Mean-field Limit and Semiclassical Approximation for Quantum Particle Systems

F. Pezzotti

Departamento de Matemáticas, Universidad del País Vasco, Spain - e-mail: federica.pezzotti@ehu.es

Contents

1. Introduction 1 2. Classical Mean-Field Limit 5 2.1. Setting of the problem: general features and known results 6 2.2. The Vlasov equation 9 2.3. The Vlasov dynamics as the continuum limit of the N-particle Mean-Field dynamics 10 2.4. Hierarchies and Propagation of Chaos 12 3. Quantum Mean-Field Limit 17 3.1. Setting of the problem: general features and known results 17 3.2. Quantum BBGKY hierarchy and its formal limit as N → ∞ 24 3.3. Mean-Field limit for bounded potentials 28 4. Mean-field limit VS Semiclassical Approximation 38 4.1. The Wigner formulation 38 4.2. The Mean-Field system in the Wigner formalism 42 4.3. The Hartree dynamics in the Wigner formalism 44 4.4. The Limit N → ∞ 48 4.5. Alternative approaches 56 5. Mean-field limit and Semiclassical Expansion 59 5.1. Semiclassical expansion for the Hartree dynamics 60 5.2. Semiclassical expansion for the N-particle dynamics 65 5.3. Structure of the j-particles limiting marginals 67 5.4. Idea of the proof 69 5.5. Results and technical preliminaries 72 5.6. Convergence 75 6. Outlooks and Perspectives 85 Appendix A 91 Appendix B 95 Appendix C 100 References 105

1. Introduction

In this thesis we discuss the connection between the mean-field limit and the semiclassical approximation for a system of N identical quantum particles. More precisely, we look at 1

a system of N identical particles (of mass m = 1) interacting by means of the mean-field potential:

U (X_N ) = 1 2N N∑ l≠j

ϕ(x_l − x_j ), ϕ : R^3 → R (1.1)

(where X_N = {x_1, . . . , x_N }, x_j ∈ R^3, j = 1, . . . , N) in the limit N → ∞. It is well known that the effective (limiting) dynamics of such a system is ruled by the following nonlinear one-particle Schrödinger equation:

iℏ∂_tψ_t = − ℏ^2 2 Δψ_t + ( ϕ ∗ |ψ_t|^2 ) ψ_t, (1.2)

where ( ϕ ∗ |ψ_t|^2 ) (x) = ∫ R^3

dy ϕ(x − y)|ψ_t(y)|^2 (1.3)

is the effective self-consistent interaction. Equation (1.2) is known as the Hartree equation. The rigorous derivation of (1.2) from the many-body evolution can be formulated in terms of convergence of j-particle Reduced Density Matrices (RDM). In fact, by considering the N-particle wave function Ψ_{N,t} = Ψ_{N,t} (X_N ) solution of the Schrödinger equation:

iℏ∂_tΨ_{N,t} = − ℏ^2 2 N∑ i=1 Δ_{xi} Ψ_{N,t} + UΨ_{N,t}, (1.4)

with U given by (1.1) and completely factorized initial datum given by:

Ψ_{N,0}(X_N ) = N∏ j=1 ψ_0(x_j ), (1.5)

it can be proven that, for fixed j (with 1 ≤ j ≤ N) the j-particle reduced density matrix, defined as the trace class operator with kernel

ρ^{(j)}_{N,t} (X_j , Y_j) = ∫ R^{3(N−j)}

dX_{N−j} Ψ_{N,t} (X_j, X_{N−j}) Ψ_{N,t} (Y_j, X_{N−j}) , (1.6)

converges, in the limit N → ∞, to the factorized state:

ρ^{(j)}_t (X_j , Y_j; t) = j∏ k=1 ψ_t (x_k) ψ_t (y_k) , (1.7)

where ψ_t(x) solves the one-particle Hartree equation (1.2) with initial datum ψ_0. This feature is usually called ”propagation of chaos”.

The previous result was originally obtained for sufficiently smooth potentials (see [2], [6], [7]); then it has been generalized to include Coulomb interactions (see [16], [17], [18]). Furthermore, some results concerning the speed of convergence of the mean-field evolution to the Hartree dynamics (for all fixed times), have been proven more recently (see [20], [21]).

The limit N → ∞ for a classical system interacting by means of the same mean-field interaction (1.1), can be considered as well (see [4], [5], [9], [10] for the case of smooth potential, and [22] for more singular interactions). In fact, considering as initial state of the system a completely factorized probability distribution F_{N,0} = F_{N,0} (X_N , V_N ) dX_N dV_N in the N-particle phase space R^{3N} × R^{3N} , namely:

F_{N,0} (X_N , V_N ) = N∏ j=1 f_0 (x_j , v_j) , for some one-particle density f_0, (1.8)

it is known that its evolution F_N (X_N , V_N ; t) at time t > 0, is obtained by solving the Liouville equation:

(∂_t + V_N · ∇_{XN} ) F_N (t) = ∇_{XN} U · ∇_{VN} F_N (t), (1.9) with U given by (1.1). Then, the j-particle marginal at time t > 0, defined as

F^{(j)}_N (X_j , V_j; t) = ∫ R^{3(N−j)} ×R^{3(N−j)}

dX_{N−j} dV_{N−j}F_N (X_j , X_{N−j}, V_j, V_{N−j}; t) , (1.10)

converges, as N → ∞, to the product state:

F^{(j)} (X_j , V_j; t) = j∏ k=1 f (x_k, v_k; t) , (1.11)

where f(x, v; t) is the solution of the Vlasov equation: (∂_t + v · ∇_x) f(t) = (∇_xϕ ∗ f(t)) · ∇_vf(t), (1.12) (the convolution above is with respect to both the variables x and v) with initial datum f_0. Equation (2.1.8) is the classical analogue of the Hartree equation (1.2).

Although the mean-field limit N → ∞ is well understood for both classical and quantum systems, there is a question which is still open, namely, does that limit hold for quantum systems uniformly in ℏ, at least for systems having a reasonable classical analogue? The proofs which are available up to now exhibit an error vanishing when N → ∞ but diverging as ℏ → 0, although in [8], [24], [26], [27] some efforts in the direction of a better control of the error term have been done.

If one wants to deal with the classical and quantum case simultaneously, it is natural to work in the classical phase space by using the Wigner formalism.

The one-particle Wigner function associated with the wave function ψ_t(x) is given by:

f^ℏ (x, v; t) = (2π)^{−3} ∫ R^3

dy e^{iy·v}ψ_t ( x + ℏy 2 ) ψ_t ( x − ℏy 2 ) , (1.13)

and, similarly, the N-particle Wigner function associated with the wave function Ψ_{N,t}(X_N ) is defined as:

W^ℏ_N (X_N , V_N ; t) = (2π)^{−3N} ∫ R^{3N}

dY_N e^{iYN ·VN} Ψ_{N,t} ( X_N + ℏY_N 2 ) Ψ_{N,t} ( X_N − ℏY_N 2 ) . (1.14)

Then, by using that ψ_t(x) and Ψ_{N,t}(X_N ) solve equations (1.2) and (1.4) respectively, we find the equations:

(∂_t + v · ∇_x) f^ℏ(t) = T^ℏf^ℏ(t) (1.15) and (∂_t + V_N · ∇_{XN} ) W^ℏ_N (t) = T^ℏ_N W^ℏ_N (t), (1.16) where T^ℏ and T^ℏ_N are suitable pseudodifferential operators.

The initial data for equations (1.15) and (1.16) are

f^ℏ_0 (x, v) = (2π)^{−3} ∫ R^3

dy e^{iy·v}ψ_0 ( x + ℏy 2 ) ψ_0 ( x − ℏy 2 ) , (1.17) and W^ℏ_{N,0} (X_N , V_N ) = (2π)^{−3N} ∫ R^{3N}

dY_N e^{iYN ·VN} Ψ_{N,0} ( X_N + ℏY_N 2 ) Ψ_{N,0} ( X_N − ℏY_N 2 )

= N∏ j=1 f^ℏ_0 (x_j , v_j ) , (1.18)

respectively.

One can easily rephrase the result of [7] by showing that the j-particle Wigner function

W^ℏ_{N,j} (X_j , V_j; t) = ∫ R^{3(N−j)} ×R^{3(N−j)}

dX_{N−j} dV_{N−j}W^ℏ_N (X_j , X_{N−j}, V_j, V_{N−j}; t) (1.19)

converges, in a suitable sense, to

f^ℏ_j (X_j, V_j; t) = j∏ k=1 f^ℏ (x_k, v_k; t) for any t > 0. (1.20)

However, the error in approximating the N-particle dynamics by the limiting one is diverging when ℏ → 0 (for example, for sufficiently small times t < t_0 it is of the form^{Cj}_N e^cℏ ). The reason is that the operator T^ℏ_N appearing in (1.16) is bounded on the space in which we can prove the convergence of (1.19), but its norm diverges as^c_ℏ when ℏ → 0. On the other hand, the classical counterpart of this problem has been solved, so that it seems natural to look for an asymptotic expansion for the j-particle ”marginals” W^ℏ_{N,j} , namely:

W^ℏ_{N,j} (t) = W^{(0)}_{N,j} (t) + ℏW^{(1)}_{N,j} (t) + ℏ^2W^{(2)}_{N,j} (t) + . . . , (1.21)

and for an analogous expansion for the j-fold product of solutions of the equation (1.15), namely: f^ℏ_j (t) = ( f^ℏ

)_{⊗j} (t) = f^{(0)}_j (t) + ℏf^{(1)}_j (t) + ℏ^2f^{(2)}_j (t) + . . . (1.22) The zeroth order term in (1.21) is expected to correspond to what we previously denoted by F^{(j)}_{N,t}, namely, the j-particle marginals associated to the Liouville equation (1.9), while the function f^{(0)}_j (t) appearing in (1.22) is expected to be the j-fold product of solutions of the Vlasov equation (1.12)). Therefore, if at order zero in ℏ we obtain the classical quantities, the classical mean-field theory ensures that the convergence of W^{(0)}_{N,j}(t) to f^{(0)}_j (t) is well established for all t and j. Then, it looks natural trying to show the convergence

W^{(k)}_{N,j} (t) → f^{(k)}_j (t) , as N → ∞, for any k > 0. (1.23)

This is the main goal of the present research.

A complete proof of the uniformity in ℏ of the limit N → ∞ would require a control of the remainder of the expansion (1.21), but we are not able to provide it. However, in proving (1.23) we characterize the quantum corrections to the classical mean-field limit and we prove that they are expressed in terms of classical quantities only.

The plan of the thesis is the following.

In Chapters 1 and 2 we discuss the mean-field model both in the classical framework and in the quantum context. First we introduce notation and technical tools that are needed to formulate the mean-field results to which we referred previously. Then, we give an outlook of the known results by discussing briefly the main approaches in facing the problem both for smooth and singular interactions. Thus, we focus on the case of sufficiently regular potential by showing in detail the proof of the validity of ”propagation of chaos” both in the classical and in the quantum case, accenting the main differences in the methods and, primarily, the inadequacy of the ”BBGKY hierarchy method” in facing the classical mean-field limit although in the quantum framework it plays a crucial role. Furthermore, we highlight the non uniformity with respect to ℏ of the error in the quantum mean-field approximation and we analyze in detail which is the estimate that, providing a bound which diverges as ℏ → 0, is responsible for that.

In Chapter 3 we introduce the Wigner formalism. We accent first of all why it is appropriate in looking at the semiclassical behavior of quantum systems. Also, we point out the main difficulties of this formalism with respect to the wave function (Schrödinger) and the density matrix (Heisenberg) formulations introduced in Chapter 2. Moreover, we rephrase the quantum mean-field result in the Wigner formalism and we note that the error in the mean-field approximation is still not uniform with respect to ℏ and diverging when ℏ → 0. This ”bad” behavior is due to the failure of the same estimate we detected in Chapter 3, suitably rephrased in the Wigner framework. Finally, we discuss some known results concerning the connection between mean-field limit and semiclassical approximation.

In Chapter 4 we prove our main result, namely, the convergence (1.23). More precisely, we do the semiclassical expansion both for the N-particle mean-field system (see (1.21)) and for the Hartree dynamics (1.22) deriving explicitly what are the equations solved by the coefficients at each order in ℏ. Then, we introduce the initial datum as a suitable mixtures of coherent states. This choice guarantees that the zeroth order coefficient of the N-particle expansion is a factorized probability distribution. Finally, we identify the higher order N-particle terms to be the expectation of certain derivatives of the empirical measure. Such an expectation is with respect to the probability distribution that we previously obtained from the N-particle zeroth order coefficient. By virtue of that, we obtain the limit N → ∞ by using the classical mean-field results presented in Chapter 1 and appropriate properties of the derivatives of the classical trajectories associated with the mean-field interaction.

In the last Chapter we present possible applications of our result (presented in Chapter 4) in considering suitable mixtures of WKB states (instead of coherent ones) and in dealing with other (related) problems.

I wish to thank my advisor, Prof. Mario Pulvirenti, for suggesting me a problem which I considered challenging from the very first moment, for offering me his precious experience and considering me not only as a student but indeed as a co-worker.

2. Classical Mean-Field Limit

In this chapter we analyze the mean-field limit for a many-body classical system. More precisely, we are looking at a system constituted by N identical particles interacting by the potential

U^{cl}(X_N ) = 1 2N N∑ k≠l

ϕ(x_k − x_l), (2.1)

where we used the notation X_N = (x_1, . . . , x_N ) ∈ R^{3N} for the positions of the N particles (here and henceforth we put the superscripts ”cl” and ”Q” to distinguish between classical and quantum quantities denoted by the same symbol). We note that U^{cl} is given by a sum over all interactions among pair of particles; the two-body interactions are governed by the potential ϕ which we assume to be spherically symmetric (as it is in all reasonable physical situations), namely ϕ(x) = ϕ(|x|) ∀ x ∈ R^3. We set the dimension to be equal to 3 but the results we are going to discuss hold in any dimension. Sometimes we will refer to the system under consideration as ”mean-field system”.

We want to characterize the dynamics when the number of particles N is very big. In this sense we speak about ”macroscopic” or ”effective” dynamics and from a mathematical point of view that purpose is realized by taking the limit N → ∞.

As a second step, it is also important to describe the dynamics of the fluctuations of the N-particle evolution around the limiting one, but here we do not discuss in detail this topic which is analyzed, for example, in [4].

2.1. Setting of the problem: general features and known results. A mean-field system is described by an N-body Hamiltonian of the form

H^{cl,V}_N (X_N , V_N ) = N∑ k=1 ( v^2_k 2 + V^{cl}(x_k) ) + U^{cl}(X_N ), (2.1.1) where we used the notation V_N = (v_1, . . . , v_N ) ∈ R^{3N} to indicate the velocities of the N particles and, for the sake simplicity, the mass of the (identical) particles is chosen equal to one. The first part of the Hamiltonian is simply the sum of the one-body Hamiltonians associated with the motion of each particle (the function V^{cl} describes an external potential which acts in the same way on all N particles), while the remaining term involving U^{cl} describes the interaction among the particles. For the sake of simplicity we assume that the force experienced by each particle is only that arising from the many-body interaction, namely, the one-particle potential V^{cl} is assumed to be equal to zero. We can do that without loss of generality because the results we are going to discuss can be generalized easily to the case V^{cl} ≠ 0. Thus the Hamiltonian we consider is

H^{cl}_N (X_N , V_N ) = N∑ k=1 v^2_k 2 + U^{cl}(X_N ), (2.1.2)

and we note that H^{cl}_N is symmetric with respect to any permutation of the labeling.

The factor 1/N in the potential U^{cl} (see (2.1)) forces the energy per particle to remain finite in the limit N → ∞ and this is the crucial feature in order to obtain a well-defined but non-trivial limiting dynamics. Moreover we observe that U^{cl} is such that the interaction among the particles is quite weak when N is very big (the strength of the pair interaction is of the order 1/N) but it is long range (because the pair interaction potential ϕ is unscaled, thus its support remains of order one in the limit N → ∞). Therefore when N becomes large (for example, in the applications related to the gas dynamics we have N ≈ 10^{23}) the mutual interaction turns to be weaker and weaker but the total effect of such an interaction is not negligible (the force experienced by a fixed particle because of the presence of all the others is proportional to (N − 1)/N ≈ O(1)) . We will see that these two features are responsible for the validity of ”propagation of chaos” and of the nonlinearity of the macroscopic equation we find in the limit (see Sections 1.3 and 1.4).

The dynamics of an N-particle system associated with the Hamiltonian (2.1.2) is governed by the Newton equations

ẋ_i = v_i,

v̇_i = − 1 N N∑ k≠i

∇_{xi} ϕ(x_i − x_k), i = 1, . . . , N

(2.1.3)

Thus we know that given an initial configuration Z_N := (X_N , V_N ) ∈ R^{3N} × R^{3N} in the Nparticle phase-space, the time-evolved configuration Z_N (t) up to some t > 0 is obtained solving (2.1.3) with initial datum Z_N .

As we have already noticed, in many interesting physical situations the number N is very big thus it is not possible (and even not particularly relevant for the applications) to know which are the positions and the velocities of all particles at a certain time. In other words, it is quite difficult to determine a unique initial N-particle configuration for the time-evolution defined by (2.1.3) and, even if one was able to provide that, it would be impossible to solve such a huge number of equations, even by using numerical methods. Nevertheless, one can provide collective and more useful informations such as the probability to find N_1 particles (N_1 ≤ N) in a region Λ_1 ⊂ R^{3N} , the probability that N_2 particles (N_2 ≤ N) have velocities belonging to some Λ_2 ⊂ R^{3N} or the probability to find N_3 particles (N_3 ≤ N) with positions belonging to some Λ^x_3 ⊂ R^{3N} and velocities belonging to some Λ^v_3 ⊂ R^{3N} . In other words, one can give the N-particle probability distribution in the phase-space R^{3N} × R^{3N} . Therefore, denoting by F_{N,0}(Z_N )dZ_N such a distribution, we have that F_{N,0} is symmetric with respect to any permutation of the variables, F_{N,0} ≥ 0 and: ∫ dZ_N F_{N,0}(Z_N ) = 1. (2.1.4)

Moreover, by computing the marginals of F_{N,0}(Z_N ) with respect to the velocities V_N and to the positions X_N one obtains respectively the spatial and the velocity probability density.

The time-evolved probability density F_N (t) := F_N (Z_N ; t) is obtained by solving the Liouville equation

(∂_t + V_N · ∇_{XN} ) F_N (t) = ∇_{XN} U · ∇_{VN} F_N (t), (2.1.5)

with initial condition F_{N,0}, where U is the potential defined in (2.1). By denoting as Φ^t (X_N , V_N ) the Hamiltonian flow associated with equations (2.1.3), it is easy to verify that the solution of equation (2.1.5) is obtained by propagating the initial datum F_{N,0} through the characteristic curves of Φ^t (X_N , V_N ), namely

F_N (t) = F_{N,0} ( Φ^{−t} (X_N , V_N ) ) . (2.1.6)

Thus we are guaranteed that starting from an N-particle probability density at time t = 0, we have a probability density for each time t > 0 and the evolution preserves also the symmetry with respect to permutations of the variables (because the Hamiltonian H^{cl}_N is symmetric with respect to permutations).

In the classical framework observables of the N-particle system are represented by real functions defined on the phase-space R^{3N} × R^{3N} . Then, if we know that the configuration of the system at a certain time τ is Z_N (τ), the value of the observable associated with a certain function u_N at time τ, is given by u_N (Z_N (τ)). On the other side, if what we have is the N-particle probability distribution at a certain time τ_1, namely F_N (τ_1), we are able to give probabilistic predictions about the value of the observables at time τ_1. More precisely, the expectation of the observable associated with a certain function u_N at time τ_1, is given by

⟨u_N ⟩_{FN (τ1 )} := ∫ dZ_N u_N (Z_N )F_N (Z_N ; τ_1). (2.1.7)

By (2.1.3) it is clear that to guarantee existence and uniqueness of the flow Φ^t (X_N , V_N ) for each t we need to assume ϕ ∈ C^2_b (R^3)^1. Therefore the first rigorous results concerning the analysis of the limit N → ∞ for the N-particles mean-field system have been proven under suitable smoothness assumption on the pair interaction potential ϕ (see for example [4] and [10]). Nevertheless, several systems of physical interest are described by more singular potential. For example, a system of gravitating particles can be described by the potential (2.1) where ϕ is the Coulomb interaction among the particles and, in that case, the factor of 1/N in front of the potential energy can be justified by the smallness of the gravitational constant. Mean-field systems with singular interactions are clearly hard to face because one has to deal with a system of ODE (namely, (2.1.3)) with non regular fields. Quite recently some progress have been done in [22] where the mean-field limit is realized by only assuming ∇_xϕ ≈ 1/|x|^α, α < 1 for the pair interaction ϕ. On the other side, the assumptions on the initial datum are very strong and they are quite good for numerical purposes but not satisfying from a statistical physics point of view (for example, ”chaotic” initial data are not admissible, namely it is not possible to consider initially factorized N-particle distribution). The problem involving the Coulomb potential is still open.

Here we will not discuss the ”singular case” because for our purposes we need to deal with a smooth interaction potential and with a classical mean-field result involving ”chaotic” initial data (see Chapter 3 and 4), thus from now on we will focus on the mean-field limit in the ”smooth case”.

In [4] and [10] it is proved that the effective single particle dynamics of a mean-field system with smooth interaction potential (ϕ ∈ C^2_b (R^3) ) in the limit N → ∞ is governed by the Vlasov equation:

(∂_t + v · ∇_x) f(t) = (∇_xϕ ∗ f(t)) · ∇_vf(t), (2.1.8)

where f(t) = f(x, v; t) for each time t ≥ 0 is a one-particle probability density and here and in the rest of the chapter we denote by ∗ the convolution with respect to both position and velocity. By computing the marginals of f(x, v; t) with respect to the velocity v and the position x one finds respectively the spatial and the velocity probability density.

It is remarkable that the results proven in [4] describe both the continuum limit of the point particle dynamics associated with the mean-field interaction, as we specified previously, and the so called ”propagation of chaos” for the many-body mean-field system. Moreover, in [4] it has been proven that the fluctuations of a certain class of observables (called ”intensive observables”) converge to a gaussian stochastic process. We will not discuss this last feature, on the contrary we will show in detail the emergence of the Vlasov dynamics as the limit of the N-particle evolution and the proof of propagation of chaos.

1Here and henceforth we denote by C^k_b ( R^d ) the space of functions on R^d with continuous and uniformly bounded derivatives up to the order k

2.2. The Vlasov equation. Let us consider a one-particle density f_0 ∈ C^1(R^6) and let us look at the solution f(t) of the Vlasov equation (2.1.8) with initial datum f_0. Denoting by Φ^t_V (x, v) the flow associated with the system: { ẋ = v,

v̇ = −∇_xϕ ∗ f(t),

(2.2.1)

one can easily verify that f(t) is obtained by propagating f_0(x, v) through the characteristic curves of the flow Φ^t_V (x, v), namely

f(t) = f(x, v; t) = f_0 ( Φ^{−t}_V (x, v) ) . (2.2.2)

Therefore in proving existence and uniqueness of the solution of (2.1.8) one has to deal with a system of ODE with a self-consistent field (see (2.2.1)) and the smoothness of the potential ϕ is not sufficient to make a standard fixed point argument to be successful. One needs a more involved analysis and it has been done by R.L. Dobrushin in [5]. It is remarkable that the Vlasov equation (2.1.8) makes sense even for a generic probability measure ν because ∇ϕ ∗ ν is sufficiently smooth (thanks to the regularity of ϕ) then the proof presented in [5] ensures existence and uniqueness of the solution in this framework. In particular, if the initial datum is an absolutely continuous measure with respect to the Lebesgue measure in R^3 × R^3 with a smooth density f_0 (which is the case we discussed previously), the solution f(t) is a strong solution whose regularity depends on that of f_0 and ϕ ( f_0 ∈ C^1 (R^6) and ϕ ∈ C^2_b (R^3), at least). Furthermore, introducing the Wasserstein distance W, in [5] it has been proven the following stability result for solutions of the Vlasov equation:

W(ν^t_1, ν^t_2) ≤ e^{Ct}W(ν^0_1 , ν^0_2 ) (2.2.3)

where ν^0_1 and ν^0_2 are two probability measures and ν^t_1 and ν^t_2 are the weak solutions of the Vlasov equation with initial data given by ν^0_1 and ν^0_2 respectively. The metric induced by W on the space of probability measures on R^3 × R^3 is equivalent to the weak topology of probability measures, namely we have to look at measures tested versus functions in C^0_b (R^3 ×R^3) (the space of continuous and uniformly bounded functions). Thus by (2.2.3) it follows that ∫ u(x, v)ν^0_n(dxdv) → ∫ u(x, v)ν^0(dxdv) as n → ∞, ∀ u ∈ C^0_b (R^3 × R^3) (2.2.4)

implies ∫ u(x, v)ν^t_n(dxdv) → ∫ u(x, v)ν^t(dxdv) as n → ∞, ∀ u ∈ C^0_b (R^3 × R^3), (2.2.5)

where {ν^0_n}_{n≥0} is a sequence of probability measures converging to some ν^0 when the parameter n goes to infinity and ν^t_n and ν^t are the weak solutions of the Vlasov equation with initial data given by ν^0_n and ν^0 respectively. In the sequel we will denote the weak convergence of probability measures by the symbol^M→.

2.3. The Vlasov dynamics as the continuum limit of the N-particle Mean-Field dynamics. Let us introduce the empirical measure associated with an N-particle configuration Z^′_N

μ_N (z|Z^′_N ) = 1 N N∑ i=1 δ (z − z^′_i) , (2.3.1)

where z := (x, v) is the generic point in the one-particle phase-space R^3 × R^3 and Z^′_N = (z^′_1, . . . , z^′_N ) ∈ R^{3N} × R^{3N} . By definition μ_N is a measure on the one-particle phase-space but, as it is clear by (2.3.1), it depends on all the configuration Z^′_N . Then let us consider an initial N-particle configuration Z_N for equations (2.1.3) distributed according to a factorized (smooth) N-particle measure F_{N,0}dZ_N , namely

F_{N,0}(Z_N ) = N∏ i=1 f_0(z_i) = f^{⊗N}_0 , f_0 ∈ C^1(R^6). (2.3.2)

We denote by μ^0_N the empirical measure associated with Z_N and by considering the empirical measure μ_N (t) = μ_N (z|Z_N (t)) associated with the time-evolved configuration Z_N (t) (solution of equations (2.1.3) with initial datum Z_N ), it is easy to verify that μ_N (t) is the unique (weak) solution of the Vlasov equation (2.1.8) with initial datum μ^0_N . In fact, by integrating versus μ_N (t) versus a smooth test function u = u(x, v), we find:

(u, μ_N (t)) = ∫ dz μ_N (z|Z_N (t)) = 1 N N∑ i=1 u(z_i(t)) = 1 N N∑ i=1 u(x_i(t), v_i(t)). (2.3.3)

Then, we obtain d dt (u, μ_N (t)) = 1 N N∑ i=1 d dt u(x_i(t), v_i(t)) =

= 1 N N∑ i=1 [∇_xu(x_i(t), v_i(t))ẋ_i(t) + ∇_vu(x_i(t), v_i(t))v̇_i(t)] ,

(2.3.4) that, by virtue of (2.1.3), implies d dt (u, μ_N (t)) = 1 N N∑ i=1 ∇_xu(x_i(t), v_i(t))v_i(t) − 1 N N∑ i=1 ∇_vu(x_i(t), v_i(t)) ( 1 N N∑ k≠i

∇_{xi} ϕ(x_i − x_k) ) . (2.3.5) Following (2.3.3), the equation (2.3.5) becomes d dt (u, μ_N (t)) = (v · ∇_xu, μ_N (t)) − ((∇ϕ ∗ μ_N (t)) · ∇_vu, μ_N (t)) , (2.3.6) where

(∇ϕ ∗ μ_N (t)) (x) = ∫ dydw∇_xϕ(x − y) ( 1 N N∑ k=1 δ(y − x_k(t))δ(w − v_k(t)) ) =

= 1 N N∑ k=1 ∫ dy∇_xϕ(x − y)δ(y − x_k(t)) = 1 N N∑ k=1 ∇_xϕ(x − x_k(t)). (2.3.7)

Therefore, μ_N (t) verifies (2.3.6) for any function u sufficiently smooth and

(u, μ_N (t)) |_{t=0} = ( u, μ^0_N ) = 1 N N∑ i=1 u(x_i, v_i). (2.3.8)

In other words, μ_N (t) satisfies the following weak equation ∂_tμ_N (t) + v · ∇_xμ_N (t) = (∇_xϕ ∗ μ_N (t)) · ∇_vμ_N (t), (2.3.9) with initial datum μ^0_N , and we note that (2.3.9) is precisely the Vlasov equation (2.1.8).

By the Strong Law of Large Numbers (SLLN) we know that

μ^0_N^M→ f_0 as N → ∞, a.e with respect to the product measure f^{⊗∞}_0 , (2.3.10) therefore, by (2.3.10), by knowing that μ_N (t) solves the Vlasov (weak) equation (2.3.9) and by (2.2.3), it follows that

μ_N (t)^M→ f(t) as N → ∞, a.e with respect to the product measure f^{⊗∞}_0 , (2.3.11) where f(t) is the (strong) solution of the Vlasov equation (2.1.8) with initial datum f_0.

From now on, we will say that a configuration Z_N is ”typical” with respect to the measure f_0 if the empirical measure μ^0_N associated with Z_N verifies

μ^0_N^M→ f_0 as N → ∞. (2.3.12)

2.4. Hierarchies and Propagation of Chaos. In the previous paragraph we proved that the Vlasov equation arises from the continuum limit of a system of N particles interacting by the mean-field potential (2.1). This is precisely what convergence (2.3.11) tells us and it can be seen as a one-particle effect, namely (2.3.11) provides the equation governing the single-particle dynamics in the limit.

Now we want to show how (2.3.11) works in order to characterize the effective dynamics of a subsystem made by a fixed number j of particles. This is a natural approach in looking at the macroscopic behavior of many-body systems because we want to look at the limit N → ∞ and we need to deal with quantities depending on a number of variables which remains finite in the limit.

In this perspective, for any j = 1, . . . , N we introduce the ”j-particle marginal density” (or simply ”j-particle marginal” ) associated with an N-particle density F_N (X_N , V_N ) as

F^{(j)}_N (X_j, V_j) = ∫ R^{3(N−j)}×R^{3(N−j)}

dX_{N−j} dV_{N−j}F_N (X_N , V_N ), (2.4.1)

where we used the notation X_j = (x_1, . . . , x_j ), V_j = (v_1, . . . , v_j) ∈ R^{3j} and X_{N−j} = (x_{j+1}, . . . , x_N ), V_{N−j} = (v_{j+1}, . . . , v_N ) ∈ R^{3(N−j)}. Indeed, the marginal F^{(j)}_N is obtained by integrating F_N with respect to the ”last” N − j variables thus it is a j-particle probability density (we remind that all quantities under consideration are symmetric with respect to permutations of the variables then, without loss of generality, in order to refer to any subsystem made by N − j particles we can consider the last N − j). Clearly if j = N we have F^{(N)}_N = F_N .

For fixed j < N, the j-particle marginal does not contain the full information about the N-particle configuration described by F_N . Knowledge of the j-particle marginal F^{(j)}_N , however, is sufficient to compute the expected value of every j-particle observable in the configuration described by the probability distribution F_N dZ_N . In fact, if u_j denotes an arbitrary continuous and uniformly bounded function on R^{3j} , and if u_j ⊗ 1_{N−j} denotes the function on R^{3N} which is associated with the N-particle observable corresponding to u_j for the first j particles and to 1_{N−j} for the last (N − j) particles, we have

⟨u_j ⊗ 1_{N−j} ⟩_{FN} = ∫ dZ_N u_j(Z_j)F_N (Z_N ) = ∫ dZ_ju_j(Z_j)F^{(j)}_N (Z_j ) = ⟨u_j⟩_F (j)_N ,

(2.4.2)

where we denoted by ⟨u_j ⊗ 1_{N−j} ⟩_{FN} the expected value of the N-particle observable corresponding to u_j ⊗ 1_{N−j} with respect to the distribution F_N dZ_N and with ⟨u_j⟩_F (j)_N the expected value

of the j-particle observable corresponding to u_j with respect to F^{(j)}_N dZ_j. Thus, F^{(j)}_N is sufficient to compute the expectation of arbitrary observables which depend non-trivially on at most j particles (because of the permutation symmetry, it is not important on which particles it acts, just that it acts at most on j particles).

We are interested in characterizing the time-evolution of the marginals F^{(j)}_N (t) := F^{(j)}_N (Z_j; t) associated with the solution F_N (t) of the Liouville equation (2.1.5). By integrating the Liouville equation versus the variables Z_{N−j} = (X_{N−j}, V_{N−j}) we find the following family of equations (one for each j = 1, . . . , N) ( ∂_t + V_j · ∇_{Xj} ) F^{(j)}_N (t) = T^{cl}_{N,j}F^{(j)}_N (t) +

N − j N C^{cl}_{j,j+1}F^{(j+1)}_N (t), (2.4.3)

where T^{cl}_{N,j} is precisely the j-particle Liouville operator, namely T^{cl}_{N,j} = ∇_{Xj} U^{cl}(X_j ) · ∇_{Vj} , while the operator C^{cl}_{j,j+1} maps j + 1-particle densities in j-particle ones (if j = N we find C^{cl}_{N,N+1} ≡ 0). The family of equations (2.4.3) is known as BBGKY hierarchy (in honor of the authors who independently derived it: Born, Bogoliubov, Green, Kirkwood, Yvon) and it is called ”hierarchy” because we can see that the equation for the j-particle marginal is linked to the subsequent one by the term C^{cl}_{j,j+1}F^{(j+1)}_N (t). The physical meaning is clear: the variation in time of F^{(j+1)}_N (t) is due to the free motion of the j particles, which is encoded in the freetransport term V_j · ∇_{Xj} F^{(j)}_N (t), to the interaction among themselves, which is modeled by the term T^{cl}_{N,j} F^{(j)}_N (t), and to the interaction among the j-particle subsystem and the remaining N −j particles, which is encoded in the term^{N−j}_N C^{cl}_{j,j+1}F^{(j+1)}_N (t) (the factor 1/N is precisely the factor appearing in the potential U^{cl} (see (2.1)) while the interaction with the last N − j particles can be modeled by N − j times the interaction with the j + 1-th because of the symmetry with respect to permutations of the labeling (which follows from the fact that we are dealing with N identical particles).

Writing explicitly the action of the operators T^{cl}_{N,j} and C^{cl}_{j,j+1}, we find: ( T^{cl}_{N,j}F^{(j)}_N ) (X_j, V_j) = 1 N j∑ k≠l

∇_{xk} ϕ(x_k − x_l) · ∇_{vk} F^{(j)}_N (X_j, V_j), (2.4.4)

and ( C^{cl}_{j,j+1}F^{(j+1)}_N ) (X_j , V_j) = = j∑ k=1 ∫ R^3×R^3

dx_{j+1}dv_{j+1}∇_{xk} ϕ(x_k − x_{j+1}) · ∇_{vk} F^{(j+1)}_N (X_j, x_{j+1}, V_j, v_{j+1}). (2.4.5)

By these expressions we can argue that the operator T^{cl}_{N,j} gives a vanishing contribution in the limit because it is of size j^2/N, while the operator C^{cl}_{j,j+1} is of order one in the limit and the factor (N − j)/N appearing in (2.4.3) is also of order one. Therefore denoting by F^{(j)}(t) the expected limit of F^{(j)}_N (t) when N → ∞, the formal limit of the BBGKY hierarchy (2.4.3) is ( ∂_t + V_j · ∇_{Xj} ) F^{(j)}(t) = C^{cl}_{j,j+1}F^{(j+1)}(t), (2.4.6) which in the case j = 1 is equal to:

(∂_t + v_1 · ∇_{x1} ) F^{(1)}(t) = ∫ dx_2dv_2∇_{x1} ϕ(x_1 − x_2) · ∇_{v1} F^{(2)}(x_1, x_2, v_1, v_2; t). (2.4.7)

We observe that the Vlasov equation (2.1.8) can be rewritten as

(∂_t + v · ∇_x) f^t = ∫ dx_2dv_2∇_xϕ(x − x_2) · ∇_vf^t(x, v)f^t(x_2, v_2). (2.4.8)

Replacing (x, v) by (x_1, v_1), f^t by F^{(1)}(t) and the product f^t f^t by F^{(2)} we realize that (2.4.8) is precisely the same of (2.4.7). Thus the equation of the hierarchy (2.4.6) corresponding to j = 1 is properly the Vlasov equation, provided that the the two-particle distribution F^{(2)}(t) is factorized, and for this reason (2.4.6) (which is an infinite hierarchy because j can be equal to any positive number ) is usually called ”Vlasov hierarchy”. More precisely, by considering (2.4.6) and by assuming the marginals {F^{(j)}(t)}_{j≥1} to be factorized, namely F^{(j)}(t) = f(t)^{⊗j} ∀ j, (2.4.9) it is easy to verify that f(t) has to solve the Vlasov equation. Conversely, if we consider a time dependent one-particle density f(t) solving the Vlasov equation and we take the j-particle densities F^{(j)}(t) = f(t)^{⊗j}, for j = 1, 2 . . . , we find that the sequence {F^{(j)}(t)}_{j≥1} solves the hierarchy (2.4.6).

An interesting problem is that of the uniqueness of the solution of the Vlasov hierarchy which plays an important role in facing the mean field limit when a generic (namely, non factorized) initial datum is considered for the many-body dynamics (such a case is also studied in [4]). This topic has been discussed in [8], under strong smoothness assumptions on the interaction potential, and in [9] by assuming ϕ ∈ C^2_b (R^3). Here we will not enter into details because we are going to show that in the present context there is no need to prove the uniqueness of the solution of the Vlasov hierarchy in order to establish the validity of propagation of chaos. (In the next chapter we will see that the situation in the quantum case can be very different).

First of all let us explain what we mean by ”propagation of chaos”. As we have already specified, we consider as initial datum for the Liouville equation (2.1.5) the factorized N-particle probability density (2.3.2). This choice means that we are assuming that the particles are identically and independently distributed at time t = 0, or equivalently, the particles are initially uncorrelated. This is quite reasonable from the physical point of view and this is what is usually called ”hypotheses of molecular chaos”. Because of the interaction among the particles, the factorization (2.3.2) is not preserved by the time evolution because some correlations are introduced by the dynamics; in other words, the evolved N-particle density F_N (t) is not given by the product of one-particle densities, if t ≠ 0. However, due to the mean-field character of the interaction each particle interacts very weakly (we remind that the strength of the interaction is of the order 1/N) with all other (N − 1) particles. For this reason, we may expect that, in the limit of large N, the total interaction force experienced by a typical particle in the system can be effectively replaced by an averaged, mean-field, force, and therefore that factorization is approximately, and in an appropriate sense, preserved by the time evolution. In other words, we may expect that, in a sense to be made precise,

F_N (t) ≈ f(t)^{⊗N} as N → ∞ (2.4.10)

for an evolved one-particle density f(t) = f(x, v; t). This asymptotic factorization is precisely what is called ”propagation of chaos” Assuming (2.4.10), it is simple to derive a self-consistent equation for the time-evolution of the one-particle density f(t). In fact, (2.4.10) states that, for every fixed time t, the N particles are independently distributed in space according to the density ρ(x; t) = ∫ dvf(x, v; t). If this is true, the total force experienced, for example, by the first particle can be approximated by 1 N ∑ k≥2 ∇_{x1} ϕ(x_1 − x_k) ≈ 1 N ∑ k≥2 ∫ dy∇_{x1} ϕ(x_1 − y)ρ(y; t) = = N − 1 N ∫ dydw∇_{x1} ϕ(x_1 − y)f(y, w; t) =

N − 1 N (∇_{x1} ϕ ∗ f(t)) ≈ (∇_{x1} ϕ ∗ f(t)) ,

(2.4.11)

as N → ∞. It follows that, if (2.4.10) holds true, the one-particle density f(t) must satisfy the self-consistent equation

(∂_t + v · ∇_x) f(t) = (∇_xϕ ∗ f(t)) · ∇_vf(t) (2.4.12)

with initial data f(t)|_{t=0} = f_0 given by (2.3.2). Equation (2.4.12) is precisely the Vlasov equation and we have just presented an heuristic argument to explain how it is related to the propagation of chaos. We observe that the Vlasov equation is a nonlinear Liouville equation on R^3 × R^3. Therefore starting from the linear Liouville equation (2.1.5) on R^{3N} × R^{3N} , we obtain, for the evolution of factorized densities, a nonlinear Liouville equation on R^3 × R^3; the nonlinearity in the Vlasov equation is a consequence of the many-body effects in the linear dynamics.

The validity of propagation of chaos (namely, the precise statement concerning the asymptotic factorization (2.4.10)) is expressed in terms of convergence of the j-particle marginal densities associated with the solution of the Liouville equation (2.1.5) to the j-fold product of solutions of the Vlasov equation when N → ∞. We are going to show that it is a straightforward consequence of the convergence (2.3.11) (e.g. [4]).

Let us consider the j-particle marginal F^{(j)}_N (t) associated with the solution F_N (t) of the Liouville equation with factorized initial datum F_{N,0} given by (2.3.2).

We want to look at the behavior of F^{(j)}_N (t) when N → ∞. Denoting by E_N the expectation with respect to the initial N-particle distribution F_{N,0}(Z_N ), after straightforward computations, we obtain:

E_N [ μ_N (z^′_1|Z_N (t)) . . . μ_N ( z^′_j |Z_N (t) )] = N(N − 1) . . . (N − j + 1) N^j

F^{(j)}_N (Z^′_j; t) + + O ( 1 N ) , (2.4.13)

where F^{(j)}_N (Z^′_j; t) = F^{(j)}_N (Φ^{−t}(Z^′_j ) = F^{(j)}_N (Z^′_j(−t)) (see (2.1.6)). Consider now a typical sequence Z_N with respect to f_0, namely such that (2.3.12) holds. By the Strong Law of Large Numbers (2.3.10) we know that (2.3.12) holds a.e. with respect to the product measure f^{⊗∞}_0 . Then, by

(2.3.11) and (2.4.13) we have:

lim_{N→∞} E_N [ μ_N (z^′_1|Z_N (t)) . . . μ_N ( z^′_j |Z_N (t) )] = lim_{N→∞} F^{(j)}_N (Z^′_j; t) = j∏ k=1 f(z^′_k; t),

(2.4.14)

in the weak topology of probability measures, where f(z^′_k; t) = f(t) solves the Vlasov equation with initial datum f_0. Thus propagation of chaos holds. In the end, we found that starting from an initial uncorrelated state (2.3.2) for the N-particle system, for times t > 0 we loose the factorization, but it is recovered in the limit because the correlations created by the dynamics are smaller and smaller when N → ∞. On the other side, the effect of the many-body interaction is ”translated” into the self-consistent force appearing in the Vlasov equation.

The convergence (2.4.14) of F^{(j)}_N (t) to f(t)^{⊗j} implies that:

⟨u_j ⊗ 1_{N−j}⟩_{FN (t)} = ⟨u_j⟩_F (j)_{N (t)} → ⟨u_j⟩_{f(t)⊗j} as N → ∞,

(2.4.15)

for each u_j ∈ C^0_b (R^{3j} × R^{3j}). In other words, we are able to compute the ”macroscopic” expected value of j-particle observables.

A remarkable fact is that the validity of propagation of chaos has been proven without using the hierarchies and this is really a big advantage because to deal with the hierarchies (2.4.3), (2.4.6) seems to be quite difficult. A priori, one could think to prove the convergence (2.4.15) of the marginals F^{(j)}_N (t) to the products f(t)^{⊗j}, by using that the first ones solve the BBGKY hierarchy (2.4.3) and the second ones solve the Vlasov hierarchy (2.4.6). Thus, if one would be able to prove the convergence of solutions of the N-dependent hierarchy to the Vlasov one, by knowing that the limiting hierarchy has factorized solutions arising from the Vlasov equation (as we previously discussed), the final step for proving the propagation of chaos would be to show the uniqueness of the solution of the Vlasov hierarchy over the class in which one is able to prove convergence. As regard to the ”convergence problem” the difficulty is that the BBGKY hierarchy involves operators which are unbounded, at least in reasonable spaces, thus it does not seem possible to apply any compactness argument to ensure the convergence of the solution. On the other side, concerning the ”uniqueness problem” for the limiting hierarchy (2.4.6), the crucial point is the connection between the space in which one could show convergence and those in which it would be possible to prove uniqueness. Therefore, the problem of realizing the classical mean-field limit by dealing with the hierarchies is quite hard. On the other side, we have just seen that it can be faced more naturally by using two crucial tools: the Law of Large Numbers (2.3.10) and the continuity of solutions of the Vlasov equations with respect to the weak convergence of measures (2.2.3).

In the next chapter we will see that in the quantum case to deal with hierarchies is not so difficult and a possible approach to realize the limit (indeed the one that has been used more in the last years) is properly the one we have just described (convergence + uniqueness), particularly to deal with singular pair interaction potentials.

3. Quantum Mean-Field Limit

This chapter is devoted to the analysis of the macroscopic properties of the dynamics of a quantum system constituted by N identical particles interacting by a mean-field potential in the limit N → ∞. As in the previous chapter, we set the dimension of the system equal to 3 but the main results we are going to discuss hold in any dimension.

The mean-field interaction potential is represented by the (right hand side) multiplication operator

U^Q(X_N ) = 1 2N N∑ k≠l

ϕ(x_k − x_l), (3.1)

where, as in the previous chapter, we denote by X_N = (x_1, . . . , x_N ) ∈ R^{3N} the positions of the N particles and we assume ϕ to be spherically symmetric. We want to characterize the effective dynamics of such a system for large N.

The problem of investigating the error in the approximation of the many-body evolution with the limiting macroscopic dynamics, which we do not discuss here, has been studied in [20] and [21].

3.1. Setting of the problem: general features and known results. The state of an Nparticle quantum mechanical system in R^3 can be described by a complex valued wave function Ψ_N ∈ L^2 ( R^{3N} ) . Physically the absolute value squared of Ψ_N (x_1, . . . , x_N ) is interpreted as the probability density for finding particle one at x_1, particle two at x_2, and so on. Moreover the absolute value squared of the Fourier transform Ψ̂_N (v_1, . . . , v_N ) is interpreted as the probability density for having particle one with velocity v_1, particle two with velocity v_2, and so on (for the sake simplicity we always consider identical particles with mass m = 1 thus velocities are always equal to momenta). Because of this probabilistic interpretation, we will always consider wave functions Ψ_N with L^2-norm equal to one.

In nature there exist two different types of particles; bosons and fermions. Bosonic systems are described by wave functions which are symmetric with respect to permutations, in the sense that Ψ_N (x_{π(1)}, . . . , x_{π(N)}) = Ψ_N (x_1, . . . , x_N ), (3.1.1)

for every permutation π acting on 1, . . . , N. Fermionic systems, on the other hand, are described by antisymmetric wave functions satisfying

Ψ_N (x_{π(1)}, . . . , x_{π(N)}) = (−1)^{σ(π)}Ψ_N (x_1, . . . , x_N ), (3.1.2) for every permutation π acting on 1, . . . , N where σ(π) = 0 if π is even (in the sense that it can be written as the composition of an even number of transpositions) and σ(π) = 1 if it is odd. In the sequel we will denote by L^2_s ( R^{3N} ) the space of bosonic wave functions (namely the subspace of L^2 ( R^{3N} ) consisting of all functions satisfying (3.1.1)).

Equations (3.1.1) and (3.1.2) are responsible for substantial differences between an Nparticle bosonic system and a fermionic one. Actually these features determine a different way to look at the limit N → ∞ in the mean-field context, the use of different techniques leading to (a bit) different effective dynamics (see paragraph ”Joint limit N → ∞ and ε → 0” in Section 3.4). Furthermore, the different nature of bosons and fermions is crucial in the perspective of looking at the connection between mean-field limit and semiclassical approximation ( as we will observe in Section 3.4) and, at least from this point of view, bosonic systems seem to be more difficult to treat.

Anyway, here and henceforth we consider undistinguishable quantum particles by neglecting the statistics. In particular, in some cases the states we consider are indeed admissible for bosons.

We know that the observables of an N-particle system are represented by self adjoint operators A on L^2 ( R^{3N} ) , then the expectation

⟨A⟩_{ΨN} =< Ψ_N , AΨ_N >= ∫ Ψ̄_N (X_N ) (AΨ_N ) (X_N )dX_N (3.1.3)

gives the value of the observable represented by A in the state described by Ψ_N .

The Hamiltonian of an N-particle system interacting by (3.1), assuming the mass of the particles to be equal to one, is the standard quantization of (2.1.1), namely

H^{Q,V}_N = − N∑ k=1 ( ε^2Δ_k 2 + V^Q(x_k) ) + U^Q(X_N ), (3.1.4)

where we denoted by Δ_k the Laplace operator acting on the variable x_k, k = 1, 2, . . . , N and here and henceforth we denote the Planck constant by ε. The potentials V^Q and ϕ (appearing in (3.1) are such that the Hamiltonian H^{Q,V}_N is guaranteed to be a self-adjoint operator acting on the Hilbert space L^2 ( R^{3N} ) and it is invariant with respect to any permutation of the labeling (namely, the Hamiltonian is symmetric in the exchange of particle names). The first part of H^{Q,V}_N is a sum of one-body operators (operators acting on one particle only); the sum of the Laplacians is the kinetic part of the Hamiltonian. The function V^Q describes an external potential which acts in the same way on all N particles. The second part of the Hamiltonian describes the interaction among the particles.

As in the classical case, we can assume without loss of generality that the potential experienced by each particle is only that arising from the many-body interaction, namely, the one-particle potential V^Q is assumed to be equal to zero. Thus the Hamiltonian we consider is

H^Q_N = − N∑ k=1 ε^2Δ_k 2 + U^Q(X_N ). (3.1.5)

The Hamiltonian (3.1.5) is the observable associated with the energy of the N-particle system interacting by the mean-field potential (3.1), thus the expectation ⟨ H^Q_N ⟩ Ψ_N

=< Ψ_N , H^Q_N Ψ_N >= ∫ dX_NΨ̄_N (X_N ) ( H^Q_N Ψ_N ) (X_N ) (3.1.6)

gives the energy of the system in the state described by the wave function Ψ_N .

The considerations we did in the previous chapter as regard to the scaling of the potential hold also in the quantum context. Therefore we are guaranteed that the energy per particle is of order one for large N, as it is crucial in looking for a non-trivial and well-defined limiting dynamics, and we realize that the basic features of the model are that the mutual interaction among the particles is weak (again of size 1/N) and of long range type (unscaled support of ϕ). Again, as a consequence of such two effects we will have propagation of chaos and nonlinearity of the equation governing the limiting one-particle dynamics respectively (see Section 2.2).

The time evolution of a wave function Ψ_N ∈ L^2 ( R^{3N} ) associated with the N-particle system whose Hamiltonian is (3.1.5) is governed by the linear Schrödinger equation

iε∂_tΨ_{N,t} = H^Q_N Ψ_{N,t}, (3.1.7)

and, since H^Q_N is a self-adjoint operator, the time-evolution associated with the equation (3.1.7) preserves the L^2-norm of the wave function.

The solution to (3.1.7), with initial condition Ψ_{N,t}|_{t=0} = Ψ_{N,0} ∈ L^2 ( R^{3N} ) , can be written by means of the unitary group generated by H^Q_N as

Ψ_{N,t} = e^{−i tε HQN} Ψ_{N,0} for all t ∈ R. (3.1.8)

The global well-posedness of (3.1.7) is not an issue here. The study of (3.1.7) is focused, therefore, on other questions concerning the qualitative and quantitative behavior of the solution Ψ_{N,t}. Despite the linearity of the equation, these questions are usually quite hard to answer, because in physically interesting situation the number of particles N is very large; for example, in applications related to the study of boson stars we have N ≈ 10^{30}. For such huge values of N, it is of course impossible to compute the solution (3.1.7) explicitly; numerical methods are completely useless as well (unless the interaction among the particles is switched off).

Fortunately, also from the point of view of physics, it is not so important to know the precise solution to (3.1.7); it is much more important, for physicists performing experiments, to have information about the macroscopic properties of the system, which describe the typical behavior of the particles, and result from averaging over a large number of particles. Restricting the attention to macroscopic quantities simplifies the study of the solution Ψ_{N,t}, but it still does not make it accessible to mathematical analysis. To further simplify matters, we are going to let the number of particles N tend to infinity. The macroscopic properties of the system, computed in the limiting regime N → ∞, are then expected to be a good approximation for the macroscopic properties observed in experiments, where the number of particles N is very large, but finite (explicit bounds on the difference between the limiting behavior as N → ∞ and the behavior for large but finite N are obtained in [20] and [21]).

3.1.1. The density matrix formalism. To consider the limit of large N, we are going to make use of the Reduced (or Marginal) Density Matrices (RDM) associated with an N-particle wave function Ψ_N ∈ L^2 ( R^{3N} ) . First of all, we define the density matrix ρ̂_N = |Ψ_N >< Ψ_N | associated with Ψ_N as the orthogonal projection onto Ψ_N ; we use here and henceforth the notation |ψ >< ψ| to indicate the orthogonal projection onto ψ (Dirac bracket notation). Therefore ρ̂_N is a non-negative integral operator acting from L^2 ( R^{3N} ) to L^2 ( R^{3N} ) with kernel given by ρ_N (X_N ; Y_N ) = Ψ̄_N (X_N )Ψ_N (Y_N ), (3.1.9) where Y_N = (y_1, . . . , y_N ) ∈ R^{3N} . Note that, by virtue of the L^2- normalization of Ψ_N , we have

Trρ̂_N =

∫ dX_N ρ_N (X_N ; X_N ) = ∫ dX_NΨ̄_N (X_N )Ψ_N (X_N ) = ‖Ψ_N ‖^2_L2_{(R}3N_) = 1. (3.1.10)

Thus ρ̂_N ∈ L^1 ( L^2 ( R^{3N} )) , where L^1 ( L^2 ( R^{3N} )) is the Banach space (with respect to the norm ‖·‖_L 1_{(L}2_{(R}3N_{))} = Tr |·|) of the trace class operators acting on L^2 ( R^{3N} ) . Moreover, the positivity of ρ̂_N implies ‖ρ̂_N ‖_L 1_{(L}2_{(R}3N_{))} = Trρ̂_N = 1.

It turns out that the state of a quantum mechanical system can be equivalently represented in the wave function (Schrödinger) picture and in the density matrix (Heisenberg) formalism and the expectation ⟨A⟩_{ΨN} =< Ψ_N , AΨ_N > of an observable A in the state described by Ψ_N , expressed through the density matrix ρ̂_N , can be written as TrAρ̂_N . For example, the energy of the mean-field system in the state described by ρ̂_N is ⟨ H^Q_N ⟩ Ψ_N

=< Ψ_N , H^Q_N Ψ_N >= TrH^Q_Nρ̂_N ,

(3.1.11)

H^Q_N defined in (3.1.5).

The time evolution of a density matrix describing the state of the N-particle mean-field system is governed by the linear equation

iε∂_tρ̂_{N,t} = [ H^Q_N , ρ̂_{N,t} ] , (3.1.12)

where [ H^Q_N , ρ̂_{N,t} ] denotes the commutator between H^Q_N and ρ̂_{N,t}, namely [ H^Q_N , ρ̂_{N,t} ] = H^Q_N ρ̂_{N,t} −

ρ̂_{N,t}H^Q_N . Equation (3.1.12) is usually called Heisenberg equation and, by knowing that ρ̂_{N,t} = |Ψ_{N,t} >< Ψ_{N,t}|, it can be derived easily by the Schrödinger equation (3.1.7) solved by Ψ_{N,t}. The self-adjointness of the Hamiltonian H^Q_N , responsible for conservation of the L^2-norm of the wave function, implies that positivity and trace of the density matrix are also preserved in time.

We remind that we are looking at systems constituted by undistinguishable particles. Then we consider density matrices ρ̂_N such that their kernel ρ_N (x_1, ..., x_N ; y_1..., y_N ) is symmetric in the exchange of particle names, namely

ρ_N (x_{π(1)}, . . . , x_{π(N)}; y_{π(1)}, . . . , y_{π(N)}) = ρ_N (x_1, . . . , x_N ; y_1, . . . , y_N ), (3.1.13)

for every permutation π acting on 1, . . . , N. By the definition of the time-evolution (3.1.12) it is easy to verify that this property is preserved in time.

The solution to (3.1.12), with initial condition ρ̂_{N,t}|_{t=0} = ρ̂_{N,0}, can be written by means of the unitary group generated by H^Q_N as

ρ̂_{N,t} = e^{−i tε HQN} ρ̂_{N,0}e^{i tε HQN} for all t ∈ R. (3.1.14)

The main advantage in describing the state and the dynamics of an N-particle system by using the density matrix formalism is that it gives the possibility to investigate the properties of subsystems made by a fixed number of variables. The way to do that is to introduce the Reduced Density Matrices (RDM). For j = 1, . . . , N, we define the j-particle marginal density ρ̂^{(j)}_N associated with ρ̂_N as the partial trace of ρ̂_N over the degrees of freedom of the last (N − j) particles:

ρ̂^{(j)}_N = Tr_{j+1}ρ̂_N (3.1.15)

where Tr_{j+1} denotes the partial trace over the particles j + 1, j + 2, . . . , N. In other words, ρ̂^{(j)}_N is defined as the non-negative trace class operator on L^2 (R^{3j}) with kernel given by

ρ^{(j)}_N (X_j ; Y_j) = ∫ dX_{N−j} ρ_N (X_j , X_{N−j}; Y_j, X_{N−j}). (3.1.16)

The last equation can be considered as the definition of partial trace. As in the previous chapter, we used the notation X_j = (x_1, . . . , x_j), Y_j = (y_1, . . . , y_j) ∈ R^{3j} and X_{N−j} = (x_{j+1}, . . . , x_N ) ∈ R^{3(N−j)}. By definition, Trρ̂^{(j)}_N = 1 for all N and for all j = 1, . . . , N (clearly, if j = N we find ρ̂^{(N)}_N = ρ̂_N ) thus ρ̂^{(j)}_N ∈ L^1 (L^2 (R^{3j} )) for all N and for all j.

Remark 3.1. Note that, in the physics literature, one normally uses a different normalization for the reduced density matrices. If the statistics are taken into account, the reduced density matrices are defined as expectation of bosonic and fermionic fields in the framework of the ”second quantization formalism”.

For fixed j < N, the j-particle density matrix does not contain the full information about the state described by ρ̂_N . Knowledge of the j-particle marginal ρ̂^{(j)}_N , however, is sufficient to compute the expectation of every j-particle observable in the state described by the density matrix ρ̂_N . In fact, if A^{(j)} denotes an arbitrary bounded operator on L^2 (R^{3j} ), and if A^{(j)}⊗1^{(N−j)} denotes the operator on L^2(R^{3N} ) which acts as A^{(j)} on the first j particles, and as the identity on the last (N − j) particles, we have

Tr

( A^{(j)} ⊗ 1^{(N−j)} ) ρ̂_N = TrA^{(j)}ρ̂^{(j)}_N . (3.1.17)

Thus, ρ̂^{(j)}_N is sufficient to compute the expectation of arbitrary observables which depend nontrivially on at most j particles (because of the permutation symmetry, it is not important on which particles it acts, just that it acts at most on j particles).

Marginal densities play an important role in the analysis of the N → ∞ limit because, in contrast to the wave function Ψ_N and to the density matrix ρ̂_N , the j-particle marginal ρ̂^{(j)}_N can have, for every fixed j ∈ N, a well-defined limit as N → ∞ (because, if we fix j ∈ N, {ρ̂^{(j)}_N }_N defines a sequence of operators all acting on the same space L^2(R^{3j})). In other words, ρ̂^{(j)}_N is a function of a fixed number of variables (which remains finite in the limit N → ∞), while Ψ_N and ρ̂_N are functions of N variables thus in the limit we would have to deal with functions of an infinite number of variables and clearly it prevents the possibility to find a well-defined limit for them.

3.1.2. Mixed states. In the previous analysis we have always considered systems whose state is described by a density matrix ρ̂ ∈ L^1 ( L^2 ( R^{3d} )) which is the orthogonal projection onto a wave function Ψ ∈ L^2 ( R^{3d} ) with Trρ̂ = ‖Ψ‖_{L2}(_{R3d}) = 1 (we had d = N). Such kind of states are called ”pure” states. Indeed, we say that a system is in a pure state whenever we know that it is described by a uniquely determined wave function with probability equal to one. As a consequence, the density matrix describing a ”pure” state is a rank-one projection on L^2 ( R^{3d} ) , namely |Ψ >< Ψ|. Nevertheless, in some cases it is not possible to know precisely (namely, with probability equal to one) which is the wave function describing the state of a system but one only has probabilistic predictions about that. For example, one can have a certain number (possibly infinite) k of known wave functions Ψ^1, . . . , Ψ^k ∈ L^2 ( R^{3d} ) , with ‖Ψ^1‖_{L2}(_{R3d}) = · · · = ‖ Ψ^k ‖ L^2(R^{3d}) = 1, and a sequence of non-negative numbers λ1, . . . , λk such

that it is known that the state can be described by Ψ^1 with probability equal to λ_1, by Ψ^2 with probability equal to λ_2 and so on..., where λ_s ≤ 1 for s = 1, . . . , k and ∑ s λ_s = 1. These kind of states are called ”mixed” states (or equivalently, one can say that the state ”associated with” the sequence Ψ^1, . . . , Ψ^k is a ”mixture” of the pure states Ψ^1, . . . , Ψ^k). It turns out that one of the advantages of the density matrix formalism is that it encodes both the case of pure states and the case of mixtures. In fact, denoting by ρ̂_s the orthogonal projection onto Ψ^s, for s = 1, . . . , k, the density matrix ρ̂_{mix} associated with the system under consideration is given by

ρ̂_{mix} = k∑ s=1 λ_sρ̂_s = k∑ s=1 λ_s |Ψ^s >< Ψ^s| . (3.1.18)

Then, since ‖Ψ^s‖_{L2}(_{R3d}) = 1 for any s, we have

Trρ̂_{mix} = k∑ s=1 λ_sTrρ̂_s = k∑ s=1 λ_s ‖Ψ^s‖_{L2}(_{R3d}) = k∑ s=1 λ_s = 1, (3.1.19)

namely, ρ̂_{mix} ∈ L^1 ( L^2 ( R^{3d} )) and ‖ρ̂_{mix}‖_{L 1}(_{L2}(_{R3d})) = 1.

Clearly, a mixed state reduces to a pure state if λ_{s̄} = 1 for some s̄ and λ_s = 0 for s ≠ s̄.

By virtue of (3.1.19), it turns out that the analysis done previously by starting from a pure state can be generalized straightforward to the case of mixtures.

Furthermore, there are also states that are made by a ”continuum” mixture of pure states. Indeed, let us take the parameter s in (3.1.18) as a continuum variable varying in a certain set Λ ⊂ R^n, for some n (for example, in the initial state considered in Section 4.5 we have s = (x_0, v_0) ∈ Λ = R^6), and let us consider a function g = g(s) such that gds is a probability distribution on Λ. If we have a family of L^2-normalized wave functions {Ψ^s}_{s∈Λ} on R^d (for example, in Section 4.5 we considered the family of coherent states ”centered” in (x_0, v_0)), we can costruct a mixed state which is the ”continuum” mixture of the pure states {Ψ^s}_{s∈Λ} through the probability distribution gds. It turns out that the kernel ρ_{mix} of the density matrix ρ̂_{mix} describing the mixed state under consideration is

ρ_{mix}(X; Y ) = ∫ Λ ds g(s)ρ^s(X; Y ) = ∫ Λ ds g(s)Ψ^s(X)Ψ^s(Y ), (3.1.20)

where X ∈ R^d, Y ∈ R^d. Clearly, all considerations we did for ”discrete” mixtures hold also in that case.

3.1.3. The limit N → ∞. We will discuss several known results about the study of the limiting dynamics when N → ∞ for a mean-field system and we will see that what has been established, by using different techniques and various formalisms, is that the effective single-particle dynamics is governed by a cubic nonlinear Schrödinger equation

iε∂_tψ_t = − ε^2 2 Δψ_t + ( ϕ ∗ |ψ_t|^2 ) ψ_t (3.1.21)

which is known as Hartree equation. Clearly, in that case the symbol ”∗” denotes the convolution with respect to the spatial variable, namely ( ϕ ∗ |ψ_t|^2 ) (x) = ∫ dy ϕ(x − y)|ψ_t(y)|^2. (3.1.22)

The first rigorous results establishing a relation between the many body Schrödinger evolution and the nonlinear Hartree dynamics were obtained by K. Hepp in [2](for smooth interaction potentials) and then generalized by J. Ginibre and G. Velo to singular potentials in [6]. These works were inspired by techniques used in quantum field theory. We will not discuss this method because we want to focus on other techniques which are more related to the topic we are going to face in the next chapters (the connection between mean-field limit and semiclassical approximation).

The first proof of the emergence of the Hartree dynamics by using the RDM formalism (”RDM-convergence”) was obtained by H. Spohn in [7], for bounded potentials (see Theorem 3.1 in Section 2.3). The method introduced by Spohn was then extended to singular potentials: in [17], L. Erdős and H. T. Yau faced the RDM- convergence for a Coulomb potential ϕ(x) = 1/|x|; partial results for this kind of interaction were also obtained by C. Bardos, F. Golse and N. Mauser in [16] (note that recently a new proof in the case of a Coulomb interaction has been proposed by J. Fröhlich, A. Knowles, and S. Schwarz in [28]).

A different approach to the proof of the rigorous derivation of the Hartree equation from a mean-field bosonic system has been proposed by Fröhlich, Schwarz and Graffi in [26]. By using the Wigner formalism (see Chapter 3) they can consider the mean-field limit uniformly in the Planck constant ε (up to an exponential error depending on time); this allows them to combine the semiclassical limit and the mean field limit by assuming restrictive assumptions on the pair interaction potential (we will come back on this result in Chapter 3). It is also interesting to remark that the mean-field limit can be interpreted as a Egorov-type theorem; this was observed in [27] for sufficiently smooth potentials and in [28] for the Coulomb interaction.

3.2. Quantum BBGKY hierarchy and its formal limit as N → ∞. We have already remarked that, for any j = 1, . . . , N, the marginal densities ρ̂^{(j)}_{N,t} associated with the solution ρ̂_{N,t} of the equation (3.1.12), are crucial tools in studying the mean-field limit because they can have, for every fixed j, a well-defined limit as N → ∞. Thus, we are interested in their time-evolution as N → ∞.

By taking the partial trace over the degrees of freedom of the last N − j particles in the Heisenberg equation (3.1.12) we find the following family of equations (one for each j = 1, . . . , N)

iε∂_tρ̂^{(j)}_{N,t} = j∑ k=1 [ − ε^2 2 Δ_k, ρ̂^{(j)}_{N,t} ] + T^Q_{N,j}ρ̂^{(j)}_{N,t} +

N − j N C^Q_{j,j+1}ρ̂^{(j)}_{N,t}, (3.2.1)

where the operator T^Q_{N,j} acts on L^1 (L^2_s (R^{3j} )) while the operator C^Q_{j,j+1} maps j +1-particle densities in j-particle ones (if j = N we find C^Q_{N,N+1} ≡ 0). The family of equations (3.2.1) is called BBGKY hierarchy in analogy to the classical case and, again, it is called ”hierarchy” because we can see that the equation for the j-particle marginal density is linked to the subsequent one by the term C^Q_{j,j+1}ρ̂^{(j)}_{N,t}. The physical meaning is the same we discussed in the classical case: the variation in time of ρ̂^{(j)}_{N,t} is due to the free motion of the j particles, to their interaction among themselves and to the interaction among the j-particle subsystem and the remaining N − j particles. The first effect is modeled by the l.h.s and by the first term in the r.h.s of (3.2.1), the second one is encoded in T^Q_{N,j}ρ̂^{(j)}_{N,t}), while the interaction between the j-particle subsystem and the remaining N − j particles is modeled by^{N−j}_N C^Q_{j,j+1}ρ̂^{(j)}_{N,t}. The factor 1/N in front of C^Q_{j,j+1}ρ̂^{(j)}_{N,t} arises from the scaling of the potential U^Q (see (3.1) while the factor N − j is due to the symmetry with respect to permutations of the labeling (we remind that we are dealing with N identical particles): indeed, the interaction of the j particles under consideration with the last N − j can be modeled by N − j times the interaction with the j + 1-th particle.

Writing explicitly the action of the operators T^Q_{N,j} and C^Q_{j,j+1}, we find:

T^Q_{N,j}ρ̂^{(j)}_{N,t} = 1 2N j∑ k≠l [ ϕ(x_k − x_l), ρ̂^{(j)}_{N,t} ] , (3.2.2) and C^Q_{j,j+1}ρ̂^{(j)}_{N,t} = j∑ k=1

Tr_{j+1}

{[ ϕ(x_k − x_{j+1}), ρ̂^{(j+1)}_{N,t} ]} . (3.2.3)

By (3.2.2) we can argue that the operator T^Q_{N,j} gives a vanishing contribution in the limit because it is of size j^2/N, while the operator C^Q_{j,j+1} is of order one in the limit and the factor (N − j)/N appearing in (3.2.1) is also of order one. Therefore denoting by ρ̂^{(j)}_t the expected limit of ρ̂^{(j)}_{N,t} when N → ∞, the formal limit of the BBGKY hierarchy (3.2.1) is

iε∂_tρ̂^{(j)}_t = j∑ k=1 [ − ε^2 2 Δ_k, ρ̂^{(j)}_t ] + C^Q_{j,j+1}ρ̂^{(j+1)}_t , (3.2.4)

which in the case j = 1 is equal to:

iε∂_tρ̂^{(1)}_t = [ − ε^2 2 Δ_1, ρ̂^{(1)}_t ] + Tr_2 {[ ϕ(x_1 − x_2), ρ̂^{(2)}_t ]} . (3.2.5)

We observe that the Hartree equation (3.1.21) in the density matrix formalism (”Heisenberg form”) is

iε∂_tρ̂_t = [ − ε^2 2 Δ, ρ̂_t ] + Tr_2 {[ϕ(x − x_2), ρ̂_t ⊗ ρ̂_t]} . (3.2.6)

Replacing x by x_1, ρ̂_t by ρ̂^{(1)}_t and the product ρ̂_t ⊗ρ̂_t by ρ̂^{(2)}_t we realize that (3.2.6) is precisely the same of (3.2.5). Thus the equation of the hierarchy (3.2.4) corresponding to j = 1 is properly the Hartree equation, provided that the the two-particle density ρ̂^{(2)}_t is factorized, and for this reason (3.2.4) is usually called ”Hartree hierarchy”. More precisely, by considering (3.2.4) and by assuming the reduced density matrices ρ̂^{(j)}_t , j = 1, 2, . . . , to be factorized, namely ρ̂^{(j)}_t = ρ̂^{⊗j}_t ∀ j, (3.2.7) it is easy to verify that ρ̂_t has to solve the Hartree equation. Conversely, if we consider a time dependent one-particle density ρ̂_t solving the Hartree equation (3.2.6) and we take the j-particles densities ρ̂^{(j)}_t = ρ̂^{⊗j}_t , j = 1, 2 . . . , we find that the sequence {ρ̂^{(j)}_t }_{j≥1} solves the hierarchy (3.2.4).

An interesting problem is that of the uniqueness of the solution of the Hartree hierarchy. The situation in the quantum case is quite different from that of the classical one. In fact, as we will see in the next section, the Hartree hierarchy is much more controllable than the Vlasov one because the operators involved are bounded with respect to the norms appropriate to study the convergence of the sequence of reduced density matrices to the solution of the limiting hierarchy. Thus, it is possible to follow the approach we described briefly at the end of the previous chapter (convergence + uniqueness) in order to prove ”propagation of chaos” in the quantum context, namely, asymptotic factorization of the dynamics (in the sense specified in the forthcoming paragraph). Nonetheless, the proof of uniqueness of the solution of the quantum limiting hierarchy is very far to be a trivial stuff. Indeed, in the case of bounded interaction the problem is quite easy to face and, in particular, by following the strategy of [7] (originally introduced by O. Lanford for the derivation (for short times) of the Boltzmann equation from the hard-sphere dynamics (see [3])) it is possible to prove ”at the same time” convergence and uniqueness (see Theorem 3.1). On the contrary, in case of more singular interactions (as the Coulomb one), the proof of propagation of chaos consists really of two steps: proving the convergence of solutions of the BBGKY hierarchy to the Hartree hierarchy and showing the uniqueness of the solution of such a hierarchy (which implies factorization of the limiting jparticle density matrices because, as we have already remarked, the Hartree hierarchy admits factorized solutions as (3.2.7)). In the Coulomb case, the ”uniqueness’ problem is quite hard to deal with because of the singularity of the interaction (see [17]).

Anyway, we will come back later on the rigorous proof of propagation of chaos, analyzing in detail the case of bounded potentials. Moreover we will discuss briefly the Coulomb case, accenting which are the main new tools with respect to the bounded case, why there is need of them and in which way they make the proof harder requiring a more refined analysis of the limiting hierarchy.

Now let us clarify what we mean by ”propagation of chaos” in the quantum framework. Let us consider as initial datum for the Schrödinger equation (3.1.7) a factorized N-particle wave function Ψ_{N,0} = ψ^{⊗N}_0 , for some ψ_0 ∈ L^2 ( R^3 ) . (3.2.8) This assumption, rephrased in the density matrix formalism, leads to consider the following factorized N-particle density matrix

ρ̂_{N,0} = |Ψ_{N,0} >< Ψ_{N,0}| = ρ̂^{⊗N}_0 , with ρ̂_0 = |ψ_0 >< ψ_0|, (3.2.9)

as initial datum for the Heisenberg equation (3.1.12). As in the classical context, (3.2.8) (or equivalently (3.2.9)) is called ”hypotheses of molecular chaos” because we are assuming that the particles are initially uncorrelated. Furthermore, they are all in the same (one-particle) state at time t = 0 and clearly Ψ_{N,0} ∈ L^2_s ( R^{3N} ) . Thus, (3.2.8) is an admissible state for bosons (while for fermions it is prevented by the Pauli exclusion principle). The physical motivation for studying the evolution of factorized wave functions is that states close to the ground state of H^Q_N (the eigenvector associated with the lowest eigenvalue), which are the most accessible and thus the most interesting states, can be approximately described by wave functions like (3.2.8) (some of the results which we are going to discuss in the following sections do not require strict factorization as in (3.2.8); instead asymptotic factorization of the initial wave function in the sense of L^1-convergence of the RDM to the j-fold product of one-particle densities would be sufficient (see Theorem 3.1 and the discussion below)).

Because of the interaction among the particles, the factorization (3.2.8) (or equivalently (3.2.9)) is not preserved by the time evolution; in other words, the evolved N-particle wave function Ψ_{N,t} is not given by the product of one-particle wave functions, if t ≠ 0. All considerations done in the classical case concerning the mean-field (weak) character of the interaction hold, then we may expect that, in the limit of large N, the total interaction potential experienced by a typical particle in the system can be effectively replaced by an averaged, mean-field, potential, and therefore that factorization is approximately, and in an appropriate sense, preserved by the time evolution. In other words, we may expect that, in a sense to be made precise,

Ψ_{N,t} ≈ ψ^{⊗N}_t as N → ∞ (3.2.10) or ρ̂_{N,t} ≈ ρ̂^{⊗N}_t as N → ∞, with ρ̂_{N,t} = |Ψ_{N,t} >< Ψ_{N,t}|, ρ̂_t = |ψ_t >< ψ_t| (3.2.11)

for an evolved one-particle wave function ψ_t. This asymptotic factorization is precisely what is called ”propagation of chaos”. Assuming (3.2.10), it is simple to derive a self-consistent equation for the time-evolution of the wave function ψ_t. In fact, (3.2.10) states that, for every fixed time t, the N bosons are independently distributed in space according to the density |ψ_t(x)|^2. If this is true, the total potential experienced, for example, by the first particle can be approximated by 1 N ∑ k≥2 ϕ(x_1 − x_k) ≈ 1 N ∑ k≥2 ∫ dyϕ(x_1 − y)|ψ_t(y)|^2 =

N − 1 N ( ϕ ∗ |ψ_t|^2 ) ≈ ( ϕ ∗ |ψ_t|^2 ) , (3.2.12)

as N → ∞. It follows that, if (3.2.10) holds true, the one-particle wave function ψ_t must satisfy the self-consistent equation

iε∂_tψ_t = − ε^2 2 Δψ_t + ( ϕ ∗ |ψ_t|^2 ) ψ_t (3.2.13)

with initial datum ψ_0 given by (3.2.8). Equation (3.2.13) is precisely the Hartree equation and we have just presented an heuristic argument to explain how it is related to the propagation of chaos. We observe that the Hartree equation is a nonlinear Schrödinger equation on R^3 × R^3. Therefore starting from the linear Schrödinger equation (3.1.7) on R^{3N} × R^{3N} , we obtain, for the evolution of factorized densities, a nonlinear Schrödinger equation on R^3 × R^3; the nonlinearity in the Hartree equation is a consequence of the many-body effects in the linear dynamics.

The validity of propagation of chaos (namely, the precise statement concerning the asymptotic factorization (3.2.10) or (3.2.11)) is expressed in terms convergence in L^1 (L^2(R^{3j} )) of the j-particle marginal densities associated with the solution of the Heisenberg equation (3.1.12) to the j-fold product of solutions of the Hartree equation when N → ∞, namely ‖ ‖ ‖ρ̂^{(j)}_{N,t} − ρ̂^{⊗j}_t ‖ ‖ ‖_{L 1(L2(R3j ))} → 0, as N → ∞, (3.2.14)

ρ̂_t ∈ L^1 (L^2 (R^3)) solving the Hartree equation (in the ”Heisenberg form”) (3.2.6) with initial datum ρ̂_0 given by (3.2.11). Clearly, ρ̂_t = |ψ_t >< ψ_t|, ψ_t solving the Hartree equation (3.2.13) with initial datum ψ_0 given by (3.2.10).

We have already remarked that, for fixed j < N, the j-particle RDM ρ̂^{(j)}_{N,t} does not contain the full information about the N-particle system described by ρ̂_{N,t}. Nonetheless, ρ̂^{(j)}_{N,t} is sufficient to compute the expectation of arbitrary observables of the form A_j ⊗ 1_{N−j} which depend nontrivially on at most j particles (because of the permutation symmetry, it is not important on which particles it acts, just that it acts at most on j particles).

Therefore the convergence (3.2.14) implies that:

⟨A_j ⊗ 1_{N−j}⟩_{ΨN,t} = Tr (A_j ⊗ 1_{N−j}) ρ̂_{N,t} = TrA_jρ̂^{(j)}_{N,t} → TrA_jρ̂^{⊗j}_t = ⟨A_j ⟩_ψ⊗j_t as N → ∞,

(3.2.15)

for each bounded operator A_j acting on L^2 (R^{3j} ). In other words, (3.2.14) allows to know the ”macroscopic” expected value of j-particle observables for an N-particle system interacting by a men-field potential.

3.3. Mean-Field limit for bounded potentials. We consider, in this section, the dynamics generated by the mean field Hamiltonian (3.1.5) under the assumption that the interaction potential is a bounded operator. We will assume, in other words, that ϕ ∈ L^∞ (R^3) (recall that the operator norm of the multiplication operator ϕ(x_k − x_l) is given by the L^∞-norm of the function ϕ ).

In the sequel we will use the notation ϕ_{kl} := ϕ(x_k − x_l).

Theorem 3.1. [Spohn 1980] Let the pair interaction potential ϕ be in L^∞ (R^3) and the initial state of the system be described by a factorized N-particle wave function Ψ_{N,0} ∈ L^2_s ( R^{3N} ) , namely

Ψ_{N,0} = ψ^{⊗N}_0 , for some ψ_0 ∈ L^2 ( R^3 ) : ‖ψ_0‖_L2_{(R}3_) = 1. (3.3.1)

This implies that the initial N-particle density matrix ρ̂_{N,0} ∈ L^1 ( L^2 ( R^{3N} )) is given by

ρ̂_{N,0} = |Ψ_{N,0} >< Ψ_{N,0}| = ρ̂^{⊗N}_0 , ρ̂_0 = |ψ_0 >< ψ_0|. (3.3.2)

Then, for any fixed j, ‖ ‖ρ̂(j)_{N,t} − ρ̂⊗j_t ‖ ‖ L^1(L^2(R^{3j} ))

−→ 0, as N → ∞, (3.3.3) where ρ̂^{(j)}_{N,t} solves the BBGKY hierarchy (3.2.1) with initial datum ρ̂^{⊗j}_0 and ρ̂_t ∈ L^1 (L^2 (R^3)) is the solution of the Hartree equation (in the ”Heisenberg form”)

iε∂_tρ̂_t = [ − ε^2 2 Δ, ρ̂_t ] + Tr_2{[ϕ(x − x_2), ρ̂_t ⊗ ρ̂_t]}, (3.3.4)

with initial datum ρ̂_0. In terms of wave functions, we find that ρ̂_t = |ψ_t >< ψ_t|, ψ_t solving the Hartree equation (3.1.21) with initial datum ψ_0.

Proof Let ρ̂^{(N)} ∈ L^1 ( L^2 ( R^{3N} )) be a trace class operator with kernel ρ^{(N)} invariant under permutations of the labeling. For fixed j, let ρ̂^{(N)}_j ∈ L^1 (L^2 (R^{3j} )) be

ρ̂^{(N)}_j = Tr_{j+1}ρ̂^{(N)}. (3.3.5)

Then, by considering the time-evolution ρ̂^{(N)}(t) = e^{− i}ε^{HQN t}ρ̂^{(N)}e^iε^{HQN t}, H^Q_N defined in (3.1.5), it is also invariant under permutations of the labeling and the j-particle trace class operator ρ̂^{(N)}_j (t) = Tr_{j+1}ρ̂^{(N)}(t) satisfies the differential equation

iε∂_tρ̂^{(N)}_j (t) =

[_j ∑ k=1 ( − ε^2 2 Δ_k ) + 1 2N j∑ k≠l

ϕ_{kl}, ρ̂^{(N)}_j (t) ] +

+ ( N − j N )_j∑ k=1

Tr_{j+1}

{[ ϕ_{kj+1}, ρ̂^{(N)}_{j+1}(t) ]} . (3.3.6)

This is what we previously called BBGKY hierarchy (see (3.2.1)) as it can be seen by using the ”compact” notation

∂_tρ̂^{(N)}_j (t) = − i ε [_j ∑ k=1 ( − ε^2 2 Δ_k ) , ρ̂^{(N)}_j (t) ] − i ε T^Q_{N,j}ρ̂^{(N)}_j (t) − i ε ( N − j N ) C^Q_{j,j+1}ρ̂^{(N)}_{j+1}(t),

(3.3.7)

T^Q_{N,j} and C^Q_{j,j+1} as in (3.2.2) and (3.2.3) respectively.

Let S^{(N)}_j (t) is the flow associated with the equation:

∂_tρ̂^{(N)}_j (t) = − i ε [ H^Q_{N,j}, ρ̂^{(N)}_j (t) ] , (3.3.8)

with

H^Q_{N,j} := j∑ k=1 ( − ε^2 2 Δ_k ) + T^Q_{N,j} . (3.3.9)

Thus, S^{(N)}_j (t)ρ̂_j = e^{− iε HQN,j t}ρ̂_j e^{iε HQN,j t}, for any ρ̂_j ∈ L^1 (L^2 (R^{3j} )). By the Duhamel formula, the solution of (3.3.7) can be written as

ρ̂^{(N)}_j (t) = S^{(N)}_j (t)ρ̂^{(N)}_j + ( N − j N ) ( − i ε ) ∫_t 0 dt_1 S^{(N)}_j (t − t_1)C^Q_{j,j+1}ρ̂^{(N)}_{j+1}(t_1). (3.3.10)

Iterating the integral equation (3.3.10), we obtain the series

ρ̂^{(N)}_j (t) = S^{(N)}_j (t)ρ̂^{(N)}_j + + N−j∑ n=1 ∫ 0≤t_n≤···≤t_1≤t

dt_n . . . dt_1 S^{(N)}_j (t − t_1) ( N − j N ) ( − i ε ) C^Q_{j,j+1} . . .

. . . ( N − j − n + 1 N ) ( − i ε ) C^Q_{j+n−1,j+n} S^{(N)}_{j+n}(t_n)ρ̂^{(N)}_{j+n}. (3.3.11)

Let ‖·‖_j denote the trace norm in L^1 (L^2 (R^{3j} )). Since S^{(N)}_j (t) preserves the ‖·‖_j norm (because H^Q_{N,j} is a self-adjoint operator on L^2 (R^{3j})), by the expression (3.2.3) for C^Q_{j,j+1}, it is easy to verify that the n-th term of the series (3.3.11) is bounded by t^n n! j(j + 1) . . . (j + n − 1) ( 2 ‖ϕ‖_L∞ ε )_n ‖ ‖ ‖ρ̂^{(N)}_{j+n} ‖ ‖ ‖_{j+n} . (3.3.12)

If one assumes P1) ‖ ‖ ‖ρ̂^{(N)}_j ‖ ‖ ‖_j ≤ a^j for any j, (3.3.13)

then the series (3.3.11) converges in trace norm for |t| ≤ t_0 with t_0 <^ε_{4‖ϕ‖L∞ a} .

For any ρ̂_j ∈ L^1 (L^2 (R^{3j} )), let S_j (t)ρ̂_j = e^{− i}ε^{Hj t}ρ̂_j e^iε^{Hj t}, where H_j =

∑_j k=1 ( −^{ε2}_2 Δ_k ) is the j-particle free Hamiltonian. We note that ‖ ‖ ‖T^Q_{N,j}ρ̂^{(N)}_j ‖ ‖ ‖ ≤ j(j − 1) 2N ‖[ϕ, ρ̂^{(N)}_j ]‖_j ≤ j(j − 1) N ‖ϕ‖_L∞ ‖ ‖ ‖ρ̂^{(N)}_j ‖ ‖ ‖_j ,

(3.3.14)

then by Property P1) we find ‖ ‖ ‖T^Q_{N,j} ‖ ‖ ‖ ≤ j(j − 1) N ‖ϕ‖_L∞ a^j → 0 as N → ∞, (3.3.15)

where ‖·‖ is the operator norm on L^1 (L^2 (R^{3j} )).

We note that, for any ρ̂_j ∈ L^1 (L^2 (R^{3j} )), ‖ ‖S(N)_j (t)ρ̂_j − S_j(t)ρ̂_j ‖ ‖ j ≤ 1 ε ∫_t 0 dτ ‖ ‖S_j (t − τ)T Q_{N,j}ρ̂_j(τ) ‖ ‖ j ≤ ≤ 1 ε ∫_t 0 dτ ‖ ‖ ‖T^Q_{N,j}ρ̂j (τ) ‖ ‖ ‖_j , (3.3.16) where we use that S_j (t) preserves the trace norm. Then, from (3.3.15), it follows that

lim_{N→∞} ‖ ‖ ‖S^{(N)}_j (t) − Sj (t) ‖ ‖ ‖ = 0. (3.3.17)

If one assumes

P2) lim_{N→∞} ‖ ‖ρ̂^{(N)}_j − ρ̂j ‖ ‖_j = 0, (3.3.18)

for some ρ̂_j ∈ L^1 (L^2 (R^{3j} )), then by (3.3.11) and (3.3.17), it follows that ρ̂^{(N)}_j (t) converges as N → ∞ in trace norm to

ρ̂_j (t) = +∞∑ n=0 ∫ 0≤t_n≤···≤t_1≤t

dt_n . . . dt_1 S_j(t − t_1) ( − i ε ) C^Q_{j,j+1} . . .

. . . ( − i ε ) C^Q_{j+n−1,j+n} S_{j+n}(t_n)ρ̂_{j+n}, (3.3.19)

for |t| ≤ t_0. We note that the n-th term of the above series in bounded in trace norm by (3.3.12), then for short times |t| ≤ t_0 we are ensures that (3.3.19) converges in trace norm. Let ρ̂^{(N)} be a density matrix. Then ‖ ‖ρ̂^{(N)}_j (t) ‖ ‖_j = ‖ ‖ρ̂^{(N)}_j ‖ ‖_j by preservation of positivity and trace. Therefore, if for the initial state the bound P1) is satisfied, it remains valid for all times, and the argument just given can be iterated to prove convergence of ρ̂^{(N)}_j (t) to ρ̂_j (t) as N → ∞ for all times. Furthermore, ρ̂_j(t) is uniquely determined for all times because by iteration we prove that (3.3.19) converges in trace norm for all times.

One checks that for the particular initial state ρ̂_{N,0} in (3.3.2) the conditions P1) and P2) are satisfied with a = 1 and ρ̂_j = ρ̂^{⊗j}_0 . Therefore, we can claim that the solution ρ^{(j)}_{N,t} of the BBGKY hierarchy (3.3.7) with initial datum ρ̂^{⊗j}_0 converges in trace norm to the unique j-particle density matrix ρ̂_j (t) identified by the series (3.3.19) with ρ̂_{j+n} = ρ̂^{⊗j+n}_0 ∀ n. Differentiating (3.3.19) with respect to t, one obtains the limiting hierarchy of equations

iε∂_tρ̂_j (t) =

[_j ∑ k=1 ( − ε^2 2 Δ_k ) , ρ̂_j(t) ] + C^Q_{j,j+1} ρ̂_{j+1}(t), (3.3.20)

whose unique trace class solution is ρ̂_j (t) with initial datum ρ̂^{⊗j}_0 . Moreover, (3.3.20) preserves the factorization property for all t according to the Hartree equation (in the Heisenberg form) (3.3.4). This ensures the validity of propagation of chaos, namely ρ̂_j(t) = ρ̂^{⊗j}_t , ρ̂_t solving the nonlinear Heisenberg equation (3.3.4) with initial datum ρ̂_0 = |ψ_0 >< ψ_0|. Then, ρ̂_t = |ψ_t >< ψ_t|, ψ_t solving the Hartree equation (3.1.21) with initial datum ψ_0. □

Remark 3.2. :

By looking at the the proof above it is clear that in order to let Theorem 3.1 to hold there is no need of strict factorization of the initial datum as in (3.3.2). Instead asymptotic factorization in the sense of

lim_{N→∞} ‖ ‖ ‖ρ̂^{(j)}_{N,0} − ρ̂^{⊗j}_0 ‖ ‖ ‖_j = 0 (3.3.21)

would be sufficient. We remind that (3.3.21) is a reasonable ”physical” condition because states close to the ground state of H^Q_N , which are the most accessible and thus the most interesting states, can be approximately described by factorized wave functions, and then, by factorized density matrices.

Remark 3.3. :

In proving the convergence of the series (3.3.11) to (3.3.19) the crucial tools have been the boundedness of the operator T^Q_{N,j} : L^1 (L^2 (R^{3j} )) → L^1 (L^2 (R^{3j} )) (see (3.3.14)) and property P1) for the RDM. In particular, the bound (3.3.15) on the operator norm of T^Q_{N,j} provides the rate of convergence to the Hartree dynamics by means of (3.3.16). Then, by observing that the estimate obtained in (3.3.16) is not uniform with respect to ε and it fails when ε → 0, it follows that the error in approximating the N-particle dynamics with the limiting one is diverging when ε → 0 (for short times it is of the form^{Cj}_N e^{Ct/ε}).

In the next sections we will discuss some other results concerning the mean-field limit starting from factorized initial datum as in (3.3.1), both for bounded interactions and for the Coulomb potential and we will see that considerations done in Remark 3.3 still hold. This means that all results concerning the mean-field limit exhibit an error in approximating the N-particle dynamics by the limiting one which is not uniform with respect to ε and diverging when ε → 0. This is a quite surprising feature because it seems that, roughly speaking, the accuracy of the approximation depends on ”how much” the system can be considered quantum or not and, except for fermionic systems, there are no reasonable motivations for that. In fact, we will see in Chapter 3 that in the fermionic case it is quite natural to look at a joint limit: N → ∞ and ε → 0 as in [8] and [19]. On the contrary, in looking at systems of undistiguishable particles or even bosonic systems the fact that the mean-field limit and the semiclassical approximation seems to be so strictly connected is an open problem (except for specific scalings of the potential as in [24]). Furthermore, in the classical case (see Chapter 1) everything works, so it is quite natural to ask if, at least for quantum systems having a reasonable classical analogue, it is possible to realize the limit N → ∞ uniformly with respect to ε. This is the main motivation of our research and in the next section we will focus on that topic, discussing some known results and presenting what we did in this perspective.

3.3.1. An alternative approach. From the proof of Theorem 3.1 presented above, we notice that the expansion of the BBGKY hierarchy in (3.3.11) is much more involved than the corresponding expansion (3.3.19) of the infinite hierarchy (3.3.20). It turns out that it is possible to avoid the expansion of the BBGKY hierarchy making use of a simple compactness argument; this will be especially important when dealing with singular potentials. In the following we explain the main steps of this alternative proof to Theorem 3.1. Then, in the next section, we will illustrate how to extend it to potentials with a Coulomb singularity. The idea, which was first presented in [16], [17], [18], consists in characterizing the limit of the RDM ρ̂^{(j)}_{N,t} as the unique solution to the infinite hierarchy of equations (3.3.20); combined with the compactness, this information provides a proof of Theorem 3.1.

More precisely, the proof is divided into three main steps:

i) First of all, one shows the compactness of the sequence {ρ̂^{(j)}_{N,t}}^N_{j=1} with respect to an appropriate weak topology.

ii) Then, one proves that an arbitrary limit point {ρ̂^{(j)}_{∞,t}}_{j≥1} of the sequence {ρ̂^{(j)}_{N,t}}^N_{j=1} is a solution to the infinite hierarchy (3.3.20) (one proves, in other words, the convergence to the infinite hierarchy).

iii) Finally, one shows the uniqueness of the solution to the infinite hierarchy (3.3.20).

We have already observed that the factorized family {ρ̂^{⊗j}_t }_{j≥1} is a solution of the infinite hierarchy with factorized initial datum ρ̂^{⊗j}_0 . In particular, if ρ̂_0 = |ψ_0 >< ψ_0|, as in the present case, we find that ρ̂_t = |ψ_t >< ψ_t|, ψ_t solving the Hartree equation (3.1.21). Then, by proving that the solution of the infinite hierarchy is unique, we are guaranteed that it is factorized according to the solution of the Hartree equation.

Therefore, by ii), it follows immediately that ρ̂^{(j)}_{N,t} → ρ̂^{⊗j}_t = (|ψ_t >< ψ_t|)^{⊗j} as N → ∞ (at first only in the weak topology with respect to which we have compactness; since the limit is an orthogonal rank one projection, it is however simple to check that weak convergence implies strong convergence, in the sense (3.3.3)). Next, we discuss these three main steps (compactness, convergence, and uniqueness) in some more details in order to show that, even following this approach, the estimates that ensure the convergence are not uniform with respect to ε and they fail if ε → 0.

Compactness: By knowing that, for any j and N, ‖ ‖ ‖ρ̂^{(j)}_{N,t} ‖ ‖ ‖_{L 1} = 1 for fixed t, thanks to standard abstract and compactness results of functional analysis we prove that the sequence Γ_{N,t} = {ρ̂^{(j)}_{N,t}}^N_{j=1} is compact with respect to a suitable topology. More precisely, for an arbitrary fixed T > 0, we denote by C ([0, T ], L^1 (L^2(R^{3j} ))) the space of functions of t ∈ [0, T ] with values in L^1 (L^2(R^{3j} )) which are continuous in time with respect to a suitable metric η_j on L^1 (L^2(R^{3j} )) (it can be constructed explicitly in such a way that the topology generated by η_j is equivalent to the weak*-topology of L^1 (L^2(R^{3j}))). By η_j we can easily define a metric η̂_j on C ([0, T ], L^1 (L^2(R^{3j} ))) and we consider the topology τ_{prod} on ⨁ j≥1 C ([0, T ], L^1 (L^2(R^{3j} ))) given by the product of the topologies generated by the metrics η̂_j on C ([0, T ], L^1 (L^2(R^{3j} ))). The topology τ_{prod} is precisely the topology with respect to which we prove compactness of the sequence {Γ_{N,t}}_{N∈N} and this is equivalent to the following

Proposition 3.1. Fix an arbitrary time T > 0. For every sequence {M_m}_{m∈N} there exists a subsequence {N_m}_{m∈N} ⊂ {M_m}_{m∈N} and a limit point Γ_{∞,t} = {ρ̂^{(j)}_{∞,t}}_{j≥1} for Γ_{Nm,t} = {ρ̂^{(j)}_{N,t}}^{Nm}_{j=1} such that ρ̂^{(j)}_{∞,t} ≥ 0, Trρ̂^{(j)}_{∞,t} ≤ 1, ∀ j ≥ 1, (3.3.22) ρ̂^{(j)}_{∞,t} (for any j) is symmetric with respect to permutations of the labeling.

Let K_j ≡ K (L^2(R^{3j})) be the space of compact operators on L^2(R^{3j} ), equipped with the operator norm. The claim of Proposition 3.1 is equivalent to the affirm that, passing to a subsequence,

For every fixed j ≥ 1 and for every fixed compact operator J^{(j)} ∈ K_j,

Tr J^{(j)}

( ρ̂^{(j)}_{N,t} − ρ̂^{(j)}_{∞,t} ) → 0 as N → ∞ (3.3.23) uniformly in t for t ∈ [0, T ].

Convergence: The second main step consists in characterizing the limit points of the (compact) sequence Γ_{N,t} = {ρ̂^{(j)}_{N,t}}^N_{j=1} as solutions to the infinite hierarchy of equations (3.3.20) with initial datum ρ̂^{⊗j}_0 , ρ̂_0 = |ψ_0 >< ψ_0|.

Proposition 3.2. Suppose that ϕ ∈ L^∞(R^3) such that ϕ(x) → 0 as |x| → ∞. Assume moreover that Γ_{∞,t} = {ρ̂^{(j)}_{∞,t}}_{j≥1} ∈ ⨁ j≥1 C ([0, T ], L^1 (L^2(R^{3j} ))) is a limit point of the sequence Γ_{N,t} = {ρ̂^{(j)}_{N,t}}^N_{j=1} in the sense (3.3.23). Then

ρ̂^{(j)}_{∞,t} = S_j (t)ρ̂^{(j)}_{∞,0} + ( − i ε ) ∫_t 0 dt_1 S_j (t − t_1)C^Q_{j,j+1} ρ̂^{(j+1)}_{∞,t1} . (3.3.24)

for all j ≥ 1, with ρ̂^{(j)}_{∞,0} = ρ̂^{(j)}_{N,0} = ρ̂^{⊗j}_0 . Here S_j (t) is the flow associated with the j-particle free dynamics and C^Q_{j,j+1} is defined as in (3.2.3). Therefore equation (3.3.24) evaluated for all j ≥ 1 gives rise precisely to a solution of the Hartree hierarchy (3.3.20) with factorized initial datum.

Note that in Proposition 3.2 we assume the potential to vanish at infinity. This condition, which was not required in Theorem 3.1, is not essential but it simplifies the proof and it is also satisfied by the Coulomb interaction for which the derivation of the Hartree equation has been proven (e.g. [17]) by following the present strategy (together with crucial technical tools that are necessary to deal with the singularity of the potential ).

Proof Passing to a subsequence we can assume that Γ_{N,t} → Γ_{∞,t} as N → ∞, in the sense (3.3.23); this implies immediately that ρ̂^{(j)}_{∞,0} = ρ̂^{(j)}_{N,0} = ρ̂^{⊗j}_0 . To prove (3.3.24), on the other hand, it is enough to show that for every fixed j ≥ 1, and for every fixed J^{(j)} from a dense subset of K_j ,

TrJ^{(j)}ρ̂^{(j)}_{∞,t} = TrJ^{(j)}S_j (t)ρ̂^{(j)}_{∞,0} +

( − i ε ) ∫_t 0 dt_1 TrJ^{(j)}S_j(t − t_1)C^Q_{j,j+1} ρ̂^{(j+1)}_{∞,t1} . (3.3.25)

To demonstrate (3.3.25), we start from the BBGKY hierarchy (3.3.7) which leads to

TrJ^{(j)}ρ̂^{(j)}_{N,t} = TrJ^{(j)}S_j(t)ρ̂^{(j)}_{N,0} + − i ε ∫_t 0 dt_1 TrJ^{(j)}S_j (t − t_1)T^Q_{N,j}ρ̂^{(j)}_{N,t1} + ( − i ε ) (N − j) N ∫_t 0 dt_1 TrJ^{(j)}S_j(t − t_1)C^Q_{j,j+1} ρ̂^{(j+1)}_{N,t1} . (3.3.26)

Since, by assumption, the l.h.s. and the first term on the r.h.s. of the last equation converge, as N → ∞, to the l.h.s. and, respectively, to the first term on the r.h.s. of (3.3.25) (for every compact operator J^{(j)}), (3.3.24) follows if we can prove that − i ε ∫_t 0 dt_1 TrJ^{(j)}S_j(t − t_1)T^Q_{N,j}ρ̂^{(j)}_{N,t1} → 0 (3.3.27)

and that ( − i ε ) (N − j) N ∫_t 0 dt_1 TrJ^{(j)}S_j (t − t_1)C^Q_{j,j+1} ρ̂^{(j+1)}_{N,t1} → ( − i ε ) ∫_t 0 dt_1 TrJ^{(j)}S_j(t − t_1)C^Q_{j,j+1} ρ̂^{(j+1)}_{∞,t1}

(3.3.28)

as N → ∞. Eq. (3.3.27) follows because, by the expression (3.2.2) of T^Q_{N,j}, we have | | | | i ε

TrJ^{(j)}S_j (t − t_1)T^Q_{N,j}ρ̂^{(j)}_{N,t1}

| | | | ≤ 1 ε2N j∑ k≠l | | |TrJ^{(j)}Sj (t − t1) [ ϕ(x_k − x_l), ρ̂^{(j)}_{N,t1} ]| | ≤

≤ j^2 εN ‖ ‖J^{(j)} ‖ ‖ ‖ϕ‖ Tr | | |ρ̂^{(j)}_{N,t1} | | | = j^2 εN ‖ ‖J^{(j)} ‖ ‖ ‖ϕ‖ → 0 (3.3.29)

because the product ‖ J^{(j)} ‖ ‖ϕ‖ is finite and uniformly bounded with respect to N ( ‖ J^{(j)} ‖ and ‖ϕ‖ being the operator norms of J^{(j)} and of the multiplication operator ϕ). To prove (3.3.28) one can use a similar argument, combined with the observation that, by the expression (3.2.3) of C^Q_{j,j+1}, i ε

TrJ^{(j)}S_j (t − t_1)C^Q_{j,j+1}

( ρ̂^{(j+1)}_{N,t1} − ρ̂^{(j+1)}_{∞,t1} ) = = i ε ∑ 1≤k≤j

Tr

[( J^{(j)}S_j (t − t_1) ) , ϕ(x_k − x_{j+1}) ] ( ρ̂^{(j+1)}_{N,t1} − ρ̂^{(j+1)}_{∞,t1} ) → 0,

(3.3.30)

as N → ∞. This does not follow directly from the assumption that Γ_{N,t} → Γ_{∞,t} in the sense (3.3.23) because the operator [( J^{(j)}S_j (t − t_1) ) , ϕ(x_k − x_{j+1}) ] is not compact on L^2(R^{3(j+1})).

Instead it is necessary to apply an approximation argument which is made simpler by the assumption that ϕ(x) → 0 as |x| → ∞ (that is the reason for which we did it). The details of this approximation argument can be found, for example, in [23]. □

Uniqueness: to conclude the proof of Theorem 3.1, we still have to prove the uniqueness of the solution to the infinite (Hartree) hierarchy (3.3.24).

Proposition 3.3. Fix Γ_{∞,0} = {ρ̂^{(j)}_{∞,0}}_{j≥1} ∈ ⨁ j≥1 L^1 (L^2(R^3)). Then there exists at most one solution Γ_{∞,t} = {ρ̂^{(j)}_{∞,t}}_{j≥1} ∈ ⨁ j≥1 C ([0, T ], L^1 (L^2(R^3))) to the infinite (Hartree) hierarchy (3.3.24) such that ρ̂^{(j)}_{∞,t}|_{t=0} = ρ̂^{(j)}_{∞,0} and

Tr

| |ρ̂(j)_{∞,t} | | ≤ 1 for all j ≥ 1 and all t ∈ [0, T ].

Proof The proof is exactly the same we did in proving Theorem 3.1. Indeed, we write the solution of the Hartree hierarchy by iterating the Duhamel formula (3.3.24) and we observe that the series we obtain is uniformly bounded in trace norm by a geometric series converging for short times t < t_0 (see (3.3.19)). This proves uniqueness locally in time. Then, by noting that t_0 does not depend on the initial condition (except for the trace norm of ρ̂_{∞,0} which is clearly preserved in time) but only on the L^∞-norm of the interaction potential ϕ, we can iterate the same argument, obtaining uniqueness for all times. □

We realize that the estimate ensuring the convergence is (3.3.29) and, as in the proof of Theorem 3.1 presented in the previous paragraph, we note that it is due to the boundness of the operator T^Q_{N,j} : L^1 (L^2 (R^{3j} )) → L^1 (L^2 (R^{3j} )). Indeed, its norm is bounded by C/N, thus vanishing when N → ∞. Nevertheless, by looking at (3.3.29) we see that there is a factor 1/ε in front of T^Q_{N,j} , thus we obtain a bound of order 1/ε which is diverging if ε → 0. Therefore, even by using this approach, it is clear that considerations done previously as regard to the uniformity of the mean-field approximation with respect to ε, still hold.

We conclude this paragraph by observing that in estimating the operator norm of T^Q_{N,j} on

L^1 (L^2 (R^{3j} )) we have to deal with^1_ε Tr [ ϕ, ρ̂^{(j)}_{N,t} ] and we find a uniform bound with respect to N, but diverging in ε, by using that in any Hilbert space H:

Tr [A, B] ≤ 2 ‖A‖ Tr |B| , ∀ A ∈ L^∞ (H) , B ∈ L^1 (H) , (3.3.31)

where L^∞ (H) is the space of bounded operators on H (‖·‖ being the operator norm in L^∞ (H)) and L^1 (H) is the space of trace class operators on H equipped with the norm Tr |·|. Essentially the crucial question in looking for an estimate of the error in the mean-field approximation (for bounded or even smooth potentials) which is uniform (or at least ”better diverging”) with respect to ε is: can we improve (3.3.31) by taking into account further properties of the operators A and B we have to deal with, possibly considering suitable ”semiclassical” initial data?

3.3.2. Mean-field limit for the Coulomb potential. The result presented in [17] concerning the mean-field limit in the case of Coulomb interaction, ϕ = 1/|x|, is formulated as in Theorem 3.1, except for the fact that the initial one particle wave function ψ_0 is assumed to be in H_1(R^3) (the Sobolev space W^{1,2}(R^3) of functions il L^2(R^3) whose derivatives are also in L^2 (R^3)) and that the theorem holds for dimensions d ≥ 2. Even the general strategy of the proof is the same we outlined in the previous paragraph. First one proves the compactness of the sequence of marginal Γ_{N,t} = {ρ̂^{(j)}_{N,t}}^N_{j=1} with respect to an appropriate weak topology (the product topology τ_{prod} previously introduced), then one shows that an arbitrary limit point Γ_{∞,t} = {ρ̂^{(j)}_{∞,t}}_{j≥1} of the sequence Γ_{N,t} = {ρ̂^{(j)}_{N,t}}^N_{j=1} is a solution to the infinite hierarchy of equations

ρ̂^{(j)}_{∞,t} = S_j(t)ρ̂^j_0 + ( − i ε ) ∫_t 0 dt_1 S_j(t − t_1)C^Q_{j,j+1} ρ̂^{(j+1)}_{∞,t1} . (3.3.32)

where S_j is the free evolution defined in Section 2.3, and the collision map C^Q_{j,j+1} is now given by C^Q_{j,j+1}ρ̂^{(j)}_{N,t} = λ j∑ k=1

Tr_{j+1}

{[ 1 |x_k − x_{j+1}|

, ρ̂^{(j+1)}_{N,t} ]} , (3.3.33)

where λ is a coupling constant that can be positive (as in the most interesting physical case: the attractive Coulomb interaction) or not (repulsive case). Finally, one proves the uniqueness of the solution to (3.3.32). Although the proof of the compactness and of the convergence also require several changes with respect to what we discussed in the previous paragraph, the main difficulty one has to face when the bounded potential is replaced by the Coulomb interaction is the proof of the uniqueness of the solution to the infinite hierarchy. The key idea introduced by Erdős and Yau in [17] was to restrict the class of densities for which uniqueness must be proven. In Theorem 3.1, uniqueness is proven in the class of densities with Tr|ρ̂^{(j)}_t | ≤ 1 for all j ≥ 1, and all t ∈ [0, T ] (but the same argument works under the weaker assumption T r|ρ̂^{(j)}_t | ≤ C^j , for some constant C < +∞). In [17], in the case of a Coulomb potential the uniqueness of (3.3.32) has been proven in the (smaller) class of densities Γ_t = {ρ̂^{(j)}_t }_{j≥1} satisfying the a-priori bound

Tr

| |(1 − Δ1)^{1/2} . . . (1 − Δj )^{1/2} ρ̂^{(j)}_t (1 − Δj )^{1/2} . . . (1 − Δ1)^{1/2} | | ≤ C^j (3.3.34)

for all j ≥ 1 and for all t ∈ [0, T ].

There is, of course, a price to pay in order to restrict the proof of the uniqueness to this class of densities. In fact, to apply this uniqueness result to prove the convergence of the RDM to the j-fold product of solutions of the Hartree equation, one has to show that an arbitrary limit point Γ_{∞,t} = {ρ̂^{(j)}_{∞,t}}_{j≥1} of the sequence of densities Γ_{N,t} = {ρ̂^{(j)}_{N,t}}^N_{j=1} associated with ρ̂_{N,t} satisfies the a-priori bound (3.3.34). Due to the Coulomb singularity, this is actually not so simple and requires an additional approximation argument and suitable energy estimates.

Anyway, even if in the Coulomb case strong technical tools are needed in proving the meanfield result (much more with respect to the bounded interaction case), it is not difficult to realize that the estimates ensuring the convergence are not uniform with respect to ε and they fail if ε → 0. To see this, for concreteness in the case d = 3, we observe that the Coulomb potential is controlled in three dimensions by the Laplacian (by virtue of an operator inequality of Hardy type). This is the reason for considering the class of density matrices such that (3.3.34) holds. Roughly speaking, by (3.3.34) it follows that, considering the operator^1_{|xi−xk|}ρ̂^{(j)}_{N,t} (appearing both in the BBGKY and in the Hartree hierarchy) multiplied in a suitable way by some operators (C − Δ_k)^{1/2} (C > 1) and taking the trace, one obtains estimates which are uniform with respect to N. Such estimates are crucial in proving the uniqueness of the solution of the Hartree hierarchy and even the convergence of the BBGKY hierarchy to the limiting one. In particular, they provide the rate of convergence to the Hartree dynamics in terms of the number of particles N and indipendently of ε. Nevertheless, by looking at the explicit computations, we find a factor 1/ε in front of the interaction potential, thus we have again diverging estimates when ε → 0.

From now on, we will focus on the case of smooth pair interaction potential, primarily, because in this case both the quantum and the classical mean-field limit have been rigorously established, therefore it is quite reasonable to look at that situation in investigating the connection between mean-field limit and semiclassical approximation (which we are going to discuss in Chapter 3 and 4). On the other side, we will see that for our purposes we need to deal with a smooth potential (see Chapter 4).

4. Mean-field limit VS Semiclassical Approximation

In this chapter we discuss the problem of ”connecting” mean-field limit and semiclassical approximation which, as we saw previously, emerges quite naturally from the analysis of the quantum mean-field limit results. If one wants to deal with the classical and quantum case simultaneously, it is natural to work in the classical phase space by using the so called ”Wigner formalism”.

4.1. The Wigner formulation. By the Heisenberg uncertainty principle, it follows that it is not possible to determine simultaneously the position and the momentum of a quantum particle, thus the concept of classical phase space density does not generalize directly to quantum mechanics. Nevertheless one can define a substitute for it, namely the Wigner transform. For any wave function ψ ∈ L^2 ( R^d ) we define the Wigner transform of ψ as

f^ε_ψ (x, v) = (2π)^{−d} ∫ R^d

dy e^{iy·v}ψ ( x + εy 2 ) ψ ( x − εy 2 ) , (4.1.1)

and we still interpret it as ”quantum phase space density” (see [1] ). It is easy to check that f^ε_ψ is always real but in general is not positive (thus it cannot be the density of a positive measure

- in coincidence with the Heisenberg principle). However, its marginals reconstruct the position and momentum space densities, as the following formulas can be easily checked: ∫ f^ε_ψ(x, v)dv = |ψ(x)|^2, ∫ f^ε_ψ(x, v)dx = |ψ̂(v)|^2 (4.1.2)

ψ̂(v) being the Fourier transform of ψ, namely, by integrating versus the velocity variable we obtain the quantum spatial probability density and by integrating with respect to the position variable we find the velocity (or momentum) probability density. In particular ∫ f^ε_ψ(x, v)dvdx = 1 (4.1.3)

for normalized wave functions. More generally, if J(x, v) is a classical phase space observable, the scalar product ⟨ J, f^ε_ψ ⟩ = ∫ J(x, v)f^ε_ψ(x, v)dvdx (4.1.4)

can be interpreted as the expected value of J in state described by ψ. Recall that ”honest” quantum mechanical observables are self-adjoint operators O on L^2(R^d) and their expected value is given by

⟨O⟩_ψ = ∫ ψ̄(x) (Oψ) (x)dx (4.1.5)

For a large class of observables there is a natural relation between observables O and their phase space representations (called symbols) that are functions on the phase space like J(x, v). For example, if J depends only on x or only on v, then the corresponding operator is just the standard quantization, i.e. ∫

J(x)f^ε_ψ(x, v)dxdv = ⟨ψ, Jψ⟩ (4.1.6)

where J is a multiplication operator on the right hand side, ∫ J(v)f^ε_ψ(x, v)dxdv = ⟨ψ, J(−iε∇)ψ⟩ (4.1.7)

and similar relations hold for the Weyl quantization of any symbol J(x, v). We also remark that the map ψ → f^ε_ψ is invertible, i.e. one can fully reconstruct the wave function from its Wigner transform. On the other hand, not every real function of two variables (x, v) is the Wigner transform of some wave function.

The correspondence between wave functions and their Wigner transform can be easily rephrased for density matrices. Indeed, if ρ̂ = |ψ >< ψ| for some ψ ∈ L^2 ( R^d ) , then formula (4.1.1) can be rewritten as

f^ε_ρ (x, v) = (2π)^{−d} ∫ R^3

dy e^{iy·v}ρ ( x + εy 2 , x − εy 2 ) , (4.1.8)

where ρ(x, y) = ψ̄(x)ψ(y) is the integral kernel of ρ̂. Furthermore, formula (4.1.8) holds for any density matrix ρ̂ ∈ L^1 ( L^2 ( R^d )) , even for those which are associated with mixed states and

(4.1.3) holds because of positivity and trace norm normalization of the density matrix. Vice versa, starting from a quantum system whose state is described by a Wigner function f^ε (x, v), it is possible to compute the corresponding density matrix (actually, its integral kernel) by the Weyl quantization rule

ρ_f ε (x, y) = (2π)^{−d} ∫ R^d

dv e^{i vε ·(x−y)}f^ε ( x + y 2 , v ) . (4.1.9)

Therefore the Wigner transform and the Weyl quantization rule provide an invertible map ρ̂ ↔ f^ε_ρ between density matrices and Wigner functions and it is simple to check that

‖ρ‖_{L2}(_{Rd×Rd}) = ‖ ‖f^ε_ρ ‖ ‖_{L2} (R^d×R^d) . (4.1.10) This is particularly meaningful because for any density matrix ρ̂ we have

ρ̂ ≥ 0, ρ̂ ∈ L^1 ( L^2 ( R^d )) , with ‖ρ̂‖_{L 1}(_{L2}(_{Rd})) = 1 ⇒ ‖ρ̂‖_{L 2}(_{L2}(_{Rd})) ≤ 1, (4.1.11)

where L^2 ( L^2 ( R^d )) is the Hilbert space of Hilbert-Schmidt operators on L^2 ( R^d ) and for any operator Γ ∈ L^2 ( L^2 ( R^d )) with kernel γ = γ(x, y) we find

‖Γ‖_{L 2}(_{L2}(_{Rd})) = ‖γ‖_{L2}(_{Rd×Rd}) . (4.1.12)

Therefore by (4.1.11), (4.1.12) and by (4.1.10) it follows that

‖ρ‖_{L2}(_{Rd×Rd}) ≤ 1 ∀ density matrix ρ̂ ⇒ ‖f^ε‖_{L2}(_{Rd×Rd}) ≤ 1 ∀ Wigner function f

(4.1.13)

Remark 4.1. By (4.1.9) it follows that one can fully reconstruct a density matrix from its Wigner transform but, in general, by knowing the Wigner function associated with the state of a quantum system it is not possible to reconstruct such a state in the wave function picture. More precisely, if we know that the system is in a pure state and we know that it is described by a certain Wigner function f^ε, we can reconstruct the density matrix ρ̂ which will be given by ρ̂ = |ψ >< ψ| for some L^2-function ψ. On the contrary, if the system is in a mixed state, by knowing the Wigner function we can only reconstruct the density matrix but there is no way to know which are the wave functions ”composing” it.

Remark 4.2. The correspondence between density matrices and Wigner functions is quite useful but one has to be careful in using that. In fact, by considering a density matrix ρ̂ one can compute its Wigner transform f^ε_ρ and it will be for sure a real function on the classical phase space with the properties specified above. On the contrary, a real function on the classical phase space does not correspond necessarily to an admissible quantum state, namely, it is not necessarily the Wigner transform of a density matrix.

Let us consider a density matrix ρ̂^0 ∈ L^1 ( L^2 ( R^d )) representing the initial state of a system whose Hamiltonian H is

H = − ε^2 2 Δ_x + U(x) (4.1.14)

and the potential U is such that H is a self-adjoint operator on L^2 ( R^d ) . We know that the time evolution for the density matrix ρ̂^0 is determined by

iε∂_tρ̂^t = [H, ρ̂^t], (4.1.15)

and it is easy to check that it preserves the Hilbert-Schmidt norm of ρ̂^0, namely the L^2-norm of the kernel ρ^0. Thus, by looking at the initial Wigner function f^ε_{ρ0} (x, v) (x, v ∈ R^d) and at the time-evolved f^ε_t (x, v) = f^ε_ρt (x, v), the L^2-norm has to be also preserved in time (by (4.1.10). We can verify this property by looking at the equation solved by f^ε_t . By applying the Wigner transform defined in (4.1.1) to (4.1.15), we find the equation

(∂_t + v · ∇_x) f^ε_t = T^εf^ε_t , (4.1.16)

where

(T^εf^ε_t ) (x, v) = i

∫_{1/2}

−1/2 dλ ∫ dkÛ(k)e^{i k·x} (k · ∇_v) f^ε_t (x, v + ελk), (4.1.17)

and we denoted by Û the Fourier transforms of U, namely:

Û(k) = ∫ R^d

dx e^{−i k·x}U(x). (4.1.18)

By noting that both v·∇_x and T^ε are skewsymmetric operators and reminding that f^ε_t (x, v) ∈ R for any t, we find 1 2 d dt ‖f^ε_t ‖^2_{L2}(_{Rd×Rd}) = (f^ε_t , ∂_tf^ε_t ) = (f^ε_t , −v · ∇_xf^ε_t ) + (f^ε_t , T^εf^ε_t ) = 0,

(4.1.19)

namely the L^2-norm is conserved. It can be also proved that H_s-estimates hold for (4.1.16) (H_s(R^{3N} × R^{3N} ) being the Sobolev space W^{s,2}(R^{3N} × R^{3N} )) by assuming the potential ϕ to be sufficiently smooth (see for example [25]) in the sense that the H_s-norm of the time evolved Wigner function is controlled by the H_s-norm of the initial datum, up to a constant depending on time (but finite for any time interval) and of a suitable norm of the potential.

Equation (4.1.16) looks like a classical kinetic equation but the crucial facts are that f^ε_t is not a probability density in the phase space R^d×R^d and we have to deal with a pseudodifferential operator instead of a differential one as it is usual in kinetic theory. It is immediate to check that ∫ dx ∫ dv f^ε_t (x, v) = ∫ dxρ^ε_t (x) = 1 ∀ t > 0, (4.1.20)

with

ρ^ε_t (x) = ∫ dv f^ε_t (x, v), ρ^ε_t ≥ 0 ∀ t, ρ^ε_t (x)dx := spatial probability distribution, (4.1.21)

and (4.1.20) follows from conservation of ”mass” and from the fact that, because of the trace norm normalization of ρ̂^0, we have ∫ dx ∫ dv f^ε_{ρ0} (x, v) = Trρ̂^0 = 1.

4.2. The Mean-Field system in the Wigner formalism. The Wigner formalism introduced in the previous section is an alternative way of describing the state and the dynamics of a quantum system and it is precisely equivalent to the density matrix (or Heisenberg) description, and, for pure states, to the wave function (or Schrödinger) picture. As we have observed, the advantage in using the Wigner formalism in looking at semiclassical approximation of quantum systems is that Wigner functions ”live” on the classical phase space and for suitable ”semiclassical” quantum states the Wigner functions can have a well defined limit when ε → 0 (see for example [13]).

Thus, in the perspective of looking at the semiclassical limit, we rephrase the quantum mean-field model discussed in Chapter 2 by using the Wigner formulation.

By applying the Wigner transform (4.1.8) to the Heisenberg equation (3.1.12) we find

(∂_t + V_N · ∇_{XN} ) W^ε_N (t) = T^ε_N W^ε_N (t), (4.2.1) where W^ε_N (t) := W^ε_N (X_N , V_N ; t) is the Wigner function describing the state of the system (namely, the Wigner transform of the density matrix ρ̂_{N,t}), X_N = (x_1, . . . , x_N ) ∈ R^{3N} , V_N = (v_1, . . . , v_N ) ∈ R^{3N} , and the pair Z_N := (X_N , V_N ) denotes the generic point in the classical N-particle phase space. Moreover,

(T^ε_N W^ε_N ) (Z_N ) = i (2π)^{3N}

∫_{1/2}

−1/2 dλ ∫ dK_NÛ^Q(K_N )e^{iKN ·VN} (K_N · ∇_{VN} ) W^ε_N (X_N , V_N + λεK_N ),

(4.2.2) where K_N = (k_1, . . . , k_N ) ∈ R^{3N} , U^Q is the (mean-field) interaction potential (3.1), and Û^Q is the Fourier transform of U^Q, namely:

Û^Q(k) = ∫ R^{3N}

dX_N e^{−i KN ·XN} U^Q(X_N ). (4.2.3)

We note that (4.2.1) is the analogue of the classical Liouville equation (2.1.5) and, roughly speaking, by setting ”ε = 0” in (4.2.2) we obtain precisely the Liouville operator appearing in (2.1.5). From now on, we will refer to (4.2.1) as ”N-particle Wigner-Liouville equation”.

We remind that we are dealing with undistinguishable particles, then we consider Nparticle Wigner functions W_N which are invariant in the exchange of particle names, namely W_N (x_{π(1)}, . . . , x_{π(N)}, v_{π(1)}, . . . , v_{π(N)}) = W_N (x_1, . . . , x_N , v_1, . . . , v_N ), (4.2.4) for every permutation π acting on 1, . . . , N. It is easy to verify that this property is preserved by the evolution (4.2.1).

4.2.1. The Wigner BBGKY hierarchy. For any fixed j we introduce the j-particle ”marginals”:

W^ε_{N,j}(t) := W^ε_{N,j} (X_j, V_j; t) = ∫ R^{3(N−j)}×R^{3(N−j)}

dX_{N−j} dV_{N−j}W^ε_N (X_j, X_{N−j}, V_j, V_{N−j} ; t). (4.2.5)

It is easy to check that {W^ε_{N,j}(t)}^N_{j=1} are precisely the Wigner transforms of the RDM {ρ̂^{(j)}_{N,t}}^N_{j=1}. Furthermore, by integrating the Wigner-Liouville equation (4.2.1) with respect to the last N −j variables we find the following sequence of equations: ( ∂_t + V_j · ∇_{Xj} ) W^ε_{N,j}(t) = T^ε_{N,j}W^ε_{N,j} (t) + ( N − j N ) C^ε_{j,j+1}W^ε_{N,j+1}(t), j = 1, 2, . . . , N,

(4.2.6) with W^ε_{N,N} (t) = W^ε_N (t) and C^ε_{N,N+1} ≡ 0, which is precisely the BBGKY hierarchy (3.2.1) rephrased in the Wigner formalism and it can be seen as the quantum analogue of the classical BBGKY hierarchy (2.4.3).

The operator T^ε_j (for a fixed j), describing the interaction of the first j particles, is given by ( T^ε_{N,j} W^ε_{N,j} ) (X_j , V_j) = = i(2π)^{−3N} N j∑ l≠r

∫_{1/2}

−1/2 dλ ∫ R^3

dk ϕ̂(k)e^{ik·(xl−xr)}(k · ∇_{vl} )W^ε_{N,j} (X_j, V_{l−1}, v_l + λεk, V_{j−l}),

(4.2.7) while the collision operator C^ε_{j,j+1} is ( C^ε_{j,j+1}W^ε_{N,j+1} ) (X_j, V_j) =

= i(2π)^{−3N} j∑ l=1 ∫_{1/2}

−1/2 dλ ∫ R^3

dk ϕ̂(k) ∫ R^3×R^3

dx_{j+1}dv_{j+1} e^{ik·(xl−xj+1)}

(k · ∇_{vl} )W^ε_{N,j+1}(X_j , x_{j+1}, V_{l−1}, v_l + λεk, V_{j−l}, v_{j+1}), (4.2.8)

and in (4.2.7) and (4.2.8) we denoted by ϕ̂ the Fourier transform of the pair interaction potential ϕ, namely: ϕ̂(k) = ∫ R^3

dx e^{−i k·x}ϕ(x). (4.2.9)

By using (iteratively) the Duhamel formula, the solution W^ε_{N,j}(t) of the equations (4.2.6) with initial datum W^ε_{N,j}(0) can be written as

W^ε_{N,j} (t) = Φ^{(N)}_j (t)W^ε_{N,j}(0) + + N−j∑ n=1 ∫ 0≤t_n≤···≤t_1≤t

dt_n . . . dt_1 Φ^{(N)}_j (t − t_1) ( N − j N ) C^ε_{j,j+1} . . .

. . . ( N − j − n + 1 N ) C^ε_{j+n−1,j+n} Φ^{(N)}_{j+n}(t_n)W^ε_{N,j+n}(0). (4.2.10)

where Φ^{(N)}_j is the flow associated with the j-particle operator −V_j · ∇_{Xj} + T^ε_{N,j} .

4.3. The Hartree dynamics in the Wigner formalism. This section is devoted to the description of the Hartree dynamics discussed in Chapter 2 in terms of the Wigner formalism.

By applying the Wigner transform (4.1.8) to the Hartree equation (in the Heisenberg form) (3.2.6) we find (∂_t + v · ∇_x) f^ε(t) = T^ε_f ε f^ε(t), (4.3.1) where f^ε(t) := f^ε(x, v; t) is the Wigner function describing the state of the system (namely, the Wigner transform of the density matrix ρ̂_t solving the Hartree equation (3.2.6)).

For any fixed g, the operator T^ε_g acts as follows:

T^ε_g f^ε(x, v) = (2π)^{−3}i

∫_{1/2}

−1/2 dλ ∫ R^3

dkϕ̂(k)ρ̂_g(k)e^{i k·x}(k · ∇_v)f^ε(x, v + ελk), (4.3.2)

where ρ_g(x) = ∫ R^3

dv g(x, v), (4.3.3)

and ρ̂_g is the Fourier transform of ρ_g, namely:

ρ̂_g(k) = ∫ R^3

dx e^{−i k·x}ρ_g(x). (4.3.4)

We observe that equation (4.3.1) is nonlinear (as we can see by (4.3.2) replacing g with f^ε ) because it arises from a nonlinear Heisenberg equation. Thus in the following we will refer to (4.3.1) as ”(Hartree) nonlinear Wigner-Liouville equation”. Furthermore, we note that (4.3.1) is the analogue of the classical Vlasov equation (2.1.8) and, roughly speaking, by setting ”ε = 0” in (4.3.2) we obtain precisely the Vlasov operator appearing in (2.1.8).

By the analysis we did in the previous section, we know that the linear equation (4.1.16) preserves the L^2-norm (see (4.1.19)). The same holds for the nonlinear equation (4.3.1) and, by assuming the potential to be sufficiently smooth, it can be proved that the H_s-norm is controlled for any s > 0. Indeed we have the following

Proposition 4.1. Let f^ε(t) be the solution of the nonlinear Wigner-Liouville equation (4.3.1) whit initial datum f^ε_0 ∈ H_s (R^3 × R^3) with s ∈ N. Assuming the potential ϕ to satisfy ∫ dk ϕ̂(k)|k|^n < +∞ ∀ n = 1, 2, . . . , s (4.3.5)

we find that

‖f^ε(t)‖_{Hs(R}3_{×R}3_) ≤ e^{Ct} ‖f^ε_0 ‖_{Hs(R}3_{×R}3_) , (4.3.6)

where C is a positive constant depending on s and on ϕ but not on ε. For s = 0 we have C = 0 and (3.3) becomes an equality (conservation of the L^2-norm).

Proof For any multi index α = {α_1, α_2, α_3}, we use the standard notation

D^α_x =

∂^{|α|} ∂^{α1} x_1∂^{α2} x_2∂^{α3} x_3

, (4.3.7)

where |α| = α_1 + α_2 + α_3. Analogously we set

D^α_v =

∂^{|α|} ∂^{α1} v_1∂^{α2} v_2∂^{α3} v_3

. (4.3.8)

It is well known that H_s (R^3 × R^3) equipped with the scalar product

(f, g)_s = ∑ α,β∈N:

|α|+|β|≤s ( D^α_v D^β_x f, D^α_v D^β_x g ) L^2(R^3×R^3) (4.3.9)

is an Hilbert space and the corresponding norm is ‖g‖_s := ‖g‖_{Hs(R}3_{×R}3_) = √ (g, g)_s. In order to estimate ‖f^ε(t)‖_s, we compute the time derivative ∂_tD^α_v D^β_x f^ε(t) with |α| + |β| ≤ s. By (4.3.1) we find:

∂_tD^α_v D^β_x f^ε(t) = D^α_v D^β_x ( −v · ∇_x + T^ε_f ε ) f^ε(t) = ( −v · ∇_x + T^ε_f ε ) D^α_v D^β_x f^ε(t) + + ∑ α^′<α: |α^′|=1

C_{α,α}′ D^{α′}_v v · ∇_xD^{α−α′}_v D^β_x f^ε(t) +

+ ∑ β^′<β: |β^′|≥1

i C_{β,β}′ (2π)^3

∫_{1/2}

−1/2 dλ ∫ dk ϕ̂(k)ρ̂^ε(k; t)D^{β′}_x e^{i k·x} (k · ∇_v) D^α_v D^{β−β′}_x f^ε(x, v + ελk; t)

(4.3.10) where C_{α,α}′ , C_{β,β}′ are suitable combinatorial coefficients, α^′ < α, β^′ < β mean α^′_j < α_j , β^′_j < β_j (for j = 1, 2, 3) respectively and finally α − α^′ = {α_j − α^′_j}^3_{j=1}, β − β^′ = {β_j − β^′_j }^3_{j=1}.

We observe now that, by virtue of the antisymmetry of the operators v · ∇_x and T^ε_g (for any function g), we have (h, v · ∇_xh)_L2_{(R}3_{×R}3_) = ( h, T^ε_g h ) L^2(R^3×R^3) = 0, (4.3.11)

for any g and for each h smooth enough. Moreover, reminding that f^ε(t) ∈ R for all t, if s > 0, for any α, β : 0 < |α| + |β| ≤ s, we find: 1 2 d dt ( D^α_v D^β_x f^ε(t), D^α_v D^β_x f^ε(t) ) L^2(R^3×R^3) = ( D^α_v D^β_x f^ε(t), ∂_tD^α_v D^β_x f^ε(t) ) L^2(R^3×R^3) ,

(4.3.12) which for s = 0 (namely |α| = |β| = 0) becomes: 1 2 d dt (f^ε(t), f^ε(t))_L2_{(R}3_{×R}3_) = (f^ε(t), ∂_tf^ε(t))_L2_{(R}3_{×R}3_) . (4.3.13)

Inserting (4.3.10) in the right hand side of (4.3.13), by virtue of (4.3.11) we find: 1 2 d dt (f^ε(t), f^ε(t))_L2_{(R}3_{×R}3_) = d dt ‖f^ε(t)‖_L2_{(R}3_{×R}3_) = 0, (4.3.14)

namely, the L^2-norm is conserved.

On the contrary, for s > 0, we insert (4.3.10) in the right hand side of (4.3.12). We find the term involving D^α_v D^β_x f^ε(t) does not give any contribution by virtue of (4.3.11). Thus, by using the shorthand notation (·, ·)_L2_{(R}3_{×R}3_) = (·, ·)_L2 , we obtain 1 2 d dt ( D^α_v D^β_x f^ε(t), D^α_v D^β_x f^ε(t) ) L^2 = ∑ α^′<α: |α^′|=1

C_{α,α}′ ( D^α_v D^β_x f^ε(t), D^{α′}_v v · ∇_xD^{α−α′}_v D^β_x f^ε(t) ) L^2 +

+ ∑ β^′<β: |β^′|≥1

i C_{β,β}′ (2π)^3

∫_{1/2}

−1/2 dλ ∫ dk ϕ̂(k)ρ̂^ε(k; t) ( D^α_v D^β_x f^ε(t), D^{β′}_x e^{i k·x} (k · ∇_v) D^α_v D^{β−β′}_x f^ε(x, v + ελk; t) ) L^2 .

(4.3.15) We note that the first term on the right hand side of (4.3.15) is absent when |α| = 0. On the contrary, if |α| ≥ 1, by using the Schwartz inequality we obtain: ( D^α_v D^β_x f^ε(t), D^{α′}_v v · ∇_xD^{α−α′}_v D^β_x f^ε(t) ) L^2

≤ C ‖f^ε(t)‖^2_s (4.3.16)

because |α| − |α^′| + |β| + 1 = |α| + |β| ≤ s. Analogously, we find that the second term in the right hand side of (4.3.15) is estimated by ∫ dk ϕ̂(k)ρ̂^ε(k; t)|k|^{β′+1} ‖ ‖D^α_v D^β_x f^ε(t) ‖ ‖_{L2} ‖ ‖∇vD^α_v D^{β−β′}_x f^ε(t) ‖ ‖_{L2} ≤ ≤ ∫ dk ϕ̂(k)ρ̂^ε(k; t)|k|^{β′+1} ‖f^ε(t)‖^2_s , (4.3.17)

where we used that |α| + 1 + |β| − |β^′| ≤ s. Now we remind that ρ^ε(x; t) is the spatial density associated with the Wigner function f^ε(t), namely ρ^ε(x; t) ≥ 0 for all x and t,

ρ^ε(x; t) = ∫ dvf^ε(x, v; t), (4.3.18)

then the L^1-norm of ρ^ε(t)|_{t=0} is preserved by the evolution and it is equal to one. Thus, the Fourier transform ρ̂^ε(t) is in L^∞(R^3 × R^3) for all t and we find: ∫ dk ϕ̂(k)ρ̂^ε(k; t)|k|^{β′+1} ≤ ‖ρ̂^ε(t)‖_L∞_{(R}3_{×R}3_) ∫ dk ϕ̂(k)|k|^{β′+1} < +∞, (4.3.19)

by virtue of the assumption (4.3.5) on the pair interaction potential ϕ (we remind that 1 ≤ |β^′| < |β| ≤ s). Finally, by (4.3.15), (4.3.16), (4.3.17) and (4.3.19) , it follows that: 1 2 d dt ∑ α,β:

|α|+|β|≤s ( D^α_v D^β_x f^ε(t), D^α_v D^β_x f^ε(t) ) L^2 = 1 2 d dt ‖f^ε(t)‖^2_s ≤ C ‖f^ε(t)‖^2_s , ∀ t(4.3.20)

C depending on ϕ and s but not on ε. We conclude straightforward by observing that inequality (4.3.20) is equivalent to (4.3.6). □

4.3.1. The Wigner infinite hierarchy. Let us consider the sequence {f^ε_j (t)}_{j≥1}, where f^ε_j (t) = f^ε_j (X_j , V_j; t) is given by:

f^ε_j (X_j, V_j; t) = j∏ k=1 f^ε(x_k, v_k; t) = (f^ε)^{⊗j} (X_j, V_j; t) (4.3.21)

and f^ε(t) is the solution of the nonlinear Wigner-Liouville equation (4.3.1). By differentiating in time (4.3.21) we easily deduce the following (infinite) hierarchy of equations: ( ∂_t + V_j · ∇_{Xj} ) f^ε_j (t) = C^ε_{j,j+1}f^ε_{j+1}(t), (4.3.22)

where the operator C^ε_{j,j+1} is the same of (4.2.8). This is precisely the Hartree hierarchy (3.2.4) rephrased in the Wigner formalism and it can be seen as the quantum analogue of the Vlasov hierarchy (2.4.6). Here we derived the Hartree hierarchy by considering the j-particle Wigner function (4.3.21) which is a product of solution of the nonlinear Wigner-Liouville equation (4.3.1). Conversely, as we observed in Chapter 2 for the Heisenberg formalism, by starting from the hierarchy (4.3.22) and assuming the solution to be factorized according to a oneparticle time dependent Wigner function f^ε(t), it turns out that f^ε(t) has to solve equation (4.3.1).

By using (iteratively) the Duhamel formula, the solution f^ε_j (t) of the equations (4.3.22) with initial datum f^ε_j (0) can be written as

f^ε_j (t) = Φ_j (t)f^ε_j (0) + + N−j∑ n=1 ∫ 0≤t_n≤···≤t_1≤t

dt_n . . . dt_1 Φ_j (t − t_1)C^ε_{j,j+1} . . . C^ε_{j+n−1,j+n} Φ_{j+n}(t_n)f^ε_{j+n}(0).

(4.3.23)

where Φ_j is the flow associated with the j-particle operator −V_j · ∇_{Xj} , namely it is the free j-particle flow

Φ_j (t)f^ε_j (X_j, V_j) = f^ε_j (X_j − V_j t, V_j). (4.3.24)

4.4. The Limit N → ∞. By the analysis done in the previous section, it is quite natural to rephrase the mean-field result discussed in Chapter 2 in the Wigner formalism. This will be the subject of this section and, here and in the sequel, we will always assume the interaction potential to be sufficiently smooth.

Thanks to Theorem 3.1, we know that, for bounded potentials, the sequence ρ̂^{(j)}_{N,t} of the RDM associated with the N-particle mean-field dynamics is converging in trace norm, as N → ∞, to the j-fold product ρ̂^{⊗j}_t of solutions of the Hartree equation. By reminding that the space L^1 (L^2 (R^{3j} )) of trace class operators on L^2 (R^{3j} ) is a subspace of the space L^2 (L^2 (R^{3j})) of

Hilbert-Schmidt operators on L^2 (R^{3j} ), it follows that: ‖ ‖ ‖ρ̂^{(j)}_{N,t} − ρ̂^{⊗j}_t ‖ ‖ ‖_{L 2(L2(R3j ))} ≤ ‖ ‖ ‖ρ̂^{(j)}_{N,t} − ρ̂^{⊗j}_t ‖ ‖ ‖_{L 1(L2(R3j ))} → 0, as N → ∞.

(4.4.1)

Therefore, by virtue of the equality (4.1.12) concerning the Hilbert-Schmidt norm and thanks to the property (4.1.10) of the Wigner function, we can conclude that ‖ ‖ ‖W^ε_{N,j} (t) − (f^ε(t))^{⊗j} ‖ ‖ ‖_{L2(R3j ×R3j )} ≤ ‖ ‖ ‖ρ̂^{(j)}_{N,t} − ρ̂^{⊗j}_t ‖ ‖ ‖_{L 1(L2(R3j ))} → 0, as N → ∞,

(4.4.2)

where W^ε_{N,j} (t) are the time evolved Wigner marginals defined in (4.2.5) and f^ε(t) is the solution of the (Hartree) nonlinear Wigner equation (4.3.1).

Therefore, the mean-field theorem ensuring the convergence in trace norm of the RDM, guarantees also the L^2-strong convergence of the corresponding Wigner marginals. Nevertheless, by looking at (4.4.2), it is clear that the error in the approximation for large N is precisely the same we saw previously, and then, it is depending on ε and diverging as ε → 0.

It turns out that, in the perspective of obtaining estimates on the error in the mean-field approximation which are uniform with respect to ε or, at least, which exhibit a less singular dependence on ε, a quite natural approach is to rephrase the whole mean-field result discussed in Chapter 2 (by assuming the interaction to be sufficiently smooth) in the Wigner formalism.

By looking at the Wigner BBGKY hierarchy (4.2.6) we observe that the operator T^ε_{N,j} is

of size O

(_{j2} N ) while the operator C^ε_{j,j+1} is O(1) with respect to N and it is properly the same appearing in the infinite hierarchy (4.3.22). Therefore, in analogy to what we did in proving Theorem 3.1 one expects that the flow Φ^{(N)}_j (t) appearing in (4.2.10) converges in a suitable sense to the free flow Φ_j (t) as N → ∞ so that, this time by using the BBGKY hierarchy, one can prove that

W^ε_{N,j}(t) → f^ε_j (t), as N → ∞, (4.4.3)

in a sense to be made precise.

In Chapters 1 and 2, to show the validity of propagation of chaos, we considered as initial datum for the N-particle dynamics the (bosonic) factorized state (3.2.8), or equivalently, (3.2.9). We observe that the Wigner transform f^ε_ρ defined in (4.1.8) is linear with respect to the density matrix (kernel) ρ, thus we find that the Wigner transform of the factorized state ρ̂_{N,0} = ρ̂^{⊗N}_0 considered in Theorem 3.1 is also factorized, namely

W^ε_N (X_N , V_N ) = N∏ i=1 f^ε_0 (x_i, v_i), (4.4.4) where f^ε_0 is the Wigner transform of ρ̂_0. Moreover, being ρ̂_0 = |ψ_0 >< ψ_0|, we find f^ε_0 = f^ε_{ρ0} ↔ ρ̂_0 = |ψ_0 >< ψ_0| (4.4.5) and ‖f^ε_0 ‖_L2_{(R}3_{×R}3_) = ‖ρ_0‖_L2_{(R}3_{×R}3_) = ‖ψ_0‖^2_L2_{(R}3_) = 1. (4.4.6)

By taking the j-particle marginal associated with W^ε_N (X_N , V_N ) we straightforward obtain

W^ε_{N,j} (X_j, V_j) = j∏ i=1 f^ε_0 (x_i, v_i) = (f^ε_0 )^{⊗j} (X_j, V_j), (4.4.7)

then, by (4.2.10), the solution of the equations (4.2.6) with initial datum (4.4.7) is given by

W^ε_{N,j} (t) = Φ^{(N)}_j (t) (f^ε_0 )^{⊗j} + + N−j∑ n=1 ∫ 0≤t_n≤···≤t_1≤t

dt_n . . . dt_1 Φ^{(N)}_j (t − t_1) ( N − j N ) C^ε_{j,j+1} . . .

. . . ( N − j − n + 1 N ) C^ε_{j+n−1,j+n} Φ^{(N)}_{j+n}(t_n) (f^ε_0 )^{⊗j+n} , (4.4.8)

while the hierarchy (4.3.23) with initial datum (f^ε_0 )^{⊗j} is

f^ε_j (t) = Φ_j (t) (f^ε_0 )^{⊗j} + + N−j∑ n=1 ∫ 0≤t_n ≤···≤t_1≤t

dt_n . . . dt_1 Φ_j (t − t_1)C^ε_{j,j+1} . . . C^ε_{j+n−1,j+n} Φ_{j+n}(t_n) (f^ε_0 )^{⊗j+n} .

(4.4.9)

Following the line of the proof of Theorem 3.1, to prove the convergence of the series (4.4.8) to (4.4.9) we must find a norm |·|_j for the marginals W^ε_{N,j} (t) which plays the role of the trace norm on L^2 (R^{3j} ) in Theorem 3.1. First of all, it has to be controlled by the flows Φ^{(N)}_j and Φ_j in the sense that for any T > 0 and for fixed j | | |Φ^{(N)}_j (t)W^ε_{N,j} | | |_j ≤ Ct,j | |W^ε_{N,j} | |_j , C_{t,j} > 0 : sup

t∈[0,T ]

C_{t,j} < +∞, (4.4.10) and | Φ_j (t)W^ε_{N,j} | j ≤ C^′_{t,j} | W^ε_{N,j} | j , C^′_{t,j} > 0 : sup_{t∈[0,T ]} C^′_{t,j} < +∞, (4.4.11)

(note that for the flows S^{(N)}_j and S_j involved Theorem 3.1 we had properly conservation of the trace norm, actually estimates of the form (4.4.10) and (4.4.11) would have been sufficient).

Thus, by (4.4.10) we could have the following bound for the n-th term of the (formal) series (4.4.8)

t^n n! j(j + 1) . . . (j + n − 1) (C_t)^n | |(f_{ε0} )⊗j+n | | j+n , C_t = C_t(ϕ, j) > 0 : ∀ T > 0 sup_{t∈[0,T ]} C_t < +∞

(4.4.12)

provided that the operator C^ε_{j,j+1} satisfies | |C^ε_{j,j+1}W^ε_{N,j+1} | |_j ≤ j C | |W^ε_{N,j+1} | |_{j+1} , C = C(ϕ) > 0. (4.4.13)

Clearly (4.4.12) and (4.4.13) would hold even for the n-th term of the series (4.4.9) by virtue of (4.4.11).

By (4.4.12), it would follow that |·|_j has to be such that | |(f^ε_0 )^{⊗j} | |_j = (|f^ε_0 |_1)^j ≤ a^j for any j, (4.4.14)

where a is some positive constant. Then we could conclude that the n-th term of the (formal) series (4.4.8) and the n-th term of (4.4.9) are bounded by:

t^n n! j(j + 1) . . . (j + n − 1) (C_t)^na^{j+n} < t^n(C_j a^j) (2aC_t)^n, C = C(ϕ) > 0 (4.4.15)

and then we would have convergence for short times |t| < t_0 (t_0 depending on ϕ and a) of (4.4.8) and (4.4.9) with respect to the norm |·|_j . This would imply that the solution of the infinite hierarchy (4.3.23) with initial datum (f^ε_0 )^{⊗j} is uniquely determined up to time t_0, thus, by the analysis done in the previous section, we would know that it is given by (f^ε(t))^{⊗j}, f^ε(t) solving the nonlinear Wigner-Liouville equation (4.3.1). Moreover, by (4.4.5) it would follow that

f^ε(t) = f^ε_{ρt} ↔ ρ̂_t = |ψ_t >< ψ_t|, (4.4.16)

ψ_t solving the Hartree equation (3.1.21) with initial datum ψ_0.

To prove convergence of (4.4.8) to (4.4.9), the norm |·|_j has to be such that ‖ ‖T^ε_{N,j} ‖ ‖ → 0 as N → ∞, (4.4.17)

where ‖·‖ is the operator norm on the space of j-particle functions with finite norm |·|_j. In fact, we observe that | | |Φ^{(N)}_j (t) fj − Φj (t) fj | | |_j ≤

∫_t 0 dτ | |Φ_j (t − τ)T^ε_{N,j} f_j(τ) | |_j , (4.4.18)

for any j-particle Wigner function f_j . Thus, by virtue of (4.4.11) and (4.4.17) we would obtain

lim_{N→∞} ‖ ‖ ‖Φ^{(N)}_j (t) − Φj (t) ‖ ‖ ‖ = 0, (4.4.19) implying convergence of (4.4.8) to (4.3.23) with respect to the norm |·|_j, namely, propagation of chaos, for short times |t| < t_0 in the sense that, for any fixed j, | | |W^ε_{N,j}(t) − (f^ε(t))^{⊗j} | | |_j → 0, as N → ∞ ∀ t < t0. (4.4.20)

Finally, the argument just given could be iterated to prove propagation of chaos for t ∈ [t_0 − δ, t_0 + δ] (for any δ > 0) if we could prove that | |f^ε_j (t_0 − δ) | |_j = (|f^ε(t_0 − δ)|_1)^j ≤ Ca^j . for any fixed j,

(4.4.21)

In fact, the bound (4.4.21), together with the convergence proved previously up to time t_0, would imply estimate (4.4.14) to hold for W^ε_{N,j}(t) where t = t_0 − δ. Then, by iteration we could conclude that propagation of chaos in the sense of (4.4.20) holds for all t.

By looking at the scheme we have just presented it turns out that the accuracy of the mean-field approximation would be provided by the speed of convergence of the operator norm of T^ε_{N,j} to zero as N → ∞ (see (4.4.17)). Then, if one was able to provide an estimate uniform in ε for ‖ ‖T ε_{N,j} ‖ ‖, the convergence (4.4.20) would be also uniform with respect to ε and then, by iteration, we would have uniformity in ε for all times.

4.4.1. Choice of the norm |·|. Since by (4.4.2) we already know that the j-particle Wigner marginals are converging strongly in L^2 to the j-fold product of solutions of the (Hartree) nonlinear Wigner-Liouville equation, it would be reasonable to choose the L^2-norm as |·| to check if it is possible to improve the ”bad” dependence of the error (in the limit N → ∞) with respect to ε. Moreover, on the basis of (4.4.6) one could think to choose the L^2-norm because (4.4.14) would be satisfied (with a = 1) and this would hold for each t because the Hartree dynamics preserves the L^2-norm (see (4.3.14)). Furthermore, the flows Φ^{(N)}_j (t) and Φ_j (t) not only control the L^2-norm in the sense of (4.4.10) and (4.4.11) but even preserve it. Nevertheless, it turns out that the operator C^ε_{j,j+1} is unbounded from L^2 ( R^{3(j+1)} × R^{3(j+1)} ) to L^2 (R^{3j} × R^{3j} ) (it can be verified easily by looking at (4.2.8)), thus property (4.4.13) fails.

Actually, one can verify that, by assuming H_s regularity at time t = 0, it is propagated by the flow Φ^{(N)}_j (t) (see [25]), by the free flow Φ_j (t) and also by the nonlinear Wigner-Liouville equation (4.3.1) (according to Proposition 4.1). So, this choice could be appropriate for the preservation in time of property (4.4.14) but, as for the L^2-norm, the boundness of C^ε_{j,j+1} fails.

By taking into account the (formal) analogy between the N-particle Wigner-Liouville equation (4.2.1) and the Liouville equation (2.1.5) one could think to use the L^1-norm. Indeed it is easy to check that the operators T^ε_{N,j} and C^ε_{j,j+1} are bounded in L^1 and it can be also verified that the flow Φ^{(N)}_j (t) controls the L^1-norm in the sense of (4.4.10). The free flow Φ_j (t) clearly preserves the L^1-norm. Furthermore, by assuming property (4.4.14) to hold, namely f^ε_0 ∈ L^1 (R^3 × R^3), it is easy to check that it is verified for all t because the L^1-norm is controlled by the Hartree dynamics. In other words, property (4.4.21) would be satisfied and we could iterate the procedure presented above to prove convergence for all times. Therefore the L^1-norm could seem a good choice but the point is that Wigner functions are, in general, not in L^1. More precisely, by only knowing that f^ε_0 is the Wigner transform of a wave function ψ_0 ∈ L^2 (R^3) (as in the present situation), we are not guaranteed that f^ε_0 ∈ L^1 (R^3 × R^3). Indeed, in general the L^1-norm of Wigner functions is not related to any norm of the wave functions from which they arise. We will come back on this topic in Remark 4.3.

It turns out that a fruitful approach is to use a norm which, from on side, is ”good” for estimating C^ε_{j,j+1}, it is controlled by Φ^{(N)}_j (t), Φ_j (t) and even by the Hartree dynamics, and, on the other side, it somehow ”relates” Wigner functions to the wave functions from which they arise.

Let us to consider the Fourier transform F_x of the N-particle Wigner function with respect to position variables, namely

(F_xW^ε_N ) (P_N , V_N ) := W̃^ε_N (P_N , V_N ) = ∫ dX_N e^{−i PN ·XN} W^ε_N (X_N , V_N ), (4.4.22)

with P_N = (p_1, . . . , p_N ) ∈ R^{3N} and let us define the L̃^1-norm as

‖W^ε_N ‖_{L̃}1_{(R}3N_{×R}3N_) := ‖ ‖ ‖W̃^ε_N ‖ ‖ ‖_{L1(R3N ×R3N )} = ∫ dP_N ∫ dV_N |W̃^ε_N (P_N , V_N )|. (4.4.23)

We can verify that the operator T^ε_{N,j} : L̃^1(R^{3j} × R^{3j} ) → L̃^1(R^{3j} × R^{3j} ) is bounded under the

assumption ‖ ‖ ‖ϕ̂ ‖ ‖ ‖_{L1(R3)} < +∞. Indeed, by computing

F_x ( T^ε_{N,j} W^ε_{N,j} ) (P_j , V_j) = ∫ dP_j e^{−i Pj ·Xj} T^ε_{N,j}W^ε_{N,j} (X_j, V_j),

(4.4.24)

by manipulating (4.2.7) we find

F_x ( T^ε_{N,j} W^ε_{N,j} ) (P_j , V_j) := ( T̃^ε_{N,j}W̃^ε_{N,j} ) (P_j, V_j) = i(2π)^{−3N} εN j∑ l≠r ∑ σ=±1 σ ∫ dk ϕ̂(k)

W̃^ε_{N,j} ( p_1, . . . , p_l − k, . . . , p_j , v_1, . . . , v_l + σεk 2 , . . . , v_j ) , (4.4.25)

then ‖ T^ε_{N,j} W^ε_{N,j} ‖ L̃1(R3j ×R3j ) = ‖ ‖T̃^ε_{N,j}W̃^ε_{N,j} ‖ ‖_{L1(R3j ×R3j )} ≤ 1 (2π)^{3N}

2j^2 εN ‖ ‖ϕ̂ ‖ ‖_{L1(R3)} ‖ W^ε_{N,j} ‖ L̃1(R3j ×R3j ) .

(4.4.26)

In a similar way, we verify that the operator C^ε_{j,j+1} : L̃^1(R^{3(j+1)} × R^{3(j+1)}) → L̃^1(R^{3j} × R^{3j} ) is

bounded under the assumption ‖ ‖ ‖ϕ̂ ‖ ‖ ‖_{L∞(R3)} < +∞. In fact we compute

F_x ( C^ε_{j,j+1}W^ε_{N,j+1} ) (P_j, V_j) = ∫ dP_j e^{−i Pj ·Xj} ( C^ε_{j,j+1}W^ε_{N,j+1} ) (X_j , V_j),

(4.4.27)

obtaining by (4.2.8) that

F_x ( C^ε_{j,j+1}W^ε_{N,j+1} ) (P_j, V_j) := ( C̃^ε_{j,j+1}W̃^ε_{N,j+1} ) (P_j , V_j) = = i(2π)^{−3N} ε ( N − j N )_j∑ l=1 ∑ σ=±1 σ ∫ dv_{j+1} ∫ dk ϕ̂(k)

W̃^ε_{N,j+1} ( p_1, . . . , p_l − k, . . . , p_j , k, v_1, . . . , v_l + σεk 2 , . . . , v_{j+1} ) , (4.4.28)

then ‖ ‖C^ε_{j,j+1}W^ε_{N,j+1} ‖ ‖_{L̃1(R3j ×R3j )} = ‖ ‖ ‖C̃^ε_{j,j+1}W̃^ε_{N,j+1} ‖ ‖ ‖_{L1(R3j ×R3j )} ≤

≤ (2π)^{−3N}

(2j) ε ( N − j N ) ‖ ‖ ‖ϕ̂ ‖ ‖ ‖_{L∞(R3)} ‖ ‖W^ε_{N,j+1} ‖ ‖_{L̃1}

(R^{3(j+1)}×R^{3(j+1)}) .

(4.4.29)

Furthermore, concerning the initial datum (f^ε_0 )^{⊗j}, by (4.4.5) we have ‖ ‖(f_{ε0} )⊗j ‖ ‖ L̃1(R3j ×R3j ) = ( ‖f^ε_0 ‖_{L̃}1_{(R}3_{×R}3_)

)_j ≤ C (‖ ‖ψ̂_0 ‖ ‖ L^1(R^3)

)_{2j} ≤ C ( ‖ψ_0‖_{Hs(R}3_)

)_{2j} , s > 3/2

(4.4.30)

where the last inequalities are simply obtained by explicit computations. For any t > 0, by (4.4.16) we have

‖f^ε(t)‖_{L̃}1_{(R}3_{×R}3_) ≤ C ‖ ‖ ‖ψ̂t ‖ ‖ ‖^2_{L1(R3)} ≤ C ‖ψt‖^2_{Hs(R}3_) , s > 3/2, (4.4.31)

and by using standard energy methods it is easy to check that, under suitable smoothness assumption on the potential ϕ, the H_s-norm of ψ_t is controlled by the H_s-norm of ψ_0 for any s. Furthermore, even by looking at the (Hartree) nonlinear Wigner-Liouville equation (4.3.1), it is easy to check that the L̃^1-norm of f^ε(t) is controlled by the L̃^1-norm of f^ε_0 .

Finally, by virtue of (4.4.26), (4.4.29), (4.4.30) and (4.4.31), it follows that by setting

|·|_j := ‖·‖_{L̃}1_{(R}3j_{×R}3j_) , (4.4.32) and by assuming ψ_0 ∈ H_s (R^3) with s > 3/2 and the potential ϕ to be sufficiently smooth (in order to make all constants appearing in the estimates finite), we have | |W^ε_{N,j}(t) − (f^ε(t))^{⊗j} | |_j → 0, as N → ∞ ∀ t. (4.4.33)

Therefore, for smooth potentials, we can show propagation of chaos in the Wigner formulation by following the same strategy of Theorem 3.1. Nonetheless, we note that the error in the approximation (4.4.33) is still not uniform with respect to ε and diverging when ε → 0 because from (4.4.26) we see that the operator norm of T^ε_{N,j} is of order 1/ε (as in Theorem 3.1).

We conclude the present analysis by observing that (4.4.33) implies straightforward that ∫ R^{3j}

dV_j sup_{Xj} | | |W^ε_{N,j}(Xj , Vj; t) − (f^ε(t))^{⊗j} (Xj, Vj ) | | | → 0, as N → ∞ ∀ t, (4.4.34)

namely ‖ ‖ ‖W^ε_{N,j}(t) − (f^ε(t))^{⊗j} ‖ ‖ ‖_{L∞}“_{R3jX} j ” ∩L^1 “ R^{3j}_{Vj}

” → 0, as N → ∞ ∀ t. (4.4.35)

Despite the fact that (4.4.34) is a quite ”strong” convergence, it is not related to any convergence for the reduced density matrices and it does not imply any convergence for the expected value of j-particle observables (namely, it does not provide informations about macroscopic values of physically interesting quantities).

Nevertheless, one can verifies that the convergence (4.4.33) and the uniform bounds ‖ ‖W^ε_{N,j}(t) ‖ ‖_{L2(R3j ×R3j )} ≤ 1, ‖f^ε(t)‖_{L2(R3×R3)} ≤ 1, (4.4.36)

imply

W^ε_{N,j}(t) → (f^ε(t))^{⊗j} , as N → ∞ ∀ t, L^2 − weakly. (4.4.37)

By virtue of property (4.1.4), (4.4.37) ensures the convergence of expected values of suitable observables. More precisely, (4.4.37) allows to compute ”macroscopic” (or ”effective”) expected value of j-particle observables O_j whose phase space representations (symbols) are in L^2 (R^{3j} × R^{3j} ) (see also [11]). Indeed, for any j-particle observable O_j with symbol O_j(X_j , V_j), we have the following estimate ( O_j, W^ε_{N,j}(t) ) L^2 ≈ ( O_j, (f^ε(t))^{⊗j} ) L^2 + C_j(ε) N , ∀ t, as N → ∞, (4.4.38)

where C_j(ε) → ∞ as ε → 0.

Remark 4.3. We observe that all estimates we did by using the L̃^1-norm would be also valid for the L^1-norm. Thus, by assuming f^ε_0 ∈ L^1 (R^3 × R^3) and following exactly the same strategy leading to the L̃^1-convergence (4.4.33), we can prove that ‖ ‖ ‖W^ε_{N,j}(t) − (f^ε(t))^{⊗j} ‖ ‖ ‖_{L1(R3j ×R3j )} → 0, as N → ∞ ∀ t, (4.4.39)

and, as for the L̃^1-convergence, it can be verified that (4.4.39) together with the uniform bounds (4.4.36) leads to the L^2-weak convergence (4.4.37) and, in particular, to the estimate (4.4.38). Then, apparently, there is no reason for considering the L̃^1-norm instead of the L^1-norm. In fact, in both cases we can realize the limit N → ∞ in the L^2-weak sense and in both cases we find that the error in the mean-field approximation is not uniform with respect to ε, indeed diverging as ε → 0 (by looking at the constant C_j(ε) in (4.4.38)). Nevertheless, as we have already noticed, the crucial point is: which assumptions one has to do on the wave function ψ_0 to ensure that its Wigner transform f^ε_0 is in L^1 (R^3 × R^3)? We remind that ∫ dx ∫ dv f^ε_0 (x, v) = ∫ dx|ψ_0(x)|^2 = Trρ̂_0 = 1 with ρ̂_0 = |.ψ_0 >< ψ_0| (4.4.40)

We know that the integral on the phase space of f^ε_0 (x, v) does not correspond to its L^1-norm being f^ε_0 not positive in general. But, by considering a wave function ψ_0 such that f^ε_0 (x, v) ≥ 0 for any x, v we could identify the L^2-norm of ψ_0 (which is taken equal to one) with the L^1-norm of f^ε_0 and we are guaranteed that property (4.4.14) is verified (with a = 1). The only way for having a positive Wigner function is to choose ψ_0 ≈ e^{−x2} (see for example [11]), in par-

ticular we can consider coherent states of the form ψ(x) = N_εe^{− (x−x0)2}ε e^{i v0x}ε , for some x_0, v_0 ∈ R^3.

In the end, we found that propagation of chaos in the mean-field limit by using the Wigner formalism can be proven, for smooth potentials, in the L^2-norm, directly by the mean-field result for the RDM (the use of the BBGKY hierarchy is prevented by the unboundedness of the operators involved). On the other side, by treating the Wigner BBGKY hierarchy, it can be proven in the L^1-norm by choosing initial gaussian states, and, in the L̃^1-norm, by choosing initial wave functions in H_s, s > 3/2 (if the dimension of the system is assumed to be equal to 3; in general, in any dimension d, we have s > d/2). In each of the three cases we obtain convergence of expected values of j-particle observables O_j with symbol in L^2 (R^{3j} × R^{3j} ). Furthermore, in each of these cases the error in the mean-field approximation is not uniform with respect to ε and it is diverging as ε → 0.

4.5. Alternative approaches. The validity of propagation of chaos in the mean-field limit has been established also in [26] by using the ”second-quantization formalism”. For fixed ε, the authors provide an alternative proof of the emergence of the Hartree dynamics for bounded potential ϕ and, even if obtained by using a different formalism, the general strategy of the proof is analogous to that of [7] and the result can be formulated in terms of convergence of reduced density matrices to products of solutions of the Hartree equation. Then, by passing to the Wigner formalism, for a restricted class of two-body interactions the following (distributional) estimate in S^′ (R^{3j} × R^{3j}) is proven

W^ε_{N,j}(t) ≈ (f^ε(t))^{⊗j} +

C_j N + O ( e^{−1/}

√_{‖ϕ‖∞t}) , ∀ t, as N → ∞, (4.5.1)

where ‖ϕ‖_∞ := ‖ϕ‖_L∞_{(R}3_), C_j is a positive constant only depending on j and W^ε_{N,j} (t) and f^ε(t) are defined as in (4.4.38). It turns out that the error in approximating the N-particle evolution with the Hartree dynamics is indeed uniform with respect to ε but the exponential remainder appearing in (4.5.1) is small only if ‖ϕ‖_∞ t << 1, namely, by looking at very short times or by considering an interaction potential having very small L^∞-norm.

4.5.1. Joint limit N → ∞ and ε → 0. In looking at the connection between mean-field limit and semiclassical approximation, a joint limit N → ∞ and ε → 0 can be considered. Indeed, there are systems in which this kind of limit arises quite naturally by the scaling properties of the Hamiltonian.

A remarkable example is provided by the model considered in [19] and, previously, in [8] (with a somewhat different interpretation). The model considered in [19] is a system of N fermions interacting by the mean-field potential (3.1) with initial data localized in a cube of size of order one and at energy comparable with the ground state energy of the system. The Hamiltonian of the system is given by (3.1.5), thus all the potential energy arises from the interaction term (3.1) and it follows straightforward that the potential energy per particle is of order one. As regard to the kinetic energy, it can be verified that the kinetic energy per particle of N fermions, i.e., −^1_2 ε^2Δ_{xk} (k = 1, . . . , N), in a cube of size one scales like ε^2N^{2/3} in the ground state. Therefore, in order to look at the limit N → ∞ keeping the kinetic energy per particle of order one, one has to multiply the kinetic energy in (3.1.5) by N^{−2/3}. Then, by defining the ”effective Planck constant” ε_{eff} such that ε_{eff} = εN^{−1/3}, the Hamiltonian of the systems becomes

H^Q_{N,eff} = − N∑ k=1 ε^2_{eff} Δ_k 2 + U^Q(X_N ), ε_{eff} ≈ N^{−1/3} → 0 as N → ∞. (4.5.2)

Therefore the kinetic and the potential energy per particle in the Hamiltonian H^Q_{N,eff} are comparable and, as we already observed in introducing the mean-field model, this is the basic physical criterion to obtain a non trivial limiting dynamics (as N → ∞) that captures the nonlinear effect of the interaction. Clearly, the limit N → ∞ for the system whose Hamiltonian is H^Q_{N,eff} entails the limit ε_{eff} → 0 which is a semiclassical limit for (3.1.5). Thus, one expects to find a limiting dynamics which is ruled by a classical equation. On the other side, it is known (and it is validated by numerous applications) that the equation governing the macroscopic (physically observable) dynamics of a Fermi gas in states close to the ground state is the

Hartree-Fock equation:

iε∂_tρ̂_t = [ − ε^2 2 Δ, ρ̂_t ] + Tr_2 {[ϕ(x − x_2), ρ̂_t ⊗ ρ̂_t]} − ∫ dz [ϕ(x − z) − ϕ(y − z)] ρ_t(x, z)ρ_t(z, y).

(4.5.3)

Equation (4.5.3) differs from the Hartree equation (3.2.6) because of the presence of the so called ”exchange term” which is the main effect of the correlations induced by the Fermi-Dirac statistics (see (3.1.2)). In [19] it has been proven that there exists a fixed time T > 0 such that the difference, in a suitable weak sense, between the j-particle marginal associated with the N-particle Wigner function of this system and the solution of the (Hartree) nonlinear Wigner- Liouville equation (4.3.1) is of order N^{−1} ≈ ε^3 for any time t ≤ T , provided that the potential ϕ is real analytic. In other words, all ε^2 corrections come from the difference between the Vlasov equation (2.1.8) and the Hartree equation (3.2.6); hence they are related to the accuracy of the semiclassical approximation in the one-body theory. In particular it is proven that all correlation effects (the main of them is precisely the exchange term) are of order at most O(ε^3).

We observe that the case of undistinguishable particles (in the sense specified by (3.1.13) and (4.2.4)) and even the bosonic case are crucially different from the fermionic case discussed above. Indeed in these situations the kinetic energy per particle , i.e., −^1_2 ε^2Δ_{xk} (k = 1, . . . , N), in a cube of size one scales like ε^2 in the ground state. Thus the Hamiltonian of an Nparticle system interacting by the potential (3.1) is precisely (3.1.5) because no further scaling is needed. Therefore, there is no reason for considering a joint limit and the problem of realizing the (mean-field) limit N → ∞ uniformly in ε arises quite naturally.

On the other side, even for undistinguishable particles there are models in which the scaling of the potential somewhat leads to define a rescaled Hamiltonian which exhibits an effective Planck constant going to 0 as N → ∞ (as in the fermionic case). These kind of systems are taken into account in [24] (and previously in [8] with the specific scaling ε ≈ N^{−1/3}) and an example is provided by systems interacting by Kac potentials defined below.

Example: the Kac potential. Consider a system of N identical bosons of mass m = 1 interacting through the (Kac) potential

ϕ_λ(x) = 1 λ ϕ (x λ ) , (4.5.4)

where λ is a large parameter of the same order of N and ϕ is a given smooth potential. The Hamiltonian is:

H_N = − ε^2 2 N∑ k=1 Δ_{xk} + ∑ 1≤k<l≤N

ϕ_λ(x_k − x_l). (4.5.5)

After the rescaling x = λq the Hamiltonian becomes:

H_N = − 1 2 ( ε λ )_2^N∑ k=1 Δ_{qk} + 1 λ ∑ 1≤k<l≤N

ϕ(q_k − q_l). (4.5.6)

Setting λ = N, and ε_{sc} =^ε_λ =^ε_N we finally get:

H^{sc}_N = − ε^2_{sc} 2 N∑ k=1 Δ_{qk} + 1 N ∑ 1≤k<l≤N

ϕ(q_k − q_l), (4.5.7)

where ε_{sc} ≈ 1/N → 0 as N → ∞.

In [24] it has been proven that in all situations in which N → ∞ entails ε → 0 (as the case of the Kac potential), which, roughly speaking, are ”asymptotically classical”, the Vlasov equation is indeed recovered in the limit N → ∞ even when ε → 0 according to an arbitrary law. For WKB states of the form ψ(x) = a(x)e^{iS(x)/ε} the result, formulated in terms of weak convergence of j-particles Wigner marginals, is local in time (as one expects from WKB analysis), while by considering suitable mixtures of WKB states, the result holds globally in time. The potential is assumed to be in C^2_b (R^3) and the explicit rate of convergence is computed by means of a constructive method.

In [8] the same result had been proven for the specific scaling ε ≈ N^{−1/3} by considering more general initial data but assuming the potential to be analytic. In [8] it was also proven that the solution of the (Hartree) nonlinear Wigner-Liouville equation (4.3.1) converges in S^′ (R^3 × R^3) to the solution of the Vlasov equation (2.1.8) as ε → 0.

5. Mean-field limit and Semiclassical Expansion

In this chapter we describe a different approach in investigating the ε dependence of the error in the mean-field approximation, by using the Wigner formalism. It consists in looking at the semiclassical expansion of the N-particle system and proving that each term of the expansion agrees, in the limit N → ∞, with the corresponding one associated with the Hartree equation (see [29]).

This idea is motivated by the following argument.

In Chapter 1 we recalled what is established by classical mean-field theory, namely, under suitable assumption on the potential, for any fixed j we have

F^{(j)}_N (t) → (f(t))^{⊗j} , as N → ∞, (5.1)

in the weak topology of probability measures, where F^{(j)}_N (t) are the j-particle marginals associated with the solution F_N (t) of the Liouville equation (2.1.5) with a factorized initial datum f^{⊗N}_0 and f(t) is the solution of the Vlasov equation (2.1.8) with initial datum f_0. Thus, (5.1) means that propagation of chaos holds for the classical mean-field model. On the other side, in Chapter 3 we proved that, under suitable assumptions on the potential and on the initial datum, the following quantum mean-field limit result holds

W^ε_{N,j}(t) → (f^ε(t))^{⊗j} , as N → ∞, L^2 − weakly, (5.2)

where W^ε_{N,j} (t) are the j-particle Wigner marginals associated with the solution W^ε_N (t) of the N-particle Wigner-Liouville equation (4.2.1) with a factorized initial datum (f^ε_0 )^{⊗N} and f^ε(t) is the solution of the (Hartree) nonlinear Wigner-Liouville equation (4.3.1) with initial datum f^ε_0 . Furthermore, we found that the error in approximating W^ε_{N,j} (t) with (f^ε(t))^{⊗j} is not uniform with respect to ε and diverging when ε → 0.

As regard to the semiclassical limit ε → 0, it is known that the N-particle quantum (meanfield) dynamics for sufficiently smooth potentials converges (for fixed N) in a suitable sense to the the N-particle classical (mean-field) evolution (see for example [12], [25]). Moreover, it has also been proven that the Hartree dynamics with smooth interaction, rephrased in the Wigner formalism, is approximated in a suitable sense by the classical Vlasov evolution (see for example [8], [14]).

So that, it seems natural to consider the solution W^ε_N (t) of the N-particle Wigner-Liouville equation (4.2.1) with a suitable factorized initial datum (f^ε_0 )^{⊗N} and to look for an asymptotic expansion as f^ε_0 = f^{(0)}_0 + εf^{(1)}_0 + ε^2f^{(2)}_0 + . . . (5.3) implying, for the initial j-particle marginals,

W^ε_{N,j} (0) = (f^ε_0 )^{⊗j} = ( f^{(0)}_0

)_{⊗j} + εW^{(1)}_{N,j} (0) + ε^2W^{(2)}_{N,j} (0) + . . . (5.4)

Then, for the time evolved marginals we expect to find an analogous expansion as

W^ε_{N,j} (t) = W^{(0)}_{N,j} (t) + εW^{(1)}_{N,j} (t) + ε^2W^{(2)}_{N,j} (t) + . . . (5.5)

where the zero order term W^{(0)}_{N,j} (t) is expected to be equal to the (classical) marginals associated

with the solution of the Liouville equation with initial datum ( f^{(0)}_0

)_{⊗N} determined by (5.3).

In a similar way, we consider the j-fold product (f^ε(t))^{⊗j} of solutions of the (Hartree) nonlinear Wigner-Liouville equation (4.3.1) with initial datum f^ε_0 and we look for an expansion as (f^ε(t))^{⊗j} = f^{(0)}_j (t) + εf^{(1)}_j (t) + ε^2f^{(2)}_j (t) + . . . (5.6)

where the zero order term f^{(0)}_j is expected to be equal to the j-fold product ( f^{(0)}(t)

)_{⊗j} , where f^{(0)}(t) solves the Vlasov equation with initial datum f^{(0)}_0 given by (5.3). Therefore, by recognizing that at zero order in ε we find the classical quantities, by (5.1) we know that W^{(0)}_{N,j} (t) converges to f^{(0)}_j (t) = ( f^{(0)}(t)

)_{⊗j} in the weak topology of probability measures. Then, it looks natural to ask if the following convergence holds

W^{(k)}_{N,j} (t) → f^{(k)}_j (t) , as N → ∞, for any k > 0 (5.7) in a suitable sense. This is what we are going to show in the present chapter and it is contained in our recent paper [29].

Note that the term by term convergence (5.7) does not provide the uniformity in ε of the limit N → ∞ because this would require a control of the remainder of the expansion (5.5), and for the moment we are not able to do it. On the other side, in proving (5.7), we provide quantum corrections to the classical mean-field limit result and, by characterizing explicitly both coefficients W^{(k)}_{N,j} (t) and f^{(k)}_j (t), we prove that those corrections are given in terms of the classical Liouville flow and, in particular, of suitable derivatives of the classical trajectories.

We note that to prove (5.7) we make use of coherent states (see Section 5.5) and in that framework it is somewhat expected to find that quantum corrections to the classical dynamics can be expressed in terms of derivatives of the classical trajectories (see for example [2], [15]).

5.1. Semiclassical expansion for the Hartree dynamics. We want to determine an expansion in power series of ε of the solution f^ε(x, v; t) of the (Hartree) nonlinear Wigner-Liouville equation (4.3.1) for a given initial datum f^ε_0 (x, v), namely:

f^ε(t) = f^{(0)}(t) + εf^{(1)}(t) + ε^2f^{(2)}(t) + . . . (5.1.1)

by knowing that the initial datum f^ε_0 is expanded as follows

f^ε_0 (x, v) = f^{(0)}_0 (x, v) + εf^{(1)}_0 (x, v) + ε^2f^{(2)}_0 (x, v) + . . . (5.1.2)

Indeed an expansion like (5.1.2) holds for general quantum states. For example, in [25] the semiclassical expansion for various kinds of states is presented, both gently varying with respect to ε (such as pure states whose wave function is not depending on ε) and singularly behaving as ε → 0 (such as states of semiclassical type: WKB and coherent states). In the first situation we find an expansion of the form (5.1.2) where the coefficients f^{(k)}_0 are smooth, on the contrary, for WKB and coherent states we find distributional coefficients (precisely Dirac δ-functions and suitable derivatives of it) which apparently are more difficult to treat (with respect to the smooth case). Nevertheless, by manipulating them in a suitable way, such kinds of ”singular” expansions can be very useful to deal with problems of semiclassical approximation (see Section 5.5 and Chapter 6).

Following [25], for a fixed g, the operator T^ε_g appearing in equation (4.3.1) can be expanded as T^ε_g = T^{(0)}_g + εT^{(1)}_g + ε^2T^{(2)}_g + . . . (5.1.3) where T^{(n)}_g = c_n(2π)^{−3}i ∫ R^3

dkϕ̂(k)ρ̂_g(k)e^{i k·x}(k · ∇_v)^{n+1}, (5.1.4)

c_n = 1 2^n(n + 1)!

, (5.1.5)

for n even and T^{(n)}_g = 0, (5.1.6) for n odd. The operator T^{(n)}g , for n even, can be also written as

T^{(n)}_g = (−1)^{n/2}c_n ( D^{n+1}_x ϕ ∗ g ) · D^{n+1}_v , (5.1.7)

where, as in (2.1.8), ∗ denotes the convolution with respect to both x and v and we used the notation:

D^n_x ν · D^n_v ζ = ∑ n_1,n_2,n_3∈N: P j n_j =n

∂^nν ∂^{n1} x^1∂^{n2} x^2∂^{n3} x^3

∂^nζ ∂^{n1} v^1∂^{n2} v^2∂^{n3} v^3

, (5.1.8)

with x = (x^1, x^2, x^3) ∈ R^3 and v = (v^1, v^2, v^3) ∈ R^3

for the one-particle functions ν and ζ.

Inserting (5.1.1) in (5.1.3) and setting:

T^{(n)}_k = T^{(n)}_{f (k)(t)}, (5.1.9)

we readily arrive to the following sequence of problems for the coefficients f^{(k)}(t) of the expansion (5.1.1): { (∂_t + v · ∇_x) f^{(0)}(t) = T^{(0)}_0 f^{(0)}(t),

f^{(0)}(x, v; t) | |_{t=0} = f^{(0)}_0 (x, v),

(5.1.10)

and { (∂_t + v · ∇_x) f^{(k)}(t) = L(f^{(0)}(t))f^{(k)}(t) + Θ^{(k)}(t),

f^{(k)}(x, v; t) | |_{t=0} = f^{(k)}_0 (x, v),

(5.1.11)

for k ≥ 1, where

L(h)f = T^{(0)}_h f + T^{(0)}_f h = (∇_xϕ ∗ h) · ∇_vf + (∇_xϕ ∗ f) · ∇_vh, (5.1.12) and Θ^{(k)}(t) = ∑ l,p,r:

l+p+r=k l<k,r<k

T^{(p)}_r f^{(l)}(t). (5.1.13)

Note that, as we expected, equation (5.1.10) we found at zeroth order in ε is precisely the classical Vlasov equation (2.1.8)) associated with the interaction ϕ. Thus we need to assume ϕ ∈ C^2_b (R^3) to guarantee that the Vlasov flow is well-defined and, as we recalled in Chapter 1, the Vlasov equation can be solved by means of characteristics and fixed point. Moreover, the problems (5.1.11) are linear and can be solved by a recursive argument by observing that the source terms Θ^{(k)}(t) involve only those coefficients f^{(n)}(t) with n < k, so that they are known by the previous steps. Clearly we shall state suitable smoothness assumptions on ϕ because the operators T^{(p)}r appearing in Θ^{(k)}(t) involve derivatives of ϕ of order possibly higher than 2, depending on k.

Hypotheses H: Here and henceforth we will assume that is spherically symmetric (ϕ(x) = ϕ(|x|), ∀ x ∈ R^3) and ϕ ∈ C^∞_b (R^3)^2.

Actually, in some of the results we are going to show less regularity is needed on ϕ, but for the sake of simplicity we state here ”maximal” hypotheses under which we can deal both with semiclassical expansions and with the term by term convergence of the N-particle expansion (see Section 4.2 and 4.6 below). Furthermore, under the same hypotheses on ϕ, by taking the initial datum as specified in Section 5.5, we are ensured about the validity of the result proven in Section 4.4 concerning the mean-field limit for Wigner functions.

In order to simplify the notation, from now on we will denote the time evolved coefficients f^{(k)}(t) = f^{(k)}(x, v; t) solving (5.1.11) by f^{(k)} and the source terms Θ^{(k)}(x, v; t) = Θ^{(k)}(t) by Θ^{(k)}. Moreover, we will denote the initial coefficients f^{(k)}_0 (x, v) by f^{(k)}_0 . We will specify the dependence on time and on the phase space variables just in case it is not clear from the context.

The crucial tool we shall use to give a sense to the solutions f^{(k)}, for k ≥ 1, of problems (5.1.11) is the following proposition whose proof will be given in Appendix A (see also [29]).

Proposition 5.1. Consider the initial value problem: { (∂_t + v · ∇_x) γ = L(h)γ + Θ,

γ(x, v; t)|_{t=0} = γ_0(x, v),

(5.1.14)

where γ_0 ∈ L^1(R^3 ×R^3), h = h(x, v; t) is such that |∇_vh| ∈ C^0 (L^1(R^3 × R^3), R^+), Θ = Θ(x, v; t) is such that Θ ∈ C^0 (L^1(R^3 × R^3), R^+).

Then there exists a unique solution γ = γ(x, v; t) of (5.1.14), such that γ ∈ C^0 (L^1(R^3 × R^3), R^+), given by an explicit series expansion.

Furthermore, denoting by Σ_h the flow generated by L(h), we have that Σ_h(t, 0)γ_0 ∈ C^d (R^3 × R^3) provided that ∇_vh ∈ C^d (R^3 × R^3) and γ_0 ∈ C^d (R^3 × R^3).

By looking at the problems (5.1.11), we realize that the coefficients f^{(k)}, for k ≥ 1, play the role of γ(x, v; t) in Proposition 5.1, while the time evolved zero-order coefficient f^{(0)} and the source term Θ^{(k)} play the role of the functions h(x, v; t) and Θ(x, v; t) respectively. Clearly the initial datum γ_0(x, v) in this case is given by f^{(k)}_0 (x, v), k ≥ 1.

Therefore, by applying Proposition 5.1 to identify the coefficients f^{(k)}, k ≥ 1, as the unique solutions of (5.1.11) in C^0 (L^1(R^3 × R^3), R^+), we have to consider an initial Wigner function f^ε_0 (x, v) such that f^{(k)}_0 ∈ L^1(R^3 × R^3) for k ≥ 1 and f^{(0)}_0 is sufficiently smooth to ensure f^{(0)}, |∇_vf^{(0)}| ∈ C^0 (L^1(R^3 × R^3), R^+). Concerning the source terms {Θ^{(k)}}_{k≥1}, we have to prove that, with our choice of the initial datum, Θ^{(k)} ∈ C^0 (L^1(R^3 × R^3), R^+) for k ≥ 1.

2Here and henceforth we denote by C^∞_b (R^d) the space of infinitely differentiable functions on R^d with uniformly bounded derivatives

We take the initial Wigner function f^ε_0 (x, v) in such a way that

f^{(k)}_0 ∈ S ( R^3 × R^3 ) for any k ≥ 0, (5.1.15)

in particular f^{(k)}_0 ∈ L^1 (R^3 × R^3) for any k. In Section 4.5 and in Chapter 5 we will give explicit

examples of Wigner functions verifying this property (see also [29]). Then, by (5.1.15) we find

f^{(0)} ∈ C^0 ( S ( R^3 × R^3 ) , R^+ ) (5.1.16)

(because of the smoothness of the Vlasov flow as discussed in Section 1.2) and, in particular

|∇_vf^{(0)}| ∈ C^0 ( C^∞ ∩ L^1(R^3 × R^3), R^+ ) . (5.1.17)

As a consequence, from Proposition 5.1 we find

Σ_f (0) (t, s) : C^0 ( C^∞ ∩ L^1 ( R^3 × R^3 ) , R^+ ) → C^0 ( C^∞ ∩ L^1 ( R^3 × R^3 ) , R^+ ) ∀ s ∈ [0, t]. (5.1.18)

Moreover, by looking at the series expansion associated with the solution of the homogeneous

version of problem (5.1.14) (see Appendix B below and [29]), we realize that

Σ_f (0) (t, s) : C^0 ( S ( R^3 × R^3 ) , R^+ ) → C^0 ( S ( R^3 × R^3 ) , R^+ ) ∀ s ∈ [0, t], (5.1.19)

provided that f^{(0)}(t) ∈ S (R^3 × R^3) for each t and that suitable smoothness assumptions on the

potential ϕ are satisfied. In particular, under our assumptions, we are guaranteed that (5.1.19)

holds.

As regard to the source terms, from (5.1.13) it is easy to check that Θ^{(1)} = 0 then f^{(1)}(t) =

Σ_f (0) (t, 0)f^{(1)}_0 ∈ L^1(R^3 ×R^3) for each t by virtue of the fact that f^{(1)}_0 ∈ S(R^3 ×R^3) ⊂ L^1(R^3 ×R^3)

and thanks to Proposition 5.1. Moreover, by (5.1.19) we have also

f^{(1)} ∈ C^0 ( S(R^3 × R^3), R^+ ) . (5.1.20)

On the contrary, for k ≥ 2 we have Θ^{(k)} ≠ 0 and by (5.1.13), (5.1.6) and (5.1.7) we find that

the norm of Θ^{(k)} (k ≥ 2) in C^0 (L^1 (R^3 × R^3) , R^+) (C^0 (L^1)-norm in the sequel) is bounded by

sup_{τ ∈[0,t]} ‖ ‖Θ^{(k)}(τ) ‖ ‖_{L1(R3×R3)} = sup

τ ∈[0,t] ∑ l,p,r:

l+p+r=k l<k,r<k

‖ ‖T^{(p)}_r f^{(l)}(τ) ‖ ‖_{L1(R3×R3)} ≤

≤ ∑ r,p,l:

l+p+r=k l<k,r<k

c_p sup_{τ ∈[0,t]} {‖ ‖D^{p+1}_x ϕ ∗ f^{(r)}(τ) ‖ ‖_{L∞(R3×R3)} ‖ ‖D^{p+1}_v f^{(l)}(τ) ‖ ‖_{L1(R3×R3)} } ≤

≤ ∑ l,p,r:

l+p+r=k r<k,l<k

c_p ‖ ‖D^{p+1}_x ϕ ‖ ‖_{L∞(R3×R3)} sup

τ ∈[0,t] {‖ ‖f^{(r)}(τ) ‖ ‖_{L1(R3×R3)} ‖ ‖D^{p+1}_v f^{(l)}(τ) ‖ ‖_{L1(R3×R3)} } .

(5.1.21)

Let us check if it is possible to use a recursive argument to prove that Θ^{(k)} ∈ C^0 (L^1(R^3 × R^3), R^+) (for k ≥ 2). By (5.1.21) it follows that if we knew that

sup_{τ ∈[0,t]} {‖ ‖f^{(r)}(τ) ‖ ‖_{L1(R3×R3)} ‖ ‖D^{p+1}_v f^{(l)}(τ) ‖ ‖_{L1(R3×R3)} } < +∞ (5.1.22)

for each l, p, r : l + p + r = k and l < k, r < k, being the potential as in Hypotheses H, we would find that the C^0 (L^1)-norm of Θ^{(k)} is finite and we could conclude that for each T > 0:

sup_{t∈[0,T ]} ‖ f^{(k)}(t) ‖ L^1(R^3×R^3) < +∞ ∀ k ≥ 2. (5.1.23)

Thus, we note that a recursive argument is not ”well-posed” because it is not possible to provide a uniform bound for the C^0 (L^1)-norm of f^{(k)}, by assuming the same to hold for f^{(n)} with n < k. Indeed, by (5.1.22), we see that we would need to assume even that the L^1-norm of any derivative of f^{(n)} with n < k is bounded uniformly in time.

On the contrary, we realize that we can use an induction procedure in C^0 (S(R^3 × R^3), R^+). Indeed, by the expression of Θ^{(k)} and by the regularity of ϕ we know that Θ^{(k)} ∈ C^0 (S(R^3 × R^3), R^+) if all coefficients f^{(n)} up to n = k − 1 are in C^0 (S(R^3 × R^3), R^+). Then, by (5.1.19), we obtain

f^{(n)} ∈ C^0 ( S(R^3 × R^3), R^+ ) for all n < k ⇓ Θ^{(k)} ∈ C^0 ( S(R^3 × R^3), R^+ ) ⇓ f^{(k)} ∈ C^0 ( S(R^3 × R^3), R^+ ) , (5.1.24)

and thanks to (5.1.16) and (5.1.20) the induction procedure is ”closed”. Therefore, we have well-posedeness of problems (5.1.11) in L^1(R^3 × R^3) and, in particular, the coefficients f^{(k)}(t) are also in S(R^3 × R^3) for all t. Actually, we could relax our assumption on the initial datum f^ε_0 obtaining less smooth coefficients, but in the present context this not an issue because we want to focus on the structure of the expansion and not on minimal regularity properties of the solutions.

5.2. Semiclassical expansion for the N-particle dynamics. In this section we determine an expansion in power series of ε of the solution W^ε_N (t) = W^ε_N (X_N , V_N ; t) of the N-particle Wigner-Liouville equation equation (4.2.1) for the factorized initial datum

W^ε_{N,0}(X_N , V_N ) = N∏ j=1 f^ε_0 (x_j , v_j), (5.2.1)

where f^ε_0 is the same one-particle Wigner function we chose as initial datum for the nonlinear Wigner-Liouville equation (4.3.1). Thus, we know that f^ε_0 is expanded as in (5.1.2) and it turns out that, for the N-fold product (f^ε_0 )^{⊗N} , we find

(f^ε_0 )^{⊗N} = W^{(0)}_{N,0} + εW^{(1)}_{N,0} + ε^2W^{(2)}_{N,0} + . . . (5.2.2) with W^{(0)}_{N,0}(X_N , V_N ) = N∏ j=1 f^{(0)}_0 (x_j , v_j), (5.2.3)

W^{(k)}_{N,0}(X_N , V_N ) = ∑ s_1...s_N 0≤s_j ≤k P j s_j =k

N∏ j=1 f^{(sj )}_0 (x_j, v_j ) for k ≥ 1. (5.2.4)

Note that W^{(k)}_{N,0} is factorized only for k = 0.

For the sake of simplicity, here and henceforth we will make explicit the dependence on time and on the phase space variables only if not clear from the context.

Following [25], the operator T^ε_N appearing in (4.2.1) can be expanded as T^ε_N = T^{(0)}_N + εT^{(1)}_N + ε^2T^{(2)}_N + . . . (5.2.5) where, for n even we have T^{(n)}_N = i(2π)^{−3N} C_n ∫ R^{3N}

dK_N Û(K_N )e^{iKN ·XN} (K_N · ∇_{VN} )^{n+1} , (5.2.6)

C_n being constants depending on n, and Û being the Fourier transform of the potential in (3.1) (to simplify the notations we omit the superscript ”Q”). For n odd, we find T^{(n)}_N = 0. (5.2.7) Looking for a semiclassical expansion W^ε_N (t) = W^{(0)}_N (t) + εW^{(1)}_N (t) + ε^2W^{(2)}_N (t) + . . . , (5.2.8) by (5.2.2), (5.2.6) and (5.2.7) we arrive to the sequence of problems: (∂_t + V_N · ∇_{XN} ) W^{(0)}_N (t) = T^{(0)}_N W^{(0)}_N (t), W^{(0)}_N (X_N , V_N ; t) | |_{t=0} = W^{(0)}_{N,0}(XN , VN ),

(5.2.9)

and (∂_t + V_N · ∇_{XN} ) W^{(k)}_N (t) = T^{(0)}_N W^{(k)}_N (t) + Θ^{(k)}_N (t), W^{(k)}_N (X_N , V_N ; t) | | |_{t=0} = W^{(k)}_{N,0}(XN , VN ),

(5.2.10)

for k ≥ 1, where Θ^{(k)}_N (t) = ∑ 0≤l<k

T^{(k−l)}_N W^{(l)}_N (t). (5.2.11)

Note that T^{(0)}_N = ∇_{XN} U_N · ∇_{VN} =^1_N

∑_N

i≠j ∇xi ϕ(xi − xj ) · ∇vi is the classical Liouville operator,

while the source terms Θ^{(k)}_N (t), at each order k, are known by the previous steps. As we recalled in Chapter 1, under smoothness assumptions on the interaction potential ϕ, equation (5.2.9) can be solved by considering the Hamiltonian flow Φ^t(X_N , V_N ) associated with the Newton equations (2.1.3). Thus we find W^{(0)}_N (X_N , V_N ; t) = S_N (t)W^{(0)}_{N,0}(X_N , V_N ) = W^{(0)}_{N,0} ( Φ^{−t} (X_N , V_N ) ) , (5.2.12)

where, from now on, we denote by S_N the flow generated by the Liouville operator T^{(0)}_N . On the other side, equations (5.2.10) can be solved by recurrence thanks to the Duhamel formula:

W^{(k)}_N (t) = S_N (t)W^{(k)}_{N,0} +

∫_t 0 dt_1 S_N (t − t_1)Θ^{(k)}_N (t_1). (5.2.13)

We conclude this section by expressing the operators T^{(n)}_N (n even) in terms of the variables X_N , V_N . From (5.2.6), we find that:

T^{(n)}_N = T̂^{(n)}_N + R^{(n)}_N , (5.2.14) where T̂^{(n)}_N = c_n (−1)^{n/2} N N∑ l≠j

D^{n+1}_x ϕ(x_l − x_j ) · D^{n+1}_{vl} , (5.2.15)

where c_n is the same of (5.1.5), and

R^{(n)}_N = 1 N N∑ l≠j ∑ k_1,k_2∈N^3 |k_1|+|k_2|=n+1

C_{k1,k2}

∂^{n+1} ∂^{|k1|}x_l ∂^{|k2|}x_j ϕ(x_l − x_j ) ·

∂^{n+1} ∂^{|k1|}v_l ∂^{|k2|}v_j

, (5.2.16)

where, for i = 1, 2, k_i = (k_{i,1}, k_{i,2}, k_{i,3}), |k_i| = k_{i,1} + k_{i,2} + k_{i,3} , and ∂^{n+1} ∂^{|k1|}x_l ∂^{|k2|}x_j = ∂^{|k1|} ∂^{k1,1} x^1_l ∂^{k1,2} x^2_l ∂^{k1,3} x^3_l

∂^{|k2|} ∂^{k2,1} x^1_j ∂^{k2,2} x^2_j ∂^{k2,3} x^3_j

, (5.2.17)

with x_j = ( x^1_j , x^2_j , x^3_j ) , x_l = ( x^1_l , x^2_l , x^3_l ) , while C_{k1,k2} are suitable coefficients. The same holds for the derivatives with respect to the velocities.

We observe that, by the expression (5.2.16), we mean that the derivative of order |k_1| is distributed over the three components of x_l in the same way in which it is distributed over the three components of v_l, and the same holds for the derivative of order |k_2|.

5.3. Structure of the j-particles limiting marginals. Let us consider the sequence {f^ε_j (t)}_{j≥1}, where f^ε_j (t) = f^ε_j (X_j, V_j; t) is given by f^ε_j (t) = (f^ε(t))^{⊗j} (5.3.1) and f^ε(t) is the solution of the nonlinear Wigner-Liouville equation (4.3.1) with initial datum f^ε_0 chosen as in Section 4.1. By the one-particle expansion (5.1.1), it turns out that f^ε_j (t) = (f^ε(t))^{⊗j} = f^{(0)}_j (t) + εf^{(1)}_j (t) + ε^2f^{(2)}_j (t) + . . . , (5.3.2) with

f^{(0)}_j (X_j , V_j; t) = j∏ i=1 f^{(0)}(x_i, v_i; t) (5.3.3)

f^{(k)}_j (X_j, V_j; t) = ∑ s_1...s_j : 0≤s_r≤k P r s_r=k

j∏ r=1 f^{(sr )}(x_r, v_r; t) for k ≥ 1, (5.3.4)

where the one-particle functions f^{(sr)}(x_r, v_r; t) solve equation (5.1.10), if s_r = 0, and (5.1.11), for s_r > 0. Note that f^{(k)}_j (t) is factorized only for k = 0.

Thus by (5.3.3) we find that, as expected, the zero order term of the expansion of (f^ε(t))^{⊗j} is given by the j-fold product ( f^{(0)}(t)

)_{⊗j} of solutions of the Vlasov initial value problem (5.1.10).

By the analysis done in Chapter 3, we know that {f^ε_j (t)}_{j≥1} solves the infinite (Hartree) hierarchy (4.3.22) with factorized initial datum {(f^ε_0 )^{⊗j} }_{j≥1}. On the other hand, the sequence of j-particle marginals {W^ε_{N,j}(t)}^N_{j=1} associated with the solution of the N-particle Wigner- Liouville equation (4.2.1) with factorized initial datum (f^ε_0 )^{⊗N} , solves the Wigner BBGKY hierarchy (4.2.6) with initial datum {(f^ε_0 )^{⊗j}}^N_{j=1}. Moreover, in Chapter 3 we proved also that, for any j, W^ε_{N,j}(t) → (f^ε(t))^{⊗j} L^2-weakly as N → ∞ and the error in approximating the N-particle dynamics with the limiting one is not uniform with respect to ε and diverging as ε → 0. We recall that the reason for that arises from the fact that the operator T^ε_{N,j} involved in the BBGKY hierarchy (4.2.6) is bounded in the norm appropriate to study the convergence (namely L̃^1 (R^{3j} × R^{3j} ) or L^1 (R^{3j} × R^{3j} )), but its norm is diverging when ε goes to zero (in particular it is O(1/ε)). This suggests to consider the semiclassical equations described in Sections 4.1 and 4.2. In this way, considering equations at each order in ε and analyzing the hierarchies associated with each of those equation, we have to deal with operators which are clearly independent of ε (e.g. T^{(n)}_N ), T^{(n)}_k for the expansion associated with the Hartree dynamics) , and we have to investigate only the limit N → ∞ without any dependence on ε. The price we have to pay is that now those operators are unbounded, as it comes out for the classical mean-field limit we faced in Chapter 1.

Thus, if we want to prove that the coefficient of order ε^k of the expansion of the j-particle marginals W^ε_{N,j}(t), namely:

W^{(k)}_{N,j}(X_j , V_j; t) = ∫ R^{3(N−j)} ×R^{3(N−j)}

dX_{N−j}dV_{N−j} W^{(k)}_N (X_j , X_{N−j}, V_j, V_{N−j}; t),

(5.3.5)

converges to the corresponding object f^{(k)}_j (t) arising from the Hartree dynamics (i.e (5.3.4)), the use of the hierarchy solved by W^{(k)}_{N,j} (t) does not seem a good idea. In fact, even at level zero, when we have to deal with the classical mean-field limit, the hierarchy is very difficult to handle with (see Section 1.4) because it involves derivation operators which are clearly unbounded, unless to make them act on analytic functions (see (2.4.3)-(2.4.5)). The obstacle which occurs in facing the higher order terms is precisely the same.

However, as we saw in Chapter 1, in the classical case we can treat the convergence in a more natural way, avoiding to use the hierarchy. Indeed we can control the j-particle marginals associated with the Liouville equation (2.1.5) in terms of the expectation of the j-fold product of empirical measures with respect to the initial N-particle probability distribution (see Section 1.4). Then, to use this strategy to establish the convergence of W^{(0)}_{N,j} (t) to ( f^{(0)}(t)

)_{⊗j} , we have to choose the one-particle initial Wigner function f^ε_0 in such a way that the zeroth order coefficient f^{(0)}_0 is a one-particle probability distribution. As a consequence, the (factorized) zeroth order coefficient W^{(0)}_{N,0} (5.2.3) of the N-particle expansion is also a probability distribution (we will discuss this choice in Section 4.5). Then, we will follow a similar strategy in dealing with the convergence of the higher order terms of the expansion. More precisely, we will express W^{(k)}_{N,j} (t) in terms of the expectation, with respect to W^{(0)}_{N,0}, of suitable (derivation) operators acting on empirical measures. The control of these objects will be obtained thanks to some estimates of the derivatives of the classical flow with respect to the initial data (see Proposition 5.2).

5.4. Idea of the proof. As we already noticed in the previous section, the convergence of the j-particle marginal at zeroth order in ε is ensured by our assumption on the initial datum (to be specified in Section 4.5) and by the classical mean-field theory.

Thus, the first non-trivial term is that of order one in ε. By looking at (5.1.11) for k = 1, we realize that the first correction to the Vlasov equation in the Hartree dynamics satisfies { (∂_t + v · ∇_x) f^{(1)} = L(f^{(0)})f^{(1)},

f^{(1)}(x, v; t) | |_{t=0} = f^{(1)}_0 (x, v),

(5.4.1)

(looking at the expression (5.1.13) for the source terms Θ^{(k)}, we straightforward verify that Θ^{(1)} ≡ 0). As we shall see in detail in the following section, our choice for the initial oneparticle datum is a mixture of coherent states such that each coefficient of the expansion is given by suitable derivatives of the zeroth order term which, as we already observed, is a probability distribution. In particular, the explicit form for f^{(1)}_0 is:

f^{(1)}_0 (x, v) = D^2_Gf^{(0)}_0 (x, v), (5.4.2)

where D^2_G is a suitable second order derivation operator (see formula (5.5.8) below in the case k = 2) with respect to the variable z ∈ R^6 (we recall the notation z = (x, v) ∈ R^3 × R^3 introduced in Chapter 1).

As regard to the N-particle dynamics, looking at (5.2.4) in the case k = 1, we know that the initial datum for the coefficient of order one in ε is:

W^{(1)}_{N,0}(Z_N ) = N∑ j=1 f^{(1)}_0 (z_j ) N∏ l≠j

f^{(0)}_0 (z_l) = D^2W^{(0)}_{N,0}(Z_N ), (5.4.3) where

D^2 = N∑ j=1 D^2_{G,j}, (5.4.4)

and D^2_{G,j} is the operator D^2_G acting on the variable z_j ∈ R^6 . Let us consider the time evolved empirical measure μ_N (t) (see Section 1.3) associated with the flow generated by the Newton equations (2.1.3) and let us define D^2μ_N (t) as the distribution acting on a test function u in the following way: ( u, D^2μ_N (t) ) = D^2 ( 1 N N∑ l=1 u(z_l(t)) ) = 1 N N∑ l,j=1

D^2_{G,j}u(z_l(t)). (5.4.5)

We know that the operators D^2_{G,j} involve derivatives with respect to the initial variables z_j ,

j = 1, . . . , N, thus, if at time t = 0 we have μ_N → f^{(0)}_0 when N → ∞ W^{(0)}_{N,0} = ( f^{(0)}_0

)_{⊗∞} in the weak sense of probability measures, it follows that: ( u, D^2μ_N ) = D^2 1 N N∑ l=1 u(z_l) = 1 N N∑ l,j=1

D^2_{G,j}u(z_l) = 1 N N∑ j=1 D^2_{G,j}u(z_j) = = ( D^2_Gu, μ_N ) → ( D^2_Gu, f^{(0)}_0 ) = ( u, D^2_Gf^{(0)}_0 ) = ( u, f^{(1)}_0 ) (5.4.6)

as N → ∞. By the Strong Law of Large Numbers (2.3.10) we know that the convergence (5.4.6) holds a.e with respect to the product measure ( f^{(0)}_0

)_{⊗∞}

, then, by (5.4.3) and (5.4.6), we can conclude that: ( u, W^{(1)}_{N,1}(t)|_{t=0} ) = ( u, E_N [ D^2μ_N ]) → ( u, f^{(1)}_0 ) as N → ∞,

(5.4.7)

where E_N [·] denotes the expectation with respect to the N-particle probability distribution

W^{(0)}_{N,0} = ( f^{(0)}_0

)_{⊗N} (see (5.2.3)).

In the sequel, as in Chapter 1, we will say that a configuration Z_N is ”typical” with respect to the probability measure f^{(0)}_0 , if the corresponding empirical measure μ_N (z|Z_N ) converges to f^{(0)}_0 in the weak topology of probability measures.

By equation (5.2.10) for k = 1, we have:

(∂_t + V_N · ∇_{XN} ) W^{(1)}_N = ∇_{XN} U · ∇_{VN} W^{(1)}_N ,

W^{(1)}_N (Z_N ; t)|_{t=0} = W^{(1)}_{N,0}(Z_N ), (5.4.8) namely, the classical Liouville equation (2.1.5), where, to simplify the notation, we omitted the superscript ”cl”. Therefore:

W^{(1)}_N (Z_N ; t) = S_N (t)W^{(1)}_{N,0}(Z_N ). (5.4.9)

Finally, by virtue of (5.4.9) and (5.4.3), we obtain ( u, W^{(1)}_{N,1}(t) ) = ∫ R^{3N} ×R^{3N}

dZ_N S_N (t)W^{(1)}_{N,0}(Z_N ) (u, μ_N ) = = ∫ R^{3N} ×R^{3N}

dZ_N W^{(1)}_{N,0}(Z_N ) (u, μ_N (t)) = = ∫ R^{3N} ×R^{3N}

dZ_N D^2W^{(0)}_{N,0}(Z_N ) (u, μ_N (t)) = = ∫ R^{3N} ×R^{3N}

dZ_N W^{(0)}_{N,0}(Z_N ) ( u, D^2μ_N (t) ) = = ( u, E_N [ D^2μ_N (t) ]) . (5.4.10)

Therefore, the behavior of W^{(1)}_{N,1}(t) is determined by that of D^2μ_N (t) for any initial configuration Z_N which is typical with respect to f^{(0)}_0 . Finally, since μ_N (t) solves the Vlasov equation in the weak form (see Chapter 1):

{ (∂_t + v · ∇_x) μ_N (t) = (∇ϕ ∗ μ_N (t)) · ∇_vμ_N (t)

μ_N (t)|_{t=0} = μ_N ,

(5.4.11)

applying D^2, we get: { (∂_t + v · ∇_x) D^2μ_N (t) = L (μ_N (t)) D^2μ_N (t) + R_N ,

D^2μ_N (t) | |_{t=0} = D^2μ_N , (5.4.12)

where R_N is a term involving objects of the form ∑ j (D_{G,j}μ_N (t)) (D_{G,j} μ_N (t)) which, as we shall see later, are of order 1/N when tested versus smooth functions. The equation (5.4.12) is similar to (5.4.1), except for the presence of the term R_N and for the fact that we have L (μ_N (t)) instead of L ( f^{(0)} ) . Therefore, the proof of the convergence of W^{(1)}_{N,1}(t) to f^{(1)}(t) reduces to that of a stability property for the solution of (5.4.1) with respect to suitable weak topologies. Proposition 5.3 in the forthcoming Section 4.5 will provide us such property.

The general case k > 1 is only technically more complicated because of the presence of source terms, but the main ideas are those presented here.

Remark 5.1. By looking at the strategy of the proof for k = 1 we realize that the basic idea is to apply the classical mean-field theory at suitable derivatives of the empirical measure. Therefore, if in the classical framework we have to deal with convergence with respect to the weak topology of probability measures, namely, with continuous and uniformly bounded test functions, now we need to deal with test functions whose derivatives are also continuous and uniformly bounded (e.g (5.4.6)). Therefore we can argue that we will establish the term by term convergence in a suitable distributional sense.

We conclude by establishing a Proposition controlling the size of the derivatives of the Hamilton flow associated with (2.1.3) with respect to the initial data.

From now on we shall denote by C a positive constant, independent of N, possibly changing from line to line.

Proposition 5.2. Let z_i(t) = (x_i(t), v_i(t)) , i = 1, . . . , N be the solution of equations (2.1.3) with initial datum z_i = (x_i, v_i) , i = 1, . . . , N. t_0 < t. Let z^β_i ∀ β = 1, . . . , 6 be the β-th component of z_i ∈ R^6. If the pair interaction potential ϕ is assumed to satisfy Hypotheses H, then, for each k ∈ N: | | | | ∂^kz^β_i (t) ∂z^{α1}_{j1} . . . ∂z^{αk}_{jk} | | | | ≤ C N^{d(i)}k

, (5.4.13)

where I := (j_1, . . . , j_k) is any sequence of possibly repeated indices and d^{(i)}_k is the number of different indices in I which are also different from i.

The physical significance of (5.4.13) is obvious. In the mean-field context, the quantity z_i(t) depends weakly on z_j if j ≠ i for each t > 0. Actually^{∂zβi (t)}_{∂z}α_j = O

(_1 N ) while^{∂zβi (t)}_{∂z}α_i = O (1) and these two estimates give rise to (5.4.13) in the case k = 1. Estimate (5.4.13) says that for each derivative of any order with respect to some z_j of z_i(t) , we gain a factor 1/N. We have also the following corollary whose straightforward proof will be omitted.

Corollary 5.1. Let U = U(Z_N (t)) be a function of the time evolved configuration Z_N (t) of the form:

U(Z_N (t)) = 1 N N∑ i=1 u(z_i(t)),

where u ∈ C^∞_b (R^3 × R^3). Then, if the pair interaction potential ϕ satisfies Hypotheses H, the following estimate holds: | | | ∂^kU(Z^N (t)) ∂z^{α1}_{j1} . . . ∂z^{αk}_{jk} | | | ≤ C N^{dk}

, (5.4.14)

where d_k is the number of different indices in the sequence I = (j_1, . . . , j_k).

The proof of Proposition 5.2 will be given in Appendix A.

5.5. Results and technical preliminaries. We choose, as initial condition for the oneparticle Wigner function, a mixture of coherent states. The Wigner function associated with a pure coherent state centered at the point (x_0, v_0) is given by:

w(x, v|x_0, v_0) = 1 (πε)^3 e^{− (x−x0)2ε} e^{− (v−v0)2ε} . (5.5.1)

Let now g = g(x, v) be a smooth probability density on the one-particle phase space independent of ε (see Hypotheses H^1 below) . Then we define:

f^ε_0 (x, v) = ∫ R^3×R^3

dx_0dv_0 w(x, v|x_0, v_0)g(x_0, v_0). (5.5.2)

Using the standard notation z = (x, v) and z_0 = (x_0, v_0), (5.5.2) is equivalent to:

f^ε_0 (z) = 1 (πε)^3 ∫ R^6

dz_0 e^{− (z−z0)2ε} g(z_0) = = 1 (π)^3 ∫ R^6

dζ e^{−ζ2} g(z − √ εζ). (5.5.3)

Expanding

g(z − √ εζ) = g(z) − (ζ · ∇_z) g(z) √ ε + (ζ · ∇_z)^2 g(z) ( √ ε)^2 2 + . . .

· · · − (ζ · ∇_z)^{2n−1} g(z) ( √ ε)^{2n−1} (2n − 1)!

+ (ζ · ∇_z)^{2n} g(z) ( √ ε)^{2n} (2n)!

+ . . . ,

(5.5.4) and performing the gaussian integrations (which cancels the terms with the odd powers of √ ε), we readily arrive to the following expansion for the Wigner function f^ε_0 :

f^ε_0 = f^{(0)}_0 + εf^{(1)}_0 + · · · + ε^nf^{(n)}_0 + . . . , (5.5.5) where f^{(0)}_0 = g, (5.5.6) f^{(n)}_0 = D^{2n}_G f^{(0)}_0 for n ≥ 1, (5.5.7) and D^k_G (G stands for ”Gaussian”), for each k > 0, is the following derivation operator with respect to the variable z = (x, v):

D^k_G = ∑ α_1...α_k : α_j =1,...,6 ∑ s_1...s_k: 0≤s_j ≤k s_1+···+s_k=k

C_G(α_1 . . . α_k)

∂^k ∂z^{α1} . . . ∂z^{αk}

, (5.5.8)

where

C_G(α_1 . . . α_k) = 1 k! ∫ R^6

dζ e^{−ζ2} k∏ j=1 ζ^{αj} . (5.5.9)

Therefore, C_G(α_1 . . . α_k) is equal to zero for each sequence α_1 . . . α_k in which at least one index appears an odd number of times.

Hypotheses H^1:

We assume that g = f^{(0)}_0 ∈ S(R^3 × R^3), thus (5.5.7) make sense for any n ≥ 1 and, in particular, f^{(n)}_0 ∈ S(R^3 × R^3) for any n. By the analysis done in Section 4.1, this allows to identify the time-evolved coefficients f^{(n)}(t), n ≥ 1, as the unique solutions of the initial value problems (5.1.11).

Remark 5.2. Here we consider a completely factorized N-particle initial state (see (5.2.1)), then property (4.2.4) is satisfied. Furthermore the one-particle state is a mixture and this automatically excludes the Bose statistics.

Remark 5.3. We made the choice to expand fully the initial state f^ε_0 according to equation (5.5.5). Another possibility is to assume the (ε dependent) state f^ε_0 (which is a probability measure in the present case) as initial condition for the Vlasov problem and, consequently, f^{(k)}_0 = 0 for the problems (5.1.11). Now the coefficients f^{(k)}(t) are ε dependent but this does not change deeply our analysis because f^ε_0 is smooth, uniformly in ε.

As we explained at the beginning of the present Chapter, our goal is to compare the j-particle semiclassical expansion associated with the N-particle flow, namely W^{(k)}_{N,j}(t), k = 0, 1, 2, . . . , with the corresponding coefficients f^{(k)}_j (t) of the expansion:

f^ε_j (t) = f^{(0)}_j (t) + εf^{(1)}_j (t) + · · · + ε^kf^{(k)}_j (t) + . . . , (5.5.10)

where f^{(k)}_j (t) is given by (5.3.4). The main result is the following.

Theorem 5.1. Let us consider the (Hartree) nonlinear Wigner-Liouville equation (4.3.1) as in (5.5.2) where the probability distribution g satisfies Hypotheses H^1. Moreover, let us consider the N-particle Wigner-Liouville equation (4.2.1) with factorized initial datum as in (5.2.1). If the pair interaction potential ϕ is assumed to verify Hypotheses H, for all t > 0, for any integers k and j, the following limit holds in S^′(R^{3j} × R^{3j} ): W^{(k)}_{N,j}(t) → f^{(k)}_j (t). (5.5.11) as N → ∞.

Remark 5.4. As we shall see in the sequel, the convergence (5.5.11) is slightly stronger than the convergence in S^′(R^{3j} × R^{3j} ). Indeed, the sequence W^{(k)}_{N,j}(t) converges also when it is tested on functions in C^∞_b (R^{3j} × R^{3j} ). Such kind of convergence, which is natural in the present context, will be called C^∞_b -weak convergence.

A crucial tool in proving Theorem 5.1 is provided by the following Proposition 5.3. Let γ_N (x, v; t) be a sequence in S^′(R^3 × R^3) (for each t) satisfying: { (∂_t + v · ∇_x) γ_N = L(h_N )γ_N + Θ_N ,

γ_N (x, v; t)|_{t=0} = γ_{N,0}(x, v),

(5.5.12)

where γ_{N,0}, Θ_N are sequences in S^′(R^3 × R^3). We assume that:

i) h_N (x, v; t) is a sequence of probability measures converging, as N → ∞, to a measure h(t)dxdv with a density h(t) ∈ C^∞_b (R^3 × R^3) and such that |∇_vh| ∈ C^0 (L^1(R^3 × R^3), R^+). ii) for all u_1, u_2 in C^∞_b (R^3 × R^3) , there exists a constant C = C(u_1, u_2) > 0, not depending on N, such that:

‖u_1 ∗ (u_2γ_N )‖_L∞_{(R}3_{×R}3_) < C < +∞ for any t. (5.5.13) iii) γ_{N,0} → γ_0, as N → ∞, C^∞_b -weakly , γ_0 = γ_0(x, v) is a function belonging to L^1(R^3 × R^3). iv) Θ_N → Θ, as N → ∞, C^∞_b -weakly , Θ = Θ(x, v; t) is a function belonging to C^0 (L^1(R^3 × R^3), R^+). Then:

γ_N → γ, as N → ∞ C^∞_b -weakly, (5.5.14)

where γ is the unique solution of the problem (5.1.14) in C^0 (L^1 (R^3 × R^3) , R^+).

For the proof, see Appendix B.

5.6. Convergence. This section is devoted to the proof of Theorem 5.1.

By (5.2.13) and (5.2.11), for k ≥ 0 we have:

W^{(k)}_N (Z_N ; t) = ∑ n≥0 k∑ r=0 ∑ r_1...r_n: r_j >0 P r_j =k−r

∫_t 0 dt_1

∫_{t1} 0 dt_2 . . .

∫_{tn−1} 0 dt_n

S_N (t − t_1)T^{(r1)}_N S_N (t_1 − t_2) . . . T^{(rn)}_N S_N (t_n)W^{(r)}_{N,0}(Z_N ). (5.6.1)

It is useful to remind that, the only non-vanishing terms in (5.6.1) are those for which all r_1, . . . , r_n are even (because the odd terms in the expansion for the operator T^ε_N appearing in (4.2.1) are vanishing (see (5.2.7)).

According to (5.2.4) and (5.5.7),

W^{(r)}_{N,0}(Z_N ) = ∑ s_1...s_N 0≤s_j ≤r P j s_j =r

N∏ j=1 ( D^{2sj}_{G,j}f^{(0)}_0 (z_j ) ) , (5.6.2)

where D^k_{G,j} is defined in (5.5.8) and the extra symbol j means that this operator acts on the variable z_j . Defining the operator D^{2r} as:

D^0 = 1,

D^{2r} = ∑ s_1...s_N : 0≤s_j ≤r P j s_j =r

N∏ j=1 D^{2sj}_{G,j}, r ≥ 1, (5.6.3)

we have:

W^{(r)}_{N,0}(Z_N ) = D^{2r}W^{(0)}_{N,0}(Z_N ) ∀ r ≥ 0. (5.6.4)

In order to investigate the behavior of the j-particle functions W^{(k)}_{N,j}(Z_j; t) when N → ∞, we consider the following object, for a given configuration Z^′_j = (z^′_1 . . . z^′_j ):

ω^{(k)}_{N,j} (Z^′_j; t) = ∫ R^{6N}

dZ_N W^{(k)}_N (Z_N ; t)μ_N (z^′_1|Z_N ) . . . μ_N (z^′_j|Z_N ). (5.6.5)

In the end of the section, we will show that (5.6.5) is asymptotically equivalent to W^{(k)}_{N,j}(Z^′_j ; t).

From (5.6.1), (5.6.4) and (5.6.5), it follows that:

ω^{(k)}_{N,j}(Z^′_j ; t) = ∑ n≥0 k∑ r=0 ∑ r_1...r_n: r_j >0 P r_j =k−r

∫_t 0 dt_1

∫_{t1} 0 dt_2 . . .

∫_{tn−1} 0 dt_n ∫ R^{6N}

dZ_N μ_{N,j}(Z^′_j |Z_N )

S_N (t − t_1)T^{(r1)}_N S_N (t_1 − t_2) . . . T^{(rn)}_N S_N (t_n)D^{2r}W^{(0)}_{N,0}(Z_N ), (5.6.6) where μ_{N,j}(Z^′_j|Z_N ) = μ_N (z^′_1|Z_N ) . . . μ_N (z^′_j |Z_N ). (5.6.7)

Integrating by parts, reminding that each r_j is even and that each T^{(rj )}_N involves derivatives of order r_j + 1, we have:

ω^{(k)}_{N,j}(Z^′_j; t) = ∑ n≥0 (−1)^n k∑ r=0 ∑ r_n: r_j >0 |r_n|=k−r

∫_t ord dt_n

E_N [ D^{2r}T^{(rn)}_N (t_n)T^{(rn−1)}_N (t_{n−1}) . . . T^{(r1)}_N (t_1)μ_{N,j}(Z^′_j|Z_N (t)) ] , (5.6.8)

where r_n is the sequence of positive integers r_1, . . . , r_n, |r_n| =

∑_n j=1 r_j and Z_N (t) is the Hamiltonian flow associated with (2.1.3). Moreover t_n = t_1 . . . t_n and

∫_t ord dt_n denotes the integral over he simplex 0 < t_n < t_{n−1} < · · · < t_1 < t. Finally, E_N stands for the expectation with respect to the N-particle density W^{(0)}_{N,0} and

T^{(r)}_N (t) = S_N (−t)T^{(r)}_N S_N (t). (5.6.9) Therefore, the objects we have to investigate in the limit N → ∞ are:

ν^{(k)}_j (Z^′_j; t) = ∑ n≥0 (−1)^n k∑ r=0 ∑ r_n: r_j >0 |r_n|=k−r

∫_t ord dt_nη_j(Z^′_j ; t, r, r_n, t_n, Z_N ),

(5.6.10) (for any configuration Z_N , typical with respect to f^{(0)}_0 ), where η_j is given by:

η_j(Z^′_j; t, r, r_n, t_n, Z_N ) = D^{2r}T^{(rn)}_N (t_n)T^{(rn−1)}_N (t_{n−1}) . . . T^{(r1)}_N (t_1)μ_{N,j}(Z^′_j|Z_N (t)). (5.6.11)

Note that:

ν^{(0)}_j (Z^′_j; t) = μ_{N,j} ( Z^′_j|Z_N (t) ) . (5.6.12)

We start by analyzing the behavior of ν^{(k)}_j in the cases j = 1, 2, thus we are lead to consider:

η_1(z^′_1; t, r, r_n, t_n, Z_N ) = D^{2r}T^{(rn)}_N (t_n)T^{(rn−1)}_N (t_{n−1}) . . . T^{(r1)}_N (t_1)μ_N (z^′_1|Z_N (t)), (5.6.13) and η_2(z^′_1, z^′_2; t, r, r_n, t_n, Z_N ) = D^{2r}T^{(rn)}_N (t_n)T^{(rn−1)}_N (t_{n−1}) . . . T^{(r1)}_N (t_1)μ_{N,2} (Z^′_2|Z_N (t)) . (5.6.14)

It is useful to stress that the operators T^{(rj )}_N (t_j) (j = 1, . . . , n) and D^{2r} act as suitable distributional derivatives with respect to the variables Z_N . To evaluate η_1, let us first analyze the action of T^{(r)}_N (τ). By (5.6.9) and (5.2.14), for any function G = G(Z_N ), we have: ( T^{(r)}_N (τ) G ) (Z_N ) = S_N (−τ) ( T̂^{(r)}_N + R^{(r)}_N ) (S_N (τ) G) (Z_N ) =

= (−1)^{r/2} c_r N ∑ j,l S_N (−τ) D^{r+1}_x ϕ(x_j − x_l) · D^{r+1}_{vj} (S_N (τ) G) (Z_N ) +

+ 1 N N∑ l,j=1 ∑ k_1,k_2∈N^3 |k_1|+|k_2|=r+1

C_{k1,k2} S_N (−τ)

∂^{r+1} ∂^{|k1|}x_l ∂^{|k2|}x_j ϕ(x_l − x_j ) ·

∂^{r+1} ∂^{|k1|}v_l ∂^{|k2|}v_j

(S_N (τ) G) (Z_N ) .

(5.6.15)

Note that the derivatives involved here are done with respect to the variables at time t = 0.

Denoting by D^r_{zj} any derivative of order r with respect to a variable z_j at time t = 0, we observe that:

S_N (−t)D^r_{zj} G(Z_N ) = ( D^r_{zj} G ) (Z_N (t)) = D^r_{zj} (t) (S_N (−t)G) (Z_N ), (5.6.16) where, by D^r_{zj} (t), we denote the same derivative of order r with respect to the variable z_j(t). Then, by (5.6.16) and (5.6.15): ( T^{(r)}_N (τ) G ) (Z_N ) = S_N (−τ) ( T̂^{(r)}_N + R^{(r)}_N ) S_N (τ) G (Z_N ) =

= (−1)^{r/2} c_r N ∑ j,l ( D^{r+1}_x ϕ ) (x_j (τ) − x_l(τ)) · D^{r+1}_{vj} (τ)G (Z_N ) +

+ 1 N N∑ l,j=1 ∑ k_1,k_2∈N^3 |k_1|+|k_2|=r+1

C_{k1,k2} ( ∂^{r+1}

∂^{|k1|}x_l ∂^{|k2|}x_j ϕ ) (x_l(τ) − x_j (τ)) ·

∂^{r+1}

∂^{|k1|}v_l ∂^{|k2|}v_j

(τ)G (Z_N ) .

(5.6.17)

Therefore, in computing the action of T^{(r)}_N (τ), we have to consider derivatives with respect to the variables at time τ. As a consequence, we have to deal with a complicated function of the configuration Z_N which, however, we do not need to make explicit, as we shall see in a moment.

On the basis of the previous considerations, we compute the time derivative of η_1 by applying the operators D^{2r}T^{(rn)}_N (t_n)T^{(rn−1)}_N (t_{n−1}) . . . T^{(r1)}_N (t_1) to the Vlasov equation: ( ∂_t + v^′_1 · ∇_x′_1 ) μ_N (t) = ( ∇_x′_1 ϕ ∗ μ_N (t) ) · ∇_v′_1 μ_N (t). (5.6.18)

In doing this we have to compute

D^{2r}T^{(rn)}_N (t_n)T^{(rn−1)}_N (t_{n−1}) . . . T^{(r1)}_N (t_1)μ_N (z^′_1|Z_N (t))μ_N (z^′_2|Z_N (t)). (5.6.19)

Now we select the contribution in which each T^{(rℓ)}_N (t_ℓ) and D^{2r} apply either on μ_N (z^′_1|Z_N (t)) or to μ_N (z^′_2|Z_N (t)). The other contribution involves terms in which are present products of derivatives with respect to the same variable. By Proposition 5.2 and Corollary 5.1 we expect those terms to be negligible (in the C^∞_b -weak sense) in the limit N → ∞. Therefore we obtain the following equation: ( ∂_t + v^′_1 · ∇_x′_1 ) η_1(z^′_1, t, r, r_n, t_n, Z_N ) = L(μ_N (t))η_1(z^′_1, t, r, r_n, t_n, Z_N ) + + ∑ 0≤ℓ≤r ∑ 0≤m≤n ∑ I⊂I_n: |I|=m, 0<|r_I |+ℓ<k

( ∇_x′_1 ϕ ∗ η_1(·, t, ℓ, r_I , t_I , Z_N ) ) · ∇_v′_1 η_1(z^′_1, t, r − ℓ, r_{In\I} , t_{In\I} , Z_N ) +

+E^1_N , (5.6.20)

where E^1_N is an error term which will be proven to be negligible in the limit N → ∞ in Appendix C. In (5.6.20) we used the notations:

I_n = {1, 2, . . . , n}, I is any subset of I_n, r_I = {r_j}_{j∈I} , t_I = {t_j }_{j∈I} . (5.6.21)

Next, we compute the time derivative of ν^{(k)}_1 . We have: ( ∂_t + v^′_1 · ∇_x′_1 ) ν^{(k)}_1 = ∑ n≥0 (−1)^n k∑ r=0 ∑ |r_n|: r_j >0 |r_n|=k−r

∫_t 0 dt_2

∫_{t2} 0 dt_3 . . .

∫_{tn−1} 0 dt_nη_1 (z^′_1; t, r, r_n, t_n, Z_N ) | | |_{t1=t} +

+ ∑ n≥0 (−1)^n k∑ r=0 ∑ |r_n|: r_j >0 |r_n|=k−r

∫_t ord dt_n ( ∂_t + v^′_1 · ∇_x′_1 ) η_1(z^′_1; t, r, r_n, t_n, Z_N ). (5.6.22)

In evaluating the first term on the right hand side of (5.6.22), we are lead to consider η_1 evaluated in t = t_1. Thus, according to the expression of η_1 (see (5.6.13)), we have to deal with:

T^{(r1)}_N (t)μ_N (z^′_1|Z_N (t)) = S_N (−t)T^{(r1)}_N μ_N (z^′_1|Z_N ). (5.6.23)

Therefore:

T^{(r1)}_N (t)μ_N (z^′_1|Z_N (t)) = (−1)^{r1/2}c_{r1} ( D^{r1+1}_x′_1 ϕ ∗ μ_N (t) ) (x^′_1) · D^{r1+1}_v′_1 μ_N (z^′_1|Z_N (t)) =

= (−1)^{r1/2}c_{r1} ∫ dx^′_2 dv^′_2 D^{r1+1}_x′_1 ϕ(x^′_1 − x^′_2) · D^{r1+1}_v′_1 μ_N (x^′_1, v^′_1|Z_N (t))μ_N (x^′_2, v^′_2|Z_N (t)),

(5.6.24)

where the term involving off-diagonal derivatives, namely R^{(r1)}_N (see (5.2.16)), disappears because both the derivatives and the empirical distribution are evaluated at time t. Hence we compute η_1 in t = t_1 and, inserting it in the first term of the right hand side of (5.6.22), we obtain: ∑ n≥0 (−1)^n k∑ r=0 ∑ r_n: r_j >0 |r_n|=k−r

∫_t 0 dt_2

∫_{t2} 0 dt_3dt_3 . . .

∫_{tn−1} 0 dt_nη_1 (z^′_1; t, r, r_n, t_n, Z_N ) | | | |_{t1=t} =

= ∑ 0<r_1≤k r_1 even

(−1)^{r1/2}c_{r1} ∫ dx^′_2 dv^′_2 D^{r1+1}_x′_1 ϕ(x^′_1 − x^′_2) · D^{r1+1}_v′_1 ν^{(k−r1)}_2 (x^′_1, v^′_1, x^′_2, v^′_2; t).

(5.6.25)

Let us come back now to equation (5.6.22). It is useful to observe that: ∫_t ord dt_n ∑ I⊂I_n: |I|=m = ∫_t ord dt_I

∫_t ord dt_{In\I} . (5.6.26)

Then, putting together (5.6.22), (5.6.25), (5.6.20) and (5.6.26), we obtain the following equation for ν^{(k)}_1 : ( ∂_t + v^′_1 · ∇_x′_1 ) ν^{(k)}_1 (x^′_1, v^′_1; t) = L(μ_N (t))ν^{(k)}_1 (x^′_1, v^′_1; t) + + ∑ 0<r_1≤k r_1 even

(−1)^{r1/2}c_{r1} ∫ dx^′_2 dv^′_2 D^{r1+1}_x′_1 ϕ(x^′_1 − x^′_2) · D^{r1+1}_v′_1 ν^{(k−r1)}_2 (x^′_1, v^′_1, x^′_2, v^′_2; t) +

+ ∑ 0<ℓ<k ( ∇_x′_1 ϕ ∗ ν^{(ℓ)}_1 (t) ) · ∇_v′_1 ν^{(k−ℓ)}_1 (t) + E^2_N , (5.6.27)

with initial datum given by:

ν^{(k)}_1 (x^′_1, v^′_1; t)|_{t=0} = η_1((z^′_1; 0, k, r_0, t_0, Z_N ) = D^{2k}μ_N (z^′_1|Z_N ). (5.6.28) Here E^2_N arises from E^1_N (see (5.6.20)). Now, we want to prove that:

ν^{(k)}_1 (t) → f^{(k)}(t), as N → ∞, C^∞_b − weakly, (5.6.29) and ν^{(k)}_2 (t) → f^{(k)}_2 (t), as N → ∞, C^∞_b − weakly, (5.6.30)

for any configuration Z_N such that μ_N → f^{(0)}_0 in the weak sense of probability measure (namely, for any Z_N typical with respect to f^{(0)}_0 (see Section 4.4)). As a consequence, reminding that ν^{(k)}_1 (t) and ν^{(k)}_2 (t) are equal to ω^{(k)}_{N,1}(t) and ω^{(k)}_{N,2}(t) respectively, a.e. with respect to W^{(0)}_{N,0}, (5.6.29) and (5.6.30) are equivalent to:

ω^{(k)}_{N,1}(t) → f^{(k)}(t), as N → ∞, C^∞_b − weakly, (5.6.31) and ω^{(k)}_{N,2}(t) → f^{(k)}_2 (t), as N → ∞, C^∞_b − weakly. (5.6.32)

As we already remarked, the C^∞_b -weak convergence implies the convergence in S^′, therefore, (5.6.31) and (5.6.32) imply the convergence of ω^{(k)}_{N,1}(t) to f^{(k)}(t) in S^′(R^3 × R^3) and of ω^{(k)}_{N,2}(t) to f^{(k)}_2 (t) in S^′(R^6 × R^6).

5.6.1. One and two-particle convergence. In evaluating the behavior of ν^k_1 (t) when N → ∞, we note that it solves the initial value problem (5.6.27)-(5.6.28) for which we want to use Proposition 5.3. First, however, we have to verify the assumptions. The first one, namely i), is verified as follows by our choice of the initial datum which ensures f^{(0)}_0 to be a smooth probability measure (see Section 4.5) and by the classical mean-field theory recalled in Chapter 1.

Now, we have to check that assumption ii) is satisfied, namely, we have to prove that

∀ u_1, u_2 in C^∞_b (R^3 × R^3), there exists a constant C = C(u_1, u_2) > 0, independent of N, such that: ‖ ‖u1 ∗ ( u_2 ν^{(k)}_1 (t) )‖ ‖_{L∞(R3×R3)} < C for any t. (5.6.33)

We have: ‖ ‖u_1 ∗ (u_2 ν(k)_1 (t)) ‖ ‖ L^∞(R^3×R^3)

= sup_{x′}

1,v^′_1 | | | ∫ dydw u_1(x^′_1 − y, v^′_1 − w)u_2(y, w)ν^{(k)}_1 (y, w; t) | | | ≤ ≤ ∑ n≥0 k∑ r=0 ∑ r_n: r_j >0 |r_n|=k−r

∫_t ord dt_n sup_{x′}

1,v^′_1 | | | ∫ dydw u_1(x^′_1 − y, v^′_1 − w)u_2(y, w)η_1(y, w; t; r, r_n, t_n, Z_N ) | | | =

= ∑ n≥0 k∑ r=0 ∑ r_n: r_j >0 |r_n|=k−r

∫_t ord dt_n

sup_{x′}

1,v^′_1 | | | ∫ dydw (u_1(x^′_1 − y, v^′_1 − w)u_2(y, w)) D^{2r}T^{(rn)}_N (t_n) . . . T^{(r1)}_N (t_1)μ_N (y, w|Z_N (t)) | | | =

= ∑ n≥0 k∑ r=0 ∑ r_n: r_j >0 |r_n|=k−r

∫_t ord dt_n

sup_{x′}

1,v^′_1 | | | | ∫ dydw g(x^′_1, v^′_1, y, w)D^{2r}T^{(rn)}_N (t_n) . . . T^{(r1)}_N (t_1)μ_N (y, w|Z_N (t)) | | | | , (5.6.34)

where we used the notation g(x^′_1, v^′_1, y, w) := u_1(x^′_1 − y, v^′_1 − w)u_2(y, w) and, role of parameters and the variables are indeed y and w. clearly, we have g(x^′_1, v^′_1, ·, ·) ∈ C^∞_b (R^3 × R^3) for any x^′_1 and v^′_1 and g(·, ·, y, w) ∈ C^∞_b (R^3 × R^3) for any y and w. By some estimates which will be proven in Appendix C (see Lemma C.2), we are guaranteed that, applying the operator D^{2r}T^{(rn)}_N (t_n) . . . T^{(r1)}_N (t_1) on the empirical measure μ_N (t) and integrating versus a function in C^∞_b (R^3 × R^3) we obtain a quantity uniformly bounded in N. This feature, by virtue of the good properties of the function g ensures that (5.6.34) is finite.

Let us now look at the initial datum for ν^{(k)}_1 (t), in order to verify assumption iii).

From (5.6.28) we know that ν^{(k)}_1 (0) = D^{2k}μ_N ∈ S^′(R^3 × R^3). As regard to its limiting behavior, we find that:

ν^{(k)}_1 (t) | | |_{t=0} = D^{2k}μN = N∑ n=1 ∑ I⊂I_N |I|=n ∑ s_j :j∈I 1≤s_j ≤k P j s_j =k

∏ j∈I D^{2sj}_{G,j} μ_N , (5.6.35)

where I_N = {1, . . . , N}. For our convenience, we have written the action of the operator D^{2k} in a equivalent and slightly different way from that we used in (5.6.3).

We realize that the only surviving term in the sum (5.6.35) is that with n = 1. Hence:

ν^k_1 (t) | |_{t=0} = N∑ j=1 D^{2k}_{G,j}μ_N = 1 N N∑ j=1 D^{2k}_{G,j}δ(z^′_1 − z_j ) = D^{2k}_G μ_N . (5.6.36)

Therefore we can conclude, by using the mean-field limit: ( u, ν^{(k)}_1 (t)|_{t=0} ) = ( u, D^{2k}_G μ_N ) = = ( D^{2k}_G u, μ_N ) → ( D^{2k}_G u, f^{(0)}_0 ) = ( u, D^{2k}_G f^{(0)}_0 ) = ( u, f^{(k)}_0 ) , as N → ∞,

∀ u in C^∞_b ( R^3 × R^3 ) . (5.6.37)

Thus, f^{(k)}_0 plays the role of γ_0 in Proposition 5.3 and it is in L^1 (R^3 × R^3) because f^{(0)}_0 ∈ S (R^3 × R^3).

We conclude the convergence proof (for the one and two-particle functions) by induction. For k = 0 we know that, for any configuration Z_N which is typical with respect to f^{(0)}_0 , we have:

ν^{(0)}_1 (t) = μ_N (t) → f^{(0)}(t), as N → ∞ (5.6.38)

in the weak sense of probability measures (see (2.3.10) and (2.3.11)) and, as a consequence, the convergence holds C^∞_b − weakly. Moreover

ν^{(0)}_2 (t) = μ_N (t) ⊗ μ_N (t) → f^{(0)}_2 (t) = f^{(0)}(t) ⊗ f^{(0)}(t), as N → ∞, (5.6.39)

in the weak sense of probability measures and, as previously, the convergence holds C^∞_b −weakly.

We make the following inductive assumptions for all h < k:

ν^{(h)}_1 (t) → f^{(h)}(t), as N → ∞, C^∞_b − weakly, (5.6.40)

for any configuration Z_N which is typical with respect to f^{(0)}_0 , and

ν^{(h)}_2 (t) → f^{(h)}_2 (t) = ∑ 0≤q≤h

f^{(q)}(t)f^{(h−q)}(t), as N → ∞, C^∞_b − weakly, (5.6.41)

for any configuration Z_N which is typical with respect to f^{(0)}_0 .

Now we want to prove that (5.6.40) and (5.6.41) hold also for h = k. Thanks to (5.6.40), we can affirm that: ∑ 0<ℓ<k ( ∇_x′_1 ϕ ∗ ν^{(ℓ)}_1 ) · ∇_v′_1 ν^{(k−ℓ)}_1 → ∑ 0<ℓ<k ( ∇_x′_1 ϕ ∗ f^{(ℓ)} ) · ∇_v′_1 f^{(k−ℓ)} = ∑ 0<ℓ<k

T^{(0)}_ℓ f^{(k−ℓ)},

C^∞_b − weakly, (5.6.42)

and, thanks to (5.6.41), have: ∑ 0<r_1≤k r_1 even

(−1)^{r1/2}c_{r1} ∫ dx^′_2dv^′_2D^{r1+1}_x′_1 ϕ(x^′_1 − x^′_2) · D^{r1+1}_v′_1 ν^{(k−r1)}_2 (x^′_1, v^′_1, x^′_2, v^′_2; t)

↓ C^∞_b − weakly ∑ 0<r_1≤k r_1 even

(−1)^{r1/2}c_{r1} ∫ dx^′_2dv^′_2D^{r1+1}_x′_1 ϕ(x^′_1 − x^′_2) · D^{r1+1}_v′_1 f^{(k−r1)}_2 (x^′_1, v^′_1, x^′_2, v^′_2; t) =

= ∑ 0<r_1≤k r_1 even ∑ 0≤q≤k−r_1

(−1)^{r1/2}c_{r1} ∫ dx^′_2dv^′_2D^{r1+1}_x′_1 ϕ(x^′_1 − x^′_2)f^{(k−r1)}(x^′_2, v^′_2; t) · D^{r1+1}_v′_1 f^{(q)}(x^′_1, v^′_1; t) =

= ∑ 0<r_1≤k r_1 even ∑ 0≤q≤k−r_1

T^{(r1)}_q f^{(k−r1−q)}(t).

(5.6.43)

At the end, putting together (5.6.42) and (5.6.43), we find that the sum of the source terms in equation (5.6.27) converges C^∞_b -weakly to: ∑ 0<ℓ<k

T^{(0)}_ℓ f^{(k−ℓ)} + ∑ 0<r_1≤k 0≤q≤k−r_1

T^{(r1)}_q f^{(k−r1−q)}, (5.6.44)

which plays the role of Θ in Proposition 5.3 and it is easy to verify that it is in C^0 (L^1(R^3 × R^3), R^+). Therefore, we can apply Proposition 5.3 claiming that, for any typical configuration Z_N with respect to f^{(0)}_0 , ν^{(k)}_1 (t) converges C^∞_b -weakly to the solution of the problem (5.1.14). Looking at (5.1.11) and (5.1.13), we realize that we obtained the equation satisfied by f^{(k)}(t).

In order to ”close” the recurrence procedure, it remains to show the two-particle convergence at order k. It follows from the one-particle analysis and from the following computation (see (5.6.14)):

η_2(z^′_1, z^′_2; t, r, r_n, t_n, Z_N ) = = ∑ 0≤ℓ≤k ∑ 0≤m≤n ∑ I:I⊆I_n |I|=m

η_1(z^′_1; t, ℓ, r_I , t_I , Z_N )η_1(z^′_2; t, k − ℓ, r_{In\I} , t_{In\I} , Z_N ) + R^2_N ,(5.6.45) where R^2_N is a remainder arising from the action of the operator D^{2r}T^{(rn)}_N (t_n) . . . T^{(r1)}_N (t_1) on a product of two empirical measures μ_N (t). In Appendix C we will see that it is vanishing in the limit. As a consequence, ν^{(k)}_2 (see (5.6.10) for j = 2) is such that:

ν^{(k)}_2 (t) = ∑ 0≤q≤k

ν^{(q)}_1 (t)ν^{(k−q)}_1 (t) + o(1), (5.6.46)

in the limit N → ∞. Therefore, from the inductive assumption (5.6.40) and from the oneparticle convergence at order k, we conclude that:

ν^{(k)}_2 (t) → ∑ 0≤q≤k

f^{(q)}(t)f^{(k−q)}(t) = f^{(k)}_2 (t), as N → ∞, C^∞_b − weakly, (5.6.47)

for any configuration Z_N which is typical with respect to f^{(0)}_0 . Thus, we have just proven the convergence of ω^{(k)}_{N,j} in the cases j = 1, j = 2.

5.6.2. j-particle convergence. As for j = 2, the j-particle convergence can be reduced by the one-particle control. Indeed by (5.6.10) and (5.6.11) we have:

ν^{(k)}_j (t) = ∑ s_1...s_j 0≤s_m≤k P m s_m=k

j∏ m=1 ν^{(sm)}_1 (t) + R^j_N , (5.6.48)

with R^j_N → 0 when N → ∞.

Again the error term R^j_N arises from the presence of products of derivatives with respect to the same variable. In conclusion, the result we proved for ν^{(k)}_1 (t), together with the estimates proven in Appendix C, is sufficient to guarantee the C^∞_b -weak convergence of ν^{(k)}_j (t) to f^{(k)}_j (t) for any j (for any typical configuration Z_N with respect to f^{(0)}_0 ), and, as a consequence, the C^∞_b -weak convergence of ω^{(k)}_{N,j}(t) is f^{(k)}_j (t), for any j.

The final step is to realize that this convergence does imply that for the coefficients W^{(k)}_{N,j}(t), namely what is established by Theorem 5.1.

First of all, we observe that, for any test function u we have: ( u, W^{(k)}_{N,1}(t) ) = ∫ R^6

dz_1W^{(k)}_{N,1}(z_1; t)u(z_1) = = ∫ R^{3N} ×R^{3N}

dZ_N W^{(k)}_N (Z_N ; t)u(z_1) = = ∫ R^{3N} ×R^{3N}

dZ_N W^{(k)}_N (Z_N ; t) 1 N N∑ l=1 u(z_l) = = ∫ R^{3N} ×R^{3N}

dZ_N W^{(k)}_N (Z_N ; t) (u, μ_N ) = ( u, ω^{(k)}_{N,1}(t) ) , (5.6.49)

where we made use of the symmetry of the coefficient W^{(k)}_N (Z_N ; t) with respect to any permutation of the variables (the computation is the same we did in Section 4.4 for W^{(1)}_{N,1}(t)). From (5.6.49), we can see that W^{(k)}_{N,1}(t) and ω^{(k)}_{N,1}(t) are equal as distributions in S^′ (R^3 × R^3) (in particular, we can choose test functions belonging to C^∞_b (R^3 × R^3)), then the convergence of W^{(k)}_{N,1}(t) is proven. Moreover, for j ≥ 2, a straightforward computation shows that, by fixing an index j, we have ( u_j, ω^{(k)}_{N,j}(t) ) = N(N − 1) . . . (N − j + 1) N^j ( u_j, W^{(k)}_{N,j}(t) ) + C_{j<j} N , (5.6.50)

where C_{j<j} < ∞ provided that ( u_j, W^{(k)}_{N,j}(t) ) is uniformly bounded for each j < j. Then, to conclude the proof of Theorem 5.1, it is enough to use a recurrence argument.

6. Outlooks and Perspectives In this chapter we give an overview of possible developments of our research, both in the perspective of generalizing our result, and from the point of view of applications in other (somewhat related) fields.

First we observe that the we can apply Theorem 5.1 even by considering as one-particle initial datum a suitable mixtures of WKB states. Indeed, let us consider the one-particle WKB state described by the wave function ψ_{W KB} ∈ L^2 (R^3) given by:

ψ_{W KB}(x|v_0) = a(x)e^{i v0·xε} , a ∈ S(R^3), a(x) ∈ R ∀ x, v_0 fixed in R^3, (6.1)

where the amplitude a is assumed to verify ∫ dx a^2(x) = 1, (6.2) namely, a^2(x) can be interpreted as a one-particle probability density in the position phase space R^3. The Wigner function associated with (6.1), given by

f^ε_{W KB}(x, v|v_0) = (2π)^{−3} ∫ R^3

dy e^{i v·y} ψ_{W KB} ( x + εy 2 |v_0 ) ψ_{W KB} ( x − εy 2 |v_0 ) = = (2π)^{−3} ∫ R^3

dy e^{i y·v} a ( x + εy 2 ) e^{−i v0·(x+} εy 2 ) ε a ( x − εy 2 ) e^{i v0·(x−} εy 2 ) ε = = (2π)^{−3} ∫ R^3

dy e^{i y·(v−v0)} a ( x + εy 2 ) a ( x − εy 2 ) , (6.3)

can be expanded as follows

f^ε_{W KB}(x, v|v_0) = f^{(0)}_{W KB}(x, v|v_0) + εf^{(1)}_{W KB}(x, v|v_0) + ε^2f^{(2)}_{W KB}(x, v|v_0) + . . . (6.4) where

f^{(0)}_{W KB}(x, v|v_0) = a^2(x)δ(v − v_0), (6.5) f^{(2n+1)}

W KB (x, v|v0) = 0 ∀ n = 0, 1, 2, . . . , (6.6)

f^{(2n)}_{W KB}(x, v|v_0) = − 1 (2)^{2n} 2n∑ l=0 1 l! 1 (2n − l)!

(−1)^lD^la(x)D^{2n−l}a(x)D^{2n}_v δ(v − v_0), ∀ n = 1, 2, . . .

(6.7) and D^m_v δ(v − v_0), for any m > 0, is the distribution acting as (6.8)

(u, D^m_v δ(v − v_0)) = ∫ dv u(v)D^m_v δ(v − v_0) =

= (−1)^m ∫ dv D^m_v u(v)δ(v − v_0) = (−1)^mD^m_v u(v_0),

(6.9) for any smooth test function u.

Then, we consider the Wigner function

f^ε_W (x, v) = ∫ dv_0 g_W (v_0)f^ε_{W KB}(x, v|v_0), g_W ∈ S ( R^3 ) (6.10)

associated with the (continuum) mixed state (see paragraph ”Mixed states” in Section 2.1) described by the density matrix (kernel)

ρ_W (x, v) = ∫ dv_0g_W (v_0)ψ_{W KB}(x|v_0)ψ_{W KB}(y|v_0) (6.11)

and we assume g_W to be a probability density with respect to the velocity variable, g_W not depending on ε (states similar to (6.10) have been considered in [24]). By (6.4), (6.5), (6.6) and (6.7) we obtain that (6.10) is expanded as:

f^ε_W (x, v) = f^{(0)}_W (x, v) + εf^{(1)}_W (x, v) + ε^2f^{(2)}_W (x, v) + . . . (6.12) where

f^{(0)}_W (x, v) = a^2(x)g_W (v), (6.13) f^{(2n+1)}

W (x, v) = 0 ∀ n = 0, 1, 2, . . . , (6.14)

f^{(2n)}_W (x, v) = − 1 (2)^{2n} 2n∑ l=0 1 l! 1 (2n − l)!

(−1)^lD^la(x)D^{2n−l}a(x)D^{2n}_v g_W (v). ∀ n = 0, 1, 2, . . .

(6.15)

By virtue of our assumptions on a and g_W we find that f^{(0)}_W defined by (6.13) is a one-particle probability density and f^{(0)}_W ∈ S (R^3). Furthermore, we choose a in such a way that

D^ma(x) = α^{(m)}(x)a(x), ∀ m ≥ 1 with α^{(m)}(x) ∈ C^0 ( R^3 ) , (6.16)

C^0 (R^3) being the space of continuous functions. Therefore, by (6.15) we find

f^{(2n)}_W (x, v) = − 1 (2)^{2n} 2n∑ l=0 1 l! 1 (2n − l)!

(−1)^lD^la(x)D^{2n−l}a(x)D^{2n}_v g_W (v) =

= β^{(2n)}(x)a^2(x)D^{2n}_v g_W (v) = β^{(2n)}(x)D^{2n}_v f^{(0)}_W (x, v) ∀ n = 0, 1, 2, . . . (6.17)

where β^{(2n)}(x) = −^1_{(2)2n}

∑_{2n} l=0 1 l! 1 (2n−l)! (−1)

lα^{(l)}(x)α^{(2n−l)}(x) for any n ≥ 1 and in the last equality of (6.17) we used (6.13). By the smoothness of α (see (6.16)) it follows that β^{(2n)}(x) ∈ C^0 (R^3) for all n, thus (6.17) together with the smoothness of f^{(0)}_W implies that f^{(2n)}_W ∈ S (R^3 × R^3) for all n ≥ 1.

Therefore, we have

f^{(0)}_W ∈ S ( R^3 × R^3 ) (6.18) f^{(2n+1)}

W (x, v) = 0 ∀ n = 0, 1, 2, . . . , (6.19) f^{(2n)}_W ∈ S ( R^3 × R^3 ) ∀ n = 1, 2, . . . (6.20) and, by applying Proposition 5.1 as in Section 4.1, we can identify the time-evolved coefficients f^{(k)}_W (t), for each k ≥ 0, as the unique solutions of problems (5.1.10) and (5.1.11) in L^1 (R^3 × R^3). Clearly, by (6.19) we find

f^{(2n+1)}

W (x, v; t) ≡ 0, for each n ≥ 0 and ∀ t, (6.21) while f^{(2n)}_W (t) ∈ S (R^3 × R^3) for any n ≥ 0. In particular, f^{(0)}_W (t) is the unique solution of the Vlasov equation (2.1.8) with initial datum f^{(0)}_W , thus we are guaranteed that f^{(0)}_W (t) is a one-particle probability density for all times.

Let us consider the following factorized initial datum for the N-particle Wigner-Liouville equation (4.2.1)

W^ε_{N,W} (X_N , V_N ) = (f^ε_W )^{⊗N} (X_N , V_N ). (6.22)

Then we find

W^ε_{N,W} (X_N , V_N ) = W^{(0)}_{N,W} (X_N , V_N ) + εW^{(1)}_{N,W} (X_N , V_N ) + ε^2W^{(2)}_{N,W} (X_N , V_N ) + . . . , (6.23)

where, by (6.12),

W^{(0)}_{N,W} (X_N , V_N ) = ( f^{(0)}_W

)_{⊗N}

(X_N , V_N ) (6.24)

W^{(n)}_{N,W} (X_N , V_N ) = ∑ s_1...s_N 0≤s_j ≤n P j s_j =n

N∏ j=1 f^{(sj )}_W (x_j , v_j) for n ≥ 1, (6.25)

and we note that, as in the case we considered in Chapter 4, factorization holds only for the zero order coefficient which, furthermore, turns to be an N-particle probability density.

By (6.25), thanks to (6.14) and (6.17), we find

W^{(0)}_{N,W} (X_N , V_N ) = ( f^{(0)}_W

)_{⊗N} (X_N , V_N ) (6.26)

W^{(n)}_{N,W} (X_N , V_N ) = ∑ s_1...s_N even 0≤s_j ≤n P j s_j =n

N∏ j=1 β^{(sj )}(x_j )D^{sj}_{vj} W^{(0)}_{N,W} (X_j, V_j) for n ≥ 1. (6.27)

Defining the operator D̂^r, for any r even, as:

D̂^0 = 1,

D̂^r = ∑ s_1...s_N even:

0≤s_j ≤k P j s_j =r

N∏ j=1 β^{(sj )}(x_j )D^{sj}_{vj} , r ≥ 2, (6.28)

we have:

W^{(2n+1)}

N,W (X_N , V_N ) = 0, for n = 0, 1, 2, . . . (6.29)

W^{(2n)}_{N,W} (X_N , V_N ) = D̂^{2n}W^{(0)}_{N,W} (X_N , V_N ) for n = 0, 1, 2, . . . . (6.30)

Now, let us consider the factorized j-particle Wigner function (f^ε_W (t))^{⊗j}, where f^ε_W (t) is the solution of the (Hartree) nonlinear Wigner-Liouville equation (4.3.1) with initial datum f^ε_W given by (6.10). The product (f^ε_W (t))^{⊗j} can be expanded as

(f^ε_W (t))^{⊗j} = f^{(0)}_{j,W} (t) + εf^{(1)}_{j,W} (t) + ε^2f^{(2)}_{j,W} (t) + . . . , (6.31)

where, by the analysis done in Section 4.3 and thanks to (6.14), we have

f^{(0)}_{j,W} (t) = ( f^{(0)}_W (t)

)_{⊗j} (6.32)

f^{(2n+1)} j,W (t) = 0, ∀ n ≥ 0 (6.33)

f^{(2n)}_{j,W} (t) = ∑ s_1...s_j even 0≤s_m≤2n P m s_m=2n

j∏ m=1 f^{(sm)}_W (t), ∀ n ≥ 1, (6.34)

f^{(0)}_W (t) solving the Vlasov equation (2.1.8) with initial datum f^{(0)}_W and f^{(sm)}_W (t), with 1 ≤ s_m ≤ 2n, obtained by (5.1.11).

By the analysis done in Section 4.2, we find that the N-particle zero order coefficient W^{(0)}_{N,W} (t) solves (∂_t + V_N · ∇_{XN} ) W^{(0)}_{N,W} (t) = T^{(0)}_N W^{(0)}_{N,W} (t),

W^{(0)}_{N,W} (X_N , V_N ; t) | |_{t=0} = ( f^{(0)}_W

)_{⊗N} (X_N , V_N )

(6.35)

the odd coefficients W^{(2n+1)}_{N,W} (t) are determined by

(∂_t + V_N · ∇_{XN} ) W^{(2n+1)}_{N,W} (t) = T^{(0)}_N W^{(2n+1)}_{N,W} (t),

W^{(2n+1)}

N,W (X_N , V_N ; t) | | |_{t=0} = 0, k = 0, 1, 2, . . .

(6.36)

and the even terms W^{(2n)}_{N,W} (t) solve

(∂_t + V_N · ∇_{XN} ) W^{(2n)}_{N,W} (t) = T^{(0)}_N W^{(2n)}_{N,W} (t) + Θ^{(2n)}_{N,W} (t),

W^{(2n)}_{N,W} (X_N , V_N ; t) | | t=0 = D̂^{2n}W^{(0)}_{N,W} (X_N , V_N ), n = 1, 2, . . .

(6.37)

where Θ^{(2n)}_{N,W} (t) = ∑ 0≤l<2n

T^{(2n−l)}

N W^{(l)}_{N,W} (t). (6.38)

We observe that the odd coefficients W^{(2n+1)}_{N,W} (t) solve homogeneous Liouville equations with zero initial data, then W^{(2n+1)}_{N,W} (t) ≡ 0 for all n ≥ 0. On the contrary, the zero order term

W^{(0)}_{N,W} (t) solve the Liouville problem (6.35), thus, denoting by {W^{(0)}_{j,W} (t)}^N_{j=1} the corresponding j-particle marginals, by the classical mean-field theory we obtain

W^{(0)}_{j,W} (t) → ( f^{(0)}_W (t)

)_{⊗j} , as N → ∞, for any fixed j (6.39)

in the weak topology of probability measures and, in particular, in S^′ (R^{3j} × R^{3j}), where ( f^{(0)}_W (t)

)_{⊗j} is given by (6.32).

As regard to the higher order terms, we can apply exactly the same strategy presented in Chapter 4, replacing the operator D^k_G defined in (5.5.8) with β^{(k)}(x)D^k_v (see (6.17) ) and the operator D^r (see Section 4.6) with D̂^r (see (6.28)). In the end we prove that, for k ≥ 1

W^{(k)}_{j,W} (t) → f^{(k)}_{W,j}(t), as N → ∞, for any fixed j (6.40)

in S^′ (R^{3j} × R^{3j} ). Clearly, (6.40) is trivially verified for k = 2n + 1, because we have already noticed that W^{(2n+1)} j,W (t) ≡ f^{(2n+1)}_{j,W} (t) ≡ 0, ∀ n ≥ 0. (6.41)

As we observed in Remark 5.2, the assumption on the initial N-particle Wigner function to be a product of mixed states prevents the possibility of considering bosonic states. Indeed, factorized states could be compatible with the bosonic statistics if pure states were considered.

It is easy to check that the classical limit is equivalent to the limit of heavy particles. In fact, if we set ε = 1 in the N-particle Hamiltonian (3.1.5) but we let the particle mass m (previously chosen equal to 1) become large, by imposing the condition that the kinetic energy per particle is independent of m, we find exactly the mean-field hamiltonian (3.1.5) where ε is replaced by the ”effective Planck constant” ε_m = 1/ √ m going to zero as m → ∞. Then a possible application of our result would be that of studying the approximations of dynamics of this type, in which one looks at a particular scaling which corresponds to the semiclassical one, even if interpreted in a different sense.

Appendix A

Proof of Proposition 5.2

To avoid inessential notational complications, we deal with the one-dimensional case. By the Newton equations, we have:

∂x_i(t) ∂v_r

= δ_{ir}t +

∫_t 0 ds(t − s) 1 N N∑ j≠i

∂_xF (x_i(s) − x_j (s)) ( ∂x_i(s) ∂v_r − ∂x_j (s) ∂v_r ) , (A.1)

∂v_i(t) ∂v_r

= δ_{ir} +

∫_t 0 ds 1 N N∑ j≠i

∂_xF (x_i(s) − x_j (s)) ( ∂x_i(s) ∂v_r − ∂x_j (s) ∂v_r ) , (A.2)

where:

F = −∇_xϕ, (A.3)

is the force associated with the potential ϕ.

Let us analyze in detail the derivative of x_i(t). From (A.1), we get:

max_{i,r} t≤T | | | ∂x_i(t) ∂v_r | | | ≤ C. (A.4)

Inserting this estimate again in (A.1), we realize that we can obtain a better bound for^{∂vi(t)}_{∂vr} in the case r ≠ i (see [24]), namely: | | | ∂x_i(t) ∂v_r | | | ≤ C

∫_t 0 ds(t − s) | | | ∂x_i(s) ∂v_r | | | + (A.5) +C ∫_t 0 ds(t − s) 1 N | | | ∂x_r(s) ∂v_r | | | + +C ∫_t 0 ds(t − s) 1 N N∑ j≠i j≠r

∂_xF (x_i(s) − x_j (s)) | | | ∂x_j (s) ∂v_r | | | . (A.6)

Hence, by virtue of the Gronwall lemma, we find:

max_{i≠r} t≤T | | | ∂x_i(t) ∂v_r | | | ≤ C N . (A.7)

By (A.2), we find that the same estimate holds for the derivative of v_i(t) with respect to v_r. Analogous estimates hold for the derivatives with respect to the initial positions (see also [24]). Therefore the claim of Proposition 5.2 is proven for derivatives of order one.

Now, let us consider a sequence I := (j_1, . . . , j_k) of possibly repeated indices. We show that: 1 N N∑ i=1 | | | | ∂^kx_i(t) ∂v_{j1} . . . ∂v_{jk} | | | | ≤ C N^{dk}

, (A.8)

where d_k is the number of different indices in the sequence j_1, . . . , j_k. We know that (A.8) is verified for k = 1 (it follows directly by (A.4) and (A.7)), thus we prove (A.8) by induction on k. Denoting by:

D(I) :=

∂^k ∂v_{j1} . . . ∂v_{jk}

, (A.9)

estimate (A.8) can be rewritten as: 1 N N∑ i=1 |D(I)x_i(t)| ≤ C N^{dk}

. (A.10)

By (A.1) we derive the following estimate for D(I)x_i(t):

|D(I)x_i(t)| ≤

∫_t 0 ds(t − s) C N N∑ j≠i

|D(I) (x_i(s) − x_j (s))| + M_i(t),

(A.11)

where the term M_i(t) can be computed from (A.1) according to the Leibniz rule. Let P_n := {I_1, . . . , I_n} be a partition of the set I of cardinality n, with 2 ≤ n ≤ k, then we have:

M_i(t) ≤

∫_t 0 ds(t − s) 1 N N∑ j≠i k∑ n=2 ∑ P_n

C(P_n) | | | | ∏ H∈P_n

[D(H) (x_i(s) − x_j(s))] | | | | ≤

≤ ∫_t 0 ds(t − s) k∑ n=2 ∑ P_n

C(P_n) 1 N N∑ j=1 | | | | ∏ H∈P_n

[D(H) (x_i(s) − x_j (s))] | | | | , (A.12)

where D(H) := ∏ h∈H ∂ ∂v_h and C(Pn) are coefficients depending on the partition Pn and on

suitable derivatives of F . By (A.11), it follows that: 1 N N∑ i=1 |D(I)x_i(t)| ≤

∫_t 0 ds(t − s) C N N∑ i=1 |D(I)x_i(s)| + M(t), (A.13)

where M(t) =^1_N

∑_N

i=1 M_i(t) and, by (A.12), we have:

M(t) ≤

∫_t 0 ds(t − s) k∑ n=2 ∑ P_n

C(P_n) 1 N^2 N∑ i=1 N∑ j=1 | | | | ∏ H∈P_n

[D(H) (x_i(s) − x_j (s))] | | | | , (A.14)

We observe that: 1 N^2 N∑ i,j=1 | | | | | ∏ H∈P_n

[D(H) (x_i(s) − x_j (s))] | | | | | ≤ 1 N N∑ i=1 ∏ H∈P_n

|D(H)x_i(s)| + 1 N N∑ j=1 ∏ H∈P_n

|D(H)x_j(s)| +

+ ∑ Q⊂P_n

C(Q) ( 1 N N∑ i=1 ∏ Q∈Q |D(Q)x_i(s)| ) 1 N N∑ j=1 ∏ J∈P_n\Q

|D(J)x_j (s)| , (A.15)

where Q is any subpartition of P_n and C(Q) are coefficients depending on Q. We assume that the estimate (A.10) holds for any m ≤ k − 1, namely: 1 N N∑ i=1 |D(M)x_i(t)| ≤ C N^{dm}

, for any M ⊂ I s.t. |M| = m ≤ k − 1, (A.16)

where d_m is the number of different indices in the sequence M.

Indeed, if we consider a partition P_n of cardinality n ≥ 2, we are guaranteed that |M| ≤ k − 1 for each M ∈ P_n. Then, by noting that: 1 N N∑ i=1 ∏ H∈H |D(H)x_i(t)| ≤ ∏ H∈H 1 N N∑ i=1 |D(H)x_i(t)| , ∀ subpartition H ⊆ P_n, (A.17)

we can apply the inductive hypotheses (A.16) to estimate the derivatives of x_i(s) and x_j (s) appearing in (A.15). Thus, we obtain: 1 N N∑ i=1 ∏ H∈P_n

|D(H)x_i(s)| ≤ ∏ H∈P_n 1 N N∑ i=1 |D(H)x_i(s)| ≤ ≤ ∏ H∈P_n C N^{dh} = C N^{P dh} ≤ C N^{dk}

, (A.18)

where d_h is the number of different indices in the sequence H and we used that ∑ H∈P_n dh ≥ dk.

In a similar way, we find 1 N N∑ i=1 ∏ Q∈Q |D(Q)x_i(s)| ≤ ∏ Q∈Q C N^{dq}

, (A.19)

where d_q is the number of different indices in the sequence Q. Moreover, we have: 1 N N∑ j=1 ∏ H∈P_n

|D(H)x_j(s)| ≤ ∏ H∈P_n C N^{dh} = C N^{P dh} ≤ C N^{dk}

, (A.20) and 1 N N∑ j=1 ∏ J∈P_n\Q

|D(J)x_j(s)| ≤ ∏ J∈P_n\Q C N^{dj}

, (A.21)

where d_j is the number of different indices in the sequence J. Then, putting together (A.19) and (A.21), we find: ∑ Q⊂P_n

C(Q) ( 1 N N∑ i=1 ∏ Q∈Q |D(Q)x_i(s)| ) 1 N N∑ j=1 ∏ J∈P_n\Q

|D(J)x_j(s)| ≤ ∑ Q⊂P_n

C(Q) ∏ Q∈Q ∏ J∈P_n\Q C N^{dq +dj} ≤

≤ ∑ Q⊂P_n

C(Q) ∏ Q∈Q ∏ J∈P_n\Q C N^{dk} ≤ C N^{dk}

. (A.22)

In the end, we have just proven that each term in (A.15) is bounded by^C_{N dk} . Therefore, by using this estimate in (A.14), we find:

M(t) ≤ C N^{dk}

. (A.23)

By (A.23) and (A.13), it follows that: 1 N N∑ i=1 |D(I)x_i(t)| ≤

∫_t 0 ds(t − s) C N N∑ i=1 |D(I)x_i(s)| + C N^{dk} . (A.24) Therefore, by using the Gronwall lemma, we find: 1 N N∑ i=1 |D(I)x_i(t)| ≤ C N^{dk}

. (A.25)

As regard to the derivatives of v_i(t) with respect to some initial velocities v_{j1} , . . . , v_{jk} , an analogous estimate holds and the proof works in the same way. estimates through an induction procedure. Furthermore, this strategy leads to the same estimate for the derivatives of the function^1_N

∑_N i=1 z_i(t) with respect to some initial positions x_{j1} , . . . , x_{jk} .

Now, thanks to the estimate we have just proven for the derivatives of the function 1 N ∑_N i=1 z_i(t), we are able to prove the claim of Proposition 5.2. In fact, we have: 1 N N∑ i=1 |D(I)z_i(t)| = 1 N N∑ i=1 i∈D |D(I)z_i(t)| + 1 N N∑ i=1 i /∈D

|D(I)z_i(t)| ≤ C N^{dk}

, (A.26) where D ⊂ I contains the different indices appearing in the sequence I. Thus, according to our previous notation, |D| = d_k and we denote the elements of D by j̃_1, . . . , j̃_{dk} . Then by (A.26) we find: 1 N N∑ i=1 |D(I)z_i(t)| = 1 N | |D(I)z_{j̃1} (t) | | + · · · + 1 N | |D(I)z~_{jdk} (t) | | +

+ 1 N N∑ i=1 i /∈D

|D(I)z_i(t)| ≤ C N^{dk}

, (A.27)

which implies

|D(I)z_i(t)| ≤ C (∑_{dk} ℓ=1 δ_i~_{jℓ} N^{dk −1} + 1 N^{dk} ) , (A.28) or |D(I)z_i(t)| ≤ C N^{d(i)}k

, (A.29)

where d^{(i)}_k is the number of different indices in the sequence I which are also different from i. □

Appendix B Proof of Proposition 5.1

Let U_h(t, s) be the two parameters semigroup solution of the linear problem: { (∂_t + v · ∇_x) U_h(t, s)γ_0 = (∇ϕ ∗ h) ∗ ∇_vU_h(t, s)γ_0,

U_h(s, s)γ_0 = γ_0.

(B.1)

The solution of (B.1) is obtained by carrying the initial datum γ_0 along the characteristic flow { ẋ = v,

v̇ = −∇ϕ ∗ h.

(B.2)

Next, we consider the problem { (∂_t + v · ∇_x) γ̃ = L(h)γ̃,

γ̃|_{t=0} = γ_0.

(B.3)

which can be reformulated in integral form:

γ̃(t) = U_h(t, 0)γ_0 +

∫_t 0 ds U_h(t, s) [(∇ϕ ∗ γ̃(s)) · ∇_vh(s)] . (B.4)

The above formula can be iterated to yield the formal solution

γ̃(x, v; t) = U_h(t, 0)γ_0(x, v) + ∑ n≥1 ∫_t 0 dt_1

∫_{t1} 0 dt_2 . . .

∫_{tn−1} 0 dt_n ∫ dx_1 ∫ dv_1 . . . ∫ dx_n ∫ dv_n

U_h(t, t_1) [∇_vh(x, v; t_1) · ∇_xϕ(x − x_1)] U_h(t_1, t_2) [∇_{v1} h(x_1, v_1; t_2) · ∇_{x1} ϕ(x_1 − x_2)] . . .

U_h(t_{n−1}, t_n) [ ∇_{vn−1} h(x_{n−1}, v_{n−1}; t_n) · ∇_{xn−1} ϕ(x_{n−1} − x_n) ] U_h(t_n, 0)γ_0(x_n, v_n). (B.5) We remark that U_h(t_k, t_{k+1}) acts on the variables x_k, v_k with the convention that (x_0, v_0) = (x, v) and, furthermore, U_h is multiplicative and preserves the L^p(R^3 × R^3) norms (p = 1, 2, . . . , ∞). Under the assumptions of Proposition 5.1, the above series is bounded in L^1(R^3 × R^3) by: ∑ n≥0 t^n n! ( sup_{τ ∈[0,t]} ‖∇_vh(τ)‖_L1_{(R}3_{×R}3_)

)_n

‖∇_xϕ‖^n_L∞_{(R}3_) ‖γ_0‖_L1_{(R}3_{×R}3_) ,

(B.6) which is converging for each t. Now, we denote by Σ_h(t, s) : L^1(R^3 × R^3) → L^1(R^3 × R^3), the two parameters semigroup given by the series (B.5). Then, the solution γ to the problem (5.1.14) is given by:

γ(t) = Σ_h(t, 0)γ_0 +

∫_t 0 ds Σ_h(t, s)Θ(s), (B.7)

and, thanks to the assumption we made on Θ and to the fact that the above series (B.5) is converging for any t, we are guaranteed that γ ∈ C^0 (L^1(R^3 × R^3), R^+).

The C^k regularity of γ̃(t) = Σ_h(t, 0)γ_0 follows by (B.5) and the fact that U_h(t, t_1) propagates the C^k regularity. □

Proof of Proposition 5.3

The proof consists of two steps.

Step 1):

Let γ_N be as in Proposition 5.3. Then, we show that γ_N solves the problem: { (∂_t + v · ∇_x) γ_N = L(h)γ_N + Θ^′_N , γ_N |_{t=0} = γ_{N,0},

(B.8)

with Θ^′_N = Θ_N + R_N , (B.9) and R_N is such that:

R_N → 0, C^∞_b − weakly. (B.10) In proving (B.10), the assumption ii) on γ_N is crucial.

Step 2):

By virtue of Step 1), the hypotheses we made on ∇_vh and Proposition 5.1, we find that:

γ_N (t) = Σ_h(t, 0)γ_{N,0} +

∫_t 0 ds Σ_h(t, s)Θ^′_N (s). (B.11)

Then, reminding that:

∘ h(t) ∈ C^∞_b (R^3 × R^3) for any t, ∘ the flow Σ_h propagates the C^k regularity, ∘ R_N → 0, C^∞_b − weakly, and by virtue of the assumptions on γ_{N,0} and Θ_N , we can easily show that: γ_N → γ, as N → ∞, C^∞_b − weakly, (B.12) where γ(t) = Σ_h(t, 0)γ_0 +

∫_t 0 ds Σ_h(t, s)Θ(s). (B.13) Therefore, we recognize that γ solves the problem (5.1.14) and, by virtue of Proposition 5.1, it is uniquely determined by (B.13) and hence it is in C^0 (L^1(R^3 × R^3), R^+). Proof of Step 1):

We have:

{ (∂_t + v · ∇_x) γ_N = L(h)γ_N + Θ_N + L(h_N − h)γ_N γ_N (x, v; t)|_{t=0} = γ_{N,0}(x, v),

(B.14)

where R_N = R_N (x, v; t) := L(h_N − h)γ_N . (B.15) We want to show that R_N → 0, C^∞_b -weakly. According to the definition of the operator L, we have:

R_N = (∇_xϕ ∗ (h_N − h)) ∇_vγ_N + (∇_xϕ ∗ γ_N ) ∇_v(h_N − h), (B.16) thus, we have to show that (u, (∇_xϕ ∗ (h_N − h)) ∇_vγ_N ) → 0, as N → ∞, ∀ u ∈ C^∞_b (R^3 × R^3), (B.17) and (u, (∇_xϕ ∗ γ_N ) ∇_v(h_N − h)) → 0, as N → ∞, ∀ u ∈ C^∞_b (R^3 × R^3). (B.18)

We show only (B.18) in detail because (B.17) will follow the same line. We have:

(u, (∇_xϕ ∗ γ_N ) ∇_v(h_N − h)) = ∫ dxdv ∫ dydw u(x, v)∇_xϕ(x − y)γ_N (y, w; t) · ∇_v(h_N (x, v; t) − h(x, v; t)) = = − ∫ dxdv ∫ dydw ∇_vu(x, v)∇_xϕ(x − y)γ_N (y, w; t) · (h_N (x, v; t) − h(x, v; t)) = = ∫ dxdv ∫ dydw ∇_vu(x, v) (∇_xϕ ∗ γ_N ) (x, v; t)(h − h_N )(x, v; t). (B.19) Setting ζ_N (x, v) := ∇_vu(x, v) ∫ dydw∇_xϕ(x − y)γ_N (y, w; t), (B.20) we can write (B.19) as: (u, (∇_xϕ ∗ γ_N ) ∇_v(h_N − h)) = ∫ dxdv ζ_N (x, v)(h(x, v; t) − h_N (x, v; t)) = = ∫ dxdv ∫ dx^′dv^′ (ζ_N (x, v) − ζ_N (x^′, v^′)) P_N (x, v; x^′, v^′; t), (B.21) where P_N is a coupling of h and h_N , namely a probability density in R^6 × R^6 with marginals given by h and h_N . Now we observe that: ∇_{x,v}ζ_N (x, v) := ∫ dydw∇_{x,v} [∇_vu(x, v)∇_xϕ(x − y)] γ_N (y, w; t), (B.22) and, thanks to the assumption ii) we made on γ_N , we know that there exists a constant C = C(u, ϕ) > 0 such that:

sup_{x,v} |∇_{x,v}ζ_N (x, v)| = ‖∇ζ_N ‖_L∞_{(R}3_{×R}3_) < C < +∞. (B.23) Therefore, coming back to (B.21), we find:

|(u, (∇_xϕ ∗ γ_N ) ∇_v(h_N − h))| ≤ ∫ dz ∫ dz^′ |ζ_N (z) − ζ_N (z^′)| P_N (z; z^′; t) ≤ ∫ dz ∫ dz^′C |z − z^′| P_N (z; z^′; t). (B.24) where we used the standard notation z = (x, v) and z^′ = (x^′, v^′). Then, taking in (B.24) the infimum over all couplings between h and h_N , we obtain that: |(u, (∇_xϕ ∗ γ_N ) ∇_v(h_N − h))| ≤ CW(h_N , h), (B.25) where, as in Section 1.2, W denotes the Wasserstein distance. But we know that the right hand side of (B.25) goes to zero because of the assumption i), then we have just proven that: |(u, (∇_xϕ ∗ γ_N ) ∇_v(h_N − h))| → 0, ∀ u ∈ C^∞_b (R^3 × R^3). (B.26) Analogously, we can prove that |(u, (∇_xϕ ∗ (h_N − h)) ∇_vγ_N )| → 0, ∀ u ∈ C^∞_b (R^3 × R^3). (B.27) Therefore we have just proven that R_N goes to zero in the C^∞_b -weak sense and the proof of Step 1) is done.

Proof of Step 2):

Thanks to Step 1) and to the assumption on ∇_vh, we know that γ_N (t) can be written as in (B.11). Then, for any function u in C^∞_b (R^3 × R^3), we have that:

(u, γ_N (t)) = (u, Σ_h(t, 0)γ_{N,0}) +

∫_t 0 ds (u, Σ_h(t, s)Θ^′_N (s)) , (B.28) namely (u, γ_N (t)) = ((Σ_h(t, 0))^∗ u, γ_{N,0}) +

∫_t 0 ds ((Σ_h(t, s))^∗ u, Θ^′_N (s)) , (B.29) where Σ^∗_h is the adjoint of Σ_h. We remind that the two-parameters semigroup Σ_h(t, s) propagates the C^k regularity, provided that ∇_vh ∈ C^k (R^3 × R^3). In particular, if Σ_h acts on a function u which is in C^∞_b (R^3 × R^3) and the function h(t) is supposed to be in C^∞_b (R^3 × R^3) for any t, as it is in the assumptions of Proposition 5.3, we are clearly guaranteed that ∇_vh(t) is in C^∞_b (R^3 × R^3) for any t, and then, u(t) := Σ_h(t, 0)u(x, v) is also in C^∞_b (R^3 × R^3) for any t. Obviously, the same holds for Σ^∗_h. Thus, the functions (Σ_h(t, 0))^∗ u and (Σ_h(t, s))^∗ u appearing in (B.29) are in C^∞_b (R^3 × R^3) for any t. Therefore, thanks to the assumptions we made on γ_{N,0} and Θ_N , and of what we know about R_N , we find that:

((Σ_h(t, 0))^∗ u, γ_{N,0}) +

∫_t 0 ds ((Σ_h(t, s))^∗ u, Θ^′_N (s))

↓ N → ∞

((Σ_h(t, 0))^∗ u, γ_0) +

∫_t 0 ds ((Σ_h(t, s))^∗ u, Θ(s)) =

= (u, Σ_h(t, 0)γ_0) +

∫_t 0 ds (u, Σ_h(t, s)Θ(s)) . (B.30) Finally, by Proposition 5.1, we know that the expression (B.30) identifies properly the unique solution of the problem (5.1.14) in C^0 (L^1 (R^3 × R^3) , R^+) and Proposition 5.3 is proven. □

Appendix C Lemma C.1: For each time τ > 0, let us define the operator T̂^{(n)}_N (τ) as follows: T̂^{(n)}_N (τ) := S_N (−τ)T̂^{(n)}_N S_N (τ).

Then, for each m ≥ 0 and for each u ∈ C^∞_b (R^3 × R^3), there exists a constant C > 0, not depending on N, such that: i) | | ( u, T̂^{(rm)}_N (t_m) . . . T̂^{(r1)}_N (t_1)μ_N (t) )| | < C. (C.1) Moreover, we have: ii) | |(u, T (rm)_N (t_m) . . . T (r_1)_N (t_1)μ_N (t)) | | ≤ | |(u, T̂ (rm)_N (t_m) . . . T̂ (r_1)_N (t_1)μ_N (t)) | | + O ( 1 N ) . (C.2)

Proof:

We observe that: ( u, T̂^{(rm)}_N (t_m) . . . T̂^{(r1)}_N (t_1)μ_N (t) ) = T̂^{(rm)}_N (t_m)T̂^{(rm−1)}_N (t_{m−1}) . . . T̂^{(r1)}_N (t_1)U(Z_N (t)), (C.3) where:

U(Z_N (t)) := (u, μ_N (t)) = 1 N N∑ ℓ=1 u(z_ℓ(t)). (C.4)

We assume m > 0 being the case m = 0 obvious. By using the notations:

S(r_m, t_m) := T^{(rm)}_N (t_m) . . . T^{(r1)}_N (t_1) (C.5) and Ŝ(r_m, t_m) := T̂^{(rm)}_N (t_m) . . . T̂^{(r1)}_N (t_1), (C.6) we have (see the first term in the right hand side of (5.6.15)):

Ŝ(r_m, t_m)U(Z_N (t)) = C N^m ∑ j_1...j_m ∑ l_1...l_m

D^{rm+1}_x ϕ(x_{jm} (t_m) − x_{lm} (t_m)) · D^{rm+1}_{vjm} (t_m)

D^{rm−1+1} x ϕ(x_{jm−1} (t_{m−1}) − x_{lm−1} (t_{m−1})) · D^{rm−1+1}_{vjm−1} (t_{m−1}) . . .

D^{r1+1}_x ϕ(x_{j1} (t_1) − x_{l1} (t_1)) · D^{r1+1}_{vj1} (t_1)U(Z_N (t)), (C.7) C depending on r_m. By setting:

Φ_{jn} (Z_N (t_n)) := 1 N N∑ l_n=1

D^{rn+1}_x ϕ(x_{jn} (t_n) − x_{ln} (t_n)) (C.8)

∀ n = 1, 2, . . . , m

(C.7) can be rewritten as

Ŝ(r_m, t_m)U(Z_N (t)) = C ∑ j_1...j_m

Φ_{jm} (Z_N (t_m)) · D^{rm+1}_{vjm} (t_m)

Φ_{jm−1} (Z_N (t_{m−1})) · D^{rm−1+1}_{vjm−1} (t_{m−1}) . . .

Φ_{j1} (Z_N (t_1)) · D^{r1+1}_{vj1} (t_1)U(Z_N (t)). (C.9)

We observe that, thanks to the smoothness of the potential ϕ, Φ_{jn} (for each n) is a uniformly bounded function of the configuration Z_N , together with its derivatives. Performing the derivatives in (C.9), we realize that Ŝ(r_m, t_m)U(Z_N (t)) is a linear combination of terms of the following type: ∑ j_1...j_m

Φ_{jm} (Z_N (t_m)) · D^{am,1}_{vjm} (t_m) . . . D^{a2,1}_{vj2} (t_2)D^{a1,1}_{vj1} (t_1)U(Z_N (t))

D^{am,2}_{vjm} (t_m) . . . D^{a2,2}_{vj2} (t_2)Φ_{j1} (Z_N (t_1)) . . .

D^{am,m−1}

v_{jm} (tm)D a_{m−1,m−1} v_{jm−1} (tm−1)Φjm−2 (ZN (tm−2))

D^{am,m}_{vjm} (t_m)Φ_{jm−1} (Z_N (t_{m−1})), (C.10)

with the constraint a_{1,1} = r_1 + 1 a_{2,1} + a_{2,2} = r_2 + 1 . . .

a_{m,1} + a_{m,2} + · · · + a_{m,m} = r_m + 1.

(C.11)

For a fixed sequence a_{ℓ,s}, we have to compensate the divergence arising from the sum ∑ j_1...j_m , which is O (N

m), by the decay of the derivatives as given by Proposition 5.2 and Corollary 5.1. Indeed we have: | | |D^{am,1}_{vjm} (tm) . . . D^{a2,1}_{vj2} (t2)D^{a1,1}_{vj1} (t1)U(ZN (t)) | | | ≤ C N^d

, (C.12)

where d is the number of different indices in the sequence j_1, j_2, . . . , j_m for which a_{m,1}, . . . , a_{2,1}, a_{1,1} are strictly positive. Note that the fact that the derivatives are not computed at time t = 0 but at different times t_1, t_2, . . . , t_m, does not change the estimate in an essential way. An analogous estimate holds when we replace U by some Φ_{js} , namely | | |D^{am,k}v_{jm} (tm)D^{am−1,k}v_{jm−1} (tm−1) . . . D^{ak,k}v_{jk} (tk)Φj_{k−1} (ZN (tk−1)) | | | ≤ C N^{dk−1}

, (C.13)

where d_{k−1} is the number of different indices in the sequence j_k, . . . , j_m which are also different from j_{k−1} and from which a_{m,k}, . . . , a_{k,k} are strictly positive.

As regard to the term in the sum ∑ j_1...j_m in which all the indices are different (which is

the only one of size O(N^m)), the constraints (C.11) together with estimates (C.12) and (C.13) ensure that the product of derivatives on the right hand side of (C.10) is bounded by 1/N^m. Thus this term is of order one. Now for each s = 1, . . . , m − 1 consider the^{m!}_{s!(m−s)!} terms in the sum ∑ j_1...j_m in which s indices are equal. The sum is bounded by N

m−s. On the other hand, the constraints (C.11) together with (C.12) and (C.13) ensure that the product of derivatives on the right hand side of (C.10) is bounded by 1/N^{m−s}. Thus even these terms are of size one and i) is proven.

To prove ii) we observe that:

S(r_m, t_m)U(Z_N (t)) − Ŝ(r_m, t_m)U(Z_N (t)) (C.14)

can be expanded as in (C.7) and (C.10). However now we have an extra derivative, arising from the definition of R^{(n)}_N (see (5.2.16)), which yields an additional 1/N. We omit the details of the proof which follows the same line of i). □

In the same way we can also prove the following

Lemma C.2: For each m ≥ 0, k > 0 and u ∈ C^∞_b (R^3 × R^3), there exists a constant C > 0, not depending on N, such that: | |D^{2k}S(r_m, t_m)U(Z_N (t)) | | < C. (C.15)

where U(Z_N (t)) is defined as in (C.4).

Proof:

First we look at the case m > 0. Reminding the structure of the operator D^{2k} (see (5.6.3)), we are led to consider the term D^{2sj}_{G,j}Ŝ(r_m, t_m)U(Z_N (t)). We remind that D^{2sj}_{G,j} is a derivation operator with respect to the variable z_j that acts as specified by (5.5.8). By the expansion (C.10) we readily arrive to the bound: | |D2sj_{G,j}Ŝ(r_m, t_m)U(Z_N (t)) | | ≤ C N . (C.16)

Indeed by applying D^{2sj}_{G,j} to (C.10) either j /∈ (j_1 . . . j_m) so that we gain 1/N by the extra derivative, or j ∈ (j_1 . . . j_m) so that we reduce the sum ∑ j_1...j_m by a factor 1/N. More generally,

by the same argument we find: | | | | ∏ j∈I D^{2sj}_{G,j}Ŝ(r_m, t_m)U(Z_N (t)) | | | | ≤ C N^n

, (C.17) where n = |I|.

Finally by writing the action of the operator D^{2k} as in (5.6.35), we obtain | |D^{2k}Ŝ(r_m, t_m)U(ZN (t)) | | ≤ N∑ n=1 N! n!(N − n)! ∑ s_1...s_n 1≤s_j ≤k P j s_j =k C N^n

≤ B^k N∑ n=1 N! n!(N − n)!

C^n N^n ≤

≤ B^k ( 1 + C N )_N ≤ C, (C.18)

B, C being positive constants not depending on N. Again D^{2k}Ŝ(r_m, t_m)U(Z_N (t)) is the leading term of D^{2k}S(r_m, t_m)U(Z_N (t)) for the same reasons we discussed in Lemma C.1.

If m = 0, the estimates (C.16) and (C.17) follow directly by Proposition 5.2. Thus, even in this case, the proof is concluded by (C.18). □

The fact that the error term E^1_N (see (5.6.20)) and hence E^2_N (see (5.6.27)) are C^∞_b -weakly vanishing when N → ∞ is an immediate consequence of the following

Lemma C.3: Let r_J and t_J be defined as in Section 7, for any J ⊂ I_n with I_n = {1, 2, . . . , n}. For any r ≥ 0 we have:

D^{2r}S(r_n, t_n)μ_N (z^′_1|Z_N (t))μ_N (z^′_2|Z_N (t)) = = ∑ 0≤ℓ≤r ∑ 0≤m≤n ∑ I⊂I_n |I|=m ( D^{2ℓ}S(r_I , t_I )μ_N (z^′_1|Z_N (t)) ) ( D^{2(r−ℓ)}S(r_{In\I} , t_{In\I} )μ_N (z^′_2|Z_N (t)) ) + e_{r,N}

(C.19) where e_{r,N} → 0 as N → ∞ C^∞_b − weakly. (C.20)

Proof:

It is enough to prove (C.19) and (C.20) replacing each streak S with the corresponding Ŝ, being the difference S − Ŝ negligible in the limit.

We start by assuming r = 0. In that case, testing the left hand side of (C.19) against a product of two test functions u_1, u_2, we are led to consider: Ŝ(r_n, t_n)U_1(Z_N (t))U_2(Z_N (t)) (C.21)

for which we can apply the expansion (C.7).

Proceeding as in the proof of Lemma C.1 (see (C.10)), we have to consider: D^{am,1}_{vjm} (t_m) . . . D^{a2,1}_{vj2} (t_2)D^{a1,1}_{vj1} (t_1)U_1(Z_N (t))U_2(Z_N (t)), (C.22)

where a_{1,1} = r_1 + 1 > 0. Now any contribution of the form

D^α_{vj1} (t_1)U_1(Z_N (t))D^β_{vj1} (t_1)U_2(Z_N (t)), (C.23)

with α > 0, β > 0, α + β = a_{1,1} is O

(_1

N^2 ) , therefore it is negligible in the limit. The same argument applies to D^{ak,1}v_{jk} (t_k) whenever a_{k,1} > 0 . This means that each derivative appearing in Ŝ either applies to μ_N (z′_1|Z_N (t)) or to μ_N (z′_2|Z_N (t)) up to an error e_{0,N} vanishing in the limit. This is exactly what (C.19) and (C.20) say for r = 0.

For r > 0 we have to apply D^{2r} to (C.19) (replacing S by Ŝ) with r = 0. Clearly D^{2r}e_{0,N} vanishes in the limit. Moreover:

D^{2sj}_{G,j} [ Ŝ(r_I , t_I )U_1(Z_N (t))Ŝ(r_{In\I} , t_{In\I} )U_2(Z_N (t)) ] = = ( D^{2sj}_{G,j}Ŝ(r_I , t_I )U_1(Z_N (t)) ) Ŝ(r_{In\I} , t_{In\I} )U_2(Z_N (t)) +

+Ŝ(r_I , t_I )U_1(Z_N (t)) ( D^{2sj}_{G,j}Ŝ(r_{In\I} , t_{In\I} )U_2(Z_N (t)) ) + O ( 1 N^2 ) (C.24)

By simple algebraic manipulation we finally arrive to (C.19) and (C.20).

References

[1] Wigner, E. On the Quantum Correction For Thermodynamic Equilibrium. Phys. Rev. 40 (1932). [2] Hepp, K. The classical limit for quantum mechanical correlation functions. Commun. Math. Phys. Vol. 35 (1974).

[3] Lanford, O.III Time evolution of large classical system. E. J. Moser (ed.), Lecture Notes in Phys. 38, Springer, New York, pp. 70?111. (1975) [4] Braun, W.; Hepp, K. The Vlasov dynamics and its fluctuations in the 1/N limit of interacting classical particles. Commun. Math. Phys. Vol. 56 (1977).

[5] Dobrushin, R.L. Vlasov equations. Sov. J. Funct. Anal. Vol. 13 (1979).

[6] Ginibre, J.; Velo, G. The classical field limit of scattering theory for non-relativistic many-boson systems.

I and II. Commun. Math. Phys. Vol. 66 and 68 (1979).

[7] Spohn, H. Kinetic equations from Hamiltonian dynamics: Markovian limits. Review of Modern Physics, Vol. 53, No. 3 (1980).

[8] Narnhofer, H.; Sewell, G. Vlasov hydrodynamics of a quantum mechanical model. Commun. Math. Phys.

Vol. 79 (1981).

[9] Spohn, H. On the Vlasov hierarchy. Math. Methods Appl. Sci. Vol. 34 (1981).

[10] Neunzert, H. An introduction to the nonlinear Boltzmann-Vlasov equation. Lectures Notes Math. Vol. 1048 (C. Cercignani ed.), (1984).

[11] Folland, G. Harmonic Analysis in Phase Space, Princeton University Press (1989). [12] Markowich, P.A. On the Equivalence of the Schrdinger Equation and the Quantum Liouville Equation, Math. Meth. in the Applied Sci., Vol. 11 (1989).

[13] Lions, P.L.; Paul, T. Sur les mesures de Wigner. Revista Matematica Iberoamericana, Vol.9, No.3 (1993) [14] Markowich, P.A., Mauser N.J. The classical Limit of a Self-Consistent Quantum-Vlasov Equation. M3AS, Vol. 3, No. 1, (1993).

[15] Hagedorn, G. A. Raising and Lowering Operators for Semiclassical Wave Packets. Ann. Phys. 269, 77–104 (1998).

[16] Bardos, C.; Golse, F.; Mauser, N. Weak coupling limit of the N-particle Schrödinger equation. Methods Appl. Anal. Vol. 7 (2000).

[17] Erdős, L.; Yau, H.-T. Derivation of the nonlinear Schrödinger equation from a many body Coulomb system.

Adv. Theor. Math. Phys. Vol. 5, No. 6 (2001).

[18] Bardos, C.; Erdős, L.; Golse, F.; Mauser, N.; Yau, H.-T. Derivation of the Schrödinger-Poisson equation from the quantum N-body problem. C.R. Acad. Sci. Paris, Ser I. 334 (2002).

[19] Elgart, A.; Erdos, L.; Schlein, B.; Yau, H.-T. Nonlinear Hartree equation as the mean field limit of weakly coupled fermions. J. Math. Pures Appl. (9) 83 , No. 10, (2004) [20] Rodnianski, I.; Schlein, B. Quantum fluctuations and rate of convergence towards mean field dynamics.

Preprint arXiv 0711.3087 [21] Erdős L.; Schlein, B. Quantum Dynamics with Mean Field Interactions: a New Approach. Preprint arXiv 0804.3774 [22] Hauray, M.; Jabin, P-E. N-particles Approximation of the Vlasov Equations with Singular Potential. Arch.

Rational Mech. Anal. Vol. 183 (2007).

[23] Erdos, L.; Schlein, B.; Yau, H.-T. Derivation of the Gross-Pitaevskii Equation for the Dynamics of Bose- Einstein Condensate. Preprint arXiv:math-ph/0606017. To appear in Ann. Math.

[24] Graffi, S.; Martinez, A.; Pulvirenti, M. Mean-Field approximation of quantum systems and classical limit.

Mathematical Models and Methods in Applied Sciences, Vol. 13, No. 1, 59-73 (2003). [25] Pulvirenti, M. Semiclassical expansion of Wigner functions. J. Math. Physics, Vol. 47 (2006). [26] Fröhlich, J., Graffi, S.; Schwartz, S. Mean-field and classical limit of many-body Scrödinger dynamics for bosons. Commun. Math. Phys. Vol. 271, 681-697 (2007).

[27] Fröhlich, J.; Knowles, A.; Pizzo, A. Atomism and quantization. J. Phys. A Vol. 40, No. 12 (2007). [28] Fröhlich, J.; Knowles, A.; Schwarz, S. On the mean-field limit of bosons with Coulomb twobody interaction.

Preprint arXiv:0805.4299.

[29] Pezzotti, F.; Pulvirenti, M. Mean-field limit and Semiclassical Expansion of a Quantum Particle System.

Ann. H. Poincaré Vol. 10, No. 1, 145-187 (2009).