.E.D.

The following result is a consequence of Theorem 3

Corollary 1. Let I := (E_1, E_2) ⊂ R open and define L_{λθ} as above. For any λ ∈ R, the operator L_{λθ} has singular continuous spectrum in I for a set of positive Lebesgue measure of θ’s, if and only if for any θ ∈ [0, π), L_{λθ} has singular continuous spectrum in I for a set B of λ’s of positive Lebesgue measure. Moreover if λ^n(E) are the eigenvalues of (1) with boundary conditions (2), then | B ∩ [λ^{n+1}(E_1), λ^n(E_2)] | > 0 for every n ≥ 0.

Proof. ⇒) Let S be the set of points E for which there are subordinate solutions of l_λu = Eu which are not in L_2. It is known that this set is a support of the singular continuous part of L_{λθ} and it does not depend on λ and θ (see [5]). Since ρ^θ_λ(S ∩ I) > 0 for a set of positive measure in θ by hypothesis using equality, (see f.e. [7]).

|S ∩ I| =

∫_π 0 ρ^θ_λ(S ∩ I)dθ

we deduce |S ∩ I| > 0. This implies using Theorem 3 I) that μ_θ(S ∩ I) > 0 for any θ. From here we know ρ^θ_λ(S ∩ I) > 0 for λ ∈ B and | |B ∩ [λ^{n+1}(E_1), λ^n(E_2)] | | > 0.

⇐) Assume L_{λθ} has singular continuous spectrum in I for a set B of λ’s of positive Lebesgue measure. Then ρ^θ_λ(S ∩ I) > 0 for λ ∈ B and ∫ B ρ^θ_λ(S ∩ I)dλ > 0

Therefore there exists an interval J such that ∫ J ρ^θ_λ(S ∩ I)dλ ≥ ∫ B∩J ρ^θ_λ(S ∩ I)dλ > 0

Using Theorem 3 II) we obtain |S ∩ I| > 0 and therefore ∫_π 0 ρ^θ_λ(S ∩ I)dθ = |S ∩ I| > 0

for every fixed λ. Therefore L_{λθ} has singular continuous spectrum in I for a set of positive Lebesgue measure in θ.

Q.E.D.

If instead of taking the support S as above we take the set P of subordinate solutions which are in L_2 we get the same result for the pure point part and taking P ∪ S we obtain the result for the singular part of L_{λθ}.

3 Consequences and remarks

For the pure point part of the spectrum the following result can be proven. Define L_{λθ}(U) as it was done in Section 2 but using instead the differential expression

l_λ(U) = − d^2 dx^2

+ V (x) + U(x) + λW (x)

where we assume V is bounded from below (L_{λθ} = L_{λθ}(U) if U ≡ 0). Using Corollary 1.8 of [5] the following version of Corollary 1 above can be proven:

Proposition 1. For any λ ∈ R the operator L_{λθ} has point spectrum in I for a set of positive Lebesgue measure in θ’s if and only if for any θ the operator L_{λθ}(U) has point spectrum in I for a set of λ’s of positive Lebesgue measure. We assume the function U(x) is locally in L_1 and ∫ |U(x)|e^{A|x|}dx < ∞

for all A > 0.

We recall the following related result which was proven in [3].

Corollary 2. Let I ⊂ R be open. If L_θ(q) has singular continuous spectrum in I for a set of positive measure of θ’s, the same is true for q + v where v is a perturbation of compact support (v does not need to be positive).

The next proposition states that, in a way, the roles of θ and v in Corollary 2 can be exchanged. The proof follows directly from Corollary 1.

Proposition 2. Let θ_0, θ_1 ∈ [0, π). The operator L_{λθ0} has singular continuous spectrum in I for a set of positive Lebesgue measure in λ if and only if L_{λθ1} has singular continuous spectrum in I for a set of positive measure in λ.

Similar results can be proven for the α-continuous and α-singular spectrum. Recall that for α ∈ (0, 1) the α–dimensional Hausdorff measure is defined for Borel sets A by h^α(A) ≡ lim_{δ→0} inf_{δ−covers} ∞∑ v=1 |b_v|^α,

where a δ-cover is a countable collection of intervals each of length at most δ so A ⊂ ∪^α_{v=1}b_v.

Given α ∈ [0, 1] we define a measure μ to be α-continuous (αc) if μ(S) = 0 for any set S with h^α(S) = 0 and α-singular (αs) if it is supported on a set of S with h^α(S) = 0. For every such α and any measure μ, one can uniquely decompose μ = μ^{αc} + μ^{αs} with μ^{αc} α-continuous and μ^{αs}, α-singular.

Denote ρ := ρ^θ_λ. It is possible to find sets A_α and B_α such that

dρ^{αc} = dρ(A_α ∩ .) dρ^{sc} = dρ(B_α ∩ .)

and it happens that A_α and B_α are independent of θ and λ. See [5] and references therein.

Using the same reasoning as above one can prove Proposition 2 and Corollary 1 for α-singular and α-continuous instead of singular continuous spectrum. Remark.

Define B to be the set of λ’s such that L_{λθ} has singular continuous (point, singular, α-continuous, α-singular) spectrum in an interval I = (E_1, E_2). From the results above, it follows in particular that it is not possible to have |B| > 0 and B ⊂ J where J is a finite interval, since | B ∩ [λ^{n+1}(E_1), λ^n(E_2)] | > 0 for every n ≥ 0 and λ^n → −∞ if n → ∞. It remains to answer this for θ. We believe it is possible to have a set T of θ’s such that |T | > 0 and T ⊂ J where J is an interval properly contained in [0, π). Our belief is based on the following result [[2] thm. 1.2] with regard to abstract rank one perturbations. Let A be a selfadjoint operator with a cyclic vector φ. Denote by A_λ the perturbations of A:

A_λ = A + λ(·, φ)φ, λ ∈ R.

Theorem 4. For any measurable set B ⊂ R there exists a family of rank–one perturbations {A_λ}_{λ∈R} such that A_λ has dense absolutely continuous and dense singular spectrum for almost every λ ∈ B and dense absolutely continuous (but no singular) spectrum for almost every λ ∉ B.

References

[1] E. A. Coddington and N. Levinson, Theory of ordinary differential equations , International Series in Pure and Applied Mathematics, McGraw–Hill Book Company Inc., 1955.

[2] R. del Rio, S. Fuentes and A. Poltoratski, Coexistence of Spectra in Rank-One Perturbation Problems, Bol. Soc. Mat. Mexicana (3) vol. 8, (2002), 49–61.

[3] R. del Rio, B. Simon and G. Stolz, Stability of spectral types for Sturm–Liouville operators, Mathematical Research Letters 1 (1994), 437–450.

[4] P. Hartman, Ordinary Differential Equations, Birkhäuser, 1982. [5] A. Kiselev, Y. Last and B. Simon Stability of singular spectral types under decaying perturbations, Journal of Functional Analysis 198 (2003), 1–27.

[6] B. M. Levitan, I. S. Sargsjan, Introduction to Spectral Theory, Translations of Mathematical Monographs vol. 39, AMS, Providence, 1975.

[7] D. B. Pearson, Value distribution and spectral analysis of differential operators, J.

Phys. A: Math. Gen. 26 (1993), 4067–4080.

[8] G. Stolz, Localization for random Schrödinger operators with Poisson potential, Ann. Inst. Henri Poincaré vol. 63 no. 3 (1995), 297–314.

[9] G. Stolz, Spectral theory of Schrödinger operators with potentials of infinite barriers type, Habilitationsschrift, Frankfurt University (1994).

[10] G. Stolz, Strategies in localization proofs for one–dimensional random Schrödinger operators, Proc. Indian Acad. Sci. (Math. Sci.) vol. 112, no. 1 (2002), 229–243.

[11] J. Weidmann, Spectral Theory of Ordinary Differential Operators, Lectures Notes in Mathematics vol. 1258 (1987).