On the Stokes phenomenon for holomorphic solutions of integro-differential equations with irregular singularity

Stéphane Malek Université de Lille 1 UFR de mathématiques 59655 Villeneuve d’Ascq Cedex France Stephane.Malek@math.univ-lille1.fr Tel 03 20 43 42 40

February, 27 2007

Abstract

We study the Stokes phenomenon for sectorial holomorphic solutions of linear integro-differential equations in two variables t, z with irregular singularity at t = 0. More precisely, we give sufficient conditions on the coefficients of the equations and initial conditions under which the Stokes transition functions can be expressed as generalized Laplace transform of convergent series of hyperfunctions defined on half-lines in C.

Key words: Cauchy problem, partial integro-differential equation, Gevrey estimates, distribution, hyperfunction, analytic continuation. 2000 MSC: 35C10, 35C20.

1 Introduction

We consider partial integro-differential Cauchy problems of the form

(1) 4t^2∂_t∂^S_z X_j (t, z) + (2t + 2)∂^S_z X_j(t, z) =

S−1∑

k_1=0

∫_t 0 A_{k1,j} (t − τ, z)∂^{k1}_z X_j(τ, z)dτ

with initial conditions

(2) (∂^q_z X_j )(t, 0) = X_{q,j}(t) , 0 ≤ q ≤ S − 1.

where S ≥ 1 is a positive integer, j ∈ {1, 2} and the coefficients A_{k1,j}(t, z) and initial data X_{q,j}(t) are holomorphic functions on domains S_{dj ,ρ} × D_R where S_{dj ,ρ} are open sectors with opening larger than π in direction d_j ∈ [0, 2π) with radius ρ > 0 and D_R is a ball centered at 0 with radius R > 0.

These equations (1) belong to a class of partial differential equations with irregular singularity at t = 0.

In this paper, we investigate the existence and unicity of holomorphic solutions X_j(t, z), j ∈ {1, 2} of (1) on the domains S_{dj ,ρ} × D_R.

Our main goal is to study the Stokes transitions functions X_2(t, z) − X_1(t, z) in terms of the Stokes transitions A_{k1,2}(t, z) − A_{k1,1}(t, z) and X_{q,2}(t) − X_{q,1}(t), 0 ≤ q, k_1 ≤ S − 1 on S_{d1,ρ} ∩ S_{d2,ρ} × D_R.

More precisely, we will give sufficient conditions on the coefficients A_{k1,j}(t, z) and on the initial conditions X_{q,j}(t) under which the Stokes transitions functions X_2(t, z) − X_1(t, z) can be expressed as generalized Laplace transform of convergent series in z ∈ D_R with coefficients be hyperfunctions defined on a half-line R_+e^{iθ1} where θ_1 ∈ (d_1, d_2), see Theorem 2.

This kind of expressions has been obtained in the context of resurgence analysis to study the Stokes phenomenon for difference and differential equations with irregular singularity, see [4], [8], [11]. In a more general setting, the concept of hyperfunctions and Fourier or Laplace transforms of hyperfunctions are crucial tools for the study of analytic continuation and the analysis of singularities of solutions of partial differential equations in the complex domain, see [7] [9], [10].

In the first part of the paper, we study weighted convolution Banach algebra of distributions on R_+ known as staircase distributions D_ν (R_+) as introduced by O. Costin in [4]. In particular, we give conditions under which the multiplication by an analytic function is a bounded operator on D_ν (R_+). We also give sufficient conditions for difference of staircase distributions to be interpreted as hyperfunctions on half-lines R_+e^{iθ}. We introduce modified Laplace transforms defined on D_ν (R_+) which extend the generalized Laplace transform with respect to kernel functions (see [1]) defined on locally integrable L^1_{loc}(R_+) functions with at most exponential growth.

In a second part, we study linear integro-differential Cauchy problems in the Banach algebra D_ν (R_+) with norm estimates of the solutions in terms of the norms of the initial conditions. We also investigate sufficient conditions under which analytic continuation in infinite sectors of holomorphic solutions at the origin of these Cauchy problems can be performed near a halfline R_+e^{id} containing singularities using the method of majorazing series. The problem is then reduced to the classical study of analytic continuation of holomorphic solutions of linear differential equations with singularities in C. The results obtained allow us to construct hyperfunctions solutions of the given linear integro-differential Cauchy problems for given hyperfunctions initial conditions.

In a third part, for given well-chosen initial conditions, we construct a 1−summable formal solution X̂(t, z) of (1) with respect to t in directions d_1,d_2 with the property that the analytic continuations in sectors of their modified Borel transforms satisfy integro-differential Cauchy problems studied in the previous part. We then show that each 1−sum X_j (t, z), j = 1, 2, solution of (1), can be expressed as a modified Laplace transform of a convergent series in z ∈ D_R with coefficients be staircase distributions on the half-line R_+e^{id} containing singularities where d ∈ (d_1, d_2). So that the difference X_2(t, z) − X_1(t, z) can be expressed as a modified Laplace transform of a convergent series in z ∈ D_R with coefficients be differences of staircase distributions which, from the result of the second part, are shown to define hyperfunctions on the half-line R_+e^{id}.

2 Weighted Banach spaces of distributions

Most of the results given in this section come from O. Costin’s paper [4] and R. Kuik’s thesis [11]. However, we will give some more specific results needed in the sequel.

We define D(R_+) to be the space of complex valued C^∞−functions with compact support in R_+, where R_+ is the set of the positive real numbers x > 0. We also denote by D^′(R_+) the space of distributions on R_+. For f ∈ D^′(R_+), we write f^{(k)} the k−derivative of f in the sense of distribution, for k ≥ 0, with the convention f^{(0)} = f.

Definition 1 A distribution f ∈ D^′(R_+) is called staircase if f can be written in the form

(3) f = ∞∑ k=0 (Δ_k(f))^{(k)},

for unique integrable functions Δ_k(f) ∈ L^1(R_+) such that the support supp(Δ_k(f)) of Δ_k(f) is in [k, k + 1] for all k ≥ 0.

Remark: Given a compact set K ∈ R_+, a general distribution Λ ∈ D^′(R_+) can always be written as a k−derivative of a continuous function on R_+ restricted to the test functions with support in K, where the k depends on the K, see [15].

Definition 2 Let ν > 0. We denote by L_ν (R_+) the space of locally integrable functions f ∈ L^1_{loc}(R_+) such that

||f||_ν =

∫_{+∞} 0 e^{−νt}|f(t)|dt < ∞.

The space L_ν (R_+) with norm ||.||_ν is a Banach space. Moreover, (L_ν (R_+), ||.||_ν ) is an algebra for the convolution product of functions. In particular, for all f, f̃ ∈ L_ν (R_+), we have f ∗f̃ ∈ L_ν (R_+) and ||f ∗ f̃||_ν ≤ ||f||_ν ||f̃||_ν .

Definition 3 Let ν > 0. We denote by D^′_ν the space of staircase distributions f such that

||f||_{ν,d} = +∞∑ k=0 ν^k||Δ_k(f)||_ν < ∞.

The space D^′_ν with the norm ||.||_{ν,d} is a Banach space.

Proposition 1 Let ν_0 > 1. If f ∈ D^′_{ν0} , then f ∈ D^′_ν for all ν ≥ ν_0 and we have that ν → ||f||_{ν,d} is a decreasing function on [ν_0, +∞).

Let H be the Heaviside one step function defined by H(t) = 1, if t ≥ 0 and H(t) = 0, if t < 0. Let P the operator defined on distributions T ∈ D^′(R_+) by PT = H ∗ T . For a subset A ⊂ R, we denote by 1_A the function which is equal to 1 on A and 0 elsewhere.

The proofs of the following lemma 1 and 2 and propositions 2,3 and 4 are given in the section 2.3 of [4].

Lemma 1 Let k ≥ 0 and f = F^{(k)} ∈ D^′(R_+), where F ∈ L^1(R_+) and supp(F ) ⊂ [k, +∞). Then f is a staircase distribution and the decomposition of f has the following terms Δ_0 = Δ_1 = . . . = Δ_{k−1} = 0, Δ_k = F 1_{[k,k+1]} and for n ≥ 1, Δ_{k+n} = G_n1_{[k+n,k+n+1]} where G_n = P(G_{n−1}1_{[k+n,+∞)}) and G_0 = F .

Lemma 2 Let ν_0 > 1 and let f be as in lemma 1. Then, for all ν ≥ ν_0, we have ||Δ_{k+n}||_ν ≤ ν^{−n}||F ||_ν , if n = 0, 1, 2 and for n ≥ 3,

||Δ_{k+n}||_ν ≤ e^{(2ν−nν)} n^{n−1} (n − 1)!

||F ||_ν .

Proposition 2 Take ν > ν_0 > 1 and let f ∈ L_{ν0} (R_+). Then f belongs to D^′_ν and the decomposition (3) of f has the following terms Δ_n = G_n1_{[n,n+1]} with G_n = P(G_{n−1}1_{[n,+∞)}) and G_0 = f, for n ≥ 0. Moreover, there exists a constant C which depends only on ν_0, ν such that ||f||_{ν,d} ≤ C||f||_{ν0} .

Proposition 3 Let N be the set of positive integers n ≥ 1. The set D(R_+ \ N) of C^∞−functions with compact support in R_+ \ N is dense in D^′_ν .

Proposition 4 For all f, f̃ ∈ D^′_ν , we have f ∗ f̃ ∈ D^′_ν . Moreover, there exists C > 0 (depending on ν) such that ||f ∗ f̃||_{ν,d} ≤ C||f||_{ν,d}||f̃||_{ν,d}, for all f, f̃ ∈ D^′_ν .

In the paper, we will sometimes denote by ∂^{−1}_r f(r) the convolution H ∗ f for all f ∈ D^′_ν .

Proposition 5 Let ν > 1 be large enough such that νe^{1−ν} < 1 and let h be a C^∞−function on R_+ such that there exist constants C_h > 0, μ > 0 and ρ > 1/ν such that

(4) |h^{(q)}(s)| ≤ C_h q! (ρ(s + μ))^{(q+1)}

for all s ∈ R_+. Then, for all f ∈ D^′_ν , we have h(t)f(t) ∈ D^′_ν . Moreover, there exists a constant C_{μ,ρ,ν} > 0 (dependent on μ, ρ, ν) such that ||h(t)f(t)||_{ν,d} ≤ C_hC_{μ,ρ,ν} ||f(t)||_{ν,d} for all f ∈ D^′_ν .

Proof The proof is inspired from Lemma 2.9.1 in [11]. Without lost of generality, we can assume that f has the following form f(t) = Δ^{(k)}_k (t) where Δ_k ∈ L^1(R_+) with supp(Δ_k) ∈ [k, k + 1]. Put g_{k,j}(t) = h^{(k−j)}(t)Δ_k(t). Then, supp(g_{k,j}(t)) ⊂ [k, k + 1].

From the Leibniz formula, we get the identity

h(t)Δ^{(k)}_k (t) = k∑ j=0 k! (k − j)!

g^{(j)}_{k,j} (t).

On the other hand, one can rewrite g^{(j)}_{k,j}(t) = (P^{[k−j]}g_{k,j})^{(k)}, where supp(P^{[k−j]}g_{k,j}) ∈ [k, +∞) and P^{[q]} denotes the qth iteration of P.

Due to Lemma 1, g^{(j)}_{k,j} can be written g^{(j)}_{k,j} =

∑_{+∞} l=k (Δ̃_{l,j})^{(l)}, with Δ̃_{l,j} = G_{l,j} 1_{[l,l+1]}, G_{l,j} = P(G_{l−1,j} 1_{[l,+∞)}) and G_{k,j} = P^{(k−j)}g_{k,j}.

So that we get the following identity

(5) h(t)Δ^{(k)}_k (t) = (h(t)Δ_k(t))^{(k)} + k−1∑ j=0 k! j!(k − j)!

Δ̃^{(k)}_{k,j} +^{k−1} ∑ j=0 k! j!(k − j)! +∞∑ l=k+1

Δ̃^{(l)}_{l,j}

First of all, we have

(6) ||(h(t)Δ_k(t))^{(k)}||_{ν,d} = ν^k

∫_{+∞} 0 |h(t)Δ_k(t)|e^{−νt}dt ≤

C_h ρμ ν^k||Δ_k(t)||_ν ,

where C_h > 0 is given in (4).

From Lemma 2, we have the estimates

(7) ||Δ̃_{k,j}||_ν ≤ ||P^{[k−j]}g_{k,j}||_ν and (8) ||Δ̃_{l,j}||_ν ≤ e^{2ν−(l−k)ν}

(l − k)^{(l−k−1)} (l − k − 1)!

||P^{[k−j]}g_{k,j}||_ν

for l > k. Now, we must estimate the quantity ||P^{[k−j]}g_{k,j}||_ν . Using the Taylor formula with integral remainder and the hypothesis (4), we get

|P^{[k−j]}g_{k,j}(t)| ≤ C_h

(k − j)!

(k − j − 1)!

∫_t k (t − s)^{k−j−1} (ρ(s + μ))^{1+(k−j)}

|Δ_k(s)|ds.

So that, from the Fubini theorem and the identity (9) ∫_{+∞} s e^{−νt}(t − s)^{k−j−1}dt = e^{−νs}

(k − j)! ν^{(k−j)} we deduce

∫_{+∞} k e^{−νt}|P^{[k−j]}g_{k,j}(t)|dt ≤ C_h

(k − j)(k − j)!

ν^{(k−j)}

∫_{+∞} k e^{−νs}

|Δ_k(s)| (ρ(s + μ))^{1+(k−j)} ds and hence

(10) ||P^{[k−j]}g_{k,j}(t)||_ν ≤

C_h(k − j)(k − j)! ν^{(k−j)}(ρ(k + μ))^{1+k−j}

||Δ_k(s)||_ν

From (7) and (10), we obtain

(11) k−1∑ j=0 k! j!(k − j)!

||Δ̃^{(k)}_{k,j} (t)||_{ν,d} ≤ C_hA_kν^k||Δ_k(s)||_ν

where

A_k = k−1∑ j=0 k!(k − j) j!ν^{(k−j)}(ρ(k + μ))^{1+k−j}

Now, we have to estimate A_k. Due to the stirling formula, k! ∼ k^ke^{−k}(2πk)^{1/2} as k tends to infinity, there exists a universal constant C_1 > 0 such that

A_k ≤ C_1 k^k (k + μ)^k 1 ρ(k + μ)

(2πk)^{1/2}e^{−k} k−1∑ j=0 (k − j)((k + μ)νρ)^j j!(νρ)^k , for all k ≥ 1. Using the hypothesis νρ ≥ 1, we have

k−1∑ j=0 (k − j)

(k + μ)^j j! (νρ)^j (νρ)^k ≤ k−1∑ j=0 (k − j)

(k + μ)^j j! = k (k + μ)^{k−1} (k − 1)! − μ k−2∑ j=0 (k + μ)^j j! Using again the Stirling formula, we get a constant C_{2,μ} > 0 (depending on μ) such that k (k + μ)^{k−1} (k − 1)!

≤ C_{2,μ}k^{1/2}e^k for all k ≥ 1. Moreover, μ k−2∑ j=0 (k + μ)^j j! ≤ μ +∞∑ j=0 (k + μ)^j j! = μe^{k+μ}

So that_{k−1} ∑ j=0 (k − j)

(k + μ)^j j! (νρ)^j (νρ)^k

≤ (C_{2,μ}k^{1/2} + μe^μ)e^k,

for all k ≥ 1. Finally, we obtain a constant C_{1,μ,ρ} > 0 depending only on ρ, μ such that

(12) A_k ≤ C_{1,μ,ρ},

for all k ≥ 1.

From (8) and (10), we have

(13) k−1∑ j=0 k! j!(k − j)! +∞∑ l=k+1

||Δ̃^{(l)}_{l,j} ||_{ν,d} ≤ C_hA_k||Δ_k(s)||_ν ν^kB_{k,ν}

where

B_{k,ν} = +∞∑ l=k+1

ν^{l−k}e^{2ν−(l−k)ν}

(l − k)^{(l−k−1)} (l − k − 1)! = ∞∑ h=1 ν^he^{2ν−hν} h^{(h−1)} (h − 1)!

Due to the Stirling formula, there exists a universal constant C_3 > 0 such that

B_{k,ν} ≤ C_3 +∞∑ h=2 ν^he^{h(1−ν)+2ν} ( h h − 1

)^{h−1} 1 (2π(h − 1))^{1/2}

≤ C_3e^{2ν} +∞∑ h=2 (νe^{1−ν} h h − 1

)^h

and the latter series converges because of the hypothesis νe^{1−ν} < 1. So that there exists C_{1,ν} > 0 depending only on ν such that

(14) B_{k,ν} ≤ C_{1,ν} ,

for all k ≥ 1.

Finally, from the equality (5) and estimates (6), (11), (12), (13) and (14), we get a constant C_{μ,ρ,ν} > 0 depending only on μ, ρ, ν such that ||h(t)Δ^{(k)}_k (t)||_ν ≤ C_hC_{μ,ρ,ν} ||Δ^{(k)}_k (t)||_ν for all k ≥ 0. � 3 Analytic continuation of holomorphic functions across a halfline, hyperfunctions

In the following proposition we construct hyperfunctions as the jump on a half line L in C of holomorphic functions near L.

Proposition 6 Let θ^−_1 , θ_1 and θ^+_1 three real numbers such that θ^−_1 < θ_1 < θ^+_1 . Consider the following sets in C,

W = {t ∈ C^∗/ arg(t) ∈ (θ^−_1 , θ^+_1 ), t ≠ ke^{iθ1} , ∀k ∈ N },

W^+ = {t ∈ W/ arg(t) ∈ (θ_1, θ^+_1 )} , W^− = {t ∈ W/ arg(t) ∈ (θ^−_1 , θ_1)}.

Let D_1 ⊂ C be the open disc with center 0 and radius 1. We consider holomorphic functions f^− : W^− ∪ D_1 → C and f^+ : W^+ ∪ D_1 → C such that f^−(t) = f^+(t) for all t ∈ D_1. We make the following assumptions.

i) Let ν > 1. For all θ ∈ (θ^−_1 , θ_1) the functions r → f^−(re^{iθ}) belong to D^′_ν . For all θ ∈ (θ_1, θ^+_1 ) the functions r → f^+(re^{iθ}) belong to D^′_ν

ii) There exists distributions r → f^−(re^{iθ1} ) and r → f^+(re^{iθ1} ) which belong to D^′_ν such that a) lim θ→θ_1,θ<θ_1

||f^−(re^{iθ1} ) − f^−(re^{iθ})||_{ν,d} = 0 b) lim θ→θ_1,θ>θ_1

||f^+(re^{iθ1} ) − f^+(re^{iθ})||_{ν,d} = 0.

Then, the staircase distribution

r → f^{+−}(re^{iθ1} ) = f^+(re^{iθ1} ) − f^−(re^{iθ1} )

defines an hyperfunction on the half-line R_+e^{iθ1} = {t ∈ C^∗ : t = re^{iθ1} , r > 0}. More precisely, if f^{+−} = 0 in D^′_ν , then for all integers l ≥ 1, the function f^− : W^− ∪ D_1 → C (resp. f^+ : W^+ ∪ D_1 → C) can be analytically continued across (le^{iθ1} , (l + 1)e^{iθ1} ) into W^+ ∪ D_1 (resp. W^− ∪ D_1).

Proof The proof is inspired from Lemma 2.6.5 in [11], see also Theorem 3.1.12 in [7]. Assume that the hypotheses i) and ii) hold. Assume that f^{+−} = 0 in D^′_ν . In the following, we denote by f(re^{iθ1} ) the distribution f^+(re^{iθ1} ) = f^−(re^{iθ1} ).

First of all, we notice that for all N ≥ 1, all θ ∈ (θ^−_1 , θ_1),

(15) ∂^{−N}_t (f^−(t)) = e^{iNθ}∂^{−N}_r (f^−(re^{iθ})),

for all t = re^{iθ} ∈ W^−, r > 0. In the same way, for all N ≥ 1, all θ ∈ (θ_1, θ^+_1 ),

(16) ∂^{−N}_t (f^+(t)) = e^{iNθ}∂^{−N}_r (f^+(re^{iθ})),

for all t = re^{iθ} ∈ W^+, r > 0.

In the first part of the proof, we will show that for l ≥ 1, N ≥ l + 2,

(17) lim_{θ→θ1,θ<θ1} sup_{r∈(l,l+1)} |e^{iNθ}∂^{−N}_r (f^−(re^{iθ})) − e^{iNθ1} ∂^{−N}_r (f(re^{iθ1} ))| = 0. and (18) lim_{θ→θ1,θ>θ1} sup_{r∈(l,l+1)} |e^{iNθ}∂^{−N}_r (f^+(re^{iθ})) − e^{iNθ1} ∂^{−N}_r (f(re^{iθ1} ))| = 0.

We will only give the proof for (17). The other limit (18) can be shown in the same manner. Indeed, from the decomposition (3), for r ∈ (l, l + 1) and θ ∈ (θ^−_1 , θ_1), we write f^−(re^{iθ}) = (Δ_{θ,l}(r))^{(l)} and f(re^{iθ1} ) = (Δ_{θ1,l}(r))^{(l)} where Δ_{θ,l}(r), Δ_{θ1,l}(r) ∈ L^1(R_+) with supp(Δ_{θ,l}) and supp(Δ_{θ1,l}) in [l, l + 1].

We deduce that for N ≥ l + 2, the functions r → ∂^{−N}_r (f^−(re^{iθ})) and r → ∂^{−N}_r (f(re^{iθ1} )) are continuous on (l, l + 1). Moreover, we have the estimates

|∂^{−N}_r (f^−(re^{iθ})) − ∂^{−N}_r (f(re^{iθ1} ))| ≤ e^{ν(l+1)}

∫_r 0 e^{−νu}|∂^{−N+1+l} u (Δ_{θ,l}(u) − Δ_{θ1,l}(u))|du

for all r ∈ (l, l + 1). So that, due to Definition 2 and the fact that ||H||_ν = 1/ν, we get

(19) |∂^{−N}_r (f^−(re^{iθ})) − ∂^{−N}_r (f(re^{iθ1} ))| ≤ e^{ν(l+1)}ν^{1−N} ||Δ_{θ,l} − Δ_{θ1,l}||_{ν,d}.

In the same way, we also get

(20) |∂^{−N}_r (f^−(re^{iθ}))| ≤ e^{ν(l+1)}ν^{1−N} ||Δ_{θ,l}||_{ν,d}

for all r ∈ (l, l + 1).

On the other hand, the following inequality holds

(21) |e^{iNθ}∂^{−N}_r (f^−(re^{iθ})) − e^{iNθ1} ∂^{−N}_r (f(re^{iθ1} ))| ≤ |e^{iNθ} − e^{iNθ1} ||∂^{−N}_r (f^−(re^{iθ}))| + |∂^{−N}_r (f^−(re^{iθ})) − ∂^{−N}_r (f(re^{iθ1} ))|

for N ≥ l + 2 and r ∈ (l, l + 1).

From the hypothesis ii),a), we have in particular that ||Δ_{θ,l} − Δ_{θ1,l}||_{ν,d} tends to 0 as θ → θ_1 and θ < θ_1. So that, finally, the limit (17) is a consequence of (19), (20) and (21).

In the second part of the proof we will construct analytic continuations of f^− and f^+ on W. Let l ≥ 1 and N ≥ l + 2. We define a function h_N on the domain

D_l = W^− ∪ D_1 ∪ (le^{iθ1} , (l + 1)e^{iθ1} ) ∪ W^+ by h_N (t) =

∂^{−N}_t (f^−(t)) if t ∈ W^− ∪ D_1 e^{iNθ1} ∂^{−N}_r (f(re^{iθ1} )) if t = re^{iθ1} ∈ (le^{iθ1} , (l + 1)e^{iθ1} ) ∂^{−N}_t (f^+(t)) if t ∈ W^− ∪ W^+ ∪ D_1

The function h_N (t) is analytic on D_1 ∪ W^− ∪ W^+ as iterated integrals of the analytic functions f^− and f^+. Moreover, from the expressions (15), (16) and the limits (17), (18), we deduce that the function h_N (t) is continuous for all t ∈ (le^{iθ1} , (l + 1)e^{iθ1} ) in D_l.

Now we recall a well known lemma from complex analysis concerning analytic continuation across analytic arcs (see [12], p.280).

Lemma 3 Let U^− and U^+ two open connected sets in C such that U^− ∩ U^+ contains an open segment I = (α, β) ∈ C. Let f be a function defined on U^− ∪ I ∪ U^+. If f is holomorphic on U^+ and U^− and continuous on I, then the function f is holomorphic on U^− ∪ I ∪ U^+

From this latter lemma, we conclude that the function h_N (t) is in fact holomorphic on D_l. As a result, the function ∂^{−N}_t (f^−(t)) (resp. ∂^{−N}_t (f^+(t))) can be analytically continued across the segment (le^{iθ1} , (l + 1)e^{iθ1} ) from W^− ∪ D_1 into W^+ ∪ D_1 (resp. from W^+ ∪ D_1 into W^− ∪ D_1). It follows that, for all integers l ≥ 1, the function f^− : W^− ∪ D_1 → C (resp. f^+ : W^+ ∪ D_1 → C) can be analytically continued across (le^{iθ1} , (l + 1)e^{iθ1} ) into W^+ ∪ D_1 (resp. W^− ∪ D_1). This gives the result. �

4 Modified Laplace transform on the spaces D^′_ν

Definition 4 Let e(z) be a holomorphic function on the sector S_{π/2} = {z ∈ C^∗ : | arg(z)| < π/2} such that (e1)

∫_{x0} 0 |e(xe^{iτ} )|/xdx exists, for all x_0 > 0 and |τ| < π.

(e2) For all δ > 0, there exist C, K > 0 such that |e(z)| ≤ Ce^{−|z|/K} for all z such that | arg(z)| ≤ (π − δ)/2.

Definition 5 Let f(r) ∈ D^′_ν and consider its decomposition (3) as a staircase distribution. The Laplace transform of f in the direction θ ∈ [−π, π) is defined as

L_θ(f)(t) = +∞∑ k=0 2 ∫_{+∞} 0 (−1)^kΔ_k(r)∂^k_r ( e(r^2e^{iθ}/t) r )dr

where ∂^k_r is the k−derivative with respect to r.

Proposition 7 Let f(r) ∈ D^′_ν for ν > 1 and θ ∈ [−π, π). Then, there exist sufficiently small δ_θ > 0 such that the function L_θ(f)(t) is holomorphic on sectors S_{θ,δθ ,ρ} = {t ∈ C^∗ : |θ −arg(t)| < δ_θ, |t| < ρ} for all ρ > 0. Moreover, there exists C > 0 (depending on the sector S_{θ,δθ,ρ}) such that for all t ∈ S_{θ,δθ ,ρ} we have

(22) |L_θ(f)(t)| ≤ C||f||_{ν,d},

for all f ∈ D^′_ν .

Proof From the Cauchy formula, for all k ≥ 1, we have

∂^k_u( e(u^2/t) u ) = k! 2iπ ∫ C_R(u)

e(v^2/t) v(v − u)^{k+1} dv, where C_R(u) is a circle, centered at u with radius R > 0, which belong to the domain {v ∈ C^∗ : 2 arg(v) − arg(t) ∈ (−π/2, π/2)}. This latter integral does not depend on the radius R > 0. In polar coordinates, u = re^{iθ/2}, we get the equality

∂^k_r ( e(r^2e^{iθ}/t) re^{iθ/2}

) = (e^{iθ/2})^k∂^k_u( e(u^2/t) u ) = k!(e^{iθ/2})^k 2iπ ∫_{2π} 0 e((re^{iθ/2} + Re^{iτ} )^2/t)Rie^{iτ} (re^{iθ/2} + Re^{iτ} )(Re^{iτ} )^{k+1} dτ In the following, we show that there exist small enough constants C_θ > 0 and δ_θ > 0 such that for all t ∈ C^∗ with arg(t) ∈ (θ − δ_θ, θ + δ_θ) the following property is satisfied

(23) 2 arg(re^{iθ/2} + C_θke^{iτ} ) − arg(t) ∈ (−π/2, π/2)

for all k ≥ 1, for all r ∈ [k, k + 1] and all τ ∈ [−π, π). Indeed, if one writes r = μ_1k + μ_2(k + 1), with μ_1 + μ_2 = 1 and μ_1, μ_2 ≥ 0, one has

re^{iθ/2} + C_θke^{iτ} = k(e^{iθ/2} + C_θe^τ ) + μ_2e^{iθ/2},

so that there exist d_θ > 0 such that θ 2 − d_θ ≤ arg(re^{iθ/2} + C_θke^{iτ} ) ≤ θ 2 + d_θ with d_θ < π/8, if C_θ > 0 is chosen small enough. Therefore, the property (23) follows. In what follows, we choose the radius R to be of the form R = R_θ = C_θk. We then have 1 |re^{iθ/2} + R_θe^{iτ} | ≤ 1 |r − R_θ| ≤ 1 (1 − C_θ)k and |e((re^{iθ/2} + R_θe^{iτ} )^2/t)| ≤ Ce^{−|reiθ/2+Rθ eiτ |2/K|t|} ≤ Ce^{−(1−Cθ )2k2/K|t|} for all r ∈ [k, k + 1]. Finally, using the Stirling formula, we deduce that there exist a constant C > 0, small enough constants C_θ > 0 and δ_θ > 0 such that for all t ∈ C^∗ with arg(t) ∈ (θ − δ_θ, θ + δ_θ) and |t| < ρ, ρ > 0, the following inequality is satisfied for all k ≥ 1,

A_{t,k,θ} = |

∫_{+∞} 0 Δ_k(r)∂^k_r ( e(r^2e^{iθ}/t) r )dr| ≤ C ∫_{k+1} k e^{−νr}|Δ_k(r)|e^{ν(k+1)}k^kk^{1/2}e^{−k} 1 (1 − C_θ)kC^k_θ k^k e^{−(1−Cθ )2k2/K|t|}dr ≤ Ce^{ν(k+1)}e^{−k} (1 − C_θ)k^{1/2}(νC_θ)^k e^{−(1−Cθ )2k2/K|t|}||Δ_k(r)||_ν ν^k

(24)

So that there exists a constant C > 0 depending on ρ and C_θ such that A_{t,k,θ} ≤ C||Δ_k(r)||_ν ν^k, for all k ≥ 1 and all t ∈ S_{θ,δθ ,ρ}. This latter inequality shows that the function L_θ(f)(t) is holomorphic on the sector S_{θ,δθ,ρ}, for all ρ > 0 and that the inequality (22) hold. �

Proposition 8 Let ν > ν_0 > 1 and f ∈ L_{ν0} (R_+). Then, f ∈ D^′_ν and the function L_θ(f)(t) coincides on its domain of definition with the generalized Laplace transform of f in direction θ ∈ [−π, π), (see [1], section 5.5),

T_θ(f)(t) = 2

∫_∞ 0 f(r) e(r^2e^{iθ}/t) r dr, which is defined on every sector S_{θ,δ,ρ} = {t ∈ C^∗ : θ − arg(t) ∈ (−δ, δ), |t| < ρ}, for every ρ > 0 and 0 < δ < π/2.

Proof From Proposition 2, we have that f ∈ L_{ν0} (R_+) is a staircase distribution that belongs to D^′_ν whose decomposition (3) has the following form Δ_n = G_n1_{[n,n+1]} with G_n = P(G_{n−1}1_{[n,+∞)}) and G_0 = f, for n ≥ 0. In the following, we will put ψ(r) = e(r^2e^{iθ}/t)/r. We have to compute the integral (−1)^k

∫_{k+1} k Δ_k(r)∂^k_r ψ(r)dr.

If k = 0, we get that

∫_1 0 Δ_0(r)ψ(r)dr =

∫_1 0 f(r)ψ(r)dr.

If k = 1, integrating by parts, we get − ∫_2 1 Δ_1(r)∂_rψ(r)dr = −

∫_2 1 G_1(r)∂_rψ(r)dr = [G_1(r)ψ(r)]^2_1 +

∫_2 1 f(r)ψ(r)dr,

and more generally, we obtain that

(25) (−1)^k

∫_{k+1} k Δ_k(r)∂^k_r ψ(r)dr = (−1)^k

∫_{k+1} k Δ_k(r)∂^k_r ψ(r)dr = (−1)^k[G_k(r)∂^{k−1}_r ψ(r)]^{k+1}_k

+ (−1)^{k−1}[G_{k−1}(r)∂^{k−2}_r ψ(r)]^{k+1}_k + . . . + (−1)[G_1(r)ψ(r)]^{k+1}_k +

∫_{k+1} k f(r)ψ(r)dr

Moreover, as a telescopic sum, we notice that

(26) ∞∑ k=1 (−1)^k[G_k(r)∂^{k−1}_r ψ(r)]^{k+1}_k = ∑ k=1 G_k(k)(∂^{k−1}_r ψ)(k).

But, by construction, we have that G_k(k) = 0, for all k ≥ 1, so that this latter sum (26) is equal to zero.

In conclusion, from (25) and (26), we deduce that +∞∑ k=0 (−1)^k

∫_{k+1} k Δ_k(r)∂^k_r ψ(r)dr =

∫_{+∞} 0 f(r)ψ(r)dr. � 5 Cauchy problems in Banach spaces of distributions D^′_ν

We consider following the integro-differential equation

(27) ∂^S_z W (r, z) =

S−1∑

k_1=0

h_{k1} (r)

∫_r 0 ∫_{r1} 0 H_{k1} (r_1 − r_2, z)∂^{k1}_z W (r_2, z)dr_2dr_1 + d(r, z)

with initial conditions (28) (∂^j_z W )(r, 0) = W_j(r) , 0 ≤ j ≤ S − 1. Let ν > 1 be a real number such that νe^{1−ν} < 1 and S ≥ 2 an integer. We assume that (d1) For all 0 ≤ j ≤ S − 1, W_j(r) ∈ D^′_ν . (d2) For all 0 ≤ k_1 ≤ S − 1,

H_{k1} (r, z) = +∞∑ q=0 H_{k1,q}(r)z^q, , d(r, z) = +∞∑ q=0 d_q(r)z^q

are holomorphic functions in z on a disc D_R, R > 0, with values in D^′_ν .

(d3) There exist μ, κ > 1/ν, such that for all 0 ≤ k_1 ≤ S − 1, h_{k1} (r) are C^∞−functions on (0, +∞) such that |h^{(q)}_{k1} (r)| ≤ C_{k1} q! (κ(r + μ))^{1+q} , for a constant C_{k1} > 0, for all q ≥ 0 and all r ∈ (0, +∞).

The following lemma is a consequence of the hypotheses (d1), (d2), (d3) and Propositions 4, 5.

Lemma 4 Consider a formal series

W (r, z) = ∑ k≥0 W_k(r) z^k k! , where W_k(r) ∈ D^′_ν , for all k ≥ 0. Then, the series W (r, z) is a solution of (27), for initial data W_j(r) ∈ D^′_ν , 0 ≤ j ≤ S − 1, if and only if the following recursion is satisfied

(29)

W_{k+S}(r) k! = S−1∑

k_1=0 ∑ q_1+q_2=k

h_{k1} (r)∂^{−1}_r (H_{k1,q1} (r) ∗

W_{q2+k1} (r)

q_2!

) + d_k(r),

for all k ≥ 0. In particular, for given initial data W_j(r) ∈ D^′_ν , 0 ≤ j ≤ S − 1, there exists a unique formal series W (r, z) of the latter form, solution of (27) and (28).

In the following, we give some notations. Let w^{ν,d}_j = ||W_j(r)||_{ν,d}, 0 ≤ j ≤ S − 1 and

|H|^{ν,d}_{k1} (z) = ∑ q≥0 ||H_{k1,q}(r)||_{ν,d}z^q , |d|^{ν,d}(z) = ∑ q≥0 ||d_q(r)||_{ν,d}z^q.

Proposition 9 There exist two constants R^′, C > 0 (depending on C_{k1} , κ, μ, ν, |H|^{ν,d}_{k1} (z), 0 ≤ k_1 ≤ S − 1), such that i) The formal series W (r, z), solution of the problem (27) with (28), constructed in Lemma 4, is a convergent series in z on D_R′ , with coefficients in D^′_ν . ii) The following estimates hold

(30) +∞∑ k=0 ||W_k(r)||_{ν,d} k! (R^′)^k ≤ C(

S−1∑ j=0 w^{ν,d}_j + |d|^{ν,d}(R)).

Proof From the recursion (29), the hypotheses (d1), (d2), (d3) and Propositions 4, 5, we get that the distributions W_k(r), k ≥ 0, defined in (29) all belong to D_ν . Moreover, if we put w^{ν,d}_k = ||W_k(r)||_{ν,d}, we get a constant C^0 > 0 (depending only on C_{k1} , κ, μ, ν, 0 ≤ k_1 ≤ S − 1) such that the following inequalities hold

(31) w^{ν,d}_{k+S} k! ≤ S−1∑

k_1=0 ∑ q_1+q_2=k

C^0||H_{k1,q1} (r)||_{ν,d} w^{ν,d}_{q2+k1} q_2!

+ ||d_k(r)||_{ν,d}

On the other hand, consider the linear differential equation

(32) ∂^S_z V (z) =

S−1∑

k_1=0

C^0|H|^{ν,d}_{k1} (z)∂^{k1}_z V (z) + |d|^{ν,d}(z)

with initial conditions

(33) (∂^j_z V )(0) = w^{ν,d}_j , 0 ≤ j ≤ S − 1.

From the classical local theory of linear differential equations in the complex domain, we know that the problem (32), (33) has a unique solution V (z) = ∑ p≥0 V_pz^p/p!, holomorphic on a small disc D_R′ , where R^′ ≤ R depends on the coefficients C^0|H|^{ν,d}_{k1} (z), 0 ≤ k_1 ≤ S − 1. Moreover, there exists a constant C > 0, which depends on the coefficients C^0|H|^{ν,d}_{k1} (z), 0 ≤ k_1 ≤ S − 1, such that the estimates hold,

(34) ∑ p≥0 |V_p|R^{′p} p! ≤ C(

S−1∑ j=0 w^{ν,d}_j + |d|^{ν,d}(R))

Now, a formal series V (z) = ∑ k≥0 V_kz^k/k! is a solution of (32) and (33) if and only if the following equalities hold

(35)

V_{k+S} k! = S−1∑

k_1=0 ∑ q_1+q_2=k

C^0||H_{k1,q1} (r)||_{ν,d}

V_{q2+k1}

q_2!

+ ||d_k(r)||_{ν,d}

for all k ≥ 0 and

(36) V_j = w^{ν,d}_j , 0 ≤ j ≤ S − 1.

We deduce from (31) and (35) with (36), that

w^{ν,d}_p ≤ V_p,

for all p ≥ 0. So that, for small enough R^′ > 0, we get that the series ∑ p≥0 w^{ν,d}_p z^p/p! converges on a disc D_R′ and the formal solution W (r, z) constructed in Lemma 4, is a convergent series in z on D_R′ with values in D^′_ν . Moreover, from (34), we have that +∞∑ k=0 ||W_k(r)||_{ν,d} k! (R^′)^k = ∑ p≥0 w^{ν,d}_p

R^{′p} p! ≤ ∑ p≥0 V_p

R^{′p} p! ≤ C(

S−1∑ j=0 w^{ν,d}_j + |d|^{ν,d}(R))

for a constant C > 0 which depends on the coefficients C^0|H|^{ν,d}_{k1} (z), 0 ≤ k_1 ≤ S − 1. �

6 Cauchy problems in weighted Banach spaces of holomorphic functions

We denote by S̄_{τ,δ} = {t ∈ C^∗ : |τ − arg(t)| ≤ δ} a closed sector with opening 0 < 2δ < π in C^∗ and by D̄_1 the closed disc of radius 1 centered at 0. We denote by A_{τ,δ,ν} the Banach space of holomorphic functions G(t) on S_{τ,δ} ∪ D_1 continuous on S̄_{τ,δ} ∪ D̄_1 such that

||G(t)||_{τ,δ,ν} := M_0 sup_{t∈S̄}

τ,δ ∪D̄_1

(1 + |t|^2)e^{−ν|t|}|G(t)| < +∞,

where ν > 1 and M_0 > 1 is a constant such that ∫_{|t|} 0 ds (1 + s^2)(1 + (|t| − s)^2) ≤ M_0 (1 + |t|^2) , for all t ∈ S̄_{τ,δ} ∪ D̄_1. In the following, we will need a lemma from [5], Corollary 4.9.

Lemma 5 Let F(t), G(t) ∈ A_{τ,δ,ν}. Then, the function t →

∫_t 0 F(t − τ)G(τ)dτ belong to A_{τ,δ,ν} and the following inequality holds || ∫_t 0 F(t − τ)G(τ)dτ||_{τ,δ,ν} ≤ ||F(t)||_{τ,δ,ν} ||G(t)||_{τ,δ,ν} .

The following lemma will be usefull.

Lemma 6 Let F(t) and G(t) be two holomorphic functions on the domain S_{2τ,2δ} ∪ D_1 and continuous on S̄_{2τ,2δ} ∪ D̄_1 such that the functions t → F(t^2) and t → G(t^2) belong to A_{τ,δ,ν}. Then, there exists a function H(t) holomorphic on S_{2τ,2δ} ∪ D_1 and continuous on S̄_{2τ,2δ} ∪ D̄_1 such that H(t^2) =

∫_t 0 ∫_{t1} 0 F((t_1 − t_2)^2)G(t^2)dt_2dt_1 belong to A_{τ,δ,ν}.

Proof Taking the parametrization t_2 = s_2t_1 for s_2 ∈ [0, 1] and t_1 = s_1t for s_1 ∈ [0, 1], in the integral we get

∫_t 0 ∫_{t1} 0 F((t_1 − t_2)^2)G(t^2)dt_2dt_1 = t^2

∫_1 0 ∫_1 0 s_1F (t^2s^2_1(1 − s_2)^2)G(t^2s^2_1s^2)ds_2ds_1

So that we can choose the function H(t) to be

H(t) = t

∫_1 0 ∫_1 0 s_1F (ts^2_1(1 − s_2)^2)G(ts^2_1s^2)ds_2ds_1.

The fact that t → H(t^2) belong to A_{τ,δ,ν} follows from Lemma 5. � We consider the following integro-differential equation

(37) ∂^S_z W(t^2, z) =

S−1∑

k_1=0

h_{k1} (t^2)

∫_t 0 ∫_{t1} 0 H_{k1} ((t_1 − t_2)^2, z)∂^{k1}_z W(t^2, z)dt_2dt_1

with initial conditions (38) (∂^j_z W)(t^2, 0) = W_j(t^2) , 0 ≤ j ≤ S − 1. We assume that (h1) For all 0 ≤ j ≤ S − 1, the function W_j (t) is holomorphic on S_{2τ,2δ} ∪ D_1 and continuous on S̄_{2τ,2δ} ∪ D̄_1 such that the functions t → W_j(t^2) belong to A_{τ,δ,ν}. (h2) For all 0 ≤ k_1 ≤ S − 1, H_{k1} (t^2, z) = +∞∑ q=0 H_{k1,q}(t^2)z^q,

are convergent series in z on a disc D_R with coefficients t → H_{k1,q}(t^2) that belong to A_{τ,δ,ν} such that H_{k1,q}(t) are holomorphic functions on S_{2τ,2δ} ∪ D_1 and continuous on S̄_{2τ,2δ} ∪ D̄_1. (h3) For all 0 ≤ k_1 ≤ S − 1, the functions h_{k1} (t) are holomorphic functions on S_{2τ,2δ} ∪ D_1 and continuous on S̄_{2τ,2δ} ∪D̄_1 such that t → h_{k1} (t^2) are bounded holomorphic functions on S̄_{τ,δ} ∪D̄_1. Using Lemma 5 and lemma 6, the same proof as Lemma 4 yields Lemma 7 For given initial data W_j (t^2) ∈ A_{τ,δ,ν}, 0 ≤ j ≤ S − 1, there exists a unique formal series W(t^2, z) = +∞∑ k=0 W_k(t^2) z^k k! solution of (37) and (38) where W_k(t), k ≥ 0, are holomorphic functions on S_{2τ,2δ} ∪ D_1 and continuous on S̄_{2τ,2δ} ∪ D̄_1 such that W_k(t^2) ∈ A_{τ,δ,ν}, for all k ≥ 0.

In the following we introduce some notations. Let w^{τ,δ,ν}_j = ||W_j (t^2)||_{τ,δ,ν} , 0 ≤ j ≤ S − 1 and

|H|^{τ,δ,ν}_{k1} (z) = ∑ q≥0 ||H_{k1,q}(t^2)||_{τ,δ,ν} z^q

The following proposition gives sufficient conditions for the contructed formal series to converge.

Proposition 10 For every real number R^′ > 0 such that the disc D_R′ is contained in the open maximal domain D_{τ,δ,ν} where the coefficients |H|^{τ,δ,ν}_{k1} (z), 0 ≤ k_1 ≤ S − 1, are holomorphic functions, the formal series W(t^2, z), solution of (37) with (38), constructed in Lemma 7, is a convergent series in z on D_R′ with coefficients in A_{τ,δ,ν}.

Proof As in the proof of the proposition 9, from the hypotheses (h1) (h2), (h3) and the lemma 6 we get that the functions W_k(t^2) defined as in the recursion (29) all belong to A_{τ,δ,ν}. Moreover, if we put w^{τ,δ,ν}_k = ||W_k(t^2)||_{τ,δ,ν} , we get a constant C_0 > 0 (one can choose C_0 = max_{0≤k1≤S−1} sup_{t∈}¯_{Sτ,δ ∪}¯_{D1} |h_{k1} (t^2)|), such that the following inequalities hold

(39) w^{τ,δ,ν}_{k+S} k! ≤ S−1∑

k_1=0 ∑ q_1+q_2=k

C_0||H_{k1,q1} (t^2)||_{τ,δ,ν} w^{τ,δ,ν}_{q2+k1} q_2!

On the other hand, consider the linear differential equation

(40) ∂^S_z V(z) =

S−1∑

k_1=0

C_0|H|^{τ,δ,ν}_{k1} (z)∂^{k1}_z V(z)

with initial conditions (41) (∂^j_z V)(0) = w^{τ,δ,ν}_j , 0 ≤ j ≤ S − 1.

From the classical global theory of linear differential equations in the complex domain, we know that the problem (40), (41) has a unique solution V(z) = ∑ p≥0 V_pz^p/p!, holomorphic on every disc D_R′ contained in the open maximal domain D_{τ,δ,ν} where the coefficients C_0|H|^{τ,δ,ν}_{k1} (z), 0 ≤ k_1 ≤ S − 1, are holomorphic functions.

Now, a formal series V(z) = ∑ k≥0 V_kz^k/k! is a solution of (40) and (41) if and only if the following equalities hold

(42)

V_{k+S} k! = S−1∑

k_1=0 ∑ q_1+q_2=k

C_0||H_{k1,q1} (t^2)||_{τ,δ,ν}

V_{q2+k1} q_2!

for all k ≥ 0 and (43) V_j = w^{τ,δ,ν}_j , 0 ≤ j ≤ S − 1. We deduce from (39) and (42) with (43), that w^{τ,δ,ν}_p ≤ V_p, for all p ≥ 0. So that, for every R^′ > 0, such that D_R′ is contained in the open maximal domain D_{τ,δ,ν} where the coefficients C_0|H|^{τ,δ,ν}_{k1} (z), 0 ≤ k_1 ≤ S −1, are holomorphic functions, we get that the series ∑ p≥0 w^{τ,δ,ν}_p z^p/p! converges on D_R′ and that the formal solution W(t^2, z) constructed in Lemma 7, is a convergent series in z on D_R′ with values in A_{τ,δ,ν}. �

7 Hyperfunctions solutions of Cauchy problems in D^′_ν

7.1 Assumptions on the data of the Cauchy problem Let θ^−_1 , θ^+_1 be two real numbers such that 0 < θ^+_1 − θ^−_1 < π and let θ_1 = (θ^+_1 + θ^−_1 )/2. We put τ^− = (θ^−_1 + θ_1)/2 and consider an increasing sequence δ^−_n > 0, n ≥ 1, such that τ^− − δ^−_n > θ^−_1 , τ^− + δ^−_n < θ_1 and τ^− + δ^−_n → θ_1 as n → +∞. We also put τ^+ = (θ_1 + θ^+_1 )/2 and consider an increasing sequence δ^+_n > 0, n ≥ 1, such that τ^+ + δ^−_n < θ^+_1 , τ^+ − δ^+_n > θ_1 and τ^+ − δ^+_n → θ_1 as n → +∞. We also introduce the following sets in C

W = {t ∈ C^∗/ arg(t) ∈ (θ^−_1 , θ^+_1 ), t ≠ ke^{iθ1} , ∀k ∈ N },

W^+ = {t ∈ W/ arg(t) ∈ (θ_1, θ_1+)} , W^− = {t ∈ W/ arg(t) ∈ (θ^−_1 , θ_1)}. We consider the following Cauchy problems

(44) ∂^S_z W^−(t^2, z) =

S−1∑

k_1=0

h_{k1} (t^2)

∫_t 0 ∫_{t1} 0 H^−_{k1} ((t_1 − t_2)^2, z)∂^{k1}_z W^−(t^2, z)dt_2dt_1

with initial conditions

(45) (∂^j_z W^−)(t^2, 0) = W^−_j (t^2) , 0 ≤ j ≤ S − 1. and (46) ∂^S_z W^+(t^2, z) =

S−1∑

k_1=0

h_{k1} (t^2)

∫_t 0 ∫_{t1} 0 H^+_{k1} ((t_1 − t_2)^2, z)∂^{k1}_z W^+(t^2, z)dt_2dt_1

with initial conditions

(47) (∂^j_z W^+)(t^2, 0) = W^+_j (t^2) , 0 ≤ j ≤ S − 1.

We make the following assumptions.

(h1’) For all 0 ≤ j ≤ S − 1, the function W^−_j (t) (resp. W^+_j (t)) is holomorphic on S_{2τ −,2δ}−_n ∪ D_1 and continuous on S̄_{2τ −,2δ}−_n ∪D̄_1 (resp. holomorphic on S_{2τ +,2δ}+_n ∪D_1 and continuous on S̄_{2τ +,2δ}+_n ∪ D̄_1) for all n ≥ 1. Moreover, for 0 ≤ j ≤ S − 1, all n ≥ 1, the function t → W^−_j (t2) belong to A_{τ −,δ}−_{n ,ν} and the function t → W^+_j (t^2) belong to A_{τ +,δ}+_{n ,ν} . We assume that W^−_j (t) = W^+_j (t) for all t ∈ D_1, for all 0 ≤ j ≤ S − 1.

For every fixed θ ∈ (θ^−_1 , θ_1), consider the function W^−_{j,θ}(r) = W^−_j (r^2e^{2iθ}) defined on [0, +∞). As a result, the function r → W^−_{j,θ}(r) is a continuous function from [0, +∞) into C. Moreover, we have sup r∈[0,∞)

|W^−_{j,θ}(r)|e^{−νr} < +∞.

In particular, from the proposition 2, the function r → W^−_{j,θ}(r) belong to the Banach space D^′_ν′ for any ν^′ > ν.

For every fixed θ ∈ (θ_1, θ^+_1 ), consider the function W^+_{j,θ}(r) = W^+_j (r^2e^{i2θ}) defined on [0, +∞). As a result, the function r → W^+_{j,θ}(r) is a continuous function from [0, +∞) into C. Moreover, we have sup r∈[0,∞)

|W^+_{j,θ}(r)|e^{−νr} < +∞.

In particular, from the proposition 2, the function r → W^+_{j,θ}(r) belong to the Banach space D^′_ν′ for any ν^′ > ν. We make the following assumption.

We take ν^′ > ν such that ν^′e^{1−ν′} < 1. There exist staircase distributions W^−_{j,θ1} (r), W^+_{j,θ1} (r) ∈ D^′_ν′ such that a) lim θ→θ_1,θ<θ_1

||W^−_{j,θ}(r) − W^−_{j,θ1} (r)||_ν′_{,d} = 0 b) lim θ→θ_1,θ>θ_1

||W^+_{j,θ}(r) − W^+_{j,θ1} (r)||_ν′_{,d} = 0.

In particular, from the proposition 6, for 0 ≤ j ≤ S − 1, the distribution W^+_{j,θ1} (r) − W^−_{j,θ1} (r) defines a hyperfunction on the half-line R_+e^{iθ1} = {t ∈ C^∗ : t = re^{iθ1} , r > 0}. (h2’) For all 0 ≤ k_1 ≤ S − 1, H^−_{k1} (t^2, z) = ∑ q≥0 H^−_{k1,q}(t^2)z^q

are convergent series in z on a disc D_{R1} with coefficients t → H^−_{k1,q}(t^2), q ≥ 0, that belong to A_{τ −,δ}−_{n ,ν} such that the function H^−_{k1,q}(t) is holomorphic on S_{2τ −,2δ}−_n ∪ D_1 and continuous on S̄_{2τ −,2δ−n} ∪ D̄_1, for all n ≥ 1. For all 0 ≤ k_1 ≤ S − 1,

H^+_{k1} (t^2, z) = ∑ q≥0 H^+_{k1,q}(t^2)z^q

are convergent series in z on a disc D_{R1} with coefficients t → H^+_{k1,q}(t^2), q ≥ 0, that belong to A_{τ +,δ}+_{n ,ν} such that the function H^+_{k1,q}(t) is holomorphic on S_{2τ +,2δ}+_n ∪ D_1 and continuous on S̄_{2τ +,2δ+n} ∪ D̄_1, for all n ≥ 1. We assume that H^−_{k1} (t, z) = H^+_{k1} (t, z) for all (t, z) ∈ D_1 × D_{R1} , for all 0 ≤ k_1 ≤ S − 1.

In particular, for 0 ≤ k_1 ≤ S − 1, the function (t, z) → H^−_{k1} (t^2, z) (resp. (t, z) → H^+_{k1} (t^2, z)) is holomorphic on the domain W^− × D_{R1} (resp. W^+ × D_{R1} ).

Let D_{τ −,τ +,δ}−_{n ,δ}+_{n ,ν} be the open maximal domain on which the functions |H|^{τ −,δ−n ,ν}_{k1} (z) and |H|^{τ +,δ+n ,ν}

k_1 (z), 0 ≤ k1 ≤ S − 1, are holomorphic. We make the following assumption

D_{R1} ⊂ ⋂ n≥1 D_{τ −,τ +,δ}−_{n ,δ}+_{n ,ν} .

For every fixed θ ∈ (θ^−_1 , θ_1), consider the function H^−_{k1,θ}(r, z) = H^−_{k1} (r^2e^{2iθ}, z) with expansion

H^−_{k1,θ}(r, z) = ∑ q≥0 H^−_{k1,θ,q}(r)z^q.

As a result, from the proposition 2, H^−_{k1,θ}(r, z) is a convergent series in the variable z ∈ D_{R1} with values in D^′_ν′ .

For every fixed θ ∈ (θ_1, θ^+_1 ), consider the function H^+_{k1,θ}(r, z) = H^+_{k1} (r^2e^{2iθ}, z) with expansion

H^+_{k1,θ}(r, z) = ∑ q≥0 H^+_{k1,θ,q}(r)z^q.

As a result, from the proposition 2, H^+_{k1,θ}(r, z) is a convergent series in the variable z ∈ D_{R1} with values in D^′_ν′ .

We make the following assumption. There exist staircase distributions H^−_{k1,θ1,q}(r) and H^+_{k1,θ1,q}(r) in D^′_ν′ , q ≥ 0, such that, if we put

H^−_{k1,θ1} (r, z) = ∑ q≥0 H^−_{k1,θ1,q}(r)z^q , H^+_{k1,θ1} (r, z) = ∑ q≥0 H^+_{k1,θ1,q}(r)z^q

we have a) For θ ∈ (θ^−_1 , θ_1), the series

|H^−_{k1,θ} − H^−_{k1,θ1} |^{ν′,d}(R_2) = ∑ q≥0 ||H^−_{k1,θ,q}(r) − H^−_{k1,θ1,q}(r)||_ν′_{,d}R^q_2

satisfies lim θ→θ_1,θ<θ_1

|H^−_{k1,θ} − H^−_{k1,θ1} |^{ν′,d}(R_2) = 0.

b) For θ ∈ (θ_1, θ^+_1 ), the series

|H^+_{k1,θ} − H^+_{k1,θ1} |^{ν′,d}(R_2) = ∑ q≥0 ||H^+_{k1,θ,q}(r) − H^+_{k1,θ1,q}(r)||_ν′_{,d}R^q_2

satisfies lim θ→θ_1,θ<θ_1

|H^+_{k1,θ} − H^+_{k1,θ1} |^{ν′,d}(R_2) = 0.

(h3’) For 0 ≤ k_1 ≤ S −1, the function t → h_{k1} (t) is holomorphic and bounded on S̄_{2θ1,2(θ}+_{1 −θ1)} ∪ D̄_1, so that the function t → h_{k1} (t2) is holomorphic and bounded on S̄_{θ1,(θ+1 −θ1)} ∪ D̄_1. For every fixed θ ∈ (θ^−_1 , θ^+_1 ), we consider the function h_{k1,θ}(r) = h_{k1} (r^2e^{2iθ}) which is in particular a bounded C^∞−function on R_+ with values in C. We make the following assumptions. i) There exist μ, κ > 1/ν^′ such that for all 0 ≤ k_1 ≤ S − 1, h_{k1,θ}(r) are C^∞−functions on R_+ such that |h^{(q)}_{k1,θ}(r)| ≤ C_{k1} q! (κ(r + μ))^{1+q} , for a C_{k1} > 0, for all q ≥ 0, all r ∈ R_+ and all θ ∈ (θ^−_1 , θ^+_1 ).

ii) For all θ ∈ (θ^−_1 , θ^+_1 )) and 0 ≤ k_1 ≤ S − 1, one can choose a constant C_{k1,θ1,θ} > 0 such that

|h^{(q)}_{k1,θ1} (r) − h^{(q)}_{k1,θ}(r)| ≤ C_{k1,θ1,θ} q! (κ(r + μ))^{1+q} , for all q ≥ 0 and all r ∈ R_+, with the additional property that

lim_{θ→θ1} C_{k1,θ1,θ} = 0.

7.2 Hyperfunctions solutions for the Cauchy problems in D^′_ν From the hypotheses (h1’), (h2’), (h3’), the proposition 10 shows that the unique solution (t, z) → W^−(t^2, z) = ∑ k≥0 W^−_k (t^2)z^k/k! of the Cauchy problem (44), (45) and the unique solution (t, z) → W^+(t^2, z) = ∑ k≥0 W^+_k (t^2)z^k/k! of the Cauchy problem (46), (47) are convergent series in z ∈ D_{R1} with coefficients t → W^−_k (t^2) (resp. t → W^+_k (t^2)) belonging to the spaces A_{τ −,δ}−_{n ,ν} (resp. A_{τ +,δ}+_{n ,ν} ), for all n ≥ 1.

In particular, the function (t, z) → W^−(t^2, z) is holomorphic on the domain W^− × D_{R1} and the function (t, z) → W^+(t^2, z) is holomorphic on the domain W^+ × D_{R1} .

For every fixed θ ∈ (θ^−_1 , θ_1), we consider the function V^−_θ (r, z) defined on [0, +∞) × D_{R1} by V^−_θ (r, z) = W^−(r^2e^{2iθ}, z). We expand V^−_θ (r, z) = ∑ k≥0 V^−_{k,θ}(r)z^k/k!. As a result, the functions r → V^−_{k,θ}(r) are continuous functions from [0, +∞) into C. Moreover, we have sup r∈[0,∞)

|V^−_{k,θ}(r)|e^{−νr} < +∞.

For every fixed θ ∈ (θ_1, θ^+_1 ), we consider the function V^+_θ (r, z) defined on [0, +∞) × D_{R1} by V^+_θ (r, z) = W^+(r^2e^{2iθ}, z). We expand V^+_θ (r, z) = ∑ k≥0 V^+_{k,θ}(r)z^k/k!. As a result, the functions r → V^+_{k,θ}(r) are continuous functions from [0, +∞) into C. Moreover, we have sup r∈[0,∞)

|V^+_{k,θ}(r)|e^{−νr} < +∞.

In particular, from the proposition 2, the functions r → V^−_{k,θ}(r) and r → V^+_{k,θ}(r), k ≥ 0, belong to the Banach space D^′_ν′ for any ν^′ > ν, and V^−_θ (r, z) and V^+_θ (r, z) are convergent series in the variable z with values in D^′_ν′ for any ν^′ > ν.

In the following proposition, we study tangential limit properties in D^′_ν′ of the solutions W^−(t^2, z) and W^+(t^2, z).

Proposition 11 Let the assumptions (h1’), (h2’), (h3’) hold. Then, there exist series

V^−_{θ1} (r, z) = ∑ k≥0 V^−_{k,θ1} (r) z^k k! , V^+_{θ1} (r, z) = ∑ k≥0 V^+_{k,θ1} (r) z^k k! which are convergent in z on a neighborhood of the origin in C with values in D^′_ν with the following property. There exists R_3 > 0 small enough such that a) lim θ→θ_1,θ<θ_1 +∞∑ k=0 ||V^−_{k,θ}(r) − V^−_{k,θ1} (r)||_ν′_{,d}

R^k_3 k! = 0 and b) lim θ→θ_1,θ>θ_1 +∞∑ k=0 ||V^+_{k,θ}(r) − V^+_{k,θ1} (r)||_ν′_{,d}

R^k_3 k! = 0.

Proof For every fixed θ ∈ (θ^−_1 , θ_1), the series V^−_θ (r, z) satisfies the following Cauchy problem

(48) ∂^S_z V^−_θ (r, z) =

S−1∑

k_1=0

h_{k1,θ}(r)e^{2iθ}

∫_r 0 ∫_{r1} 0 H^−_{k1,θ}(r_1 − r_2, z)∂^{k1}_z V^−_θ (r_2, z)dr_2dr_1

with initial conditions

(49) (∂^j_z V^−_θ )(r, 0) = W^−_{j,θ}(r) , 0 ≤ j ≤ S − 1.

and for every fixed θ ∈ (θ_1, θ^+_1 ), the series V^+_θ (r, z) satisfies the following Cauchy problem

(50) ∂^S_z V^+_θ (r, z) =

S−1∑

k_1=0

h_{k1,θ}(r)e^{2iθ}

∫_r 0 ∫_{r1} 0 H^+_{k1,θ}(r_1 − r_2, z)∂^{k1}_z V^+_θ (r_2, z)dr_2dr_1 with initial conditions

(51) (∂^j_z V^+_θ )(r, 0) = W^+_{j,θ}(r) , 0 ≤ j ≤ S − 1.

Under the assumptions (h1’), (h2’), (h3’), the proposition 9 shows that the Cauchy problem (48) and (49) in the space D^′_ν′ also make sense for θ = θ_1. Let

V^−_{θ1} (r, z) = ∑ k≥0 V^−_{k,θ1} (r) z^k k! its solution which is convergent in the variable z ∈ D_{R2} , R_2 > 0 small enough, with coefficients in D^′_ν′ . Likewise, the Cauchy problem (50) and (51) in the space D^′_ν′ also make sense for θ = θ_1. Let V^+_{θ1} (r, z) = ∑ k≥0 V^+_{k,θ1} (r) z^k k! its solution which is convergent in the variable z ∈ D_{R2} , R_2 > 0 small enough, with coefficients in D^′_ν′ .

In the following, we will show that there exists R_3 > 0 small enough such that a) lim θ→θ_1,θ<θ_1 +∞∑ k=0 ||V^−_{k,θ}(r) − V^−_{k,θ1} (r)||_ν′_{,d}

R^k_3 k! = 0 and b) lim θ→θ_1,θ>θ_1 +∞∑ k=0 ||V^+_{k,θ}(r) − V^+_{k,θ1} (r)||_ν′_{,d}

R^k_3 k! = 0.

We will make the proof only for the first limit a). The proof of the limit b) goes the same lines and will not be detailed.

For every fixed θ ∈ (θ^−_1 , θ_1), we denote by V^−_{θ1,θ}(r, z) = V^−_{θ1} (r, z) − V^−_θ (r, z) and we will also use the notations

h_{k1,θ1,θ}(r) = e^{2iθ1} h_{k1,θ1} (r) − e^{2iθ}h_{k1,θ}(r) = (e^{2iθ1} − e^{2iθ})h_{k1,θ1} (r) + e^{2iθ}(h_{k1,θ1} (r) − h_{k1,θ}(r)) and H^−_{k1,θ1,θ}(r, z) = H^−_{k1,θ1} (r, z) − H^−_{k1,θ}(r, z).

The function r → V^−_{θ1,θ}(r, z) satisfies the following Cauchy problem

(52) ∂^S_z V^−_{θ1,θ}(r, z) = A_{r,z,θ,θ1} + D^1_{r,z,θ,θ1} + D^2_{r,z,θ,θ1}

where A_{r,z,θ,θ1} =

S−1∑

k_1=0

h_{k1,θ}(r)e^{2iθ}

∫_r 0 ∫_{r1} 0 H^−_{k1,θ}(r_1 − r_2, z)∂^{k1}_z V^−_{θ1,θ}(r_2, z)dr_2dr_1,

D^1_{r,z,θ,θ1} =

S−1∑

k_1=0

h_{k1,θ1,θ}(r)

∫_r 0 ∫_{r1} 0 H^−_{k1,θ1} (r_1 − r_2, z)∂^{k1}_z V^−_{θ1} (r_2, z)dr_2dr_1 and D^2_{r,z,θ,θ1} =

S−1∑

k_1=0

h_{k1,θ}(r)e^{2iθ}

∫_r 0 ∫_{r1} 0 H^−_{k1,θ1,θ}(r_1 − r_2, z)∂^{k1}_z V^−_{θ1} (r_2, z)dr_2dr_1, with initial conditions (53) (∂^j_z V_{θ1,θ})(r, 0) = W^−_{j,θ,θ1} (r) = W^−_{j,θ1} (r) − W^−_{j,θ}(r) , 0 ≤ j ≤ S − 1. We consider now the Cauchy problem (52), (53) as a Cauchy problem of the form (27), (28). Indeed, from the assumptions (h1’), (h2’), (h3’), we see that the hypotheses (d1), (d2), (d3) are fulfilled for this Cauchy problem.

We put d_{θ,θ1} (r, z) = D^1_{r,z,θ,θ1} + D^2_{r,z,θ,θ1} . We expand d_{θ,θ1} (r, z) and H_{k1,θ}(r, z) in Taylor series in the variable z, d_{θ,θ1} (r, z) = ∑ q≥0 d_{q,θ,θ1} (r)z^q , H^−_{k1,θ}(r, z) = ∑ q≥0 H^−_{k1,θ,q}(r)z^q.

We put

w^{ν′,d}_{j,θ1,θ} = ||W^−_{j,θ,θ1} (r)||_ν′_{,d} , |d_{θ,θ1} |^{ν′,d}(z) = ∑ q≥0 ||d_{q,θ,θ1} (r)||_ν′_{,d}z^q, |H|^{ν′,d}_{k1,θ}(z) = ∑ q≥0 ||H^−_{k1,θ,q}(r)||_ν′_{,d}z^q

and |V |^{ν′,d}_θ (z) = ∑ q≥0 ||V^−_{q,θ}(r)||_ν′_{,d} z^q q! , |H|^{ν′,d}_{k1,θ,θ1} (z) = ∑ q≥0 ||H^−_{k1,θ1,q}(r) − H^−_{k1,θ,q}(r)||_ν′_{,d}z^q,

for all 0 ≤ j ≤ S − 1, 0 ≤ k_1 ≤ S − 1.

From the proposition 9, there exist R_3, C > 0 (depending on κ, μ, ν^′, C_{k1} , 0 ≤ k_1 ≤ S − 1 and sup_{θ∈(τ} −_{,θ1)} |H|^{ν′,d}_{k1,θ}(z), 0 ≤ k_1 ≤ S − 1), such that the following estimates hold +∞∑ k=0 ||V^−_{k,θ}(r) − V^−_{k,θ1} (r)||_ν′_{,d}

R^k_3 k! ≤ C(

S−1∑ j=0 w^{ν′,d}_{j,θ1,θ} + |d_{θ,θ1} |^{ν′,d}(R_2)).

for all θ ∈ (τ^−, θ_1). Now, in the last part of the proof, we show that (54) lim_{θ→θ1,θ<θ1} w^{ν′,d}_{j,θ1,θ} + |d_{θ,θ1} |^{ν′,d}(R_2) = 0, for 0 ≤ j ≤ S − 1. First of all, the assumption (h1’) says that (55) lim_{θ→θ1,θ<θ1} w^{ν′,d}_{j,θ1,θ} = 0. Moreover, for all q ≥ 0, we write d_{q,θ,θ1} (r) = d^1_{q,θ,θ1} (r) + d^2_{q,θ,θ1} (r), where

d^1_{q,θ,θ1} (r) =

S−1∑

k_1=0 ∑ q_1+q_2=q

h_{k1,θ1,θ}(r)∂^{−1}_r (H^−_{k1,θ1,q1} (r) ∗

V^−_{q2+k1,θ1} (r) q_2! ) and d^2_{q,θ,θ1} (r) =

S−1∑

k_1=0 ∑ q_1+q_2=q

h_{k1,θ}(r)e^{2iθ}∂^{−1}_r ((H^−_{k1,θ1,q1} (r) − H^−_{k1,θ,q1} (r)) ∗

V^−_{q2+k1,θ1} (r) q_2! ).

From the propositions 4, 5 and the assumption (h3’), we deduce that there exists C_{μ,κ,ν}′ > 0, such that ||d^1_{q,θ,θ1} (r)||_ν′_{,d} ≤

S−1∑

k_1=0 ∑ q_1+q_2=q

C_{μ,κ,ν}′ (|e^{iθ1} − e^{iθ}|C_{k1} + C_{k1,θ1,θ})||H^−_{k1,θ1,q1} (r)||_ν′_{,d}

||V^−_{q2+k1,θ1} (r)||_ν′_{,d} q_2! and ||d^2_{q,θ,θ1} (r)||_ν′_{,d} ≤

S−1∑

k_1=0 ∑ q_1+q_2=q

C_{μ,κ,ν}′ C_{k1} ||H^−_{k1,θ1,q1} (r) − H^−_{k1,θ,q1} (r)||_ν′_{,d}

||V^−_{q2+k1,θ1} (r)||_ν′_{,d} q_2!

for all q ≥ 0. We deduce that (56) |d^1_{θ,θ1} |^{ν′,d}(R_2) = ∑ q≥0 ||d^1_{q,θ,θ1} (r)||_ν′_{,d}(R_2)^q ≤ S−1∑

k_1=0

C_{μ,κ,ν}′ (|e^{iθ1} − e^{iθ}|C_{k1} + C_{k1,θ1,θ})|H|^{ν′,d}_{k1,θ1} (R_2)(∂^{k1}_z |V |^{ν′,d}_{θ1} )(R_2) and (57) |d^2_{θ,θ1} |^{ν′,d}(R_2) = ∑ q≥0 ||d^2_{q,θ,θ1} (r)||_ν′_{,d}(R_2)^q ≤

S−1∑

k_1=0

C_{μ,κ,ν}′ C_{k1} |H|^{ν′,d}_{k1,θ,θ1} (R_2)(∂^{k1}_z |V |^{ν′,d}_{θ1} )(R_2). From the assumption (h2’), we have lim θ→θ_1,θ<θ_1

|H|^{ν′,d}_{k1,θ,θ1} (R_2) = 0.

From the assumption (h3’), we have lim θ→θ_1,θ<θ_1

C_{k1,θ1,θ} = 0.

So that, from (56) and (57), we deduce that lim θ→θ_1,θ<θ_1

|d^1_{θ,θ1} |^{ν′,d}(R_2) + |d^2_{θ,θ1} |^{ν′,d}(R_2) = 0.

From the inequality |d_{θ,θ1} |^{ν′,d}(R_2) ≤ |d^1_{θ,θ1} |^{ν′,d}(R_2) + |d^2_{θ,θ1} |^{ν′,d}(R_2), we deduce that (58) lim_{θ→θ1,θ<θ1} |d_{θ,θ1} |^{ν′,d}(R_2) = 0 Finally, from (55) and (58), we get the result (54) and the limit a) of proposition 11 follows. � In the next theorem, we get hyperfunctions solutions for the Cauchy problems (44), (45), (46), (47).

Theorem 1 Let V^−_{θ1} (r, z) and V^+_{θ1} (r, z) be the series constructed in the proposition 11. Then, the staircase distribution V^{+−}_{θ1} (r, z) = V^+_{θ1} (r, z) − V^−_{θ1} (r, z)

defines a hyperfunction on the half-line R_+e^{iθ1} for all z ∈ D_{R3} . More precisely, if V^{+−}_{θ1} (r, z) = 0 as convergent series with coefficients in D^′_ν , then for all l ≥ 1, the function (t, z) → W^−(t, z) can be analytically continued from the domain W^− × D_{R3} into W^+ × D_{R3} across the segment (le^{iθ1} , (l + 1)e^{iθ1} ) and the function (t, z) → W^+(t, z) can be analytically continued from the domain W^+ × D_{R3} into W^− × D_{R3} across the segment (le^{iθ1} , (l + 1)e^{iθ1} ).

Proof Assume that V^{+−}_{θ1} (r, z) = 0 as convergent series with coefficients in D^′_ν . We denote by

V_{θ1} (r, z) = ∑ k≥0 V_{k,θ1} (r) z^k k! the series V^+_{θ1} (r, z) = V^−_{θ1} (r, z). Following the same arguments as in Proposition 6, one shows the following estimates.

Let l ≥ 1 and N ≥ l + 2. We have, for all r ∈ (l, l + 1), θ ∈ (θ^−_1 , θ_1), k ≥ 0,

(59) |∂^{−N}_r (V^−_{k,θ}(r)) − ∂^{−N}_r (V_{k,θ1} (r))| ≤ e^{ν′(l+1)}ν^{′1−N} ||V^−_{k,θ}(r) − V_{k,θ1} (r)||_ν′_{,d}

(60) |∂^{−N}_r (V^−_{k,θ}(r))| ≤ e^{ν′(l+1)}ν^{′1−N} ||V^−_{k,θ}(r)||_ν′_{,d}.

and for all θ ∈ (θ_1, θ^+_1 ), k ≥ 0,

(61) |∂^{−N}_r (V^+_{k,θ}(r)) − ∂^{−N}_r (V_{k,θ1} (r))| ≤ e^{ν′(l+1)}ν^{′1−N} ||V^+_{k,θ}(r) − V_{k,θ1} (r)||_ν′_{,d}

(62) |∂^{−N}_r (V^+_{k,θ}(r))| ≤ e^{ν′(l+1)}ν^{′1−N} ||V^+_{k,θ}(r)||_ν′_{,d}.

Now, for t = re^{iθ} ∈ W^− ∪ D_1, z ∈ D_{R3} and N ≥ 1, we have the expansion

∂^{−N}_t (W^−(t, z)) = ∑ k≥0 e^{iNθ}∂^{−N}_r (V^−_{k,θ}(r)) z^k k! and t = re^{iθ} ∈ W^+ ∪ D_1, z ∈ D_{R3} and N ≥ 1, we have the expansion

∂^{−N}_t (W^+(t, z)) = ∑ k≥0 e^{iNθ}∂^{−N}_r (V^+_{k,θ}(r)) z^k k! .

We define a function h_N (t, z) on the domain

D_l × D_{R3} = W^− ∪ D_1 ∪ (le^{iθ1} , (l + 1)e^{iθ1} ) ∪ W^+ × D_{R3} by

(63) h_N (t, z) =

∂^{−N}_t (W^−(t, z)) if t ∈ W^− ∪ D_1, z ∈ D_{R3} ∑ k≥0 e^{iNθ1} ∂^{−N}_r (V_{k,θ1} (r))^{zk}_{k!} if t = re^{iθ1} ∈ (le^{iθ1} , (l + 1)e^{iθ1} ), z ∈ D_{R3} ∂^{−N}_t (W^+(t, z)) if t ∈ W^+ ∪ D_1, z ∈ D_{R3}

The function h_N (t, z) is analytic on W^− ∪ W^+ ∪ D_1 × D_{R3} as iterated integrals of the analytic functions W^−(t, z), W^+(t, z). From the estimates (59), (60), (61), (62) and the limits a) and b) of Proposition 11, we deduce that the function h_N (t, z) is continuous for all t ∈ (le^{iθ1} , (l + 1)e^{iθ1} ) in D_l and holomorphic in z ∈ D_{R3} . From Lemma 3, we conclude that the function h_N (t, z) is in fact holomorphic on D_l × D_{R3} .

As a result, the function (t, z) → ∂^{−N}_t (W^−(t, z)) (resp. (t, z) → ∂^{−N}_t (W^+(t, z))) can be analytically continued across the segment (le^{iθ1} , (l + 1)e^{iθ1} ) from W^− ∪ D_1 × D_{R3} into W^+ ∪ D_1 × D_{R3} (resp. from W^+ ∪ D_1 × D_{R3} into W^− ∪ D_1 × D_{R3} ).

It follows that, for all integers l ≥ 1, the function (t, z) → W^−(t, z) (resp. (t, z) → W^+(t, z)) can be analytically continued across the segment (le^{iθ1} , (l + 1)e^{iθ1} ) from W^− ∪ D_1 × D_{R3} into W^+ ∪ D_1 × D_{R3} (resp. W^+ ∪ D_1 × D_{R3} into W^− ∪ D_1 × D_{R3} ). This gives the result. �

8 Summability of Banach spaces valued formal series

We recall the definition of Borel summability of formal series with coefficients in a Banach space, see [1].

Definition 6 A formal series

X̂(t) =^∞ ∑ j=0 a_jt^j

with coefficients in a Banach space (E, ||.||_E) is said to be k−summable with respect to t in the direction d ∈ R if

i) There exist ρ ∈ R_+ such that the following formal series, called formal Borel transform with respect to the variable t of order k,

W (t) = ∞∑ j=0 a_j t^j Γ(1 + j/k) ,

is absolutely convergent for |t| < ρ,

ii) There exists δ > 0 such that the series W (t) can be analytically continued with respect to t in a sector S_{d,δ} = {t ∈ C : |d − arg(t)| < δ}. Moreover, there exist δ_1 < δ, C > 0, and K > 0 such that ||W (t)||_E ≤ Ce^{K|t|k}

for all t ∈ S_{d,δ1} .

If this is so, the vector valued Laplace transform of order k of W (t),

X(t) = t^{−k}

∫_{∞(γ)} 0 W (τ)e^{−(τ /t)k} dτ^k,

where the integration is made along the ray arg(τ) = γ with |d − γ| < δ, is called the k−sum of the formal series X̂(t).

In the following, we associate to every formal series

X̂(t, z) = ∑ j≥0 t^j j! χ_j(z), where χ_j (z) are holomorphic functions on D_r and continuous on D̄_r, a modified Borel transform of order 1,

(B_1X̂)(t, z) = V (t, z) := ∑ j≥0 t^j (2j)!

χ_j(z)

constructed from the moment function m(u) = Γ(1 + 2u)/Γ(1 + u) for Re(u) ≥ 0, see section 5.5 of [1] for details.

The following proposition is an application of a general moment summability result, Theorem 38, page 108 in [1].

Proposition 12 The formal series X̂(t, z) is 1−summable with respect to t in direction d ∈ R with values in the Banach space of holomorphic functions on D_R and continuous on D̄_R, if

i) There exist ρ ∈ R_+ such that (B_1X̂)(t, z) is absolutely convergent for all (t, z) ∈ D_ρ × D_R.

ii) There exists δ > 0 such that the series (B_1X̂)(t, z) can be analytically continued with respect to t in a sector S_{d,δ} = {t ∈ C : |d − arg(t)| < δ}. Moreover, there exist δ_1 < δ, C > 0, and K > 0 such that sup_{z∈D̄} r |(B_1X̂)(t, z)| ≤ Ce^{K|t|}

for all t ∈ S_{d,δ1} .

Remark 1 : From Theorem 38 in [1], the 1−sum X(t, z) of X̂(t, z), defined on some finite sector S_{d,δ,ρ} where δ > π/2 and ρ > 0, can be expressed in terms of the Borel transform using a modified Laplace transform

X(t, z) =

∫_{∞(d)} 0 e(u/t)

(B_1X̂)(u, z) u du, where the kernel function e(z) satisfies the following properties : i) The function e(z) is holomorphic on S_{0,π/2}. ii) The integral

∫_{x0} 0 x^{−1}|e(xe^{iτ} )|dx exists for all x_0 > 0 and 2|τ| < π.

iii) For all δ > 0, there exist c, K > 0 such that |e(z)| ≤ C exp(−|z|/K) for 2| arg(z)| ≤ π − δ. iv) We have m(u) =

∫_∞ 0 x^{u−1}e(x)dx for Re(u) ≥ 0.

9 Solutions of irregular integro-differential equations as Laplace transform of hyperfunctions

In this section, we will assume that − √ 2i, √ 2i /∈ S̄_{θ1,θ}+_{1 −θ1} . For all 0 ≤ j ≤ S − 1, we consider holomorphic functions t → W^−_j (t) and t → W^+_j (t) which satisfy the hypotheses (h1’). For all 0 ≤ k_1 ≤ S − 1, we also consider holomorphic functions (t, z) → H^−_{k1} (t, z) and (t, z) → H^+_{k1} (t, z) satisfying the assumptions (h2’). For all ξ^− ∈ (2θ^−_1 , 2θ_1), we define the modified Laplace transform

(64) X^−_j (t) =

∫_{∞(ξ}−_) 0 W^−_j (v) e(v/t) v dv , A^−_{k1} (t, z) =

∫_{∞(ξ}−_) 0 H^−_{k1} (v, z) e(v/t) v dv which are holomorphic functions on every domain of the form S_ξ−_{,δ,ρ} × D_{R1} for 0 < δ < π/2 and any ρ > 0. But, by the Cauchy formula, these latter integrals are independent of the ray of integration ξ^− ∈ (2θ^−_1 , 2θ_1). So that X^−_j (t) and A^−_{k1} (t, z) are holomorphic on the domain S^−_ρ × D_{R1} where S^−_ρ = ∪_{ξ−∈(2θ}−_{1 ,2θ1),0<δ<π/2}S_ξ−_{,δ,ρ} for any ρ > 0. In the same way, for all ξ^+ ∈ (2θ_1, 2θ^+_1 ), we define the modified Laplace transform

(65) X^+_j (t) =

∫_{∞(ξ}+_) 0 W^+_j (v) e(v/t) v dv , A^+_{k1} (t, z) =

∫_{∞(ξ}+_) 0 H^+_{k1} (v, z) e(v/t) v dv which are holomorphic on the domain S^+_ρ × D_{R1} where S^+_ρ = ∪_{ξ+∈(2θ1,2θ}+_{1 ),0<δ<π/2}S_ξ+_{,δ,ρ}, for any ρ > 0.

We are now in position to state the main result of the paper.

Theorem 2 We consider the following two integro-differential Cauchy problems with irregular singularity at t = 0,

(66) 4t^2∂_t∂^S_z X^−(t, z) + (2t + 2)∂^S_z X^−(t, z) =

S−1∑

k_1=0

∫_t 0 A^−_{k1} (t − τ, z)∂^{k1}_z X^−(τ, z)dτ

with initial conditions

(67) (∂^j_z X^−)(t, 0) = X^−_j (t) , 0 ≤ j ≤ S − 1. and (68) 4t^2∂_t∂^S_z X^+(t, z) + (2t + 2)∂^S_z X^+(t, z) =

S−1∑

k_1=0

∫_t 0 A^+_{k1} (t − τ, z)∂^{k1}_z X^+(τ, z)dτ

with initial conditions

(69) (∂^j_z X^+)(t, 0) = X^+_j (t) , 0 ≤ j ≤ S − 1.

Then, the problem (66), (67) has a unique solution X^−(t, z) which is holomorphic on the domain S^−_ρ × D_{R1} and the problem (68), (69) has a unique solution X^+(t, z) which is holomorphic on the domain S^+_ρ × D_{R1} , for any ρ > 0.

Moreover, there exists R_3 > 0 and δ_{θ1} > 0 such that for all t ∈ S_{2θ1,δθ1 ,ρ}, ρ > 0, and z ∈ D_{R3} , the Stokes transition function X^+(t, z) − X^−(t, z) can be expressed as generalized Laplace transform in direction 2θ_1 of an hyperfunction V^{+−}_{θ1} (r, z) as constructed in Theorem 1,

X^+(t, z) − X^−(t, z) = ∑ k≥0 L_{2θ1} (V^+_{θ1,k} − V^−_{θ1,k})(t) z^k k! .

Proof Let

W^−_j (t) = W^+_j (t) = W_j (t) = +∞∑ k=0 w_{j,k} (2k)!

t^k , H^−_{k1} (t, z) = H^+_{k1} (t, z) = H_{k1} (t, z) = +∞∑ k=0 h_{k1,k}(z) (2k)!

t^k

be the Taylor expansions of W^−_j (t), W^+_j (t) and H^−_{k1} (t, z), H^+_{k1} (t, z) for |t| < 1. We introduce the formal series X̂_j(t) = +∞∑ k=0 w_{j,k} k! t^k , Â_{k1} (t, z) = +∞∑ k=0 h_{k1,k}(z) k! t^k.

Lemma 8 The formal series X̂(t, z) = ∑ k≥0 w_k(z) k! t^k,

where w_k(z), k ≥ 0, are holomorphic functions on a disc D_{R1} continuous on D̄_{R1} , satisfies the formal Cauchy problem

(70) 4t^2∂_t∂^S_z X̂(t, z) + (2t + 2)∂^S_z X̂(t, z) =

S−1∑

k_1=0

∫_t 0 Â_{k1} (t − τ, z)∂^k1_z X̂(τ, z)dτ

with initial conditions (71) (∂^j_zX̂)(t, 0) = X̂_j (t) , 0 ≤ j ≤ S − 1.

if and only if its associated modified Borel transform of order 1, (t, z) → W(t^2, z) = (B_1X̂)(t^2, z) satisfies the Cauchy problem

(72) ∂^S_z W(t^2, z) =

S−1∑

k_1=0 1 t^2 + 2

∫_t 0 ∫_{t1} 0 H_{k1} ((t_1 − t_2)^2, z)∂^{k1}_z W(t^2, z)dt_2dt_1,

with initial conditions (73) (∂^j_z W)(t^2, 0) = W_j(t^2) = (∂^j_z B_1X̂)(t^2, 0) , 0 ≤ j ≤ S − 1. for all (t, z) ∈ D_1 × D_{R1} .

Proof From the classical identity ∫_t 0 (t − τ)^{m1} τ^{m2} dτ = m_1!m_2!

(1 + m_1 + m_2)!

t^{m1+m2+1},

for m_1, m_2 ≥ 0, we get ∫_t 0 Â_{k1} (t − τ, z)X̂(τ, z)dτ = ∑ k≥1 ( ∑ q_1+q_2=k−1

h_{k1,q1} (z)w_{q2} (z)) t^k k! and also if W(t, z) = ∑ k≥0 w_k(z)t^k/(2k)!, ∫_t 0 ∫_{t1} 0 H_{k1} ((t_1 − τ)^2, z)W(τ^2, z)dτdt_1 = ∑ k≥1 ( ∑ q_1+q_2=k−1

h_{k1,q1} (z)w_{q2} (z)) t^{2k} (2k)! . On the other hand,

(4t^2∂_t + 2t)X̂(t, z) = ∑ k≥0 (2k)(2k − 1)w_{k−1}(z) t^k k! and t^2W(t^2, z) = ∑ k≥0 (2k)(2k − 1)w_{k−1}(z) t^{2k} (2k)! , which yields the result. �

From the proposition 10, we see that the Cauchy problem

(74) ∂^S_z W^−(t^2, z) =

S−1∑

k_1=0 1 t^2 + 2

∫_t 0 ∫_{t1} 0 H^−_{k1} ((t_1 − t_2)^2, z)∂^{k1}_z W^−(t^2, z)dt_2dt_1,

with initial conditions

(75) (∂^j_z W^−)(t^2, 0) = W^−_j (t^2) , 0 ≤ j ≤ S − 1.

has a unique solution (t, z) → ∑ k≥0 W^−(t^2, z) = ∑ k≥0 W^−_k (t^2)z^k/k! which is a convergent series in z ∈ D_{R1} with coefficients t → W^−_k (t^2) belonging to the spaces A_{τ −,δ}−_{n ,ν}, for all n ≥ 1. Likewise, from the proposition 10, the Cauchy problem

(76) ∂^S_z W^+(t^2, z) =

S−1∑

k_1=0 1 t^2 + 2

∫_t 0 ∫_{t1} 0 H^+_{k1} ((t_1 − t_2)^2, z)∂^{k1}_z W^+(t^2, z)dt_2dt_1,

with initial conditions

(77) (∂^j_z W^+)(t^2, 0) = W^+_j (t^2) , 0 ≤ j ≤ S − 1.

has a unique solution (t, z) → ∑ k≥0 W^+(t^2, z) = ∑ k≥0 W^+_k (t^2)z^k/k! which is a convergent series in z ∈ D_{R1} with coefficients t → W^−_k (t^2) belonging to the spaces A_{τ −,δ}−_{n ,ν} , for all n ≥ 1.

We deduce that the condition i) of Proposition 12 is satisfied for the function W(u, z) = W^−(u, z) = W^+(u, z) for (u, z) ∈ D_1 × D_{R1} . Moreover, the condition ii) of Proposition 12 is satisfied for the analytic continuation (u, z) → W^−(u, z) (resp. (u, z) → W^+(u, z)) of W(u, z) with respect to u in the direction ξ^− ∈ (2θ^−_1 , 2θ_1) (resp. ξ^+ ∈ (2θ_1, 2θ^+_1 )).

So that the formal series X̂(t, z) = ∑ k≥0 w_k(z)t^k/k! solution of the formal Cauchy problem (70), (71), is 1−summable in directions ξ^− and ξ^+ as formal series in the Banach space of holomorphic functions on D_{R2} , R_2 < R_1 and continuous on D̄_{R2} . We denote by X^−(t, z) the 1−sum in the direction ξ^− and X^+(t, z) the 1−sum in the direction ξ^+. From the remark 1, the 1−sums can be expressed as integral operators with kernel z → e(z), with the change of variable v = u^2, (78)

X^−(t, z) = 2

∫_{∞(ξ}−_{/2)} 0 W^−(u^2, z) e(u^2/t) u du , X^+(t, z) = 2

∫_{∞(ξ}+_{/2)} 0 W^+(u^2, z) e(u^2/t) u du. In the same manner, the condition i) of Proposition 12 is satisfied for the function H_{k1} (u, z) = H^−_{k1} (u, z) = H^+_{k1} (u, z) for (u, z) ∈ D_1 × D_{R1} . Moreover, the condition ii) of Proposition 12 is satisfied for the analytic continuation (u, z) → H^−_{k1} (u, z) (resp. (u, z) → H^+_{k1} (u, z)) of H_{k1} (u, z) with respect to u in the direction ξ^− (resp. ξ^+).

So that the formal series Â_{k1} (t, z) = ∑ k≥0 h_{k1,k}(z)t^k/k! is 1−summable in directions ξ^− and ξ^+ as formal series in the Banach space of holomorphic functions on D_{R2} , R_2 < R_1 and continuous on D̄_{R2} . We denote by A^−_{k1} (t, z) the 1−sum in the direction ξ^− and A^+_{k1} (t, z) the 1−sum in the direction ξ^+. From the remark 1, the 1−sums can be expressed as an integral operator involving the kernel function z → e(z) as in (64) and (65).

From the general summability theory, see [1], chapter 6.3, we deduce that the 1−sums X^−(t, z) satisfy the problem (66), (67) and X^+(t, z) satisfy the problem (68), (69).

In the second part of the proof, we show that each 1−sums X^−(t, z) and X^+(t, z) can be expressed as generalized Laplace transform of staircase distributions.

For all ξ^− ∈ (2θ^−_1 , 2θ_1), 0 < δ < π/2, ρ > 0, t ∈ S_ξ−_{,δ,ρ}, z ∈ D_{R2} ,

X^−(t, z) = 2

∫_{+∞} 0 W^−(r^2e^{iξ−} , z) e(r^2e^{iξ−} /t) r dr = ∑ k≥0 L_ξ− (V^−_{k,ξ−/2}(r))(t) z^k k! . We choose 0 < δ_{θ1} < δ. Then, for all T ∈ S_{2θ1,δθ1 ,ρ}, z ∈ D_{R2} ,

(79) X^−(T e^{i(ξ−−2θ1)}, z) = ∑ k≥0 L_{2θ1} (V^−_{k,ξ−/2}(r))(T ) z^k k! . Now, for all T ∈ S_{2θ1,δθ1 ,ρ}, z ∈ D_{R3} , R_3 > 0 and δ_{θ1} > 0, small enough, we have

(80) lim

ξ^−→2θ_1,ξ^−<2θ_1 ∑ k≥0 L_{2θ1} (V^−_{k,ξ−/2}(r))(T ) z^k k! = ∑ k≥0 L_{2θ1} (V^−_{k,θ1} (r))(T ) z^k k! . Indeed, from the proposition 7, we have a constant C > 0 depending on S_{2θ1,δθ1 ,ρ} such that | ∑ k≥0 L_{2θ1} (V^−_{k,ξ−/2}(r))(T ) z^k k! − ∑ k≥0 L_{2θ1} (V^−_{k,θ1} (r))(T ) z^k k! | ≤ CM_ξ−_{,θ1,R3}

where M_ξ−_{,θ1,R3} = ∑ k≥0 ||V^−_{k,ξ−/2}(r) − V^−_{k,θ1} (r)||_ν′_{,d}

(R_3)^k k! . On the other hand, the conditions (h1’) and (h2’) are satisfied for the Cauchy problems (74), (75) and (76), (77). Moreover, using the Cauchy formula, we see that the function t → 1/(t^2 +2) satisfies the condition (h3’). From the proposition 11 a), we get that lim_ξ−_{→2θ1} M_ξ−_{,θ1,R3} = 0. So that (80) holds.

From (79) and (80), we deduce that

X^−(T, z) = ∑ k≥0 L_{2θ1} (V^−_{k,θ1} (r))(T ) z^k k! , for all T ∈ S_{2θ1,δθ1 ,ρ}, z ∈ D_{R3} . Likewise, one can show with similar arguments that

X^+(T, z) = ∑ k≥0 L_{2θ1} (V^+_{k,θ1} (r))(T ) z^k k! , for all T ∈ S_{2θ1,δθ1 ,ρ}, z ∈ D_{R3} . So that

X^+(T, z) − X^−(T, z) = ∑ k≥0 L_{2θ1} (V^+_{θ1,k} − V^−_{θ1,k})(T ) z^k k! , for all T ∈ S_{2θ1,δθ1 ,ρ}, z ∈ D_{R3} .

From the theorem 1, we get moreover that the staircase distribution V^{+−}_{θ1} (r, z) = V^+_{θ1} (r, z) − V^−_{θ1} (r, z) defines a hyperfunction on the half-line R_+e^{iθ1} for all z ∈ D_{R3} .

Finally, for all t ∈ S_{2θ1,δθ1 ,ρ} and z ∈ D_{R3} , the Stokes transition function X^+(t, z) − X^−(t, z) can be expressed as generalized Laplace transform in direction 2θ_1 of the hyperfunction V^{+−}_{θ1} (r, z), which gives the result. �

References

[1] W. Balser, Formal power series and linear systems of meromorphic ordinary differential equations, Springer-Verlag, New-York, 2000.

[2] B. Braaksma, R. Kuik, Resurgence relations for classes of differential and difference equations. Ann. Fac. Sci. Toulouse Math. (6) 13 (2004), no. 4, 479–492.

[3] B. Candelpergher Une introduction à la résurgence. Gaz. Math. No. 42 (1989), 36–64.

[4] O. Costin, On Borel summation and Stokes phenomena for rank-1 nonlinear systems of ordinary differential equations, Duke Math. J. 93 (2) : 289-344, 1998.

[5] O. Costin, S. Tanveer, Existence and uniqueness for a class of nonlinear higher-order partial differential equations in the complex plane. Comm. Pure Appl. Math. 53 (2000), no. 9, 1092– 1117.

[6] O. Forster, Lectures on Riemann surfaces. Graduate Texts in Mathematics, 81. Springer- Verlag, New York-Berlin, 1981.

[7] L. Hörmander, The analysis of linear partial differential operators. I. Distribution theory and Fourier analysis. Second edition. Springer Study Edition. Springer-Verlag, Berlin, 1990.

[8] G.K. Immink, Multisummability and the Stokes phenomenon. J. Dynam. Control Systems 1 (1995), no. 4, 483–534.

[9] A. Kaneko, Introduction to hyperfunctions. Translated from the Japanese by Y. Yamamoto.

Mathematics and its Applications (Japanese Series), 3. Kluwer Academic Publishers Group, Dordrecht; SCIPRESS, Tokyo, 1988.

[10] H. Komatsu, Solution of differential equations by means of Laplace hyperfunctions. Structure of solutions of differential equations (Katata/Kyoto, 1995), 227–252, World Sci. Publ., River Edge, NJ, 1996.

[11] R. Kuik, Transseries in difference and differential equations, Thesis, Rijksuniversiteit Groningen, 2003.

[12] S. Lang, Complex analysis. Third edition. Graduate Texts in Mathematics, 103. Springer- Verlag, New York, 1993.

[13] B. Malgrange, Sommation des séries divergentes. Exposition. Math. 13 (1995), no. 2-3, 163–222.

[14] J.-P. Ramis, Dévissage Gevrey. Journées Singulières de Dijon (Univ. Dijon, Dijon, 1978), pp. 4, 173–204, Astérisque, 59-60, Soc. Math. France, Paris, 1978.

[15] W. Rudin, Functional analysis. Second edition. International Series in Pure and Applied Mathematics. McGraw-Hill, Inc., New York, 1991.