Sturm–Liouville operators in the half axis with shifted potentials

Rafael del Rio^∗ Carmen A. Martínez^†

Abstract

We consider Sturm–Liouville operators in the half axis generated by shifts of the potential and prove that Lebesgue measure is equivalent to a measure defined as an average of spectral measures which correspond to these operators. This is then used to obtain results on stability of spectral behavior under change of parameters such as boundary conditions, local perturbations and shifts.

1 Introduction

In several proofs of localization phenomena a key step has been to establish absolute continuity of measures μ(·) = ∫ ρ_λ(·)dλ generated as averages of spectral measures ρ_λ which correspond to selfadjoint operators, particularly to Schrödinger operators. Using various versions of an argument known as Kotani’s trick it can be shown that the continuous spectrum is absent in some models. Depending on the case, the averaging parameter λ could be a boundary condition, a coupling constant in a family H_0 + λW or number related to a shift of the potential. See [6], [7],[9], [10], [12] and [13].

Consider for example a family of self-adjoint operators L_θ(q) in L_2(0, ∞) generated by the differential expression

lu = −u^{′′} + q(x)u

and the boundary condition

∗IIMAS–UNAM, Circuito Escolar, Ciudad Universitaria, 04510 México, D.F. Telephone: (52-55) 56 22 35 95 Fax: (52-55) 56 22 35 96 E-mail: delrio@servidor.unam.mx †Facultad de Ciencias–UNAM, Circuito Exterior, Ciudad Universitaria, 04510 México, D.F. E-mail:

camt@servidor.unam.mx

u(0) cos θ − u^′(0) sin θ = 0, θ ∈ [0, π),

and let ρ_θ be the spectral measure corresponding to L_θ. The average μ(·) :=

∫_π 0 ρ_θ(·)dθ is not only absolutely continuous with respect to Lebesgue measure, but is equal to it! (See e.g. [11, Theorem 1], [5]).

Using the absolute continuity of μ the following can be proven (see e.g. [2, Corollary 3.2]).

Theorem 1. Let I be an open set in R. If for almost every E ∈ I, there exists a nontrivial L^2 solution of lu = Eu, then

σ_c(L_θ) ∩ I = ϕ

for almost every θ ∈ [0, π), where σ_c denotes the continuous spectrum.

After realizing the usefulness of the absolute continuity of μ it is natural to ask if Lebesgue measure is absolutely continuous with respect to μ and if this could be of any use to understand spectral properties of the operators involved.

In this paper we give conditions which imply that Lebesgue measure and a properly chosen average measure μ have the same zero sets and apply this to prove stability results concerning spectra, when potentials of half line Schrödinger operators are shifted. In particular, if some spectral property holds for a set of positive Lebesgue measure of shifts then the same property will hold for a set of positive Lebesgue measure of other parameters, such as boundary conditions and local perturbations.

This will be a consequence of our main result Theorem [2]. See for example Corollary 1 below.

In previous work [3] a similar approach was used to study local perturbations with compact support. Here we shall consider situations where both shift and local perturbations are present. In Section 2 our main result is proven. The techniques rely heavily on the Prüfer transform which is an important tool in this paper. In Section 3 we show how more general results can be obtained and some applications to α-singular and α-continuous spectrum. Some of the methods used have their origin in [10] and [13].

We shall use the notation R^+ for the non negative reals, i.e. R^+ = {a ∈ R/a ≥ 0}.

2 Main Results

For each (a, θ) ∈ R^+ × [0, π) let us consider the selfadjoint operator L_{aθ} in L_2(0, ∞) generated by the differential expression l_au =

−d^2 dx^2

+ V_a(x),

where V_a(x) := { q(x − a) if x ≥ a 0 0 ≤ x < a as follows:

L_{aθ}u = l_au for u in the domain of L_{aθ} given by

D(L_{aθ}) = {f ∈ L^2(0, ∞) : f, f^′ locally absolutely continuous in (0, ∞), l_af ∈ L_2(0, ∞), f(0) cos θ − f^′(0) sin θ = 0, θ ∈ [0, π)}.

We assume lu = −u^{′′} +q(x)u is in the limit point case at ∞. The function q(x) is locally in L_1.

If μ and ν are two measures we use the notation μ ≺≺ ν when μ is absolutely continuous with respect to ν, that is if ν(A) = 0 implies μ(A) = 0. If μ ≺≺ ν and ν ≺≺ μ we say that the two measures are equivalent. We use | · |, to denote the Lebesgue measure.

Let a_2 > a_1 > 0 and E_0 > 0. For a Borel set A ⊂ [E_0, ∞) define

μ_θ(A) :=

a_2∫

a_1

ρ_{aθ}(A)da,

where ρ_{aθ} is the spectral function associated to the operator L_{aθ}.

Theorem 2.

I) μ_θ(·) ≺≺| · |

II) If a_2 − a_1 ≥^{π√}_{E0} then μ_θ(·) ≻≻| · |.

Before we prove the theorem let us introduce notation and recall some results. Consider real solutions u ≢ 0 of l_au = Eu such that for fixed c ∈ R^+

u(c) = sin θ u^′(c) = cos θ.

If we write the vector ( u^′(x), u(x) ) for x > 0 in polar coordinates we obtain

u(x) = r_c(x) sin ϕ_c(x) u^′(x) = r_c(x) cos ϕ_c(x) where ϕ_c(x, θ, E, V_a) and r_c(x, θ, E, V_a) are called the Prüfer phase and the Prüfer amplitud of u, respectively.

We fix a unique value of ϕ_c by requiring ϕ_c(c, θ, E) = θ and continuity in x. These functions r_c and ϕ_c are jointly continuous in x, E (use arguments similar to [15, Thm 2.1], [1, Thm Ch.2.4], [4, Thm Ch.V.3] ). This will be important in what follows.

We shall need the next results a) ρ_{aθ} ( (E_1, E_2) ) = lim_{b→∞} 1 π E_2∫

E_1

r_0(b, θ, E, V_a)^{−2}dE

if E_1 and E_2 are not discrete points of ρ_{aθ}. See [11, Thm 2], E_1 < E_2.

b) For any a, x, θ, E ∈ R 1 π θ+π∫ θ r_a(x, β, E)^{−2}dβ = 1.

See [13, Corollary 12] and [14, Appendix B]. c) ∂ϕ_0 ∂x = cos^2 ϕ_0(x) + (E − V_a) sin^2 ϕ_0(x).

This follows from a straightforward calculation.

Proof (of Theorem 2)

We use an argument similar to the one used in [13] where I) was proven for the case of the whole line. Given any E_1 < E_2, 0 < E_0 ≤ E_1 the measure ρ_{aθ} is continuous in E_1 and E_2 for almost any a.

From a) above we know that μ ( (E_1, E_2) ) = a_2∫

a_1

ρ_{aθ} ( (E_1, E_2) ) da =

a_2∫

a_1

lim_{b→∞} 1 π E_2∫

E_1

r_0(b + a, θ, E, V_a)^{−2}dE da (1)

We shall forget for a while the limit which appears in the expression (1). Our aim

is to get first the estimate (5) below.

Since

r_0 ( b + a, θ, E, V_a ) = r_0 ( a, θ, E, 0 ) r_a ( b + a, ϕ_0(a, θ, E, 0), E, V_a ) = r_0 ( a, θ, E, 0 ) r_0 ( b, ϕ_0(a, θ, E, 0), E, q(x)

) (2)

we obtain

a_2∫

a_1 1 π E_2∫

E_1 ( r_0(b + a, θ, E, V_a)

)_{−2} dE da =

a_2∫

a_1 da 1 π E_2∫

E_1 dE ( r_0 ( a, θ, E, 0

)_{−2}

r_0 ( b, ϕ_0(a, θ, E, 0), E, q(x)

)_{−2}) dE Since r_0(a, θ, E, 0) is uniformly bounded for (a, E) ∈ [a_1, a_2] × [E_1, E_2] (use joint

continuity) and interchanging the order of the integrals, we get that

C_1

E_2∫

E_1 dE a_2∫

a_1

da r_0 ( b, ϕ_0(a, θ, E, 0), E, q(x)

)_{−2}

≥ a_2∫

a_1 1 π E_2∫

E_1 ( r_0(b + a, θ, E, V_a)

)_{−2} dE da (3)

≥ C_2

E_2∫

E_1 dE a_2∫

a_1

da r_0 ( b, ϕ_0(a, θ, E, 0), E, q(x)

)_{−2}

where we can choose, for example, C_1 and C_2 to be the sup, respectively the inf, of

r_0(a, θ, E, 0) when (a, E) ∈ [a_1, a_2] × [E_1, E_2].

Now if we denote

β(a) := ϕ_0(a, θ, E, 0)

and change variables we obtain

a_2∫

a_1

da r_0 ( b, β(a), E, q(x)

)_{−2} = β(a_2 )∫

β(a_1) dβ β^′(a) r_0 ( b, β(a), E, q(x)

)_{−2}

Since

min{1, E} ≤ β^′(a) ≤ max{1, E},

(see c) above) and recalling that E ∈ [E_1, E_2] then

C_3

β(a_2)∫

β(a_1 )

r_0 ( b, β, E, q(x)

)_{−2} dβ

≥ a_2∫

a_1

da r_0 ( b, β(a), E, q(x)

)_{−2} (4)

≥ C_4

β(a_2)∫

β(a_1 )

r_0 ( b, β, E, q(x)

)_{−2} dβ

for suitable positive constants C_3, C_4.

From inequalities (3) and (4) we obtain

C_5

E_2∫

E_1 dE β(a_2)∫

β(a_1)

r_0 ( b, β, E, q(x)

)_{−2} dβ

≥ a_2∫

a_1 1 π E_2∫

E_1 ( r_0(b + a, θ, E, V_a)

)_{−2} dE da (5)

≥ C_6

E_2∫

E_1 dE β(a_2)∫

β(a_1)

r_0 ( b, β, E, q(x)

)_{−2} dβ

for some positive constants C_5, C_6.

Proof of I).

Splitting the interval [β(a_1), β(a_2)] into intervals of length at most π yields by b) above

β(a_2 )∫

β(a_1)

r_0 ( b, β, E, q(x)

)_{−2}

dβ ≤ π ( β(a_2) − β(a_1) π + 1 ) , therefore from the first inequality in (5) we get

C_7(E_2 − E_1) ≥

a_2∫

a_1 da 1 π E_2∫

E_1

r_0(b + a, θ, E, V_a)^{−2}dE

Applying Fatou’s lemma we obtain

C_7(E_2 − E_1) ≥ μ_θ(E_1, E_2)

Using countable additivity part I) of the theorem follows for general Borel sets.

Proof of II)

Let us look now for conditions on a_1, a_2 which imply β(a_2) − β(a_1) ≥ π. Since in the definition of β the potential zero was used, it is possible to calculate β explicitly.

Observe that u(x) := sin(α + √ Ex), where α := arctan( √ E tan θ) ∈ [0, π), satisfies the equation

−u^{′′}(x) = Eu(x)

and the conditions

u(0) = sin θ

u^′(0) = cos θ.

We can then write

β(x) + nπ = ϕ_0(x, θ, E, 0) + nπ

= arg ( u^′(x) + iu(x) ) + nπ

= arg (√ E cos(α + √ Ex) + i sin(α + √ Ex) ) + nπ

= arg (√ E cos(α + √ Ex + nπ) + i sin(α + √ Ex + nπ) ) = β ( x + nπ √ E )

Since β(x) is increasing (see c) above) then a_2 − a_1 ≥^{π√}_E implies β(a_2) − β(a_1) ≥ π.

Therefore using b) above we get

β(a_2 )∫

β(a_1)

r_0 ( b, β, E, q(x)

)_{−2}

dβ ≥ π if a_2 − a_1 ≥ π √ E We can conclude that

a_2∫

a_1 1 π E_2∫

E_1

r_0(b + a, θ, E, V_a)^{−2}dE da ≥ C_8(E_2 − E_1) if a_2 − a_1 ≥ π√ E_0

To be able to consider the limit which appears in (1) we shall bound

F̃_b(a) :=

E_2∫

E_1

r_0(b + a, θ, E, V_a)^{−2}dE for every b > 0 and apply the Lebesgue dominated convergence theorem. Observe that using the decomposition (2) it is enough to bound

F_b(a) =

E_2∫

E_1

r_0 ( b, β(a), E, q(x)

)_{−2} dE. From Lemma 1 of [11] we know that

F_b(a) = π∫ 0 μ^b_{β(a)γ} (E_1, E_2)dγ

where μ^b_{βγ} is the spectral measure associated to the regular problem in [0, b] with boundary conditions

u(0) cos β − u^′(0) sin β = 0 u(b) cos γ − u^′(b) sin γ = 0 In the same paper [11] it is observed (see proof of Corollary 3) that these measures are uniformly bounded in b, β, γ. Hence the boundedness of F follows. Therefore

μ_θ(E_1, E_2) ≥ C_8(E_2 − E_1) and using countable additivity we get II) for general Borel sets.

Q.E.D.

Corollary 1. Let I := (E_1, E_2) ⊂ R^+ open and define L_{aθ} as above. For any a ∈ R^+, the operator L_{aθ} has singular continuous spectrum in I for a set of positive Lebesgue measure of θ’s, if and only if for any θ ∈ [0, π), L_{aθ} has singular continuous spectrum in I for a set B of a’s of positive Lebesgue measure.

Moreover | B ∩ [a_1, a_2] | > 0 if a_2 − a_1 ≥^{π√}_{E0} where 0 < E_0 < E_1.

Proof. ⇒) Let S be the set of points E for which there are subordinate solutions of l_au = Eu which are not in L_2. It is known that this set is a support of the singular continuous part of L_{aθ} and it does not depend on a and θ. Since ρ_{aθ}(S ∩ I) > 0 for a set of positive measure in θ by hypothesis, using equality

|S ∩ I| = π∫ 0 ρ_{aθ}(S ∩ I)dθ we deduce |S ∩ I| > 0. This implies using Theorem 2 II) that μ_θ(S ∩ I) > 0 for any θ if a_2 − a_1 ≥^{π√}_{E0} . ¿From here we know ρ_{aθ}(S ∩ I) > 0 for a ∈ B where B satisfies | |B ∩ [a_1, a_2] | | > 0

⇐) Assume L_{aθ} has singular continuous spectrum in I for a set B of a’s of positive Lebesgue measure. Then ρ_{aθ}(S ∩ I) > 0 for a ∈ B and ∫ B ρ_{aθ}(S ∩ I)da > 0

Therefore there exists an interval J = [a_1, a_2] such that ∫ J ρ_{aθ}(S ∩ I)da ≥ ∫ B∩J ρ_{aθ}(S ∩ I)da > 0

Using Theorem 2 I) we obtain |S ∩ I| > 0 and therefore π∫ 0 ρ_{aθ}(S ∩ I)dθ = |S ∩ I| > 0

for every fixed a. Therefore L_{aθ} has singular continuous spectrum in I for a set of positive Lebesgue measure in θ.

Q.E.D.

Remark. If instead of taking the support S as above we take the set P which corresponds to subordinate solutions which are in L_2 we get the same result for the pure point part and taking P ∪ S, we obtain the result for the singular part of L_{aθ}.

3 Generalizations.

Recall the construction of L_{aθ} given in Section 2 and choose q(x) = V (x) + λW (x) where we assume W (x) > 0 for a.e. x ∈ [0, c] and W (x) = 0 for every x ∉ [0, c]. The corresponding operator and spectral function will be denoted by L_{aθλ} and ρ_{aλθ} respectively. Fixing two of the three parameters a, λ, θ we define lines in R^+ × R × [0, π) as follows l = {(a, λ, θ) ∈ R^+ × R × [0, π)/ two parameters are fixed. In case (a, θ) are fixed set a = 0}

The set of all lines defined in this way will be denoted by M. Now consider the set P, P ⊂ M defined in the following way

P = {l ∈ M/∃ B ⊂ l, |B| > 0

such that σ(L_{a,λ,θ}) ∩ I ≠ ϕ for (a, λ, θ) ∈ B}

Here |·| denotes the one dimensional Lebesgue measure and σ = σ_{sc}, σ_{pp} or σ_s where, as usual, σ_{sc}, σ_{pp}, σ_s denote the singular continuous, pure point and singular spectrum respectively.

Theorem 3.

P = M or P = ϕ

Proof. If I is open we know that

σ(L_{a,λ,θ}) ∩ I ≠ ϕ ⇐⇒ ρ_{a,λ,θ}(A ∩ I) > 0 (6)

where A = S, P or S ∪ P , as defined in Corollary above and the Remark following it, depending on whether σ is σ_{sc}, σ_{pp} or σ_s. See for example [2, Corollary 2.8]. On the other hand we know

| · | ∼

λ_2∫

λ_1

ρ_{0λθ}(·)dλ ∼

a_2∫

a_1

ρ_{aλθ}(·)da ∼ π∫ 0 ρ_{aλθ}(·)dθ (7)

where ∼ denotes equivalence of measures (two measures are equivalent if they have the same sets of measure zero), if we take λ_2 − λ_1, a_2 − a_1 large enough. If not, then the measures defined as averages are just absolutely continuous with respect to Lebesgue measure.

The first equivalence is the main result in [3], the second is Theorem 2 above, and the third goes back to [5].

The theorem then follows from (6) and (7).

Let us for example fix a = 0, θ = θ_0 and let λ vary in R. Assume there is a set B ⊂ R of positive Lebesgue measure such that for λ ∈ B σ(L_{0,λ,θ0} ) ∩ I ≠ ϕ.

In other words, assume that the line {(0, λ, θ_0)/λ ∈ R} is in P. Then we know by (6), that ρ_{0,λ,θ0} (A ∩ I) > 0 for λ ∈ B. Using that

λ_2∫

λ_1

ρ_{0λθ0} (·)dλ ≺≺ | · | (with no restrictions on the length λ_2 − λ_1) it follows that |A ∩ I| > 0 and from (7) we obtain σ(L_{a,λ,θ}) ∩ I ≠ ϕ for a set of a’s of positive measure. The other cases are proven analogously.

Q.E.D.

In the case σ = σ_{pp}, we can choose q(x) = V (x) + λW (x) + U(x) where U is locally L_1 and ∫ |U(x)|e^{A|x|}dx < ∞ for all A > 0.

Using [8, Colollary 1.8] then Theorem 3 can be proven in this case too. Proposition 1. Let I be an open interval I ⊂ [E_0, ∞) E_0 > 0 and define B := {a ∈ R^+/σ(L_{aλ0θ0} ) ∩ I ≠ ϕ} If |B| > 0 then |B ∩ [a_1, a_2]| > 0 wherever a_2 − a_1 ≥^{π√}_{E0} . In particular B is unbounded.

Proof. From (6), if a ∈ B then ρ_{aλ0 θ0} (A ∩ I) > 0 and 0 <

a_2∫

a_1

ρ_{aλ0θ0} (A ∩ I)da for some a_1 < a_2 if |B| > 0.

From Theorem 2 I) it follows |A∩I| > 0, and taking a_1 < a_2 such that a_2 −a_1 ≥^{π√}_{E0} then from Theorem 2 II) we get

a_2∫

a_1

ρ_{aλ0 θ0} (A ∩ I)da > 0

and therefore |B ∩ [a_1, a_2]| > 0 using (6) again.

Q.E.D.

Similar results can be obtained for the α-continuous and α-singular spectrum. Recall that for α ∈ [0, 1] the α-dimensional Hausdorff measure is defined for Borel sets A by h^α(A) ≡ lim_{δ→0} inf_{δ−covers} ∞∑ v=1 |b_v|^α,

where a δ-cover is a countable collection of intervals each of length at most δ so A ⊂ ∪^α_{v=1}b_v.

Given α ∈ [0, 1] we define a measure μ to be α-continuous (αc) if μ(S) = 0 for any set S with h^α(S) = 0 and α-singular (αs) if it is supported on a set of S with h^α(S) = 0. For every such α and any measure μ, one can uniquely decompose μ = μ^{αc} + μ^{αs} with μ^{αc}α-continuous and μ^{αs}, α-singular.

Denote ρ := ρ_{aλθ}. It is possible to find sets A_α and B_α such that

dρ^{αc} = dρ(A_α ∩ .) dρ^{sc} = dρ(B_α ∩ .)

and it happens that A_α and B_α are independent of θ, a and λ. See [8] and references therein.

Using the same reasoning as above one can prove Theorem 3 for the α-singular and α-continuous part of the spectral measure. We get for example

Theorem 4. If ρ^{αc}_{aλ0 θ0} (I) > 0for a ∈ B where I is an open interval, |B| > 0 and λ_0, θ_0 are fixed then ρ^{αc}_{a0λ0θ}(I) > 0 for θ ∈ B̃, |B̃| > 0 for any a_0, λ_0 fixed.

References

[1] E. A. Coddington and N. Levinson, Theory of ordinary differential equations , Internat. Ser. in Pure and Appl. Math., McGraw–Hill Book Company Inc., 1955.

[2] R. del Rio, B. Simon and G. Stolz, Stability of spectral types for Sturm–Liouville operators, Math. Res. Lett. 1 (1994) 437–450.

[3] R. del Rio and O. Tchebotareva, Sturm–Liouville operators in the half axis with local perturbations, J. Math. Anal. Appl. (2006) – .

[4] P. Hartman, Ordinary Differential Equations, Birkhäuser, 1982.

[5] V.A. Javrjan, A certain inverse problem for Sturm–Liouville operators, Izv. Akad.

Nauk Armjan. SSR Ser. Mat. 6 (1971) 246–251.

[6] W. Kirsch, S.A. Molchanov and L.A. Pastur, One–dimensional Schrödinger operators with unbounded potential: The pure point spectrum, Funct. Anal. Appl. 24 (1990) 176–186.

[7] W. Kirsch, S.A. Molchanov and L.A. Pastur, One–dimensional Schrödinger operators with high potential barries, Operator Theory: Advances and Applications, Birkhäuser–Verlag 57 (1992) 163–170.

[8] A. Kiselev, Y. Last and B. Simon, Stability of singular spectral types under decaying perturbations, J. Funct. Anal. 198 (2003) 1–27.

[9] S. Kotani, Lyapunov exponents and spectra for one–dimensional Schrödinger operators, Contemp. Math. 50 (1986) 277–286.

[10] S. Kotani and B. Simon Localization in General One–Dimensional Random Systems, Commun. Math. Phys. 112 (1987) 103–119.

[11] D. B. Pearson, Value distribution and spectral analysis of differential operators, J.

Phys. A 26 (1993) 4067–4080.

[12] B. Simon and T. Wolff, Singular continuous spectrum under rank one perturbations and localization for random Hamiltonians, Commun. Pure Appl. Math. 39 (1986) 75–90.

[13] G. Stolz, Localization for random Schrödinger operators with Poisson potential, Ann. Inst. Henri Poincaré vol. 63 no. 3 (1995), 297–314.

[14] G. Stolz, Spectral theory of Schrödinger operators with potentials of infinite barriers type, Habilitationsschrift, Frankfurt University, 1994.

[15] J. Weidmann, Spectral Theory of Ordinary Differential Operators, Lectures Notes in Math., vol. 1258, 1987.