SELF-ADJOINT EXTENSIONS OF THE LAPLACIAN AND KREIN-TYPE RESOLVENT FORMULAS IN NONSMOOTH DOMAINS

FRITZ GESZTESY AND MARIUS MITREA

Dedicated to the memory of M. Sh. Birman (1928–2009)

Abstract. This paper has two main goals. First, we are concerned with the classification of self-adjoint extensions of the Laplacian −Δ ˛ ˛_{C∞0 (Ω)} in L2(Ω; dnx). Here, the domain Ω belongs to a subclass of bounded

Lipschitz domains (which we term quasi-convex domains), which contain all convex domains, as well as all domains of class C^{1,r} , for r ∈ (1/2, 1). Second, we establish Krein-type formulas for the resolvents of the various self-adjoint extensions of the Laplacian in quasi-convex domains and study the properties of the corresponding Weyl–Titchmarsh operators (or energy-dependent Dirichlet-to-Neumann maps).

One significant technical innovation in this paper is an extension of the classical boundary trace theory for functions in spaces which lack Sobolev regularity in a traditional sense, but are suitably adapted to the Laplacian.

Contents

1. Introduction 1 2. Sobolev Spaces in Lipschitz and C^{1,r} Domains 6 3. The Dirichlet and Neumann Trace Operators in Lipschitz Domains 9 4. Boundary Layer Potential Operators in Lipschitz Domains 12 5. Dirichlet and Neumann Boundary Value Problems in Lipschitz Domains 13 6. Higher-Order Smoothness Spaces on Lipschitz Surfaces 16 7. The Minimal and Maximal Laplacians on Lipschitz Domains 22 8. The Class of Quasi-Convex Domains 23 9. The Friedrichs and Krein–von Neumann Extensions: Some Abstract Results 30 10. Trace Operators and Boundary Value Problems on Quasi-Convex Domains 33 11. Dirichlet-to-Neumann Operators on Quasi-Convex Domains 38 12. The Regularized Neumann Trace Operator on Quasi-Convex Domains 39 13. The Krein Laplacian in Quasi-Convex Domains 41 14. Self-adjoint Extensions with the Dirichlet Laplacian as Reference Operator 42 15. Self-Adjoint Extensions with the Neumann Laplacian as Reference Operator 47 16. Krein-Type Resolvent Formulas 52 References 63

1. Introduction

One fundamental problem, with far-reaching implications in functional analysis, spectral theory, mathematical physics, etc., is that of characterizing all self-adjoint extensions of a given symmetric, densely defined, closed, unbounded operator S in a separable, complex Hilbert space H. Historically, J. von Neumann pioneered the theory of self-adjoint extensions of densely defined, closed symmetric operators. Interestingly in [127], he was also the first to produce what we now call the Krein–von-Neumann self-adjoint extension of a given densely defined and strictly positive operator S. The construction of this extension in the general case, where the underlying densely defined operator S is only nonnegative, was given by M. Krein [75] in 1947. Krein’s construction turned out to be extremal among all nonnegative self-adjoint extensions in the following sense: A second distinguished extension had earlier been found by K. Friedrichs (cf. [48]) in 1934, and Krein (cf. [75]) proved in 1947 that all other nonnegative self-adjoint extensions of S necessarily lie in between the Krein–von-Neumann and Friedrichs extensions in the sense of order between semibounded self-adjoint operators in H (cf., the comments surrounding (9.1)), illustrating the extremal roles played by these two extensions.

Date: July 12, 2009.

2000 Mathematics Subject Classification. Primary: 35J10, 35J25, 35Q40; Secondary: 35P05, 47A10, 47F05. Key words and phrases. Multi-dimensional Schrödinger operators, bounded Lipschitz domains, Dirichlet-to-Neumann maps, self-adjoint extensions of the Laplacian, Krein-type resolvent formulas.

Based upon work partially supported by the US National Science Foundation under Grant Nos. DMS-0400639 and FRG- 0456306. 1

Building on the earlier work of Birman, Vishik, and Lions-Magenes, G. Grubb in [60] characterized all selfadjoint extensions of the minimal realization of a symmetric properly elliptic even-order differential operator in L^2(Ω; d^nx). Actually, the results in [60] also cover the non-symmetric case (cf. also [61] for related results), but in this paper we will focus on the symmetric case. The setting in [60] is that of a differential operator of order 2m, m ∈ N, Au = � |α|≤2m

a_α(x)∂^αu, (1.1)

whose coefficients belong to C^∞(Ω), and where Ω ⊂ R^n is a bounded C^∞ domain. In addition, for some of the results derived in [60] it is assumed that A is symmetric, that is,

(Au, v)_L2_{(Ω;d}n_{x)} = (u, Av)_L2_{(Ω;d}n_{x)}, u, v ∈ C^∞_0 (Ω), (1.2) has a strictly positive lower bound, that is, there exists κ_0 > 0 such that (Au, u)_L2_{(Ω;d}n_{x)} ≥ κ_0 ‖u‖^2_L2_{(Ω;d}n_{x)}, u ∈ C^∞_0 (Ω), (1.3)

and is strongly elliptic, in the sense that there exists κ_1 > 0 such that

a^0(x, ξ) := � |α|=2m

a_α(x)(iξ)^α ≥ κ_1 |ξ|^{2m}, x ∈ Ω, ξ ∈ R^n. (1.4)

Denote by A_{min,Ω}, A_{max,Ω}, and A_{c,Ω}, respectively, the L^2(Ω; d^nx)-realizations of A with domains

dom(A_{min,Ω}) := H^{2m}_0 (Ω), dom(A_{c,Ω}) := C^∞_0 (Ω), (1.5)

dom(A_{max,Ω}) := � u ∈ L^2(Ω; d^nx) � � Au ∈ L^2(Ω; d^nx)�, (1.6)

where H^s(Ω) stands for the L^2-based Sobolev space of order s ∈ R in Ω, and H^s_0 (Ω) is the subspace of H^s(R^n) consisting of distributions supported in Ω. For a domain Ω which is smooth, elliptic regularity implies (A_{min,Ω})^∗ = A_{max,Ω} and A_{c,Ω} = A_{min,Ω}. (1.7) This is a crucial ingredient in Grubb’s work. Another basic result readily available in the context of smooth domains is a powerful, well-developed Sobolev boundary trace theory which, among many other things, allows for the characterization H^{2m}_0 (Ω) = � u ∈ H^{2m}(Ω) � � γ^{2m−1} D u = 0 � , (1.8)

where γ^{2m−1}_D u := � γ^j_N u � 0≤j≤2m−1 is the Dirichlet trace operator of order 2m − 1 (with γ j N denoting the j-th normal derivative on ∂Ω).

Our paper has several principal aims, namely the classification of all self-adjoint extensions of the Laplacian −Δ � �_{C∞0 (Ω)} in L2(Ω; dnx), establishing Krein-type formulas for the resolvents of these self-adjoint extensions,

and studying some properties of the corresponding Weyl–Titchmarsh operators. In contrast with Grubb’s work mentioned earlier, our goal is to go beyond the smooth setting and allow domains with irregular boundaries. In part, this is motivated by the applications of this theory to spectral analysis. For example, in the paper [18], we make essential use of the results developed here in order to prove Weyl-type asymptotic formulas for the eigenvalue counting function of perturbed Krein Laplacians in nonsmooth domains. In this connection it is worth pointing out that, generally speaking, the smoothness of the boundary of the underlying domain Ω affects both the nature of the remainder in the Weyl asymptotics, as well as the types of differential operators and boundary conditions for which such an asymptotic formula holds. Indeed, understanding the interplay between these structures has became a central theme of research in this area. Before proceeding to describing our main results, we will now highlight some of the subtleties and difficulties which the presence of boundary singularities entail.

In the case of an irregular domain Ω ⊂ R^n, several new significant difficulties are encountered: • First, there is the issue of the (global) Sobolev-regularity exhibited by functions belonging to the domains of −Δ_{D,Ω}, −Δ_{N,Ω}, −Δ_{K,Ω} (the Dirichlet, Neumann and Krein Laplacian, respectively). If Ω has a C^∞- smooth boundary, then it is well-known that the domains of the aforementioned operators are subspaces of H^2(Ω). For this particular regularity result the smoothness requirement on ∂Ω can be substantially reduced: e.g., C^{1,r} with r > 1/2 will do. On the other hand, if Ω has a Lipschitz boundary then dom(−Δ_{D,Ω}) ⊂ H^{3/2}(Ω) and this result is optimal, as simple examples of (two-dimensional) domains with re-entrant corners show. At a more sophisticated level, B. Dahlberg, D. Jerison and C. Kenig (cf. the discussion in [72]) have constructed a bounded C^1 domain Ω ⊂ R^n and f ∈ C^∞(Ω) such that

(−Δ_{D,Ω})^{−1}f /∈ W^{2,1}(Ω), (1.9) where W^{k,p}(Ω), 1 ≤ p ≤ ∞, stands for the L^p-based Sobolev space of order k ∈ N. This shows that the endpoint p = 1 of the implication Ω a bounded C^{1,r} domain with 1 > r > 1 − 1/p

implies (−Δ_{D,Ω})^{−1} ∈ B � L^p(Ω; d^nx), W^{2,p}(Ω) � , (1.10)

which (as our arguments show) is valid whenever p ∈ (1, ∞), is sharp. In fact, the results in Section 7 of [90] show that (1.10) is in the nature of best possible (as far as the regularity of ∂Ω, measured on the Hölder scale, is concerned). Nonetheless, if a bounded Lipschitz domain has all its singularities directed outwardly (more precisely, locally, it satisfies either a uniform exterior ball condition, or is of class C^{1,r} for some r > 1/2), then the inclusion dom(−Δ_{D,Ω}) ⊂ H^2(Ω) holds.

In this paper we shall work with (what we term) the class of quasi-convex domains, which is a hybrid of the two categories of domains mentioned above. More specifically, an open subset of R^n is called a quasi-convex domain if it behaves locally either like a C^{1,r} domain (with r > 1/2) or like a Lipschitz domain satisfying a uniform exterior ball condition.

• Second, the nature of the Dirichlet and Neumann trace operators, γ_D and γ_N , changes fundamentally in the presence of boundary irregularities. To shed some light on this phenomenon, we recall that if Ω is a C^∞ domain, then the second-order boundary trace operator

γ_2 = (γ_D , γ_N ) : H^2(Ω) → H^{3/2}(∂Ω) × H^{1/2}(∂Ω) (1.11)

is well-defined, bounded, and has a linear, continuous right-inverse. The problem with the case where Ω is only Lipschitz is that the range of γ_2 acting on H^2(Ω) no longer decouples into a Cartesian product of boundary Sobolev spaces. In fact, it was rather recently that γ_2(H^2(Ω)) has been identified in [89] (where, in fact, higher smoothness Sobolev spaces are considered) as � (g_0, g_1) ∈ H^1(∂Ω) ∔ L^2(∂Ω; d^{n−1}ω) � � ∇_{tan}g_0 + g_1ν ∈ �H^{1/2}(∂Ω)�^n�, (1.12)

where ∇_{tan} and ν are the tangential gradient and outward unit normal on ∂Ω, respectively. As opposed to the case of smoother domains, in the situation where Ω is merely Lipschitz, no optimal (Sobolev) smoothness conditions on the individual functions g_0, g_1 can be inferred from the knowledge that g_0 ∈ H^1(∂Ω) and g_1 ∈ L^2(∂Ω; d^{n−1}ω) are such that ∇_{tan}g_0 + g_1ν ∈ � H^{1/2}(∂Ω)

�_n . In addition to the aforementioned issue, we are now forced to consider Dirichlet and Neumann traces for functions in dom(−Δ_{max}) := � u ∈ L^2(Ω; d^nx) � � Δu ∈ L^2(Ω; d^nx)�. When Ω is a bounded Lipschitz domain, it can be shown that γ_D and γ_N extend as linear bounded maps

~γ_D : � u ∈ H^{1/2}(Ω) � � Δu ∈ L^2(Ω; d^nx)� → L^2(∂Ω; d^{n−1}ω), (1.13)

~γ_N : � u ∈ H^{3/2}(Ω) � � Δu ∈ L^2(Ω; d^nx)� → L^2(∂Ω; d^{n−1}ω). (1.14)

However, it should be noted that in general,

the inclusion dom(−Δ_{max}) ⊆ H^s(Ω) fails for every s > 0. (1.15)

Indeed, the function u(z) := Re (z^{−α}) = r^{−α} cos (α θ) if z = re^{iθ} is harmonic and square integrable in the (smooth) domain Ω := {z ∈ C | |z −1| < 1} if α < 1, but fails to be in H^s(Ω) if α > 1−s. Thus, in light of the fact that functions in dom(−Δ_{max}) do not, generally speaking, exhibit any global Sobolev regularity besides mere square integrability, the trace results (1.13), (1.14) are not satisfactory for our goals. Nonetheless, we are able to augment (1.13), (1.14) by proving that ~γ_D, ~γ_N above, further extend as bounded maps in the following contexts:

^γ_D : dom(−Δ_{max}) → � N^{1/2}(∂Ω)

�_∗ , (1.16)

^γ_N : dom(−Δ_{max}) → � N^{3/2}(∂Ω)

�_∗ , (1.17)

where

N^{1/2}(∂Ω) := � g ∈ L^2(∂Ω; d^{n−1}ω) � � gν ∈ �H^{1/2}(∂Ω)�^n�, (1.18)

N^{3/2}(∂Ω) := � g ∈ H^1(∂Ω) � � ∇_{tan}g ∈ �H^{1/2}(∂Ω)�^n�. (1.19)

These “exotic” spaces provide the natural context for describing the mapping properties for the Dirichlet and Neumann trace operators acting on dom(−Δ_{max}). They are natural, in the sense that N^{1/2}(∂Ω) = H^{1/2}(∂Ω) and N^{3/2}(∂Ω) = H^{3/2}(∂Ω) if Ω is a C^{1,r} domain for some r > 1/2.

Dealing with the aforementioned topics occupies the bulk of the next six sections of the paper, where we develop a trace theory which goes considerably beyond the scope of the traditional treatment of (reasonably) smooth domains. Having dealt with this host of issues in Sections 2–8, we then proceed to the next item on our agenda, namely the task of characterizing all self-adjoint extensions of the minimal Laplacian in quasi-convex domains. Based on our trace theory and an abstract, functional analytic result of Grubb [60], we prove in Section 14 the following theorem, which provides a universal parametrization of all self-adjoint extensions of −Δ � C^∞_0 (Ω) in L

2(Ω; d^nx):

Theorem 1.1. Assume that Ω ⊆ R^n is a quasi-convex domain and let z ∈ R\σ(−Δ_{D,Ω}). Suppose that X is a closed subspace of � N^{1/2}(∂Ω)

�_∗

and denote by X^∗ the conjugate dual space of X. In addition, consider a self-adjoint operator

L : dom(L) ⊆ X → X^∗, (1.20)

and define the linear operator −Δ^D_{X,L,z} : dom(−Δ^D_{X,L,z}) ⊂ L^2(Ω; d^nx) → L^2(Ω; d^nx), by taking

− Δ^D_{X,L,z}u := (−Δ − z)u,

u ∈ dom(−Δ^D_{X,L,z}) := � v ∈ dom(−Δ_{max}) � � ^γ_Dv ∈ dom(L), τ^N_z v � �_X = L�^γ_Dv�. (1.21)

Above, τ^N_z is a regularized Neumann trace operator (for details see (12.1), (12.2)), and the boundary condition τ^N_z u � X = L � ^γ_Du � is interpreted as

N^{1/2}(∂Ω)⟨τ N z u, f⟩_{(N} 1/2_{(∂Ω))}∗ =_X ⟨f, L(^γ_Du)⟩_X ∗ , f ∈ X. (1.22)

Then − Δ^D_{X,L,z} is self-adjoint in L^2(Ω; d^nx), (1.23) and − Δ_{min} − zI_Ω � −Δ^D_{X,L,z} � −Δ_{max} − zI_Ω. (1.24) Conversely, if ~S : dom� ~S� ⊆ L^2(Ω; d^nx) → L^2(Ω; d^nx) (1.25)

is a self-adjoint operator with the property that

− Δ_{min} − zI_Ω ⊆ ~S ⊆ −Δ_{max} − zI_Ω, (1.26)

then there exist X, a closed subspace of � N^{1/2}(∂Ω)

�_∗ , and L : dom(L) ⊆ X → X^∗, a self-adjoint operator, such that ~S = −Δ^D_{X,L,z}. (1.27)

In the above scheme, the operator ~S and the pair X, L correspond uniquely to each other. In fact,

dom(L) = ^γ_D � dom � ~ S � , X = ^γ_D � dom � ~ S) � � with closure in � N^{1/2}(∂Ω)

�_∗� . (1.28)

In the context of Theorem 15.2, it is illuminating to indicate how various distinguished self-adjoint extensions of the Laplacian occur in this scheme. For example, for every z_0 ∈ R\σ(−Δ_{D,Ω}) one has

X := dom(L) := {0} and L := 0 imply − Δ^D_{X,L,z0} + z_0I_Ω = −Δ_{D,Ω}, (1.29)

the Dirichlet Laplacian, and

X := � N^{1/2}(∂Ω)

�_∗

and L := M^{(0)}_{D,N,Ω}(z_0)

with dom(L) := N^{3/2}(∂Ω) � imply − Δ^D_{X,L,z0} + z_0I_Ω = −Δ_{N,Ω}, (1.30)

the Neumann Laplacian. Furthermore,

X := dom(L) := � N^{1/2}(∂Ω)

�_∗

, and L := 0 imply − Δ^D_{X,L,z0} = −Δ_{K,Ω,z0} , (1.31)

the Krein Laplacian. Related versions of these results (starting from a different “reference” operator) can be found in Theorem 15.2 and Corollary 15.4.

As an interesting application of the material developed in this paper, the final Section 16 is devoted to proving Krein-type formulas for the resolvents of various self-adjoint extensions of the Laplacian in quasiconvex domains, and to studying the properties of the corresponding spectral parameter dependent Dirichletto-Neumann maps (i.e., Weyl–Titchmarsh operators). To put this application in a proper perspective requires some preparation and so we will next recall some pertinent facts derived in [52] (see also [50] and [57]) on abstract Krein-type resolvent formulas. For hints to the literature on this vast and currently very active area of research, we refer to Section 16.

Let S be a closed, symmetric operator in a separable, complex Hilbert space H with equal deficiency indices def(S) = (r, r), r ∈ N ∪ {∞}, and suppose that S_ℓ, ℓ = 1, 2, are two distinct, relatively prime selfadjoint extensions of S, that is, dom(S_1) ∩ dom(S_2) = dom(S). At this instance none of S and S_j , j = 1, 2, need to be bounded from below and we emphasize that S_1 and S_2 are chosen to be relatively prime for simplicity only. Then the deficiency subspaces N_± of S are given by

N_± = ker(S^∗ ∓ iI_H), dim(N_±) = def(S) = r, (1.32)

and for any self-adjoint extension ~S of S in H , the corresponding Cayley transform C_{eS} in H is defined by

C_{eS} = � ~ S + iI_H � ~ S − iI_H

�_{−1}

, (1.33)

implying C_{eS} N_− = N_+. (1.34)

Given a self-adjoint extension ~S of S and a closed linear subspace N of N_+, N ⊆ N_+, the Donoghue-type Weyl–Titchmarsh operator M_{eS,N} (z) ∈ B(N ) associated with the pair ( ~S, N ) is defined by

M_{eS,N} (z) = P_N � z ~S + I_H � ~ S − zI_H

�_{−1}

P_N � �_N

= zI_N + (1 + z^2)P_N � ~ S − zI_H

�_{−1}

P_N � �_N , z ∈ C\R, (1.35)

with I_N the identity operator in N , and P_N the orthogonal projection in H onto N .

Following Saakjan [112] (in a version presented in Theorem 5 and Corollary 6 in [52]), and using the notions introduced in (1.32)–(1.35), Krein’s formula for the difference of the resolvents of S_1 and S_2 then reads as follows (cf. [52], [112]):

(S_2 − zI_H)^{−1} = (S_1 − zI_H)^{−1} + (S_1 − iI_H)(S_1 − zI_H)^{−1}P_{1,2}(z)(S_1 + iI_H)(S_1 − zI_H)^{−1}

= (S_1 − zI_H)^{−1} + (S_1 − iI_H)(S_1 − zI_H)^{−1}P_{N+}

× (tan(α_{1,2}) − M_{S1,N+} (z))^{−1}P_{N+} (S_1 + iI_H)(S_1 − zI_H)^{−1}, z ∈ ρ(S_1) ∩ ρ(S_2), (1.36)

where e^{−2iα1,2} = −C_{S2} C^{−1}_{S1} � �_{N+} . (1.37)

One can show that M_{S1,N+} (·) (and hence (tan(α_{1,2}) − M_{S1,N+} (·))^{−1}) is an operator-valued Herglotz function, that is, M_{S1,N+} (·) is analytic on C_+ = {z ∈ C | Im(z) > 0} and Im(M_{S1,N+} (z)) ≥ 0, z ∈ C_+. In addition, M_{S1,N+} (·) has the symmetry property,

[M_{S1,N+} (z)]^∗ = M_{S1,N+} (z), z ∈ C\R. (1.38)

Next, assume in addition that S � εI_H for some ε > 0, and denote by S_K the Krein–von Neumann extension, and by S_F the Friedrichs extension of S, respectively (cf. Section 9 for more details). Since S_K and S_F are relatively prime (see, e.g., [18, Lemma 2.8]), (1.37) yields the following version of Krein’s formula connecting the resolvents of S_K and S_F :

(S_K − zI_H)^{−1} = (S_F − zI_H)^{−1}

+ (S_F − iI_H)(S_F − zI_H)^{−1}P_{N+} � M_{SF ,N+} (0) − M_{SF ,N+} (z)

�_{−1} (1.39)

× P_{N+} (S_F + iI_H)(S_F − zI_H)^{−1}, z ∈ ρ(S_K ) ∩ ρ(S_F ).

Equation (1.39) follows by combining Theorem 4.7 and Corollary 4.8 in [50] and will be further discussed in more detail elsewhere.

In a nutshell, this represents the approach to Krein-type resolvent formulas with emphasis on the deficiency subspace N_+, and so the only Hilbert spaces involved are N_+ and H (with N_+ ⊂ H). However, in connection with PDE applications, where, for example, S is generated by a suitable second-order strongly elliptic differential operator on the domain Ω ⊂ R^n, one would naturally prefer to replace the pair of spaces (N_+, H) by the pair � L^2(∂Ω; d^{n−1}ω), L^2(Ω; d^nx) � , and at the same time, replace the abstract Donoghue-type Weyl– Titchmarsh operator M_{S1,N+} (·) by appropriate energy-dependent Dirichlet-to-Neumann maps. This change of emphasis then also necessitates the introduction of appropriate (extensions of) Dirichlet and Neumann boundary trace operators γ_D and γ_N .

We note that in the PDE context these ideas were realized only very recently in the work of Amrein and Pearson [9], Behrndt and Langer [22], Brown, Grubb, and Wood [31], Brown, Hinchliffe, Marletta, Naboko, and Wood [32], Brown, Marletta, Naboko, and Wood [34], Gesztesy and Mitrea [53], [54], Grubb [64] (including a discussion of non-self-adjoint extensions), Posilicano [105], Posilicano and Raimondi [106], and Ryzhov [111]. With the exception of Grubb and Ryzhov, who treat C^{1,1} domains Ω, the remaining authors are dealing with the case of C^∞ smooth domains Ω.

One of our motivations for introducing the class of nonsmooth, quasi-convex domains Ω, and the associated boundary trace theory, was precisely to be able to prove Krein-type resolvent formulas for Laplacians on such nonsmooth domains. As a typical result we prove in Section 16 we thus mention the following theorem:

Theorem 1.2. Assume that Ω is a quasi-convex domain and suppose that z_0 ∈ R\σ(−Δ_{D,Ω}). In addition, consider two bounded, self-adjoint operators

L_j : � N^{1/2}(∂Ω)

�_∗

→ N^{1/2}(∂Ω), j = 1, 2. (1.40)

Associated with these, define the operators −Δ^D_{Xj ,Lj ,z0} , j = 1, 2, as in (1.21) corresponding to z = z_0 and X_1 = X_2 = � N^{1/2}(∂Ω)

�_∗

. Finally, fix a complex number z ∈ C\ � σ(−Δ^D_{X1 ,L1,z0} ) ∪ σ(−Δ^D_{X2 ,L2,z0} ) � . Then the following Krein-type resolvent formula holds on L^2(Ω; d^nx), � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1} = � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1} (1.41) + � ^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}�_∗

M^D_{L1,L2,z0} (z) � ^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}� , where

M^D_{L1,L2,z0} (z) := (L_2 − L_1) � I + � M^{(0)}_{D,N,Ω}(z_0) − M^{(0)}_{D,N,Ω}(z + z_0) − L_2

�_{−1} (L_2 − L_1) � = (L_2 − L_1) � M^{(0)}_{D,N,Ω}(z_0) − M^{(0)}_{D,N,Ω}(z + z_0) − L_2

�_{−1} × � M^{(0)}_{D,N,Ω}(z_0) − M^{(0)}_{D,N,Ω}(z + z_0) − L_1 � , z ∈ C\R, (1.42)

has the property that

C_+ ∋ z → M^D_{L1,L2,z0} (z) ∈ B � (N^{1/2}(∂Ω))^∗, N^{1/2}(∂Ω) � (1.43)

is an operator-valued Herglotz function which satisfies � M^D_{L1,L2,z0} (z)

�_∗

= M^D_{L1,L2,z0} (z). (1.44)

Here M^{(0)}_{D,N,Ω}(·) denotes the Dirichlet-to-Neumann map for the (unperturbed ) Laplacian in the domain Ω described in detail in Section 5.

Finally, we emphasize that an application of the principal results of this paper to Weyl-type spectral asymptotics for perturbed Krein Laplacian in nonsmooth domains Ω has been presented in [18].

We close this section by briefly elaborating on the most basic notational conventions used throughout this paper. Let H be a separable complex Hilbert space, ( · , · )_H the scalar product in H (linear in the second factor), and I_H the identity operator in H. Next, let T be a linear operator mapping (a subspace of) a Banach space into another, with dom(T ), ran(T ), and ker(T ) denoting the domain, range, and the kernel (null space) of T . The closure of a closable operator S is denoted by S. The spectrum of a closed linear operator in H will be denoted by σ(·). The Banach spaces of bounded and compact linear operators on H are denoted by B(H) and B_∞(H), respectively. Similarly, B(X_1, X_2) and B_∞(X_1, X_2) will be used for bounded and compact operators between two Banach spaces X_1 and X_2. Moreover, X_1 → X_2 denotes the continuous embedding of the Banach space X_1 into the Banach space X_2. In addition, U_1 ∔ U_2 denotes the direct sum of the subspaces U_1 and U_2 of a Banach space X ; and V_1 ⊕ V_2 represents the orthogonal direct sum of the subspaces V_j , j = 1, 2, of a Hilbert space H.

Throughout this manuscript, if X denotes a Banach space, X^∗ denotes the adjoint space of continuous conjugate linear functionals on X, that is, the conjugate dual space of X (rather than the usual dual space of continuous linear functionals on X). This avoids the well-known awkward distinction between adjoint operators in Banach and Hilbert spaces (cf., e.g., the pertinent discussion in [41, p. 3, 4]).

Finally, a notational comment: For obvious reasons in connection with quantum mechanical applications, we will, with a slight abuse of notation, dub −Δ (rather than Δ) as the “Laplacian” in this paper.

2. Sobolev Spaces in Lipschitz and C^{1,r} Domains

In this section we summarize some fundamental results on Lipschitz and C^{1,r} domains Ω ⊂ R^n, n ∈ N, and on the corresponding Sobolev spaces H^s(Ω) and H^r(∂Ω) needed in the remainder of this paper.

Before we focus primarily on bounded Lipschitz domains, we briefly recall some basic facts in connection with Sobolev spaces corresponding to open sets Ω ⊆ R^n, n ∈ N: For an arbitrary m ∈ N ∪ {0}, we follow the customary way of defining L^2-Sobolev spaces of order ±m in Ω as H^m(Ω) := � u ∈ L^2(Ω; d^nx) � � ∂^αu ∈ L^2(Ω; d^nx), 0 ≤ |α| ≤ m�, (2.1)

H^{−m}(Ω) := � u ∈ D^′(Ω) � � � u = � 0≤|α|≤m

∂^αu_α, with u_α ∈ L^2(Ω; d^nx), 0 ≤ |α| ≤ m � , (2.2)

equipped with natural norms (cf., e.g., [2, Ch. 3], [88, Ch. 1]). Here D^′(Ω) denotes the usual set of distributions on Ω ⊆ R^n (i.e., the dual of D(Ω), the space of test functions C^∞_0 (Ω), equipped with the usual inductive limit topology). Then we set

H^m_0 (Ω) := the closure of C^∞_0 (Ω) in H^m(Ω), m ∈ N ∪ {0}. (2.3)

As is well-known, all three spaces above are Banach, reflexive and, in addition, � H^m_0 (Ω)

�_∗

= H^{−m}(Ω). (2.4)

Again, see, for instance, [2, Ch. 3], [88, Ch. 1].

We recall that an open, nonempty set Ω ⊆ R^n is called a Lipschitz domain if the following property holds: There exists an open covering {O_j }_{1≤j≤N} of the boundary ∂Ω of Ω such that for every j ∈ {1, ..., N}, O_j ∩ Ω coincides with the portion of O_j lying in the over-graph of a Lipschitz function φ_j : R^{n−1} → R (considered in a new system of coordinates obtained from the original one via a rigid motion). The number max {‖∇φ_j ‖_L∞_{(R}n−1_{;d}n−1_x′_)n−1 | 1 ≤ j ≤ N} is said to represent the Lipschitz character of Ω.

As regards L^2-based Sobolev spaces of fractional order s ∈ R, on arbitrary Lipschitz domains Ω ⊆ R^n, we introduce

H^s(R^n) := � U ∈ S^′(R^n) � � � � ‖U‖^2H^s (R^n) = � R^n

d^nξ � � ^U(ξ) � �^2�1 + |ξ|^{2s}� < ∞ � , (2.5)

H^s(Ω) := � u ∈ D^′(Ω) � u = U|_Ω for some U ∈ H^s(R^n) � = R_Ω H^s(R^n), (2.6)

where R_Ω denotes the restriction operator (i.e., R_Ω U = U|_Ω, U ∈ H^s(R^n)), S^′(R^n) is the space of tempered distributions on R^n, and ^U denotes the Fourier transform of U ∈ S^′(R^n). These definitions are consistent with (2.1), (2.2). Next, retaining that Ω ⊆ R^n is an arbitrary Lipschitz domain, we introduce

H^s_0 (Ω) := � u ∈ H^s(R^n) � � supp(u) ⊆ Ω�, s ∈ R, (2.7)

equipped with the natural norm induced by H^s(R^n). The space H^s_0 (Ω) is reflexive, being a closed subspace of H^s(R^n). Finally, we introduce for all s ∈ R, H̊^s(Ω) = the closure of C∞_0 (Ω) in H s(Ω), (2.8)

H^s_z (Ω) = R_Ω H^s_0 (Ω). (2.9)

Assuming from now on that Ω ⊂ R^n is a Lipschitz domain with a compact boundary, we recall the existence of a universal linear extension operator E_Ω : D^′(Ω) → S^′(R^n) such that E_Ω : H^s(Ω) → H^s(R^n) is bounded for all s ∈ R, and R_ΩE_Ω = I_Hs_{(Ω)} (cf. [108]). If ~C^∞_0 (Ω) denotes the set of C^∞_0 (Ω)-functions

extended to all of R^n by setting functions zero outside of Ω, then for all s ∈ R, ~C^∞_0 (Ω) → H^s_0 (Ω) densely.

Moreover, one has � H^s_0 (Ω)

�_∗

= H^{−s}(Ω), s ∈ R. (2.10) (cf., e.g., [72]) consistent with (2.3), and also, � H^s(Ω)

�_∗

= H^{−s}_0 (Ω), s ∈ R, (2.11)

in particular, H^s(Ω) is a reflexive Banach space. We shall also use the fact that for a Lipschitz domain Ω ⊂ R^n with compact boundary, the space H̊^s(Ω) satisfies H̊^s(Ω) = H^s_z (Ω) if s > −1/2, s /∈ �^1_2 + N_0�. (2.12)

For a Lipschitz domain Ω ⊆ R^n with compact boundary it is also known that � H^s(Ω)

�_∗

= H^{−s}(Ω), −1/2 < s < 1/2. (2.13)

See [121] for this and other related properties. Throughout this paper we agree to use the adjoint (rather than the dual) space X^∗ of a Banach space X.

From this point on (and unless explicitly stated otherwise) we will always make at least the following assumption on the set Ω. (This will be strengthened in the second part of the paper):

Hypothesis 2.1. Let n ∈ N, n ≥ 2, and assume that Ω ⊂ R^n is a bounded Lipschitz domain.

At times we will invoke also the notion of C^{1,r} domains and then introduce the following stronger hypothesis on Ω:

Hypothesis 2.2. Let n ∈ N, n ≥ 2, and assume that Ω ⊂ R^n is a bounded domain of class C^{1,r}, r ∈ (1/2, 1).

The definition of a domain of class C^{1,r}, 0 < r < 1, is similar to that of a Lipschitz domain, except that, this time, the functions φ_j used to locally describe the boundary of Ω are such that ∇φ_j is Hölder continuous of order r.

Parenthetically, we note that a C^{1,r} domain Ω ⊂ R^n, with r ∈ (0, 1), is characterized by the following set of conditions:

(i) Ω is of finite local perimeter, (i.e., ∇χ_Ω is a Radon measure in R^n), (ii) Ω lies on only one side of its topological boundary, (i.e., ∂Ω = ∂Ω), (iii) the outward unit normal (in the sense of Federer [46]) belongs to C^r(∂Ω).

(2.14)

For a more detailed discussion in this regard, the reader is referred to [70].

The classical theorem of Rademacher on almost everywhere differentiability of Lipschitz functions ensures that for any Lipschitz domain Ω, the surface measure d^{n−1}ω is well-defined on ∂Ω and that there exists an outward pointing unit normal vector ν at almost every point of ∂Ω.

In the case where Ω ⊂ R^n is the domain lying above the graph of a function φ: R^{n−1} → R of class C^{1,r}, r ∈ (0, 1), we define the Sobolev space H^s(∂Ω) for 0 ≤ s < 1+r, as the space of functions f ∈ L^2(∂Ω; d^{n−1}ω) with the property that f(x^′, φ(x^′)), as a function of x^′ ∈ R^{n−1}, belongs to H^s(R^{n−1}). This definition is easily adapted to the case where Ω is a domain of class C^{1,r}, r ∈ (0, 1), whose boundary is compact, by using a smooth partition of unity. Finally, for −1 − r < s < 0, we set H^s(∂Ω) = � H^{−s}(∂Ω)

�_∗ . The same construction concerning H^s(∂Ω) applies in the case where Ω ⊂ R^n is a Lipschitz domain (i.e., φ: R^{n−1} → R is only Lipschitz) provided 0 � s � 1. In this scenario we set

H^s(∂Ω) = � H^{−s}(∂Ω)

�_∗ , −1 � s � 0. (2.15)

It is useful to observe that this entails (≈ denoting equivalent norms)

‖f‖_H−s_{(∂Ω)} ≈ ‖ � 1 + |∇φ(·)|^2f(·, φ(·))‖_H−s_{(R}n−1_), 0 ≤ s ≤ 1. (2.16)

To define H^s(∂Ω), 0 ≤ s � 1, when Ω is a Lipschitz domain with compact boundary, we use a smooth partition of unity to reduce matters to the graph case. More precisely, if 0 ≤ s ≤ 1 then f ∈ H^s(∂Ω) if and only if the assignment R^{n−1} ∋ x^′ → (ψf)(x^′, φ(x^′)) is in H^s(R^{n−1}) whenever ψ ∈ C^∞_0 (R^n) and φ: R^{n−1} → R is a Lipschitz function with the property that if Σ is an appropriate rotation and translation of {(x^′, φ(x^′)) ∈ R^n | x^′ ∈ R^{n−1}}, then (supp(ψ) ∩ ∂Ω) ⊂ Σ (this appears to be folklore, but a proof will appear in [94, Proposition 2.4]). Then Sobolev spaces with a negative amount of smoothness are defined as in (2.15) above.

From the above characterization of H^s(∂Ω) it follows that any property of Sobolev spaces (of order s ∈ [−1, 1]) defined in Euclidean domains, which are invariant under multiplication by smooth, compactly supported functions as well as composition by bi-Lipschitz diffeomorphisms, readily extends to the setting of H^s(∂Ω) (via localization and pullback). As a concrete example, for each Lipschitz domain Ω with compact boundary, one has H^s(∂Ω) → L^2(∂Ω; d^{n−1}ω) compactly if 0 < s ≤ 1. (2.17)

For additional background information in this context we refer, for instance, to [20], [21], [41, Chs. V, VI], [59, Ch. 1], [92, Ch. 3], [128, Sect. I.4.2].

For a Lipschitz domain Ω ⊂ R^n with compact boundary, an equivalent definition of the Sobolev space H^1(∂Ω) is the collection of functions in L^2(∂Ω; d^{n−1}ω) with the property that the (pointwise, Euclidean) norm of their tangential gradient belongs to L^2(∂Ω; d^{n−1}ω). To make this precise, consider the first-order tangential derivative operators ∂/∂τ_{j,k}, 1 ≤ j, k ≤ n, acting on a function ψ of class C^1 in a neighborhood of ∂Ω by

∂ψ/∂τ_{j,k} = ν_j (∂_kψ) � �_{∂Ω}−νk(∂j ψ) � �_{∂Ω}. (2.18)

For every f ∈ L^1(∂Ω) define the functional ∂f/∂τ_{j,k} by setting

∂f/∂τ_{j,k} : C^1(R^n) ∋ ψ → � ∂Ω d^{n−1}ω f (∂ψ/∂τ_{k,j} ). (2.19)

When f ∈ L^1(∂Ω; d^{n−1}ω) has ∂f/∂τ_{j,k} ∈ L^1(∂Ω; d^{n−1}ω), the following integration by parts formula holds: � ∂Ω d^{n−1}ω f (∂ψ/∂τ_{k,j} ) = � ∂Ω d^{n−1}ω (∂f/∂τ_{j,k}) ψ, ψ ∈ C^1(R^n). (2.20)

One then has the Sobolev-type description of H^1(∂Ω):

H^1(∂Ω) = � f ∈ L^2(∂Ω; d^{n−1}ω) � ∂f/∂τ_{j,k} ∈ L^2(∂Ω; d^{n−1}ω), j, k = 1, . . . , n � , (2.21)

with

‖f‖_H1_{(∂Ω)} ≈ ‖f‖_L2_{(∂Ω;d}n−1_{ω)} + n� j,k=1

‖∂f/∂τ_{j,k}‖_L2_{(∂Ω;d}n−1_{ω)}, (2.22)

or equivalently,

H^1(∂Ω) = � f ∈ L^2(∂Ω; d^{n−1}ω) � � � � there exists a constant c > 0 such that for every v ∈ C^∞_0 (R^n), (2.23) � � � � � ∂Ω d^{n−1}ωf ∂v/∂τ_{j,k} � � � � ≤ c ‖v‖L^2(∂Ω;d^{n−1}ω) , j, k = 1, . . . , n � . We also point out that if Ω ⊂ R^n is a bounded Lipschitz domain, then for any j, k ∈ {1, ..., n}, the operator

∂/∂τ_{j,k} : H^s(∂Ω) → H^{s−1}(∂Ω), 0 ≤ s ≤ 1, (2.24)

is well-defined, linear, and bounded. This is proved by interpolating the case s = 1 and its dual version. In fact, the following more general result (extending (2.21)) holds:

Lemma 2.3. Assume Hypothesis 2.1. Then for every s ∈ [0, 1],

H^s(∂Ω) = {f ∈ L^2(∂Ω; d^{n−1}ω) | ∂f/∂τ_{j,k} ∈ H^{s−1}(∂Ω), 1 ≤ j, k ≤ n} (2.25) and ‖f‖_Hs_{(∂Ω)} ≈ ‖f‖_L2_{(∂Ω;d}n−1_{ω)} + n� j,k=1

‖∂f/∂τ_{j,k}‖_Hs−1_{(∂Ω)}. (2.26)

A proof can be found in [53], where the following result is also established.

Lemma 2.4. Assume Hypothesis 2.2. Then

H^{3/2}(∂Ω) = {f ∈ H^1(∂Ω) | ∂f/∂τ_{j,k} ∈ H^{1/2}(∂Ω) 1 ≤ j, k ≤ n} (2.27) and ‖f‖_H3/2_{(∂Ω)} ≈ ‖f‖_H1_{(∂Ω)} + n� j,k=1

‖∂f/∂τ_{j,k}‖_H1/2_{(∂Ω)}. (2.28)

In the sequel, the sesquilinear form

⟨ · , · ⟩_s =_Hs_{(∂Ω)}⟨ · , · ⟩_{(H}s_{(∂Ω))}∗ : H^s(∂Ω) × � H^s(∂Ω)

�_∗ → C, (2.29)

(antilinear in the first, linear in the second factor), will occasionally denote the duality pairing between H^s(∂Ω) and � H^s(∂Ω)

�_∗

for appropriate s ≥ 0. In particular,

⟨f, g⟩_s = � ∂Ω d^{n−1}ω(ξ) f(ξ)g(ξ) = (f, g)_L2_{(∂Ω;d}n−1_{ω)},

f ∈ H^s(∂Ω), g ∈ L^2(∂Ω; d^{n−1}ω) → � H^s(∂Ω)

�_∗ = H^{−s}(∂Ω), s ∈ [0, 1],

(2.30)

where, as before, d^{n−1}ω stands for the surface measure on ∂Ω.

3. The Dirichlet and Neumann Trace Operators in Lipschitz Domains

We briefly recall basic properties of Dirichlet and Neumann trace operators in Lipschitz domains. Assuming Hypothesis 2.1, we introduce the boundary trace operator γ^0_D (the Dirichlet trace) by

γ^0_D : C(Ω) → C(∂Ω), γ^0_D u = u|_{∂Ω}. (3.1)

Then there exists a bounded, linear operator γ_D (cf., e.g., [92, Theorem 3.38]),

γ_D : H^s(Ω) → H^{s−(1/2)}(∂Ω) → L^2(∂Ω; d^{n−1}ω), 1/2 < s < 3/2,

γ_D : H^{3/2}(Ω) → H^{1−ε}(∂Ω) → L^2(∂Ω; d^{n−1}ω), ε ∈ (0, 1),

(3.2)

whose action is compatible with that of γ^0_D. That is, the two Dirichlet trace operators coincide on the intersection of their domains. Moreover, we recall that

γ_D : H^s(Ω) → H^{s−(1/2)}(∂Ω) is onto for 1/2 < s < 3/2, (3.3)

and point out that the adjoint of (3.2) maps boundedly as follows

γ^∗_D : � H^{s−1/2}(∂Ω)

�_∗

→ (H^s(Ω)

�_∗

, 1/2 < s < 3/2. (3.4)

While in the class of bounded Lipschitz subdomains in R^n the endpoint cases s = 1/2 and s = 3/2 of γ_D ∈ B � H^s(Ω), H^{s−(1/2)}(∂Ω) � fail, we nonetheless have

γ_D ∈ B � H^{(3/2)+ε}(Ω), H^1(∂Ω) � , ε > 0. (3.5)

See [53] for a proof. It is useful to augment this with the following result, also proved in [53]:

Lemma 3.1. Assume Hypothesis 2.1. Then for each s > −3/2, γ^0_D in (3.1) extends to a linear operator

γ_D : � u ∈ H^{1/2}(Ω) | Δu ∈ H^s(Ω) � → L^2(∂Ω; d^{n−1}ω), (3.6)

is compatible with (3.2), and is bounded when {u ∈ H^{1/2}(Ω) | Δu ∈ H^s(Ω) � is equipped with the natural graph norm u → ‖u‖_H1/2_{(Ω)} + ‖Δu‖_Hs_{(Ω)}. In addition, this operator has a linear, bounded right-inverse (thus, in particular, it is onto ).

Furthermore, for each s > −3/2, γ^0_D in (3.1) also extends to a linear operator

γ_D : � u ∈ H^{3/2}(Ω) | Δu ∈ H^{1+s}(Ω) � → H^1(∂Ω), (3.7)

which again is compatible with (3.2), and is bounded when {u ∈ H^{3/2}(Ω) | Δu ∈ H^{1+s}(Ω) � is equipped with the natural graph norm u → ‖u‖_H3/2_{(Ω)} + ‖Δu‖_H1+s_{(Ω)}. Once again, this operator has a linear, bounded right-inverse (hence, in particular, it is onto ).

For later purposes, let us record here the following useful version of the Divergence Theorem:

Ω as in Hypothesis 2.1, G ∈ � u ∈ H^{1/2}(Ω) | Δu ∈ H^s(Ω)

�_n

, s > −^3_2 , with the property that div(G) ∈ L^1(Ω; d^nx)

� � � imply � Ω dx^n div(G) = � ∂Ω d^{n−1}ω ν · ~γ_D G. (3.8)

A proof can be found in [53].

Next, retaining Hypothesis 2.1, we introduce the operator γ_N (the strong Neumann trace) by

γ_N = ν · γ_D∇: H^{s+1}(Ω) → L^2(∂Ω; d^{n−1}ω), 1/2 < s < 3/2, (3.9)

where ν denotes the outward pointing normal unit vector to ∂Ω. It follows from (3.2) that γ_N is also a bounded operator. We seek to extend the action of the Neumann trace operator (3.9) to other (related) settings. To set the stage, assume Hypothesis 2.1 and observe that the inclusion

ι : H^{s0} (Ω) → � H^r(Ω)

�_∗ , s_0 > −1/2, r > 1/2, (3.10)

is well-defined and bounded. One then introduces the weak Neumann trace operator

~γ_N : � u ∈ H^{s+1/2}(Ω) � � Δu ∈ H^s0 (Ω)� → H^{s−1}(∂Ω), s ∈ (0, 1), s_0 > −1/2, (3.11)

as follows: Given u ∈ H^{s+1/2}(Ω) with Δu ∈ H^{s0} (Ω) for some s ∈ (0, 1) and s_0 > −1/2, we set (with ι as in (3.10) for r := 3/2 − s > 1/2)

⟨ϕ, ~γ_N u⟩_{1−s} =_H1/2−s_{(Ω)}⟨∇Φ, ∇u⟩_{(H}1/2−s_{(Ω))}∗ +_H3/2−s_{(Ω)}⟨Φ, ι(Δu)⟩_{(H}3/2−s_{(Ω))}∗ , (3.12) for all ϕ ∈ H^{1−s}(∂Ω) and Φ ∈ H^{3/2−s}(Ω) such that γ_DΦ = ϕ. We note that the first pairing on the right-hand side above is meaningful since � H^{1/2−s}(Ω)

�_∗

= H^{s−1/2}(Ω), s ∈ (0, 1), (3.13)

that the definition (3.12) is independent of the particular extension Φ of ϕ, and that ~γ_N is a bounded extension of the Neumann trace operator γ_N defined in (3.9).

Corresponding to the endpoint cases s = 0, 1 of (3.11), the following result has been established in [53]:

Lemma 3.2. Assume Hypothesis 2.1. Then the Neumann trace operator (3.9) also extends to

~γ_N : � u ∈ H^{3/2}(Ω) | Δu ∈ L^2(Ω; d^nx) � → L^2(∂Ω; d^{n−1}ω) (3.14)

in a bounded fashion when the space {u ∈ H^{3/2}(Ω) | Δu ∈ L^2(Ω; d^nx) � is equipped with the natural graph norm u → ‖u‖_H3/2_{(Ω)} + ‖Δu‖_L2_{(Ω;d}n_{x)}. This extension is compatible with (3.11) and has a linear, bounded right-inverse (hence, it is onto ).

Moreover, the Neumann trace operator (3.9) further extends to

~γ_N : � u ∈ H^{1/2}(Ω) | Δu ∈ L^2(Ω; d^nx) � → H^{−1}(∂Ω) (3.15)

in a bounded fashion when the space {u ∈ H^{1/2}(Ω) | Δu ∈ L^2(Ω; d^nx) � is equipped with the natural graph norm u → ‖u‖_H1/2_{(Ω)} +‖Δu‖_L2_{(Ω;d}n_{x)}. Once again, this extension is compatible with (3.11) and has a linear, bounded right-inverse (thus, in particular, it is onto ).

For future purposes, we shall need yet another extension of the concept of a Neumann trace. This requires some preparation (throughout, Hypothesis 2.1 is enforced). First, we recall that, as is well-known (see, e.g., [72]), one has the natural identification � H^1(Ω)

�_∗ ≡ � u ∈ H^{−1}(R^n) � � supp(u) ⊆ Ω�. (3.16)

We note that the latter is a closed subspace of H^{−1}(R^n). In particular, if R_Ωu := u|_Ω denotes the operator of restriction to Ω (considered in the sense of distributions), then

R_Ω : � H^1(Ω)

�_∗

→ H^{−1}(Ω) (3.17)

is well-defined, linear, and bounded. Furthermore, the composition of R_Ω in (3.17) with ι in (3.10) is the natural inclusion of H^s(Ω) into H^{−1}(Ω). Next, given z ∈ C, set

W_z (Ω) := � (u, f) ∈ H^1(Ω) × � H^1(Ω)

�_∗ � (−Δ − z)u = f|_Ω in D^′(Ω) � , (3.18)

equipped with the norm inherited from H^1(Ω) × � H^1(Ω)

�_∗

. We then denote by

~γ_N : W_z (Ω) → H^{−1/2}(∂Ω) (3.19)

the ultra weak Neumann trace operator defined by

⟨ϕ, ~γ_N (u, f)⟩_{1/2} := � Ω d^nx ∇Φ(x) · ∇u(x) − z � Ω d^nx Φ(x)u(x) −_H1_{(Ω)}⟨Φ, f⟩_{(H}1_{(Ω))}∗ , (u, f) ∈ W_z(Ω),

(3.20)

for all ϕ ∈ H^{1/2}(∂Ω) and Φ ∈ H^1(Ω) such that γ_DΦ = ϕ. Once again, this definition is independent of the particular extension Φ of ϕ. As a corollary, the following Green’s formula

⟨γ_D Φ, ~γ_N (u, f)⟩_{1/2} = (∇Φ, ∇u)_L2_{(Ω;d}n_{x)}n +_H1_{(Ω)}⟨Φ, f⟩_{(H}1_{(Ω))}∗ , (3.21)

is valid, granted Hypothesis 2.1, for any u ∈ H^1(Ω), f ∈ � H^1(Ω)

�_∗ with Δu = f|_Ω, and any Φ ∈ H^1(Ω).

The pairing on the left-hand side of (3.21) is between functionals in � H^{1/2}(∂Ω)

�_∗ and elements in H^{1/2}(∂Ω), whereas the last pairing on the right-hand side is between functionals in � H^1(Ω)

�_∗

and elements in H^1(Ω).

Furthermore, as in the case of the Dirichlet trace, the ultra weak Neumann trace operator (3.19), (3.20) is onto (this is a corollary of Theorem 5.5).

The relationship between the ultra weak Neumann trace operator (3.19), (3.20) and the weak Neumann trace operator (3.11), (3.12) can be described as follows: Given s > −1/2 and z ∈ C, denote by

j_z : {u ∈ H^1(Ω) � Δu ∈ H^s(Ω) � → W_z(Ω) (3.22)

the injection

j_z (u) := (u, ι(−Δu − zu)), u ∈ H^1(Ω), Δu ∈ H^s(Ω), (3.23) where ι is as in (3.10). Then

~γ_N j_z = ~γ_N . (3.24)

Thus, from this particular perspective, ~γ_N can also be regarded as a bounded extension of the Neumann trace operator γ_N defined in (3.9).

Remark 3.3. Since the ultra weak Neumann trace ~γ_N (u, f) is defined for a class of (pairs of) functions (u, f) ∈ W_z (Ω) for which the notion of the strong Neumann trace γ_N u is utterly ill-defined, it is appropriate to remark that (u, f) → ~γ_N (u, f) is not an extension of the operation of taking the trace u → γ_N u in an ordinary sense. In fact, it is more appropriate to regard the former as a “renormalization” of the latter trace, in a fashion that depends strongly on the choice of f.

To further shed light on this issue, we recall that for u ∈ H^1(Ω), Δu is naturally defined as a linear functional in (H^1_0 (Ω))^∗, where H^1_0 (Ω) is the closure of C^∞_0 (Ω) in H^1(Ω). The choice of f is the choice of an extension of this linear functional to a functional in (H^1(Ω))^∗ (a space which is naturally identified with H^{−1}_0 (Ω) := � g ∈ H^{−1}(R^n) � supp(g) ⊆ Ω � ). As an example, consider u ∈ H^1(Ω) and suppose that actually u ∈ H^2(Ω), so γ_N u ∈ L^2(∂Ω; d^{n−1}ω) is well defined. In this case, Δu ∈ L^2(Ω; d^nx) has a “natural” extension f_0 ∈ H^{−1}_0 (Ω) (i.e., f_0 is the extension of Δu to R^n by setting this equal zero outside Ω). Any other extension f_1 ∈ H^{−1}_0 (Ω) differs from f_0 by a distribution η ∈ H^{−1}(R^n) supported on ∂Ω. We have

~γ_N (u, f_0) = γ_N u, (3.25)

but if η ≠ 0 then ~γ_N (u, f_1) is not equal to ~γ_N (u, f_0). Indeed, by linearity one concludes that ~γ_N (u, f_1) = ~γ_N ((u, f_0) + (0, η)) = ~γ_N (u, f_0) + ~γ_N (0, η) and (3.20) shows that

⟨ϕ, ~γ_N (0, η)⟩_{1/2} = −_H1_{(Ω)}⟨Φ, η⟩_{(H}1_{(Ω))}∗ , (3.26)

for each ϕ ∈ H^{1/2}(∂Ω) and Φ ∈ H^1(Ω) such that γ_DΦ = ϕ. Consequently, ~γ_N (0, η) ≠ 0 if η ≠ 0.

We conclude this section by recording the following result, proved in [53]:

Lemma 3.4. Assume Hypothesis 2.1. Then for each r ∈ (1/2, 1), the Hölder space C^r(∂Ω) is a module over H^{1/2}(∂Ω). More precisely, if M_f denotes the operator of multiplication by f, then there exists C = C(Ω, r) > 0 such that

M_f ∈ B � H^{1/2}(∂Ω) � and ‖M_f ‖_B�_{H1/2 (∂Ω)}� ≤ C‖f‖_Cr_{(∂Ω)}, f ∈ C^r(∂Ω). (3.27)

As a consequence, if Hypothesis 2.2 is enforced, then the Neumann and Dirichlet trace operators γ_N , γ_D satisfy

γ_N ∈ B � H^2(Ω), H^{1/2}(∂Ω) � , (3.28)

γ_D ∈ B � H^2(Ω), H^{3/2}(∂Ω) � . (3.29)

4. Boundary Layer Potential Operators in Lipschitz Domains

We recall the fundamental solution of the Helmholtz equation and some fundamental properties of boundary layer potential operators in Lipschitz domains.

Let E_n(z; x) be the fundamental solution associated with the Helmholtz differential operator (−Δ − z) in R^n, n ∈ N, n ≥ 2, that is,

E_n(z; x) = � � � (i/4) � 2π|x|/z^{1/2}

�_{(2−n)/2}

H^{(1)}_{(n−2)/2} � z^{1/2}|x| � , n ≥ 2, z ∈ C\{0}, −1 2π ln(|x|), n = 2, z = 0, 1 (n−2)ω_{n−1} |x|

2−n, n ≥ 3, z = 0, Im � z^{1/2} � ≥ 0, x ∈ R^n\{0}. (4.1)

Here H^{(1)}_ν (·) denotes the Hankel function of the first kind with index ν ≥ 0 (cf. [1, Sect. 9.1]).

Assuming Hypothesis 2.1, we next introduce the single layer potential by setting

(S_z g)(x) = � ∂Ω d^{n−1}ω(y) E_n(z; x − y)g(y), x ∈ Ω, z ∈ C, (4.2) where g is an arbitrary measurable function on ∂Ω. We shall also be interested in the adjoint double layer on ∂Ω, given by

(K^#_z g)(x) = p.v. � ∂Ω d^{n−1}ω(y) ∂_{νx} E_n(z; x − y)g(y), x ∈ ∂Ω, z ∈ C. (4.3)

We denote by I_{∂Ω} the identity operator in the various spaces of functions (and distributions) on ∂Ω. In [53], the following results boundedness and jump-relations have been established: Lemma 4.1. Assume Hypothesis 2.1 and fix z ∈ C. Then K^#_z ∈ B � L^2(∂Ω; d^{n−1}ω) � , (4.4) and γ_DS_z ∈ B � L^2(∂Ω; d^{n−1}ω), H^1(∂Ω) � , (4.5)

~γ_N S_zg = � −^1_2 I_{∂Ω} + K^#_z � g, g ∈ L^2(∂Ω; d^{n−1}ω). (4.6) Lemma 4.2. Assume Hypothesis 2.2. Then K^#_z ∈ B_∞ � H^{1/2}(∂Ω) � , z ∈ C. (4.7) Furthermore, S_z ∈ B � H^{1/2}(∂Ω), H^2(Ω) � , z ∈ C. (4.8)

5. Dirichlet and Neumann Boundary Value Problems in Lipschitz Domains This section is devoted to Dirichlet and Neumann Laplacians and to Dirichlet and Neumann boundary value problems. We also briefly recall some results on nonlocal Robin Laplacians.

We start by reviewing the Dirichlet Laplacian −Δ_{D,Ω} associated with a domain Ω in R^n. Theorem 5.1. Assume Hypothesis 2.1. Then the Dirichlet Laplacian, −Δ_{D,Ω}, defined by − Δ_{D,Ω} = −Δ, dom(−Δ_{D,Ω}) = � u ∈ H^1(Ω) � � Δu ∈ L^2(Ω; d^nx); γ_Du = 0 in H^{1/2}(∂Ω)� = � u ∈ H^1_0 (Ω) � � Δu ∈ L^2(Ω; d^nx)�, (5.1)

is self-adjoint and strictly positive in L^2(Ω; d^nx). Moreover, dom � (−Δ_{D,Ω})^{1/2} � = H^1_0 (Ω). (5.2) This is essentially known; we refer to [53] for a discussion where also the following result concerning the Neumann Laplacian −Δ_{N,Ω} associated with Ω can be found:

Theorem 5.2. Assume Hypothesis 2.1. Then the Neumann Laplacian, −Δ_{N,Ω}, defined by − Δ_{N,Ω} = −Δ, (5.3) dom(−Δ_{N,Ω}) = � u ∈ H^1(Ω) � � Δu ∈ L^2(Ω; d^nx); ~γ_N u = 0 in H^{−1/2}(∂Ω)�,

is self-adjoint and bounded from below in L^2(Ω; d^nx). Moreover, dom � | − Δ_{N,Ω}|^{1/2} � = H^1(Ω). (5.4) In our next two theorems, we review well-posedness results for the Dirichlet and Neumann problems. To state these we will denote the identity operator in the various spaces of functions (and distributions) in Ω as I_Ω.

Theorem 5.3. Assume Hypothesis 2.1 and suppose that z ∈ C\σ(−Δ_{D,Ω}). Then for every f ∈ H^s(∂Ω), 0 ≤ s ≤ 1, the following Dirichlet boundary value problem, � (−Δ − z)u = 0 in Ω, u ∈ H^{s+1/2}(Ω), γ_Du = f on ∂Ω,

(5.5)

has a unique solution u = u_D. This solution u_D satisfies ~γ_N u_D ∈ H^{s−1}(∂Ω) and ‖~γ_N u_D‖_Hs−1_{(∂Ω)} ≤ C_D ‖f‖_Hs_{(∂Ω)}, (5.6) for some constant C_D = C_D (Ω, s, z) > 0. Moreover, ‖u_D‖_Hs+1/2_{(Ω)} ≤ C_D ‖f‖_Hs_{(∂Ω)}. (5.7)

Finally, � ~γ_N (−Δ_{D,Ω} − zI_Ω)^{−1}

�_∗ ∈ B � H^s(∂Ω), H^{s+1/2}(Ω) � , (5.8) and the solution u_D is given by the formula

u_D = − � ~γ_N (−Δ_{D,Ω} − zI_Ω)^{−1}

�_∗

f. (5.9)

Theorem 5.4. Assume Hypothesis 2.1 and suppose that z ∈ C\σ(−Δ_{Θ,Ω}). Then for every g ∈ H^{s−1}(∂Ω), 0 ≤ s ≤ 1, the following Neumann boundary value problem, � (−Δ − z)u = 0 in Ω, u ∈ H^{s+1/2}(Ω), ~γ_N u = g on ∂Ω,

(5.10)

has a unique solution u = u_N . This solution u_N satisfies

γ_Du_N ∈ H^s(∂Ω) and ‖γ_Du_N ‖_Hs_{(∂Ω)} ≤ C‖g‖_Hs−1_{(∂Ω)}, (5.11)

as well as ‖u_N ‖_Hs+1/2_{(Ω)} ≤ C‖g‖_Hs−1_{(∂Ω)}, (5.12) for some constant constant C = C(Ω, s, z) > 0. Finally, � γ_D(−Δ_{N,Ω} − zI_Ω)^{−1}

�_∗ ∈ B � H^{s−1}(∂Ω), H^{s+1/2}(Ω) � , (5.13)

and the solution u_N is given by the formula

u_N = � γ_D(−Δ_{N,Ω} − zI_Ω)^{−1}

�_∗

g. (5.14)

When s ∈ {0, 1}, the above results have been established in [53]. The more general case 0 ≤ s ≤ 1 is, however, proved along very similar lines.

We shall now review well-posedness results for the inhomogeneous Dirichlet and Neumann problems (again, see [53] for proofs). In the following we denote by ~I_Ω the continuous inclusion (embedding) map of H^1(Ω) into � H^1(Ω)

�_∗ . By a slight abuse of notation, we also denote the continuous inclusion map of H^1_0 (Ω) into � H^1_0 (Ω)

�_∗ by the same symbol ~I_Ω. We recall the ultra weak Neumann trace operator ~γ_N in (3.19), (3.20). Finally, assuming Hypothesis 2.1, we denote by

− ~Δ_{N,Ω} ∈ B � H^1(Ω), � H^1(Ω)

�_∗� (5.15)

the operator defined uniquely by the requirement that

H^1 (Ω)⟨u, − ~ΔN,Ωv⟩(H^1 (Ω))^∗ = � Ω d^nx ∇u(x) · ∇v(x) = (∇u, ∇v)_L2_{(Ω;d}n_{x)}, u, v ∈ H^1(Ω). (5.16)

We note that −Δ_{N,Ω} then becomes the part of − ~Δ_{N,Ω} in L^2(Ω; d^nx).

Theorem 5.5. Assume Hypothesis 2.1 and suppose that z ∈ C\σ(−Δ_{N,Ω}). Then for every w ∈ (H^1(Ω))^∗, the following generalized inhomogeneous Neumann problem, � (−Δ − z)u = w|_Ω in D^′(Ω), u ∈ H^1(Ω), ~γ_N (u, w) = 0 on ∂Ω,

(5.17)

has a unique solution u = u_{N,w}. Moreover, there exists a constant C = C(Ω, z) > 0 such that

‖u_{N,w}‖_H1_{(Ω)} ≤ C‖w‖_{(H}1_{(∂Ω))}∗ . (5.18)

In particular, the operator (−Δ_{N,Ω} − zI_Ω)^{−1}, z ∈ C\σ(−Δ_{N,Ω}), originally defined as a bounded operator on L^2(Ω; d^nx),

(−Δ_{N,Ω} − zI_Ω)^{−1} ∈ B � L^2(Ω; d^nx) � , (5.19)

can be extended to a map in B � H^1(Ω)

�_∗

, H^1(Ω) � , which in fact coincides with � − ~Δ_{N,Ω} − z ~I_Ω

�_{−1} ∈ B � H^1(Ω)

�_∗ , H^1(Ω) � . (5.20)

Continuing to retain Hypothesis 2.1, we denote by

− ~Δ_{D,Ω} ∈ B � H^{−1}(Ω), H^1_0 (Ω) � (5.21)

the operator defined uniquely by the requirement that

H^1_0 (Ω)⟨u, − ~ΔD,Ωv⟩(H^1_0 (Ω))^∗ = � Ω d^nx ∇u(x) · ∇v(x) = (∇u, ∇v)_L2_{(Ω;d}n_{x)}, u, v ∈ H^1_0 (Ω). (5.22)

In this context, −Δ_{D,Ω} then becomes the part of − ~Δ_{D,Ω} in L^2(Ω; d^nx).

Theorem 5.6. Assume Hypothesis 2.1 and suppose that z ∈ C\σ(−Δ_{D,Ω}). Then for every w ∈ H^{−1}(Ω), the following inhomogeneous Dirichlet problem, (−Δ − z)u = w in Ω, u ∈ H^1_0 (Ω), (5.23) has a unique solution u = u_{D,w}. Moreover, there exists a constant C = C(Ω, z) > 0 such that ‖u_{D,w}‖_H1_{(Ω)} ≤ C‖w‖_H−1_{(∂Ω)}. (5.24)

In particular, the operator (−Δ_{D,Ω} − zI_Ω)^{−1}, z ∈ C\σ(−Δ_{D,Ω}), originally defined as a bounded operator on L^2(Ω; d^nx), (−Δ_{D,Ω} − zI_Ω)^{−1} ∈ B � L^2(Ω; d^nx) � , (5.25)

can be extended to a map in B � H^{−1}(Ω), H^1_0 (Ω) � , which in fact coincides with � − ~Δ_{N,Ω} − z ~I_Ω

�_{−1} ∈ B � H^{−1}(Ω), H^1_0 (Ω) � . (5.26)

Assuming Hypothesis 2.1, we now introduce the Dirichlet-to-Neumann map M^{(0)}_{D,N,Ω}(z) associated with (−Δ − z) on Ω, as follows,

M^{(0)}_{D,N,Ω}(z): � H^1(∂Ω) → L^2(∂Ω; d^{n−1}ω),

f → −~γ_N (u_D), z ∈ C\σ(−Δ_{D,Ω}), (5.27)

where u_D is the unique solution of

(−Δ − z)u = 0 in Ω, u ∈ H^{3/2}(Ω), γ_Du = f on ∂Ω. (5.28)

Still assuming Hypothesis 2.1, we next introduce the Neumann-to-Dirichlet map M^{(0)}_{N,D,Ω}(z) associated with (−Δ − z) on Ω, as follows,

M^{(0)}_{N,D,Ω}(z): � L^2(∂Ω; d^{n−1}ω) → H^1(∂Ω), g → γ_D u_N , z ∈ C\σ(−Δ_{N,Ω}), (5.29)

where u_N is the unique solution of

(−Δ − z)u = 0 in Ω, u ∈ H^{3/2}(Ω), ~γ_N u = g on ∂Ω. (5.30)

Theorem 5.7. Assume Hypothesis 2.1. Then

M^{(0)}_{D,N,Ω}(z) ∈ B � H^1(∂Ω), L^2(∂Ω; d^{n−1}ω) � , z ∈ C\σ(−Δ_{D,Ω}), (5.31) and M^{(0)}_{D,N,Ω}(z) = ~γ_N � ~γ_N (−Δ_{D,Ω} − zI_Ω)^{−1}

�_∗ , z ∈ C\σ(−Δ_{D,Ω}). (5.32) Moreover, M^{(0)}_{N,D,Ω}(z) ∈ B � L^2(∂Ω; d^{n−1}ω), H^1(∂Ω) � , z ∈ C\σ(−Δ_{N,Ω}), (5.33) and, in fact, M^{(0)}_{N,D,Ω}(z) ∈ B_∞ � L^2(∂Ω; d^{n−1}ω) � , z ∈ C\σ(−Δ_{N,Ω}). (5.34) In addition, M^{(0)}_{N,D,Ω}(z) = γ_D � γ_D(−Δ_{N,Ω} − zI_Ω)^{−1}

�_∗ , z ∈ C\σ(−Δ_{N,Ω}). (5.35) Finally, let z ∈ C\(σ(−Δ_{D,Ω}) ∪ σ(−Δ_{N,Ω})). Then

M^{(0)}_{N,D,Ω}(z) = −M^{(0)}_{D,N,Ω}(z)^{−1}. (5.36)

For closely related recent work on Weyl–Titchmarsh operators associated with nonsmooth domains we refer to [53], [54], [55], and [56]. For an extensive list of references on z-dependent Dirichlet-to-Neumann maps predominantly associated with smooth domains we also refer, for instance, to [4], [6], [9], [22], [29], [31], [32], [34], [35], [39], [40], [51]–[56], [64], [105], [109], [110], [111]. We will return to this topic in Section 11 in the context of quasi-convex domains.

In the last part of this section we include a brief discussion of nonlocal Robin Laplacians in bounded Lipschitz subdomains of R^n. Concretely, we describe a family of self-adjoint Laplace operators −Δ_{Θ,Ω} in L^2(Ω; d^nx) indexed by the boundary operator Θ. We will refer to −Δ_{Θ,Ω} as the (nonlocal) Robin Laplacian. To facilitate the presentation, we isolate a technical condition in the hypothesis below:

Hypothesis 5.8. Assume Hypothesis 2.1, suppose that δ > 0 is a given number, and assume that Θ ∈ B � H^{1/2}(∂Ω), H^{−1/2}(∂Ω) � is a self-adjoint operator which can be written as Θ = Θ_1 + Θ_2 + Θ_3, (5.37) where the operators Θ_j , j = 1, 2, 3, have the following properties: There exists a closed sesquilinear form a_{Θ0} in L^2(∂Ω; d^{n−1}ω), with domain H^{1/2}(∂Ω) × H^{1/2}(∂Ω), bounded from below by c_{Θ0} ∈ R (hence, a_{Θ0} is symmetric) such that if Θ_0 � c_ΘI_{∂Ω} denotes the self-adjoint operator in L^2(∂Ω; d^{n−1}ω) uniquely associated with a_{Θ0} , then Θ_1 is the extension of Θ_0 to an operator in B � H^{1/2}(∂Ω), H^{−1/2}(∂Ω) � . In addition,

Θ_2 ∈ B_∞ � H^{1/2}(∂Ω), H^{−1/2}(∂Ω) � , (5.38)

whereas Θ_3 ∈ B � H^{1/2}(∂Ω), H^{−1/2}(∂Ω) � satisfies ‖Θ_3‖_{B(H}1/2_{(∂Ω),H}−1/2_{(∂Ω))} < δ. (5.39)

The following result has been proved in [55]:

Theorem 5.9. Assume Hypothesis 5.8, where the number δ > 0 is taken to be sufficiently small relative to the Lipschitz character of Ω. Then the nonlocal Robin Laplacian, −Δ_{Θ,Ω}, defined by − Δ_{Θ,Ω} = −Δ, (5.40) dom(−Δ_{Θ,Ω}) = � u ∈ H^1(Ω) � � Δu ∈ L^2(Ω; d^nx), �~γ_N + Θγ_D�u = 0 in H^{−1/2}(∂Ω)�

is self-adjoint and bounded from below in L^2(Ω; d^nx). Moreover, dom � | − Δ_{Θ,Ω}|^{1/2} � = H^1(Ω), (5.41) and −Δ_{Θ,Ω}, has purely discrete spectrum bounded from below, in particular, σ_{ess}(−Δ_{Θ,Ω}) = ∅. (5.42)

6. Higher-Order Smoothness Spaces on Lipschitz Surfaces This section presents some new results on higher-order smoothness spaces on Lipschitz surfaces. Assuming Hypothesis 2.1 we recall the tangential derivative operators ∂/∂τ_{j,k} in (2.24). We can then define the tangential gradient operator

∇_{tan} : � � � H^1(∂Ω) → � L^2(∂Ω; d^{n−1}ω)

�_n

f → ∇_{tan}f =

� �_n

k=1 ν_k^{∂f}_{∂τk,j} � 1≤j≤n . (6.1)

The following result has been proved in [89].

Theorem 6.1. Assume Hypothesis 2.1 and denote by ν the outward unit normal to ∂Ω. Then the operator

γ_2 : � H^2(Ω) → � (g_0, g_1) ∈ H^1(∂Ω) ∔ L^2(∂Ω; d^{n−1}ω) � � ∇_{tan}g_0 + g_1ν ∈ �H 1/2(∂Ω)�^n� u → γ_2u = � γ_Du, γ_N u

� (6.2)

is well-defined, linear, bounded, onto, and has a linear, bounded right-inverse. In (6.2), the space � (g_0, g_1) ∈ H^1(∂Ω) ∔ L^2(∂Ω; d^{n−1}ω) � � ∇_{tan}g_0 + g_1ν ∈ �H 1/2(∂Ω)�^n� is considered equipped with the natural norm

(g_0, g_1) → ‖g_0‖_H1_{(∂Ω)} + ‖g_1‖_L2_{(∂Ω;d}n−1_{ω)} + ‖∇_{tan}g_0 + g_1ν‖_{(H}1/2_{(∂Ω))}n . (6.3) Furthermore, the null space of the operator (6.2) is given by ker(γ_2) = � u ∈ H^2(Ω) � � γ_Du = γ_N u = 0� = H^2_0 (Ω), (6.4)

with the latter space denoting the closure of C^∞_0 (Ω) in H^2(Ω).

Assuming Hypothesis 2.1, we now introduce

N^{1/2}(∂Ω; d^{n−1}ω) = N^{1/2}(∂Ω) := � g ∈ L^2(∂Ω; d^{n−1}ω) � � gν_j ∈ H^{1/2}(∂Ω), 1 ≤ j ≤ n�, (6.5)

where the ν_j ’s are the components of ν. We equip this space with the natural norm

‖g‖_N 1/2_{(∂Ω)} := n� j=1 ‖gν_j ‖_H1/2_{(∂Ω)}. (6.6)

Lemma 6.2. Assuming Hypothesis 2.1. Then N^{1/2}(∂Ω) is a reflexive Banach space which embeds continuously into L^2(∂Ω; d^{n−1}ω). Furthermore,

N^{1/2}(∂Ω) = H^{1/2}(∂Ω), whenever Ω is a bounded C^{1,r} domain with r > 1/2. (6.7)

Proof. Obviously we have g = n� j=1 ν_j (gν_j ) for any function g ∈ L^2(∂Ω; d^{n−1}ω) (6.8)

so that, in particular, ‖g‖_L2_{(∂Ω;d}n−1_{ω)} ≤ n‖g‖_N 1/2_{(∂Ω)}. This proves that the natural inclusion N^{1/2}(∂Ω) → L^2(∂Ω; d^{n−1}ω) is bounded. If {g_k}_{k∈N} is a Cauchy sequence in N^{1/2}(∂Ω) then, for each j ∈ {1, ..., n}, {g_kν_j }_{k∈N} is a Cauchy sequence in H^{1/2}(∂Ω) and, from what we have proved so far, {g_k}_{k∈N} converges in L^2(∂Ω; d^{n−1}ω) to some g ∈ L^2(∂Ω; d^{n−1}ω). It follows that {g_kν_j }_{k∈N} converges in L^2(∂Ω; d^{n−1}ω) to gν_j for each j ∈ {1, ..., n}. With this at hand, it is then easy to conclude that g is the limit of {g_k}_{k∈N} in N^{1/2}(∂Ω). This proves that N^{1/2}(∂Ω) is a Banach space.

Next, by relying on the same simple identity in (6.8) and Lemma 3.4, we also see that (6.7) holds. If we now consider

Φ : N^{1/2}(∂Ω) → � H^{1/2}(∂Ω)

�_n

, Φ(g) := (gν_j )_{1≤j≤n}, (6.9)

it follows that Φ is an isometric embedding, which allows identifying N^{1/2}(∂Ω) with a closed subspace of the reflexive space � H^{1/2}(∂Ω)

�_n

, implying that N^{1/2}(∂Ω) is also reflexive. □

It should be mentioned that, in spite of (6.7), the spaces H^{1/2}(∂Ω) and N^{1/2}(∂Ω) can be quite different for an arbitrary Lipschitz domain Ω. Our interest in the latter space stems from the fact that this arises naturally when considering the Neumann trace operator acting on � u ∈ H^2(Ω) � γ_Du = 0 � = H^2(Ω) ∩ H^1_0 (Ω), (6.10)

considered as a closed subspace of H^2(Ω) (hence, a Banach space when equipped with the H^2-norm). More specifically, we have the following result:

Lemma 6.3. Assume Hypothesis 2.1. Then the Neumann trace operator γ_N considered in the context

γ_N : H^2(Ω) ∩ H^1_0 (Ω) → N^{1/2}(∂Ω) (6.11)

is well-defined, linear, bounded, onto, and with a linear, bounded right-inverse. In addition, the null space of γ_N in (6.11) is precisely H^2_0 (Ω), the closure of C^∞_0 (Ω) in H^2(Ω).

Proof. To prove that (6.11) is well-defined, we note that if u ∈ H^2(Ω) ∩ H^1_0 (Ω), then Theorem 6.1 yields

(0, γ_N u) = γ_2u ∈ � (g_0, g_1) ∈ H^1(∂Ω) ∔ L^2(∂Ω; d^{n−1}ω) � � ∇_{tan}g_0 + g_1ν ∈ �H^{1/2}(∂Ω)�^n�, (6.12)

implying that γ_N u belongs to N^{1/2}(∂Ω) and ‖γ_N u‖_N 1/2_{(∂Ω)} ≤ C‖u‖_H2_{(Ω)} for some C = C(Ω) > 0 independent of u. This shows that (6.11) is well-defined, linear, and bounded. Next, denote by E_2 a linear, bounded right-inverse for γ_2 in (6.2). Then, if

ι : N^{1/2}(∂Ω) → � (g_0, g_1) ∈ H^1(∂Ω) ∔ L^2(∂Ω; d^{n−1}ω) � � ∇_{tan}g_0 + g_1ν ∈ �H^{1/2}(∂Ω)�^n� (6.13)

is the injection given by ι(g) := (0, g), for every g ∈ N^{1/2}(∂Ω), it follows that the composition E_2ι : N^{1/2}(∂Ω) → H^2(Ω) ∩ H^1_0 (Ω) is a linear, bounded right-inverse for the operator γ_N in (6.11). Consequently, this operator is onto. Finally, the fact that the null space of γ_N in (6.11) is precisely H^2_0 (Ω) follows from its definition and the last part in the statement of Theorem 6.1. □

Our goal is to use the above Neumann trace result in order to extend the action of the Dirichlet trace operator (3.2) to dom(−Δ_{max}), the domain of the maximal Laplacian, that is, � u ∈ L^2(Ω; d^nx) � � Δu ∈ L2(Ω; dnx)�, which we consider equipped with the graph norm u → ‖u‖_L2_{(Ω;d}n_{x)} + ‖Δu‖_L2_{(Ω;d}n_{x)}. Specifically, with � N^{1/2}(∂Ω)

�_∗ denoting the conjugate dual space of N^{1/2}(∂Ω), we have the following result:

Theorem 6.4. Assume Hypothesis 2.1. Then there exists a unique linear, bounded operator

^γ_D : � u ∈ L^2(Ω; d^nx) � Δu ∈ L^2(Ω; d^nx) � → � N^{1/2}(∂Ω)

�_∗ (6.14)

which is compatible with the Dirichlet trace introduced in (3.2), in the sense that, for each s > 1/2, one has

^γ_D u = γ_Du for every u ∈ H^s(Ω) with Δu ∈ L^2(Ω; d^nx). (6.15)

Furthermore, this extension of the Dirichlet trace operator in (3.2) allows for the following generalized integration by parts formula

N^{1/2}(∂Ω)⟨γN w, ^γD u⟩(N^{1/2}(∂Ω))^∗ = (Δw, u)L^2 (Ω;d^nx) − (w, Δu)L^2 (Ω;d^nx), (6.16)

valid for every u ∈ L^2(Ω; d^nx) with Δu ∈ L^2(Ω; d^nx) and every w ∈ H^2(Ω) ∩ H^1_0 (Ω). Proof. Let u ∈ L^2(Ω; d^nx) be such that Δu ∈ L^2(Ω; d^nx). We attempt to define a functional ^γ_Du ∈ � N^{1/2}(∂Ω)

�_∗ as follows: Assume that g ∈ N^{1/2}(∂Ω) has been given arbitrarily. By Lemma 6.3 there exists a w ∈ H^2(Ω)∩H^1_0 (Ω) such that γ_N w = g and ‖w‖_H2_{(Ω)} ≤ C‖g‖_N 1/2_{(∂Ω)} for some finite constant C = C(Ω) > 0, independent of g. We then set

N^{1/2}(∂Ω)⟨g, ^γDu⟩(N^{1/2}(∂Ω))^∗ := (Δw, u)L^2 (Ω;d^nx) − (w, Δu)L^2 (Ω;d^nx). (6.17)

First we need to show that the above definition does not depend on the particular choice of w, with the properties listed above. By linearity, this comes down to proving the following claim: If u is as before and w ∈ H^2(Ω) ∩ H^1_0 (Ω) is such that γ_N w = 0 then (Δw, u)_L2_{(Ω;d}n_{x)} = (w, Δu)_L2_{(Ω;d}n_{x)}. (6.18) However, since Lemma 6.3 yields that w ∈ H^2_0 (Ω), formula (6.18) readily follows by approximating w with functions form C^∞_0 (Ω) in the norm of H^2(Ω). Thus, formula (6.17) yields a well-defined, linear, and bounded operator in the context of (6.17). By definition, this operator will satisfy (6.16).

Next, we will show that (6.15) is valid for each s > 1/2. Fix s ∈ (1/2, 1) along with some function u ∈ H^s(Ω) with Δu ∈ L^2(Ω; d^nx). In particular, γ_Du ∈ H^{s−(1/2)}(∂Ω) and we select a sequence {f_j }_{j∈N} such that f_j ∈ H^{1/2}(∂Ω), j ∈ N, and f_j → γ_Du in H^{s−(1/2)}(∂Ω) as j → ∞. (6.19) Next, for each j ∈ N, select a function u_j such that Δu_j = Δu in Ω, u_j ∈ H^1(Ω), γ_Du_j = f_j on ∂Ω. (6.20) From (6.19) and the continuous dependence of the solution on the data, we may conclude that u_j → u in H^s(∂Ω) as j → ∞. (6.21) In addition, we also select a sequence {w_k}_{k∈N} such that w_k ∈ C^∞(Ω), k ∈ N, and w_k → w in H^2(Ω) as k → ∞. (6.22) With j fixed, we now introduce the vector fields G_k := u_j ∇w_k ∈ � H^1(Ω)

�_n , k ∈ N, and obtain div(G_k) = u_j Δw_k + ∇u_j · ∇w_k ∈ L^2(Ω; d^n) → L^1(Ω; d^nx), ΔG_k = Δu_j ∇w_k + u_j ∇Δw_k + 2

�_n i=1 ∇u_j · ∇∂_iw_k ∈ L^2(Ω; d^nx), ν · ~γ_D(G_k ) = ν · γ_D(G_k ) = γ_Du_j γ_N w_k = f_j γ_N w_k.

(6.23)

Based on this and (3.8) we may then write (u_j , Δw)_L2_{(Ω;d}n_{x)} = lim_{k→∞}(u_j , Δw_k)_L2_{(Ω;d}n_{x)}

= lim_{k→∞} � � Ω d^nx div(G_k) − (∇u_j , ∇w_k )_{(L}2_{(Ω;d}n_{x))}n �

= lim_{k→∞} � � ∂Ω dω^{n−1} f_j γ_N w_k − (∇u_j , ∇w_k )_{(L}2_{(Ω;d}n_{x))}n �

= � ∂Ω dω^{n−1} f_j γ_N w − (∇u_j , ∇w)_{(L}2_{(Ω;d}n_{x))}n . (6.24) In order to continue, we now select a sequence {v_k}_{k∈N} such that v_k ∈ C^∞_0 (Ω), k ∈ N, and v_k → w in H^1(Ω) as k → ∞. (6.25) Then we can further transform the last integral in (6.24) into (∇u_j , ∇w)_{(L}2_{(Ω;d}n_{x))}n = lim_{k→∞}(∇u_j , ∇v_k)_{(L}2_{(Ω;d}n_{x))}n = − lim_{k→∞}(Δu_j , v_k)_L2_{(Ω;d}n_{x)} = −(Δu_j , w)_L2_{(Ω;d}n_{x)} = (Δu, w)_L2_{(Ω;d}n_{x)}, (6.26) where the last equality utilizes the fact that Δu_j = Δu (cf.(6.20)). Together, (6.24) and (6.26) yield that

(u_j , Δw)_L2_{(Ω;d}n_{x)} = � ∂Ω dω^{n−1} f_j γ_N w + (Δu, w)_L2_{(Ω;d}n_{x)}, (6.27)

for every j ∈ N. By passing to the limit as j → ∞ in (6.27), we arrive, on account of (6.19) and (6.21), at

(u, Δw)_L2_{(Ω;d}n_{x)} = � ∂Ω dω^{n−1} γ_Duγ_N w + (Δu, w)_L2_{(Ω;d}n_{x)}. (6.28)

Consequently, � ∂Ω dω^{n−1} γ_Duγ_N w = (u, Δw)_L2_{(Ω;d}n_{x)} − (Δu, w)_L2_{(Ω;d}n_{x)}

=_N 1/2_{(∂Ω)}⟨γ_N w, ^γ_D u⟩_{(N} 1/2_{(∂Ω))}∗ . (6.29)

We recall that this formula is valid for any w ∈ H^2(Ω) ∩ H^1_0 (Ω) and the operator (6.11) maps this space onto N^{1/2}(∂Ω). We may therefore deduce from (6.29) that ^γ_Du, originally viewed as a functional on � N^{1/2}(∂Ω)

�_∗ , is given by integration against γ_Du ∈ L^2(∂Ω; d^{n−1}ω) in the case where u ∈ H^s(Ω) satisfies Δu ∈ L^2(Ω; d^nx). This concludes the proof of (6.15).

It remains to establish the uniqueness of an operator satisfying (6.14), (6.15). For this it suffices to show that C^∞(Ω) embeds densely into � u ∈ L^2(Ω; d^nx) � � Δu ∈ L^2(Ω; d^nx)�. In fact, a more general result holds, namely,

C^∞(Ω) → � u ∈ H^s(Ω) � � Δu ∈ L^2(Ω; d^nx)� densely, whenever s < 2, (6.30)

where the latter space is equipped with the natural graph norm u → ‖u‖_Hs_{(Ω)} +‖Δu‖_L2_{(Ω;d}n_{x)}. When s = 1, this appears as Lemma 1.5.3.9 on p. 60 of [59], and the extension to s < 2 has been worked out, along similar lines, in [36]. □

Corollary 6.5. Assume Hypothesis 2.1. Then � u|_{∂Ω} � � u ∈ C^∞(Ω)� is a dense subspace of �N^{1/2}(∂Ω)�^∗. (6.31)

As a consequence,

H^1(∂Ω) → � N^{1/2}(∂Ω)

�_∗ densely. (6.32)

Proof. This is an immediate consequence of (6.30) and the ontoness of the map (6.14). □

For smoother domains, Theorem 6.4 takes a somewhat more familiar form (compare with [83] and [60]):

Corollary 6.6. Assume that Ω ⊂ R^n, n ≥ 2, is a bounded C^{1,r} domain with r > 1/2. Then the Dirichlet trace γ_D in (3.2) exists in a unique fashion to a linear, bounded operator

^γ_D : � u ∈ L^2(Ω; d^nx) � � Δu ∈ L^2(Ω; d^nx)� → H^{−1/2}(∂Ω). (6.33)

Moreover, for this extension of the Dirichlet trace operator one has the following generalized integration by parts formula

⟨γ_N w, ^γ_Du⟩_{1/2} = (Δw, u)_L2_{(Ω;d}n_{x)} − (w, Δu)_L2_{(Ω;d}n_{x)}, (6.34)

whenever u ∈ L^2(Ω; d^nx) satisfies Δu ∈ L^2(Ω; d^nx), and w ∈ H^2(Ω) ∩ H^1_0 (Ω).

Proof. This is an immediate consequence of Theorem 6.4 and equation (6.7). □

We next turn our attention to case of the Neumann trace, whose action we would like to extend to dom(−Δ_{max}). To this end, we need to address a number of preliminary matters. First, assuming Hypothesis 2.1, we make the following definition (compare with (6.5)):

N^{3/2}(∂Ω; d^{n−1}ω) = N^{3/2}(∂Ω) := � g ∈ H^1(∂Ω) � ∇_{tan}g ∈ � H^{1/2}(∂Ω)

�_n� , (6.35)

equipped with the natural norm

‖g‖_N 3/2_{(∂Ω)} := ‖g‖_L2_{(∂Ω;d}n−1_{ω)} + ‖∇_{tan}g‖_{(H}1/2_{(∂Ω))}n . (6.36)

Lemma 6.7. Assume Hypothesis 2.1. Then N^{3/2}(∂Ω) is a reflexive Banach space which embeds continuously into H^1(∂Ω).

Proof. That the natural injection N^{3/2}(∂Ω) → H^1(∂Ω) is bounded is clear from (6.36), (6.1) and (2.26). Next, let {g_m}_{m∈N} be a Cauchy sequence in N^{3/2}(∂Ω). Then {g_m}_{m∈N} converges in H^1(∂Ω) to some g ∈ H^1(∂Ω). Consequently, for each j, k ∈ {1, ..., n}, the sequence {∂g_m/∂τ_{j,k}}_{m∈N} converges to ∂g/∂τ_{j,k} in L^2(∂Ω; d^{n−1}ω). This and (6.1) then imply that {∇_{tan}g_m}_{m∈N} converges to ∇g in � L^2(∂Ω; d^{n−1}ω)

�_n . Since {∇_{tan}g_m}_{m∈N} is also known to be Cauchy in H^1(∂Ω), we may finally conclude that g ∈ N^{3/2}(∂Ω) and {g_m}_{m∈N} converges to g in N^{3/2}(∂Ω). This proves that N^{3/2}(∂Ω) is a Banach space. Next, one observes that

Φ : N^{3/2}(∂Ω) → L^2(∂Ω; d^{n−1}ω) ∔ � H^{1/2}(∂Ω)

�_n

, Φ(g) := (g, ∇_{tan}g), (6.37)

is an isometric embedding, allowing for the identification of N^{3/2}(∂Ω) with a closed subspace of the reflexive space L^2(∂Ω; d^{n−1}ω) ∔ � H^{1/2}(∂Ω)

�_n . Consequently, N^{3/2}(∂Ω) is also reflexive. □

Our next result shows that this is a natural substitute for the more familiar space H^{3/2}(∂Ω) in the case where Ω is sufficiently smooth. Concretely, we have the following result:

Lemma 6.8. Let Ω ⊂ R^n, n ≥ 2, be a bounded C^{1,r} domain with r > 1/2. Then

N^{3/2}(∂Ω) = H^{3/2}(∂Ω), (6.38)

as vector spaces with equivalent norms.

Proof. Denote by (ν_1, ..., ν_n) the components of the outward unit normal ν to ∂Ω. If g ∈ H^1(∂Ω) then (6.1) and elementary algebra yield that ∂g ∂τ_{j,k}

= ν_j (∇_{tan}g)_k − ν_k(∇_{tan}g)_j , j, k = 1, ..., n, (6.39)

where (∇_{tan}g)_r stands for the r-th component of the vector field ∇_{tan}g. As a consequence of this identity and Lemma 3.4, if g ∈ N^{3/2}(∂Ω), then ∂g/∂τ_{j,k} ∈ H^{1/2}(∂Ω). Thus, Lemma 2.4 yields that g ∈ H^{3/2}(∂Ω) with ‖g‖_H3/2_{(∂Ω)} ≈ ‖g‖_N 3/2_{(∂Ω)}, whenever g ∈ N^{3/2}(∂Ω). This proves the left-to-right inclusion in (6.38).

Conversely, if g ∈ H^{3/2}(∂Ω), then g ∈ H^1(∂Ω) and ∂g/∂τ_{j,k} ∈ H^{1/2}(∂Ω) for 1 ≤ j, k ≤ n, by Lemma 2.4 (and a natural equivalence of norms). Based on this and (6.1), we may then conclude that g ∈ N^{3/2}(∂Ω) with ‖g‖_N 3/2_{(∂Ω)} ≈ ‖g‖_H3/2_{(∂Ω)}, whenever g ∈ H^{3/2}(∂Ω). This proves the right-to-left inclusion in (6.38). □

It should be pointed out that, generally speaking, the spaces H^{3/2}(∂Ω) and N^{3/2}(∂Ω) can be quite different in the class of Lipschitz domains.

The reason we are interested in N^{3/2}(∂Ω) is that this space arises naturally when considering the Dirichlet trace operator acting on � u ∈ H^2(Ω) � � γ_N u = 0�, (6.40)

considered as a closed subspace of H^2(Ω) (thus, a Banach space when equipped with the norm inherited from H^2(Ω)). More precisely, we have the following result:

Lemma 6.9. Assume Hypothesis 2.1. Then the Dirichlet trace operator γ_D considered in the context

γ_D : � u ∈ H^2(Ω) � � γ_N u = 0� → N^{3/2}(∂Ω) (6.41)

is well-defined, linear, bounded, onto, and with a linear, bounded right-inverse. In addition, the null space of γ_D in (6.41) is precisely H^2_0 (Ω), the closure of C^∞_0 (Ω) in H^2(Ω).

Proof. If u ∈ H^2(Ω) is such that γ_N u = 0, then Theorem 6.1 yields

(γ_D u, 0) = γ_2u ∈ � (g_0, g_1) ∈ H^1(∂Ω) ∔ L^2(∂Ω; d^{n−1}ω) � � ∇_{tan}g_0 + g_1ν ∈ �H^{1/2}(∂Ω)�^n� (6.42)

which entails γ_Du ∈ N^{3/2}(∂Ω). Furthermore, there exists C = C(Ω) > 0, independent of u, such that ‖γ_Du‖_N 3/2_{(∂Ω)} ≤ C‖u‖_H2_{(Ω)}. As a consequence, the operator (6.11) is well-defined, linear, and bounded. Next, we recall that E_2 stands for a linear, bounded right-inverse for γ_2 in (6.2). Then, if

ι^′ : N^{3/2}(∂Ω) → � (g_0, g_1) ∈ H^1(∂Ω) ∔ L^2(∂Ω; d^{n−1}ω) � � ∇_{tan}g_0 + g_1ν ∈ �H^{1/2}(∂Ω)�^n� (6.43)

is the injection given by ι^′(g) := (g, 0), for every g ∈ N^{3/2}(∂Ω), it follows that the composition E_2ι^′ : N^{3/2}(∂Ω) → � u ∈ H^2(Ω) � γ_N u = 0 � is a linear, bounded right-inverse for the operator γ_D in (6.41). Hence, this operator is also onto. Finally, the fact that the null space of γ_D in (6.41) is precisely H^2_0 (Ω) follows from its definition and the last part in the statement of Theorem 6.1. □

Next, we shall use the Neumann trace result in Lemma 6.9 to extend the action of the Neumann trace operator (3.9) to dom(−Δ_{max}) = � u ∈ L^2(Ω; d^nx) � � Δu ∈ L^2(Ω; d^nx)�. As before, this space is equipped with the natural graph norm. We denote by � N^{3/2}(∂Ω)

�_∗ the conjugate dual space of N^{3/2}(∂Ω).

Theorem 6.10. Assume Hypothesis 2.1. Then there exists a unique linear and bounded operator

^γ_N : � u ∈ L^2(Ω; d^nx) � � Δu ∈ L^2(Ω; d^nx)� → �N^{3/2}(∂Ω)�^∗ (6.44)

which is compatible with the Neumann trace introduced in (3.9), in the sense that, for each s > 3/2, one has

^γ_N u = γ_N u for every u ∈ H^s(Ω) with Δu ∈ L^2(Ω; d^nx). (6.45)

Furthermore, this extension of the Neumann trace operator from (3.9) allows for the following generalized integration by parts formula

N^{3/2}(∂Ω)⟨γD w, ^γN u⟩(N^{3/2}(∂Ω))^∗ = (w, Δu)L^2 (Ω;d^nx) − (Δw, u)L^2 (Ω;d^nx), (6.46)

valid for every u ∈ L^2(Ω; d^nx) with Δu ∈ L^2(Ω; d^nx) and every w ∈ H^2(Ω) with γ_N w = 0.

Proof. Consider u ∈ L^2(Ω; d^nx) arbitrary such that Δu ∈ L^2(Ω; d^nx). We shall then define a functional ^γ_N u ∈ � N^{3/2}(∂Ω)

�_∗ in the following fashion: Given an arbitrary function g ∈ N^{3/2}(∂Ω), we invoke Lemma 6.9 in order to find w ∈ H^2(Ω) such that γ_N w = 0 and γ_Dw = g. In addition, matters can be arranged so that ‖w‖_H2_{(Ω)} ≤ C‖g‖_N 3/2_{(∂Ω)} for some finite constant C = C(Ω) > 0, independent of g. We then define

N^{3/2}(∂Ω)⟨g, ^γN u⟩(N^{3/2}(∂Ω))^∗ := (w, Δu)L^2 (Ω;d^nx) − (Δw, u)L^2(Ω;d^nx). (6.47)

We claim that the above definition is unambiguous in the sense that the action of the functional ^γ_N u does not depend on the particular choice of w, with the properties listed above. By linearity, this comes down to proving the following claim: If u is as before and w ∈ H^2(Ω) is such that γ_Dw = γ_N w = 0, then

(Δu, w)_L2_{(Ω;d}n_{x)} = (u, Δw)_L2_{(Ω;d}n_{x)}. (6.48)

However, since Theorem 6.1 ensures that w ∈ H^2_0 (Ω), formula (6.48) follows similarly to (6.18), by approximating w with functions form C^∞_0 (Ω) in the norm of H^2(Ω).

The above reasoning shows that formula (6.47) yields a well-defined, linear, and bounded operator in the context of (6.47). By definition, this operator will satisfy (6.46).

Next, we will show that (6.45) is valid for each s > 3/2. Fix s > 3/2 and let u ∈ H^s(Ω) with Δu ∈ L^2(Ω; d^nx). Then for every w ∈ H^2(Ω) with γ_N w = 0, Green’s formula (3.21) yields

(Δw, u)_L2_{(Ω;d}n_{x)} =_H1_{(Ω)}⟨w, Δu⟩_{(H}1_{(Ω))}∗

= −(∇w, ∇u)_{(L}2_{(Ω;d}n_{x))}n + ⟨γ_D u, ~γ_N w⟩_{1/2} = −(∇w, ∇u)_{(L}2_{(Ω;d}n_{x))}n . (6.49)

On the other hand, we may once again employ (3.21) in order to rewrite the last integral above as

(∇w, ∇u)_{(L}2_{(Ω;d}n_{x))}n = ⟨γ_Dw, ~γ_N u⟩_{1/2} −_H1_{(Ω)}⟨w, Δu⟩_{(H}1_{(Ω))}∗ = � ∂Ω d^{n−1}ω γ_Dwγ_N u − (w, Δu)_L2_{(Ω;d}n_{x)}, (6.50)

given the smoothness properties of the functions involved. Altogether, (6.49) and (6.50) imply that � ∂Ω d^{n−1}ω γ_D wγ_N u = (w, Δu)_L2_{(Ω;d}n_{x)} − (Δw, u)_L2_{(Ω;d}n_{x)}. (6.51)

This formula is valid for any w ∈ H^2(Ω) with γ_N w = 0, and the operator (6.41) maps this space onto N^{3/2}(∂Ω). We may therefore deduce from (6.51) that ^γ_N u, originally viewed as a functional on � N^{3/2}(∂Ω)

�_∗ , is given by integration against γ_N u ∈ L^2(∂Ω; d^{n−1}ω) in the case where u ∈ H^s(Ω) satisfies Δu ∈ L^2(Ω; d^nx). This concludes the proof of (6.45).

Finally, the uniqueness of an operator satisfying (6.44) and (6.45) is guaranteed by what we have proved thus far and the density result in (6.30). □

For smoother domains, Theorem 6.10 takes a somewhat more familiar form (compare with Lions-Magenes [83] and Grubb [60], as before). We recall that H^{−3/2}(∂Ω) = � H^{3/2}(∂Ω)

�_∗ .

Corollary 6.11. Assume that Ω ⊂ R^n, n ≥ 2, is a bounded C^{1,r} domain with r > 1/2. Then the Neumann trace in (3.9) exists in a unique fashion to a linear, bounded operator

^γ_N : � u ∈ L^2(Ω; d^nx) � Δu ∈ L^2(Ω; d^nx) � → H^{−3/2}(∂Ω). (6.52)

Moreover, for this extension of the Neumann trace operator one has the following generalized integration by parts formula

H^{3/2} (∂Ω)⟨γD w, ^γN u⟩(H^{3/2} (∂Ω))^∗ = (w, Δu)L^2 (Ω;d^nx) − (Δw, u)L^2 (Ω;d^nx), (6.53)

whenever u ∈ L^2(Ω; d^nx) satisfies Δu ∈ L^2(Ω; d^nx), and w ∈ H^2(Ω) has γ_N w = 0.

Proof. This is a direct consequence of Theorem 6.10 and (6.38). □

Corollary 6.12. Assume Hypothesis 2.1. Then � ν · (∇u)|_{∂Ω} � � u ∈ C^∞(Ω)� is a dense subspace of �N^{3/2}(∂Ω)�^∗. (6.54)

Consequently,

L^2(∂Ω; d^{n−1}ω) → � N^{3/2}(∂Ω)

�_∗

densely. (6.55)

Proof. The claim in (6.54) is an immediate consequence of (6.30) and the ontoness of the map (6.44). Then (6.55) follows easily from this. □

Lemma 6.13. Assume Hypothesis 2.1. Then

N^{3/2}(∂Ω) ⊆ � N^{1/2}(∂Ω)

�_∗

, N^{1/2}(∂Ω) ⊆ � N^{3/2}(∂Ω)

�_∗ . (6.56)

Moreover, in each case, the inclusion is given by canonical continuous injections.

Proof. The first inclusion above is a consequence of Lemma 6.9 and Theorem 6.4. More specifically, let

ι : H^2(Ω) ∩ H^1_0 (Ω) → � u ∈ L^2(Ω; d^nx) � � Δu ∈ L^2(Ω; d^nx)� (6.57)

be the natural embedding map, and denote by

E_D : N^{3/2}(∂Ω) → � u ∈ H^2(Ω) � � γ_N u = 0� (6.58)

a linear, bounded right-inverse for γ_D in (6.41) (cf. Lemma 6.9). Then, due to Theorem 6.4, the composition

j := ^γ_D ιE_D : N^{3/2}(∂Ω) → � N^{1/2}(∂Ω)

�_∗ (6.59)

is a linear, bounded operator mapping N^{3/2}(∂Ω) into � N^{1/2}(∂Ω)

�_∗

. We note that j does not, in fact, depend on the choice of a particular right-inverse E_D for γ_D in (6.41). Indeed, the difference of any two such rightinverses, call them E^′_D and E^{′′}_D, is (by (6.4)) an operator mapping into H^2_0 (Ω). As such, this is sent to zero when further composed to the left by ^γ_Dι. Finally, to prove that j is injective, it suffices to observe that if u ∈ H^2(Ω) has ^γ_Du = 0 then also γ_Du = 0; cf. (6.15). This shows that j is a canonical injection of N^{3/2}(∂Ω) into � N^{1/2}(∂Ω)

�_∗ . The case of the second inclusion in (6.56) is treated similarly, based on Lemma 6.3 and Theorem 6.10. □

7. The Minimal and Maximal Laplacians on Lipschitz Domains

Minimal and maximal L^2(Ω; d^nx)-realizations of the Laplacian on Lipschitz domains are considered in this short section.

Given an open set Ω ⊂ R^n, consider the maximal Laplacian −Δ_{max} in L^2(Ω; d^nx) defined by

− Δ_{max}u := −Δu,

u ∈ dom(−Δ_{max}) := � v ∈ L^2(Ω; d^nx) � � Δv ∈ L^2(Ω; d^nx)�. (7.1)

Lemma 7.1. Assume Hypothesis 2.1. Then the maximal Laplacian associated with Ω is a closed, densely defined operator for which

H^2_0 (Ω) ⊆ dom((−Δ_{max})^∗) ⊆ � u ∈ L^2(Ω; d^nx) � � Δu ∈ L^2(Ω; d^nx), ^γ_Du = ^γ_N u = 0�. (7.2)

Proof. If u_j ∈ L^2(Ω; d^nx), j ∈ N, are functions such that Δu_j ∈ L^2(Ω; d^nx) for each j and u_j → u, Δu_j → v in L^2(Ω; d^nx) as j → ∞, (7.3) then for every w ∈ C^∞_0 (Ω) one has (u, Δw)_L2_{(Ω;d}n_{x)} = lim_{j→∞}(u_j , Δw)_L2_{(Ω;d}n_{x)} = lim_{j→∞}(Δu_j , w)_L2_{(Ω;d}n_{x)} = lim_{j→∞}(v, w)_L2_{(Ω;d}n_{x)}. (7.4)

This shows that Δu = v ∈ L^2(Ω; d^nx) in the sense of distributions. Hence, u ∈ dom(−Δ_{max}) and Δ_{max}u = v, proving that the operator (7.1) is closed. By (6.30), this operator is also densely defined.

Consider next (7.2). If w ∈ H^2_0 (Ω) then for every u ∈ dom(−Δ_{max}) Theorem 6.4 yields (Δw, u)_L2_{(Ω;d}n_{x)} − (w, Δu)_L2_{(Ω;d}n_{x)} =_N 1/2_{(∂Ω)}⟨γ_N w, ^γ_D u⟩_{(N} 1/2_{(∂Ω))}∗ = 0. (7.5) This shows that w ∈ dom((−Δ_{max})^∗) and (−Δ_{max})^∗(w) = −Δw, justifying the first inclusion in (7.2).

Next, if u ∈ dom((−Δ_{max})^∗) then u ∈ L^2(Ω; d^nx) and, in addition, there exists v ∈ L^2(Ω; d^nx) such that (u, Δw)_L2_{(Ω;d}n_{x)} = (v, w)_L2_{(Ω;d}n_{x)} (7.6) for every w ∈ L^2(Ω; d^nx) with Δw ∈ L^2(Ω; d^nx). We shall now specialize this to three distinguished classes of functions w. First, taking w ∈ C^∞_0 (Ω) arbitrarily, it follows that Δu = v ∈ L^2(Ω; d^nx) in the sense of distributions. With this at hand, and taking w ∈ H^2(Ω) ∩ H^1_0 (Ω) arbitrarily, it follows from (6.16) that

N^{1/2}(∂Ω)⟨γN w, ^γD u⟩(N^{1/2}(∂Ω))^∗ = (Δw, u)L^2 (Ω;d^nx) − (w, Δu)L^2 (Ω;d^nx) = 0. (7.7)

Hence, ^γ_Du = 0 by Lemma 6.3. Finally, consider arbitrary functions w ∈ H^2(Ω) satisfying ^γ_N w = 0. In this scenario, it follows from (6.46) that

N^{3/2}(∂Ω)⟨γD w, ^γN u⟩(N^{3/2}(∂Ω))^∗ = (w, Δu)L^2 (Ω;d^nx) − (Δw, u)L^2 (Ω;d^nx) = 0. (7.8)

Thus, by Lemma 6.9, we also have ^γ_N u = 0. This concludes the justification of the second inclusion in (7.2). □ For an open set Ω ⊂ R^n, we also bring in the minimal Laplacian in L^2(Ω; d^nx), that is, − Δ_{min}u := −Δu, u ∈ dom(−Δ_{min}) := H^2_0 (Ω). (7.9) Corollary 7.2. Assume Hypothesis 2.1. Then −Δ_{min} is a densely defined, symmetric operator which satisfies − Δ_{min} ⊆ (−Δ_{max})^∗ and − Δ_{max} ⊆ (−Δ_{min})^∗. (7.10) Equality holds in one (and hence in both ) inclusions in (7.10) if and only if H^2_0 (Ω) equals � u ∈ L^2(Ω; d^nx) � � Δu ∈ L^2(Ω; d^nx), ^γ_Du = ^γ_N u = 0�. (7.11) Proof. The fact that −Δ_{min} is a densely defined, symmetric operator is obvious. As far as equality in (7.10) is concerned, it suffices to prove only the first inclusion (since the second one is a consequence of this and duality). This, however, is implied by Lemma 7.1. This lemma also shows that equality holds if and only if one has equality in (7.11). □ 8. The Class of Quasi-Convex Domains This section is devoted to one of our principal new results, the introduction and study of the class of quasi-convex domains.

In the class of Lipschitz domains, the two spaces appearing in (7.11) could be quite different. Obviously, the left-to-right inclusion always holds, H^2_0 (Ω) ⊆ � u ∈ L^2(Ω; d^nx) � � Δu ∈ L^2(Ω; d^nx), ^γ_Du = ^γ_N u = 0�. (8.1) The question now arises: What extra qualities of the Lipschitz domain will guarantee the equality in (8.1)? To address this issue, we need some preparations: Given n ≥ 1, denote by MH^{1/2}(R^n) the class of pointwise multipliers of the Sobolev space H^{1/2}(R^n). That is, MH^{1/2}(R^n) := � f ∈ L^1_{loc}(R^n) � � M_f ∈ B�H^{1/2}(R^n)�, (8.2) where M_f is the operator of pointwise multiplication by f. This space is equipped with the natural norm, that is, ‖f‖_{MH}1/2_{(R}n_) := ‖M_f ‖_{B(H}1/2_{(R}n_{))}. (8.3)

Definition 8.1. Given δ > 0, a bounded Lipschitz domain Ω ⊂ R^n is called to be of class MH^{1/2}_δ , and one writes ∂Ω ∈ MH^{1/2}_δ , (8.4) provided the following holds: There exists a finite open covering {O_j }_{1≤j≤N} of the boundary ∂Ω of Ω such that for every j ∈ {1, ..., N}, O_j ∩ Ω coincides with the portion of O_j lying in the over-graph of a Lipschitz function φ_j : R^{n−1} → R (considered in a new system of coordinates obtained from the original one via a rigid motion ) which has the property that φ_j ∈ MH^{1/2}(R^{n−1}) and ‖φ_j ‖_{MH}1/2_{(R}n−1_) ≤ δ. (8.5) Continuing, we consider the following classes of domains MH^{1/2}_∞ := � δ>0 MH^{1/2}_δ , MH^{1/2}_0 := � δ>0 MH^{1/2}_δ . (8.6)

Finally, we also introduce the following definition:

Definition 8.2. A bounded Lipschitz domain Ω ⊂ R^n is called square-Dini, and one writes ∂Ω ∈ SD, (8.7) provided the following holds: There exists a finite open covering {O_j }_{1≤j≤N} of the boundary ∂Ω of Ω such that for every j ∈ {1, ..., N}, O_j ∩ Ω coincides with the portion of O_j lying in the over-graph of a Lipschitz function φ_j : R^{n−1} → R (considered in a new system of coordinates obtained from the original one via a rigid motion ) which, additionally, has the property that �_1 0 � ω(∇φ_j ; t)

t^{1/2}

�_2 dt t < ∞. (8.8)

Here, given a (possibly vector-valued ) function f in R^{n−1}, ω(f; t) := sup {|f(x) − f(y)| | x, y ∈ R^{n−1}, |x − y| ≤ t}, t ∈ (0, 1), (8.9) is the modulus of continuity of f, at scale t.

From the work of V. Maz’ya and T. Shaposhnikova [90], [91], it is known that if r > 1/2 then C^{1,r} ⊆ SD ⊆ MH^{1/2}_0 ⊆ MH^{1/2}_∞ . (8.10) As pointed out in [91], domains of class MH^{1/2}_∞ can have certain types of vertices and edges when n ≥ 3.

Next, we recall that a domain is said to satisfy a uniform exterior ball condition provided there exists a number r > 0 with the property that for every x ∈ ∂Ω there exists y ∈ R^n such that (8.11) B(y, r) ∩ Ω = ∅ and x ∈ ∂B(y, r) ∩ ∂Ω. (8.12) Next, we review the class of almost-convex domains introduced in [96].

Definition 8.3. A bounded Lipschitz domain Ω ⊂ R^n is called an almost-convex domain provided there exists a family {Ω_ℓ}_{ℓ∈N} of open sets in R^n with the following properties:

(i) ∂Ω_ℓ ∈ C^2 and Ω_ℓ ⊂ Ω for every ℓ ∈ N.

(ii) Ω_ℓ ↗ Ω as ℓ → ∞, in the sense that Ω_ℓ ⊂ Ω_{ℓ+1} for each ℓ ∈ N and � ℓ∈N Ω_ℓ = Ω.

(iii) There exists a neighborhood U of ∂Ω and, for each ℓ ∈ N, a C^2 real-valued function ρ_ℓ defined in U with the property that ρ_ℓ < 0 on U ∩ Ω_ℓ, ρ_ℓ > 0 in U\Ω_ℓ, and which vanishes on ∂Ω_ℓ. In addition, it is assumed that there exists some constant C_1 ∈ (1, ∞) such that C^{−1}_1 ≤ |∇ρ_ℓ(x)| ≤ C_1, ∀ x ∈ ∂Ω_ℓ, ∀ ℓ ∈ N. (8.13) (iv) There exists C_2 ≥ 0 such that for every number ℓ ∈ N, every point x ∈ ∂Ω_ℓ, and every vector ξ ∈ R^n which is tangent to ∂Ω_ℓ at x, there holds � Hess (ρ_ℓ)ξ, ξ � ≥ −C_2|ξ|^2, (8.14) where ⟨ · , · ⟩ is the standard inner product in R^n and

Hess (ρ_ℓ) := � ∂^2ρ_ℓ ∂x_i∂x_j � 1≤i,j≤n

, (8.15)

is the Hessian of ρ_ℓ.

A few remarks are in order here: First, it is not difficult to see that (8.13) ensures that each domain Ω_ℓ is Lipschitz, with Lipschitz constant bounded uniformly in ℓ. Second, (8.14) simply says that, as quadratic forms on the tangent bundle T ∂Ω_ℓ to ∂Ω_ℓ, we have

Hess (ρ_ℓ) ≥ −C_2 I_n, (8.16)

where I_n is the identity matrix in R^n. Hence, another equivalent formulation of (8.14) is the following requirement: n� i,j=1

∂^2ρ_ℓ ∂x_i∂x_j ξ_iξ_j ≥ −C_2 n� i=1 ξ^2_i , whenever ρ_ℓ = 0 and n� i=1 ∂ρ_ℓ ∂x_i ξ_i = 0. (8.17)

We note that since the second fundamental form II_ℓ on ∂Ω_ℓ is given by II_ℓ = Hess ρ_ℓ/|∇ρ_ℓ|, almost-convexity is, in view of (8.13), equivalent to requiring that II_ℓ be bounded below, uniformly in ℓ.

We now discuss some important special classes of almost-convex domains.

Definition 8.4. A bounded Lipschitz domain Ω ⊂ R^n satisfies a local exterior ball condition, henceforth referred to as LEBC, if every boundary point x_0 ∈ ∂Ω has an open neighborhood O which satisfies the following two conditions:

(i) There exists a Lipschitz function φ : R^{n−1} → R with φ(0) = 0 and such that if D is the domain above the graph of φ then D satisfies a UEBC.

(ii) There exists a C^{1,1} diffeomorphism Υ mapping O onto the unit ball B(0, 1) in R^n and such that Υ(x_0) = 0, Υ(O ∩ Ω) = B(0, 1) ∩ D, Υ(O\Ω) = B(0, 1)\D.

It is clear from Definition 8.4 that the class of bounded domains satisfying a LEBC is invariant under C^{1,1} diffeomorphisms. This makes this class of domains amenable to working on manifolds. This is the point of view adopted in [96], where the following result is also proved:

Lemma 8.5. If the bounded Lipschitz domain Ω ⊂ R^n satisfies a LEBC then it is almost-convex.

Hence, in the class of bounded Lipschitz domains in R^n, we have

convex =⇒ UEBC =⇒ LEBC =⇒ almost-convex. (8.18)

For a vector field w = (w_1, w_2, . . . , w_n) whose components are distributions in an open set Ω ⊂ R^n, we define its curl, curl(w), to be the tensor field with n^2 components (entries) given by

(curl(w))_{j,k} = ∂_j w_k − ∂_kw_j , j, k = 1, . . . , n. (8.19)

In addition, if Ψ = (Ψ_{j,k})_{1≤j,k≤n} is a tensor field whose n^2 components are distributions in Ω, we set

(div(Ψ))_k = n� j=1 ∂_j (Ψ_{j,k} − Ψ_{k,j} ), k = 1, . . . , n. (8.20)

We also use the notation

⟨A, B⟩_{Cn}2 = n� j,k=1

A_{k,j} B_{k,j} = tr(A^∗B) (8.21)

for two tensor fields A and B with n^2 components. We then introduce the following definition:

Definition 8.6. Assume that Ω ⊂ R^n is a bounded Lipschitz domain with outward unit normal ν. Let w = (w_1, . . . , w_n) be a vector field with components in L^2(Ω; d^nx) such that curl(w) also has components in L^2(Ω; d^nx). Then ν × w is the unique tensor field with n^2 components in H^{−1/2}(∂Ω) = � H^{1/2}(∂Ω)

�_∗ which satisfies the following property: If Ψ is any tensor field with n^2 components in H^1(Ω) and ψ = γ_DΨ, with the Dirichlet trace taken componentwise, then

H^{1/2} (∂Ω)^{n2} ⟨ψ, ν × w⟩H^{−1/2} (∂Ω)^{n2} = � Ω d^nx ⟨Ψ, curl(w)⟩_{Cn}2 + � Ω d^nx div(Ψ) · w. (8.22)

It is not difficult to check (using the fact that γ_D : H^1(Ω) → H^{1/2}(∂Ω) is onto, and that C^∞_0 (Ω) is dense in the space H^1(Ω) with vanishing Dirichlet trace) that (8.22) uniquely defines ν × w as a functional in H^{−1/2}(∂Ω)^{n2} .

We shall also need the following companion of Definition 8.6:

Definition 8.7. Assume that Ω ⊂ R^n is a bounded Lipschitz domain with outward unit normal ν. Let w = (w_1, . . . , w_n) be a vector field with components in L^2(Ω; d^nx) such that div(w) ∈ L^2(Ω; d^nx). Then ν · w is the unique functional in H^{−1/2}(∂Ω) = � H^{1/2}(∂Ω)

�_∗

which satisfies the following property. If Φ ∈ H^1(Ω) and ϕ = γ_D Φ then

H^{1/2} (∂Ω)⟨ϕ, ν · w⟩H^{−1/2} (∂Ω) = � Ω d^nx Φ div(w) + � Ω d^nx ∇Φ · w. (8.23)

As before, one can check that this uniquely defines ν · w as a functional in H^{−1/2}(∂Ω).

Next, we note the following regularity result, which is a consequence of Theorem 4.1 on p. 1458 in [96] (which contains a more general result, formulated in the language of differential forms).

Lemma 8.8. Assume that Ω ⊂ R^n is an almost-convex domain with outward unit normal ν. Then, � w ∈ L^2(Ω; d^nx)^n � � div(w) ∈ L^2(Ω; d^nx), curl(w) ∈ L^2(Ω; d^nx)^{n2} , ν × w = 0} = � w ∈ H^1(Ω)^n � � ν × w = 0� (8.24)

and, in addition, there exists a finite constant C = C(Ω) > 0 such that ‖w‖_H1_{(Ω)}n ≤ C � ‖w‖_L2_{(Ω;d}n_{x)}n + ‖div(w)‖_L2_{(Ω;d}n_) + ‖curl(w)‖_{L2(Ω;dnx)n}2 � , (8.25)

whenever ν × w = 0. Furthermore, � w ∈ L^2(Ω; d^nx)^n � � div(w) ∈ L^2(Ω; d^nx), curl(w) ∈ L^2(Ω; d^nx)^{n2} , ν · w = 0� = � w ∈ H^1(Ω)^n � � ν · w = 0�, (8.26)

and there exists a finite constant C = C(Ω) > 0 such that ‖w‖_H1_{(Ω)}n ≤ C � ‖w‖_L2_{(Ω;d}n_{x)}n + ‖div(w)‖_L2_{(Ω;d}n_) + ‖curl(w)‖_{L2(Ω;dnx)n}2 � , (8.27)

whenever ν · w = 0.

We are now in a position to specify the class of domains in which most of our subsequent analysis will be carried out.

Definition 8.9. Let n ∈ N, n ≥ 2, and assume that Ω ⊂ R^n is a bounded Lipschitz domain. Then Ω is called a quasi-convex domain if there exists δ > 0 sufficiently small (relative to n and the Lipschitz character of Ω), with the following property that for every x ∈ ∂Ω there exists an open subset Ω_x of Ω such that ∂Ω ∩ ∂Ω_x is an open neighborhood of x in ∂Ω, and for which one of the following two conditions holds: (i) Ω_x is of class MH^{1/2}_δ if n ≥ 3, and of class C^{1,r} for some 1/2 < r < 1 if n = 2. (ii) Ω_x is an almost-convex domain.

Given Definition 8.9, we thus introduce the following basic assumption:

Hypothesis 8.10. Let n ∈ N, n ≥ 2, and assume that Ω ⊂ R^n is a quasi-convex domain.

The following lemma will play a basic role in our work:

Lemma 8.11. Assume Hypothesis 8.10. Then, dom � − Δ_{D,Ω} � ⊂ H^2(Ω), dom � − Δ_{N,Ω} � ⊂ H^2(Ω). (8.28)

Proof. When Ω is a domain of class C^{1,r} for some 1/2 < r < 1 this result appeared in [56]. Assume now that Ω is an almost-convex domain. Then, if u ∈ dom � − Δ_{D,Ω} � or u ∈ dom � − Δ_{N,Ω} � , Lemma 8.8 applied to w := ∇u yields that w ∈ H^1(Ω)^n so that, ultimately, u ∈ H^2(Ω), as desired. Next, for domains of class MH^{1/2}_δ with δ > 0 sufficiently small (relative to dimension and the Lipschitz character), (8.28) is a consequence of work done in [90] and [91]. The more general types of domains considered here can be treated by using this and a localization argument: More specifically, assume that u ∈ H^1_0 (Ω) is such that f := Δu ∈ L^2(Ω; d^nx). Fix an arbitrary boundary point x_0 ∈ ∂Ω and let Ω_{x0} be the associated domain as in Hypothesis 8.10. Finally, fix ψ ∈ C^∞_0 (R^n) with ∂Ω ∩ supp(ψ) ⊂ ∂Ω ∩ ∂Ω_{x0} . Then v := (ψu)|_{Ωx} ∈ H^1_0 (Ω_x) has the property that Δv = [(Δψ)u + 2∇ψ · ∇u + ψf]|_{Ωx0} ∈ L^2(Ω_{x0} ; d^nx). Thus, by the result recalled at the beginning of the current proof, v ∈ H^2(Ω_{x0} ). Using a partition of unity argument (and interior elliptic regularity), one deduces from this that u ∈ H^2(Ω). This proves the first inclusion in (8.28).

The second inclusion in (8.28) is a bit more delicate since, as opposed to the Dirichlet case, Neumann boundary conditions are not stable under truncations by smooth functions. We shall, nonetheless, overcome this difficulty by proceeding as follows: Let u ∈ H^1(Ω) be such that f := Δu ∈ L^2(Ω; d^nx) and ~γ_N u = 0.

As before, fix x_0 ∈ ∂Ω, denote by Ω_{x0} the domain associated with x_0 as in Hypothesis 8.10, and select ψ ∈ C^∞_0 (R^n) with ∂Ω ∩ supp(ψ) ⊂ ∂Ω ∩ ∂Ω_{x0} . Our goal is to show that ψu ∈ H^2(Ω_{xo} ). From this and a partition of unity argument we may then once again conclude that u ∈ H^2(Ω), as desired. At this point, the discussion branches out into several cases, which we treat separately below.

Case I: Assume that Ω_{x0} is a domain of class C^{1,r}, for some r > 1/2. In this scenario, we consider the function v := (ψu)|_{Ωx0} ∈ H^1(Ω_{xo} ) and note that, as before, Δv ∈ L^2(Ω_{x0} ; d^nx). We wish to show that v ∈ H^2(Ω_{xo} ). To this end, one observes that the support of ~γ_N v is a relatively compact subset of ∂Ω_{x0} ∩ ∂Ω and that ~γ_N v|_{∂Ωx0 ∩∂Ω} = [(γ_D ψ)(~γ_N u) + (~γ_N ψ)(γ_D u)]|_{∂Ωx0 ∩∂Ω} = [(γ_N ψ)(γ_D u)]|_{∂Ωx0 ∩∂Ω} ∈ H^{1/2}(∂Ω_{xo} ∩ ∂Ω), (8.29) by Lemma 3.4 and the fact that ~γ_N u = 0 on ∂Ω. Consequently, in order to conclude that v ∈ H^2(Ω_{xo} ), it suffices to show the following:

Ω ⊂ R^n bounded C^{1,r} domain, for some 1/2 < r < 1 w ∈ H^1(Ω), Δw ∈ L^2(Ω; d^nx), ~γ_N w ∈ H^{1/2}(∂Ω) � imply w ∈ H^2(Ω). (8.30)

To prove (8.30), we shall employ an integral representation of w in terms of layer potentials. Concretely, set f := (−Δ + 1)w ∈ L^2(Ω; d^nx), and denote by w_0 the restriction to Ω of the convolution of f (extended by zero outside Ω, to the entire R^n) with E_n(−1; ·). Then w_0 ∈ H^2(Ω) and (−Δ + 1)w_0 = f in Ω. Then w_1 := w − w_0 satisfies w_1 ∈ H^1(Ω), (−Δ + 1)w_1 = 0 in Ω, ~γ_N w_1 ∈ H^{1/2}(∂Ω), (8.31) where the last membership makes use of Lemma 3.4 once again. Bring in the adjoint double layer potential operator K^#_{−1} in (4.3). From [95] we know that −^1_2 I_{∂Ω} + K^#_{−1} ∈ B � L^2(∂Ω; d^{n−1}ω) � is an isomorphism. (8.32) In addition, by Lemma 4.2, one concludes that −^1_2 I_{∂Ω} + K^#_{−1} ∈ B � H^{1/2}(∂Ω) � is a Fredholm operator with index zero. (8.33) Together, (8.32), (8.33) then show that −^1_2 I_{∂Ω} + K^#_{−1} ∈ B � H^{1/2}(∂Ω) � is an isomorphism. (8.34) Thus, w_1 permits the representation w_1 = S_{−1} � −^1_2 I_{∂Ω} + K^#_{−1}

�_{−1} (~γ_N (w_1)) � ∈ H^2(Ω), (8.35) by (4.8) and (8.34), and hence, w = w_0 + w_1 ∈ H^2(Ω), completing the treatment of Case I. Case II: Assume that n ≥ 3 and Ω_{x0} is a domain of class MH^{1/2}_δ , for some sufficiently small δ > 0. In this situation we proceed as in Case I, since the main ingredients in the proof carried out there, that is, (8.33) and (8.35), continue to hold in this setting due to the work in [91].

Case III: Assume that Ω_{x0} is an almost-convex domain. In this situation, if ψ is as before, we consider the vector field w := (ψ∇u)|_{Ωxo} ∈ (L^2(Ω_{xo} ; d^nx))^n. This vector field satisfies curl(w) = (∂_j w_k − ∂_kw_j )_{1≤j,k≤n} ∈ L^2(Ω_{x0} ; d^nx)^{n2} , div(w) ∈ L^2(Ω; d^nx) and ν · w = 0 in H^{−1/2}(∂Ω_{x0} ).

(8.36)

Hence, Lemma 8.8 yields w ∈ (H^1(Ω_{x0} ))^n, implying ψu ∈ H^2(Ω_{xo} ). □ Remark 8.12. Let Ω ⊂ R^2 be a polygonal domain with at least one re-entrant corner. Let ω_1, ..., ω_N be the internal angles of Ω satisfying π < ω_j < 2π, 1 ≤ j ≤ N, and denote by P_1, ..., P_N the corresponding vertices. Then the solution to the Poisson problem − Δu = f ∈ L^2(Ω; d^2x), u ∈ H^1_0 (Ω), (8.37) permits the representation u = N� j=1 λ_j v_j + w, λ_j ∈ R, (8.38) where w ∈ H^2(Ω) ∩ H^1_0 (Ω) and, for each j, v_j is a function exhibiting a singular behavior at P_j of the following nature: Given j ∈ {1, ..., N}, choose polar coordinates (r_j , θ_j ) taking P_j as the origin and so that the internal angle is spanned by the half-lines θ_j = 0 and θ_j = ω_j . Then v_j (r_j , θ_j ) = ϕ_j (r_j )r^{π/ωj}_j sin(πθ_j /ω_j ), 1 ≤ j ≤ N, (8.39) where ϕ_j is a C^∞-smooth cut-off function of small support, which is identically one near P_j .

In this scenario, v_j ∈ H^s(Ω) for every s < 1 + (π/ω_j ), though v_j /∈ H^{1+(π/ωj )}(Ω). This implies that the best regularity statement regarding the solution of (8.37) is u ∈ H^s(Ω) for every s < 1 + π max {ω_1, ..., ω_N }

(8.40)

and this fails for the critical value of s. In particular, this provides a quantifiable way of measuring the failure of the conclusion in Lemma 8.11 for Lipschitz, piecewise C^∞ domains exhibiting inwardly directed irregularities.

We wish to augment Lemma 8.11 with an analogous result for the Robin Laplacian −Δ_{Θ,Ω} (cf. Theorem 5.9) corresponding to the case where Θ is a nonnegative, constant function on ∂Ω, that is, Θ(x) ≡ θ ≥ 0, for x ∈ ∂Ω. (8.41) From Theorem 5.9 we know that assuming Hypothesis 2.1, this is a self-adjoint operator in L^2(Ω; d^nx), with domain dom(−Δ_{Θ,Ω}) = � u ∈ H^1(Ω) � � Δu ∈ L^2(Ω; d^nx), �~γ_N + θγ_D �u = 0 in H^{−1/2}(∂Ω)�. (8.42) In the case where Hypothesis 8.10 is assumed, the following regularity result has been recently established in [71] (see also Theorem 3.2.3.1 on p 156 of [59] for the case of convex domains). Lemma 8.13. Assume Hypothesis 8.10 and (8.41). Then the Robin Laplacian satisfies dom(−Δ_{Θ,Ω}) ⊂ H^2(Ω). (8.43) We are now ready to address the issue raised at the beginning of Section 8:

Theorem 8.14. Assume Hypothesis 8.10. Then equality holds in (7.11), that is, one has H^2_0 (Ω) = � u ∈ L^2(Ω; d^nx) � � Δu ∈ L^2(Ω; d^nx), ^γ_Du = ^γ_N u = 0�. (8.44) In particular, − Δ_{min} = (−Δ_{max})^∗ and − Δ_{max} = (−Δ_{min})^∗, (8.45) with dom(−Δ_{min}) = H^2_0 (Ω). (8.46) Proof. As already pointed out before, the left-to-right inclusion in (8.44) holds under the mere assumption of Lipschitzianity for Ω. To prove the opposite inclusion, consider u ∈ L^2(Ω; d^nx) satisfying Δu ∈ L^2(Ω; d^nx) and ^γ_Du = ^γ_N u = 0. Next, let w ∈ H^1_0 (Ω) solve Δw = Δu in Ω. Then w ∈ dom(−Δ_{D,Ω}) ⊂ H^2(Ω) by Lemma 8.11 and the current assumptions. Set v := u − w in Ω and notice that v ∈ L^2(Ω; d^nx), Δv = 0 in Ω, ^γ_Dv = 0 on ∂Ω. (8.47) We claim that these conditions imply that v = 0. To show that any v as in (8.47) necessarily vanishes, consider an arbitrary f ∈ L^2(Ω; d^nx) and let u_f be the unique solution of u_f ∈ H^1_0 (Ω), Δu_f = f in Ω. (8.48) Then u_f ∈ dom(−Δ_{D,Ω}) ⊂ H^2(Ω) by Lemma 8.11, so that u_f ∈ H^2(Ω) ∩ H^1_0 (Ω). Then the integration by parts formula (6.16) yields (f, v)_L2_{(Ω;d}n_{x)} = (Δu_f , v)_L2_{(Ω;d}n_{x)} = (u_f , Δv)_L2_{(Ω;d}n_{x)} +_N 1/2_{(∂Ω)}⟨γ_N u_f , ^γ_Dv⟩_{(N} 1/2_{(∂Ω))}∗ = 0. (8.49) Since f ∈ L^2(Ω; d^nx) was arbitrary, it follows that v = 0, as wanted. In turn, this implies that u = w ∈ H^2(Ω). We recall that u also satisfies ^γ_Du = ^γ_N u = 0, or γ_D u = γ_N u = 0, by Theorem 6.4 and Theorem 6.10. Invoking Theorem 6.1 we may then finally conclude that u ∈ ker(γ_2) = H^2_0 (Ω). □

It is easy to see that, for any given open set Ω ⊆ R^n, and any z ∈ C, the orthogonal complement of {(−Δ − z)φ | φ ∈ C^∞_0 (Ω)} in L^2(Ω; d^nx) is ker(−Δ_{max} − zI_Ω). This implies that for every z ∈ C one has

L^2(Ω; d^nx) = ker(−Δ_{max} − zI_Ω) ⊕ {(−Δ − z)φ | φ ∈ C^∞_0 (Ω)}, (8.50)

where the closure is taken in L^2(Ω; d^nx). Below, we provide a more precise version of this result under stronger assumptions on Ω and z.

Theorem 8.15. Assume Hypothesis 8.10 and suppose that z ∈ C\σ(−Δ_{D,Ω}). Then ran(−Δ_{min} − zI_Ω) is closed and

L^2(Ω; d^nx) = ker(−Δ_{max} − zI_Ω) ⊕ � (−Δ − z)u � � u ∈ H^2_0 (Ω)�. (8.51)

Proof. By the previous discussion it suffices to check that

{(−Δ − z)φ | φ ∈ C^∞_0 (Ω)} = � (−Δ − z)u � � u ∈ H^2_0 (Ω)�. (8.52)

Pick an arbitrary u ∈ H^2_0 (Ω) and select a sequence {φ_j }_{j∈N} such that φ_j ∈ C^∞_0 (Ω) for every j ∈ N and φ_j → u in H^2(Ω) as j → ∞. Then (−Δ − z)φ_j → (−Δ − z)u as j → ∞, proving the right-to-left inclusion in (8.52).

In the opposite direction, assume that w ∈ L^2(Ω; d^nx) has the property that there exists a sequence {φ_j }_{j∈N} such that φ_j ∈ C^∞_0 (Ω) for every j ∈ N and (−Δ − z)φ_j → w in L^2(Ω; d^nx) as j → ∞. Then

φ_j = (−Δ_{D,Ω} − zI_Ω)^{−1}[(−Δ − z)φ_j ] → (−Δ_{D,Ω} − zI_Ω)^{−1}w in L^2(Ω; d^nx) (8.53)

as j → ∞. Thus, if we set u := (−Δ_{D,Ω} − zI_Ω)^{−1}w ∈ dom(−Δ_{DΩ}), then

φ_j → u and (−Δ − z)φ_j → (−Δ − z)u in L^2(Ω; d^nx) as j → ∞. (8.54)

Next, from (8.54) and the continuity of the map in (6.44) we may deduce that

0 = ^γ_N φ_j → ^γ_N u in � N^{3/2}(∂Ω)

�_∗ as j → ∞. (8.55)

This shows that ^γ_N u = 0, hence u ∈ H^2_0 (Ω) by Theorem 8.14. Consequently, w = (−Δ − z)u for some u ∈ H^2_0 (Ω), proving the left-to-right inclusion in (8.52). □

Remark 8.16. An alternative proof of Theorem 8.15 is to observe that, for every z ∈ C\σ(−Δ_{D,Ω}), the solvability of the Poisson problem with a homogeneous Dirichlet boundary condition for −Δ − z implies that ran(−Δ_{max} − zI_Ω) equals L^2(Ω; d^nx) and hence is closed. Then Theorem 8.14 along with Banach’s Closed Range Mapping Theorem (cf. [73, Theorem IV.2.5.13]) yield that the range of −Δ_{min}−zI_Ω = (−Δ_{max}−zI_Ω)^∗ is also closed.

Remark 8.17. As a corollary of Theorem 8.15, for every z ∈ C\σ(−Δ_{D,Ω}), the operator −Δ_{min} − zI_Ω maps its domain H^2_0 (Ω) isomorphically onto its range.

Lemma 8.18. Assume Hypothesis 8.10 and that z ∈ C\σ(−Δ_{D,Ω}). Then

H^2(Ω) = � H^2(Ω) ∩ H^1_0 (Ω) � ∔ � H^2(Ω) ∩ ker(−Δ_{max} − zI_Ω) � . (8.56)

Proof. Indeed, the membership of z to C\σ(−Δ_{D,Ω}) ensures that the sum in (8.56) is direct. In addition, if u ∈ H^2(Ω) is arbitrary and v ∈ H^2(Ω) ∩ H^1_0 (Ω) satisfies (−Δ − z)v = (−Δ − z)u in Ω, then u = v + (u − v) and u − v ∈ H^2(Ω) ∩ ker(−Δ_{max} − zI_Ω). From this, the desired conclusion follows easily. □

We recall that, given a Hilbert space H with inner product ( · , · )_H, a linear operator S : dom(S) ⊆ H → H is called nonnegative provided (Su, u)_H ≥ 0 for every u ∈ dom(S). A simple argument based on polarization formula then yields (the well-known fact) that any nonnegative operator S is symmetric, that is, (Su, v)_H = (u, Sv)_H for every u, v ∈ dom(S).

Corollary 8.19. Assume Hypothesis 8.10. Then −Δ_{min} is a densely defined, closed, nonnegative (and hence, symmetric ) operator. Furthermore, −Δ � �_{C∞0 (Ω)} = −Δ_{min}. (8.57)

Proof. The first claim in the statement is a direct consequence of Theorem 8.14. As for (8.57), let us temporarily denote −Δ_0 = −Δ � �_{C∞0 (Ω)}. Then

u ∈ dom(−Δ_0) if and only if � there exist v ∈ L^2(Ω; d^nx) and u_j ∈ C^∞_0 (Ω), j ∈ N, such that u_j → u and Δu_j → v in L^2(Ω; d^nx) as j → ∞.

(8.58)

Thus, if u ∈ dom(−Δ_0) and v, {u_j }_{j∈N} are as in the right-hand side of (8.58), then Δu = v in the sense of distributions in Ω, and

0 = ^γ_Du_j → ^γ_Du in � N^{1/2}(∂Ω)

�_∗ as j → ∞,

0 = ^γ_N u_j → ^γ_N u in � N^{1/2}(∂Ω)

�_∗ as j → ∞,

(8.59)

by Theorems 6.4 and 6.10. Consequently, u ∈ dom(−Δ_{max}) satisfies ^γ_Du = 0 and ^γ_N u = 0. Hence, u ∈ H^2_0 (Ω) = dom(−Δ_{min}) by Theorem 8.14 and the current assumptions on Ω. This shows that −Δ_0 ⊆ −Δ_{min}. The converse inclusion readily follows from the fact that any u ∈ H^2_0 (Ω) is the limit in H^2(Ω) of a sequence of test functions in Ω. □

Lemma 8.20. Assume Hypothesis 8.10. Then the domain of −Δ_{max} has the description

dom(−Δ_{max}) = � H^2(Ω) ∩ H^1_0 (Ω) � ∔ ker(−Δ_{max}). (8.60)

Proof. The right-to-left inclusion in (8.60) is obvious. As for the opposite one, if u ∈ dom(−Δ_{max}) and v ∈ H^2(Ω) ∩ H^1_0 (Ω) solves the inhomogeneous Dirichlet problem Δv = Δu in Ω, then u = v + (u − v) with (u − v) ∈ ker(−Δ_{max}). Finally, the fact that the sum in (8.60) is direct is a consequence of the fact that 0 /∈ σ(−Δ_{D,Ω}). □

9. The Friedrichs and Krein–von Neumann Extensions: Some Abstract Results

This short section is devoted to a brief summary of abstract results on the Friedrichs and Krein–von Neumann extensions of a closed symmetric operator S in some separable, complex Hilbert space H.

A linear operator S : dom(S) ⊆ H → H, is called symmetric, if (u, Sv)_H = (Su, v)_H, u, v ∈ dom(S). If dom(S) = H, the classical Hellinger–Toeplitz theorem guarantees that S ∈ B(H), in which situation S is readily seen to be self-adjoint. In general, however, symmetry is a considerably weaker property than selfadjointness and a classical problem in functional analysis is that of determining all self-adjoint extensions of a given closed symmetric operator of equal and nonzero deficiency indices. In this manuscript we will be interested in this question within the class of densely defined (i.e., dom(S) = H), strictly positive, closed operators S. In this section we focus exclusively on self-adjoint extensions of S that are nonnegative operators. In the latter scenario, there are two distinguished (and extremal) constructions which we will briefly review next.

To set the stage, we recall that a linear operator S : dom(S) ⊆ H → H is called nonnegative provided (u, Su)_H ≥ 0, u ∈ dom(S). (In particular, S is symmetric in this case.) S is called strictly positive, if for some ε > 0, (u, Su)_H ≥ ε‖u‖_H, u ∈ dom(S). Next, we recall that A ≤ B for two self-adjoint operators in H if dom � |A|^{1/2} � ⊇ dom � |B|^{1/2} � and � |A|^{1/2}u, U_A|A|^{1/2}u � H ≤ � |B|^{1/2}u, U_B|B|^{1/2}u � H, u ∈ dom � |B|^{1/2} � , (9.1)

where U_C denotes the partial isometry in H in the polar decomposition of a densely defined closed operator C in H, C = U_C |C|, |C| = (C^∗C)^{1/2}. (If in addition, C is self-adjoint, then U_C and |C| commute.) We also recall ([45, Part II], [73, Theorem VI.2.21]) that if A and B are both self-adjoint and nonnegative in H, then

0 ≤ A ≤ B if and only if 0 ≤ A^{1/2} ≤ B^{1/2},

equivalently, if and only if (B + aI_H)^{−1} ≤ (A + aI_H)^{−1} for all a > 0,

(9.2) and ker(A) = ker � A^{1/2} � (9.3)

(with C^{1/2} the unique nonnegative square root of a nonnegative self-adjoint operator C in H).

For simplicity we will always adhere in this section to the conventions that S is a linear, unbounded, densely defined, nonnegative (i.e., S ≥ 0) operator in H, and that S has nonzero deficiency indices. In particular def(S) = dim(ker(S^∗ − zI_H)) ∈ N ∪ {∞}, z ∈ C\[0, ∞), (9.4) is well-known to be independent of z. Moreover, since S and its closure S have the same self-adjoint extensions in H, we will without loss of generality assume that S is closed in the remainder of this section.

The following is a fundamental result to be found in M. Krein’s celebrated 1947 paper [75] (cf. also Theorems 2 and 5–7 in the English summary on page 492):

Theorem 9.1. Assume that S is a densely defined, closed, nonnegative operator in H. Then, among all nonnegative self-adjoint extensions of S, there exist two distinguished ones, S_K and S_F , which are, respectively, the smallest and largest (in the sense of order between linear operators, cf. (9.1)) such extension. Furthermore, a nonnegative self-adjoint operator ~S is a self-adjoint extension of S if and only if ~S satisfies

S_K ≤ ~S ≤ S_F . (9.5) In particular, (9.5) determines S_K and S_F uniquely.

In addition, if S ≥ εI_H for some ε > 0, one has dom(S_F ) = dom(S) ∔ (S_F )^{−1} ker(S^∗), (9.6) dom(S_K ) = dom(S) ∔ ker(S^∗), (9.7)

dom(S^∗) = dom(S) ∔ (S_F )^{−1} ker(S^∗) ∔ ker(S^∗)

= dom(S_F ) ∔ ker(S^∗), (9.8) In particular, ker(S_K ) = ker � (S_K )^{1/2} � = ker(S^∗) = ran(S)^⊥. (9.9)

Here the operator inequalities in (9.5) are understood in the sense of (9.1) and hence they can equivalently be written as

(S_F + aI_H)^{−1} � � ~ S + aI_H

�_{−1}

� (S_K + aI_H)^{−1} for some (and hence for all) a > 0. (9.10)

We also refer to Birman [26], [27], Friedrichs [48], Freudenthal [47], Grubb [60], [61], Krein [76], S̆traus [120], and Vis̆ik [126] (see also the monographs by Akhiezer and Glazman [5, Sect. 109], Faris [45, Part III], and the recent book by Grubb [65, Sect. 13.2]) for classical references on the subject of self-adjoint extensions of semibounded operators.

We will call the operator S_K the Krein–von Neumann extension of S. See [75] and also the discussion in [8], [15], [16]. It should be noted that the Krein–von Neumann extension was first considered by von Neumann [127] in 1929 in the case where S is strictly positive, that is, if S ≥ εI_H for some ε > 0. (His construction appears in the proof of Theorem 42 on pages 102–103.) However, von Neumann did not isolate the extremal property of this extension as described in (9.5) and (9.10). M. Krein [75], [76] was the first to systematically treat the general case S ≥ 0 and to study all nonnegative self-adjoint extensions of S, illustrating the special role of the Friedrichs extension (i.e., the “hard” extension) S_F of S and the Krein–von Neumann (i.e., the “soft”) extension S_K of S as extremal cases when considering all nonnegative extensions of S. For a recent exhaustive treatment of self-adjoint extensions of semibounded operators we refer to [14]–[17].

An intrinsic description of the Friedrichs extension S_F of S ≥ 0 due to Freudenthal [47] in 1936 describes S_F as the operator S_F : dom(S_F ) ⊂ H → H given by S_F u := S^∗u,

u ∈ dom(S_F ) := � v ∈ dom(S^∗) � � there exists {v_j }_{j∈N} ⊂ dom(S), (9.11)

with lim_{j→∞} ‖v_j − v‖_H = 0 and ((v_j − v_k), S(v_j − v_k))_H → 0 as j, k → ∞ � . Then, as is well-known, S_F ≥ 0, (9.12) dom � (S_F )^{1/2} � = � v ∈ H � � there exists {v_j }_{j∈N} ⊂ dom(S), (9.13)

with lim_{j→∞} ‖v_j − v‖_H = 0 and ((v_j − v_k), S(v_j − v_k))_H → 0 as j, k → ∞ � , and S_F = S^∗|_{dom(S}∗_{)∩dom((SF )}1/2_). (9.14) An intrinsic description of the Krein–von Neumann extension S_K of S ≥ 0 has been given by Ando and Nishio [10] in 1970, where S_K has been characterized as the operator S_K : dom(S_K ) ⊂ H → H given by S_K u := S^∗u,

u ∈ dom(S_K ) := � v ∈ dom(S^∗) � there exists {v_j }_{j∈N} ⊂ dom(S), (9.15)

with lim_{j→∞} ‖Sv_j − S^∗v‖_H = 0 and ((v_j − v_k), S(v_j − v_k)_H → 0 as j, k → ∞ � .

For a variety of recent new results on S_K in connection with Weyl-type spectral asymptotics for perturbed

Laplacians on nonsmooth bounded open domains in R^n, and for a connection to an abstract buckling problem

that illustrates the relevance of S_K in elasticity theory, we refer to [18] and [19].

We continue by recording an abstract result regarding the parametrization of all nonnegative self-adjoint

extensions of a given strictly positive, densely defined, symmetric operator. The following results were

developed from Krein [75], Vis̆ik [126], and Birman [26], by Grubb [60], [61]. Subsequent expositions are due

to Faris [45, Sect. 15] and Alonso and Simon [8].

Theorem 9.2. Suppose that S is a densely defined, closed operator in H, and S ≥ εI_H for some ε > 0. Then

there exists a one-to-one correspondence between nonnegative self-adjoint operators 0 ≤ B : dom(B) ⊆ W →

W, dom(B) = W, where W is a closed subspace of N_0 := ker(S^∗), and nonnegative self-adjoint extensions

S_{B,W} ≥ 0 of S. More specifically, S_F is invertible, S_F ≥ εI_H, and one has

dom(S_{B,W} ) = � f + (S_F )^{−1}(Bw + η) + w � � f ∈ dom(S), w ∈ dom(B), η ∈ N_0 ∩ W^⊥�,

S_{B,W} = S^∗|_{dom(SB,W )}, (9.16)

where W^⊥ denotes the orthogonal complement of W in N_0. In addition, dom � (S_{B,W} )^{1/2} � = dom � (S_F )^{1/2} � ∔ dom � B^{1/2} � , (9.17) � �(S_{B,W} )^{1/2}(u + g) � �^2_H = � �(S_F )^{1/2}u � �^2_H + � �B^{1/2}g � �^2_H, (9.18)

u ∈ dom � (S_F )^{1/2} � , g ∈ dom � B^{1/2} � , implying,

ker(S_{B,W} ) = ker(B). (9.19)

Moreover,

B ≤ ~B implies S_{B,W} ≤ S_{eB, fW} , (9.20)

where

B : dom(B) ⊆ W → W, ~B : dom � ~ B � ⊆ ~W → ~W, dom � ~ B � = ~W ⊆ W = dom(B).

(9.21)

In the above scheme, the Krein–von Neumann extension S_K of S corresponds to the choice W = N_0 and

B = 0 (with dom(B) = dom(B^{1/2}) = N_0 = ker(S^∗)). In particular, one thus recovers (9.7), and (9.9), and

also obtains dom � (S_K )^{1/2} � = dom � (S_F )^{1/2} � ∔ ker(S^∗), (9.22) � (S_K )^{1/2}(u + g)

�_2 H = � (S_F )^{1/2}u

�_2 H, u ∈ dom � (S_F )^{1/2} � , g ∈ ker(S^∗). (9.23)

Finally, the Friedrichs extension S_F corresponds to the choice dom(B) = {0} (i.e., formally, B ≡ ∞), in

which case one recovers (9.6).

The relation B ≤ ~B in the case where ~W � W requires an explanation: In analogy to (9.1) we mean � |B|^{1/2}u, U_B |B|^{1/2}u � W ≤ � | ~B|^{1/2}u, U_{eB} | ~B|^{1/2}u � W , u ∈ dom � | ~B|^{1/2} � (9.24)

and (following [8]) we put � | ~B|^{1/2}u, U_{eB}| ~B|^{1/2}u)_W = ∞ for u ∈ W\dom � | ~B|^{1/2} � . (9.25)

We also note that under the assumptions on S in Theorem 9.2, one has

dim(ker(S^∗ − zI_H)) = dim(ker(S^∗)) = dim(N_0) = def(S), z ∈ C\[ε, ∞). (9.26)

For now, our goal is to prove the following result:

Lemma 9.3. Assume Hypothesis 2.1. Then the Friedrichs extension of the operator −Δ � �_{C∞0 (Ω)}, and hence

that of −Δ � C^∞_0 (Ω) in L

2(Ω; d^nx), is precisely the Dirichlet Laplacian −Δ_{D,Ω}. As a consequence, if Hypothesis

8.10 is assumed, the Friedrichs extension of −Δ_{min} in (7.9) is the Dirichlet Laplacian −Δ_{D,Ω}.

Proof. We recall that dom(−Δ_{D,Ω}) = � u ∈ H^1_0 (Ω) � � Δu ∈ L2(Ω; dnx)�. Unravelling definitions, it can then easily be checked that, with Ṡ denoting −Δ � C^∞_0 (Ω) in L

2(Ω; d^nx), we have dom(−Δ_{D,Ω}) ⊆ dom �˙ S �_∗� = dom � Ṡ �_∗� . Furthermore, if u ∈ dom(−Δ_{D,Ω}) → H^1_0 (Ω), then there exist u_j ∈ C^∞_0 (Ω), j ∈ N, such

that u_j → u in L^2(Ω; d^nx) as j → ∞ and ⟨Ṡ(u_j − u_k), u_j − u_k⟩_L2_{(Ω;d}n_{x)} = ‖∇u_j − ∇u_k‖_L2_{(Ω;d}n_{x)} → 0 as j, k → ∞. Thus, if � Ṡ � F : dom � Ṡ � F � ⊆ L^2(Ω; d^nx) → L^2(Ω; d^nx) is defined according to (9.11), it follows

that −Δ_{D,Ω} ⊆ � Ṡ � F . Hence, −Δ_{D,Ω} = � Ṡ � F by the maximality of the self-adjoint operator −Δ_{D,Ω}. □

Concluding this section, we point out that a great variety of additional results for the Krein–von Neumann extension can be found, for instance, in [3], [5, Sect. 109], [8], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19], [30], [45, Part III], [49, Sect. 3.3], [54], [62], [65, Sect. 13.2], [66], [67], [68], [69], [77], [78], [84], [98], [107], [113], [114], [115], [116], [122], [123], [124], and the references therein. We also mention the references [42], [43], [44] (these authors, apparently unaware of the work of von Neumann, Krein, Vis̆hik, Birman, Grubb, S̆trauss, etc., in this context, introduced the Krein Laplacian and called it the harmonic operator; see also [63]).

10. Trace Operators and Boundary Value Problems on Quasi-Convex Domains

In this section we revisit the trace theory discussed in Section 6, this time assuming that the underlying domain is either smooth or quasi-convex. Such a context allows for more refined results, such as the ontoness of the trace operators in question. In the case of quasi-convex domains, these results are establish as a corollary of the well-posedness of certain basic boundary value problems for the Laplacian.

Lemma 10.1. Assume that Ω ⊂ R^n, n ≥ 2, is a bounded C^{1,r} domain for some r ∈ (1/2, 1). Then the Dirichlet trace operator

γ_D : H^2(Ω) → H^{3/2}(∂Ω), (10.1)

along with the Neumann trace operator

γ_N : H^2(Ω) → H^{1/2}(∂Ω), (10.2)

are well-defined, bounded, and onto. In fact, each operator has a linear, bounded right-inverse.

Proof. That the operator (10.1) is well-defined and bounded follows from the observation that for each u ∈ H^2(Ω) one has

∇_{tan}(γ_Du) =

�_n� k=1 ν_k

∂γ_Du ∂τ_{kj} � 1≤j≤n = � γ_D(∂_j u) − n� k=1 ν_kν_j γ_D(∂_ku) � 1≤j≤n

, (10.3)

and from Lemmas 2.4 and 3.4. That the operator (10.1) has a linear, bounded right-inverse is a consequence of Lemmas 6.8 and 6.9.

With the goal of proving that the operator introduced in (10.2) is well-defined and bounded, one first observes that for each u ∈ H^2(Ω) one has

γ_N u = ν · γ_D (∇u). (10.4)

Then the desired conclusion follows from (3.2) and Lemma 3.4. That the operator (10.2) also has a linear, bounded right-inverse is a consequence of (6.7) and Lemma 6.3. □

Theorem 10.2. Assume Hypothesis 8.10. Then the Dirichlet trace operator (6.14) is onto. More specifically, for every z ∈ C\σ(−Δ_{D,Ω}) there exists C = C(Ω, z) > 0 with the property that for any functional Λ ∈ � N^{1/2}(∂Ω)

�_∗

there exists u_Λ ∈ L^2(Ω; d^nx) with (−Δ − z)u_Λ = 0 in Ω, such that

the assignment � N^{1/2}(∂Ω)

�_∗

∋ Λ → u_Λ ∈ L^2(Ω; d^nx) is linear, (10.5) and ^γ_D u_Λ = Λ and ‖u_Λ‖_L2_{(Ω;d}n_{x)} ≤ C‖Λ‖_{(N} 1/2_{(∂Ω))}∗ . (10.6)

Proof. Fix z ∈ C\σ(−Δ_{D,Ω}). By Lemma 8.11, the inverse (−Δ_{D,Ω} − zI_Ω)^{−1} : L^2(Ω; d^nx) → H^2(Ω) ∩ H^1_0 (Ω) is well-defined, linear, and bounded. Given Λ ∈ � N^{1/2}(∂Ω)

�_∗ , consider the bounded linear functional

Λγ_N (−Δ_{D,Ω} − zI_Ω)^{−1} : L^2(Ω; d^nx) → C. (10.7)

Then, by the Riesz representation theorem, there exists a unique u_Λ ∈ L^2(Ω; d^nx) with the property that Λ � γ_N ((−Δ_{D,Ω} − zI_Ω)^{−1}f) � = (f, u_Λ)_L2_{(Ω;d}n_{x)}, (10.8)

and such that

‖u_Λ‖_L2_{(Ω;d}n_{x)} ≤ C‖Λγ_N (−Δ_{D,Ω} − zI_Ω)^{−1}‖_{B(L}2_{(Ω;d}n_{x),C)} ≤ C‖Λ‖_{(N} 1/2_{(∂Ω))}∗ (10.9)

for some constant C = C(Ω, z) > 0, independent of Λ. Furthermore, by the uniqueness of u_Λ, the assignment � N^{1/2}(∂Ω)

�_∗ ∋ Λ → u_Λ ∈ L^2(Ω; d^nx) is linear.

Specializing (10.8) to the case where f := (−Δ − z)w, with w ∈ H^2(Ω) ∩ H^1_0 (Ω) then yields Λ � γ_N w � = ((−Δ − z)w, u_Λ)_L2_{(Ω;d}n_{x)}, w ∈ H^2(Ω) ∩ H^1_0 (Ω). (10.10)

In particular, choosing w ∈ C^∞_0 (Ω) yields

0 = Λ(0) = Λ � γ_N w � = ((−Δ − z)w, u_Λ)_L2_{(Ω;d}n_{x)}, w ∈ C^∞_0 (Ω). (10.11)

Thus, one concludes that (−Δ − z)u_Λ = 0 in Ω, in the sense of distributions. Using this in (10.8) one then obtains Λ � γ_N w � = ((−Δ − z)w, u_Λ)_L2_{(Ω;d}n_{x)} − (w, (−Δ − z)u_Λ)_L2_{(Ω;d}n_{x)}

= −_N 1/2_{(∂Ω)}⟨γ_N w, ^γ_D u_Λ⟩_{(N} 1/2_{(∂Ω))}∗ , w ∈ H^2(Ω) ∩ H^1_0 (Ω). (10.12)

Since γ_N maps H^2(Ω) ∩ H^1_0 (Ω) onto N^{1/2}(∂Ω), (10.12) implies that ^γ_Du_Λ = −Λ. This shows that the operator (6.14) has a linear, bounded right-inverse. In particular, it is onto. □

Corollary 10.3. Assume Hypothesis 8.10. Then for every z ∈ C\σ(−Δ_{D,Ω}), the map

^γ_D : � u ∈ L^2(Ω; d^nx) � (−Δ − z)u = 0 in Ω � → � N^{1/2}(∂Ω)

�_∗ (10.13)

is onto.

Proof. This is a direct consequence of Theorem 10.2. □

Theorem 10.4. Assume Hypothesis 8.10 and suppose that z ∈ C\σ(−Δ_{D,Ω}). Then for any f ∈ L^2(Ω; d^nx) and g ∈ (N^{1/2}(∂Ω))^∗ the following inhomogeneous Dirichlet boundary value problem � � � � � (−Δ − z)u = f in Ω,

u ∈ L^2(Ω; d^nx),

^γ_Du = g on ∂Ω,

(10.14)

has a unique solution u = u_D. This solution satisfies

‖u_D‖_L2_{(Ω;d}n_{x)} + ‖^γ_N u_D‖_{(N} 3/2_{(∂Ω))}∗ ≤ C_D(‖f‖_L2_{(Ω;d}n_{x)} + ‖g‖_{(N} 1/2_{(∂Ω))}∗ ) (10.15)

for some constant C_D = C_D (Ω, z) > 0, and the following regularity results hold:

g ∈ H^1(∂Ω) implies u_D ∈ H^{3/2}(Ω), (10.16)

g ∈ γ_D � H^2(Ω) � implies u_D ∈ H^2(Ω). (10.17)

In particular,

g = 0 implies u_D ∈ H^2(Ω) ∩ H^1_0 (Ω). (10.18)

Natural estimates are valid in each case. Moreover, � γ_N (−Δ_{D,Ω} − zI_Ω)^{−1}

�_∗ ∈ B � (N^{1/2}(∂Ω))^∗, L^2(Ω; d^nx) � , (10.19)

and the solution of (10.14) is given by the formula

u_D = (−Δ_{D,Ω} − zI_Ω)^{−1}f − � γ_N (−Δ_{D,Ω} − zI_Ω)^{−1}

�_∗

g. (10.20)

Proof. By Theorem 10.2 there exists a function v ∈ L^2(Ω; d^nx) satisfying Δv = 0 in Ω, ^γ_Dv = g and ‖v‖_L2_{(Ω;d}n_{x)} ≤ C‖g‖_{(N} 1/2_{(∂Ω))}∗ for some finite C = C(Ω) > 0. Setting

w := (−Δ_{D,Ω} − zI_Ω)^{−1}(f + zv) (10.21)

so that w ∈ dom(−Δ_{D,Ω}) → H^2(Ω), (10.22) by our hypotheses and by Lemma 8.11, and

‖w‖_H2_{(Ω)} ≤ C‖f + zv‖_L2_{(Ω,d}n_{x)} ≤ C � ‖f‖_L2_{(Ω;d}n_{x)} + ‖g‖_{(N} 1/2_{(∂Ω))}∗ � , (10.23)

for some finite constant C = C(Ω, z) > 0. Then u := v + w solves (10.14) and satisfies (10.15).

To prove uniqueness, we assume that u satisfies the homogeneous version of (10.14), and consider w := −z(−Δ_{D,Ω} − zI_Ω)^{−1}u ∈ H^1_0 (Ω). Then v := u − w satisfies

v ∈ L^2(Ω; d^nx), (−Δ − z)v = 0 in Ω, ^γ_Dv = 0 on ∂Ω. (10.24)

We claim that these conditions imply that v = 0. To show this, consider an arbitrary f ∈ L^2(Ω; d^nx) and let u_f be the unique solution of

u_f ∈ H^1_0 (Ω), (−Δ − z)u_f = f in Ω. (10.25)

Then u_f ∈ dom(−Δ_{D,Ω}) ⊂ H^2(Ω) by Lemma 8.11, so that u_f ∈ H^2(Ω) ∩ H^1_0 (Ω). Then the integration by parts formula (6.16) yields

(f, v)_L2_{(Ω;d}n_{x)} = ((−Δ − z)u_f , v)_L2_{(Ω;d}n_{x)} = (u_f , (−Δ − z)v)_L2_{(Ω;d}n_{x)} −_N 1/2_{(∂Ω)}⟨γ_N u_f , ^γ_Dv⟩_{(N} 1/2_{(∂Ω))}∗ = 0. (10.26)

Since f ∈ L^2(Ω; d^nx) was arbitrary it follows that v = 0 and consequently, u ∈ H^1_0 (Ω). Given that u solves the homogeneous version of (10.14) and the fact that z ∈ C\σ(−Δ_{N,Ω}), we may therefore conclude that u = 0 in Ω. The regularity result (10.16) is a consequence of Theorem 5.3 and the uniqueness for (10.14), while (10.17) follows from Lemma 8.11 and the uniqueness for (10.14). Finally, (10.18) is a direct consequence of (10.17).

Next, consider (10.19). On one hand, by Lemma 8.11 and the current assumptions, one concludes that

(−Δ_{D,Ω} − zI_Ω)^{−1} : L^2(Ω; d^nx) → H^2(Ω) ∩ H^1_0 (Ω) (10.27)

is a well-defined linear, bounded operator. On the other hand, the operator γ_N in (6.11) is also well-defined, linear, and bounded. Consequently,

γ_N (−Δ_{D,Ω} − zI_Ω)^{−1} ∈ B � L^2(Ω; d^nx), N^{1/2}(∂Ω) � , (10.28)

and (10.19) follows by dualizing in (10.28). We note that, with ~γ_N as in (3.11), this also implies that � γ_N (−Δ_{D,Ω} − zI_Ω)^{−1}

�_∗ = � ~γ_N (−Δ_{D,Ω} − zI_Ω)^{−1}

�_∗ ∈ B � (N^{1/2}(∂Ω))^∗, L^2(Ω; d^nx) � . (10.29)

This will play a role shortly.

Next, let u_g be the (unique) solution of (10.14) with f = 0 and g ∈ � N^{1/2}(∂Ω)

�_∗ arbitrary. In addition, set u := � γ_N (−Δ_{D,Ω} − zI_Ω)^{−1}

�_∗

g ∈ L^2(Ω; d^nx). Our goal is to show that u = u_g . Since H^1(∂Ω) is densely embedded into � N^{1/2}(∂Ω)

�_∗

by (6.32), it follows that there exists a sequence {g_j }_{j∈N} such that g_j ∈ H^1(∂Ω), j ∈ N, and g_j → g in � N^{1/2}(∂Ω)

�_∗ as j → ∞. For each fixed j, we know from Theorem 5.3 that u_{gj} = − � ~γ_N (−Δ_{D,Ω} − zI_Ω)^{−1}

�_∗

g_j . Due to (10.29), this implies that u_{gj} → u in L^2(Ω; d^nx). Hence, Δu_{gj} = −zu_{gj} → −zu in L^2(Ω; d^nx). With these at hand, it is then clear that (−Δ − z)u = 0 in the sense of distributions in Ω. Next, given that

u_{gj} → u in L^2(Ω; d^nx) as j → ∞, and Δu_{gj} → Δu in L^2(Ω; d^nx) as j → ∞, (10.30)

it follows from this and Theorem 6.4 that

g_j = ^γ_Du_{gj} → ^γ_D u in � N^{1/2}(∂Ω)

�_∗

as j → ∞. (10.31)

However, since g_j → g in � N^{1/2}(∂Ω)

�_∗

as j → ∞, one finally concludes that ^γ_Du = g. This proves that u ∈ L^2(Ω; d^nx) satisfies (−Δ − z)u = 0 in Ω and ^γ_Du = g and hence by the uniqueness in (10.14) one obtains u = u_g.

This concludes the proof of the fact that the unique solution of (10.14), with data f = 0 and g ∈ � N^{1/2}(∂Ω)

�_∗ arbitrary, is given by − � γ_N (−Δ_{D,Ω} − zI_Ω)^{−1}

�_∗

g. Having established this, it is then clear that (10.20) solves (10.14), as originally stated. □

Corollary 10.5. Assume Hypothesis 8.10. Then for every z ∈ C\σ(−Δ_{D,Ω}), the map ^γ_D in (10.13) is an isomorphism (i.e., bijective and bicontinuous ).

Proof. This follows from Corollary 10.3 and Theorem 10.4. □

Theorem 10.6. Assume Hypothesis 8.10. Then the Neumann trace operator (6.44) is onto. More specifically, for every z ∈ C\σ(−Δ_{N,Ω}) there exists C = C(Ω, z) > 0 with the property that for any functional Λ ∈ � N^{3/2}(∂Ω)

�_∗ there exists u_Λ ∈ L^2(Ω; d^nx) with (−Δ − z)u_Λ = 0 in Ω, such that

the assignment � N^{3/2}(∂Ω)

�_∗ ∋ Λ → u_Λ ∈ L^2(Ω; d^nx) is linear, (10.32) and ^γ_N u_Λ = Λ and ‖u_Λ‖_L2_{(Ω;d}n_{x)} ≤ C‖Λ‖_{(N} 3/2_{(∂Ω))}∗ . (10.33)

Proof. Fix z ∈ C\σ(−Δ_{N,Ω}). By Lemma 8.11, the operator (−Δ_{N,Ω} − zI_Ω)^{−1} : L^2(Ω; d^nx) → H^2(Ω) is well-defined, linear, and bounded. Given Λ ∈ � N^{3/2}(∂Ω)

�_∗

, we consider the bounded linear functional

Λγ_D(−Δ_{N,Ω} − zI_Ω)^{−1} : L^2(Ω; d^nx) → C. (10.34)

Then, by the Riesz representation theorem, there exists a unique u_Λ ∈ L^2(Ω; d^nx) with the property that Λ � γ_D((−Δ_{N,Ω} − zI_Ω)^{−1}f) � = ⟨f, u_Λ⟩_L2_{(Ω;d}n_{x)}, (10.35)

and such that

‖u_Λ‖_L2_{(Ω;d}n_{x)} ≤ C‖Λγ_D(−Δ_{N,Ω} − zI_Ω)^{−1}‖_{B(L}2_{(Ω;d}n_{x),C)} ≤ C‖Λ‖_{(N} 3/2_{(∂Ω))}∗ , (10.36)

for some constant C = C(Ω, z) > 0, independent of Λ. Furthermore, by the uniqueness of u_Λ, the assignment � N^{3/2}(∂Ω)

�_∗ ∋ Λ → u_Λ ∈ L^2(Ω; d^nx) is linear.

Specializing (10.35) to the case where f := (−Δ − z)w, with w ∈ H^2(Ω) satisfying γ_N w = 0, then yields Λ � γ_D w � = ((−Δ − z)w, u_Λ)_L2_{(Ω;d}n_{x)} for all w ∈ H^2(Ω) with γ_N w = 0. (10.37)

In particular, choosing w ∈ C^∞_0 (Ω) yields

0 = Λ(0) = Λ � γ_D w � = ((−Δ − z)w, u_Λ)_L2_{(Ω;d}n_{x)}, w ∈ C^∞_0 (Ω). (10.38)

Thus, one obtains (−Δ − z)u_Λ = 0 in Ω, in the sense of distributions. Inserting this into (10.35) one then obtains Λ � γ_Dw � = ((−Δ − z)w, u_Λ)_L2_{(Ω;d}n_{x)} − (w, (−Δ − z)u_Λ)_L2_{(Ω;d}n_{x)} = −_N 3/2_{(∂Ω)}⟨γ_Dw, ^γ_N u_Λ⟩_{(N} 3/2_{(∂Ω))}∗ , (10.39)

for every w in {w ∈ H^2(Ω) | γ_N w = 0}. Since γ_D maps the latter space onto N^{3/2}(∂Ω), (10.39) implies that ^γ_N u_Λ = −Λ. This shows that the operator (6.44) has a linear, bounded right-inverse. In particular, it is onto. □

Corollary 10.7. Assume Hypothesis 8.10. Then for every z ∈ C\σ(−Δ_{N,Ω}), the map

^γ_N : � u ∈ L^2(Ω; d^nx) � � (−Δ − z)u = 0 in Ω� → �N^{3/2}(∂Ω)�^∗ (10.40)

is onto.

Proof. This is a direct consequence of Theorem 10.6. □

Theorem 10.8. Assume Hypothesis 8.10 and suppose that z ∈ C\σ(−Δ_{N,Ω}). Then for any f ∈ L^2(Ω; d^nx) and g ∈ (N^{3/2}(∂Ω))^∗ the following inhomogeneous Neumann boundary value problem � � � � � (−Δ − z)u = f in Ω,

u ∈ L^2(Ω; d^nx),

^γ_N u = g on ∂Ω,

(10.41) has a unique solution u = u_N . This solution satisfies

‖u_N ‖_L2_{(Ω;d}n_{x)} + ‖^γ_Du_N ‖_{(N} 1/2_{(∂Ω))}∗ ≤ C_N � ‖f‖_L2_{(Ω;d}n_{x)} + ‖g‖_{(N} 3/2_{(∂Ω))}∗ � (10.42)

for some constant C_N = C_N (Ω, z) > 0, and the following regularity results hold:

g ∈ L^2(∂Ω; d^{n−1}ω) implies u_N ∈ H^{3/2}(Ω), (10.43)

g ∈ γ_N � H^2(Ω) � implies u_N ∈ H^2(Ω). (10.44)

Natural estimates are valid in each case.

Moreover, � γ_D(−Δ_{N,Ω} − zI_Ω)^{−1}

�_∗ ∈ B � (N^{3/2}(∂Ω))^∗, L^2(Ω; d^nx) � , (10.45) and the solution of (10.41) is given by the formula

u_N = (−Δ_{N,Ω} − zI_Ω)^{−1}f + � γ_D(−Δ_{N,Ω} − zI_Ω)^{−1}

�_∗

g. (10.46)

Proof. By Theorem 10.6 there exists a function v ∈ L^2(Ω; d^nx) satisfying Δv = 0 in Ω, ^γ_N v = g and ‖v‖_L2_{(Ω;d}n_{x)} ≤ C‖g‖_{(N} 3/2_{(∂Ω))}∗ for some finite C = C(Ω) > 0. Setting

w := (−Δ_{N,Ω} − zI_Ω)^{−1}(f + zv) (10.47)

so that w ∈ dom(−Δ_{N,Ω}) → H^2(Ω), (10.48) by our hypotheses and by Lemma 8.11, and

‖w‖_H2_{(Ω)} ≤ C‖f + zv‖_L2_{(Ω,d}n_{x)} ≤ C � ‖f‖_L2_{(Ω;d}n_{x)} + ‖g‖_{(N} 3/2_{(∂Ω))}∗ � , (10.49)

for some finite constant C = C(Ω, z) > 0. Then u := v + w solves (10.41) and satisfies (10.42).

To prove uniqueness, we assume that u satisfies the homogeneous version of (10.41), and consider w := −z(−Δ_{N,Ω} − zI_Ω)^{−1}u ∈ H^1_0 (Ω). Then v := u − w satisfies

v ∈ L^2(Ω; d^nx), (−Δ − z)v = 0 in Ω, ^γ_N v = 0 on ∂Ω. (10.50)

We claim that these conditions imply that v = 0. To show this, consider an arbitrary f ∈ L^2(Ω; d^nx) and let u_f be the unique solution of

u_f ∈ H^1(Ω), ~γ_N w = 0 on ∂Ω, (−Δ − z)u_f = f in Ω. (10.51)

Then u_f ∈ dom(−Δ_{N,Ω}) ⊂ H^2(Ω) by Lemma 8.11, so that u_f ∈ H^2(Ω) and γ_N w = 0. The integration by parts formula (6.46) then yields

(f, v)_L2_{(Ω;d}n_{x)} = ((−Δ − z)u_f , v)_L2_{(Ω;d}n_{x)} = (u_f , (−Δ − z)v)_L2_{(Ω;d}n_{x)} +_N 3/2_{(∂Ω)}⟨γ_D u_f , ^γ_N v⟩_{(N} 3/2_{(∂Ω))}∗ = 0. (10.52)

Since f ∈ L^2(Ω; d^nx) was arbitrary, it follows that v = 0 and consequently, u ∈ H^1(Ω). Given that u solves the homogeneous version of (10.41) and the fact that z ∈ C\σ(−Δ_{N,Ω}), we may therefore conclude that u = 0 in Ω. The regularity result (10.43) is a consequence of Theorem 5.5 and the uniqueness for (10.41). Finally, (10.44) follows from (10.43) and Lemma 8.11.

Next, consider(10.45). On one hand, by Lemma 8.11 and the current assumptions, one concludes that

(−Δ_{N,Ω} − zI_Ω)^{−1} : L^2(Ω; d^nx) → � w ∈ H^2(Ω) � � γ_N w = 0� (10.53)

is a well-defined, linear, bounded operator. On the other hand, the operator γ_D in (6.41) is also well-defined, linear, and bounded. Consequently,

γ_D(−Δ_{N,Ω} − zI_Ω)^{−1} ∈ B � L^2(Ω; d^nx), N^{3/2}(∂Ω) � , (10.54)

and (10.45) follows dualizing in (10.54). We note that this and Lemma 6.9 also imply that � γ_D(−Δ_{N,Ω} − zI_Ω)^{−1}

�_∗ = � ^γ_D(−Δ_{D,Ω} − zI_Ω)^{−1}

�_∗ ∈ B � (N^{3/2}(∂Ω))^∗, L^2(Ω; d^nx) � . (10.55)

This will play a role shortly.

Next, let u_g be the (unique) solution of (10.41) with f = 0 and g ∈ � N^{3/2}(∂Ω)

�_∗

arbitrary. In addition, set u := � γ_D(−Δ_{N,Ω} − zI_Ω)^{−1}

�_∗

g ∈ L^2(Ω; d^nx). Our goal is to show that u = u_g. To this end, we note that (6.55) implies the existence of a sequence {g_j }_{j∈N} such that g_j ∈ L^2(∂Ω; d^{n−1}ω), j ∈ N, and g_j → g in � N^{3/2}(∂Ω)

�_∗

as j → ∞. For each fixed j, we know from Theorem 5.5 that u_{gj} = � γ_D(−Δ_{N,Ω} − zI_Ω)^{−1}

�_∗ g_j .

By (10.55), this implies that u_{gj} → u in L^2(Ω; d^nx). Hence, Δu_{gj} = −zu_{gj} → −zu in L^2(Ω; d^nx). With these at hand, it is then clear that (−Δ − z)u = 0 in the sense of distributions in Ω. Next, given that u_{gj} → u in L^2(Ω; d^nx) as j → ∞, and Δu_{gj} → Δu in L^2(Ω; d^nx) as j → ∞, (10.56) it follows from this and Theorem 6.10 that g_j = ^γ_N u_{gj} → ^γ_N u in � N^{3/2}(∂Ω)

�_∗ as j → ∞. (10.57) However, since g_j → g in � N^{3/2}(∂Ω)

�_∗

as j → ∞, one finally concludes that ^γ_N u = g. This proves that u ∈ L^2(Ω; d^nx) satisfies (−Δ − z)u = 0 in Ω and ^γ_N u = g hence, by the uniqueness in (10.41), one obtains u = u_g.

This concludes the proof of the fact that the unique solution of (10.41), with f = 0 and g ∈ � N^{3/2}(∂Ω)

�_∗

arbitrary, is given by � γ_D(−Δ_{N,Ω} − zI_Ω)^{−1}

�_∗ g. Having established this, it is then clear that (10.46) solves (10.41), as originally stated. □

Corollary 10.9. Assume Hypothesis 8.10. Then for any z ∈ C\σ(−Δ_{N,Ω}), the map ^γ_N in (10.40) is an isomorphism (i.e., bijective and bicontinuous ).

Proof. This is a consequence of Corollary 10.9 and Theorem 10.8. □ Next, we wish to augment Lemma 6.13 with the following result:

Lemma 10.10. Assume Hypothesis 8.10. Then N^{1/2}(∂Ω) is a dense subspace of � N^{3/2}(∂Ω)

�_∗ , (10.58) and N^{3/2}(∂Ω) is a dense subspace of � N^{1/2}(∂Ω)

�_∗ . (10.59) Proof. Consider (10.58): By relying on Lemmas 6.13 and 6.7 and the Hahn-Banach theorem, it suffices to show that if g ∈ N^{3/2}(∂Ω) is such that (g, f)_L2_{(∂Ω;d}n−1_{ω)} = 0 for every f ∈ N^{1/2}(∂Ω), then necessarily g = 0. With this goal in mind, using the ontoness of the maps γ_N and γ_D in (6.11) and (6.41), we further rephrase the task at hand as if w ∈ H^2(Ω) is a function such that γ_N w = 0 and (γ_Dw, γ_N u)_L2_{(∂Ω;d}n−1_{ω)} = 0 for all u ∈ H^2(Ω) ∩ H^1_0 (Ω) � then γ_Dw = 0. (10.60)

To justify this implication, consider u := Δ^{−1}_{D,Ω}v ∈ H^2(Ω) ∩ H^1_0 (Ω) for an arbitrary v ∈ L^2(Ω; d^nx) so that 0 = (γ_D w, γ_N u)_L2_{(∂Ω;d}n−1_{ω)} = (w, Δu)_L2_{(Ω;d}n_{x)} − (Δw, u)_L2_{(Ω;d}n_{x)} = (w, v)_L2_{(Ω;d}n_{x)} − (Δw, Δ^{−1}_{D,Ω}v)_L2_{(Ω;d}n_{x)} = (w, v)_L2_{(Ω;d}n_{x)} − (Δ^{−1}_{D,Ω}(Δw), v)_L2_{(Ω;d}n_{x)} = ([w − Δ^{−1}_{D,Ω}(Δw)], v)_L2_{(Ω;d}n_{x)}, (10.61) by (10.60), Green’s formula, the fact that γ_Du = γ_N w = 0, the fact that Δu = v, and the self-adjointness of −Δ^{−1}_{D,Ω} in L^2(Ω; d^nx). Thus, since v ∈ L^2(Ω; d^nx) was arbitrary, (10.61) implies w = Δ^{−1}_{D,Ω}(Δw) ∈ H^1_0 (Ω). In particular, γ_Dw = 0, completing the proof of (10.58). The justification of (10.59) follows along similar lines. □

11. Dirichlet-to-Neumann Operators on Quasi-Convex Domains In this section we discuss spectral parameter dependent Dirichlet-to-Neumann maps, also known in the literature as Weyl–Titchmarsh operators (in particular, they can be viewed as extensions of the Poincaré– Steklov operator).

Assuming Hypothesis 8.10, we introduce the Dirichlet-to-Neumann map M^{(0)}_{D,N,Ω}(z) associated with (−Δ− z) on Ω, as follows,

M^{(0)}_{D,N,Ω}(z): � N^{1/2}(∂Ω)

�_∗ → � N^{3/2}(∂Ω)

�_∗

f → −^γ_N u_D, z ∈ C\σ(−Δ_{D,Ω}), (11.1)

where u_D is the unique solution of (−Δ − z)u = 0 in Ω, u ∈ L^2(Ω; d^nx), ^γ_D u = f on ∂Ω. (11.2)

Assuming Hypothesis 8.10, we introduce the Neumann-to-Dirichlet map M^{(0)}_{N,D,Ω}(z), associated with (−Δ−z) on Ω, as follows,

M^{(0)}_{N,D,Ω}(z): � N^{3/2}(∂Ω)

�_∗ → � N^{1/2}(∂Ω)

�_∗ , g → ^γ_Du_N , z ∈ C\σ(−Δ_{N,Ω}), (11.3)

where u_N is the unique solution of

(−Δ − z)u = 0 in Ω, u ∈ L^2(Ω; d^nx), ^γ_N u = g on ∂Ω. (11.4)

The following result is the natural counterpart of Theorem 5.7 in the setting just introduced:

Theorem 11.1. Assume Hypothesis 8.10. Then, with the above notation,

M^{(0)}_{D,N,Ω}(z) ∈ B � (N^{1/2}(∂Ω))^∗, (N^{3/2}(∂Ω))^∗ � , z ∈ C\σ(−Δ_{D,Ω}), (11.5)

its action is compatible with that of M^{(0)}_{D,N,Ω}(z) introduced in (5.27) (thus, justifying retaining the same notation), and M^{(0)}_{D,N,Ω}(z) = ^γ_N � γ_N (−Δ_{D,Ω} − zI_Ω)^{−1}

�_∗ , z ∈ C\σ(−Δ_{D,Ω}). (11.6) Similarly, M^{(0)}_{N,D,Ω}(z) ∈ B � (N^{3/2}(∂Ω))^∗, (N^{1/2}(∂Ω))^∗ � , z ∈ C\σ(−Δ_{N,Ω}), (11.7)

its action is compatible with that of M^{(0)}_{N,DΩ}(z) introduced in (5.29) (once again justifying retaining the same notation), and M^{(0)}_{N,D,Ω}(z) = ^γ_D � γ_D(−Δ_{N,Ω} − zI_Ω)^{−1}

�_∗ , z ∈ C\σ(−Δ_{N,Ω}). (11.8) Moreover, M^{(0)}_{N,D,Ω}(z) = −M^{(0)}_{D,N,Ω}(z)^{−1}, z ∈ C\(σ(−Δ_{D,Ω}) ∪ σ(−Δ_{N,Ω})), (11.9) and � M^{(0)}_{D,N,Ω}(z)

�_∗

= M^{(0)}_{D,N,Ω}(z), � M^{(0)}_{N,D,Ω}(z)

�_∗

= M^{(0)}_{N,D,Ω}(z). (11.10) As a consequence, one also has

M^{(0)}_{D,N,Ω}(z) ∈ B � N^{3/2}(∂Ω), N^{1/2}(∂Ω) � , z ∈ C\σ(−Δ_{D,Ω}), (11.11)

M^{(0)}_{N,D,Ω}(z) ∈ B � N^{1/2}(∂Ω), N^{3/2}(∂Ω) � , z ∈ C\σ(−Δ_{N,Ω}). (11.12)

Finally, for every z ≤ 0 one has

N^{1/2}(∂Ω) � M^{(0)}_{D,N,Ω}(z)f, f � (N^{1/2}(∂Ω))^∗ ≤ 0, f ∈ N

3/2(∂Ω) → � N^{1/2}(∂Ω)

�_∗ , (11.13)

whereas for every z < 0

N^{3/2}(∂Ω) � M^{(0)}_{N,D,Ω}(z)f, f � (N^{3/2}(∂Ω))^∗ ≤ 0, f ∈ N

1/2(∂Ω) → � N^{3/2}(∂Ω)

�_∗ . (11.14)

Proof. The membership in (11.5) is a consequence of Theorem 10.4, whereas (11.6) follows from (10.20). In a similar fashion, the membership in (11.7) is a consequence of Theorem 10.8, while (11.6) follows from (10.46). In addition, the fact that the operators in (11.1), (11.3) act in a compatible fashion with their counterparts from (5.27), (5.27) (in the latter case, assuming Θ = 0), is implied by the regularity statements (10.16) and (10.43). Going further, formula (11.9) follows from this compatibility result, (5.36), (11.5), (11.7), and the density results in (6.32) and (6.55). The duality formula (11.10) is a consequence of Lemma 4.12 in [54] (considered with Θ = 0) and a density argument, as before. Next, (11.11), (11.12) follow from duality, (11.10), (11.5), (11.7), and Lemmas 6.2 and 6.7.

As far as (11.13) is concerned, the density and compatibility results mentioned above show that it suffices to prove that � f, M^{(0)}_{D,N,Ω}(z)f � 1/2 ≤ 0, f ∈ H^{1/2}(∂Ω), (11.15)

given that z ≤ 0. However, Green’s formula shows that, if f ∈ H^{1/2}(∂Ω) and u ∈ H^1(Ω) satisfies (−Δ−z)u = 0 in Ω and γ_Du = f on ∂Ω then � f, M^{(0)}_{D,N,Ω}(z)f � 1/2 = −⟨γ_Du, ~γ_N u⟩_{1/2}

= −‖∇u‖^2_{(L}2_{(Ω;d}n_{x))}n + z‖u‖^2_L2_{(Ω;d}n_{x)} ≤ 0. (11.16)

Finally, (11.14) is proved analogously. □

12. The Regularized Neumann Trace Operator on Quasi-Convex Domains In this section we introduce a regularized version of the Neumann trace operator (cf. (6.45)) on quasiconvex domains, and study some of its basic properties (such as a useful variant of Green’s formula; cf. (12.8) below).

Theorem 12.1. Assume Hypothesis 8.10. Then, for every z ∈ C\σ(−Δ_{D,Ω}), the map τ^N_z : � u ∈ L^2(Ω; d^nx) � � Δu ∈ L^2(Ω; d^nx)� → N^{1/2}(∂Ω) (12.1) given by τ^N_z u := ^γ_N u + M^{(0)}_{D,N,Ω}(z) � ^γ_Du � , u ∈ L^2(Ω; d^nx), Δu ∈ L^2(Ω; d^nx), (12.2) is well-defined, linear, and bounded when the space � u ∈ L^2(Ω; d^nx) � � Δu ∈ L^2(Ω; d^nx)� = dom(−Δ_{max}) (12.3) is endowed with the natural graph norm u → ‖u‖_L2_{(Ω;d}n_{x)} + ‖Δu‖_L2_{(Ω;d}n_{x)}. Moreover, this operator satisfies the following additional properties:

(i) For each z ∈ C\σ(−Δ_{D,Ω}), the map τ^N_z in (12.1), (12.2) is onto (i.e., τ^N_z (dom(−Δ_{max}) � = N^{1/2}(∂Ω)). In fact, τ^N_z � H^2(Ω) ∩ H^1_0 (Ω) � = N^{1/2}(∂Ω), z ∈ C\σ(−Δ_{D,Ω}). (12.4) (ii) One has

τ^N_z = γ_N (−Δ_{D,Ω} − zI_Ω)^{−1}(−Δ − z), z ∈ C\σ(−Δ_{D,Ω}). (12.5) (iii) For each z ∈ C\σ(−Δ_{D,Ω}), the kernel of the map τ^N_z in (12.1), (12.2) is given by ker � τ^N_z � = H^2_0 (Ω) ∔ � u ∈ L^2(Ω; d^nx) � � (−Δ − z)u = 0 in Ω�. (12.6) In particular, if z ∈ C\σ(−Δ_{D,Ω}), then τ^N_z u = 0 for every u ∈ ker(−Δ_{max} − zI_Ω). (12.7) (iv) For each z ∈ C\σ(−Δ_{D,Ω}), the following Green formula holds for every u, v ∈ dom(−Δ_{max}), ((−Δ − z)u, v)_L2_{(Ω;d}n_{x)} − (u, (−Δ − z)v)_L2_{(Ω;d}n_{x)}

= −_N 1/2_{(∂Ω)} � τ^N_z u, ^γ_Dv � (N^{1/2}(∂Ω))^∗ + N^{1/2}(∂Ω) � τ^N_z v, ^γ_Du � (N^{1/2}(∂Ω))^∗ . (12.8)

In particular, for every u, v ∈ dom(−Δ_{max}), z ∈ C, and z_0 ∈ R\σ(−Δ_{D,Ω}), one has ((−Δ − (z + z_0))u, v)_L2_{(Ω;d}n_{x)} − (u, (−Δ − (z + z_0))v)_L2_{(Ω;d}n_{x)} = −_N 1/2_{(∂Ω)} � τ^N_{z0} u, ^γ_Dv � (N^{1/2}(∂Ω))^∗ + N^{1/2}(∂Ω) � τ^N_{z0} v, ^γ_Du � (N^{1/2}(∂Ω))^∗ . (12.9)

Moreover, as a consequence of (12.8) and (12.7), for every z ∈ C\σ(−Δ_{D,Ω}) one infers that u ∈ dom(−Δ_{max}) and v ∈ ker(−Δ_{max} − zI_Ω)

imply ((−Δ − z)u, v)_L2_{(Ω;d}n_{x)} = −_N 1/2_{(∂Ω)} � τ^N_z u, ^γ_Dv � (N^{1/2}(∂Ω))^∗ . (12.10)

Proof. Letz ∈ C\σ(−Δ_{D,Ω}). Consider an arbitrary u ∈ L^2(Ω; d^nx) satisfying Δu ∈ L^2(Ω; d^nx), and let v solve (−Δ − z)v = 0 in Ω, v ∈ L^2(Ω; d^nx), ^γ_D v = ^γ_Du on ∂Ω. (12.11) Theorems 6.4 and 10.4 ensure that this is possible and guarantee the existence of a finite constant C = C(Ω, z) > 0 for which ‖v‖_L2_{(Ω;d}n_{x)} ≤ C(‖u‖_L2_{(Ω;d}n_{x)} + ‖Δu‖_L2_{(Ω;d}n_{x)}). (12.12) Then w := u − v satisfies (−Δ − z)w = (−Δ − z)u ∈ L^2(Ω; d^nx), w ∈ L^2(Ω; d^nx), ^γ_Dw = 0 on ∂Ω, (12.13) so that, by (10.18), there exists C = C(Ω, z) > 0 such that w ∈ H^2(Ω) ∩ H^1_0 (Ω) and ‖w‖_H2_{(Ω)} ≤ C(‖u‖_L2_{(Ω;d}n_{x)} + ‖Δu‖_L2_{(Ω;d}n_{x)}). (12.14)

Since M^{(0)}_{D,N,Ω}(z) � ^γ_Du � = −^γ_N v, it follows from (12.14), the compatibility part of Theorem 6.10, and Lemma 6.3 that

τ^N_z u = ^γ_N u − ^γ_N v = ^γ_N (u − v) = ^γ_N w = γ_N w ∈ N^{1/2}(∂Ω). (12.15)

Moreover,

‖τ^N_z u‖_N 1/2_{(∂Ω)} = ‖γ_N w‖_N 1/2_{(∂Ω)} ≤ C‖w‖_H2_{(Ω)} ≤ C(‖u‖_L2_{(Ω;d}n_{x)} + ‖Δu‖_L2_{(Ω;d}n_{x)}). (12.16)

This shows that the operator τ^N_z in (12.1), (12.2) is indeed well-defined and bounded.

Incidentally, the above argument also shows that (12.5) holds. That τ^N_z defined in (12.1), (12.2) is onto, is a direct consequence of the fact that γ_N in (6.11) is onto (cf. Lemma 6.3). This also justifies (12.4).

Next, observe that due to Theorem 10.4 the sum in (12.6) is direct. Moreover, H^2_0 (Ω) ⊆ ker � τ^N_z � by (12.2) and � u ∈ L^2(Ω; d^nx) � � (−Δ − z)u = 0 in Ω� ⊆ ker �τ^N_z � by (12.5). This proves the right-to-left inclusion in (12.6). To prove the opposite one, consider u ∈ L^2(Ω; d^nx) with Δu ∈ L^2(Ω; d^nx) for which τ^N_z u = 0. If we now set w := (−Δ_{D,Ω} − zI_Ω)^{−1}(−Δ − z)u, then w ∈ H^2(Ω) ∩ H^1_0 (Ω) and γ_N w = τ^N_z u = 0, by (12.5). Hence, w ∈ H^2_0 (Ω) by Theorem 8.14. Since u = w + (u − w) and (u − w) ∈ L^2(Ω; d^nx) satisfies (−Δ − z)(u − w) = 0 in L^2(Ω; d^nx), the proof of (12.6) is complete.

Next, consider the Green formulas in (iv). Fix z ∈ R\σ(−Δ_{D,Ω}), let u, v ∈ dom(−Δ_{min}), and set ~u := (−Δ_{D,Ω} − zI_Ω)^{−1}((−Δ − z)u), ~v := (−Δ_{D,Ω} − zI_Ω)^{−1}((−Δ − z)v). Then

~u, ~v ∈ H^2(Ω) ∩ H^1_0 (Ω), (−Δ − z)~u = (−Δ − z)u, (−Δ − z)~v = (−Δ − z)v,

γ_N ~u = τ^N_z u, γ_N ~v = τ^N_z v, (12.17)

by (12.5). Based on these observations and repeated applications of Green’s formula (6.16) one can then write

((−Δ − z)u, v)_L2_{(Ω;d}n_{x)} − (u, (−Δ − z)v)_L2_{(Ω;d}n_{x)}

= ((−Δ − z)~u, v)_L2_{(Ω;d}n_{x)} − (u, (−Δ − z)~v)_L2_{(Ω;d}n_{x)} = (~u, (−Δ − z)v)_L2_{(Ω;d}n_{x)} − (u, (−Δ − z)~v)_L2_{(Ω;d}n_{x)}

−_N 1/2_{(∂Ω)}⟨γ_N ~u, ^γ_Dv⟩_{(N} 1/2_{(∂Ω))}∗

= (~u − u, (−Δ − z)~v)_L2_{(Ω;d}n_{x)} −_N 1/2_{(∂Ω)}⟨τ^N_z u, ^γ_Dv⟩_{(N} 1/2_{(∂Ω))}∗

=_N 1/2_{(∂Ω)}⟨τ^N_z v, ^γ_D u⟩_{(N} 1/2_{(∂Ω))}∗ −_N 1/2_{(∂Ω)}⟨τ^N_z u, ^γ_Dv⟩_{(N} 1/2_{(∂Ω))}∗ , (12.18)

where in the last step we have used the fact that (−Δ − z)(~u − u) = 0 and ^γ_D (~u − u) = −^γ_Du. This justifies (12.8) and completes the proof of the theorem. □

Recalling equation (10.58), we also state the following consequence of Theorem 12.1:

Corollary 12.2. Assume Hypothesis 8.10. Then, for every z_1, z_2 ∈ C\σ(−Δ_{D,Ω}), the operator � M^{(0)}_{D,N,Ω}(z_1) − M^{(0)}_{D,N,Ω}(z_2) � ∈ B � (N^{1/2}(∂Ω))^∗, (N^{3/2}(∂Ω))^∗ � (12.19)

extends to � M^{(0)}_{D,N,Ω}(z_1) − M^{(0)}_{D,N,Ω}(z_2) � ∈ B � (N^{1/2}(∂Ω))^∗, N^{1/2}(∂Ω) � . (12.20)

Proof. From Theorem 10.2 we know that there exists a constant C > 0 with the property that for every f ∈ (N^{1/2}(∂Ω))^∗ one can find u ∈ dom(−Δ_{max}) such that

^γ_Du = f and ‖u‖_L2_{(Ω;d}n_{x)} + ‖Δu‖_L2_{(Ω;d}n_{x)} ≤ C‖f‖_{(N} 1/2_{(∂Ω))}∗ . (12.21)

With the help of (12.1) we may then write

‖[M^{(0)}_{D,N,Ω}(z_1) − M^{(0)}_{D,N,Ω}(z_2)]f‖_N 1/2_{(∂Ω)} = � �τ^N_{z1} u − τ^N_{z2} u � �_{N 1/2(∂Ω)} ≤ C � ‖u‖_L2_{(Ω;d}n_{x)} + ‖Δu‖_L2_{(Ω;d}n_{x)} � ≤ C‖f‖_{(N} 1/2_{(∂Ω))}∗ , (12.22)

proving (12.20). □

13. The Krein Laplacian in Quasi-Convex Domains We now discuss the Krein–von Neumann extension −Δ_{K,Ω} of Laplacian −Δ � C^∞_0 (Ω) in L

2(Ω; d^nx), with Ω ⊂ R^n a bounded Lipschitz domain satisfying Hypothesis 8.10.

In this situation, equations (9.7) and (8.45) yield the following: dom(−Δ_{K,Ω}) = dom(−Δ_{min}) ˙+ ker((−Δ_{min})^∗) = dom(−Δ_{min}) ˙+ ker(−Δ_{max}) = H^2_0 (Ω) ∔ � u ∈ L^2(Ω; d^nx) � � Δu = 0 in Ω�. (13.1)

Nonetheless, we shall adopt a different point of view which better elucidates the nature of the boundary condition associated with the Krein Laplacian. Our construction was originally inspired by the discussion in [8]. In Example 5.3 of that paper, the authors consider the Laplacian with the boundary condition ∂f ∂n (x) =

∂H(f) ∂n (x), x ∈ ∂Ω, (13.2)

where, given f : Ω → R, H(f) is the harmonic extension of f|_{∂Ω} to Ω, and ∂/∂n denotes the normal derivative. The algebraic manipulations in [8] leading up to (13.2) are somewhat formal, and Alonso and Simon mention that “it seems to us that the Krein extension of −Δ, that is, −Δ with the boundary condition (13.2), is a natural object and therefore worthy of further study.”

Theorem 13.1. Assume Hypothesis 8.10 and z ∈ C\σ(−Δ_{D,Ω}). Then the operator −Δ_{K,Ω,z} in L^2(Ω; d^nx) given by − Δ_{K,Ω,z} u := (−Δ − z)u, u ∈ dom(−Δ_{K,Ω,z}) := � v ∈ dom(−Δ_{max}) � τ^N_z v = 0 � , (13.3)

satisfies � − Δ_{K,Ω,z}

�_∗

= −Δ_{K,Ω,z}. (13.4) In particular, if z ∈ R\σ(−Δ_{D,Ω}) then −Δ_{K,Ω,z} is self-adjoint. Moreover, if z ≤ 0 then −Δ_{K,Ω,z} ≥ 0.

In the following, −Δ_{K,Ω,z} will be referred to as the Krein Laplacian in Ω (associated with z). Hence, the Krein Laplacian −Δ_{K,Ω} := −Δ_{K,Ω,0} is a self-adjoint operator in L^2(Ω; d^nx) which satisfies − Δ_{K,Ω} ≥ 0, and − Δ_{min} ⊆ −Δ_{K,Ω} ⊆ −Δ_{max}. (13.5) Furthermore, ker(−Δ_{K,Ω}) = � u ∈ L^2(Ω; d^nx) � � Δu = 0�,

with the possible exception of the origin, −Δ_{K,Ω} has a discrete, real spectrum, (13.6)

and for any nonnegative self-adjoint extension ~S of −Δ � �_{C∞0 (Ω)} one has

− Δ_{K,Ω} ≤ ~S ≤ −Δ_{D,Ω}. (13.7)

Proof. It is clear that the operator (13.3) is densely defined. In addition, due to (12.8), this operator satisfies −Δ_{K,Ω,z} ⊆ (−Δ_{K,Ω,z} )^∗. Next, consider w ∈ dom(−Δ_{K,Ω,z})^∗. Then w ∈ L^2(Ω; d^nx), and there exists a function v ∈ L^2(Ω; d^nx) such that (v, u)_L2_{(Ω;d}n_{x)} = (w, (Δ + z)u)_L2_{(Ω;d}n_{x)}, u ∈ dom(−Δ_{K,Ω,z} ). (13.8) Choosing u ∈ C^∞_0 (Ω) then shows that w ∈ dom(−Δ_{max}) and (Δ + z)w = v. Thus, (13.8) becomes 0 = ((Δ + z)w, u)_L2_{(Ω;d}n_{x)} − (w, (Δ + z)u)_L2_{(Ω;d}n_{x)} =_N 1/2_{(∂Ω)}⟨τ^N_z w, ^γ_D u⟩_{(N} 1/2_{(∂Ω))}∗ , u ∈ dom(−Δ_{K,Ω,z}), (13.9)

by (12.8) and the fact that τ^N_z u = 0. In order to continue, we remark that ^γ_D (dom(−Δ_{K,Ω,z})) = ^γ_D (ker(τ^N_z )) = ^γ_D � u ∈ L^2(Ω; d^nx) � � (−Δ − z)u = 0 in Ω� = � N^{1/2}(∂Ω)

�_∗

, (13.10)

by virtue of (12.6) and Corollary 10.3. Using this in (13.9) then yields τ^N_z w = 0 in N^{1/2}(∂Ω) and hence, w ∈ dom(−Δ_{K,Ω,z}). This shows that −Δ^∗_{K,Ω,z} ⊆ −Δ_{K,Ω,z}, which completes the proof of (13.4). The subsequent commentary in the statement of the theorem is then justified by this.

Next, we will show that −Δ_{K,Ω,z} ≥ 0 whenever z ≤ 0. To this end, fix such a z and, given an arbitrary u ∈ dom(−Δ_{K,Ω,0}), consider v ∈ H^2_0 (Ω) and w ∈ L^2(Ω; d^nx) with (−Δ − z)w = 0 such that u = v + w. That this is possible is ensured by (13.3) and (12.6). We may then write (u, (−Δ_{K,Ω,z})u)_L2_{(Ω;d}n_{x)} = (v + w, (−Δ − z)v)_L2_{(Ω;d}n_{x)} = (v, (−Δ − z)v)_L2_{(Ω;d}n_{x)} + ((−Δ − z)w, v)_L2_{(Ω;d}n_{x)} = 2Re[(v, (−Δ − z)v)_L2_{(Ω;d}n_{x)}] = 2[(−z) ‖v‖^2_L2_{(Ω;d}n_{x)} + ‖∇v‖^2_{(L}2_{(Ω;d}n_{x))}n ] ≥ 0, (13.11) as required.

Next, we note that by (13.3) and (12.6), the domain of −Δ_{K,Ω} has the description given in (13.1), justifying the terminology of Krein Laplacian used in connection with this operator. Finally, that the kernel of −Δ_{K,Ω} consists of all harmonic, square integrable functions in Ω follows from (9.9) and (8.45), whereas (13.6) is a consequence of Lemma 9.3 and Theorem 5.1 in [8]. □

14. Self-adjoint Extensions with the Dirichlet Laplacian as Reference Operator Having discussed the Friedrichs and the Krein–von Neumann extensions of −Δ � �_{C∞0 (Ω)} in L2(Ω; dnx), our goal in this section is now to identify all self-adjoint extensions of this operator (nonnegative or not).

To set the stage, we first recall an abstract functional analytic result which is pertinent to the task at hand. The following is essentially Theorem (II) 2.1 on p. 448 of [60]: Theorem 14.1. Let H be a Hilbert space, with inner product ( · , · )_H, and assume that A_0 : dom(A_0) ⊆ H → H (14.1) is a closed, densely defined, symmetric unbounded linear operator. Set A_1 := (A_0)^∗, and let A_β : dom(A_β ) ⊆ H → H (14.2) be a self-adjoint extension of A_0 with 0 /∈ σ(A_β ) (A_β is also called the reference operator ).

(i) Then pr_β := A^{−1}_β A_1 : dom(A_1) → dom(A_β ), pr_ζ := I_H − pr_β : dom(A_1) → ker(A_β ),

(14.3)

are complementary projections which induce the decomposition dom(A_1) = dom(A_β ) ∔ ker(A_1). (14.4) In the sequel, we denote the above decomposition schematically by writing u = u_β + u_ζ for each u ∈ dom(A_1), where u_β := pr_β (u) ∈ dom(A_β ) and u_ζ := pr_ζ (u) ∈ ker(A_1).

(ii) Let V be an arbitrary closed subspace of ker(A_1) and let T : dom(T ) ⊆ V → V^∗ be an arbitrary self-adjoint operator. Then the operator A^{V,T} ⊆ A_1 given by A^{V,T} : dom � A^{V,T} � ⊆ H → H, A^{V,T} u := A_1u, u ∈ dom � A^{V,T} � := {v ∈ dom(A_1) | v_ζ ∈ dom(T ) and

(w, A_1v)_H =_V ⟨w, T v_ζ ⟩_V ∗ , w ∈ V },

(14.5)

is a self-adjoint extension of A_0.

(iii) Conversely, let ~A : dom( ~A) ⊆ H → H be a self-adjoint extension of A_0 (so that, necessarily, ~A ⊆ A_1) and define V := {u_ζ | u ∈ dom( ~A)} (with closure in H), (14.6) and consider the operator T : dom(T ) ⊆ V → V^∗ given by T u_ζ := ( · , A_1u)_H ∈ V^∗, u_ζ ∈ dom(T ) := � v_ζ � � v ∈ dom� ~A�. (14.7)

Then T is a self-adjoint operator, and ~A = A^{V,T} , where A^{V,T} is associated with V and T as in item (ii).

Consequently, the constructions in items (ii), (iii) establish a one-to-one correspondence between self-adjoint extensions ~A of A_0 and self-adjoint operators T : dom(T ) ⊆ V → V^∗ with V a closed subspace of ker(A_1).

Remark 14.2. Assume that H is a Hilbert space (with inner product ( · , · )_H), and suppose that V is a closed subspace of H. In addition, denote by π_V the orthogonal projection of H onto V . Then

π_V π^∗_V : V^∗ → V isomorphically, (14.8)

with inverse V ∋ v → (v, · )_H ∈ V^∗. In the context of Theorem 14.1 (i), and keeping the identification V^∗ ≡ V in mind given by (14.8), an alternative description of the domain of the operator A^{V,T} , originally introduced in (14.5) is

u ∈ dom � A^{V,T} � if and only if � � � u = v + w + A^{−1}_β (T w + η),

v ∈ dom(A_0), w ∈ dom(T ),

and η ∈ ker(A_1) ∩ V^⊤.

(14.9)

See Lemma 1.4 on p. 444 of [60]. Furthermore, with the above identification understood, ker � A^{V,T} � = ker(T ), ran � A^{V,T} � = ran(T ) + V^⊤. (14.10)

In particular, A^{V,T} is Fredholm if and only if T is Fredholm, with the same kernel and cokernel. If A^{V,T} and hence, also T , is injective then the inverse satisfies � A^{V,T}

�_{−1}

= A^{−1}_β + T^{−1}π_V , defined on ran � A^{V,T} � . (14.11)

A related result is [31, Theorem 2.1].

Theorem 14.1 provides a universal parametrization of all self-adjoint extensions of A_0, and our aim is to implement this abstract scheme in the case of −Δ � �_{C∞0 (Ω)}. In the theorem below we choose the Dirichlet

Laplacian as the reference operator.

Theorem 14.3. Assume Hypothesis 8.10 and let z ∈ R\σ(−Δ_{D,Ω}). Suppose that X is a closed subspace of � N^{1/2}(∂Ω)

�_∗

and denote by X^∗ the conjugate dual space of X. In addition, consider a self-adjoint operator

L : dom(L) ⊆ X → X^∗, (14.12)

and define the linear operator −Δ^D_{X,L,z} : dom � − Δ^D_{X,L,z} � ⊂ L^2(Ω; d^nx) → L^2(Ω; d^nx) by

− Δ^D_{X,L,z}u := (−Δ − z)u,

u ∈ dom � − Δ^D_{X,L,z} � := � v ∈ dom(−Δ_{max}) � � ^γ_Dv ∈ dom(L), τ^N_z v � �_X = L�^γ_Dv�. (14.13)

Above, τ^N_z is the map introduced in (12.1), (12.2), and the boundary condition τ^N_z u � X = L � ^γ_Du � is interpreted as N^{1/2}(∂Ω) � τ^N_z u, f � (N^{1/2}(∂Ω))^∗ = X ⟨f, L(^γDu)⟩X^∗ , f ∈ X. (14.14)

Then

− Δ^D_{X,L,z} is self-adjoint in L^2(Ω; d^nx), (14.15) and − Δ_{min} − zI_Ω ⊆ −Δ^D_{X,L,z} ⊆ −Δ_{max} − zI_Ω. (14.16)

Conversely, if

~S : dom� ~S� ⊆ L^2(Ω; d^nx) → L^2(Ω; d^nx) (14.17)

is a self-adjoint operator with the property that

− Δ_{min} − zI_Ω ⊆ ~S ⊆ −Δ_{max} − zI_Ω, (14.18)

then there exist X, a closed subspace of � N^{1/2}(∂Ω)

�_∗ , and L : dom(L) ⊆ X → X^∗, a self-adjoint operator, such that

~S = −Δ^D_{X,L,z}. (14.19)

In the above scheme, the operator ~S and the pair X, L correspond uniquely to each other. In fact,

dom(L) = ^γ_D � dom � ~ S � , X = ^γ_D � dom � ~ S) � � with closure in � N^{1/2}(∂Ω)

�_∗� . (14.20)

Proof. Let z ∈ R\σ(−Δ_{D,Ω}). We will employ Theorem 14.1 in the following context: A_0 := −Δ_{min} − zI_Ω, A_1 := −Δ_{max} − zI_Ω, A_β := −Δ_{D,Ω} − zI_Ω. (14.21) In particular, 0 ∈ C\σ(A_β ).

Throughout the proof, we shall make use of the following results and notation:

u ∈ dom(−Δ_{max}) implies � � � � � u_β := (−Δ_{D,Ω} − zI_Ω)^{−1}(−Δ − z)u ∈ H^2(Ω) ∩ H^1_0 (Ω), u_ζ := u − (−Δ_{D,Ω} − zI_Ω)^{−1}(−Δ − z)u ∈ ker(−Δ_{max} − zI_Ω), ^γ_N u_ζ = τ^N_z u ∈ N^{1/2}(∂Ω), ^γ_Du_ζ = ^γ_Du ∈ � N^{1/2}(∂Ω)

�_∗ . (14.22)

We now assume that a closed subspace X of � N^{1/2}(∂Ω)

�_∗ has been specified, that L is a self-adjoint operator as in (14.12), and that −Δ^D_{X,L,z} is defined as in (14.13). We will show that −Δ^D_{X,L,z} is a self-adjoint operator. To this end we define V := � u ∈ ker(−Δ_{max} − zI_Ω) � � ^γ_Du ∈ X�, (14.23) and observe that V = ker(−Δ_{max} − zI_Ω) ∩ ^γ^{−1}_D (X)

is a closed subspace of ker(−Δ_{max} − zI_Ω),

(14.24)

and that ^γ_D : V → X isomorphically, with ^γ_D ∈ B(V, X) and ^γ^{−1}_D ∈ B(X, V ), (14.25) by (14.23) and Corollary 10.3.

Next, we also introduce the operator T : dom(T ) ⊆ V → V^∗ by setting T u := −_X ⟨^γ_D(·), L(^γ_D u)⟩_X ∗ , u ∈ dom(T ) := {v ∈ V | ^γ_Dv ∈ dom(L)}.

(14.26)

For every u, v ∈ dom(T ), using the self-adjointness of L, we may write V ⟨v, T u⟩_V ∗ = −_X ⟨^γ_Dv, L(^γ_Du)⟩_X ∗ = −_X ⟨^γ_Du, L(^γ_Dv)⟩_X ∗ =_V ⟨u, T v⟩_V ∗ . (14.27) This shows that T is symmetric, that is, T ⊆ T^∗. To prove the converse inclusion, consider u ∈ dom(T^∗). Then u ∈ V and there exists Λ ∈ V^∗ such that V ⟨w, Λ⟩_V ∗ =_V ⟨u, T w⟩_V ∗ = −_X ⟨^γ_Du, L(^γ_Dw)⟩_X ∗ , w ∈ dom(T ). (14.28) Our goal is to show that u ∈ dom(T ) which, by (14.26), comes down to proving that ^γ_Du ∈ dom(L), or equivalently, that ^γ_Du ∈ dom(L^∗). In turn, the veracity of the latter condition is established as soon as we show that there exists a finite constant C > 0 with the property that |_X ⟨^γ_D u, L(f)⟩_X ∗ | ≤ C‖f‖_X , f ∈ dom(L). (14.29) Since (14.25) entails that ^γ_D : dom(T ) → dom(L) boundedly, with a bounded inverse, (14.30) the estimate (14.29) is going to be implied by X ⟨^γ_D u, L(^γ_Dw)⟩_X ∗ | ≤ C‖w‖_V , w ∈ dom(T ). (14.31) This, however, for the choice C = ‖Λ‖_V ∗ , is a direct consequence of (14.28). In summary, the above reasoning yields that u ∈ dom(T^∗), completing the proof of the fact that T is self-adjoint.

With this at hand, Theorem 14.1 will imply that −Δ^D_{X,L,z} is self-adjoint as soon as we establish that dom � − Δ^D_{X,L,z} � = {u ∈ dom(−Δ_{max}) | u_ζ ∈ dom(T ), (w, (−Δ − z)u)_L2_{(Ω;d}n_{x)} =_V ⟨w, T u_ζ ⟩_V ∗ , w ∈ V }.

(14.32)

We note that for each u ∈ dom(−Δ_{max}), u_ζ ∈ dom(T ) if and only if ^γ_Du ∈ dom(L) (14.33) by (14.22). Consequently, it remains to show that

τ^N_z u � �_X = L(^γ_Du) if and only if (w, (−Δ − z)u)_{L2(Ω;dnx)} =_V ⟨w, T u_ζ ⟩_{V ∗} , w ∈ V, (14.34) whenever u ∈ dom(−Δ_{max}) has ^γ_Du ∈ dom(L). Fix such a u and recall from (14.22) that ^γ_Du_ζ = ^γ_Du. Unraveling definitions, the task at hand becomes showing that τ^N_z u � �_X = L(^γ_Du) (14.35) if and only if (w, (−Δ − z)u)_L2_{(Ω;d}n_{x)} = −_X ⟨^γ_Dw, L(^γ_D u)⟩_X ∗ , w ∈ V.

One observes that for every w ∈ V ⊆ ker(−Δ_{max} − zI_Ω) one has (recalling that z ∈ R) (w, (−Δ − z)u)_L2_{(Ω;d}n_{x)} = −_N 1/2_{(∂Ω)}⟨τ^N_z u, ^γ_Dw⟩_{(N} 1/2_{(∂Ω))}∗ (14.36) by (12.10). Then (14.35) readily follows from this and (14.25). This concludes the proof of (14.15).

Conversely, assume that ~S, as in (14.17), is a self-adjoint operator which satisfies (14.18). If we define V := {u_ζ � � u ∈ dom� ~S� �with closure in L^2(Ω; d^nx)�, (14.37) then V is a closed subspace of ker(−Δ_{max} − zI_Ω) for which (14.25) continues to hold. Next, one introduces the operator T : dom(T ) ⊆ V → V^∗ by setting T u_ζ := −( · , (−Δ − z)u)_L2_{(Ω;d}n_{x)} ∈ V^∗, u_ζ ∈ dom(T ) := � v_ζ � � v ∈ dom� ~S�. (14.38) Then Theorem 14.1 ensures that T is a self-adjoint operator.

Next, consider X, dom(L) as in (14.20), and introduce an operator L as in (14.12) by requiring that X ⟨^γ_Dv, L(^γ_Du)⟩_X ∗ =_V ⟨v, T u⟩_V ∗ , u ∈ dom(T ), v ∈ V. (14.39) Since ^γ_D : V → X and ^γ_D : dom(T ) → dom(L) isomorphically, (14.40) the requirement in (14.39) uniquely defines L. Furthermore, for every u, v ∈ dom(T ), using the selfadjointness of T we may write X ⟨^γ_Dv, L(^γ_Du)⟩_X ∗ =_V ⟨v, T u⟩_V ∗ =_V ⟨u, T v⟩_V ∗ =_X ⟨^γ_Du, L(^γ_Dv)⟩_X ∗ . (14.41) Together with (14.40), this shows that L is symmetric, that is, L ⊆ L^∗. To prove the converse inclusion, consider f ∈ dom(L^∗). Then f ∈ X and there exists Λ ∈ X^∗ such that X ⟨^γ_Dw, Λ⟩_X ∗ =_X ⟨f, L(^γ_D w)⟩_X ∗ , w ∈ dom(T ). (14.42) Let u ∈ V be such that ^γ_D u = f. Upon recalling (14.39), the above formula becomes X ⟨^γ_D w, Λ⟩_X ∗ =_V ⟨u, T w⟩_V ∗ , w ∈ dom(T ). (14.43) In particular, |_V ⟨u, T w⟩_V ∗ | ≤ ‖Λ‖_X ∗ ‖^γ_Dw‖_{(N} 1/2_{(∂Ω))}∗ ≤ ‖Λ‖_X ∗ ‖w‖_L2_{(Ω;d}n_{x)}, w ∈ dom(T ). (14.44) This shows that u ∈ dom(T^∗) = dom(T ) and hence, f = ^γ_Du ∈ dom(L), by (14.40). Altogether, the above argument proves that L is a self-adjoint operator.

Next, we will prove that dom � ~ S � ⊆ dom(−Δ^D_{X,L,z}). (14.45) We note that if u ∈ dom � ~ S � then ^γ_Du ∈ dom(L), by definition. Thus, as far as (14.45) is concerned, it remains to verify that (14.14) holds. To see that this is indeed the case, given an arbitrary f ∈ X, pick w ∈ V ⊆ ker(−Δ_{max} − zI_Ω) such that ^γ_Dw = f. Then for each u ∈ dom � ~ S � we may write

N^{1/2}(∂Ω)⟨τ N z u, f⟩_{(N} 1/2_{(∂Ω))}∗ =_N 1/2_{(∂Ω)}⟨τ^N_z u, ^γ_Dw⟩_{(N} 1/2_{(∂Ω))}∗ = −((−Δ − z)u, w)_L2_{(Ω;d}n_{x)} =_V ⟨w, T u_ζ ⟩_V ∗ =_X ⟨^γ_Dw, L(^γ_D u_ζ )⟩_X ∗ =_X ⟨f, L(^γ_Du)⟩_X ∗ . (14.46) Above, the second equality is a consequence of (12.10), the third equality follows from (14.38), the fourth equality is implied by (14.39), and the fifth equality is derived with the help of the last line in (14.22). This shows that (14.14) holds, thus completing the proof of (14.45).

Since both ~S and −Δ^D_{X,L,z} are self-adjoint, (14.45) implies ~S = −Δ^D_{X,L,z}. □

Several distinguished self-adjoint extensions of −Δ � C^∞_0 (Ω) are singled out below:

Corollary 14.4. In the context of Theorem 14.3, for every z_0 ∈ R\σ(−Δ_{D,Ω}) one has the following facts:

X := dom(L) := {0} and L := 0 imply − Δ^D_{X,L,z0} + z_0I_Ω = −Δ_{D,Ω}, (14.47)

the Dirichlet Laplacian, and

X := � N^{1/2}(∂Ω)

�_∗

and L := M^{(0)}_{D,N,Ω}(z_0)

with dom(L) := N^{3/2}(∂Ω) � imply − Δ^D_{X,L,z0} + z_0I_Ω = −Δ_{N,Ω}, (14.48)

the Neumann Laplacian. Furthermore,

X := dom(L) := � N^{1/2}(∂Ω)

�_∗ , and L := 0 imply − Δ^D_{X,L,z0} = −Δ_{K,Ω,z0} , (14.49)

the Krein Laplacian introduced in (13.3).

Proof. For the case of the Dirichlet Laplacian −Δ_{D,Ω}, the regularity result in (10.18) of Theorem 10.4 shows that dom(−Δ_{N,Ω}) = H^2(Ω) ∩ H^1_0 (Ω). Thus,

dom(L) := ^γ_D � dom(−Δ_{D,Ω}) � = {0}, (14.50)

and further, X, the closure of dom(L) in � N^{1/2}(∂Ω)

�_∗

is the zero vector. Hence, trivially, L := 0 is selfadjoint and the boundary condition (14.14) is always satisfied. Finally, the requirement for u ∈ dom(−Δ_{max}) that ^γ_D u ∈ dom(L) = {0} forces, by Theorem 10.4, that u ∈ H^2(Ω) ∩ H^1_0 (Ω). Consequently, in this case, dom(−Δ^D_{X,L,z0} ) = H^2(Ω) ∩ H^1_0 (Ω), and since −Δ_{min} ⊆ −Δ^D_{X,L,z0} + z_0I_Ω, this proves (14.47).

For the Neumann Laplacian −Δ_{N,Ω}, the regularity result in (10.44) of Theorem 10.8 shows that, under the current geometrical assumptions, dom(−Δ_{N,Ω}) = � u ∈ H^2(Ω) � � γ_N u = 0�. Hence, by Lemma 6.9,

dom(L) := ^γ_D � dom(−Δ_{N,Ω}) � = N^{3/2}(∂Ω). (14.51)

Moreover, by Lemma 10.10, we have

X := dom(L) � with closure in � N^{1/2}(∂Ω)

�_∗� , (14.52)

so that X^∗ = N^{1/2}(∂Ω), by Lemma 6.2. In this context, the operator

L : dom(L) ⊆ X → X^∗, L = M^{(0)}_{D,N,Ω}(z_0) (14.53)

is well-defined, linear, and symmetric by Theorem 11.1. Proving that L is in fact self-adjoint then requires establishing the following regularity result: f ∈ � N^{1/2}(∂Ω)

�_∗

has M^{(0)}_{D,N,Ω}(z_0)f ∈ N^{1/2}(∂Ω), implying f ∈ N^{3/2}(∂Ω). (14.54)

This, however, is a consequence of the fact that the action of M^{(0)}_{D,N,Ω}(z_0) ∈ B � (N^{1/2}(∂Ω))^∗, (N^{3/2}(∂Ω))^∗ � is compatible with that of the operator M^{(0)}_{D,N,Ω}(z_0) ∈ B � N^{3/2}(∂Ω), N^{1/2}(∂Ω) � and the latter is an isomorphism.

This justifies (14.54) which completes the proof of the fact that L in (14.53) is indeed a self-adjoint operator.

Upon recalling that τ^N_{z0} u = ^γ_N u + M^{(0)}_{D,N,Ω}(z_0) � ^γ_Du � , the boundary condition τ^N_{z0} u � �_X = L(^γ_Du) reduces

to ^γ_N u = 0. Now consider the requirement for u ∈ dom(−Δ_{max}) that ^γ_Du ∈ dom(L) = N^{3/2}(∂Ω). Our claim is that this is automatically satisfied whenever u fulfills the boundary condition (14.14). Indeed, as just discussed, the latter entails ^γ_N u = 0 and hence u belongs to � u ∈ H^2(Ω) � γ_N u = 0 � by the regularity result (10.44) of Theorem 10.8. Then Lemma 6.9 yields ^γ_Du ∈ N^{3/2}(∂Ω), justifying the claim and hence (14.48).

Next, consider the case where

X := dom(L) := � N^{1/2}(∂Ω)

�_∗

and L := 0. (14.55)

Trivially, L is self-adjoint. Moreover, for a function u ∈ dom(−Δ_{max}), the boundary condition τ^N_{z0} u � X = L(^γ_Du) reduces to τ^N_{z0} u = 0, whereas the requirement that u satisfies ^γ_Du ∈ dom(L) becomes superfluous, by Theorem 6.4. Hence, dom � − Δ^D_{X,L,z0} � = dom � − Δ^D_{K,Ω,z0} � and ultimately, −Δ^D_{X,L,z0} = −Δ^D_{K,Ω,z0} since they are both contained in −Δ_{max} − z_0I_Ω. This yields (14.49) and completes the proof of the corollary. □

We wish to augment Corollary 14.4 by elaborating on connections with the Robin Laplacian (cf. Theorem 5.9).

Corollary 14.5. Suppose that Ω ⊂ R^n, n ≥ 2, is a bounded C^{1,r} domain with r > 1/2, and assume (8.41). Then, in the context of Theorem 14.3, for every z_0 ∈ R\σ(−Δ_{D,Ω}) one has

X := � N^{1/2}(∂Ω)

�_∗

and L := M^{(0)}_{D,N,Ω}(z_0) − θI_{∂Ω} with dom(L) := N^{3/2}(∂Ω) � imply − Δ^D_{X,L,z0} + z_0I_Ω = −Δ_{Θ,Ω}, (14.56)

the Robin Laplacian.

Proof. The argument is analogous to the proof of Corollary 14.4. This time, we make use of Lemma 8.13 and the fact that, by (6.7) and Lemma 6.8, one has N^{3/2}(∂Ω) → N^{1/2}(∂Ω) (14.57) boundedly. □ Our next result elucidates the circumstances under which a given self-adjoint extension of the Laplacian is a nonnegative operator.

Theorem 14.6. Retaining the context of Theorem 14.3, let z_0 ≤ 0. Then − Δ^D_{L,X,z0} ≥ 0 if and only if L ≤ 0. (14.58) Proof. A direct comparison of (9.16) and (14.9) reveals that, if T is as in (14.26), then − Δ^D_{L,X,z0} ≥ 0 if and only if T ≥ 0, equivalently, if and only if L ≤ 0. (14.59) □ 15. Self-Adjoint Extensions with the Neumann Laplacian as Reference Operator Having used the Dirichlet Laplacian as the reference operator in the previous section, we now illustrate the construction of self-adjoint extensions of −Δ � C^∞_0 (Ω) in L

2(Ω; d^nx), with the (shifted) Neumann Laplacian as the reference operator. (The shift −Δ_{N,Ω} −→ −Δ_{N,Ω} − z_0I_Ω for some z_0 ∈ R becomes necessary since 0 ∈ σ(−Δ_{N,Ω}).)

As a preamble, we now state and prove a result which is the counterpart of Theorem 12.1 pertaining to the regularized version of the Dirichlet trace operator on quasi-convex domains: Theorem 15.1. Assume Hypothesis 8.10. Then, for every z ∈ C\σ(−Δ_{N,Ω}), the map τ^D_z : � u ∈ L^2(Ω; d^nx) � � Δu ∈ L^2(Ω; d^nx)� → N^{3/2}(∂Ω) (15.1) given by τ^D_z u := ^γ_Du − M^{(0)}_{N,D,Ω}(z)(^γ_N u), u ∈ L^2(Ω; d^nx), Δu ∈ L^2(Ω; d^nx), (15.2) is well-defined, linear, and bounded when the space � u ∈ L^2(Ω; d^nx) � � Δu ∈ L^2(Ω; d^nx)� = dom(−Δ_{max}) (15.3) is endowed with the natural graph norm u → ‖u‖_L2_{(Ω;d}n_{x)} + ‖Δu‖_L2_{(Ω;d}n_{x)}. Moreover, this operator satisfies the following additional properties:

(i) For each z ∈ C\σ(−Δ_{N,Ω}), the map τ^D_z in (15.1), (15.2) is onto (i.e., τ^D_z (dom(−Δ_{max})) = N^{3/2}(∂Ω)). In fact, τ^D_z � u ∈ H^2(Ω) � � γ_N u = 0� = N^{1/2}(∂Ω), z ∈ C\σ(−Δ_{N,Ω}). (15.4) (ii) For each z ∈ C\ � σ(−Δ_{D,Ω}) ∪ σ(−Δ_{N,Ω}) � , one has τ^D_z = −M^{(0)}_{N,D,Ω}(z) τ^N_z . (15.5) (iii) One has

τ^D_z = γ_D(−Δ_{N,Ω} − zI_Ω)^{−1}(−Δ − z), z ∈ C\σ(−Δ_{N,Ω}). (15.6) (iv) For each z ∈ C\σ(−Δ_{N,Ω}), the kernel of the map τ^D_z in (15.1), (15.2) is given by ker � τ^D_z � = H^2_0 (Ω) ∔ � u ∈ L^2(Ω; d^nx) � (−Δ − z)u = 0 in Ω � . (15.7) In particular, τ^D_z u = 0 for every u ∈ ker(−Δ_{max} − zI_Ω). (15.8)

(v) For each z ∈ C\σ(−Δ_{N,Ω}), the following Green formula holds for every u, v ∈ dom(−Δ_{max}),

((−Δ − z)u, v)_L2_{(Ω;d}n_{x)} − (u, (−Δ − z)v)_L2_{(Ω;d}n_{x)}

= −_N 3/2_{(∂Ω)} � τ^D_z u, ^γ_N v � (N^{3/2}(∂Ω))^∗ + N^{3/2}(∂Ω) � τ^D_z v, ^γ_N u � (N^{3/2}(∂Ω))^∗ . (15.9)

In particular, for every u, v ∈ dom(−Δ_{max}), z ∈ C, and z_0 ∈ R\σ(−Δ_{N,Ω}), one has

((−Δ − (z + z_0))u, v)_L2_{(Ω;d}n_{x)} − (u, (−Δ − (z + z_0))v)_L2_{(Ω;d}n_{x)}

= −_N 3/2_{(∂Ω)} � τ^D_{z0} u, ^γ_N v � (N^{3/2}(∂Ω))^∗ + N^{3/2}(∂Ω) � τ^D_{z0} v, ^γ_N u � (N^{3/2}(∂Ω))^∗ . (15.10)

Moreover, as a consequence of (15.9) and (15.8), for every z ∈ C\σ(−Δ_{N,Ω}) one infers that

u ∈ dom(−Δ_{max}) and v ∈ ker(−Δ_{max} − zI_Ω)

imply ((−Δ − z)u, v)_L2_{(Ω;d}n_{x)} = −_N 3/2_{(∂Ω)} � τ^D_z u, ^γ_N v � (N^{3/2}(∂Ω))^∗ . (15.11)

Proof. Let z ∈ C\σ(−Δ_{N,Ω}). Consider an arbitrary u ∈ L^2(Ω; d^nx) satisfying Δu ∈ L^2(Ω; d^nx) and let v solve

(−Δ − z)v = 0 in Ω, v ∈ L^2(Ω; d^nx), ^γ_N v = ^γ_N u on ∂Ω. (15.12)

Theorems 6.10 and 10.8 ensure that this is possible and guarantee the the existence of a finite constant C = C(Ω, z) > 0 for which

‖v‖_L2_{(Ω;d}n_{x)} ≤ C � ‖u‖_L2_{(Ω;d}n_{x)} + ‖Δu‖_L2_{(Ω;d}n_{x)} � . (15.13)

Then w := u − v satisfies

(−Δ − z)w = (−Δ − z)u ∈ L^2(Ω; d^nx), w ∈ L^2(Ω; d^nx), ^γ_N w = 0 on ∂Ω, (15.14)

so that, by (10.44), there exists C = C(Ω, z) > 0 such that

w ∈ H^2(Ω) and ‖w‖_H2_{(Ω)} ≤ C � ‖u‖_L2_{(Ω;d}n_{x)} + ‖Δu‖_L2_{(Ω;d}n_{x)} � . (15.15)

Since M^{(0)}_{N,DΩ}(z) � ^γ_N u � = ^γ_D v, it follows from (15.15), the compatibility part of Theorem 6.4, and Lemma 6.9 that

τ^D_z u = ^γ_Du − ^γ_Dv = ^γ_D(u − v) = ^γ_Dw = γ_D w ∈ N^{3/2}(∂Ω). (15.16)

Moreover, � �τ^D_z u � �_{N 3/2(∂Ω)} = ‖γ_Dw‖_{N 3/2(∂Ω)} ≤ C‖w‖_{H2 (Ω)}

≤ C(‖u‖_L2_{(Ω;d}n_{x)} + ‖Δu‖_L2_{(Ω;d}n_{x)}). (15.17)

This shows that the operator τ^D_z in (15.1), (15.2) is indeed well-defined and bounded.

Incidentally, the above argument also shows that (15.6) holds. That τ^D_z defined in (15.1), (15.2) is onto, is a direct consequence of the fact that γ_D in (6.41) is onto (cf. Lemma 6.9). This also justifies (15.4). Next, (15.5) is a direct consequence of (11.9).

As previously remarked, the sum in (12.6) is direct. Moreover, H^2_0 (Ω) ⊆ ker(τ^D_z ) by (15.2) and � u ∈ L^2(Ω; d^nx) � (−Δ − z)u = 0 in Ω � ⊆ ker � τ^D_z � by (15.6). This proves the right-to-left inclusion in (15.7). To prove the opposite one, consider u ∈ L^2(Ω; d^nx) with Δu ∈ L^2(Ω; d^nx) for which τ^D_z u = 0. If we now set w := (−Δ_{N,Ω} − zI_Ω)^{−1}(−Δ − z)u, then w ∈ H^2(Ω), γ_N w = 0 and γ_Dw = τ^D_z u = 0 by (15.6). Hence, w ∈ H^2_0 (Ω) by Theorem 8.14. Since u = w + (u − w) and u − w ∈ L^2(Ω; d^nx) is harmonic, the proof of (15.7) is complete.

Next, consider the Green formulas in (v). Fix z ∈ C\σ(−Δ_{N,Ω}), let u, v ∈ dom(−Δ_{min}), and set ~u := (−Δ_{N,Ω} − z)^{−1}(−Δ − z)u, ~v := (−Δ_{N,Ω} − z)^{−1}(−Δ − z)v. Then

~u, ~v ∈ H^2(Ω), γ_N ~u = γ_N ~v = 0, (−Δ − z)~u = (−Δ − z)u, (−Δ − z)~v = (−Δ − z)v, (15.18)

γ_D ~u = τ^D_z u, γ_D ~v = τ^D_z v

by (15.6). Based on these observations and repeated applications of Green’s formula (6.46) one can then write

((−Δ − z)u, v)_L2_{(Ω;d}n_{x)} − (u, (−Δ − z)v)_L2_{(Ω;d}n_{x)}

= ((−Δ − z)~u, v)_L2_{(Ω;d}n_{x)} − (u, (−Δ − z)~v)_L2_{(Ω;d}n_{x)}

= (~u, (−Δ − z)v)_L2_{(Ω;d}n_{x)} − (u, (−Δ − z)~v)_L2_{(Ω;d}n_{x)} −_N 3/2_{(∂Ω)}⟨γ_D ~u, ^γ_N v⟩_{(N} 3/2_{(∂Ω))}∗

= ([~u − u], (−Δ − z)~v)_L2_{(Ω;d}n_{x)} −_N 3/2_{(∂Ω)}⟨τ^D_0 u, ^γ_N v⟩_{(N} 3/2_{(∂Ω))}∗

=_N 3/2_{(∂Ω)} � τ^D_0 v, ^γ_N u � (N^{3/2}(∂Ω))^∗ − N^{3/2}(∂Ω) � τ^D_0 u, ^γ_N v � (N^{3/2}(∂Ω))^∗ , (15.19)

where in the last step we have used the fact that (−Δ − z)(~u − u) = 0 and ^γ_N (~u − u) = −^γ_N u. This justifies (15.9) and completes the proof of the theorem. □

We are now ready to implement Theorem 14.1 in the case where the reference operator is the (shifted) Neumann Laplacian. Specifically, we have the following result:

Theorem 15.2. Assume Hypothesis 8.10 and let z ∈ R\σ(−Δ_{N,Ω}). Suppose that X is a closed subspace of � N^{3/2}(∂Ω)

�_∗

and denote by X^∗ the conjugate dual space of X. In addition, consider a self-adjoint operator

L : dom(L) ⊆ X → X^∗, (15.20)

and define the linear operator −Δ^N_{X,L,z} : dom(−Δ^N_{X,L,z}) ⊆ L^2(Ω; d^nx) → L^2(Ω; d^nx) by

− Δ^N_{X,L,z}u := (−Δ − z)u,

u ∈ dom(−Δ^N_{X,L,z}) := � v ∈ dom(−Δ_{max}) � � ^γ_N v ∈ dom(L), τ^D_z v|_X = L(^γ_N v)�, (15.21)

where τ^D_z is the map (15.1), (15.2), and the boundary condition τ^D_z u|_X = L(^γ_N u) is interpreted as

N^{3/2}(∂Ω) � τ^D_z u, f � (N^{3/2}(∂Ω))^∗ = X � f, L(^γ_N u) � X^∗ , f ∈ X. (15.22)

Then − Δ^N_{X,L,z} is self-adjoint in L^2(Ω; d^nx), (15.23) and − Δ_{min} − zI_Ω ⊆ −Δ^N_{X,L,z} ⊆ −Δ_{max} − zI_Ω. (15.24) Conversely, if ~S : dom� ~S� ⊆ L^2(Ω; d^nx) → L^2(Ω; d^nx) (15.25)

is a self-adjoint operator with the property that

− Δ_{min} − zI_Ω ⊆ ~S ⊆ −Δ_{max} − zI_Ω, (15.26)

then there exists X, a closed subspace of � N^{3/2}(∂Ω)

�_∗

, and L : dom(L) ⊆ X → X^∗, a self-adjoint operator, such that ~S = −Δ^N_{X,L,z}. (15.27)

In the above scheme, the operator ~S and the pair X, L correspond uniquely to each other. In fact,

dom(L) = ^γ_N � dom � ~ S � , X = ^γ_N � dom � ~ S � � with closure in � N^{3/2}(∂Ω)

�_∗� . (15.28)

Proof. Fix z ∈ R\σ(−Δ_{N,Ω}). We will employ Theorem 14.1 in the following context:

A_0 := −Δ_{min} − zI_Ω, A_1 := −Δ_{max} − zI_Ω, A_β := −Δ_{N,Ω} − zI_Ω. (15.29)

Throughout the proof, we shall make use of the following results and notation:

u ∈ dom(−Δ_{max}) implies

� � � � � � � u_β := (−Δ_{N,Ω} − zI_Ω)^{−1}(−Δ − z)u ∈ H^2(Ω), ^γ_N u_β = 0,

u_ζ := u − (−Δ_{N,Ω} − zI_Ω)^{−1}(−Δ − z)u ∈ ker(−Δ_{max} − zI_Ω),

^γ_Du_ζ = τ^D_z u ∈ N^{3/2}(∂Ω),

^γ_N u_ζ = ^γ_N u ∈ � N^{3/2}(∂Ω)

�_∗ . (15.30)

We now assume that a closed subspace X of � N^{3/2}(∂Ω)

�_∗

has been specified, that L is a self-adjoint operator as in (15.20), and that −Δ^N_{X,L} is defined as in (15.21). We will show that −Δ^N_{X,L} is a self-adjoint operator. To this end, we define

V := � u ∈ ker(−Δ_{max} − zI_Ω) � � ^γ_N u ∈ X�, (15.31)

and observe that

V = ker(−Δ_{max} − zI_Ω) ∩ ^γ^{−1}_N (X) is a closed subspace of ker(−Δ_{max}), (15.32) and ^γ_N : V → X isomorphically, with ^γ_N ∈ B(V, X) and ^γ^{−1}_N ∈ B(X, V ), (15.33) by (15.31) and Corollary 10.7.

Next, we also introduce the operator T : dom(T ) ⊆ V → V^∗ by setting T u := −_X ⟨^γ_D (·), L(^γ_N u)⟩_X ∗ , u ∈ dom(T ) := {v ∈ V | ^γ_N v ∈ dom(L)}.

(15.34)

For every u, v ∈ dom(T ), using the self-adjointness of L, we may write V ⟨v, T u⟩_V ∗ = −_X ⟨^γ_N v, L(^γ_N u)⟩_X ∗ = −_X ⟨^γ_N u, L(^γ_N v)⟩_X ∗ =_V ⟨u, T v⟩_V ∗ . (15.35) This shows that T is symmetric, that is, T ⊆ T^∗. To prove the converse inclusion, consider u ∈ dom(T^∗). Then u ∈ V and there exists Λ ∈ V^∗ such that V ⟨w, Λ⟩_V ∗ =_V ⟨u, T w⟩_V ∗ = −_X ⟨^γ_N u, L(^γ_N w)⟩_X ∗ , w ∈ dom(T ). (15.36) Our goal is to show that u ∈ dom(T ) which, by (15.34), comes down to proving that ^γ_N u ∈ dom(L), or equivalently, that ^γ_N u ∈ dom(L^∗). In turn, the veracity of the latter condition is established as soon as we show that there exists a finite constant C > 0 with the property that � �_X ⟨^γ_N u, L(f)⟩_{X ∗} � � ≤ C‖f‖_X , f ∈ dom(L). (15.37) Since (15.33) entails that ^γ_N : dom(T ) → dom(L) boundedly, with a bounded inverse, (15.38) the estimate (15.37) is going to be implied by � �_X ⟨^γ_N u, L(^γ_N w)⟩_{X ∗} � � ≤ C‖w‖_V , w ∈ dom(T ). (15.39) This, however, for the choice C = ‖Λ‖_V ∗ , is a direct consequence of (15.36). In summary, the above reasoning yields that u ∈ dom(T^∗), completing the proof of the fact that T is self-adjoint.

With this at hand, Theorem 14.1 will imply that −Δ^N_{X,L,z} is self-adjoint as soon as we establish that dom(−Δ^N_{X,L,z}) = � u ∈ dom(−Δ_{max}) � � u_ζ ∈ dom(T ), (w, (−Δ − z)u)_L2_{(Ω;d}n_{x)} =_V ⟨w, T u_ζ ⟩_V ∗ , w ∈ V � . (15.40)

We note that for each u ∈ dom(−Δ_{max}), u_ζ ∈ dom(T ) if and only if ^γ_N u ∈ dom(L) (15.41) by (15.30). Consequently, it remains to show that

τ^D_z u � �_X = L�^γ_Du� if and only if (w, (−Δ − z)u)_{L2(Ω;dnx)} =_V ⟨w, T u_ζ ⟩_{V ∗} , w ∈ V, (15.42) whenever u ∈ dom(−Δ_{max}) has ^γ_N u ∈ dom(L). Fix such a u and recall from (15.30) that ^γ_N u_ζ = ^γ_N u. Unraveling definitions, the task at hand becomes showing that τ^D_z u � �_X = L�^γ_N u� (15.43) if and only if (w, (−Δ − z)u)_L2_{(Ω;d}n_{x)} = −_X ⟨^γ_N w, L(^γ_N u)⟩_X ∗ , w ∈ V.

One observes, however, that for every w ∈ V ⊆ ker(−Δ_{max} − zI_Ω) one has (recalling z ∈ R) (w, (−Δ − z)u)_L2_{(Ω;d}n_{x)} = −_N 3/2_{(∂Ω)} � τ^D_z u, ^γ_N w � (N^{3/2}(∂Ω))^∗ (15.44)

by (15.11). Then (15.43) readily follows from this and (15.33). This concludes the proof of (15.23).

Conversely, assume that ~S, as in (15.25), is a self-adjoint operator which satisfies (15.26). If we define V := � u_ζ � u ∈ dom � ~ S � � with closure in L^2(Ω; d^nx) � , (15.45) then V is a closed subspace of ker(−Δ_{max} − zI_Ω) for which (15.33) continues to hold. Next, one introduces the operator T : dom(T ) ⊆ V → V^∗ by setting T u_ζ := −( · , (−Δ − z)u)_L2_{(Ω;d}n_{x)} ∈ V^∗, u_ζ ∈ dom(T ) := � v_ζ � � v ∈ dom� ~S�. (15.46) Then Theorem 14.1 ensures that T is a self-adjoint operator.

Next, consider X, dom(L) as in (15.28), and introduce an operator L as in (15.20) by requiring that X ⟨^γ_N v, L(^γ_N u)⟩_X ∗ =_V ⟨v, T u⟩_V ∗ , u ∈ dom(T ), v ∈ V. (15.47) Since ^γ_N : V → X and ^γ_N : dom(T ) → dom(L) isomorphically, (15.48) the requirement in (15.47) uniquely defines L. Furthermore, for every u, v ∈ dom(T ), using the selfadjointness of T we may write X ⟨^γ_N v, L(^γ_N u)⟩_X ∗ =_V ⟨v, T u⟩_V ∗ =_V ⟨u, T v⟩_V ∗ =_X ⟨^γ_N u, L(^γ_N v)⟩_X ∗ . (15.49) Together with (15.48), this shows that L is symmetric, that is, L ⊆ L^∗. To prove the converse inclusion, consider f ∈ dom(L^∗). Then f ∈ X there exists Λ ∈ X^∗ such that X ⟨^γ_N w, Λ⟩_X ∗ =_X ⟨f, L(^γ_N w)⟩_X ∗ , w ∈ dom(T ). (15.50) Let u ∈ V be such that ^γ_N u = f. Upon recalling (15.47), the above formula becomes X ⟨^γ_N w, Λ⟩_X ∗ =_V ⟨u, T w⟩_V ∗ , w ∈ dom(T ). (15.51) In particular, |_V ⟨u, T w⟩_V ∗ | ≤ ‖Λ‖_X ∗ ‖^γ_Dw‖_{(N} 1/2_{(∂Ω))}∗ ≤ ‖Λ‖_X ∗ ‖w‖_L2_{(Ω;d}n_{x)}, w ∈ dom(T ). (15.52) This shows that u ∈ dom(T^∗) = dom(T ) and hence, f = ^γ_Du ∈ dom(L), by (15.48). Altogether, the above argument proves that L is a self-adjoint operator.

Next, we will prove that dom � ~ S � ⊆ dom(−Δ^D_{X,L,z}). (15.53) We note that if u ∈ dom � ~ S � then ^γ_Du ∈ dom(L), by definition. Thus, as far as (15.53) is concerned, it remains to verify that (15.22) holds. To see that this is indeed the case, given an arbitrary f ∈ X, pick w ∈ V ⊆ ker(−Δ_{max} − zI_Ω) such that ^γ_N w = f. Then for each u ∈ dom � ~ S � we may write

N^{3/2}(∂Ω)⟨τ D z u, f⟩_{(N} 3/2_{(∂Ω))}∗ =_N 3/2_{(∂Ω)}⟨τ^D_z u, ^γ_N w⟩_{(N} 3/2_{(∂Ω))}∗ = −((−Δ − z)u, w)_L2_{(Ω;d}n_{x)} =_V ⟨w, T u_ζ ⟩_V ∗ =_X ⟨^γ_N w, L(^γ_N u_ζ )⟩_X ∗ =_X ⟨f, L(^γ_N u)⟩_X ∗ . (15.54) Above, the second equality is a consequence of (15.11), the third equality follows from (15.46), the fourth equality is implied by (15.47), and the fifth equality is derived with the help of the last line in (15.30). This shows that (15.22) holds, thus completing the proof of (15.53).

Since both ~S and −Δ^N_{X,L,z} are self-adjoint, (15.53) implies ~S = −Δ^N_{X,L,z}. □ The following lemma is useful in the statement of Corollary 15.4 below.

Lemma 15.3. Assume Hypothesis 8.10. Then the operator-valued map C\σ(−Δ_{D,Ω}) ∋ z → −Δ_{K,Ω,z} (15.55) extends naturally (i.e., with preservations of properties stated in Theorem 13.1) to the larger domain C\ � σ(−Δ_{D,Ω}) ∩ σ(−Δ_{N,Ω}) � ∋ z → −Δ_{K,Ω,z} . (15.56) Proof. Consider the linear operator in L^2(Ω; d^nx) given by − ~Δ_{K,Ω,z}(u) := (−Δ − z)u, u ∈ dom(− ~Δ_{K,Ω,z} ) := � v ∈ dom(−Δ_{max}) � τ^D_z v = 0 � , (15.57)

In a similar fashion to Theorem 13.1 it can be shown that − ~Δ_{K,Ω,z} satisfies � − ~Δ_{K,Ω,z}

�_∗

= − ~Δ_{K,Ω,z}. (15.58) Moreover, if z ∈ R\σ(−Δ_{N,Ω}), then −Δ_{K,Ω,z} is self-adjoint, and if z < 0 then −Δ_{K,Ω,z} ≥ 0. Finally, − Δ_{min} ⊆ −Δ_{K,Ω,z} + zI_Ω ⊆ −Δ_{max}. (15.59)

Since, by (12.6) and (15.7), ker(τ^D_z ) = ker(τ^N_z ) whenever z ∈ C\ � σ(−Δ_{D,Ω}) ∪ σ(−Δ_{N,Ω}) � , one obtains that − ~Δ_{K,Ω,z} = −Δ_{K,Ω,z} for z ∈ C\ � σ(−Δ_{D,Ω}) ∪ σ(−Δ_{N,Ω}) � . Since by (12.2) and the representation of M^{(0)}_{D,N,Ω}(z) in (11.6), τ^N_z is analytic for z ∈ C\σ(−Δ_{D,Ω}), and similarly, by (15.2) and the representation of M^{(0)}_{N,D,Ω}(z) in (11.8), τ^D_z is analytic for z ∈ C\σ(−Δ_{N,Ω}), it follows that the map (15.55) extends to C\ � σ(−Δ_{D,Ω}) ∩ σ(−Δ_{N,Ω}) � , as claimed in (15.56). □

Analogously to the proof of Corollary 14.4, it is then straightforward to establish the following result:

Corollary 15.4. In the context of Theorem 15.2, for every z_0 ∈ R\σ(−Δ_{N,Ω}) one has the following facts:

X := dom(L) := {0} and L := 0 imply − Δ^N_{X,L,z0} + z_0I_Ω = −Δ_{N,Ω}, (15.60)

the Neumann Laplacian, and

X := � N^{3/2}(∂Ω)

�_∗

and L := −M^{(0)}_{N,D,Ω}(z_0)

with dom(L) := N^{1/2}(∂Ω) � imply − Δ^N_{X,L,z0} + z_0I_Ω = −Δ_{D,Ω}, (15.61)

the Dirichlet Laplacian. Furthermore,

X := dom(L) := � N^{3/2}(∂Ω)

�_∗ and L := 0 imply − Δ^N_{X,L,z0} = −Δ_{K,Ω,z0} , (15.62)

the Krein Laplacian (initially introduced in (13.3), and further extended in Lemma 15.3).

16. Krein-Type Resolvent Formulas

Having catalogued all self-adjoint extensions of the Laplacian, we establish in this section a variety of Krein-type resolvent formulas, which express the difference of two resolvents for two different self-adjoint extensions of the Laplacian as R^∗MR, where M is a suitable Weyl–Titchmarsh operator on the boundary and R is closely related to one of the resolvents in question.

Krein-type resolvent formulas have been studied in a great variety of contexts, far too numerous to account for all in this paper. For instance, they are of fundamental importance in connection with the spectral and inverse spectral theory of ordinary and partial differential operators. Abstract versions of Krein-type resolvent formulas (see also the brief discussion at the end of our introduction), connected to boundary value spaces (boundary triples) and self-adjoint extensions of closed symmetric operators with equal (possibly infinite) deficiency spaces, have received enormous attention in the literature. In particular, we note that Robin-to-Dirichlet maps in the context of ordinary differential operators reduce to the celebrated (possibly, matrix-valued) Weyl–Titchmarsh function, the basic object of spectral analysis in this context. Since it is impossible to cover the literature in this paper, we refer to the rather extensive recent bibliography in [53] and [54]. Here we mention, for instance, [5, Sect. 84], [6], [7], [9], [15], [16], [22], [23], [24], [25], [28], [29], [31], [32], [33], [34], [35], [37], [38], [39], [40], [50], [51], [52], [56], [57], [58, Ch. 3], [64], [65, Ch. 13], [74], [77], [78], [79], [80], [81], [82], [85], [86], [87], [93], [98], [99], [100], [101], [102], [103], [104], [105], [106], [109], [110], [111], [112], [117], [118], [119], [125], and the references cited therein. We add, however, that the case of infinite deficiency indices in the context of partial differential operators (in our concrete case, related to the deficiency indices of the operator closure of −Δ ↾_C∞_{0 (Ω)} in L^2(Ω; d^nx)), is much less studied and the results obtained in this section, especially, under the assumption of quasi-convex domains are new.

We start with a couple of preliminary results, contained in the next two lemmas:

Lemma 16.1. Assume Hypothesis 8.10 and suppose that z_0 ∈ R, z_0, (z + z_0) ∈ C\σ(−Δ_{D,Ω}). Let X be a closed subspace of � N^{1/2}(∂Ω)

�_∗

and denote by X^∗ the conjugate dual space of X. In addition, consider a selfadjoint operator L as in (14.12) and define the self-adjoint operator −Δ^D_{X,L,z0} as in (14.13) corresponding to z = z_0. Then the following resolvent relation holds on L^2(Ω; d^nx), � −Δ^D_{X,L,z0} − zI_Ω

�_{−1} = � − Δ_{D,Ω} − (z + z_0)I_Ω

�_{−1} + � ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗� τ^N_{z0} (−Δ_{D,Ω} − (z + z_0)I_Ω)^{−1} � , (16.1)

z ∈ C\σ(−Δ^D_{X,L,z0} ).

Proof. We first assume that z ∈ C\R.

To set the stage, we recall that

(−Δ_{D,Ω} − (z + z_0)I_Ω)^{−1} : L^2(Ω; d^nx) → dom(−Δ_{max}), (16.2)

τ^N_{z0} : dom(−Δ_{max}) → N^{1/2}(∂Ω), (16.3)

(−Δ^D_{X,L,z0} − zI_Ω)^{−1} : L^2(Ω; d^nx) → dom(−Δ_{max}), (16.4)

^γ_D : dom(−Δ_{max}) → � N^{1/2}(∂Ω)

�_∗

, (16.5)

are bounded, linear operators. These facts imply

τ^N_{z0} (−Δ_{D,Ω} − (z + z_0)I_Ω)^{−1} ∈ B � L^2(Ω; d^nx), N^{1/2}(∂Ω) � , (16.6)

^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1} ∈ B � L^2(Ω; d^nx), � N^{1/2}(∂Ω)

�_∗�

, (16.7) � ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗ ∈ B � N^{1/2}(∂Ω), L^2(Ω; d^nx) � , (16.8)

which ensures that the composition of operators appearing on the right-hand side of (16.1) is meaningful.

Next, let u_1, v_1 ∈ L^2(Ω; d^nx) be arbitrary and define

u := (−Δ^D_{X,L,z0} − zI_Ω)^{−1}u_1 ∈ dom(−Δ^D_{X,L,z0} ) ⊂ dom(−Δ_{max}),

v := (−Δ_{D,Ω} − (z + z_0)I_Ω)^{−1}v_1 ∈ dom(−Δ_{D,Ω}) = H^2(Ω) ∩ H^1_0 (Ω).

(16.9)

Checking (16.1) then reduces to showing that the following identity holds: � u_1, � − Δ^D_{X,L,z0} − zI_Ω

�_{−1} v_1 � L^2(Ω;d^nx) − (u1, (−ΔD,Ω − (z + z0)IΩ)

−1v_1)_L2_{(Ω;d}n_{x)} = � u_1, � ^γ_D (−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗�

τ^N_{z0} (−Δ_{D,Ω} − (z + z_0)I_Ω)^{−1} � v_1 � L^2(Ω;d^nx). (16.10)

We note that according to (16.9) one has,

(u_1, (−Δ_{D,Ω} − (z + z_0)I_Ω)^{−1}v_1)_L2_{(Ω;d}n_{x)} = ((−Δ_{D,Ω} − (z + z_0)I_Ω)u, v)_L2_{(Ω;d}n_{x)}, � v_1, � − Δ^D_{X,L,z0} − zI_Ω

�_{−1} v_1 � L^2(Ω;d^nx) = � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}�_∗ u_1, v_1 � L^2(Ω;d^nx) = � − Δ^D_{X,L,z0} − zI_Ω

�_{−1} u_1, v_1 � L^2(Ω;d^nx)

= (u, (−Δ_{D,Ω} − (z + z_0)I_Ω)v)_L2_{(Ω;d}n_{x)}, (16.11) and =_N 1/2_{(∂Ω)} � τ^N_{z0} (−Δ_{D,Ω} − (z + z_0)I_Ω)^{−1}v_1, ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}u_1 � (N^{1/2}(∂Ω))^∗

=_N 1/2_{(∂Ω)} � τ^N_{z0} v, ^γ_Du � (N^{1/2}(∂Ω))^∗ .

With this, matters have been reduced to proving that � − Δ^D_{X,L,z0} − zI_Ω � u, v � L^2(Ω;d^nx) − (u, (−ΔD,Ω − (z + z0)IΩ)v)L^2 (Ω;d^nx)

=_N 1/2_{(∂Ω)} � τ^N_{z0} v, ^γ_Du � (N^{1/2}(∂Ω))^∗ , (16.12)

or equivalently, to

((−Δ − z_0)u, v)_L2_{(Ω;d}n_{x)} − (u, (−Δ − z_0)v)_L2_{(Ω;d}n_{x)}

=_N 1/2_{(∂Ω)} � τ^N_{z0} v, ^γ_D u � (N^{1/2}(∂Ω))^∗ , (16.13)

since � − Δ^D_{X,L,z0} − zI_Ω � u = (−Δ − (z + z_0))u and (−Δ_{D,Ω} − (z + z_0)I_Ω)v = (−Δ − (z + z_0))v. However,

(16.13) is a consequence of (12.8) and the fact that ^γ_Dv = 0.

In order to remove the additional hypothesis that z ∈ C\R, it now suffices to note that due to the

assumptions z_0 ∈ R and z_0, (z + z_0) ∈ C\σ(−Δ_{D,Ω}), and due to the self-adjointness of −Δ^D_{X,L,z0} , both sides

of (16.1) extend to all z ∈ C\σ(−Δ^D_{X,L,z0} ) by analytic continuation with respect to z. □

Lemma 16.2. Retain the hypotheses and conventions made in Lemma 16.1 and let z ∈ C\σ(−Δ^D_{X,L,z0} ).

Then �

τ^N_{z0} (−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗ ∈ B � N^{1/2}(∂Ω)

�_∗

, ker(−Δ_{max} − (z + z_0)I_Ω) � , (16.14) and � ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗ ∈ B � N^{1/2}(∂Ω), ker(−Δ_{max} − (z + z_0)I_Ω) � . (16.15)

Proof. From (16.6) we know that � τ^N_{z0} (−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗ ∈ B � N^{1/2}(∂Ω)

�_∗

, L^2(Ω; d^nx) � . (16.16)

Thus, it suffices to show that if f ∈ � N^{1/2}(∂Ω)

�_∗

then, in the sense of distributions,

(−Δ − (z + z_0)) � τ^N_{z0} (−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗

f = 0 in Ω. (16.17)

To this end, pick an arbitrary φ ∈ C^∞_0 (Ω) and write � τ^N_{z0} (−Δ^D_{X.L,z0} − zI_Ω)^{−1}

�_∗

f, (−Δ − (z + z_0))φ � L^2(Ω;d^nx)

=_N 1/2_{(∂Ω)} � τ^N_{z0} (−Δ^D_{X,L,z0} − zI_Ω)^{−1}(−Δ − (z + z_0))φ, f � (N^{1/2}(∂Ω))^∗ . (16.18)

To continue, we notice that

φ ∈ H^2_0 (Ω) = dom(−Δ_{min}) ⊂ dom(−Δ^D_{X,L,z0} ). (16.19)

Thus, we have (−Δ^D_{X,L,z0} − zI_Ω)^{−1}(−Δ − (z + z_0))φ = φ and also τ^N_{z0} φ = 0 by (12.6). Consequently, the

right-hand side of (16.18) vanishes and (16.17) follows.

As far as (16.15) is concerned, (16.7) yields � ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗ ∈ B � N^{1/2}(∂Ω), L^2(Ω; d^nx) � . (16.20)

Consequently, it suffices to show that if f ∈ N^{1/2}(∂Ω) then, in the sense of distributions,

(−Δ − (z + z_0)) � ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗

f = 0 in Ω. (16.21)

To verify this, select an arbitrary φ ∈ C^∞_0 (Ω) and write � ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗

f, (−Δ − (z + z_0))φ � L^2(Ω;d^nx)

=_N 1/2_{(∂Ω)} � f, ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}(−Δ − (z + z_0))φ � (N^{1/2}(∂Ω))^∗ . (16.22)

Because of (16.19) one obtains

^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}(−Δ − (z + z_0))φ = ^γ_Dφ = 0. (16.23)

Thus, the right-hand side of (16.22) vanishes, proving (16.21). □

Lemmas 16.1 and 16.2 have been inspired by [97, Lemmas 6, 7], where the special case of Dirichlet and

Neumann Laplacians on Ω a cubic box in R^n was studied.

In the context of Lemma 16.1, let us define the boundary operator

M^D_{X,L,z0} (z) := � ^γ_D � ^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}�_∗�_∗

, z ∈ C\σ � − Δ^D_{X,L,z0} � , (16.24)

so that

M^D_{X,L,z0} (z) ∈ B � N^{1/2}(∂Ω), � N^{1/2}(∂Ω)

�_∗� (16.25)

by Theorem 6.4 and (16.15). We are now ready to prove a version of Krein ’s resolvent formula for arbitrary

self-adjoint extensions of the Laplacian. Concretely, we have the following result:

Theorem 16.3. Assume Hypothesis 8.10 and suppose that z_0 ∈ R, z_0, (z + z_0) ∈ C\σ(−Δ_{D,Ω}). Let X be a

closed subspace of � N^{1/2}(∂Ω)

�_∗

and denote by X^∗ the conjugate dual space of X. In addition, consider a self-

adjoint operator L as in (14.12) and define the self-adjoint operator −Δ^D_{X,L,z0} as in (14.13) corresponding

to z = z_0. Then the following Krein formula holds on L^2(Ω; d^nx), � − Δ^D_{X,L,z0} − zI_Ω

�_{−1} = � − Δ_{D,Ω} − (z + z_0)I_Ω

�_{−1} + � τ^N_{z0} � − Δ_{D,Ω} − (z + z_0)I_Ω

�_{−1}�_∗

M^D_{X,L,z0} (z) � τ^N_{z0} � − Δ_{D,Ω} − (z + z_0)I_Ω

�_{−1}� , (16.26)

z ∈ C\σ(−Δ^D_{X,L,z0} ).

Proof. Applying ^γ_D from the left to both sides of (16.1) yields

^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}

= ^γ_D � ^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}�_∗�

τ^N_{z0} � − Δ_{D,Ω} − (z + z_0)I_Ω

�_{−1}� , (16.27)

since ^γ_D � − Δ_{D,Ω} − (z + z_0)I_Ω

�_{−1}

= 0. Thus, upon recalling (16.24), (16.27) then becomes

^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}

= M^D_{X,L,z0} (z)^∗τ^N_{z0} � − Δ_{D,Ω} − (z + z_0)I_Ω

�_{−1} , (16.28) as operators in ∈ B � L^2(Ω; d^nx), � N^{1/2}(∂Ω)

�_∗�

. Taking adjoints in (16.28), written with z in place of z, then

leads to � ^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}�_∗ = � τ^N_{z0} � − Δ_{D,Ω} − (z + z_0)I_Ω

�_{−1}�_∗ M^D_{X,L,z0} (z). (16.29)

Inserting this into (16.1), one arrives at (16.26). □

Remark 16.4. Formula (16.26) relates the resolvent of an arbitrary self-adjoint extension of −Δ � C^∞_0 (Ω) in

L^2(Ω; d^nx) to that of the Dirichlet Laplacian −Δ_{D,Ω} in a transparent way which makes it possible to extract

information about the spectrum of the extension from information about the associated operator-valued

Weyl–Titchmarsh M-function. More details on this will appear elsewhere.

Next we study some properties of the Weyl–Titchmarsh M-function (16.24) in more detail and show that

it satisfies a natural symmetry condition. More specifically, we have the following result:

Theorem 16.5. Retain the hypotheses and conventions made in Theorem 16.3 and let z ∈ C\σ(−Δ^D_{X,L,z0} ).

Then

M^D_{X,L,z0} (z)^∗ = M^D_{X,L,z0} (z). (16.30)

As a consequence,

M^D_{X,L,z0} (z) = ^γ_D � ^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}�_∗ ∈ B � N^{1/2}(∂Ω), � N^{1/2}(∂Ω)

�_∗� . (16.31)

Proof. resolvent estimate Let z_0 ∈ R, z_0, (z + z_0) ∈ C\σ(−Δ_{D,Ω}) and fix arbitrary f, g ∈ N^{1/2}(∂Ω). By

Theorem 12.1 (i), it is then possible to find u, w ∈ dom(−Δ_{max}) such that τ^N_{z0} u = f and τ^N_{z0} w = g. In fact,

by (12.4), we can actually pick u, w ∈ H^2(Ω) ∩ H^1_0 (Ω) (this is going to be of relevance shortly). One then has N^{1/2}(∂Ω) � f, M^D_{X,L,z0} (z)^∗g � (N^{1/2}(∂Ω))^∗ = N^{1/2}(∂Ω) � g, M^D_{X,L,z0} (z)f � (N^{1/2}(∂Ω))^∗

=_N 1/2_{(∂Ω)} � f, ^γ_D � ^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}�_∗ g � (N^{1/2}(∂Ω))^∗

=_N 1/2_{(∂Ω)} � τ^N_{z0} u, ^γ_D � ^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}�_∗ g � (N^{1/2}(∂Ω))^∗ = − � (−Δ − (z + z_0))u, � ^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}�_∗ g � L^2(Ω;d^nx), (16.32)

by (12.9), (16.15) and the fact that ^γ_Du = 0. Continuing, we employ taking adjoints and conjugation and

bring in w in order to write − � (−Δ − (z + z_0))u, � ^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}�_∗ g � L^2(Ω;d^nx)

= −_N 1/2_{(∂Ω)} � τ^N_{z0} w, ^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}

(−Δ − (z + z_0))u � (N^{1/2}(∂Ω))^∗ = − � (−Δ − (z + z_0)) � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}

(−Δ − (z + z_0))u, w � L^2(Ω;d^nx) + � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}

(−Δ − (z + z_0))u, (−Δ − (z + z_0))w � L^2(Ω;d^nx), (16.33)

by (12.9) and the fact that ^γ_D w = 0. Since

(−Δ − (z + z_0)) � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}

(−Δ − (z + z_0))u = (−Δ − (z + z_0))u, (16.34)

we may summarize the above calculation as follows:

N^{1/2}(∂Ω) � f, M^D_{X,L,z0} (z)^∗g � (N^{1/2}(∂Ω))^∗ = − � (−Δ − (z + z_0))u, w � L^2(Ω;d^nx) (16.35) + � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}

(−Δ − (z + z_0))u, (−Δ − (z + z_0))w � L^2(Ω;d^nx).

At this stage, we recall once more that u, w ∈ H^2(Ω) ∩ H^1_0 (Ω). Consequently, we may integrate by parts in

the first pairing in the right-hand side of (16.35) (without boundary terms) and obtain

N^{1/2}(∂Ω) � f, M^D_{X,L,z0} (z)^∗g � (N^{1/2}(∂Ω))^∗

= (z + z_0)(u, w)_L2_{(Ω;d}n_{x)} − (∇u, ∇w)_{(L}2_{(Ω;d}n_{x))}n (16.36) + � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}

(−Δ − (z + z_0))u, (−Δ − (z + z_0))w � L^2(Ω;d^nx).

At this point, the right-hand side of (16.36) is invariant under interchanging u, w, replacing z by z, and

taking conjugation (here, we have also used the fact that the adjoint of (−Δ^D_{X,L,z0} − zI_Ω

�_{−1} is the operator

(−Δ^D_{X,L,z0} − zI_Ω

�_{−1} ). Given the relationship between u, w on the one hand, and f, g on the other, this

observation then translates into

N^{1/2}(∂Ω) � f, M^D_{X,L,z0} (z)^∗g � (N^{1/2}(∂Ω))^∗ = N^{1/2}(∂Ω) � g, M^D_{X,L,z0} (z)^∗f � (N^{1/2}(∂Ω))^∗ . (16.37)

Since the right-hand side of (16.37) is given by

N^{1/2}(∂Ω) � g, M^D_{X,L,z0} (z)^∗f � (N^{1/2}(∂Ω))^∗ = N^{1/2}(∂Ω) � f, M^D_{X,L,z0} (z)g � (N^{1/2}(∂Ω))^∗ , (16.38)

this proves (16.30). □

Next, we recall (12.20) and (16.15) and state the following fact:

Lemma 16.6. Under the assumptions of Theorem 16.3, one has

τ^N_{z0} � ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗ = � M^{(0)}_{D,N,Ω}(z_0) − M^{(0)}_{D,N,Ω}(z + z_0) � M^D_{X,L,z0} (z) (16.39)

as operators in B � N^{1/2}(∂Ω), N^{1/2}(∂Ω) � . In addition,

^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1} : L^2(Ω; d^nx) → dom(L) (16.40)

is a well-defined, bounded, linear operator, when dom(L) is equipped with the natural graph norm, that is,

g → ‖g‖_{(N} 1/2_{(∂Ω))}∗ + ‖L(g)‖_X ∗ .

Proof. Pick arbitrary f ∈ N^{1/2}(∂Ω), g ∈ � N^{1/2}(∂Ω)

�_∗ , and let v ∈ dom(−Δ_{max}) satisfy

(−Δ − (z + z_0))v = 0 in Ω, ^γ_D v = g. (16.41)

Then, since � ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗

f ∈ ker(−Δ_{max} − (z + z_0)I_Ω) by (16.15), we may write

N^{1/2}(∂Ω) � τ^N_{z0} � ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗ f, g � (N^{1/2}(∂Ω))^∗

=_N 1/2_{(∂Ω)} � τ^N_{z0} v, ^γ_D � ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗ f � (N^{1/2}(∂Ω))^∗

=_N 1/2_{(∂Ω)} � τ^N_{z0} v, M^D_{X,L,z0} (z)f � (N^{1/2}(∂Ω))^∗ , (16.42)

by (12.9) and (16.31). Next, one observes that

τ^N_{z0} v = ^γ_N v + M^{(0)}_{D,N,Ω}(z_0)g = � − M^{(0)}_{D,NΩ}(z + z_0) + M^{(0)}_{D,N,Ω}(z_0) � g (16.43)

by (12.2) and (11.1). Thus,

N^{1/2}(∂Ω) � τ^N_{z0} v, M^D_{X,L,z0} (z)f � (N^{1/2}(∂Ω))^∗

=_N 1/2_{(∂Ω)} � − M^{(0)}_{D,NΩ}(z + z_0) + M^{(0)}_{D,N,Ω}(z_0) � g, M^D_{X,L,z0} (z)f � (N^{1/2}(∂Ω))^∗

=_N 1/2_{(∂Ω)} � − M^{(0)}_{D,NΩ}(z + z_0) + M^{(0)}_{D,N,Ω}(z_0)

�_∗

M^D_{X,L,z0} (z)f, g � (N^{1/2}(∂Ω))^∗

=_N 1/2_{(∂Ω)} � − M^{(0)}_{D,NΩ}(z + z_0) + M^{(0)}_{D,N,Ω}(z_0) � M^D_{X,L,z0} (z)f, g � (N^{1/2}(∂Ω))^∗ , (16.44)

by (11.10), implying (16.39).

Next, consider the claim made about the operator (16.40). Let f ∈ X and u ∈ L^2(Ω; d^nx) be arbitrary.

Then (−Δ^D_{X,L,z0} − zI_Ω)^{−1}u ∈ dom(−Δ^D_{X,L,z0} ) so that ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}u ∈ dom(L) and � �_X �f, L^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}u�_{X ∗} � � = � � �_N 1/2_{(∂Ω)} � τ^N_{z0} (−Δ^D_{X,L,z0} − zI_Ω)^{−1}u, f � (N^{1/2}(∂Ω))^∗ � � � ≤ C‖τ^N_{z0} (−Δ^D_{X,L,z0} − zI_Ω)^{−1}u‖_N 1/2_{(∂Ω)}‖f‖_{(N} 1/2_{(∂Ω))}∗

≤ C‖u‖_L2_{(Ω;d}n_{x)}‖f‖_X , (16.45)

by (14.14) and Theorem 12.1. Since u ∈ L^2(Ω; d^nx) was arbitrary, this implies that

‖L^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}u‖_X ∗ ≤ C‖f‖_X . (16.46)

Together with (16.7), this shows that the operator (16.40) is indeed well-defined, linear, and bounded. □

We continue to study the properties of the boundary “transition” operator (16.24), with the goal of

establishing a Herglotz property. We recall that an operator-valued function M(z) ∈ B(X , X^∗), with z ∈

C_+ := {z ∈ C | Im(z) > 0} and X a reflexive Banach space, is called an operator-valued Herglotz function if

M(·) is analytic on C_+ and

Im(M(z)) := (M(z) − M(z)^∗)/(2i) ≥ 0, z ∈ C_+. (16.47)

It is customary to extend M(·) to C_− := {z ∈ C | Im(z) < 0} by defining M(z) = M(z)^∗, z ∈ C_−, but the

latter is generally not an analytic continuation of M|_{C+} .

Theorem 16.7. Retain the hypotheses and conventions made in Theorem 16.3. Then the assignment

C_+ ∋ z → M^D_{X,L,z0} (z) ∈ B � N^{1/2}(∂Ω), � N^{1/2}(∂Ω)

�_∗� (16.48)

is an operator-valued Herglotz function whenever X = � N^{1/2}(∂Ω)

�_∗

. (16.49)

Proof. For the duration of this proof we suppose that (16.49) holds. We first establish the analytical depen-

dence of M^D_{X,L,z0} (z) on z ∈ C\σ � − Δ^D_{X,L,z0} � : Based on (16.24) and the resolvent equation for −Δ^D_{X,L,z0} , for

z ∈ C\σ � − Δ^D_{X,L,z0} � and w ∈ C sufficiently close to 0, one obtains 1 w � M^D_{X,L,z0} (z + w) − M^D_{X,L,z0} (z) � = � ^γ_D � ^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}�

− Δ^D_{X,L,z0} − (z + w)I_Ω

�_{−1}�_∗�_∗ . (16.50)

Based on (16.7) and the fact that � − Δ^D_{X,L,z0} − (z + w)I_Ω

�_{−1} ∈ B � L^2(Ω; d^nx) � , (16.51)

one infers that

T_w := ^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}�

− Δ^D_{X,L,z0} − (z + w)I_Ω

�_{−1} ∈ B � L^2(Ω; d^nx), � N^{1/2}(∂Ω)

�_∗�

(16.52) and lim_{w→0} T_w = ^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−2}

in B � L^2(Ω; d^nx), � N^{1/2}(∂Ω)

�_∗� . (16.53)

Consequently,

T^∗_w ∈ B � N^{1/2}(∂Ω), L^2(Ω; d^nx) � and lim_{w→0} T^∗_w exists in B � N^{1/2}(∂Ω), L^2(Ω; d^nx) � . (16.54)

Next, we claim that actually,

T^∗_w ∈ B � N^{1/2}(∂Ω), dom(−Δ_{max}) � (16.55) and lim_{w→0} T^∗_w exists in B � N^{1/2}(∂Ω), dom(−Δ_{max}) � . (16.56)

Given (16.54) and (16.15), (16.55) follows once we establish that

(−Δ − (z + z_0)I_Ω)T^∗_w = � ^γ_D � − Δ^D_{X,L,z0} − (z + w)I_Ω

�_{−1}�_∗ . (16.57)

To prove (16.57), we fix f ∈ N^{1/2}(∂Ω) and write for arbitrary φ ∈ C^∞_0 (Ω),

D^′(Ω)⟨(−Δ − (z + z0)IΩ)T ∗ wf, φ⟩_{D(Ω)} = (T^∗_wf, (−Δ − (z + z_0)I_Ω)φ)_L2_{(Ω;d}n_x

=_N 1/2_{(∂Ω)}⟨f, T_w(−Δ − (z + z_0)I_Ω)φ⟩_{(N} 1/2_{(∂Ω))}∗

=_N 1/2_{(∂Ω)} � f, ^γ_D � − Δ^D_{X,L,z0} − (z + w)I_Ω

�_{−1} φ � (N^{1/2}(∂Ω))^∗ = � ^γ_D � − Δ^D_{X,L,z0} − (z + w)I_Ω

�_{−1}�_∗

f, φ � L^2(Ω;d^nx), (16.58)

using (16.52) in the next to last step. (Here_D′_{(Ω)}⟨ · , · ⟩_{D(Ω)} denotes the usual distributional pairing.)

To prove (16.56) one can argue as follows: First, one notes that if T_j ∈ B(X, dom(−Δ_{max})), j ∈ N, where

X is a Banach space and dom(−Δ_{max}) is equipped with the graph norm (cf. (15.3)),

lim_{j→∞} T_j exists in B(X, dom(−Δ_{max}))

if and only if lim_{j→∞} T_j and lim_{j→∞} ΔT_j exist in B � X, L^2(Ω; d^nx) � . (16.59)

While the left-to-right implication in (16.59) is clear from the graph norm employed on dom(−Δ_{max}), we

indicate the proof of the right-to-left implication next, that is, we assume

lim_{j→∞} T_j = T in B � X, L^2(Ω; d^nx) � and lim_{j→∞} ΔT_j = S in B � X, L^2(Ω; d^nx) � . (16.60)

Let f ∈ X, then T f ∈ L^2(Ω; d^nx) → D^′(Ω), and for any φ ∈ C^∞_0 (Ω),

D^′(Ω)⟨Δ(T f), φ⟩D(Ω) = (T f, Δφ)L^2(Ω;d^nx) = lim j→∞ (T_j f, Δφ)_L2_{(Ω;d}n_{x)} = lim_{j→∞ D}′_{(Ω)}⟨T_j f, Δφ)⟩_{D(Ω)}

= lim_{j→∞ D}′_{(Ω)}⟨Δ(T_j f), φ⟩_{D(Ω)} = lim_{j→∞}(Δ(T_j f), φ)_L2_{(Ω;d}n_{x)} = (Sf, φ)_L2_{(Ω;d}n_{x)}

=_D′_{(Ω)}⟨Sf, φ⟩_{D(Ω)}, (16.61)

implying

ΔT = S on L^2(Ω; d^nx) and hence T ∈ B(X, dom(−Δ_{max})). (16.62)

Moreover, this yields

lim_{j→∞} ‖T_j − T ‖_{B(X,dom(−Δmax))} = 0. (16.63)

Next, using again the equivalence of norms

‖T ‖_{B(X,dom(−Δmax))} ≈ ‖T ‖_{B(X,L}2_{(Ω;d}n_{x))} + ‖ΔT ‖_{B(X,L}2_{(Ω;d}n_{x))}, (16.64)

and the fact that we may change ΔT into (Δ + zI_Ω)T , z ∈ C, in (16.64) (at the expense of altering the

comparability constants), one finally concludes that � − Δ^D_{X,L,z0} − zI_Ω

�_{−1} ∈ B � L^2(Ω; d^nx) � can actually be

improved to � −Δ^D_{X,L,z0} −zI_Ω

�_{−1} ∈ B � L^2(Ω; d^nx), dom(−Δ_{max}) � and that the assignment C\σ � −Δ^D_{X,L,z0} � ∋ z → � − Δ^D_{X,L,z0} − zI_Ω

�_{−1} ∈ B � L^2(Ω; d^nx), dom(−Δ_{max}) � is continuous.

With the help of (16.55) and (16.56) one concludes from Theorem 16.5 that

^γ_DT^∗_w ∈ B � N^{1/2}(∂Ω), � N^{1/2}(∂Ω)

�_∗�

and hence also � ^γ_D T^∗_w

�_∗ ∈ B � N^{1/2}(∂Ω), � N^{1/2}(∂Ω)

�_∗�

, (16.65) and lim_{w→0} � ^γ_DT^∗_w

�_∗

exists in B � N^{1/2}(∂Ω), � N^{1/2}(∂Ω)

�_∗� . (16.66)

Consequently, employing (16.65) and (16.66) in (16.50) one obtains that

lim_{w→0} 1 w � M^D_{X,L,z0} (z + w) − M^D_{X,L,z0} (z) � exists in B � N^{1/2}(∂Ω), � N^{1/2}(∂Ω)

�_∗� . (16.67)

Thus, C\σ � − Δ^D_{X,L,z0} � ∋ z → M^D_{X,L,z0} (z) ∈ B � N^{1/2}(∂Ω), � N^{1/2}(∂Ω)

�_∗� is analytic.

Next, for an arbitrary f ∈ N^{1/2}(∂Ω) set

u := � ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗ f ∈ ker(−Δ_{max} − (z + z_0)I_Ω). (16.68)

For each v ∈ dom(−Δ^D_{X,L,z0} ) we may then write

N^{1/2}(∂Ω)⟨f, ^γDv⟩(N^{1/2} (∂Ω))^∗

=_N 1/2_{(∂Ω)} � f, ^γ_D � − Δ^D_{X,L,z0} − zI_Ω

�_{−1}�

− Δ^D_{X,L,z0} − zI_Ω � v � (N^{1/2}(∂Ω))^∗ = � ^γ_D(−Δ^D_{X,L,z0} − zI_Ω)^{−1}

�_∗ f, � − Δ^D_{X,L,z0} − zI_Ω � v � L^2(Ω;d^nx)

= (u, (−Δ − (z + z_0))v)_L2_{(Ω;d}n_{x)} (16.69)

=_N 1/2_{(∂Ω)} � τ^N_{z0} u, ^γ_Dv � (N^{1/2}(∂Ω))^∗ − N^{1/2}(∂Ω) � τ^N_{z0} v, ^γ_D u � (N^{1/2}(∂Ω))^∗ ,

by (12.9) and (16.68). Granted (16.49) and given that v belongs to dom � − Δ^D_{X,L,z0} � , we may then transform

the last term in (16.69) into

N^{1/2}(∂Ω) � τ^N_{z0} v, ^γ_Du � (N^{1/2}(∂Ω))^∗ = N^{1/2}(∂Ω)⟨L(^γD v), ^γDu⟩(N^{1/2}(∂Ω))^∗ . (16.70)

When inserted into (16.69), this yields

N^{1/2}(∂Ω) � τ^N_{z0} u − f, ^γ_Dv � (N^{1/2}(∂Ω))^∗ = N^{1/2}(∂Ω)⟨L(^γDv), ^γD u⟩(N^{1/2}(∂Ω))^∗ (16.71)

Since dom(L) = ^γ_D dom � − Δ^D_{X,L,z0} � and L is self-adjoint, the above formula yields

^γ_D u ∈ dom(L) and L(^γ_Du) = τ^N_{z0} u − f. (16.72)

Thus, M^D_{X,L,z0} (z)f = ^γ_Du, (16.72), (12.9), and the fact that Δu = −(z + z_0)u imply

N^{1/2}(∂Ω) � f, Im � M^D_{X,L,z0} (z) � f � (N^{1/2}(∂Ω))^∗ = 1 2i � N^{1/2}(∂Ω) � f, M^D_{X,L,z0} (z)f � (N^{1/2}(∂Ω))^∗

−_N 1/2_{(∂Ω)} � f, M^D_{X,L,z0} (z)f � (N^{1/2}(∂Ω))^∗ � = 1 2i � N^{1/2}(∂Ω) � τ^N_{z0} u − L(^γ_Du), ^γ_Du � (N^{1/2}(∂Ω))^∗

−_N 1/2_{(∂Ω)} � τ^N_{z0} u − L(^γ_Du), ^γ_Du � (N^{1/2}(∂Ω))^∗ �

= 1 2i � N^{1/2}(∂Ω) � τ^N_{z0} u, ^γ_Du � (N^{1/2}(∂Ω))^∗ − N^{1/2}(∂Ω) � τ^N_{z0} u, ^γ_Du � (N^{1/2}(∂Ω))^∗ �

= 1 2i � (Δu, u)_L2_{(Ω;d}n_{x)} − (u, Δu)_L2_{(Ω;d}n_{x)} �

= 1 2i � (−(z + z_0)u, u)_L2_{(Ω;d}n_{x)} − (u, −(z + z_0)u)_L2_{(Ω;d}n_{x)} � = Im(z)‖u‖^2_L2_{(Ω;d}n_{x)} ≥ 0. (16.73) □ Our next theorem provides a transparent connection between the inverse of M^D_{X,L,z0} (z) and M^{(0)}_{D,N,Ω}(z+z_0), M^{(0)}_{D,N,Ω}(z_0).

Theorem 16.8. Retain the hypotheses and conventions made in Theorem 16.3. In addition, assume that (16.49) holds. Then the map M^D_{X,L,z0} (z) : N^{1/2}(∂Ω) → dom(L) (16.74) is well-defined, linear, and bounded, provided dom(L) is equipped with the natural graph norm, that is, dom(L) ∋ g → ‖g‖_{(N} 1/2_{(∂Ω))}∗ + ‖L(g)‖_N 1/2_{(∂Ω)} (in which case dom(L) becomes a Banach space ). Its inverse is given by M^D_{X,L,z0} (z)^{−1} = −L − M^{(0)}_{D,N,Ω}(z + z_0) + M^{(0)}_{D,N,Ω}(z_0) : dom(L) → N^{1/2}(∂Ω). (16.75)

Proof. Fix f ∈ N^{1/2}(∂Ω) arbitrary, and define u as in (16.68). Then ^γ_D u ∈ dom(L) and (−Δ − (z + z_0))u = 0 in Ω, u ∈ L^2(Ω; d^nx), τ^N_{z0} u − L(^γ_Du) = f, (16.76) because of the argument carried out in (16.68)–(16.72). Then M^D_{X,L,z0} (z)f = ^γ_Du so that � �M^D_{X,L,z0} (z)f � �_{(N 1/2(∂Ω))∗} + � �L(M^D_{X,L,z0} (z)f) � �_{N 1/2(∂Ω)}

= ‖^γ_Du‖_{(N} 1/2_{(∂Ω))}∗ + ‖L(^γ_Du)‖_N 1/2_{(∂Ω)} = ‖^γ_Du‖_{(N} 1/2_{(∂Ω))}∗ + � �τ^N_{z0} u − f � �_{N 1/2(∂Ω)}

≤ C‖u‖_L2_{(Ω;d}n_{x)} + C‖f‖_N 1/2_{(∂Ω)}

≤ C‖f‖_N 1/2_{(∂Ω)}. (16.77) Above, we have used the boundedness of the operators (6.14) and (12.1). The estimate (16.77) proves that the map (16.74) is bounded. Furthermore, the fact that M^D_{X,L,z0} (z)f = ^γ_Du also entails � − L − M^{(0)}_{D,N,Ω}(z + z_0) + M^{(0)}_{D,N,Ω}(z_0) � M^D_{X,L,z0} (z)f

= −L(^γ_Du) − M^{(0)}_{D,N,Ω}(z + z_0)(^γ_D u) + M^{(0)}_{D,N,Ω}(z_0)(^γ_D u)

= f − τ^N_{z0} u − M^{(0)}_{D,N,Ω}(z + z_0)(^γ_D u) + M^{(0)}_{D,N,Ω}(z_0)(^γ_D u)

= f − ^γ_N u + M^{(0)}_{D,N,Ω}(z_0)(^γ_Du) − M^{(0)}_{D,N,Ω}(z + z_0)(^γ_D u) + M^{(0)}_{D,N,Ω}(z_0)(^γ_D u) = f, (16.78)

since M^{(0)}_{D,N,Ω}(z + z_0)(^γ_D u) = −^γ_N u. Conversely, assume that g ∈ dom(L) is given and let w be such that

(−Δ − (z + z_0))w = 0 in Ω, w ∈ L^2(Ω; d^nx), ^γ_Dw = g ∈ � N^{1/2}(∂Ω)

�_∗

. (16.79)

Then � − L − M^{(0)}_{D,N,Ω}(z + z_0) + M^{(0)}_{D,N,Ω}(z_0) � g = f, where we have set f := τ^N_{z0} w − Lg ∈ N^{1/2}(∂Ω). Next, M^D_{X,L,z0} (z)f = ^γ_D u, where u is as in (16.68). However, because of (16.76), the function v := u − w satisfies (−Δ − (z + z_0))v = 0 in Ω, v ∈ L^2(Ω; d^nx), ^γ_Dv = 0, (16.80) and hence necessarily v = 0, by the uniqueness part in Theorem 10.4. This yields u = w which implies ^γ_Du = ^γ_D w = g, and hence, M^D_{X,L,z0} (z)f = g. □

Having established Theorem 16.8, we now proceed to state an alternative version of our earlier Krein

formula (cf. Theorem 16.3) on the space L^2(Ω; d^nx).

Corollary 16.9. In addition to the hypotheses made in Theorem 16.3 assume that X = � N^{1/2}(∂Ω)

�_∗ . Then

the following Krein formula holds on L^2(Ω; d^nx): � − Δ^D_{X,L,z0} − zI_Ω

�_{−1} = � − Δ_{D,Ω} − (z + z_0)I_Ω

�_{−1} + � τ^N_{z0} � − Δ_{D,Ω} − (z + z_0)I_Ω

�_{−1}�_∗�

− L − M^{(0)}_{D,N,Ω}(z + z_0) + M^{(0)}_{D,N,Ω}(z_0)

�_{−1} × � τ^N_{z0} � − Δ_{D,Ω} − (z + z_0)I_Ω

�_{−1}�

. (16.81)

In particular, for the resolvents of the Krein Laplacian, one has � − Δ_{K,Ω,z0} − zI_Ω

�_{−1} = � − Δ_{D,Ω} − (z + z_0)I_Ω

�_{−1} + � τ^N_{z0} � − Δ_{D,Ω} − (z + z_0)I_Ω

�_{−1}�_∗�

M^{(0)}_{D,N,Ω}(z_0) − M^{(0)}_{D,N,Ω}(z + z_0)

�_{−1} (16.82) × � τ^N_{z0} � − Δ_{D,Ω} − (z + z_0)I_Ω

�_{−1}� , as operators in B � L^2(Ω; d^nx) � . Proof. Formula (16.81) is a direct consequence of Theorem 16.3 and Theorem 16.8. Formula (16.82) follows

from this and (14.49). □

Naturally, (16.82) (with z_0 = 0) resembles the abstract relation (1.39) between the Krein–von Neumann

extension S_K and the Friedrichs extension S_F of S, but the actual methods of proof are quite different in

either case.

Remark 16.10. Under the assumptions made in Corollary 16.9, the operator-valued function given by z → � M^{(0)}_{D,N,Ω}(z_0) − M^{(0)}_{D,N,Ω}(z + z_0)

�_{−1} ∈ B � N^{1/2}(∂Ω), (N^{1/2}(∂Ω))^∗ � , (16.83)

appearing in (16.82), has the Herglotz property. Indeed, by Theorem 16.7 and Theorem 16.8, this is the

case for the operator-valued function M^D_{X,L,z0} (z) = � − L − M^{(0)}_{D,N,Ω}(z + z_0) + M^{(0)}_{D,N,Ω}(z_0)

�_{−1} and the map

in question corresponds to this when L = 0.

Our last theorem in this section is a Krein formula involving the resolvents of two arbitrary self-adjoint

extensions of the Laplacian. To set the stage, we first prove the following lemma.

Lemma 16.11. Assume Hypothesis 8.10 and suppose that z_0 ∈ R\σ(−Δ_{D,Ω}). Let X_1 be a closed subspace

of X_2 := � N^{1/2}(∂Ω)

�_∗

. In addition, consider two self-adjoint operators

L_j : dom(L_j ) ⊆ X_j → X^∗_j , j = 1, 2, (16.84)

with the property that

dom(L_1) → dom(L_2) boundedly. (16.85)

Associated with L_j , j = 1, 2, define the self-adjoint operators −Δ^D_{Xj ,Lj ,z0} , j = 1, 2, as in (14.13) correspond-

ing to z = z_0. In addition, let z ∈ C\(σ(−Δ^D_{X1 ,L1,z0} ) ∪ σ(−Δ^D_{X2 ,L2,z0} )). Then the following resolvent relation

holds on L^2(Ω; d^nx), � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1} = � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1} (16.86) + � ^γ_D � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1}�_∗�

τ^N_{z0} − L_2^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1} . Proof. First, we note that

^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}

: L^2(Ω; d^nx) → dom(L_1) → dom(L_2) (16.87)

→ X_2 = � N^{1/2}(∂Ω)

�_∗ . (16.88)

Together with (16.40), (16.84), Lemma 6.2, (12.1) and (16.15), this ensures that the composition of the

operators appearing on the right-hand side of (16.86) is well-defined. Next, let ϕ_1, ϕ_2 ∈ L^2(Ω; d^nx) be

arbitrary and define

ψ_1 := (−Δ^D_{X1 ,L1,z0} − zI_Ω)^{−1}ϕ_1 ∈ dom(−Δ^D_{X1 ,L1,z0} ) ⊂ dom(−Δ_{max}),

ψ_2 := (−Δ^D_{X2 ,L2,z0} − zI_Ω)^{−1}ϕ_2 ∈ dom(−Δ^D_{X2 ,L2,z0} ) ⊂ dom(−Δ_{max}).

(16.89)

Our goal is to show that the following identity holds: � ϕ_2, � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1}

ϕ_1 � L^2(Ω;d^nx) − � ϕ_2, � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}

ϕ_1 � L^2(Ω;d^nx) = � ϕ_2, � ^γ_D � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1}�_∗�

τ^N_{z0} − L_2^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}

ϕ_1 � L^2(Ω;d^nx). (16.90)

We note that according to (16.89) one has, � ϕ_2, � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}

ϕ_1 � L^2(Ω;d^nx) = � − Δ^D_{X2 ,L2,z0} − zI_Ω � ψ_2, ψ_1 � L^2(Ω;d^nx), (16.91) � ϕ_2, � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1}

ϕ_1 � L^2(Ω;d^nx) = � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1}�_∗

ϕ_2, ϕ_1 � L^2(Ω;d^nx) = � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1}

ϕ_2, ϕ_1 � L^2(Ω;d^nx) = � ψ_2, � − Δ^D_{X1 ,L1,z0} − zI_Ω � ψ_1 � L^2(Ω;d^nx), (16.92) and � ϕ_2, � ^γ_D � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1}�_∗� τ^N_{z0} − L_2^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}

ϕ_1 � L^2(Ω;d^nx)

=_N 1/2_{(∂Ω)} � τ^N_{z0} − L_2^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}

ϕ_1, ^γ_D � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1} ϕ_2 � (N^{1/2}(∂Ω))^∗

=_N 1/2_{(∂Ω)} � τ^N_{z0} ψ_1 − L_2^γ_Dψ_1 � , ^γ_Dψ_2 � (N^{1/2}(∂Ω))^∗ . (16.93)

Thus, matters have been reduced to proving that � ψ_2, � − Δ^D_{X1 ,L1,z0} − zI_Ω � ψ_1 � L^2(Ω;d^nx) − � − Δ^D_{X2 ,L2,z0} − zI_Ω � ψ_2, ψ_1 � L^2(Ω;d^nx)

=_N 1/2_{(∂Ω)} � τ^N_{z0} ψ_1 − L_2^γ_Dψ_1 � , ^γ_Dψ_2 � (N^{1/2}(∂Ω))^∗ . (16.94)

Using (12.9) for the left-hand side of (16.94) one obtains � ψ_2, � − Δ^D_{X1 ,L1,z0} − zI_Ω � ψ_1 � L^2(Ω;d^nx) − � − Δ^D_{X2 ,L2,z0} − zI_Ω � ψ_2, ψ_1 � L^2(Ω;d^nx)

= (ψ_2, (−Δ − (z + z_0))ψ_1)_L2_{(Ω;d}n_{x)} − ((−Δ − (z + z_0))ψ_2, ψ_1)_L2_{(Ω;d}n_{x)}

=_N 1/2_{(∂Ω)} � τ^N_{z0} ψ_1, ^γ_Dψ_2 � (N^{1/2}(∂Ω))^∗ − N^{1/2}(∂Ω) � τ^N_{z0} ψ_2, ^γ_Dψ_1 � (N^{1/2}(∂Ω))^∗

=_N 1/2_{(∂Ω)} � τ^N_{z0} ψ_1, ^γ_Dψ_2 � (N^{1/2}(∂Ω))^∗ − X^2 ⟨^γD ψ1, L2^γDψ2⟩X^∗2

=_N 1/2_{(∂Ω)} � τ^N_{z0} ψ_1, ^γ_Dψ_2 � (N^{1/2}(∂Ω))^∗ − X^2 ⟨^γD ψ2, L2^γDψ1⟩X^∗2

=_N 1/2_{(∂Ω)} � τ^N_{z0} ψ_1, ^γ_Dψ_2 � (N^{1/2}(∂Ω))^∗ − N^{1/2}(∂Ω)⟨L2^γDψ1, ^γDψ2⟩(N^{1/2}(∂Ω))^∗

=_N 1/2_{(∂Ω)} � τ^N_{z0} ψ_1 − L_2^γ_Dψ_1 � , ^γ_Dψ_2 � (N^{1/2}(∂Ω))^∗ , (16.95)

since ψ_2 ∈ dom(−Δ^D_{X2 ,L2,z0} ) and

ψ_1 ∈ dom(−Δ^D_{X1 ,L1,z0} ) implies ^γ_D(ψ_1) ∈dom(L_1) → dom(L_2)

→ X_2 = � N^{1/2}(∂Ω)

�_∗

. (16.96)

This justifies (16.94), completing the proof of the lemma. □

We are now prepared to state and prove the Krein-type formula alluded to earlier, expressing the difference

of the resolvents of two arbitrary self-adjoint extensions of −Δ � �_{C∞0 (Ω)} in L2(Ω; dnx).

Theorem 16.12. Assume Hypothesis 8.10 and suppose that z_0 ∈ R\σ(−Δ_{D,Ω}). In addition, consider two

bounded, self-adjoint operators

L_j : � N^{1/2}(∂Ω)

�_∗

→ N^{1/2}(∂Ω), j = 1, 2. (16.97)

Associated with L_j , j = 1, 2, define the self-adjoint operators −Δ^D_{Xj ,Lj ,z0} , j = 1, 2, as in (14.13) correspond-

ing to z = z_0 and X_1 = X_2 = � N^{1/2}(∂Ω)

�_∗

. In addition, let z ∈ C\ � σ(−Δ^D_{X1 ,L1,z0} ) ∪ σ(−Δ^D_{X2 ,L2,z0} ) � . Then the following resolvent relation holds on L^2(Ω; d^nx), � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1} = � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1} (16.98) + � ^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}�_∗

M^D_{L1,L2,z0} (z) � ^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}� . Here

(L_2 − L_1) � = (L_2 − L_1) � M^{(0)}_{D,N,Ω}(z_0) − M^{(0)}_{D,N,Ω}(z + z_0) − L_2

�_{−1} × � M^{(0)}_{D,N,Ω}(z_0) − M^{(0)}_{D,N,Ω}(z + z_0) − L_1 �

has the property that

C_+ ∋ z → M^D_{L1,L2,z0} (z) ∈ B � (N^{1/2}(∂Ω))^∗, N^{1/2}(∂Ω) � (16.99)

is an operator-valued Herglotz function which satisfies � M^D_{L1,L2,z0} (z)

�_∗

= M^D_{L1,L2,z0} (z). (16.100)

Proof. Applying τ^N_{z0} − L_1^γ_D to both sides of (16.86) and using the fact that � τ^N_{z0} − L_j ^γ_D � − Δ^D_{Xj ,Lj ,z0} − zI_Ω

�_{−1} = 0, j = 1, 2, (16.101)

one obtains

(L_2 − L_1) � ^γ_D � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1}� = � τ^N_{z0} − L_1^γ_D � ^γ_D � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1}�_∗

(L_1 − L_2) � ^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}� = � M^{(0)}_{D,N,Ω}(z_0) − M^{(0)}_{D,N,Ω}(z + z_0) − L_1 � M^D_{X2,L2,z0} (z)(L_1 − L_2) � ^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}� , (16.102)

where in the last step we have also made use of (16.39) and (16.31). By taking adjoints of both sides in

(16.102) one arrives at = � ^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}�_∗

(L_1 − L_2)M^D_{X2 ,L2,z0} (z) × � M^{(0)}_{D,N,Ω}(z_0) − M^{(0)}_{D,N,Ω}(z + z_0) − L_1 � ,

using (16.30) and (11.10). Inserting this identity (written with z in place of z) into (16.86) then yields � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1} = � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1} + � ^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}�_∗

(L_2 − L_1)M^D_{X2 ,L2,z0} (z) (16.103) × � M^{(0)}_{D,N,Ω}(z_0) − M^{(0)}_{D,N,Ω}(z + z_0) − L_1 � ^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}� . Making reference to (16.75), we may then write � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1} = � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1} + � ^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}�_∗

(L_2 − L_1)M^D_{X2 ,L2,z0} (z) × � M^D_{X2,L2,z0} (z)^{−1} + (L_2 − L_1) � ^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}� , (16.104)

or equivalently, � − Δ^D_{X2 ,L2,z0} − zI_Ω

�_{−1} = � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1} + � ^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}�_∗

(L_2 − L_1)[I + M^D_{X2,L2,z0} (z)(L_2 − L_1)] × � ^γ_D � − Δ^D_{X1 ,L1,z0} − zI_Ω

�_{−1}�

. (16.105)

Now (16.98) follows from this and (16.75).

Finally, the advertised properties for M^D_{L1,L2,z0} (z) are consequences of the formula

M^D_{L1,L2,z0} (z) = (L_2 − L_1) � I + M^D_{X2 ,L2,z0} (z)(L_2 − L_1) � (16.106) and the corresponding properties of M^D_{X2 ,L2,z0} (z). □

Remark 16.13. An alternative expression of M^D_{L1,L2,z0} (z) is given by

M^D_{L1,L2,z0} (z) = M^D_{X1 ,L1,z0} (z)^{−1} � M^D_{X2,L2,z0} (z) − M^D_{X1 ,L1,z0} (z) � M^D_{X1,L1,z0} (z)^{−1}. (16.107)

This follows from the second equality in (??) and (16.75).

Acknowledgments. We are indebted to Yury Arlinskii, Gerd Grubb, Konstantin Makarov, Vladimir Maz’ya, and Eduard Tsekanovskii for many helpful discussions and very valuable correspondence on various topics of this paper.

References

[1] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions, Dover, New York, 1972. [2] R. A. Adams and J. J. F. Fournier, Sobolev Spaces, second edition, Academic Press, 2003.

[3] V. Adamyan, Non-negative perturbations of nonnegative self-adjoint operators, Meth. Funct. Anal. Top. 13, no. 2, 103–109 (2007).

[4] M. S. Agranovich, Spectral problems for second-order strongly elliptic systems in smooth and non-smooth domains, Russ.

Math. Surv. 57:5, 847–920 (2003).

[5] N. I. Akhiezer and I. M. Glazman, Theory of Linear Operators in Hilbert Space, Volume II, Pitman, Boston, 1981. [6] S. Albeverio, J. F. Brasche, M. M. Malamud, and H. Neidhardt, Inverse spectral theory for symmetric operators with several gaps: scalar-type Weyl functions, J. Funct. Anal. 228, 144–188 (2005).

[7] S. Albeverio, M. Dudkin, A. Konstantinov, and V. Koshmanenko, On the point spectrum of H_{−2}-singular perturbations, Math. Nachr. 280, 20–27 (2007).

[8] A. Alonso and B. Simon, The Birman–Kreĭn–Vishik theory of selfadjoint extensions of semibounded operators, J. Operator Th. 4, 251–270 (1980).

[9] W. O. Amrein and D. B. Pearson, M operators: a generalization of Weyl–Titchmarsh theory, J. Comp. Appl. Math. 171, 1–26 (2004).

[10] T. Ando and K. Nishio, Positive selfadjoint extensions of positive symmetric operators, Tohoku Math. J. 22, 65–75 (1970). [11] Yu. M. Arlinskii, On m-accretive extensions and restrictions, Meth. Funct. Anal. Top. 4, 1–26 (1998). [12] Yu. M. Arlinskii, Abstract boundary conditions for maximal sectorial extensions of sectorial operators, Math. Nachr. 209, 5–36 (2000).

[13] Yu. M. Arlinskii, S. Hassi, Z. Sebestyén, and H. S. V. de Snoo, On the class of extremal extensions of a nonnegative operator, in Recent Advances in Operator Theory and Related Topics, L. Kérchy, C. Foias, I. Gohberg, and H. Langer (eds.), Operator Theory: Advances and Applications, Vol. 127, Birkhäuser, Basel, 2001, pp. 41–81.

[14] Yu. M. Arlinskii and E. R. Tsekanovskii, On the theory of nonnegative selfadjoint extensions of a nonnegative symmetric operator, Rep. Nat. Acad. Sci. Ukraine 2002, no. 11, 30–37.

[15] Yu. M. Arlinskiĭ and E. R. Tsekanovskiĭ, On von Neumann’s problem in extension theory of nonnegative operators, Proc.

Amer. Math. Soc. 131, 3143–3154 (2003).

[16] Yu. M. Arlinskiĭ and E. R. Tsekanovskiĭ, The von Neumann problem for nonnegative symmetric operators, Integr. Eq.

Operator Th. 51, 319–356 (2005).

[17] Yu. Arlinskiĭ and E. Tsekanovskiĭ, M.Kreĭn’s research on semibounded operators, its contemporary developments, and applications, in Modern Analysis and Applications. The Mark Krein Centenary Conference, Vol. 1, V. Adamyan, Y. M. Berezansky, I. Gohberg, M. L. Gorbachuk, V. Gorbachuk, A. N. Kochubei, H. Langer, and G. Popov (eds.), Operator Theory: Advances and Applications, Vol. 190, Birkhäuser, Basel, 2009, pp. 65–114.

[18] M. S. Ashbaugh, F. Gesztesy, M. Mitrea, and G. Teschl, Spectral theory for perturbed Krein Laplacians in nonsmooth domains, preprint, 2009.

[19] M. S. Ashbaugh, F. Gesztesy, M. Mitrea, R. Shterenberg, and G. Teschl, The Krein–von Neumann extension and its connection to an abstract buckling problem, Math. Nachr., to appear.

[20] G. Auchmuty, Steklov eigenproblems and the representation of solutions of elliptic boundary value problems, Num. Funct.

Anal. Optimization 25, 321–348 (2004).

[21] G. Auchmuty, Spectral characterization of the trace spaces H^s(∂Ω), SIAM J. Math. Anal. 38, 894–905 (2006). [22] J. Behrndt and M. Langer, Boundary value problems for partial differential operators on bounded domains, J. Funct. Anal.

243, 536–565 (2007).

[23] J. Behrndt, M. M. Malamud, and H. Neidhardt, Scattering matrices and Weyl functions, Proc. London Math. Soc. (3) 97, 568–598 (2008).

[24] S. Belyi, G. Menon, and E. Tsekanovskii, On Krein’s formula in the case of non-densely defined symmetric operators, J.

Math. Anal. Appl. 264, 598–616 (2001).

[25] S. Belyi and E. Tsekanovskii, On Krein’s formula in indefinite metric spaces, Lin. Algebra Appl. 389, 305–322 (2004). [26] M. Sh. Birman, On the theory of self-adjoint extensions of positive definite operators, Mat. Sbornik 38, 431–450 (1956).

(Russian.)

[27] M. Sh. Birman, Perturbations of the continuous spectrum of a singular elliptic operator by varying the boundary and the boundary conditions, Vestnik Leningrad Univ. 17, no. 1, 22–55 (1962) (Russian); Engl. transl. in Spectral Theory of Differential Operators: M. Sh. Birman 80th Anniversary Collection, T. Suslina and D. Yafaev (eds.), AMS Translations, Ser. 2, Advances in the Mathematical Sciences, Vol. 225, Amer. Math. Soc., Providence, RI, 2008, pp. 19–53.

[28] J. F. Brasche, M. M. Malamud, and H. Neidhardt, Weyl functions and singular continuous spectra of self-adjoint extensions, in Stochastic Processes, Physics and Geometry: New Interplays. II. A Volume in Honor of Sergio Albeverio, F. Gesztesy,

H. Holden, J. Jost, S. Paycha, M. Röckner, and S. Scarlatti (eds.), Canadian Mathematical Society Conference Proceedings, Vol. 29, Amer. Math. Soc., Providence, RI, 2000, pp. 75–84.

[29] J. F. Brasche, M. M. Malamud, and H. Neidhardt, Weyl function and spectral properties of self-adjoint extensions, Integral Eq. Operator Th. 43, 264–289 (2002).

[30] B. M. Brown and J. S. Christiansen, On the Krein and Friedrichs extension of a positive Jacobi operator, Expo. Math.

23, 179–186 (2005).

[31] B. M. Brown, G. Grubb, and I. G. Wood, M-functions for closed extensions of adjoint pairs of operators with applications to elliptic boundary problems, Math. Nachr. 282, 314–347 (2009).

[32] M. Brown, J. Hinchcliffe, M. Marletta, S. Naboko, and I. Wood, The abstract Titchmarsh–Weyl M-function for adjoint operator pairs and its relation to the spectrum, Integral Eq. Operator Th. 63, 297–320 (2009).

[33] B. M. Brown and M. Marletta, Spectral inclusion and spectral exactness for PDE’s on exterior domains, IMA J. Numer.

Anal. 24, 21–43 (2004).

[34] M. Brown, M. Marletta, S. Naboko, and I. Wood, Boundary triplets and M-functions for non-selfadjoint operators, with applications to elliptic PDEs and block operator matrices, J. London Math. Soc. (2) 77, 700–718 (2008).

[35] J. Brüning, V. Geyler, and K. Pankrashkin, Spectra of self-adjoint extensions and applications to solvable Schrödinger operators, Rev. Math. Phys. 20, 1–70 (2008).

[36] M. Costabel and M. Dauge, Un résultat de densité pour les équations de Maxwell régularisées dans un domaine lipschitzien, C. R. Acad. Sci. Paris Sér. I Math., 327, 849–854 (1998).

[37] V. A. Derkach, S. Hassi, M. M. Malamud, and H. S. V. de Snoo, Generalized resolvents of symmetric operators and admissibility, Meth. Funct. Anal. Top. 6, no. 3, 24–55 (2000).

[38] V. Derkach, S. Hassi, M. Malamud, and H. de Snoo, Boundary relations and their Weyl families, Trans. Amer. Math. Soc.

358, 5351–5400 (2006).

[39] V. A. Derkach and M. M. Malamud, Generalized resolvents and the boundary value problems for Hermitian operators with gaps, J. Funct. Anal. 95, 1–95 (1991).

[40] V. A. Derkach and M. M. Malamud, The extension theory of Hermitian operators and the moment problem, J. Math. Sci.

73, 141–242 (1995).

[41] D. E. Edmunds and W. D. Evans, Spectral Theory and Differential Operators, Clarendon Press, Oxford, 1989. [42] W. N. Everitt and L. Markus, Complex symplectic spaces and boundary value problems, Bull. Amer. Math. Soc. 42, 461–500 (2005).

[43] W. N. Everitt, L. Markus, M. Plum, An unusual self-adjoint linear partial differential operator, Trans. Amer. Math. Soc.

357, 1303–1324 (2004).

[44] W. N. Everitt, L. Markus, M. Muzzulini, M. Plum, A continuum of unusual self-adjoint linear partial differential operators, J. Comp. Appl. Math. 208, 164–175 (2007).

[45] W. G. Faris, Self-Adjoint Operators, Lecture Notes in Mathematics, Vol. 433, Springer, Berlin, 1975. [46] H. Federer, Geometric Measure Theory, reprint of the 1969 ed., Springer, Berlin, 1996.

[47] H. Freudenthal, Über die Friedrichsche Fortsetzung halbbeschränkter Hermitescher Operatoren, Kon. Akad. Wetensch., Amsterdam, Proc. 39, 832–833 (1936).

[48] K. Friedrichs, Spektraltheorie halbeschränkter Operatoren und Anwendung auf die Spektralzerlegung von Differentialoperatoren I, II, Math. Ann. 109, 465–487, 685–713 (1934), corrs. in Math. Ann. 110, 777–779 (1935).

[49] M. Fukushima, Y. Oshima, and M. Takeda, Dirichlet Forms and Symmetric Markov Processes, de Gruyter, Berlin, 1994. [50] F. Gesztesy, N. J. Kalton, K. A. Makarov, and E. Tsekanovskii, Some Applications of Operator-Valued Herglotz Functions, in Operator Theory, System Theory and Related Topics. The Moshe Livšic Anniversary Volume, D. Alpay and V. Vinnikov (eds.), Operator Theory: Advances and Applications, Vol. 123, Birkhäuser, Basel, 2001, pp. 271–321.

[51] F. Gesztesy, Y. Latushkin, M. Mitrea, and M. Zinchenko, Nonselfadjoint operators, infinite determinants, and some applications, Russ. J. Math. Phys. 12, 443–471 (2005).

[52] F. Gesztesy, K. A. Makarov, and E. Tsekanovskii, An addendum to Krein’s formula, J. Math. Anal. Appl. 222, 594–606 (1998).

[53] F. Gesztesy and M. Mitrea, Generalized Robin boundary conditions, Robin-to-Dirichlet maps, and Krein-type resolvent formulas for Schrödinger operators on bounded Lipschitz domains, in Perspectives in Partial Differential Equations, Harmonic Analysis and Applications: A Volume in Honor of Vladimir G. Maz’ya’s 70th Birthday, D. Mitrea and M. Mitrea (eds.), Proceedings of Symposia in Pure Mathematics, Vol. 79, Amer. Math. Soc., Providence, RI, 2008, pp. 105–173.

[54] F. Gesztesy and M. Mitrea, Robin-to-Robin maps and Krein-type resolvent formulas for Schrödinger operators on bounded Lipschitz domains, in Modern Analysis and Applications. The Mark Krein Centenary Conference, Vol. 2, V. Adamyan, Y. M. Berezansky, I. Gohberg, M. L. Gorbachuk, V. Gorbachuk, A. N. Kochubei, H. Langer, and G. Popov (eds.), Operator Theory: Advances and Applications, Vol. 191, Birkhäuser, Basel, 2009, pp. 81–113.

[55] F. Gesztesy and M. Mitrea, Generalized Robin Laplacians and some remarks on a paper by Filonov on eigenvalue inequalities, J. Diff. Eq. (to appear), arXiv:0812.2047.

[56] F. Gesztesy, M. Mitrea, and M. Zinchenko, Variations on a Theme of Jost and Pais, J. Funct. Anal. 253, 399–448 (2007). [57] F. Gesztesy and E. Tsekanovskii, On matrix-valued Herglotz functions, Math. Nachr. 218, 61–138 (2000). [58] V. I. Gorbachuk and M. L. Gorbachuk, Boundary Value Problems for Operator Differential Equations, Kluwer, Dordrecht, 1991.

[59] P. Grisvard, Elliptic Problems in Nonsmooth Domains, Pitman, Boston, 1985.

[60] G. Grubb, A characterization of the non-local boundary value problems associated with an elliptic operator, Ann. Scuola Norm. Sup. Pisa, (3) 22, 425–513 (1968).

[61] G. Grubb, Les problèmes aux limites généraux d’un opérateur elliptique, provenant de le théorie variationnelle, Bull. Sci.

Math., (2) 94, 113–157 (1970).

[62] G. Grubb, Spectral asymptotics for the “soft” selfadjoint extension of a symmetric elliptic differential operator, J. Operator Th. 10, 9–20 (1983).

[63] G. Grubb, Known and unknown results on elliptic boundary problems, Bull. Amer. Math. Soc. 43, 227–230 (2006). [64] G. Grubb, Krein resolvent formulas for elliptic boundary problems in nonsmooth domains, Rend. Sem. Mat. Univ. Pol.

Torino (to appear); arXiv:0810.2741.

[65] G. Grubb, Distributions and Operators, Graduate Texts in Mathematics, Vol. 252, Springer, New York, 2009. [66] P. Hartman, Perturbation of spectra and Krein extensions, Rend. Circ. Mat. Palermo (2) 5, 341–354 (1957). [67] S. Hassi and S. Kuzhel, On symmetries in the theory of finite rank singular perturbations, J. Funct. Anal. 256, 777–809 (2009).

[68] S. Hassi, M. Malamud, and H. de Snoo, On Kreĭn’s extension theory of nonnegative operators, Math. Nachr. 274–275, 40–73 (2004).

[69] S. Hassi, A. Sandovici, H. de Snoo, and H. Winkler, A general factorization approach to the extension theory of nonnegative operators and relations, J. Operator Th. 58, 351–386 (2007).

[70] S. Hofmann, M. Mitrea, and M. Taylor, Geometric and transformational properties of Lipschitz domains, Semmes-Kenig- Toro domains, and other classes of finite perimeter domains, Journal of Geometric Analysis, 17, 593–647 (2007).

[71] T. Jakab, I. Mitrea, and M. Mitrea, W^{2,p} estimates for the Robin boundary value problem in nonsmooth domains, preprint, 2008.

[72] D. Jerison and C. Kenig, The inhomogeneous Dirichlet problem in Lipschitz domains, J. Funct. Anal. 130, 161–219 (1995). [73] T. Kato, Perturbation Theory for Linear Operators, corr. printing of the 2nd ed., Springer, Berlin, 1980. [74] V. Koshmanenko, Singular operators as a parameter of self-adjoint extensions, in Operator Theory and Related Topics, V. M. Adamyan, I. Gohberg, M. Gorbachuk, V. Gorbachuk, M. A. Kaashoek, H. Langer, and G. Popov (eds.), Operator Theory: Advances and Applications, Vol. 118, Birkhäuser, Basel, 2000, pp. 205–223.

[75] M. G. Krein, The theory of self-adjoint extensions of semi-bounded Hermitian transformations and its applications. I, Mat. Sbornik 20, 431–495 (1947). (Russian).

[76] M. G. Krein, The theory of self-adjoint extensions of semi-bounded Hermitian transformations and its applications. II, Mat. Sbornik 21, 365–404 (1947). (Russian).

[77] M. G. Krein and I. E. Ovcharenko, Q-functions and sc-resolvents of nondensely defined hermitian contractions, Sib. Math.

J. 18, 728–746 (1977).

[78] M. G. Krein and I. E. Ovčarenko, Inverse problems for Q-functions and resolvent matrices of positive hermitian operators, Sov. Math. Dokl. 19, 1131–1134 (1978).

[79] M. G. Krein, S. N. Saakjan, Some new results in the theory of resolvents of hermitian operators, Sov. Math. Dokl. 7, 1086–1089 (1966).

[80] P. Kurasov, Triplet extensions I: Semibounded operators in the scale of Hilbert spaces, J. Analyse Math. 107, 251–286 (2009).

[81] P. Kurasov and S. T. Kuroda, Krein’s resolvent formula and perturbation theory, J. Operator Th. 51, 321–334 (2004). [82] H. Langer, B. Textorius, On generalized resolvents and Q-functions of symmetric linear relations (subspaces) in Hilbert space, Pacific J. Math. 72, 135–165 (1977).

[83] J.-L. Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and Applications, Vol. I, Berlin, Springer-Verlag, 1972.

[84] K. A. Makarov and E. Tsekanovskii, On μ-scale invariant operators, Meth. Funct. Anal. Top. 13, no. 2, 181–186 (2007). [85] M. M.Malamud, On a formula of the generalized resolvents of a nondensely defined hermitian operator, Ukrain. Math. J.

44, 1522–1547 (1992).

[86] M. M. Malamud and V. I. Mogilevskii, Krein type formula for canonical resolvents of dual pairs of linear relations, Methods Funct. Anal. Topology, 8, no. 4, 72–100 (2002).

[87] M. Marletta, Eigenvalue problems on exterior domains and Dirichlet to Neumann maps, J. Comp. Appl. Math. 171, 367–391 (2004).

[88] V. G. Maz’ja, Sobolev Spaces, Springer, Berlin, 1985.

[89] V. Maz’ya, M. Mitrea, and T. Shaposhnikova, The Dirichlet problem in Lipschitz domains with boundary data in Besov spaces for higher order elliptic systems with rough coefficients, J. Analyse Math., to appear.

[90] V. G. Maz’ya and T. O. Shaposhnikova, Theory of Multipliers in Spaces of Differentiable Functions, Monographs and Studies in Mathematics, Vol. 23, Pitman, Boston, MA, 1985.

[91] V. G. Maz’ya and T. O. Shaposhnikova, Higher regularity in the layer potential theory for Lipschitz domains, Indiana Univ. Math. J. 54, 99–142 (2005).

[92] W. McLean, Strongly Elliptic Systems and Boundary Integral Equations, Cambridge University Press, Cambridge, 2000. [93] A. B. Mikhailova, B. S. Pavlov, and L. V. Prokhorov, Intermediate Hamiltonian via Glazman’s splitting and analytic perturbation for meromorphic matrix-functions, Math. Nachr. 280, 1376–1416 (2007).

[94] I. Mitrea and M. Mitrea, Multiple Layer Potentials for Higher Order Elliptic Boundary Value Problems, preprint, 2008. [95] M. Mitrea, Boundary value problems and Hardy spaces associated to the Helmholtz equation in Lipschitz domains, J.

Math. Anal. Appl. 202, 819–842 (1996).

[96] M. Mitrea, M. Taylor, and A. Vasy, Lipschitz domains, domains with corners, and the Hodge Laplacian, Commun. Part.

Diff. Eq. 30, 1445–1462 (2005).

[97] S. Nakamura, A remark on the Dirichlet–Neumann decoupling and the integrated density of states, J. Funct. Anal. 179, 136–152 (2001).

[98] G. Nenciu, Applications of the Kreĭn resolvent formula to the theory of self-adjoint extensions of positive symmetric operators, J. Operator Th. 10, 209–218 (1983).

[99] K. Pankrashkin, Resolvents of self-adjoint extensions with mixed boundary conditions, Rep. Math. Phys. 58, 207–221 (2006).

[100] B. Pavlov, The theory of extensions and explicitly-soluble models, Russ. Math. Surv. 42:6, 127–168 (1987). [101] B. Pavlov, S-matrix and Dirichlet-to-Neumann operators, Ch. 6.1.6 in Scattering: Scattering and Inverse Scattering in Pure and Applied Science, Vol. 2, R. Pike and P. Sabatier (eds.), Academic Press, San Diego, 2002, pp. 1678–1688.

[102] A. Posilicano, A Krein-like formula for singular perturbations of self-adjoint operators and applications, J. Funct. Anal.

183, 109–147 (2001).

[103] A. Posilicano, Self-adjoint extensions by additive perturbations, Ann. Scuola Norm. Sup. Pisa Cl. Sci (5) Vol. II, 1–20 (2003).

[104] A. Posilicano, Boundary triples and Weyl functions for singular perturbations of self-adjoint operators, Meth. Funct.

Anal. Topology 10, no. 2, 57–63 (2004).

[105] A. Posilicano, Self-adjoint extensions of restrictions, Operators and Matrices 2, 483–506 (2008). [106] A. Posilicano and L. Raimondi, Krein’s resolvent formula for self-adjoint extensions of symmetric second-order elliptic differential operators, J. Phys. A: Math. Theor. 42, 015204 (11pp) (2009).

[107] V. Prokaj and Z. Sebestyén, On extremal positive operator extensions, Acta Sci. Math. (Szeged) 62, 485–491 (1996). [108] V. S. Rychkov, On restrictions and extensions of the Besov and Triebel–Lizorkin spaces with respect to Lipschitz domains, J. London Math. Soc. (2) 60, 237–257 (1999).

[109] V. Ryzhov, A general boundary value problem and its Weyl function, Opuscula Math. 27, 305–331(2007). [110] V. Ryzhov, Weyl-Titchmarsh function of an abstract boundary value problem, operator colligations, and linear systems with boundary control, Compl. Anal. Oper. Th. 3, 289–322 (2009).

[111] V. Ryzhov, Spectral boundary value problems and their linear operators, preprint, 2009, arXiv:0904.0276. [112] Sh. N. Saakjan, On the theory of the resolvents of a symmetric operator with infinite deficiency indices, Dokl. Akad.

Nauk Arm. SSR 44, 193–198 (1965). (Russian.)

[113] Z. Sebestyén and E. Sikolya, On Krein–von Neumann and Friedrichs extensions, Acta Sci. Math. (Szeged) 69, 323–336 (2003).

[114] B. Simon, The classical moment problem as a self-adjoint finite difference operator, Adv. Math. 137, 82–203 (1998). [115] C. F. Skau, Positive self-adjoint extensions of operators affiliated with a von Neumann algebra, Math. Scand. 44, 171–195 (1979).

[116] O. G. Storozh, On the hard and soft extensions of a nonnegative operator, J. Math. Sci. 79, 1378–1380 (1996). [117] A. V. Straus, Generalized resolvents of symmetric operators, Dokl. Akad. Nauk SSSR 71, 241–244 (1950). (Russian.) [118] A. V. Straus, On the generalized resolvents of a symmetric operator, Izv. Akad. Nauk SSSR Ser. Math. 18, 51–86 (1954).

(Russian.)

[119] A. V. Straus, Extensions and generalized resolvents of a non-densely defined symmetric operator, Math. USSR Izv. 4, 179–208 (1970).

[120] A. V. S̆traus, On extensions of a semibounded operator, Sov. Math. Dokl. 14, 1075–1079 (1973). [121] H. Triebel, Function spaces in Lipschitz domains and on Lipschitz manifolds. Characteristic functions as pointwise multipliers, Rev. Mat. Complut. 15, 475–524 (2002).

[122] E. R. Tsekanovskii, Non-self-adjoint accretive extensions of positive operators and theorems of Friedrichs–Krein–Phillips, Funct. Anal. Appl. 14, 156–157 (1980).

[123] E. R. Tsekanovskii, Friedrichs and Krein extensions of positive operators and holomorphic contraction semigroups, Funct.

Anal. Appl. 15, 308–309 (1981).

[124] E. R. Tsekanovskii, Accretive extensions and problems on the Stieltjes operator-valued functions realizations, in Operator Theory and Complex Analysis, T. Ando and I. Gohberg (eds.), Operator Theory: Advances and Applications, Vol. 59, Birkhäuser, Basel, 1992, pp. 328–347.

[125] E. R. Tsekanovskii and Yu. L. Shmul’yan, The theory of bi-extensions of operators on rigged Hilbert spaces. Unbounded operator colligations and characteristic functions, Russ. Math. Surv. 32:5, 73–131 (1977).

[126] M. L. Vis̆ik, On general boundary problems for elliptic differential equations, Trudy Moskov. Mat. Obsc. 1, 187–246 (1952) (Russian); Engl. transl. in Amer. Math. Soc. Transl. (2), 24, 107–172 (1963).

[127] J. von Neumann, Allgemeine Eigenwerttheorie Hermitescher Funktionaloperatoren, Math. Ann. 102, 49–131 (1929). [128] J. Wloka, Partial Differential Equations, Cambridge University Press, Cambridge, 1987.

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: gesztesyf@missouri.edu URL: http://www.math.missouri.edu/personnel/faculty/gesztesyf.html

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: mitream@missouri.edu URL: http://www.math.missouri.edu/personnel/faculty/mitream.html