COMMUTATION METHODS FOR SCHRÖDINGER OPERATORS WITH STRONGLY SINGULAR POTENTIALS

ALEKSEY KOSTENKO, ALEXANDER SAKHNOVICH, AND GERALD TESCHL

Abstract. We explore the connections between singular Weyl–Titchmarsh theory and the single and double commutation methods. In particular, we compute the singular Weyl function of the commuted operators in terms of the original operator. We apply the results to spherical Schrödinger operators (also known as Bessel operators). We also investigate the connections with the generalized Bäcklund–Darboux transformation.

1. Introduction

The present paper is concerned with spectral theory for one-dimensional Schrödinger operators

(1.1) H = − d^2 dx^2

+ q(x), x ∈ (a, b),

on the Hilbert space L^2(a, b) with a real-valued potential q ∈ L^1_{loc}(a, b). It has been shown recently by Gesztesy and Zinchenko [19], Fulton and Langer [10], [11], Kurasov and Luger [28] that, for a large class of singularities at a, it is still possible to define a singular Weyl function at the basepoint a. Furthermore, in previous work we have shown that this singular Weyl function shares many properties with the classical Weyl function [24] and established the connection with super singular perturbations for the special case of spherical Schrödinger operators

(1.2) H = − d^2 dx^2 + l(l + 1) x^2

+ q(x), x ∈ (0, ∞),

(also known as Bessel operators) [25].

On the other hand, commutation methods have played an important role in the theory of one-dimensional Schrödinger operators both as a method for inserting eigenvalues as well as for constructing solutions of the (modified) Korteweg–de Vries equation (see, e.g., [14] and the references therein). Historically, these methods of inserting eigenvalues go back to Jacobi [22] and Darboux [6] with decisive later contributions by Crum [5], Krein [26], Schmincke [34], and Deift [7]. Two particular methods turned out to be of special importance: The single commutation method, also called the Crum–Darboux method [5], [6] (actually going back at least to Jacobi [22]) and the double commutation method, to be found, e.g., in the seminal work of Gel’fand and Levitan [12]. For recent extensions of these methods we refer to [13], [16], [17], [35].

1991 Mathematics Subject Classification. Primary 34B20, 34L05; Secondary 34B24, 47A10. Key words and phrases. Schrödinger operators, spectral theory, commutation methods, strongly singular potentials.

Research supported by the Austrian Science Fund (FWF) under Grant No. Y330. 1

Krein [26] was the first to realize the connection between inverse spectral problems and Crum’s results. Namely, in [26], the connection between the spectral measures of the original and transformed operators was established and then exploited to characterize the spectral measures of Bessel operators in the case l ∈ N (see also [9]). This idea has been subsequently used by many authors: See, for instance, [2, 4, 7, 9, 20] and references therein.

The purpose of our present paper is to continue the work of Krein and establish the connection between the singular Weyl functions (and hence between the spectral measures) of the original and transformed operators for both the single and double commutation method. In particular, we will obtain an independent proof for the fact that the singular Weyl function of perturbed Bessel operators is a generalized Nevanlinna function. In addition, we investigate the connections with the generalized Bäcklund–Darboux transformation (GBDT) for a particular example. This method is a generalization of the double commutation method which it contains as a special case (cf. Remark 5.2).

2. Singular Weyl–Titchmash theory

We begin by recalling a few facts from [24]. To set the stage, we will consider one-dimensional Schrödinger operators on L^2(a, b) with −∞ ≤ a < b ≤ ∞ of the form

(2.1) τ = − d^2 dx^2

+ q,

where the potential q is real-valued satisfying

(2.2) q ∈ L^1_{loc}(a, b).

We will use τ to denote the formal differential expression and H to denote a corresponding self-adjoint operator given by τ with separated boundary conditions at a and/or b.

If a (resp. b) is finite and q is in addition integrable near a (resp. b), we will say a (resp. b) is a regular endpoint. We will say τ, respectively H, is regular if both a and b are regular.

We will choose a point c ∈ (a, b) and also consider the operators H^D_{(a,c)}, H^D_{(c,b)} which are obtained by restricting H to (a, c), (c, b) with a Dirichlet boundary condition at c, respectively. The corresponding operators with a Neumann boundary condition will be denoted by H^N_{(a,c)} and H^N_{(c,b)}.

Moreover, let c(z, x), s(z, x) be the solutions of τu = z u corresponding to the initial conditions c(z, c) = 1, c^′(z, c) = 0 and s(z, c) = 0, s^′(z, c) = 1.

Define the Weyl m-functions (corresponding to the base point c) such that

u_−(z, x) = c(z, x) − m_−(z)s(z, x), z ∈ C \ σ(H^D_{(a,c)}),

u_+(z, x) = c(z, x) + m_+(z)s(z, x), z ∈ C \ σ(H^D_{(c,b)}),

(2.3)

are square integrable near a, b and satisfiy the boundary condition of H at a, b (if any), respectively. The solutions u_±(z, x) (as well as their multiples) are called Weyl solutions at a, b. For further background we refer to [37, Chap. 9] or [38].

To define an analogous singular Weyl m-function at the, in general singular, endpoint a we will first need the analog of the system of solutions c(z, x) and s(z, x). Hence our first goal is to find a system of entire solutions θ(z, x) and ϕ(z, x) such that ϕ(z, x) lies in the domain of H near a and such that the Wronskian

W (θ(z), ϕ(z)) = 1. To this end we start with a hypothesis which will turn out necessary and sufficient for such a system of solutions to exist.

Hypothesis 2.1. Suppose that the spectrum of H^D_{(a,c)} is purely discrete for one (and hence for all) c ∈ (a, b).

Note that this hypothesis is for example satisfied if q(x) → +∞ as x → a (cf. Problem 9.7 in [37]).

Lemma 2.2 ([24]). Suppose Hypothesis 2.1. Then there exists a fundamental system of solutions ϕ(z, x) and θ(z, x) of τu = zu which are real entire with respect to z such that

(2.4) W (θ(z), ϕ(z)) = 1

and ϕ(z, .) is in the domain of H near a. Here W_x(u, v) = u(x)v^′(x) − u^′(x)v(x) is the usual Wronski determinant.

It is important to point out that such a system is not unique and any other such sytem is given by

θ̃(z, x) = e^{−g(z)}θ(z, x) − f(z)ϕ(z, x), ϕ̃(z, x) = e^{g(z)}ϕ(z, x),

where g(z), f(z) are real entire functions.

Given a system of real entire solutions ϕ(z, x) and θ(z, x) as in the above lemma we can define the singular Weyl function

(2.5) M(z) = −

W (θ(z), u_+(z)) W (ϕ(z), u_+(z)) such that the solution which is in the domain of H near b (cf. (2.3)) is given by

(2.6) u_+(z, x) = a(z) � θ(z, x) + M(z)ϕ(z, x) � , where a(z) = −W (ϕ(z), u_+(z)) = β(z) − m_+(z)α(z). By construction we obtain that the singular Weyl function M(z) is analytic in C\R and satisfies M(z) = M(z^∗)^∗. Rather than u_+(z, x) we will use

(2.7) ψ(z, x) = θ(z, x) + M(z)ϕ(z, x).

Recall also from [24, Lem. 3.2] that associated with M(z) is a corresponding spectral measure

(2.8) 1 2 � ρ � (x_0, x_1) � + ρ � [x_0, x_1] � = lim_{ε↓0} 1 π �_{x1}

x_0 Im � M(x + iε) � dx. 3. Connection with the single commutation method

3.1. Preliminary basic results. We begin by recalling a few basic facts from the single commutation method. Let A be a closed operator and recall that H = A^∗A is a self-adjoint operator with ker(H) = ker(A). Similarly, Ĥ = AA^∗ is a selfadjoint operator with ker(Ĥ) = ker(A^∗). Then the key observation is the following well-known result (see e.g. [37, Thm. 8.6] for a short proof):

Theorem 3.1 ([7]). Let A be a densely defined closed operator and introduce H = A^∗A, Ĥ = AA^∗. Then the operators H � �_{ker(H)⊥} and Ĥ � �_{ker(Ĥ)⊥} are unitarily equivalent.

If Hψ = Eψ, ψ ∈ D(H), then ψ̂ = Aψ ∈ D(Ĥ) with Ĥψ̂ = Eψ̂ and ‖ψ̂‖ = √ E‖ψ‖. Moreover,

(3.1) R_Ĥ (z) ⊇ 1 z (AR_H (z)A^∗ − 1l) , R_H (z) ⊇ 1 z � A^∗R_Ĥ (z)A − 1l � , where R_H (z) = (H − z)^{−1} denotes the resolvent of an operator H.

3.2. Application to Schrödinger operators. In order to find such a factorization for a given Schrödinger operator H one requires a positive solution of the underlying differential equation. Existence of such a solution is equivalent to semiboundedness of H and we will thus make the following assumption:

Hypothesis 3.2. In addition to Hypothesis 2.1 assume that H is bounded from below and limit point at b. Let λ ∈ R be such that H − λ ≥ 0.

In particular, let ϕ(z, x), θ(z, x) be a fundamental system of solutions as in Lemma 2.2 and recall (cf. [37, Lem. 9.7]) that the Green’s function of H is given by (3.2) G(z, x, y) = ϕ(z, x)ψ(z, y), x ≤ y.

Moreover, if H − λ ≥ 0 we must have ϕ(λ, x) > 0 (as well as ψ(λ, x) > 0) for x ∈ (a, b) possibly after flipping signs by [15, Cor. 2.4].

Now consider the operator.

A_ϕf = a_ϕf, a_ϕ = − d dx + ϕ^′(λ, x) ϕ(λ, x) , D(A_ϕ) = {f ∈ L^2(a, b)|f ∈ AC_{loc}(a, b), a_ϕf ∈ L^2(a, b)}.

(3.3)

Here we use A_ϕ and a_ϕ for the operator and differential expression, respectively. It is straightforward to check (cf. [37, Problem 9.3]) that A_ϕ is closed and that its adjoint is given by

A^∗_ϕf = a^∗_ϕf, a^∗_ϕ = d dx + ϕ^′(λ, x) ϕ(λ, x) , D(A^∗_ϕ) = {f ∈ L^2(a, b)|f ∈ AC_{loc}(a, b), a^∗_ϕf ∈ L^2(a, b), lim x→a,b

f(x)g(x) = 0, ∀g ∈ D(A_ϕ)}.

(3.4)

If we also have θ(λ, x) > 0 we can also define A_θ by using θ(λ, x) in place of ϕ(λ, x).

Lemma 3.3. Assume Hypothesis 3.2. Then H−λ = A^∗_ϕA_ϕ. If in addition θ(λ, x) > 0 and τ is limit point at a, then we also have H − λ = A^∗_θ A_θ.

Proof. It is simple algebra to check that H and A^∗_ϕA_ϕ agree on functions with compact support in (a, b) hence A^∗_ϕA_ϕ is a self-adjoint extension of the minimal operator associated with τ and it remains to identify the boundary conditions. Since by assumption τ is limit point at b we only need to consider a. Moreover, since ϕ(λ, x) is in the domain of A^∗_ϕA_ϕ near a by our choice of A, both A^∗_ϕA_ϕ and H are associated with the boundary condition generated by ϕ(λ, x) if τ is limit circle at a.

The case of A_θ is even simpler since by our limit point assumption there is no need to identify any boundary conditions. □

The commuted operator Ĥ − λ = A_ϕA^∗_ϕ is associated with the potential

(3.5) q̂(x) = q(x) − 2 d dx ϕ^′(λ, x) ϕ(λ, x) . Moreover, it is straightforward to check that if u(z) solves τu = zu then

(3.6) û(z, x) = a_ϕu(z, x) = −

W_x(ϕ(λ), u(z)) ϕ(λ, x) solves τ̂û = zû and given two solutions u(z) and v(z) we have (3.7) W (û(z), v̂(z)) = (z − λ)W (u(z), v(z)). Similarly, Ȟ − λ = A_θA^∗_θ is associated with the potential

(3.8) q̌(x) = q(x) − 2 d dx θ^′(λ, x) θ(λ, x) and (3.9) ǔ(z, x) = −a_θu(z, x) =

W_x(θ(λ), u(z)) θ(λ, x) solves τ̌ǔ = zǔ and given two solutions u(z) and v(z) we have (3.10) W (ǔ(z), v̌(z)) = (z − λ)W (u(z), v(z)).

Theorem 3.4. Assume Hypothesis 3.2. Then the operator Ĥ = A_ϕA^∗_ϕ + λ has an entire system of solutions

ϕ̂(z, x) := 1

z − λ a_ϕϕ(z, x) = −

W_x(ϕ(λ), ϕ(z)) (z − λ)ϕ(λ, x) = �_x a ϕ(λ, y)ϕ(z, y)dy ϕ(λ, x) , (3.11)

θ̂(z, x) := a_ϕθ(z, x) = − W^x(ϕ(λ), θ(z)) ϕ(λ, x) , (3.12)

which satisfy W (θ̂(z), ϕ̂(z)) = 1.

Furthermore, the Weyl solutions of Ĥ are given by (3.13)

ϕ̂(z, x), ψ̂(z, x) = a_ϕψ(z, x) = − W^x(ϕ(λ), ψ(z)) ϕ(λ, x)

= θ̂(z, x) + M̂(z)ϕ̂(z, x),

where (3.14) M̂(z) = (z − λ)M(z) is the singular Weyl function of Ĥ corresponding the above system of solutions. Moreover, the associated spectral measures are related via (3.15) dρ̂(x) = (x − λ)dρ(x). Proof. The first part is easy to check using (3.7). To see

(3.16) W_x(ϕ(λ), ϕ(z)) = (z − λ)

�_x a ϕ(λ, y)ϕ(z, y)dy

note that both sides have the same derivative and are both equal 0 in the limit x → a.

For the second part we set λ = 0 and fix z ∈ C\R without loss of generality. Moreover we will abbreviate ϕ(λ, x) = ϕ_0(x), ϕ(z, x) = ϕ(x), and ψ(z, x) = ψ(x).

Now let f be some absolutely continuous function with compact support in (a, b) and f^′ ∈ L^2. Then invoking (3.1) one computes using (2.4), (3.11), (3.12), and integration by parts that

R_Ĥ (z)f(x) = 1 z � A_ϕ

�_b a G(z, x, y)A^∗_ϕf(y)dy − f(x) �

= 1 z � a_ϕ � ψ(x)

�_x a ϕ(y)(a^∗_ϕf)(y)dy � + a_ϕ � ϕ(x)

�_b x ψ(y)(a^∗_ϕf)(y)dy � − f(x) �

= 1 z � (a_ϕψ)(x) � ϕ(x)f(x) +

�_x a f(y)(a_ϕϕ)(y)dy �

+(a_ϕϕ)(x) � − ψ(x)f(x) +

�_b x f(y)(a_ϕψ)(y)dy � − f(x) �

= 1 z � zψ̂(x)

�_x a f(y)ϕ̂(y)dy + zϕ̂(x)

�_b x f(y)ψ̂(y)dy

+ψ̂(z)ϕ(x)f(x) − zϕ̂(x)ψ(x)f(x) − f(x) �

=ψ̂(x)

�_x a ϕ̂(y)f(y)dy + ϕ̂(x)

�_b x ψ̂(y)f(y)dy =

�_b a Ĝ(z, x, y)f(y)dy,

which shows that (3.17) Ĝ(z, x, y) = ϕ̂(z, x)ψ̂(z, y), x ≤ y, is the Green’s function of Ĥ since the set of f under consideration is dense. □ Note

(3.18) ϕ̂(λ, x) = −

W_x(ϕ(λ), ϕ̇(λ))

ϕ(λ, x) = �_x a ϕ(λ, y)^2dy

ϕ(λ, x)

, θ̂(λ, x) = 1 ϕ(λ, x) , where the dot denotes differentiation with respect to z. Remark 3.5. A few remarks are in order:

(i) If τ is regular at a and θ(z, x), ϕ(z, x) are chosen to satisfy the boundary conditions θ(z, a) = cos(α), θ^′(z, a) = − sin(α), ϕ(z, a) = sin(α), ϕ^′(z, a) = cos(α), then τ̂ will be again regular if and only if sin(α) ≠ 0. Moreover, in this case we have

θ̂(z, a) = sin(α)^{−1}, θ̂^′(z, a) = cos(α) �z − λ − 1 − cot(α)^2� , ϕ̂(z, a) = 0, ϕ̂^′(z, a) = sin(α).

(ii) If ϕ(λ, x) is the principal positive solution near a (i.e., if H is the Friedrich’s extension of τ, see [29], [18]), that is,

(3.19)

�_c a dx ϕ(λ, x)^2

= ∞,

then τ̂ will be limit point at a.

(iii) Note that Ĥ has no eigenvalue at λ: σ_p(Ĥ) ∩ {λ} = ∅.

Recall that N^∞_κ is the subclass of N_κ consisting of generalized Nevanlinna functions with κ negative squares and having no nonreal poles and the only generalized pole at infinity (for further definitions and details we refer e.g. [27], [11, §2.2–2.3], [24, App. C]).

Corollary 3.6. M ∈ N^∞_κ for some κ ∈ N_0 if and only if M̂ ∈ N^∞_{κ̃} with κ̃ ∈ {κ, κ + 1}. Moreover, κ̃ = κ if and only if

lim_{y↑∞}

M(iy) (iy)^{2κ}

∈ [0, ∞),

and κ̃ = κ + 1 if and only if

lim_{y↑∞}

M(iy) (iy)^{2κ}

∈ [−∞, 0).

Proof. The claim is straightforward from the following characterization of N^∞_κ – functions: Given a generalized Nevanlinna function M in N^∞_κ , the corresponding κ is given by the multiplicity of the generalized pole at ∞ which is determined by the facts that the following limits exist and take values as indicated:

lim_{y↑∞} −

M(iy) (iy)^{2κ−1}

∈ (0, ∞], lim_{y↑∞}

M(iy) (iy)^{2κ+1}

∈ [0, ∞). □ Similarly, we obtain Theorem 3.7. Assume Hypothesis 3.2, τ is limit point at a, and let θ(λ, x) > 0. The operator Ȟ = A_θA^∗_θ − λ has an entire system of solutions

ϕ̌(z, x) := −a_θϕ(z, x) = W^x(θ(λ), ϕ(z)) θ(λ, x) , (3.20)

θ̌(z, x) := − 1 z − λ a_θθ(z, x) =

W_x(θ(λ), θ(z)) (z − λ)θ(λ, x) , (3.21)

which satisfy W (θ̌(z), ϕ̌(z)) = 1.

Furthermore, the Weyl solutions of Ȟ are given by (3.22)

ϕ̌(z, x), ψ̌(z, x) = −a_θψ(z, x) = W^x(θ(λ), ψ(z)) (z − λ)θ(λ, x)

= θ̌(z, x) + M̌(z)ϕ̌(z, x),

where (3.23) M̌(z) = (z − λ)^{−1}M(z) is the singular Weyl function of Ȟ. The associated spectral measures are related via (3.24) dρ̌(x) = (x − λ)^{−1}dρ(x) − M(λ)dΘ(x − λ), where Θ(x) = 0 for x < 0 and Θ(x) = 1 for x ≥ 0 is the usual step function. Here M(λ) = lim_{ε↓0} M(λ − ε).

Note

(3.25) ϕ̌(λ, x) = 1 θ(λ, x)

, θ̌(λ, x) =

W_x(θ(λ), θ̇(λ)) θ(λ, x) . Remark 3.8. Again a few remarks are in order:

(i) If θ(λ, x) is the principal positive solution near b, that is,

(3.26)

�_b c dx θ(λ, x)^2

= ∞,

then τ̌ will be limit point at a. (Note that the principal positive solution near a is ϕ(λ, x) since we assumed the limit point case at a.)

(ii) Note that Ȟ has an eigenvalue at λ unless θ(λ, x) is the principal positive solution near b.

(iii) Note that factorizing Ĥ using θ̂(λ, x) = ϕ(λ, x)^{−1} will transform Ĥ back into H. In particular, ^̌ϕ(z, x) = ϕ(z, x) and ^̌θ(z, x) = θ(z, x).

(iv) Clearly this procedure can be iterated and we refer (e.g.) to Appendix A of [16] for the well-known formulas.

3.3. Example: The Coulomb Hamiltonian. We can apply the single commutation method to the Coulomb Hamiltonian

(3.27) H_l = − d^2 dx^2 + l(l + 1) x^2 − γ x , l ∈ N_0,

by setting

(3.28) A_lf = − d dx + l + 1 x + γ 2(l + 1)

, A^∗_l f = d dx + l + 1 x + γ 2(l + 1) , which gives ([37, Thm. 10.10])

(3.29) H_l = A^∗_l A_l − c^2_l , H_{l+1} = A_lA^∗_l − c^2_l ,

where

(3.30) c_l = γ 2(l + 1) . In particular, the singular Weyl function is given by

(3.31) M_l(z) = M_0(z) l−1� k=0 (z − c^2_k),

where the singular Weyl function M_0(z) of H_0 is a Herglotz–Nevanlinna function since H_0 is limit circle at a = 0.

Remark 3.9. The singular Weyl function for this case was explicitly computed in [11, eq. (5.11)]. Moreover, the fact that it can be reduced to the case γ = 0 via the above product formula was also first observed in [11, Lemma 5.1]. In the special case γ = 0 we obtain M_l(z) = √ −zz^l (cf. Section 5 in [24]).

3.4. Application to perturbed Bessel operators. Next we want to apply these results to perturbed spherical Schrödinger equations which have attracted considerable interest in the past [1], [4], [21] [23], [25]. In particular, we want to mention [2], where commutation techniques were used to transfer results for l = 0 to l ∈ N_0.

Lemma 3.10. Fix l ≥ −^1_2 and p ∈ [1, ∞]. Suppose

(3.32) H = − d^2 dx^2 + l(l + 1) x^2

+ q(x), x ∈ (0, b), where

(3.33) � � � xq(x) ∈ L^p(0, c), p ∈ (1, ∞], l ≥ −^1_2 , xq(x) ∈ L^1(0, c), p = 1, l > −^1_2 , x(1 − log(x))q(x) ∈ L^1(0, c), p = 1, l = −^1_2 , for some c ∈ (0, b). In addition, suppose H is bounded from below. If τ is limit circle at a = 0 we impose the usual boundary condition (3.34) lim_{x→0} x^l((l + 1)f(x) − xf^′(x)) = 0, l ∈ [− 1 2 , 1 2 ). Then (3.35) Ĥ = − d^2 dx^2 + (l + 1)(l + 2)

x^2

+ q̂(x), xq̂ ∈ L^p(0, c) and if l ≥^1_2 then

(3.36) Ȟ = − d^2 dx^2 + (l − 1)l

x^2

+ q̌(x), xq̌ ∈ L^p(0, c).

Proof. It suffices to observe that by [25, Lem. 3.2, Cor. 3.4] ϕ(λ, x) = x^{l+1}u_1(λ, x), where u_1(λ, x), xu^′_1(λ, x) ∈ W^{1,p}(0, c), and lim_{x→0} xu^′_1(x, λ) = 0. Noting that ϕ(λ, x) > 0 for all x ∈ [0, b), by (3.5) we get xq̂(x) = xq(x) − 2x d dx u^′_1(λ, x) u_1(λ, x)

∈ L^p(0, c).

Similarly, to prove (3.36) it suffices to note that θ(λ, x) = x^{−l}u_2(λ, x), where u_2(λ, x), xu^′_2(λ, x) ∈ W^{1,p}(0, c) and lim_{x→0} xu^′_2(x, λ) = 0. □ Since H is limit circle for l ∈ [−^1_2 ,^1_2 ) and thus the singular Weyl function is a Herglotz–Nevanlinna function in this case (cf. [24, App. A]), we obtain by induction: Corollary 3.11. Suppose (3.37) H = − d^2 dx^2 + l(l + 1)

x^2

+ q(x), xq(x) ∈ L^p, where p ∈ [1, ∞] if l +^1_2 ∉ N_0 and p ∈ (1, ∞] if l +^1_2 ∈ N_0. Then there is a singular Weyl function of the form (3.38) M(z) = (z − λ)^{⌊l+1/2⌋}M_0(z), where M_0(z) is a Herglotz–Nevanlinna function. The corresponding spectral measure is given by (3.39) dρ(x) = (x − λ)^{⌊l+1/2⌋}dρ_0(x), where the measure ρ_0 satisfies � R dρ_0(x) = ∞ and � R dρ_0(x) 1+x^2 < ∞.

Corollary 3.12 ([24, 25]). Assume the conditions of Corollary 3.11. Then there is a singular Weyl function from the class N^∞_κ with κ = ⌊^l_2 +^3_4 ⌋.

Proof. The inequality κ ≤ ⌊^l_2 +^3_4 ⌋ follows after combining Corollary 3.11 with Theorem 4.2 from [24].

It remains to show κ ≥ ⌊^l_2 +^3_4 ⌋. To this end denote by M_0(z) the Weyl function of the operator H with l ∈ [−1/2, 1/2). Then, since H is the Friedrichs extension of the minimal operator in this case, M_0(z) satisfies (cf. [8, Proposition 4])

(3.40) M_0(z) → −∞, as z → −∞.

Moreover, by [24, Cor. A.9] and Hypothesis 3.2, M_0(z) admits the following representation

M_0(z) = Re(M_0(i)) +

�_{+∞} λ � 1 x − z − x 1 + x^2 � dρ_0(x), z /∈ [λ, +∞),

where the measure satisfies

�_{+∞} λ dρ_0(x) = ∞ and

�_{+∞} λ (1 + x^2)^{−1}dρ_0(x) < ∞.

Hence, by (3.40) we conclude that

(3.41)

�_{+∞} λ dρ_0(x) 1 + |x|

= ∞.

Combining (3.41) with Corollary 3.11 and Theorem 4.2 from [24], we arrive at the desired inequality. □

Remark 3.13. Corollary 3.12 was first established by Fulton and Langer [11] in the case when the potential q(x) is analytic in a neighborhood of x = 0 (see also [28]). In the general case, it was proven in [25] (see also [24]). Namely, by using high energy asymptotic of ϕ(z, x) it was shown in [24] that κ ≤ ⌈^{l+1}_2 ⌉ (for the details see Section 8 in [24]). The equality κ = ⌊^l_2 +^3_4 ⌋ was proven in [25] with the help of theory of super singular perturbations and detailed analysis of solutions ϕ(z, x) and θ(z, x).

4. Connection with the double commutation method

In this section we want to look at the effect of the double commutation method. We refer to [13], [17] for further background of this method. We will use the approach from [17] with the only difference that we include the limiting case γ = ∞ (we omit the necessary minor modifications of the proofs of [17], cf. [36, Sect. 11.6]).

Let H together with a fundamental system of solutions ϕ(z, x), θ(z, x) as in Lemma 2.2 be given.

Hypothesis 4.1. Assume Hypothesis 2.1. Let γ ∈ (0, ∞] and λ ∈ R such that ϕ(λ, x) satisfies the boundary condition at b if τ is limit circle at b (i.e., λ is an eigenvalue with eigenfunction ϕ(λ, x) if τ is limit circle at b).

Introduce

(4.1) ϕ̃_γ (λ, x) = ϕ(λ, x) γ^{−1} +

�_x a ϕ(λ, y)^2dy . Denote by P and P_γ the orthogonal projections onto the one-dimensional spaces spanned by ϕ(λ, x) and ϕ̃_γ (λ, x), respectively. Here we set the projection equal to zero if the function is not in L^2(a, b). Note that ϕ̃_γ (λ, .) ∈ L^2(a, b) if and only if γ < ∞ ([17, Lem. 2.1]).

By [17, Lem. 2.1] the transformation

(4.2) U_γ f(x) = f(x) − ϕ̃_γ (λ, x)

�_x a ϕ(λ, y)f(y)dy

is a unitary map from (1 − P )L^2(a, b) onto (1 − P_γ )L^2(a, b). Moreover, by [17, Thm. 3.2] (4.3) H_γ (1 − P_γ ) = U_γ HU^{−1}_γ (1 − P_γ ), where the operator H_γ is associated with the potential

(4.4) q_γ (x) = q(x) − 2 d^2 dx^2 log � γ^{−1} +

�_x a ϕ(λ, y)^2dy �

and boundary conditions (if any)

(4.5) W_a(ϕ̃_γ (λ), f) = W_b(ϕ̃_γ (λ), f) = 0.

Note that for γ < ∞ the operator H_γ is limit circle at a if and only H is and that for γ = ∞ the operator H_∞ is always limit point at b.

Theorem 4.2. Assume Hypothesis 4.1 and let γ < ∞. The operator H_γ has an entire system of solutions

ϕ_γ (z, x) = ϕ(z, x) − ϕ̃_γ (λ, x)

�_x a ϕ(λ, y)ϕ(z, y)dy

= ϕ(z, x) + 1 z − λ ϕ̃_γ (λ, x)W_x(ϕ(λ), ϕ(z)), (4.6)

θ_γ (z, x) = θ(z, x) + 1 z − λ � ϕ̃_γ (λ, x)W_x(ϕ(λ), θ(z)) + γϕ_γ (z, x) � . (4.7)

which satisfy W (θ_γ (z), ϕ_γ (z)) = 1.

Furthermore, the Weyl solutions of H_γ are given by

ϕ_γ (z, x), ψ_γ (z, x) = ψ(z, x) + 1 z − λ ϕ̃_γ (λ, x)W_x(ϕ(λ), ψ(z))

= θ_γ (z, x) + M_γ (z)ϕ_γ (z, x),

(4.8) where M_γ (z) = M(z) − γ z − λ is the singular Weyl function of H_γ . The associated spectral measures are related via (4.9) dρ_γ (x) = dρ(x) + γdΘ(x − λ).

Proof. It is straightforward to check that ϕ_γ (z, x), θ_γ (z, x) is an entire system of solutions whose Wronskian equals one (cf. [17, (3.14) and (3.16)]). The extra multiple of ϕ_γ (z, x) has been added to θ_γ (z, x) to remove the pole at z = λ (cf. (4.12) below).

That ψ_γ is square integrable follows from (cf. [17, (3.15)])

(4.10) |ψ_γ (z, x)|^2 = |ψ(z, x)|^2 − γ |z − λ|^2 d dx � |W_x(ϕ(λ), ψ(z))|^2 1 + γ

�_x a ϕ(λ, y)^2dy � using the Cauchy–Schwartz inequality since

W_x(ϕ(λ), ψ(z)) = W_c(ϕ(λ), ψ(z)) + (λ − z)

�_x c ϕ(λ, y)ψ(z, y)dy.

To show that ψ_γ (z, x) satisfies the boundary condition at b if τ_γ is limit point at b we use (cf. [17, (3.16)] plus (3.16)) (4.11) W_x(ϕ_γ (λ), ψ_γ (z)) =

W_x(ϕ(λ), ψ(z)) 1 + γ

�_x a ϕ(λ, y)^2dy . □ Note (4.12) ϕ_γ (λ, x) = γ^{−1}ϕ̃_γ (λ, x), θ_γ (λ, x) = θ(λ, x) + ϕ̃_γ (λ, x)W_x(ϕ(λ), θ̇(λ)). Remark 4.3. Again a few remarks are in order:

(i) Clearly this procedure can be iterated and we refer to Section 4 of [17] for the corresponding formulas.

(ii) If λ is an eigenvalue, one could even admit γ ∈ [−‖ϕ(λ)‖^{−2}, ∞). (iii) This procedure leaves operators of the type (3.32) invariant.

Theorem 4.4. Assume Hypothesis 4.1 and let γ = ∞. The operator H_∞ has an entire system of solutions ϕ_∞(z, x) = 1 z − λ � ϕ(z, x) − ϕ̃_∞(λ, x)

�_x a ϕ(λ, y)ϕ(z, y)dy � (4.13) θ_∞(z, x) = (z − λ)θ(z, x) + ϕ̃_∞(λ, x)W_x(ϕ(λ), θ(z)),

(4.14) which satisfy W (θ_∞(z), ϕ_∞(z)) = 1.

Furthermore, the Weyl solutions of H_∞ are given by ϕ_∞(z, x), ψ_∞(z, x) = (z − λ)ψ(z, x) + ϕ̃_∞(λ, x)W_x(ϕ(λ), ψ(z)) = θ_∞(z, x) + M_∞(z)ϕ_∞(z, x),

(4.15) where (4.16) M_∞(z) = (z − λ)^2M(z) is the singular Weyl function of H_∞. The associated spectral measures are related via (4.17) dρ_∞(x) = (x − λ)^2dρ(x).

Proof. In the limiting case γ → ∞ the definition (4.6) from the previous theorem would give ϕ_∞(λ, x) = 0 and we simply need to remove this zero. The rest follows as in the previous theorem. □ Note (4.18) ϕ_∞(λ, x) = ϕ̇(z, x)−ϕ̃_∞(λ, x)

�_x a ϕ(λ, y)ϕ̇(z, y)dy, θ_∞(λ, x) = −ϕ̃_∞(λ, x)

5. Connections with the GBDT

In this section we want to investigate a particular example connected with a class of explicit soliton-type solutions of τu = zu in the inteval (a, b) = (0, ∞). We apply a generalized Bäcklund–Darboux transformation (GBDT) approach (see [30, 32] and the references therein). As it was discussed in Remark 4.4 of [32], the GBDT approach is related to the double commutation method. The constructions for the Schrödinger operators below are similar to the ones in Theorem 1.2 and Proposition 1.3 of [20], the main difference being that here we will be interested in solutions with singularities at x = 0. The so called Darboux matrix is presented in the GBDT as the transfer matrix function w_A in Lev Sakhnovich form [33], which depends additionally on the variable x. Namely, we put

(5.1) w_A(z, x) = I_2 + JΛ(x)^∗S(x)^{−1}(zI_2 − A)^{−1}Λ(x), J = J^∗ = J^{−1},

where I_2 is the 2 × 2 identity matrix and the following matrix identity holds

(5.2) AS(x) − S(x)A^∗ = Λ(x)JΛ(x)^∗.

Note that the case of scalar A was treated in Appendix B of [24], and here we consider the simplest nondiagonal 2×2 matrix case. (The construction holds for the n × n matrix A case as well.) We apply the GBDT to the initial trivial Schrödinger equation (i.e., to the equation −^{d2}_{dx2} u = zu, where q ≡ 0) and transform it into the equation −^{d2}_{dx2} u + ~qu = zu, where the ”transformed” potential ~q has the following asymptotics

~q(x) = 12 x^2 � 1 + O(x) � , x ≥ 0, x → 0,

(5.3)

(see a detailed procedure below). Thus we get a perturbed Bessel equation (3.32) corresponding to l = 3 whereas a scalar A generates the case l = 1 (see (B.16) in [24]). This result should also be compared with Lemma 3.10 for the single commutation method. A fundamental system of entire solutions plus the corresponding singular Weyl function will be constructed explicitly as well.

We start our construction by fixing a 2 × 2 matrix J = J^∗ = J^{−1}, a constant d ∈ R\0, a 2 × 1 vector υ, and a 2 × 2 Jordan matrix A:

J := � 0 1 −1 0 � , υ = � 0 1 � , A = � μ 1 0 μ � , μ ≠ 0.

(5.4)

One could fix an arbitrary vector v ∈ C^2 but our choice somewhat simplifies further calculations. The 2 × 2 matrix function Λ(x) = � Λ_1(x) Λ_2(x) � is defined as the solution of the linear equations with constant coefficients

(5.5) � Λ^′_1(x) = AΛ_2(x), Λ^′_2(x) = −Λ_1(x),

which satisfies the following initial condition:

(5.6) Λ(0) = � dυ υ � , d = d.

It is immediate that

(5.7) Λ(0)JΛ(0)^∗ = dυυ^∗ − dυυ^∗ = 0.

The 2 × 2 matrix function S is defined by the equality

(5.8) S(x) =

�_x 0 Λ_2(t)Λ_2(t)^∗dt.

Using (5.5)–(5.8) we get the identity (5.2). The potential ~q corresponding to our triplet {Λ_1(x), Λ_2(x), S(x)} is given, similar to [20], by the formula (5.9)

~q(x) = 2 � Λ_2(x)^∗S(x)^{−1}Λ_2(x)

�_2

+ Λ_1(x)^∗S(x)^{−1}Λ_2(x) + Λ_2(x)^∗S(x)^{−1}Λ_1(x) � . It is straightforward to check that (5.5) and (5.6) hold for

Λ_1(x) = i 2 A � e^{−ω x} � c_3x + c_4 c_1 � − e^{ω x} � c_5x − c_4

c_2 � , (5.10)

Λ_2(x) = 1 2 � e^{−ω x} � c_3x + c_4 c_1 � + e^{ω x} � c_5x − c_4

c_2 � , (5.11)

where ω = i √ μ, A := −iωI_2 + i 2ω � 0 1 0 0 � , A^2 = A, c_1 = 1 + d ω , (5.12)

c_2 = 1 − d ω , c_3 = c_1 2ω , c_4 = d 2ω^3

, c_5 = − c_2 2ω . (5.13)

Now, consider the behavior of the vector functions Λ_k in the neighborhood of x = 0. According to (5.4), (5.6), and (5.10)–(5.12) we get

Λ_1(x) =d � 0 1 � − x 2 � ω(c_5 − c_3) − (1/2)(c_1 + c_2) ω^2(c_1 + c_2) �

+ x^2 4 � 2ω^3c_4 − 2ω^2(c_3 + c_5) − (ω/2)(c_1 − c_2) ω^3(c_1 − c_2) � + O(x^3),

(5.14)

Λ_2(x) = � 0 1 � + x 2 � −2ωc_4 + c_3 + c_5 ω(c_2 − c_1) � + x^2 4 � 2ω(c_5 − c_3) ω^2(c_1 + c_2) � + O(x^3).

(5.15)

By (5.12) and (5.13) it is immediate that

(5.16) c_1 + c_2 = 2, ω(c_1 − c_2) = 2d, 2ωc_4 = c_3 + c_5 = d/ω^2, ω(c_3 − c_5) = 1.

Using (5.16) rewrite (5.14) and (5.15) in the form (5.17)

Λ_1(x) = � x − dx^2/2 + O(x^3) d − ω^2x + ω^2dx^2/2 + O(x^3) � , Λ_2(x) = � −x^2/2 + O(x^3) 1 − dx + ω^2x^2/2 + O(x^3) � . In a similar way, after some standard calculations one gets the behavior of the entries of S. Namely, using (5.8), (5.11), and (5.16) we derive (5.18) S_{11}(x) = x^5 20 (1+O(x)), S_{12}(x) = S_{21}(x) = − x^3 6 (1+O(x)), S_{22}(x) = x(1+O(x)).

Equalities (5.18) on the asymptotics of S_{ij} imply:

det S(x) = x^6 45 � 1 + O(x) � , x → +0.

(5.19)

By (5.8) and (5.19), the matrix function S(x) is positive and invertible for all x > 0, and so ~q is well-defined via (5.9). It follows from (5.18) and (5.19) that

S(x)^{−1} = 45 x^6 � x(1 + O(x)) x^3(^1_6 + O(x)) x^3(^1_6 + O(x)) x^5(^1_{20} + O(x)) � . (5.20)

In view of (5.9), (5.17), and (5.20) it is straightforward that (5.3) holds true.

To find a fundamental system of entire solutions for our Schrödinger equation, where the potential is given by (5.9), we set

(5.21) T (z, x) := T_1(z) � e^{i√zx} 0 0 e^{−i√zx} � T_1(z)^{−1}, T_1(z) = � 1 1 i √ z −i √ z � . It is easy to see that

(5.22) T (z, x) = cos( √ zx)I_2 + sin( √ zx) � 0 1/ √ z − √ z 0 �

is an entire matrix function of z (which has real-valued entries on R). Clearly, the vector u(z, x) = � 1 0 � T (z, x) satisfies the trivial Schrödinger equation −^{d2}_{dx2} u = zu. Using (5.1), (5.2), (5.5), and (5.8) one can show (compare [20]) that the vector function

y(z, x) = � 1 0 � w_A(z, x)T (z, x) = � 1 0 � T (z, x) + Λ_2(x)^∗S(x)^{−1}(zI_2 − A)^{−1}[Λ_1(x) Λ_2(x)]T (z, x)

(5.23)

satisfies τy = zy, where the potential is given by (5.9). Taking into account that T (z, x) is an entire matrix function, we see that y(z, x) gives a system of linearly independent solutions, which are meromorphic in z with only possible pole at z = μ. Moreover, it is true that

(5.24) y^′(z, x) = � −Λ_2(x)^∗S(x)^{−1}Λ_2(x) 1 � w_A(z, x)T (z, x).

Now, consider

(5.25) ϕ̃(z, x) := y(z, x) � 1 −d � . Clearly, ϕ̃ satisfies τϕ̃ = zϕ̃ since τy = zy. Moreover, we shall show that

(5.26) ϕ̃(z, x) ∈ L^2(0, c).

Indeed, it is immediate from (5.22) that

(5.27) T (z, x) = � 1 − z 2 x^2 � I_2 + x � 0 1 −z 0 � + O(x^3).

By straightforward calculations it follows from (5.17) and (5.27) that

Λ(x)T (z, x) = � x − dx^2/2 + O(x^3) x^2/2 + O(x^3) d − (z − μ)x + (z − μ)dx^2/2 + O(x^3) 1 − (z − μ)x^2/2 + O(x^3) � . (5.28)

We also have

(zI_2 − A)^{−1} = 1 (z − μ)^2 � z − μ 1 0 z − μ � . (5.29)

It follows from (5.28) and (5.29) that

(zI_2 − A)^{−1}Λ(x)T (z, x) = 1 (z − μ)^2 � d + O(x^3) 1 + O(x^3) d(z − μ) + O(x) z − μ + O(x^2) � . (5.30)

Finally, relations (5.17) and (5.20) imply

Λ_2(x)^∗S(x)^{−1} = − � 15x^{−3}(1 + O(x))^3_2 x^{−1}(1 + O(x)) � . (5.31)

Relations (5.23), (5.25), (5.30), and (5.31) yield (5.26).

Next, let us show that ϕ̃ is an entire function. For that purpose consider again the resolvent

(zI_2 − A)^{−1}Λ(x)T (z, x) � 1 −d � = 1 (z − μ)^2 � 0 1 0 0 � Λ(x)T (μ, x) � 1 −d � (5.32) + 1 (z − μ) � Λ(x)T (μ, x) + � 0 1 0 0 � Λ(x)T_z(μ, x) � � 1 −d � + Ω(z, x),

where T_z(z, x) :=^∂_{∂z} T (z, x), and Ω is an entire vector function of z.

Recall that μ = −ω^2. According to (5.22) we have

T_z(−ω^2, x) = − 1 4ω � (e^{ωx} − e^{−ωx}) � xI_2 + � 0 −ω^{−2} 1 0 � � (5.33)

+x(e^{ωx} + e^{−ωx}) � 0 ω^{−1} ω 0 � . Hence, taking into account (5.10), (5.11), and (5.22) we get � 0 1 � Λ(x)T (−ω^2, x) ≡ 1 2 � ω(c_1 − c_2) c_1 + c_2 � , (5.34) � 1 0 � Λ(x)T (−ω^2, x) + � 0 1 � Λ(x)T_z (−ω^2, x) = (1/4)x � 2ω(c_3 − c_5) − c_1 − c_2 2(c_3 + c_5) − ω^{−1}(c_1 − c_2) � + (1/4) � 4ωc_4 − ω^{−1}(c_1 − c_2) 0 � . (5.35)

By (5.16) it is immediate that � ω(c_1 − c_2) c_1 + c_2

� � 1 −d � = 0, 2ω(c_3 − c_5) − c_1 − c_2 = 0,

2(c_3 + c_5) − ω^{−1}(c_1 − c_2) = 0, 4ωc_4 − ω^{−1}(c_1 − c_2) = 0.

(5.36)

Relations (5.32) and (5.34)–(5.36) show that (zI_2−A)^{−1}Λ(x)T (z, x) � 1 −d � = Ω(z, x)

is an entire vector function. Therefore, in view of (5.23) and (5.25), one can see that ϕ̃(z, x) is an entire function too.

Let us consider another solution

θ̃(z, x) := y(z, x) � 0 1 � . (5.37)

According to (5.21) and (5.23)–(5.25) we have W �~ θ(z), ϕ̃(z) � = W_x �~ θ(z), ϕ̃(z) � = − det w_A(z, x).

(5.38)

Thus, det w_A(z, x) does not depend on x. Moreover, using (5.1) and (5.2) we get w_A(z, x)^∗Jw_A(z, x) = J,

(5.39) that is, | det w_A(z, x)| = 1. Taking into account the fact that w_A(z, x) is a rational function of z with the only possible pole at z = μ (of order no greater than 2) and that the relations

| det w_A(z, x)| = 1, lim_{z→∞} det w_A(z, x) = 1

hold, we derive

det w_A(z, x) =

�z − μ

z − μ

�_n

(0 ≤ n ≤ 4), det w_A(z, x) = 1 for μ = μ.

(5.40)

Furthermore, we assume that μ ≠ μ. First, we show that n = 2 in (5.40) for μ ≠ μ. Indeed, use (5.1) and (5.29) to write down det w_A in the form

det w_A = −(z − μ)^{−2} � Z_{22} + (z − μ)^{−1}Λ_{22}Y_1 � − Z_{11} + (z − μ)^{−1}Λ_{21}Y_2 � (5.41) + � 1+(z − μ)^{−1}Z_{21} + (z − μ)^{−2}Λ_{21}Y_1 � 1 − (z − μ)^{−1}Z_{12} + (z − μ)^{−2}Λ_{22}Y_2 � , where Z_{ij} := Λ^∗_i S^{−1}Λ_j , Λ =: {Λ_{ij} }^2_{i,j=1}, Y = � Y_1 Y_2 � := JΛ^∗S^{−1} � 1 0 � , S^{−1} = 1 det S � S_{22} −S_{12} −S_{21} S_{11} � . (5.42)

If we write down det w_A as a series det w_A(x, z) =

�_n k=0 C_k (z−μ)^{−k} it is immediate from (5.41) that C_4 = 0. In view of (5.42) one can rewrite (det S)Z_{ij} and (det S)Y_i in terms of S_{ij} and Λ_{ij} (i, j = 1, 2). Then, after standard calculations, (5.41) yields C_3 = 0. Finally, according to (5.41) and (5.42) we have

C_2 = Z_{11}Z_{22} − Z_{12}Z_{21} + � Λ_{21} Λ_{22} � Y = det(Λ^∗S^{−1}Λ) + � 0 1 � ΛJΛ^∗S^{−1} � 1 0 � . (5.43)

It follows from (5.2) that

ΛJΛ^∗S^{−1} = A − μI_2 − S � 0 1 �_∗ � 1 0 � S^{−1}.

(5.44)

Substitute (5.44) into (5.43) and use (5.42) to get

C_2 = (1/ det S)(| det Λ|^2 − S^2_{22}).

(5.45)

As μ ≠ μ the inequality ω = i √ μ ≠ ±ω holds. Hence, without loss of generality we assume Re(ω) > 0. Moreover, relations ω ≠ ω and d = d imply c_2 ≠ 0, see the definition of c_2 in (5.12). Then, it is immediate that the asymtotics of det Λ(x) for x → +∞ is given by (e^{2ωx}/8ω)c^2(1 + o(1)) and the asymtotics of S_{22}(x) is given by the expression � e^{2Re(ω)x}/8Re(ω) � |c_2|^2(1 + o(1)), that is, | det Λ|^2 − S^2_{22} ≢ 0. As C_4 = C_3 = 0 and C_2 ≠ 0, formula (5.40) implies

det w_A(z, x) =

�z − μ

z − μ

�_2

(μ ≠ μ).

(5.46)

To construct entire real-valued solutions ϕ and θ rewrite (5.39) as w_A(z, x)^∗ = Jw_A(z, x)^{−1}J^∗. In view of (5.46) the last equality yields � w_{11}(z, x) w_{21}(z, x) w_{12}(z, x) w_{22}(z, x) � = (z − μ)^2(z − μ)^{−2} � w_{11}(z, x) w_{21}(z, x) w_{12}(z, x) w_{22}(z, x) � , where w_A =: {w_{ij} }^2_{i,j=1}. In other words, we get

(z − μ)^{−2}w_A(z, x) = (z − μ)^{−2}w_A(z, x) (μ ≠ μ).

(5.47)

Recal that T (z, x) = T (z, x), that is, T is real-valued. Thus, by (5.23) and (5.47) the vector function (z − μ)^{−2}y(z, x) is real-valued for μ ≠ μ. So, for

ϕ(z, x) := ϕ̃(z, x)

(z − μ)^2 = y(z, x) (z − μ)^2 � 1 −d � , (5.48)

θ(z, x) := −(z − μ)^2θ̃(z, x) = −(z − μ)^2y(z, x) � 0 1 � (μ ≠ μ);

(5.49)

we derive that ϕ and θ are real-valued. As ϕ̃ is an entire function, it follows from (5.48) that the real-valued function ϕ may have only one pole at z = μ (μ ≠ μ). Therefore, ϕ is an entire function. It follows from (5.29) and (5.49) that θ is an entire function too. Finally, (5.38), (5.46), (5.48), and (5.49) imply that W � θ(z), ϕ(z) � = 1. Thus, a fundamental system of solutions satisfying conditions of Lemma 2.2 is constructed explicitly.

Now, using these solutions we can construct explicitly a singular Weyl m-function M. Namely, chose the branch cut in √ z along the negative real axis and assume that Im( √ z) > 0. Observe that (5.21) yields

T (z, x) � 1 i √ z � = � e^{i√zx} i √ ze^{i√zx} � . (5.50)

In view of (5.8) and (5.11) we calculate that

det S(x) ∼ |c_2c_5|^2(4Re(ω))^{−4}e^{4Re(ω)x} (x → +∞),

and so the transfer function w_A(z, x) given by (5.1) behaves as O(x^4). Hence, it follows from (5.23) and (5.50) that

~ψ(z, x) = y(x, z) � 1 i √ z � = � 1 0 � w_A(z, x) � e^{i√zx} i √ ze^{i√zx} � ∈ L^2(c, ∞).

(5.51)

Therefore, by (5.48), (5.49), and (5.51) we get

ψ(z, x) = θ(z, x) + M(z)ϕ(z, x) ∈ L^2(c, ∞), M(z) := −

(z − μ)^2(z − μ)^2 i √ z + d , (5.52)

that is, M(z) above is a singular Weyl m-function of our system. Thus, we proved the following lemma.

Lemma 5.1. Let the parameters μ ≠ μ and d ∈ R be fixed. Then the relations (5.9), (5.8), and (5.10)–(5.12) explicitly determine a singular potential ~q satisfying (5.3). The corresponding entire solutions ϕ(z, x) and θ(z, x), such that ϕ(z, x) is nonsingular at x = 0 and W (θ(z), ϕ(z)) = 1, are given by (5.48) and (5.49), where y is constructed via (5.1), (5.21), and (5.23). Moreover, the singular Weyl function corresponding to this problem is given by (5.52).

Application of the GBDT to non-trivial initial Schrödinger equation was treated in Proposition 2.2 [31], see also [30]. (Assuming u = u we put A^∗_2 = A_1 = A, Π_1 = Λ, Π_2 = −ΛJ to switch from notations in [31] to our notations.) It follows from [31] that a set y_0 of two solutions of the initial Schrödinger equation −^{d2}_{dx2} u + qu = zu generates the set

y(z, x) = � 1 0 � w_A(z, x)w(z, x), w(z, x) := � y_0(z, x) y^′_0(z, x) � (5.53) of solutions of the transformed Schrödinger equation. Note that in the case of the non-trivial initial Schrödinger equation formula (5.5) for Λ is replaced by the equation

(5.54) � Λ^′_1(x) = AΛ_2(x) − Λ_2(x)q(x), Λ^′_2(x) = −Λ_1(x).

Finally, S(x) = S(x)^∗ is determined by the relations

S^′(x) = Λ_2(x)Λ_2(x)^∗, AS(0) − S(0)A^∗ = Λ(0)JΛ(0)^∗,

(5.55)

which imply (5.2).

Remark 5.2. Using relations (5.53) and (5.54) one can easily compare one step double commutation from Section 4 with the GBDT, where A is a scalar. Namely, we can set

A = λ ∈ C, y_0(z, x) = � ϕ(z, x) θ(z, x) � , Λ(x) = � −ϕ^′(λ, x) ϕ(λ, x) � . (5.56)

Thus, formulas (5.53) and (5.56) imply

ϕ_γ (z, x) := y(z, x) � 1 0 � = � 1 0 � w_A(z, x) � ϕ(z, x) ϕ^′(z, x) � . (5.57)

As in the case of A = λ we have w_A(z, x) = I_2 +^1_{S(x)(z−λ)} JΛ(x)^∗Λ(x) and can rewrite (5.57) in the form

ϕ_γ (z, x) = ϕ(z, x) + ϕ(λ, x) S(x)(z − λ)

Λ(x) � ϕ(z, x) ϕ^′(z, x) �

= ϕ(z, x) + ϕ(λ, x) S(x)(z − λ)

W_x � ϕ(λ), ϕ(z) � . (5.58)

By (5.55) we get

S(x) = (λ − λ)^{−1}Λ(0)JΛ(0)^∗ +

�_x 0 |ϕ(λ, t)|^2dt for λ ≠ λ.

(5.59)

In the case of λ = λ and real-valued ϕ, which are treated in Section 4, identity (5.2) is fulfilled automatically. Therefore, for this case we have

S(x) = γ^{−1} +

�_x 0 ϕ(λ, t)^2dt, γ ∈ (0, ∞].

(5.60)

Now, compare (5.60) with (4.1) to see that

ϕ̃_γ (λ, x) = ϕ(λ, x) S(x) . (5.61)

Hence, if λ = λ and ϕ are real-valued, expressions for ϕ_γ in (5.58) and in (4.6) coincide.

Acknowledgments. A.K. acknowledges the hospitality and financial support of the Erwin Schrödinger Institute and financial support from the IRCSET PostDoctoral Fellowship Program.

References

[1] S. Albeverio, R. Hryniv, and Ya. Mykytyuk, Inverse spectral problems for Sturm– Liouville operators in impedance form, J. Funct. Anal. 222, 143–177 (2005).

[2] S. Albeverio, R. Hryniv, and Ya. Mykytyuk, Inverse spectral problems for Bessel operators, J. Diff. Eqs. 241, 130–159 (2007).

[3] C. Bennewitz and W. N. Everitt, The Titchmarsh–Weyl eigenfunction expansion theorem for Sturm–Liouville differential equations, in Sturm-Liouville Theory: Past and Present, 137–171, Birkhäuser, Basel, 2005.

[4] R. Carlson, Inverse spectral theory for some singular Sturm–Liouville problems, J. Diff.

Eqs. 106, 121–140 (1993).

[5] M. M. Crum, Associated Sturm–Liouville systems, Quart. J. Math. Oxford (2) 6, 121– 127 (1955).

[6] G. Darboux, Sur une proposition relative aux équations linéaires, C. R. Acad. Sci. (Paris) 94, 1456–1459 (1882).

[7] P. A. Deift, Applications of a commutation formula, Duke Math. J. 45, 267–310 (1978). [8] V. A. Derkach and M. M. Malamud, Generalised resolvents and the boundary value problems for Hermitian operators with gaps, J. Funct. Anal. 95, 1–95 (1991).

[9] L. Faddeev, The inverse problem in quantum scattering theory, J. Math. Phys. 4, 72–104 (1963).

[10] C. Fulton, Titchmarsh–Weyl m-functions for second order Sturm-Liouville problems, Math. Nachr. 281, 1417–1475 (2008).

[11] C. Fulton and H. Langer, Sturm-Liouville operators with singularities and generalized Nevanlinna functions, Complex Anal. Oper. Theory 4, 179–243 (2010).

[12] I. M. Gel’fand and B. M. Levitan, On the determination of a differential equation from its spectral function, Amer. Math. Soc. Transl. Ser 2, 1, 253–304 (1955).

[13] F. Gesztesy, A complete spectral characterization of the double commutation method, J.

Funct. Anal. 117, 401–446 (1993).

[14] F. Gesztesy, W. Schweiger, and B. Simon, Commutation methods applied to the mKdVequation, Trans. Amer. Math. Soc. 324, 465–525 (1991).

[15] F. Gesztesy, B. Simon, and G. Teschl, Zeros of the Wronskian and renormalized oscillation theory, Am. J. Math. 118, 571–594 (1996).

[16] F. Gesztesy, B. Simon, and G. Teschl, Spectral deformations of one-dimensional Schrödinger operators, J. d’Analyse Math. 70, 267–324 (1996).

[17] F. Gesztesy and G. Teschl, On the double commutation method, Proc. Amer. Math. Soc.

124, 1831–1840 (1996).

[18] F. Gesztesy and Z. Zhao, On critical and subcritical Sturm–Liouville operators, J. Funct.

Anal. 98, 311-345 (1991).

[19] F. Gesztesy and M. Zinchenko, On spectral theory for Schrödinger operators with strongly singular potentials, Math. Nachr. 279, 1041–1082 (2006).

[20] I. Gohberg, M. A. Kaashoek and A. L. Sakhnovich, Sturm–Liouville systems with rational Weyl functions: explicit formulas and applications, Integral Equations Operator Theory 30, 338–377 (1998).

[21] J.-C. Guillot and J.V. Ralston, Inverse spectral theory for a singular Sturm–Liouville operator on [0, 1], J. Diff. Eqs. 76, 353–373 (1988).

[22] C. G. J. Jacobi, Zur Theorie der Variationsrechnung und der Differentialgleichungen, J. Reine Angew. Math. 17, 68–82 (1837).

[23] A. Kostenko, A. Sakhnovich, and G. Teschl, Inverse eigenvalue problems for perturbed spherical Schrödinger operators, Inverse Problems 26, 105013, 14pp (2010).

[24] A. Kostenko, A. Sakhnovich, and G. Teschl, Weyl–Titchmarsh theory for Schrödinger operators with strongly singular potentials, arXiv:1007.0136.

[25] A. Kostenko and G. Teschl, On the singular Weyl–Titchmarsh function of perturbed spherical Schrödinger operators, J. Diff. Eq. (to appear).

[26] M. G. Krein, On a continual analogue of a Christoffel formula from the theory of orthogonal polynomials, Dokl. Akad. Nauk SSSR (N.S.) 113, 970–973 (1957). [Russian] [27] M. G. Krein and H. Langer, Über einige Fortsetzungsprobleme, die eng mit der Theorie hermitescher Operatoren im Raume Π_κ zusammenhängen. Teil I: Einige Funktionenklassen und ihre Darstellungen, Math. Nachr. 77, 187–236 (1977).

[28] P. Kurasov and A. Luger, An operator theoretic interpretation of the generalized Titchmarsh–Weyl coefficient for the singular Sturm–Liouville problem, preprint.

[29] R. Rosenberger, A new characterization of the Friedrichs extension of semibounded Sturm–Liouville equations, J. London Math. Soc. 31, 501–510 (1985).

[30] A. L. Sakhnovich, Generalized Bäcklund-Darboux transformation: spectral properties and nonlinear equations, J. Math. Anal. Appl. 262, 274–306 (2001).

[31] A. L. Sakhnovich, Non-Hermitian matrix Schrödinger equation: Bäcklund-Darboux transformation, Weyl functions, and PT symmetry, J. Phys. A 36, 7789–7802 (2003).

[32] A. L. Sakhnovich, On the GBDT version of the Bäcklund-Darboux transformation and its applications to the linear and nonlinear equations and spectral theory, Mathematical Modelling of Natural Phenomena 5:4, 340–389 (2010).

[33] L. A. Sakhnovich, On the factorization of the transfer matrix function, Soviet Math.

Dokl. 17, 203–207 (1976).

[34] U.-W. Schmincke, On Schrödinger’s factorization method for Sturm–Liouville operators, Proc. Roy. Soc. Edinburgh 80A, 67–84 (1978).

[35] U.-W. Schmincke, On a paper by Gesztesy, Simon, and Teschl concerning isospectral deformations of ordinary Schrödinger operators, J. Math. Anal. Appl. 277, 51–78 (2003).

[36] G. Teschl, Jacobi Operators and Completely Integrable Nonlinear Lattices, Math. Surv.

and Mon. 72, Amer. Math. Soc., Rhode Island, 2000.

[37] G. Teschl, Mathematical Methods in Quantum Mechanics; With Applications to Schrödinger Operators, Graduate Studies in Mathematics, Amer. Math. Soc., Rhode Island, 2009.

[38] J. Weidmann, Spectral Theory of Ordinary Differential Operators, Lecture Notes in Mathematics, 1258, Springer, Berlin, 1987.

Institute of Applied Mathematics and Mechanics, NAS of Ukraine, R. Luxemburg str. 74, Donetsk 83114, Ukraine, and School of Mathematical Sciences, Dublin Institute of Technology, Kevin Street, Dublin 8, Ireland

E-mail address: duzer80@gmail.com

Faculty of Mathematics, University of Vienna, Nordbergstrasse 15, 1090 Wien, Austria

E-mail address: Oleksandr.Sakhnovych@univie.ac.at URL: http://www.mat.univie.ac.at/~sakhnov/

Faculty of Mathematics, University of Vienna, Nordbergstrasse 15, 1090 Wien, Austria, and International Erwin Schrödinger Institute for Mathematical Physics, Boltzmanngasse 9, 1090 Wien, Austria

E-mail address: Gerald.Teschl@univie.ac.at URL: http://www.mat.univie.ac.at/~gerald/