AN ASYMPTOTIC EXPANSION AND RECURSIVE INEQUALITIES FOR THE MONOMER-DIMER PROBLEM

PAUL FEDERBUSH^∗ AND SHMUEL FRIEDLAND^†

Abstract. Let λ_d(p) be the p monomer-dimer entropy on the d-dimensional integer lattice Z^d, where p ∈ [0, 1] is the dimer density. We give upper and lower bounds for λ_d(p) in terms of expressions involving λ_{d−1}(q). The upper bound is based on a conjecture claiming that the p monomer-dimer entropy of an infinite subset of Z^d is bounded above by λ_d(p). We compute the first three terms in the formal asymptotic expansion of λ_d(p) in powers of^1_d . We prove that the lower asymptotic matching conjecture is satisfied for λ_d(p).

Keywords and phrases: monomer-dimer entropies: asymptotic expansion, recursive inequalities and a conjecture.

1. Introduction The first aim of this paper is to discuss an asymptotic expansion of the monomer-dimer p-entropy, denoted by λ_d (p), where p ∈ [0, 1] is the density of dimers, on the integer d-dimensional lattice Z^d. The study of the existence of this entropy, some of its properties and its estimates, was initiated in a series of papers by Hammersley and his collaborators [16, 17, 18, 19]. It was shown by Minc [20] that the d-dimensional dimer entropy λ_d (1) satisfies 1 2 log (2d) − 1 2 ≤ λ_d (1) ≤ log (2d)! 4d ≤ 1 2 log (2d) − 1 2 + log 2π (2d) 4d + 1 48d^2

. (1.1)

The lower bound is implied by the proof of the van der Waerden conjecture [4, 5], or its weak form [12]. The first upper bound follows from the Bregman ineqality [2]. The last upper bound follows from a sharp form of the Stirling formula for (2d)! [11, p 52]. In a series of papers [6] – [10], the first author studied a possible asymptotic expansion of

λ_d (1) ∼ 1 2 log (2d) − 1 2 + ∞∑ k=1 c_k d^k

. (1.2)

This is derived assuming that an argument employing a formal cluster expansion could be made rigorous. He was able to compute the values of c_1, c_2, c_3, equal to^1_8 ,^5_{96} ,^5_{64} respectively. In this paper we show that the methods in [6] – [10] can be also applied to the asymptotic expansion of λ_d (p) for any p ∈ [0, 1]. The lower and the upper bounds for λ_d (p) given in [14, (5.3)] and [13, (7.5)] respectively yield 1 2 (p log 2d − p log p − 2 (1 − p) log (1 − p) − p) ≤ λ_d (p) ≤ (1.3) 1 2 ( p log (2d)! 2d − p log p − 2 (1 − p) log (1 − p) ) ≤ (1.4) 1 2 (p log 2d − p log p − 2 (1 − p) log (1 − p) − p) + p ( log 2π (2d) 4d + 1 48d^2 ) . Assuming valid the same formal procedure as in [6] or [10], we show that

λ_d (p) ∼ 1 2 (p log 2d − p log p − 2 (1 − p) log (1 − p) − p) + ∞∑ k=1 c_k (p) d^k

, (1.5)

∗Department of Mathematics, University of Michigan, Ann Arbor, MI 48109-1043, email: pfed@umich.edu †Department of Mathematics, Statistics and Computer Science, University of Illinois at Chicago, Chicago, IL 60607-7045, email: friedlan@uic.edu

Date: November 19, 2010. 1

where each c_k (p) is a polynomial in p. We compute the polynomials c_1 (p) , c_2 (p) , c_3 (p),

c_1 (p) =^1_8 p^2 (1.6)

c_2 (p) = ( 2p^3 + 3p^4 ) /96 (1.7)

c_3 (p) = ( −5p^4 + 12p^5 + 8p^6 ) /192. (1.8)

While studying λ_d (p) we made a heuristic observation

λ_d (p) ∼= λ_{d−1} ( p ( 1 −^1_d )) + ( 1 − p ( 1 −^1_d )) log ( 1 − p ( 1 −^1_d )) −^p_{2d} log

(_p 2d ) + ( 1 −^p_{2d} ) log ( 1 −^p_{2d} ) − (1 − p) log (1 − p) , (1.9)

for large d. We also substituted the ansatz

λ_d (p) = 1 2 p log (2d) − p 2 log p − (1 − p) log (1 − p) − p 2 + ap^2 d + bp^4 + cp^3 96d^2

(1.10)

into both sides of (1.9), and found the value of the right side of the equation minus the left side of the equation is equal to − 1 8 (−1 + 8a) p^2 d^2 − 1 96 (−2 + 2bp + c) p^3 d^3 + O ( 1 d^4 ) (1.11)

The correct values a =^1_8 and c = 2 are determined to achieve accuracy up to order^{p4}_{d3} (other choices would have terms with lower powers of p or^1_d ). We view this result as both a measure of how good an approximation (1.9) is, and a verification that the series (1.5) is correct (to a certain order).

We show in this paper that (1.9) is actually a recursive inequality

λ_d (p) ≥ λ_{d−1} ( p ( 1 −^1_d )) + ( 1 − p ( 1 −^1_d )) log ( 1 − p ( 1 −^1_d )) −^p_{2d} log

(_p 2d ) + ( 1 −^p_{2d} ) log ( 1 −^p_{2d} ) − (1 − p) log (1 − p) . (1.12)

We also show the validity of some upper bounds on λ_d (p) in terms of the function λ_{d−1} (p):

λ_d (p) ≤ max u∈[0,^p_d ] { ( 1 −^u_2 ) log ( 1 −^u_2 ) −^u_2 log^u_2 − (1 − u) log (1 − u) + (1 − u) λ_{d−1} ( p − u 1 − u )} (1.13) and λ_d (p) ≤ max u∈[0,^p_d ] { ( 1 − p +^u_2 ) log ( 1 − p +^u_2 ) −^u_2 log^u_2 − (1 − p) log (1 − p) + ( 1 −^u_2 ) λ_{d−1} ( p − u 1 −^u_2 )} (1.14)

if the following conjecture holds.

Conjecture 1.1. Let S = {S_i, i ∈ N} be a sequence of finite sets in Z^d. We can define its p monomer-dimer entropy λ_S (p) similar to the definition of λ_d (p). We conjecture that λ_S (p) ≤ λ_d (p).

This conjecture will be precisely stated in Section 2 which contains some preliminary formalism. The lower bound is studied in Section 3. Section 4 deals with the upper bounds, and goes a long way towards proving that the bound of (1.14) is always better than the bound of (1.13), as we believe. The asymptotic expansion is developed in Section 5. Section 6 studies some implications of our inequalities, in particular proving the LAMC for the monomer-dimer problem on a rectangular lattice, see [13].

2. Preliminary Results

Let Z^d be the d-dimensional integer lattice in R^d. Two points x = (x_1, . . . , x_d) , y = (y_1, . . . , y_d) ∈ Z^d are called neighbors if ‖x − y‖_1 =

∑_d

i=1 |x_i − y_i| = 1. Let G = ( Z^d, E_d ) be the infinite graph whose vertices are Z^d, and whose edges, E_d, are the set of pairs (x, y) where x, y are neighbors.

Note that the degree of each vertex is 2d. Set [m] = {1, . . . , m} for a positive integer m. Then [m] = [m_1] × [m_2] × · · ·× [m_d] is a box containing # [m] = m_1m_2 . . . m_d points in Z^d, where m = (m_1, . . . , m_d) ∈ N^d has positive integer coordinates. We view the finite lattice [m] as a graph G (m) = ([m] , E ([m])) where x, y ∈ [m] are neighbors, i.e. (x, y) ∈ E (m) if and only if ‖x − y‖ = 1. Let T (m) be a d-dimensional torus on the finite lattice [m], where T (m) is obtained from the infinite graph G = ( Z^d, E_d ) by considering the quotient Z^d/ ((m_1Z) × · · · × (m_dZ)). So T (m) is a 2d regular graph, and G (m) is a subgraph of T (m).

A monomer-dimer tiling of [m], also called a configuration ϕ in [m], consists of ℓ nonoverlapping dimers placed on the neighboring lattice points in [m]. Other lattice points in [m] are viewed as covered by monomers. Denote by C ([m] , ℓ) the space of monomer-dimer tilings ϕ of [m] with ℓ dimers. Denote by C_{per} ([m] , ℓ) all monomer-dimer tilings of T (m) with ℓ dimers. Clearly, C ([m] , ℓ) ⊆ C_{per} ([m] , ℓ). Let #C ([m] , ℓ) , #C_{per} ([m] , ℓ) be the cardinalities of C ([m] , ℓ) , C_{per} ([m] , ℓ) respectively. It was shown by Hammersley [16]

λ_d (p) = lim_{mi→∞} log C ([m_i] , ℓ_i) # [m_i]

= lim_{mi →∞} log C_{per} ([m_i] , ℓ_i) # [m_i]

(2.1)

where m_i = (m_{i,1}, . . . , m_{i,d}) ∈ N^d, lim_{i→∞} m_{i,k} = ∞, k ∈ [d], lim^{2ℓi}_{#[mi ]} = p ∈ [0, 1]. This equality does not depend on a particular choice of sequences m_i, ℓ_i, i ∈ N which satisfy the stated conditions. For more detailed analysis of the above limit and upper and lower bounds of λ_d (p) see [14].

We now discuss the notion of p monomer-dimer entropy λ_S (p) of a sequence S = {S_i, i ∈ N} of finite sets in Z^d. Assume that we have a sequence of increasing boxes [m_i] , i ∈ N, where m_i = (m_{1,i}, . . . m_{d,i}) , i ∈ N and for each k ∈ [d] the sequence m_{i,k}, i ∈ N increases to infinity. Without loss of generality we may assume that S_i ⊆ [m_i]. Then S_i = [m_i] \U_i, for a sequence of subsets U_i ⊆ [m_i] , i ∈ N. Let U = {([m_i] , U_i) , i ∈ N}. It would be convenient to replace S by U. With S_i we associate a subgraph G_i of T (m_i) induced by the set of vertices S_i = [m_i] \U_i. (So u_i, v_i ∈ [m_i] \U_i are neighbors if and only if they are neighbors in T (m_i).) Let G = {G_i, i ∈ N}. Then λ_S (p) = λ_U (p) is defined as equal to λ_G (p) as in [13, §2]. We now state this definition.

Let [m] ⊂ N^d, m = (m_1, . . . , m_d) ∈ N^d be a box in Z^d. Assume that U ⊆ [m]. Denote by # ([m] \U) the cardinality of the set [m] \U. Denote by C ([m] \U, ℓ) all tilings of [m] \U with exactly ℓ ( ≤^{#[m]\U}_2 ) dimers, when we view [m] as the graph G (m). (It is possible that #C ([m] \U, ℓ) = 0). Then λ_U (p) =

lim sup i→∞ log #C ([m_i] \U_i, ℓ_i) # ([m_i] \U_i) provided lim_{i→∞}

2ℓ_i # ([m_i] \U_i)

= p. (2.2)

Note that it is possible that λ_U (p) = −∞ for some p ∈ [0, 1]. We now state a conjecture, which seems to be very reasonable.

Conjecture 2.1. Let d ∈ N, [m_i] , m_i = (m_{1,i}, . . . , m_{d,i}) , i ∈ N be a sequence of increasing boxes [m_i] , i ∈ N, where lim_{i→∞} m_{k,i} = ∞, k = 1, . . . , d. Assume that U_i ⊆ [m_i] , i ∈ N and denote U = {([m_i] , U_i) , i ∈ N}. Then λ_U (p) ≤ λ_d (p) for each p ∈ [0, 1] . (2.3)

Proposition 2.1. Conjecture 2.1 holds for d = 1.

Proof. Clearly [m] \U consists of at most #U + 1 disjoint paths, P_1, . . . , P_k. Let m^′ = # ([m] \U) and view G ([m^′]) obtained from P_1, . . . , P_k by connecting by an edge the last vertex of P_i and the first vertex of P_{i+1} for i = 1, . . . , k − 1. Hence, each monomer-dimer tiling of [m] \U is a monomer-dimer tiling of [m^′]. □ We assume that d ≥ 2 and follow the discussion in [14]. Let m = (m_1, . . . , m_d) and denote m^′ = (m_1, . . . , m_{d−1}) , N^′ = # [m^′] , m_d = n. Then the (d − 1)-dimensional box of the form ([m^′] , j) is called the j^{th} layer, for j = 1, . . . , n. So n = 1 corresponds to the (d − 1)-dimensional case. Assume that n ≥ 2 unless stated otherwise. We view the adjacency graph G (m) as composed of n layers of G (m^′) plus the edges between the adjacent layers ([m^′] , j) and ([m^′] , j + 1) for j = 1, . . . , n − 1. Let us consider one tiling of [m] with ℓ dimers: ϕ ∈ C ([m] , ℓ). Each layer ([m^′] , j) has h_i horizontal, (transversal), dimers for j = 1, . . . , n. Let v_j be the number of vertical dimers connecting the levels ([m^′] , j) and ([m^′] , j + 1) for j = 1, . . . , n − 1. Let us assume that v_0 = v_n = 0. We have the following conditions for n ≥ 2. n∑ j=1 (h_j + v_j ) = ℓ, v_{j−1} + v_j + 2h_j ≤ N^′ for i = 1, . . . , n. (2.4)

More precisely, the location of v_j vertical dimers connecting the level j and j +1 are (V_j , j) for a corresponding subset V_j ⊂ [m^′] for j = 1, . . . , n − 1. So v_j = #V_j . We assume that V_0 = V_n = ∅. Then V_{j−1} ∩ V_j = ∅ for j = 1, . . . , n. Denote h = (h_1, . . . , h_n), v = (v_1, . . . , v_{n−1}), v_0 = v_n = 0. Let C ([m] , h, v) ⊂ C ([m] , ℓ) be all configurations of tilings of [m] , m = (m_1, . . . , m_{d−1}, n) with ℓ tiles, where h and v are the distributions of horizontal and vertical tiles. (It is possible that C ([m] , h, v) = ∅.) Denote by C (m, ℓ) the set of all possible (h, v) satisfying (2.4) and the corresponding above stated conditions. So

C ([m] , ℓ) = ∪_{(h,v)∈C(m,ℓ)}C ([m] , h, v) ,

#C ([m] , ℓ) = ∑ (h,v)∈C(m,ℓ)

#C ([m] , h, v) . (2.5)

We claim that

#C (m, ℓ) ≤ (N^′)^{2n} . (2.6)

Clearly h_i ∈ [ 0,^{N ′}_2 ] , v_i ∈ [0, N^′]. Hence the number of choices of h_i, v_i is at most (N^′ + 1)^{N ′}_2 , which is not greater than (N^′)^2. So (2.6) is a big overestimate, since we ignored (2.4).

We now show that to compute λ_d (p) we need only to consider one sequence h_i, v_i, k ∈ N of dimer distributions.

Lemma 2.1. Let d ≥ 2 be an integer. Assume that m_i ∈ Z^d, ℓ_i, i ∈ N satisfies the conditions for (2.1). Then there exists a sequence

h_i = ( h_{1,i}, . . . , h_{mi,d,i} ) ∈ Z^{mi,d}_+ , v_i = ( v_{1,i}, . . . , v_{(mi,d−1),i} ) ∈ Z^{(mi,d−1)},

v_{i,0} = v_{i,mi,d} = 0,

m_{i,d}∑

j=1 h_{j,i} + v_{j,i} = ℓ_i, i ∈ N. (2.7)

such that

lim_{i→∞} log #C ([m_i] , h_i, v_i)

# [m_i]

= λ_d (p) (2.8)

Proof. Let ( h̃_i, ṽ_i ) , i ∈ N be an allowable sequence satisfying (2.7). The equalities (2.1) and (2.5) yield the inequality

lim sup i→∞ log #C ( [m_i] , h̃_i, ṽ_i ) # [m_i]

≤ λ_d (p) . (2.9)

Choose

(h_i, v_i) = arg max { #C ( [m_i] , h̃_i, ṽ_i ) , ( h̃_i, ṽ_i ) ∈ C (m_i, ℓ_i) } , i ∈ N. (2.10)

Combine (2.5) and (2.6) to deduce that

#C ([m_i] , ℓ_i) ≤ (# [m^′_i])^{2mi,d} #C ([m_i] , h_i, v_i) , i ∈ N. (2.11)

Observe next that

lim_{i→∞} log (# [m^′_i])^{2mi,d}

# [m_i]

= lim_{i→∞}

2 log # [m^′_i)

# [m^′_i]

= 0 (2.12)

(2.11) and (2.12) yield

lim inf i→∞ log #C ( [m_i] , h̃_i, ṽ_i ) # [m_i]

≥ λ_d (p) . (2.13)

Combine this inequality with (2.9) to deduce the lemma.

3. A Lower Estimate of λ_d (p) The main result of this section is:

Theorem 3.1. Let d ≥ 2 be an integer and p ∈ [0, 1]. Then

λ_d (p) ≥ ( λ_{d−1} (q) + (1 − q) log (1 − q) − ( p − q 2 ) log ( p − q 2 ) + (3.1) ( 1 − p − q 2 ) log ( 1 − p − q 2 ) − (1 − p) log (1 − p) ) for each q ∈ [0, p] .

In particular (1.12) holds.

We prove the theorem using a number of known results and straightforward lemmas. Recall that λ_d (p) ≥ λ_{d−1} (p). Hence to show (3.1) we need to consider the case q < p. Next we recall the inequality

λ_k ( 2ℓ # [m] ) ≥ log C ([m] , ℓ) # [m]

, k ∈ N. (3.2)

This follows by considering boxes [jm] tiled with j^dℓ dimers for j = 1, . . . , [16, 14].

Fix a rational number q ∈ (0, 1) and ϵ > 0. Then there exists m^′ ∈ N^{d−1}, ℓ^′ ∈ N such that

q :=

2ℓ^′ # [m^′]

, λ^′_{d−1} (q) := log C ([m^′] , ℓ^′) # [m^′]

> λ_{d−1} (q) − ϵ. (3.3)

See [16]. Let p = 2L # [m^′] where 2ℓ^′ < 2L ≤ # [m^′] . (3.4)

We will show for these choices of p and q the following inequality holds.

λ_d (p) ≥ ( λ^′_{d−1} (q) + (1 − q) log (1 − q) − ( p − q 2 ) log ( p − q 2 ) + (3.5) ( 1 − p − q 2 ) log ( 1 − p − q 2 ) − (1 − p) log (1 − p) ) . Since λ_k (x) is continuous for each x ∈ [0, 1] and each k ∈ N [16], this will imply (3.1).

Lemma 3.1. Let U be the set of all subsets of [m^′] of cardinality L − ℓ^′. Then

#C ([m^′] , ℓ^′) = f_0 ∑ U∈U #C ([m^′] \U, ℓ^′) , #U = ( N^′ L − ℓ^′ ) (3.6)

where N^′ = # [m^′] , f_0 = ( N^′ − 2ℓ^′ L − ℓ^′

)_{−1} . Proof. Take a tiling of [m^′] by ℓ^′ dimers. The monomers of this tiling are located on the subset V of [m^′]. Clearly #V = N^′ − 2ℓ^′. This tiling appears exactly in all C ([m^′] \U, ℓ^′), where U ⊂ V . The number of choices of these U is ( N^′ − 2ℓ^′ L − ℓ^′ ) . The formula for #U is clear. We have implicitly used the fact that L − ℓ^′ < N^′ − 2ℓ^′. □ We now consider the d-dimensional box [m], where m = (m^′, n) and n ≥ 2. So [m] is viewed to have n horizontal levels consisting of [m^′]. Let h_n = (ℓ^′, . . . , ℓ^′) ∈ N^n, v_n = (L − ℓ^′, . . . , L − ℓ^′) ∈ N^{n−1}. For each U ∈ U we denote by C ([m] , h_n, v_n, U) a subset of tilings in C ([m] , h_n, v_n) such that no dimer (vertical or horizontal) covers a spot in U on the first level ([m^′] , 1).

Lemma 3.2. Let n ≥ 2, m = (m^′, n), h_n = (ℓ^′, . . . , ℓ^′) ∈ N^n, v_n = (L − ℓ^′, . . . , L − ℓ^′) ∈ N^{n−1}. Then

#C ([m] , h_n, v_n) = f ∑ U∈U #C ([m] , h_n, v_n, U) , where f = ( N^′ − (L + ℓ^′) L − ℓ^′

)_{−1} (3.7)

Proof. Take a tiling ϕ ∈ C ([m] , h_n, v_n). The monomers of this tiling, located on the first level ([m^′] , 1), form a subset W of [m^′]. Clearly #W = N^′ − (L + ℓ^′). This tiling appears exactly in all C ([m] , h_n, v_n, U), where U ⊂ W . The number of choices of these U is ( N^′ − (L + ℓ^′)

L − ℓ^′ ) . □ Lemma 3.3. For n ∈ N #C ([(m^′, 2n)] , h_{2n}, v_{2n}) = ∑ U∈U #C ([(m^′, n)] , h_n, v_n, U)^2 , (3.8)

where C ([(m^′, 1)] , h_1, v_1, U) := C ([m^′] \U, ℓ^′).

Proof. Observe that any tiling in ϕ ∈ C ([(m^′, 2n)] , h_{2n}, v_{2n}) can be obtained from exactly two tilings of C ([(m^′, n)] , h_n, v_n, U), where U is the location of L − ℓ^′ vertical tiles from level n to level n + 1 in ϕ. □ Using Lemmas 3.1 – 3.3, (3.3) and the Cauchy-Schwarz inequality we obtain:

Corollary 3.1.

#C ([(m^′, 2)] , h_2, v_2) ≥ e^{2N ′λ′d−1(q)}

Mf^2_0

, M = #U = ( N^′ L − ℓ^′ ) , (3.9)

#C ([(m^′, 2n)] , h_{2n}, v_{2n}) ≥

(#C ([(m^′, n)] , h_n, v_n))^2 Mf^2

, for n ≥ 2. (3.10)

Let s ∈ N and consider C ([(m^′, 2^s)] , h_2s , v_2s ). Use the above corollary to deduce

#C ([(m^′, 2^s)] , h_2s , v_2s ) ≥ Mf^2 ( e^{N ′λ′d−1 (q)} Mff_0

)_2s

. (3.11)

Note that each configuration in C ([(m^′, 2^s)] , h_2s , v_2s ) has 2^sL − (L − ℓ^′) dimers. Let p_s =^2(^{2sL−}(^{L−ℓ′}))_{2sN ′} . So lim_{s→∞} p_s = p. (3.2) yields that

λ_d (p_s) ≥ log #C ([(m^′, 2^s)] , h_2s , v_2s )

N^′2^s

. (3.12)

Combine the above inequality with (3.11) and let s → ∞ to deduce

λ_d (p) ≥ λ^′_{d−1} (q) − log Mff_0 N^′

. (3.13)

Let N^′ → ∞, i.e. m^′ → ∞, while keeping the values of q and p fixed, to deduce (3.5).

4. An Upper Estimate of λ_d (p) In this section we use the notation from Section 2. We will study a sequence of cubes and use Lemma 2.1 so that with each of these cubes, say m_i, we need consider only a single h_i and v_i. We turn to considering a single such cube, m, suppressing the index i since we spend much time with this single cube.

Recalling notation from Section 2, m = (m_1, . . . , m_d) , here all m_i = n (4.1) m^′ = (m_1, . . . , m_{d−1}) (4.2)

h = (h_1, . . . , h_n) (4.3) v = (v_1, . . . , v_{n−1}) (4.4) h_i is the number of horizontal dimers in the i^{th} layer, and v_i the number of vertical dimers connecting the i^{th} and (i + 1)^{th} layers. V_i is the location in m^′ of the vertical dimers connecting the i^{th} and (i + 1)^{th} layer. We set as before N^′ = #m^′ = n^{d−1} (4.5) and take ℓ to be the total number of dimers. We then have the following. V_i ∩ V_{i+1} = ∅ i = 1, . . . , n − 2 (4.6) v_i + v_{i+1} ≤ N^′ i = 1, . . . , n − 2 (4.7)

2h_i + v_{i−1} + v_i ≤ N^′ i = 2, . . . , n − 2 (4.8) ∑ h_i + ∑ v_i = ℓ (4.9)

(There are slight obvious modifications of (4.6) – (4.8) for i = 1, n − 1, n.)

For our given v we count the possible choices of V_1, . . . , V_{n−1} such that #V_i = v_i for i = 1, . . . , n − 1. We can choose V_1 in ( N^′ v_1 ) ways, V_2 in ( N^′ − v_1 v_2 ) , etc. Thus we arrive at

α (N^′, v) = ( N^′ v_1

)_{n−1}∏ i=2 ( N^′ − v_{i−1} v_i ) (4.10)

for the total number of choices. Using this enumeration, and recalling Lemma 2.1, we will get an upper bound for λ_d (p) as the limit as n → ∞ of the maximum possible value of 1 n^d ( log α ( n^{d−1}, v ) + log n∏ i=1 C ([m^′] \V_{i−1} ∪ V_i, h_i) ) (4.11)

We define p = 2ℓ n^d

(4.12)

u_i =

2v_i n^{d−1}

, t_i =

2h_i n^{d−1}

(4.13) u = 1 n n∑ i=1 u_i, t = 1 n n∑ i=1 t_i (4.14)

t̃_i = 2h^i n^{d−1} ( 1 −^1_2 (u_i + u_{i−1})

) (4.15)

There follows u + t = p (4.16) u is the density of vertical dimers and t the density of horizontal dimers. t̃_i is the fraction of the vertices in [m^′] \ (V_{i−1} ∪ V_i) covered by dimers.

Using Conjecture 2.1 we may effectively assert log C ([m^′] \ (V_{i−1} ∪ V_i) , h_i) ( 1 −^{ui−1+ui}_2 ) n^{d−1}

≤ λ_{d−1} ( t̃_i ) . (4.17)

Hence log ∏_n

i=1 C ([m^′] \ (V_{i−1} ∪ V_i) , h_i) n^d ≤ n∑ i=1 1 −^{ui−1 +ui}_2 n λ_{d−1} ( t̃_i ) . (4.18)

Recall that λ_{d−1} (p) is a concave function. (See [13] for a sharper statement.) Since^1_n

∑_n i=1 ( 1 −^{ui−1 +ui}_2 ) = 1 − u it follows that n∑ i=1 1 −^{ui−1 +ui}_2 n λ_{d−1} ( t̃_i ) ≤ (1 − u) λ_{d−1} (t^′) , t^′ = n∑ i=1 1 −^{ui−1 +ui}_2 (1 − u) n t̃_i. (4.19)

In view of (4.15) we obtain

t^′ = n∑ i=1 1 −^{ui−1+ui}_2 (1 − u) n

2h_i n^{d−1} ( 1 −^{ui−1 +ui}_2 ) = 1 (1 − u) n^d n∑ i=1 2h_i = t (1 − u)

. (4.20)

We combine with the previous inequalities to deduce that log ∏_n i=1 C ([m^′] \ (V_{i−1} ∪ V_i) , h_i) n^d

≤ (1 − u) λ_{d−1} ( t (1 − u) ) . (4.21)

To bound the first term in (4.11) it is straightforward to show the maximum is achieved with all v_i equal, v_i =^{N ′u}_2 . This yields

lim sup n→∞ log α ( n^d, v ) n^d ≤ ( 1 − u 2 ) log ( 1 − u 2 ) − u 2 log u 2 − (1 − u) log (1 − u) . (4.22)

In conclusion we derive the following.

λ_d (p) ≤ max_u {( 1 − u 2 ) log ( 1 − u 2 ) − u 2 log u 2 − (1 − u) log (1 − u) + (1 − u) λ_{d−1} ( p − u 1 − u )} (4.23)

Because the expected value of u is^p_d , by the symmetry of the cube, one can show one can restrict the range of u in taking the maximum in (4.23) to either [ 0,^p_d ] or [_p d , 1 ] . This leads to two formulas for an upper bound. Unless these are equal, one gets a better bound restricting to one or the other of these ranges.

One can employ the argument behind Lemma 3.1 in the construction of this section, obtaining an alternate upper bound:

λ_d (p) ≤ max_u { − u 2 log u 2 − (1 − p) log (1 − p) + ( 1 − p + u 2 ) log ( 1 − p + u 2 )

+ ( 1 − u 2 ) λ_{d−1} ( p − u 1 −^u_2 )} (4.24)

Again the range of u may be restricted to either [ 0,^p_d ] or [_p d , 1 ] . We outline this alternate development, closely following the previous route, and using the same notation.

We let W_r (V_r) be the number of configurations in the portion of the lattice living in layers r + 1, r + 2, . . . , n (summing over both vertical and horizontal dimers). This will involve summing over V_{r+1}, . . . , V_{n−1} compatible with # (V_i) = v_i, V_i ∩ V_{i+1} = ∅, and h_i horizontal dimers in layer i for i = r + 1, . . . , n. V_r, h_{r+1}, . . . , h_n, v_{r+1}, . . . , v_{n−1} are fixed. Then we have

W_{n−1} (V_{n−1}) ≤ C ([m^′] \V_{n−1}, h_n)

≤ e^{nd−1(1−un−1/2)λd−1} (^{t̃n}) ≡ b_{n−1} (4.25)

with

t̃_i = 2h^i n^{d−1} (1 − u_{i−1}/2)

(4.26)

We find the bounds b_i inductively. Assume we have bounds b_{r+1}, b_{r+2}, . . . , b_{n−1}. We seek b_r.

W_r (V_r) ≤ ∑ V_{r+1} # (V_{r+1}) = v_{r+1} V_{r+1} ∩ V_r = ∅

C ([m^′] \V_r ∪ V_{r+1}, h_{r+1}) b_{r+1} (4.27)

By the argument of Lemma 3.1

≤ C ([m^′] \V_r, h_{r+1}) b_{r+1} ( N^′ − 2h_{r+1} − v_r v_{r+1} ) (4.28)

≤ e^{nd−1(1−ur /2)λd−1} (^{t̃r+1})b_{r+1} ( N − 2h_{r+1} − v_r v_{r+1} ) (4.29)

As before

λ_d (p) ≤ I · II I = ∑ 1 n ( 1 − u_i 2 ) λ_{d−1} ( t̃_{i+1} ) (4.30) which by a convexity argument ≤ t 1 −^u_2

(4.31) and II = 1 n^d ∑ log ( N^′ − 2h_{r+1} − v_r v_{r+1} ) (4.32)

The maximum in II occurs where all v_i are equal and all h_i equal (at least for i = 2, . . . , n − 2, just as good). This leads to (4.24).

We now study the relation between (1.13) and (1.14) (or (4.23) and (4.24)). We take λ_d (p) to be given by its approximate form

λ̃_d (p) = 1 2 p log (2d) − p 2 log p − (1 − p) log (1 − p) − p 2 (4.33)

and substitute this into {( 1 − u 2 ) log ( 1 − u 2 ) − u 2 log ( u 2 ) − (1 − u) log (1 − u) + (1 − u) λ_{d−1} ( p − u 1 − u )} − {( 1 − p + u 2 ) log ( 1 − p + u 2 ) − u 2 log (u 2 ) − (1 − p) log (1 − p) + ( 1 − u 2 ) λ_{d−1} ( p − u 1 −^u_2 )} (4.34)

Surprisingly, by a simple computation this comes out to be 1 2 (p − u) log ( 1 −^u_2 1 − u ) (4.35)

In the region u < p this is positive. This shows that the expression in braces in (1.13) is pointwise (in u) greater than the expression in braces in (1.14). Thus (1.14) is a better upper bound than (1.13) for λ_d (p) as given by (4.33).

For 0 ≤ u ≤ p/d and d ≥ 2 we have 1 2 (p − u) log ( 1 −^u_2 1 − u ) > c_1pu (4.36)

We let the actual λ_d (p) be related to the approximate form, (4.33), as

λ_d (p) = λ̃_d (p) + E_d (p) (4.37)

We assume for d > d_0 one has

|E_d (p)| ≤ c_2 p d (4.38) and | | | | d dp E_d (p) | | | | ≤ c^3 1 d (4.39)

Then there is a d̄ such that if d > d̄ then (1.14) provides a better upper bound than (1.13). That is if one substitutes (for d > d̄) (4.37) into the right side of (1.13) one gets a larger value than if one substitutes into the right side of (1.14). One has used the bound | | |(1 − u) E_{d−1} ( p − u 1 − u ) − ( 1 − u 2 ) E_{d−1} ( p − u 1 −^u_2 )| | ≤ c_4u |E_{d−1} (p^∗)| + c_5pu | |E^′_{d−1} (p^{∗∗}) | | (4.40)

Provided (4.38) and (4.39) are satisfied by E_d (p) it is easy to deduce, using (4.36) and (??), that (1.14) is a better bound than (1.13) for d large enough. One looks at the u^∗ that maximizes the expression in braces in (1.14). By (4.36) and (??), for large enough d, the expression in braces in (1.13) evaluated at u^∗ is larger than the expression in braces in (1.14) at u^∗. Thus the bound (1.14) beats the bound (1.13).

5. The Asymptotic Expansion

This section largely parallels the development in [10], with modifications appropriate to the monomerdimer problem. We do not assume familiarity with [10].

We work with a periodic cubical lattice, Λ, of even edge length. We denote the volume, or equivalently the number of vertices, by either V or N. A fraction p of the vertices are covered by dimers, thus pN/2 dimers are used in each covering. We will be using the terms ‘p-tiling’ and ‘p-cover’ to describe coverings of a fraction p of the vertices.

In d dimensions there are d ‘kinds’ of dimers, each kind oriented in one of the d lattice directions. Each kind of dimer may be ‘located’ at some place on the lattice. We generalize this situation as follows. A ‘located tile’ is a two element subset of the lattice. A ‘tile’ is an equivalence class of located tiles, with equivalence given by setting two subsets equivalent if one is a translation of the other. (A ‘tile’ is a generalization of a ‘kind of dimer’.) Notice that tiles need not be connected.

We consider tiles with a ‘weighting’, a function on tiles. We normalize the weightings we consider, by requiring, if g is the weighting function, ∑ t g (t) = 1/2, (5.1)

the sum over all tiles, t. We let f be the weighting function given by

f (t) =

{_1 2d if t is a dimer, 0 otherwise,

(5.2)

that clearly satisfies the normalization condition (5.1).

A ‘p-tiling’ T_i of Λ is a set of two element subsets of Λ,

T_i = { s^i_1, s^i_2, . . . , s^i_{pN/2} } , (5.3)

where the s^i_k are disjoint, they are located tiles.

We now realize the sum over all possible dimer p-covers of Λ, the goal of our study, as

(2d)^{pN/2} Z (5.4)

with Z = ∑ T_i ∏ s_α ∈T_i

f (s̄_α) , (5.5)

where the sum is over all p-tilings of Λ; the product over the f’s selects those tilings in which all the tiles employed are dimers. The bar over a subset indicates the equivalence class of the subset as defined previously.

We let f_0 be a constant function on tiles with value^1_{N−1} , to satisfy the normalization condition (5.1). We write

f = f_0 + (f − f_0) ≡ f_0 + v, (5.6)

f, f_0, and v all functions on tiles. Z becomes Z = ∑ T_i ∏ s_α ∈T_i

(f_0 + v (s̄_α)) , (5.7)

Z = Z_0 + Z_1 + Z_2 + · · · (5.8)

having expanded Z in powers of v.

We note

e^{Nλd(p)} = (2d)^{Np/2} Z. (5.9)

Here λ_d (p) is understood to be a function of N, the usual λ_d (p) the infinite volume limit

λ_d (p) = p 2 log (2d) + 1 N log Z. (5.10)

If one replaces Z by Z_0, the mean field approximation in a natural nomenclature, one gets taking the infinite volume limit λ_d (p) ∼= p 2 log (2d) − p 2 log p − (1 − p) log (1 − p) − p 2 = p 2 log (2d) + lim_{N→∞} 1 N log Z_0 (5.11)

by an easy calculation.

We return to (5.8) and introduce some convenient notations: Z = Z_0Z^∗, (5.12) Z^∗ = 1 + Z^∗_1 + Z^∗_2 + · · · , (5.13) Z^∗_i = Z_i/Z_0. (5.14) There is a natural factorization of Z_i into a contribution from the factors of v in (5.7) which we call Z̄^∗_i and the factors of f_0 in (5.7) which we call β (N, i) Z_0 so that Z^∗_i = β (N, i) Z̄^∗_i (5.15) with β (N, jN) ∼ e^{NH(p,j)} (5.16) where H (p, j) = (1 − 2j) log (1 − 2j) + j + p 2 log p − (p 2 − j ) log (p − 2j) . (5.17)

Equations (5.16) and (5.17) follow from a short computation, always working in the large N limit.

We let Z̃^∗ be Z^∗ with β (N, i) replaced by 1, Z̃^∗ = 1 + Z̄^∗_1 + Z̄^∗_2 + · · · , (5.18)

where a detailed specification of Z̄^∗_i is given by

Z̄^∗_i = 1 i! ∑ s_1, s_2, . . . , s_i

disjoint i∏ α=1 v (s̄_α) . (5.19)

Now referring to [3] we may write a cluster expansion for Z̃^∗

log Z̃^∗ = ∑ s 1 s! J_s, (5.20)

J_s = ∑ s_1 ,s_2,...,s_s

v (s̄_1) · · · v (s̄_s) ψ^′_c (s_1, s_2, . . . , s_s) , (5.21)

where we may identify Eq. (2.5a) of [3] with Z̃^∗, and (5.20), (5.21) with Eq. (2.7) of [3]. The located tiles in the sum of (5.21) are forced to overlap so they cannot be divided into two disjoint sets. ψ^′_c is a numerical factor depending on the overlap pattern. To make our computations mathematically rigorous it will be necessary to study the convergence properties of sums such as in (5.20). At present this appears very difficult, and we by no means see yet a clear route to a proof. It is a challenging problem for the mathematical physicist.

It is easy to show J_1 = 0 and it is proven in [8] that

J_s =

C_{s,r} d^r + C_{s,r+1} d^{r+1}

+ · · · +

C_{s,s−1} d^{s−1}

(5.22)

with r ≥ s/2. We also find it convenient to define NJ̄_i = (1/i!) J_i. (5.23) From (5.13), (5.15), (5.18), (5.20) one gets

Z^∗ = ∑ α_1 ,...,α_{s+1} β ( N, ∑ iα_i ) J̄^α1_1 · · · J̄^{αs+1}_{s+1} N ∑ α_i

α_1! · · · α_{s+1}!

. (5.24)

We approximate the sum in (5.24) by its largest term, in the limit N → ∞. If all the J̄’s are positive this is a reasonable way to extract the dominant asymptotic limit. In [9] an argument is given that our results will hold even if some of the J̄’s are negative.

Most important to observe is that the J’s of this paper are the same as the J’s of the dimer problem! The J_i were computed through J_6 as follows, see [10]:

J̄_1 = 0, (5.25)

J̄_2 = 1 8 1 d , (5.26)

J̄_3 = 1 12 1 d^2

, (5.27)

J̄_4 = − 3 32 1 d^2 + 3 64 1 d^3

, (5.28)

J̄_5 = − 1 8 1 d^3 − 3 80 1 d^4

, (5.29)

J̄_6 = 7 48 1 d^3 − 5 64 1 d^4 − 1 6 1 d^5

. (5.30)

The computations were done in integral arithmetic using Maple. Because of (5.22), to compute the J_i through J_6 for all d, it is sufficient to compute these J_i for one, two, and three dimensions. The most complicated computation of these involved placing down six dimers in three dimensions, in all possible ways where overlaps make it impossible to disconnect into two disjoint subsets of dimers. One is using an exponential time algorithm, J_5’s computation took 3 seconds and J_6’s two weeks. To compute the 1/d^4 terms in (1.2) would require knowledge of J_7 and J_8 also, we think unless a new method is found one will never do this computation!

We return to computing the largest term in (5.24). We differentiate with respect to the α’s in (5.24), using (5.16) and (5.17) to deal with the factor of β. Finally scaling α_i →^1_N α_i we find

log α_k = log J̄_k + ∂ ∂α_k H ( p, ∑ iα_i ) (5.31) and Z^∗ ∼ e^N{^{− ∑ αiFi +∑ J̄ieFi +H(p,∑ iαi )}}. (5.32)

From these two equations, and (5.10), (5.11), (5.12), one can find λ_d (p) as a formal power series in the J’s, and then a formal power series in 1/d using the expressions (5.25) through (5.30) for the J’s. This algebra we did using a 40-line Maple program, resulting in (1.5) – (1.8).

As a final comment we suggest it may be easier to make rigorous the developments of this section in a domain where p is sufficiently small. We intend to investigate this possibility.

6. The LAMC and Other Conclusions We first prove the LAMC for a rectangular lattice, see equations (1.3) and (1.4) of [13].

Theorem 6.1. The LAMC is true for a rectangular lattice. That is

λ_d (p) ≥ 1 2 [ p log (2d) − p log p − 2 (1 − p) log (1 − p) + (2d − p) log ( 1 − p 2d )] (6.1)

Proof. We prove this by induction. It is true for d = 1 by [13] eq (1.1) or [14] § 4. In the inductive step we are given

λ_{d−1} (p) ≥ 1 2 [ p log (2 (d − 1)) − p log p − 2 (1 − p) log (1 − p) + (2 (d − 1) − p) log ( 1 − p 2 (d − 1) )] (6.2)

We substitute this into (the right side of) (1.12), proven in Theorem 3.1, and arrive by a simple computation at exactly (6.1).

We turn to a study of the relation between our upper and lower recursive bounds and the asymptotic expansion. We assume that λ_d (p) is given by an asymptotic expansion in inverse powers of d, whose first few terms are as in (1.10).

λ_d (p) ∼ 1 2 p log (2d) − p 2 log (p) − (1 − p) log (1 − p) − p 2 + ap^2 d + bp^4 + cp^3 96d^2

+ . . . (6.3)

Theorem 6.2. A) a ≥^1_8 B) If a =^1_8 , then (−2 + 2bp + c) ≥ 0 C) If a =^1_8 and c = 2, then b ≥ 0 D) Then values of a, b, c as given in (1.6) and (1.7) ensure that the asymptotic expansion in (1.5) satisfies the implications of the lower recursive inequality (1.12).

Proof. If we substitute (6.3) into the recursive inequality (1.12), then the value of the right side minus the left side is given in (1.11) which we rewrite − 1 8 (−1 + 8a) p^2 d^2 − 1 96 (−2 + 2bp + c) p^3 d^3 + O ( 1 d^4 ) (6.4)

The requirement that (6.4) is asymptotically ≤ 0 yields parts A, B, and C of the theorem. The values of a, b, c as given in (1.6) and (1.7) ensure (6.4) is asymptotically negative.

In short our asymptotic expansion for λ_d (p), (1.5), satisfies the lower recursive inequality. The upper recursive inequalities we have (1.13), (1.14) are not strong enough to put conditions on the coefficients of the asymptotic series, such as parts A,B, and C of Theorem 6.2. We leave to future research three compelling problems: prove the asymptotic expansion, find better upper bounds, pure or recursive, prove Conjecture 2.1.

References

[1] R.J. Baxter, Dimers on a rectangular lattice, J. Math. Phys. 9 (1968), 650-654.

[2] L.M. Bregman, Some properties of nonnegative matrices and their permanents, Soviet Math. Dokl. 14 (1973), 945-949. [3] D.C. Brydges, A Short Course in Cluster Expansions, in: Phenomenes Critiques, Systems Aleatoires, Theories de Gauge, Parts I, II, Les Houches, 1984, North-Holland, Amsterdam, 1986, pp. 129-183.

[4] G.P. Egorichev, Proof of the van der Waerden conjecture for permanents, Siberian Math. J. 22 (1981), 854-859. [5] D.I. Falikman, Proof of the van der Waerden conjecture regarding the permanent of doubly stochastic matrix, Math. Notes Acad. Sci. USSR 29 (1981), 475-479.

[6] P. Federbush, Hidden Structure in Tilings, Conjectured Asymptotic Expansion for λ_d in Multidimensional Dimer Problem, arXiv:math-ph/0711.109v9.

[7] P. Federbush, Dimer λ_d Expansion Computer Computations, arXiv:math-ph/0804.4220v1. [8] P. Federbush, Dimer λ_d Expansion, Dimension Dependence of J̄_n Kernels, arXiv:math-ph/0806.1941v1. [9] P. Federbush, Dimer λ_d Expansion, A Contour Integral Stationary Point Argument, arXiv:math-ph/0806.4158v1. [10] P. Federbush, Computation of Terms in the Asymptotic Expansion of Dimer λ_d for High Dimensions, Phys. Lett. A, 374, (2009), 131-133.

[11] W. Feller, An Introduction to Probability Theory, Vol I, J. Wiley & Sons, 1958.

[12] S. Friedland, A lower bound for the permanent of doubly stochastic matrices, Ann. of Math. 110 (1979), 167-176. [13] S. Friedland, E. Kropp, P.H. Lundow, K. Markström, Validations of the Asymptotic Matching Conjectures, J. Stat. Phys., 133 (2008), 513-533.

[14] S. Friedland and U.N. Peled, Theory of Computation of Multidimensional Entropy with an Application to the Monomer- Dimer Problem, Advances of Applied Math. 34 (2005), 486-522.

[15] S. Friedland and U.N. Peled, The pressure, densities and first order phase transitions associated with multidimensional SOFT, arXiv:0906.5176v3, submitted.

[16] J.M. Hammersley, Existence theorems and Monte Carlo methods for the monomer-dimer problem, in Research papers in statistics: Festschrift for J. Neyman, edited by F.N. David, Wiley, London, 1966, 125-146.

[17] J.M. Hammersley, An improved lower bound for the multidimensional dimer problem, Proc. Camb. Phil. Soc. 64 (1966), 455-463.

[18] J.M. Hammersley, Calculations of lattice statistics, in Proc. Comput. Physics Con., London: Inst. of Phys. & Phys. Soc., 1970.

[19] J. Hammersley and V. Menon, A lower bound for the monomer-dimer problem, J. Inst. Math. Applic. 6 (1970), 341-364. [20] H. Minc, An Asymptotic Solution of the Multidimensional Dimer Problem,Linear and Multilinear Algebra, 8 (1980), 235- 239.