COADJOINT DYNAMICAL SYSTEMS

OF SOLVABLE LIE GROUPS

INGRID BELTIŢ Ă AND DANIEL BELTIŢ Ă

Abstract. In this paper we approach some basic topological properties of dual spaces of solvable Lie groups using suitable dynamical systems related to the coadjoint action. One of our main results is that the coadjoint dynamical system of any exponential solvable Lie group is a piecewise pullback of group bundles.

2010 MSC: 22E27; 22A22; 46L55 Keywords: C^∗-algebra; exponential solvable Lie group; dynamical system; groupoid

1. Introduction

If G is any Lie group whose exponential map exp_G : g → G is bijective, then it is well known that G is a solvable Lie group, but the classification of these Lie groups is an open problem. It is known however that G is isomorphic to a closed subgroup of the invertible upper-triangular real matrices of suitable size, and there exists a canonical homeomorphism from the space of coadjoint orbits g^∗/G onto the dual space ^G, which consists of the equivalence classes of unitary irreducible representations of G. The dynamical system (G, g^∗, Ad^∗_G) defined by the coadjoint action Ad^∗_G : G×g^∗ → g^∗ holds a key role in this picture by means of its orbit space g^∗/G, but the topological properties of the orbits also encode certain properties of their corresponding representations of G. Thus, a coadjoint orbit is closed if and only if its corresponding unitary irreducible representation of G is CCR, that is, the corresponding image of C^∗(G) is equal to the C^∗-algebra of compact operators on the representation space; see also [BB15] for the significance of open coadjoint orbits.

Several central problems in representation theory of the exponential solvable Lie group G are related to further topological properties of the orbit space g^∗/G and their C^∗-algebraic interpretations. More specifically, it is known that g^∗/G is in general a locally quasi-compact space which does not have the Hausdorff property, and whose points (more exactly, its one-point subsets) are locally closed. Therefore it is interesting to study larger locally closed subsets of g^∗/G which are locally closed and whose relative topology has the Hausdorff property. Examples of such subsets are the spectra of continuous-trace subquotients of C^∗(G), and we have shown in [BB15] that they play a crucial role in computing the real rank of C^∗(G). Along these lines, for any connected, simply connected nilpotent Lie group G, we

Date: 28 November 2015.

This work was supported by a grant of the Romanian National Authority for Scientific Research and Innovation, CNCS–UEFISCDI, project number PN-II-RU-TE-2014-4-0370. 1

have shown in [BBL14] that C^∗(G) is a solvable C^∗-algebra, that is, it has a finite series {0} = J_0 ⊆ J_1 ⊆ · · · ⊆ J_n = C^∗(G) consisting of closed two-sided ideals such that all the subquotients J_k/J_{k−1} for k = 1, . . . , n are continuous-trace C^∗-algebras which are (strongly) Morita equivalent to commutative C^∗-algebras.

One of the main themes of the present paper is to contribute to the above discussion, by exploring some properties of locally closed Hausdorff subsets Γ ⊆ g^∗/G which are related to dynamical systems, in the sense of transformation groups. Specifically, if q : g^∗ → g^∗/G denotes the quotient map, then Ξ := q^{−1}(Γ) ⊆ g^∗ is a G-invariant locally compact Hausdorff space. One can consider the corresponding dynamical system (G, Ξ, Ad^∗_G|_{G×Ξ}), whose orbit space has the Hausdorff property, unlike the orbit space of (G, g^∗, Ad^∗_G). We will develop some abstract tools that allow us to study the C^∗-algebra of that dynamical system and its relation to topological properties of the coadjoint orbits contained in Γ. For that purpose we will establish the main results on the natural level of generality, which is the theory of C^∗-algebras of second countable, locally compact groupoids with left Haar systems.

For clarity, before proceeding with description of the structure of the present paper, it is worthwhile to briefly discuss here, on a purely algebraic level, the method of our investigation. This will also explain the crucial role of bundles of coadjoint isotropy groups in representation theory of exponential solvable Lie groups.

All groupoids are pullbacks of group bundles. Let G be any groupoid, viewed as a discrete topological space, with its domain/range maps d, r : G → G^{(0)} and the quotient map q : G^{(0)} → G^{(0)}/G onto its set of orbits. Assume that we have fixed a map γ : G^{(0)}/G → G^{(0)} with q ∘ γ = id, that is, γ is a cross-section of q. Denote Ξ := γ(G^{(0)}/G) ⊆ G^{(0)}, and fix another map σ : G^{(0)} → G with d ∘ σ = id. The set Ξ intersects every G-orbit at exactly one point.

Then define the bundle of isotropy groups Γ := � x∈Ξ G(x), and let Π: Γ → Ξ be the

canonical projection with Π^{−1}(x) = G(x) for all x ∈ Ξ. Define θ := γ ∘ q : G^{(0)} → Ξ and the pullback of Π by θ

θ^{↓↓} (Π) := {(x, h, y) ∈ G^{(0)} × Γ × G^{(0)} | θ(x) = Π(h) = θ(y)}.

The projections on the first and third coordinates, regarded as domain/range maps, define a groupoid θ^{↓↓} (Π) ⇒ G^{(0)} and it is straightforward to check that the map

Φ: G → θ^{↓↓} (Π), Φ(g) := (r(g), σ(r(g))gσ(d(g))^{−1} , d(g)) (1.1)

is a groupoid isomorphism, with its inverse

Φ^{−1} : θ^{↓↓} (Π) → G, Φ^{−1}(x, h, y) = σ(y)^{−1}hσ(x) (1.2)

(see [MRW87] and [Bu03] for the special case of transitive groupoids). In this way every groupoid is (noncanonically) isomorphic to the pullback of the group bundle obtained as the restriction of its isotropy subgroupoid to any cross-section of its space of orbits. In particular, when viewed as discrete groupoids, all transformation groups are pullbacks of group bundles.

Structure of this paper. Loosely speaking, one of our main results (Theorem 5.2) is a version of the above italicized statement for the dynamical system (transformation group) defined by the coadjoint action of any exponential solvable Lie group G. It is not difficult to see from (1.1)–(1.2) that the key points in the proof of that result are the conditions which ensure that the above cross-sections γ and σ can be constructed satisfying appropriate topological conditions. These topological conditions should be strong enough for obtaining information on the C^∗-algebra of the coadjoint dynamical system of G, in the sense that the corresponding C^∗-algebra turns out to be piecewise Morita equivalent to C^∗-algebras of group bundles as above. Along the way we also need to establish some facts on locally compact groupoids, which may hold an independent interest, and which we were unable to locate in the literature. But from the present perspective, the significance of these facts is that they belong to a framework in which transformation groups are obtained from group bundles by a procedure that preserves the Morita-equivalence class of their C^∗-algebras. Therefore the bulk of this paper (Sections 2–4) is devoted to establishing the topological framework in which the pullback operation works suitably. Then Section 5 contains our main result along with some specific examples of solvable Lie groups.

2. Preliminaries

2.1. Basic notation. Throughout the paper, unless otherwise mentioned, G will be a second countable locally compact Hausdorff groupoid with its space of objects G^{(0)}, space of morphisms G, and its domain/range maps d, r : G → G^{(0)}. We usually summarize this setting by the symbol G ⇒ G^{(0)}. For short we will say that G is a locally compact groupoid.

Hence one has a category whose objects constitute the set G^{(0)}, all morphisms are invertible and constitute the set G, and the set of composable pairs of morphisms is defined by G^{(2)} := {(g, h) ∈ G × G | d(g) = r(h)}; the sets G^{(0)} and G are endowed with second countable locally compact topologies for which the structural maps (domain, range, inversion of morphisms ι: G → G, and composition of morphisms G^{(2)} → G) are continuous. Moreover, we assume that the canonical inclusion map G^{(0)} → G, which maps every object to its identity morphism, is a homeomorphism onto its image, and the domain map d is open (hence so is the range map r = ι ∘ d).

For any point x ∈ G^{(0)}, its isotropy group is G(x) := {g ∈ G | d(g) = r(g) = x} and its G-orbit is G.x := {r(g) | g ∈ G, d(g) = x}. The set of all G-orbits is denoted by G^{(0)}/G. If there exists only one orbit then G is called a transitive groupoid. If G(x) = {1} for all x ∈ G^{(0)}, then G is called a principal groupoid. A principal transitive groupoid is called a pair groupoid.

A subset A ⊆ G^{(0)} is said to be G-invariant if for every x ∈ A one has G.x ⊆ A. If moreover G(x) = {1} for all x ∈ A, then A is called a principal (invariant) set.

Now assume that in addition G is endowed with a left Haar system, that is, a family λ = {λ^x}_{x∈G}(0) where λ^x is a Borel measure supported on r^{−1}(x) ⊆ G for every x ∈ G^{(0)}, satisfying the continuity condition that G^{(0)} ∋ x → λ(φ) := � φdλ^x ∈ C is continuous and the invariance condition � φ(gh)dλ^{d(g)}(h) = � φ(h)dλ^{r(g)}(h) for all g ∈ G and φ ∈ C_c(G).

Then one can define a convolution on the space C_c(G) by the formula

(φ_1 ∗ φ_2)(x) := � r^{−1}(r(g))

φ_1(gh^{−1})φ_2(h)dλ^{r(g)} for g ∈ G and φ_1, φ_2 ∈ C_c(G).

This makes C_c(G) into an associative ∗-algebra with the involution defined by φ^∗(g) := φ(g^{−1}) for all g ∈ G and φ ∈ C_c(G). There also exists a natural algebra norm on C_c(G) defined by

‖f‖_I := max � sup x∈G^{(0)} � |φ|dλ^x, sup_{x∈G(0)} � |φ^∗|dλ^x � . Then C^∗(G) is defined as the completion of C_c(G) with respect to the norm

‖φ‖ := sup_π ‖π(φ)‖

where π ranges over all bounded ∗-representations of C_c(G). One can similarly define the reduced C^∗-algebra C^∗_{red}(G) by restricting the above supremum to the family of regular representations {Λ_x | x ∈ G^{(0)}}, where we define

(∀x ∈ G^{(0)}) Λ_x : C_c(G) → B(L^2(G, λ^x)), Λ_x(φ)ψ := φ ∗ ψ.

There is a canonical surjective ∗-homomorphism C^∗(G) → C^∗_{red}(G). and if it is also injective then the groupoid G is called metrically amenable.

Remark 2.1. Any locally closed subset (i.e., a difference of two open subsets) of a locally compact space is in turn locally compact with its relative topology. Then any G-invariant locally closed subset A ⊆ G^{(0)} gives rise to a locally compact groupoid G_A, its corresponding reduced groupoid, with its set of objects A and its set of morphisms G_A := d^{−1}(A). Then G_A has a left Haar system λ_A obtained by restricting the Haar system λ of G to G_A, since the Tietze extension theorem implies that every function in C_c(G_A) extends to a function in C_c(G), using the fact that G_A is a locally closed subset of G. In particular, we can construct the corresponding C^∗-algebra C^∗(G_A) and reduced C^∗-algebra C^∗_{red}(G_A).

If the above subset subset A ⊆ G^{(0)} is closed, then the subset d^{−1}(A) ⊆ G is also closed, so the restriction map C_c(G) → C_c(d^{−1}(A)) is well defined, and it extends by continuity both to a ∗-homomorphism R_A : C^∗(G) → C^∗(G_A) and to a ∗-homomorphism of the reduced C^∗-algebras (R_A)_{red} : C^∗_{red}(G) → C^∗_{red}(G_A) which are related by the commutative diagram

C^∗(G)^{RA}−−−−→ C^∗(G_A) � � � � � � C^∗_{red}(G)^{(RA)red}

−−−−−→ C^∗_{red}(G_A)

(2.1)

where the vertical arrows are the natural quotient homomorphisms.

For later use, we record the following basic facts on reductions of a groupoid to open or closed invariant subsets of the space of units.

Proposition 2.2. If G is any locally compact groupoid with a left Haar system, then the following assertions hold:

(i) There exists a bijective correspondence U ←→ I(U) between G-invariant open subsets U ⊆ G^{(0)} and some closed two-sided ideals of C^∗(G) such that for every U with its complement F := G^{(0)} \ U one has a short exact sequence

0 → I(U) → C^∗(G)^{RY}−→ C^∗(G_F ) → 0

and a natural ∗-isomorphism I(U) ≃ C^∗(G_U ).

(ii) For every U and F as above one has the short exact sequence of multiplier algebras

0 → Ker R^{∗∗}_{∂U} → M(C^∗(G))^{R∗∗F}−→ M(C^∗(G_F )) → 0.

(iii) If U and F as above have the additional property that the canonical quotient map C^∗(G_F ) → C^∗_{red}(G_F ) is an isomorphism, then one has the short exact sequence of reduced C^∗-algebras

0 → C^∗_{red}(G_U ) → C^∗_{red}(G)^{(RF )red}−−−−−→ C^∗_{red}(G_F ) → 0.

Proof. The first assertion is well known, see for instance [MRW96, Lemma 2.1].

For the second assertion first recall from [We93, Subsect. 1.5 and Rem. 2.2.3] that if A is any C^∗-algebra, then its multiplier algebra can be identified as a C^∗- subalgebra of the universal enveloping von Neumann algebra A^{∗∗} as M(A) = {a ∈ A^{∗∗} | aA + Aa ⊆ A}. Then the conclusion follows by [We93, Th. 2.3.9], which says that if A_1 → A_2 → 0 is an exact sequence of σ-unital C^∗-algebras, then the corresponding sequence of multiplier algebras M(A_1) → M(A_2) → 0 is also exact, and every separable C^∗-algebra is σ-unital. In particular, this is the case for C^∗_{red}(G), which is separable as a quotient of the separable C^∗-algebra C^∗(G).

The third assertion was noted in [Re91, Rem. 4.1]. □

Remark 2.3. Let G be a locally compact groupoid with a Haar system. Fix any x ∈ G^{(0)} for which the corresponding G-orbit U := G.x ⊆ G^{(0)} is a locally closed set. Then there exist a positive measure μ on U and a ∗-isomorphism C^∗(G_U ) ≃ C^∗(G(x)) ⊗ K(L^2(U, μ)). (See [MRW87, Th. 3.1] and [Bu03, Th. 7].)

Now we can draw the following corollary of Proposition 2.2, which can be illustrated for instance by the Toeplitz algebra.

Corollary 2.4. If G is a locally compact groupoid with a left Haar system for which there exists an open principal orbit U ⊆ G^{(0)}, then there exists a positive measure μ on U such that C^∗(G) has a closed ideal isomorphic to K(L^2(U, μ)) and there exists a short exact sequence

0 → K(L^2(U, μ)) → C^∗(G)^{RY}−→ C^∗(G_F ) → 0

where F = G^{(0)} \ U.

Proof. We first note that the hypothesis that U is an principal orbit equivalent to the fact that G_U is a pair groupoid, and in particular G(x) = {1} for any x ∈ U. Then Remark 2.3 implies C^∗(G_U ) ≃ K(L^2(U, μ)) for a suitable measure μ on U. Now the conclusion follows by Proposition 2.2(i). □

2.2. Open dense orbits. We now note a property of the ideals I(U) from Proposition 2.2. This is a very special instance of [CAR13, Thm. 6.1], with a stronger conclusion.

Proposition 2.5. Let G ⇒ G^{(0)} be any locally compact groupoid, which has a Haar system, and whose orbits are locally closed. Then C^∗(G) ≃ K if and only if G is a pair groupoid.

Proof. If G is a pair groupoid, then clearly C^∗(G) ≃ K by Remark 2.3.

Assume now that C^∗(G) ≃ K. We first prove that G is transitive. The orbit space G^{(0)}/G is a T_0 space by [Ra90, Th. 2.1((4) ⇔ (5))]. If there exist two distinct points O_1 and O_2 in G^{(0)}/G, then by the T_0 property, we may assume that there is an open neighbourhood V ⊂ G^{(0)}/G of O_1 with O_2 ∉ V . Denote by q : G^{(0)} → G^{(0)}/G the quotient map. Then U = q^{−1}(V ) is a non-empty open subset on G^{(0)}, different from G^{(0)}, and G-invariant. It follows, by the bijective correspondence in Proposition 2.2 (i), that I(U) is a nontrivial closed ideal of C^∗(G). This is impossible since C^∗(G) ≃ K. Therefore G is transitive.

By Remark 2.3 we have now that, for any x ∈ G^{(0)}, C^∗(G) ≃ C^∗(G(x)) ⊗ K. If G(x) ≠ {1}, then by Gelfand-Raikov theorem there is an irreducible representation π of G(x) different from the trivial representation τ. Thus π ⊗ id and τ ⊗ id are two non-equivalent irreducible representations of C^∗(G(x))⊗K, which is a contradiction with the assumption C^∗(G) ≃ K. Hence we must have G(x) = {1}, and this finishes the proof. □

Lemma 2.6. If G ⇒ G^{(0)} is any locally compact groupoid with a left Haar system. Assume that for x_0 ∈ G^{(0)} the regular representation Λ_{x0} : C^∗(G) → L(L^2(G_{x0} )) is injective. Then the G-orbit of x_0 is dense in G^{(0)}.

Proof. We will actually prove a stronger fact, namely that if the regular representation Λ_{x0} |_{Cc(G)} is injective, then the orbit G.x_0 is dense in G^{(0)}. To this end we assume that there exists an open nonempty set U ⊆ G^{(0)} with U ∩ G.x_0 = ∅, and we will show that this leads to a contradiction. Specifically, since U is open and nonempty, then V := d^{−1}(U) (⊇ U) is an open nonempty subset of G. Since G is locally compact, it then easily follows by Urysohn’s lemma that there exists φ ∈ C_c(G) \ {0} with supp φ ⊆ V . In particular, φ(k) = 0 if k ∈ G \ V = d^{−1}(G^{(0)} \ U) ⊇ d^{−1}(G.x_0). Then for every ψ ∈ C_c(G_{x0} ) and g ∈ G we have

(Λ_{x0} (φ)ψ)(g) = � G_{x0}

φ(gh^{−1})ψ(h)dh = 0

because here we have d(gh^{−1}) = r(h) ∈ r(G_{x0} ) = G.x_0, hence φ(gh^{−1}) = 0. Since C_c(G_{x0} ) is dense in L^2(G_{x0} ), it then follows φ ∈ Ker (Λ_{x0} |_{Cc (G)}) \ {0}, which is a contradiction with our assumption. □

Proposition 2.7. Let G ⇒ G^{(0)} be any locally compact groupoid with a left Haar system. If U ⊆ G^{(0)} is any open G-invariant set and x_0 ∈ U, then the following assertions hold:

(i) For every x ∈ G^{(0)} \ U the ideal C^∗(G_U ) of C^∗(G) is contained in the kernel of the regular representation Λ_x : C^∗(G) → L(L^2(G_x)), and similarly, for the reduced C^∗-algebras, the ideal C^∗_{red}(G_U ) of C^∗_{red}(G) is contained in the kernel of the regular representation Λ_x : C^∗_{red}(G) → L(L^2(G_x)).

(ii) If U is an orbit of G, then the regular representation Λ_{x0} : C^∗_{red}(G) → L(L^2(G_{x0} )) is faithful if and only if U is dense in G^{(0)}, for any x_0 ∈ U.

Proof. Assertion (i) is a direct consequence of Lemma 2.6.

For Assertion (ii), first note that since G_U is transitive and x_0 ∈ U, it follows that U = G.x_0. Now, if the representation Λ_{x0} is faithful, then the set U is dense again as a consequence of Lemma 2.6. Conversely, assume that U is dense in M. Since the topology of U is second countable, we may select any sequence of points x_1, x_2, · · · ∈ U which is dense in U. The corresponding infinite convex combination of Dirac measures ν := � n≥1 1 2^n δx^n is a measure on G

(0) with dense

support, hence by [KS02, Cor. 2.4] the representation Ind_ν := � G^{(0)}

⊕Λ_xdν(x) of

C^∗_{red}(G) is faithful. But for every n ≥ 1 the representation Λ_{xn} is unitarily equivalent to Λ_{x0} because x_n ∈ U = G.x_0, hence it follows that Ker Λ_{x0} = Ker (Ind_ν ) = {0}, and this completes the proof. □

3. Group bundles

Definition 3.1. A group bundle is a locally compact groupoid T ⇒ S whose range and domain maps are equal.

Remark 3.2. We recall that by definition the range and domain maps of any locally compact groupoid are assumed to be open maps. Then, as a direct consequence of [Re91, Lemma 1.3], any group bundle has a left Haar system.

We now briefly describe an important class of examples of group bundles, namely the principal bundles.

Example 3.3 (associated bundles of a principal bundle). Let H be any topological group and q : P → M be any principal H-bundle. This means that q is a locally trivial continuous surjective map and one has a continuous right group action

P × H → P, (x, h) → xh with the following properties:

• One has q(xh) = q(x) for all x ∈ P and h ∈ H (that is, the above group action preserves the fibers of q).

• For every x ∈ P the map H → q^{−1}(q(x)), h → xh, is a homeomorphism.

Now let F be any H-space, that is, a topological space endowed with a continuous left group action H × F → F . Then the associated fiber bundle with fiber F is Q: P ×_H F → M, defined as follows:

• The domain of Q is the quotient topological space of P × F by the equivalence relation

(xh, f) ∼ (x, hf) for all x ∈ P, f ∈ F, h ∈ H.

The equivalence class of any pair (x, f) ∈ P × F is denoted by [(x, f)] and the quotient topology on P ×_H F is the strongest topology for which the quotient map P × F → P ×_H F , (x, f) → [(x, f)], is continuous.

• The map Q is defined by [(x, f)] → q(x), and it is well defined since the fibers of q are preserved by the action of H on P .

As q : P → M is locally trivial with fiber H, one sees that Q: P ×_H F → M is locally trivial with fiber F . For instance, for the trivial principal bundle M × H → M and any H-space F , the associated fiber bundles is the trivial bundle (M × H) ×_H F = M × F → M.

Example 3.4 (locally trivial group bundles). If G is a locally compact group, its automorphism group Aut(G) is in turn a topological group with its compact-open topology, which may not be locally compact. For instance, if V is any infinitedimensional vector space over an arbitrary field and G is the additive discrete group (V, +), then Aut(G) fails to be locally compact, as mentioned at the very beginning of [Ho52].

Now let G be a Lie group with its Lie algebra g = T_1G.

(i) If G is connected, then the homomorphism of topological groups Aut(G) → Aut(g), α → T_1α is a homeomorphism onto a closed subgroup of the Lie group Aut(g) by [Ho52, Th. 1]. Thus Aut(G) is topologically isomorphic to a Lie group, hence it is in turn a Lie group. If moreover G is simply connected, then the above homomorphism is surjective, hence it gives an isomorphism of Lie groups Aut(G) ≃ Aut(g).

(ii) If G is not necessarily connected, let G_1 be the connected component of 1 ∈ G, which is a (connected, open, and closed) normal subgroup of G. If the quotient group G/G_1 is finitely generated (equivalently, if G is generated by some compact subset), then Aut(G) is a Lie group with countably many connected components by [Ho52, Th. 2].

Let G be any locally compact group with Aut(G) viewed as a topological group with its compact open topology. We will regard G as an Aut(G)-space via the tautological action Aut(G) × G → G, which is a continuous left action.

Now fix any subgroup H ⊆ Aut(G). For any principal H-bundle q : P → M we construct the associated bundle Q: P ×_H G → M. This is a locally trivial bundle with fiber G and structure group H, hence a bundle of locally compact groups.

A bundle of locally compact groups with fiber G as above can be equivalently defined as a locally trivial bundle with fiber G, whose transition functions are continuous H-valued functions and for which the coordinate changes act by topological group automorphisms of the fiber G.

If G is a connected Lie group (or if it is compactly generated) so that Aut(G) is a Lie group, and if moreover q is a smooth principal bundle, then it follows that Q is a Lie group bundle.

3.1. Duals of C^∗-algebras of regular groupoids. In this subsection we discuss a class of groupoids including the examples that motivated the present investigation, and for which the irreducible representations of their corresponding C^∗-algebras can be described in terms of the representation theory of their isotropy groups.

We will use the following terminology which is inspired by (but slightly different from) [Go10] and [Go12]; see also [Ra90].

Definition 3.5. A locally compact groupoid G ⇒ G^{(0)} endowed with a left Haar system λ is called regular if it satisfies the following additional conditions:

(1) Every orbit of G is a locally closed subset of G^{(0)}. (2) The isotropy subgroupoid G(·) := � x∈G^{(0)}

G(x) is a group bundle.

In the above definition, the condition that G(·) be a group bundle actually requires that the natural projection G(·) → G^{(0)} is an open map, and this implies that G(·) is a locally compact groupoid with a Haar system (see Remark 3.2).

Lemma 3.6. Let G ⇒ G^{(0)} be a regular groupoid. The following assertions hold:

(i) The C^∗-algebra C^∗(G(·)) is a C_0(G^{(0)})-algebra and is C_0(G^{(0)})-linearly ∗-isomorphic to the algebra of sections of an upper semicontinuous C^∗-bundle over G^{(0)} whose fiber over any x ∈ G^{(0)} is C^∗(G(x)).

(ii) On the level of dual spaces of C^∗-algebras one has ^ C^∗(G(·)) = � x∈G^{(0)} ^ C^∗(G(x))

and there exists a continuous map ^C^∗(G(·)) → G^{(0)} whose fiber over any x ∈ G^{(0)} is ^

C^∗(G(x)).

Proof. For Assertion (i), let (A, G(·), α) be the groupoid dynamical system defined by the trivial action of G(·) on the upper semicontinuous C^∗-bundle with constant 1-dimensional fibers whose corresponding C^∗-algebra of sections is C_0(G^{(0)}). Then A ⋊_α G(·) = C^∗(G(·)), hence this is a C_0(G^{(0)})-algebra by [Go12, Prop. 1.2]. The second part of the assertion then follows by [Wi07, Th. C.26]. In order to describe the fibers of the corresponding upper semicontinuous C^∗-bundle, we may use for every x ∈ G^{(0)} the short exact sequence

0 → C^∗(G(·)_G(0)_{\{x}}) → C^∗(G(·))^{Rx}−→ C^∗(G(x)) → 0

provided by Proposition 2.2(i) for F = {x}, which is a closed subset of G^{(0)} because G is Hausdorff.

Assertion (ii) then follows by [Wi07, Prop. C.5] (see also [Go12, Rem. 1.3]). □

With the above lemma at hand, we can prove the following theorem, where we use the notation Ind for induced representations of groupoids (see for instance [IW09]).

Theorem 3.7. For a regular groupoid G ⇒ G^{(0)}, define

Φ: ^

C^∗(G(·)) → ^C^∗(G), Φ([π]) := [Ind^G_{(x)}π],

where [π] ∈ �G(x) ≃ ^C^∗(G(x)) ⊆ ^C^∗(G(·)) for x ∈ G^{(0)}. Then Φ is a continuous open surjective map, and it induces a homeomorphism ^ C^∗(G(·))/G ≃ ^C^∗(G)

where the left-hand side is the quotient space of ^C^∗(G(·)) ≃ � x∈G^{(0)}

�G(x) by the natural

action of G.

Proof. The definition of Φ is correct by [Go10, Prop. 4.13], where it was established that then every irreducible representation of some isotropy group of G induces an irreducible representation of C^∗(G). The assertion follows by Lemma 3.6 and [Go12, Th. 2.22]. □

Remark 3.8. Let p: A → X be an open continuous and surjective mapping, where A and X are topological spaces. Define the equivalence relation

R = {(a, b) | p(a) = p(b)}.

Then it is easy to see that the map θ : A/R → X defined by θ(p^{−1}(x)) = x, is a homeomorphism, where A/R is endowed with the quotient topology. Thus, in particular, if X is locally compact and Hausdorff, then the space A/R is also locally compact and Hausdorff.

For a locally compact space T we denote by βT its Stone-Čech compactification.

Corollary 3.9. Let G ⇒ G^{(0)} be a regular groupoid whose the isotropy groups G(x) are of type I and amenable. Assume in addition that the orbit space G^{(0)}/G is locally compact and Hausdorff. Then M(C^∗(G)) is a C(β(G^{(0)}/G))-algebra.

Proof. We first note that C^∗(G) is of type I, by [Cl07, Thm. 7.2]. From Lemma 3.6 we have that C^∗(G(·)) is a C_0(G^{(0)})-algebra, hence there is an continuous map ^ C^∗(G(·)) → G^{(0)}. This map commutes with the natural actions of the groupoid G on its domain and range, hence it induces a continuous map ^C^∗(G(·))/G → G^{(0)}/G. By Theorem 3.7 we obtain a continuous map ^C^∗(G) → G^{(0)}/G. This implies, by [AS11, Prop. 1.2], that M(C^∗(G)) is a C(β(G^{(0)}/G))-algebra. This concludes the proof. □

4. Pullback of groupoids

A general method of constructing new examples of groupoids is the pullback. As we will see below, the operation of pullback by continuous open surjections preserves most of the properties that are relevant from the operator algebraic perspective, as for instance the topological properties of the orbits, the homeomorphism class of the orbit space, the isomorphism classes of isotropy groups, and existence of Haar systems.

Definition 4.1. Let G ⇒ G^{(0)} be a groupoid and θ : N → G^{(0)} be any map. The pullback of G by θ is the groupoid θ^{↓↓} (G) ⇒ N defined by

θ^{↓↓} (G) := {(n_1, g, n_2) ∈ N × G × N | g ∈ G^{θ(n2)}_{θ(n1 )} }

with its domain/range maps defined by d(n_1, g, n_2) = n_1 and r(n_1, g, n_2) = n_2 for all (n_1, g, n_2) ∈ θ^{↓↓} (G). The middle projection Θ(n_1, g, n_2) = g, defines a map Θ: θ^{↓↓} (G) → G which is a groupoid morphism.

If G ⇒ G^{(0)} is a topological groupoid, N a topological space and θ is continuous, then θ^{↓↓} (G) ⇒ N is a topological groupoid with its topology induced from N ×G×N.

We show in Proposition 4.8 below that pullbacks of group bundles by surjective open maps are regular groupoids.

Remark 4.2. The map Θ makes the following diagram commutative (in which the vertical arrows are either both domain maps or both range maps)

θ^{↓↓} (G)^Θ−−−−→ G � � � � � � N^θ−−−−→ G^{(0)}

and moreover the map Θ gives a bijection (θ^{↓↓} (G))^{n2}_{n1} → G^{θ(n2)}_{θ(n1)} , for all n_1, n_2 ∈ N.

In particular, for every n_0 ∈ N, one has the algebraic isomorphism of isotropy groups (θ^{↓↓} (G))^{n0}_{n0} → G^{θ(n0)}_{θ(n0 )} , which is also an isomorphism of topological groups if G ⇒ G^{(0)} is a topological groupoid.

Remark 4.3. For every n_0 ∈ N, its corresponding d-fiber of θ^{↓↓} (G) can be described as (θ^{↓↓} (G))_{n0} = {(n_0, g, n) ∈ θ^{↓↓} (G) | g ∈ G_{θ(n0)}, r(g) = θ(n)} (4.1)

hence one has the commutative diagram

(θ^{↓↓} (G))_{n0}^Θ−−−−→ G_{θ(n0)} r � � � � � �^r

N^θ−−−−→ G^{(0)}

Thus (θ^{↓↓} (G))_{n0} is in fact the fiber product G_{θ(n0)} ×_G(0) N.

Remark 4.4. The θ^{↓↓} (G)-orbit of the point n_0 ∈ N is the inverse image through θ of the G-orbit of the point θ(n_0) ∈ G^{(0)}, since, using (4.1), one obtains

(θ^{↓↓} (G)).n_0 = r((θ^{↓↓} (G))_{n0} ) = θ^{−1}(r(G_{θ(n0 )})) = θ^{−1}(G.θ(n_0)). (4.2)

This shows that if both G^{(0)} and N are topological spaces, θ is continuous, and the G-orbit of the point θ(n_0) is an open/closed/locally closed subset of G^{(0)}, then so is the θ^{↓↓} (G)-orbit of the point n_0 in N.

Proposition 4.5. The orbit spaces of the groupoids θ^{↓↓} (G) and G are related by

β : N/θ^{↓↓} (G) → G^{(0)}/G, (θ^{↓↓} (G)).n → G.θ(n)

which is a well-defined map and has the following properties:

(i) β is injective;

(ii) if the image of θ intersects every G-orbit, then also β is surjective; (iii) if G is a topological groupoid and the map θ is continuous, then β is continuous with respect to the quotient toplogies on the orbit spaces;

(iv) if G is a topological groupoid whose range map r : G → G^{(0)} is an open map, and the map θ is continuous, open, and surjective, then β is a homeomorphism.

Proof. In fact, properties (i)–(ii) follow by (4.2). For proving property (iii), one needs the commutative diagram

N^θ−−−−→ G^{(0)} � � � � � � N/θ^{↓↓} (G)^β−−−−→ G^{(0)}/G whose vertical arrows are the quotient maps, and in which the map Θ is continuous. For property (iv) we also use the above diagram to check that if both θ and the quotient map G^{(0)} → G^{(0)}/G are open, then β is an open map, and then the assertion follows using also properties (i)–(iii). It remains to note that since the range map r : G → G^{(0)} is an open map, it follows that the quotient map q : G^{(0)} → G^{(0)}/G is always open, because for every open set U ⊆ G^{(0)} one has q^{−1}(q(U)) = r(d^{−1}(U)) which is open in G^{(0)}, hence q(U) ⊆ G^{(0)}/G is open by the definition of the quotient topology. □

Proposition 4.6. Let G ⇒ G^{(0)} be any locally compact groupoid with a left Haar system, and N be any second countable, locally compact topological space. If θ : N → G^{(0)} is any continuous open map and the image of θ intersects every G-orbit, then θ^{↓↓} (G) ⇒ N is a locally compact groupoid with a left Haar system, and the C^∗- algebras C^∗(G) and C^∗(θ^{↓↓} (G)) are Morita equivalent.

Proof. The fibered product

G ×_G(0) N := {(g, n) ∈ G × N | d(g) = θ(n)}

gives a Morita equivalence from the groupoid G to the groupoid θ^{↓↓} (G). See [Mr96, Cor. II.1.7] for some more details in this connection (and also [MM03, Ex. 5.10(4)] for the special case of Lie groupoids). The hypothesis that θ : N → G^{(0)} is an open map is needed in order to ensure that the map

G ×_G(0) N → G^{(0)}, (g, n) → r(g)

is open, hence the canonical groupoid morphism Θ: θ^{↓↓} (G) → G is an essential equivalence.

Now, since the groupoids G and θ^{↓↓} (G) are equivalent and G has a Haar system, it follows by [Wi15, Th. 2.1] that also θ^{↓↓} (G) has a Haar system, and then [MRW87, Th. 2.8] implies that the C^∗-algebras C^∗(G) and C^∗(θ^{↓↓} (G)) are Morita equivalent. □ Lemma 4.7. Let p: T → S be any group bundle and θ : Ξ → S be any continuous map, and define θ^∗(T ) := {(ξ, t) ∈ Ξ × T | θ(ξ) = p(t)} ⊆ Ξ × T with its relative topology. Then θ^∗(T ) ⇒ Ξ, (ξ, t) → ξ, has the canonical structure of a group bundle.

Proof. It is clear that the fibers of p_1 : θ^∗(T ) ⇒ Ξ, p_1(ξ, t) := ξ, are locally compact groups, hence it remains to check that p_1 is an open map. To this end, for arbitrary open subsets V ⊆ Ξ and W ⊆ T with (V × W ) ∩ θ^∗(p) ≠ ∅, we must prove that p_1((V × W ) ∩ θ^∗(p)) is an open subset of Ξ. One has

p_1((V × W ) ∩ θ^∗(p)) = {ξ ∈ Ξ | (∃t ∈ W ) θ(ξ) = p(t)} = θ^{−1}(p(W )) and this is an open subset of Ξ since θ is continuous and p is an open map. □

Proposition 4.8. Let T → S be any group bundle and θ : N → S be any surjective open map. Then θ^{↓↓} (T ) ⇒ N is a regular groupoid.

Proof. By Remark 3.2, the group bundle T → S has a Haar system. It then follows by Proposition 4.6 that θ^{↓↓} (T ) ⇒ N is a locally compact groupoid with a Haar system. Therefore, according to Definition 3.5, it remains to check that the isotropy subgroupoid of θ^{↓↓} (T ) ⇒ N is a group bundle. But it is easily seen that the isotropy subgroupoid of θ^{↓↓} (T ) ⇒ N is θ^∗(T ) ⇒ N, which is a group bundle by Lemma 4.7. This completes the proof. □

We now introduce a special class of groupoids which prove to be suitable for describing the coadjoint transformation groups associated to exponential solvable Lie groups. The importance of these groupoids stems from Propositions 4.6 and 4.8 and Theorem 3.7. Loosely speaking, these results together imply that the dual spaces of C^∗-algebras of these groupoids can be computed from C^∗-algebras of group bundles.

Definition 4.9. Let G ⇒ G^{(0)} be any locally compact groupoid. We say that G is a piecewise pullback of group bundles with pieces V_k for k = 1, . . . , n if the following conditions are satisfied.

(i) There exists an increasing family ∅ = U_0 ⊆ U_1 ⊆ · · · ⊆ U_n = G^{(0)} where U_k are open G-invariant subsets of G^{(0)} and V_k = U_k \ U_{k−1} for k = 1, . . . , n.

(ii) For k = 1, . . . , n, there exist an open continuous surjective map θ_k : V_k → S_k and a group bundle T_k → S_k for which one has an isomorphism of topological groupoids G_{Vk} ≃ θ^{↓↓}_k (T_k ).

Remark 4.10. In Definition 4.9, the orbits of G are exactly the sets θ^{−1}_k (x) for x ∈ S_k and k = 1, . . . , n. This shows that for every k, the orbits of the reduced groupoid G_{Vk} are closed, and moreover the orbit space of that groupoid is homeomorphic to S_k, by Remark 3.8 or Proposition 4.5.

We also note that G_{V1} is a pair groupoid if and only if the set T_1 is a singleton.

Theorem 4.11. Let G ⇒ G^{(0)} be a piecewise pullback of group bundles that has a left Haar system. Then the following assertions hold:

(i) The orbits of G are locally closed subsets of G^{(0)}.

(ii) If the isotropy groups of G are amenable, then G is metrically amenable. (iii) The C^∗-algebra of G has a sequence of closed two-sided ideals {0} = J_0 ⊆ J_1 ⊆ · · · ⊆ J_n = C^∗(G) such that for k = 1, . . . , n the subquotient J_k/J_{k−1} is Morita equivalent to the C^∗-algebra of sections of an upper semicontinuous C^∗-bundle whose fibers are C^∗-algebras of isotropy groups of G, and every isotropy group of G occurs in this way for exactly one value of k.

(iv) For k = 1, . . . , n, the multiplier algebra of the C^∗-algebra J_k/J_{k−1} is a C(β(V_k /G))-algebra, where V_k for k = 1, . . . , n are the pieces of G ⇒ G^{(0)}.

(v) If all isotropy groups of G are amenable, the C^∗-algebra of G is of type I if and only if all the isotropy groups of G are of type I.

Proof. Assertion (i) follows directly by Remark 4.10.

Furthermore, since the orbits of G are locally closed and G is locally compact and second countable, it follows by [Ra90, Th. 2.1((5)⇔(4))] that the orbit space of G is a topological space of type T_0. Then [SW13, Th. 4] implies that if the isotropy groups of G are amenable, then G is a measurewise amenable groupoid, hence it is also metrically amenable (see for instance [Re80, Sect. II.3]), and this concludes the proof of Assertion (ii).

For Assertion (iii), use the bijective correspondence from Proposition 2.2(i) to define J_k := I(U_k) for k = 0, . . . , n. Then one has the isomorphism of C^∗-algebras J_k/J_{k−1} ≃ C^∗(G^{Vk}_{Vk} ). On the other hand, one has an isomorphism of topological groupoids G_{Vk} ≃ θ^{↓↓}_k (T_k) by Definition 4.9, where θ_k : V_k → S_k is an open continuous injection and T_k ⇒ S_k is a group bundle. Hence Proposition 4.6 implies that the C^∗-algebras C^∗(G_{Vk} ) and C^∗(T_k) are Morita equivalent.

For Assertion (iv) It follows by Corollary 3.9 that M(C^∗(G_{Vk} )) is a C(β(V_k /G))- algebra, because the orbit space V_k/G is Hausdorff by Remark 4.10.

Finally, since T_k ⇒ S_k is a a group bundle, it follows by Lemma 3.6 that C^∗(T_k) is a C_0(S_k)-algebra. This, along with [Cl07, Thm. 7.1], also implies Assertion (v), because if two C^∗-algebras are Morita equivalent, then one of them is of type I if and only if the other one is. □

5. Application to coadjoint dynamical systems

Let G be any exponential solvable Lie group with its Lie algebra g. One has the coadjoint action of G on g^∗, and this allows us to define the semidirect product g^∗ ⋊ G. This is naturally diffeomorphic to the cotangent bundle T^∗G, and thus the Lie group g^∗ ⋊ G can be called the cotangent group of G. One has the short exact sequence of Lie groups 0 → g^∗ → g^∗ ⋊ G → G → 1 which leads to a short exact sequence of C^∗-algebras

0 → J → C^∗(g^∗ ⋊ G) → C^∗(G) → 0.

One also has ∗-isomorphisms

C^∗(g^∗ ⋊ G) ≃ C^∗(g^∗) ⋊ G ≃ C_0(g) ⋊ G

where we have used the same notation for semidirect products of groups and for crossed products of C^∗-algebras acted on by groups. We are in a situation in which much information on representation theory of G is encoded in the transformation group defined by the coadjoint action Ad^∗_G : G × g^∗ → g^∗, and the same is valid for the corresponding C^∗-algebras. More precisely, the method of coadjoint orbits gives a homeomorphism g^∗/G ≃ ^G (see [LeLu94]), and the remark above shows that the transformation group C^∗-algebra C^∗(g^∗ ⋊ G) may also hold an important role for understanding the group algebra C^∗(G).

5.1. Main result.

Lemma 5.1. Let H be any locally compact group with its space of closed subgroups denoted by S. Define T := {(x, K) ∈ H × S | x ∈ K} ⊆ H × S with its relative topology. Then the canonical projection p: T → S, p(x, K) := K, is a group bundle.

Proof. We recall from [Gl62] that S is a compact space and a basis of its topology consists of the sets

U(C, F) := {K ∈ S | K ∩ C = ∅; (∀A ∈ F) K ∩ A ≠ ∅}

for all compact sets C ⊆ H and all finite sets F of open subsets of H. We must prove that for any set U(C, F) as above and any open set D ⊆ H, if (U(C, F)×D)∩T ≠ ∅, then p((U(C, F) × D) ∩ T ) is an open subset of S. Indeed, for any K ∈ S, we have K ∈ p((U(C, F) × D) ∩ T ) if and only if K ∈ U(C, F) and there exists x ∈ D ∩ K, since if that is the case, then (K, x) ∈ (U(C, F)×D)∩T and K = p(K, x). Therefore

p((U(C, F) × D) ∩ T ) = {K ∈ U(C, F) | K ∩ D ≠ ∅} = U(C, F ∪ {D})

which is an open subset of S, and this concludes the proof. □

Theorem 5.2. The coadjoint dynamical system of any exponential solvable Lie group is a piecewise pullback of group bundles.

Proof. Let G be an exponential solvable Lie group, with its coadjoint dynamical system (G, g^∗, Ad^∗_G). It is known from [Cu92] that there exists a partition g^∗ = �_n

k=1 A_k into G-invariant, Zariski-open subsets satisfying the following conditions for k = 1, . . . , n:

(1) The set D_k :=

�_k j=1 A_j is open in g^∗.

(2) The quotient map q|_{Ak} : A_k → A_k/Ad^∗_G admits a continuous cross-section γ_k : A_k/Ad^∗_G → A_k, and we denote Ξ_k := γ_k(A_k/Ad^∗_G) ⊆ g^∗.

(3) The map ξ → G(ξ) is continuous from A_k into the space of closed subgroups of G.

In fact, the above property (3) is not explicitly mentioned in [Cu92], but it follows by straightforward arguments, using the fact that the dimension of coadjoint Gorbits contained in A_k is constant.

Then we may define the bundle of coadjoint isotropy groups Γ_k := � ξ∈Ξ_k

G(ξ),

with its canonical projection Π_k : Γ_k → Ξ_k , where Π^{−1}_k (ξ) = G(ξ) for all ξ ∈ Ξ_k . It follows by Lemmas 5.1 and 4.7 that Π_k : Γ_k → Ξ_k is a group bundle, hence it has a Haar system.

Let G_k be the transformation-group groupoid defined by the coadjoint action of G on A_k. Hence one has G^{(0)}_k = A_k, G_k = G×A_k , the domain map d: G×A_k → A_k, d(g, ξ) := ξ, and the range map r : G × A_k → A_k , d(g, ξ) := Ad^∗_G(g)ξ. Then the map σ_k : A_k → G × A_k, σ_k(ξ) := (1, ξ), satisfies d ∘ σ = id.

Then define θ := γ_k ∘ q|_{Ak} : A_k → Ξ_k, and this is an open continuous surjective map. The pullback of Π_k by θ_k is

θ^{↓↓}_k (Π_k) := {(ζ, h, η) ∈ A_k × Γ_k × A_k | θ_k(ζ) = Π_k(h) = θ_k(η)}.

The projections on the first and third coordinates define a groupoid θ^{↓↓}_k (Π_k ) ⇒ A_k and the map

Φ_k : G_k → θ^{↓↓}_k (Π_k), Φ_k(g) := (r(g), σ_k (r(g))gσ_k (d(g))^{−1}, d(g))

is a groupoid isomorphism, with its inverse given by a formula similar to (1.2). These explicit formulas for Φ_k and Φ^{−1}_k , involving compositions of continuous maps, show that these maps are homeomorphisms, hence they are isomorphisms of topological groupoids. Thus the conditions of Definition 4.9, and this completes the proof. □

Remark 5.3. In the above proof, in order to compute θ^{↓↓}_k (Π_k ) more explicitly, note that for any ξ, η ∈ A_k we have θ_k(ζ) = θ_k(η) ⇐⇒ q(ζ) = q(η) ⇐⇒ (∃O ∈ g^∗/G) ζ, η ∈ O ⊆ A_k ⇐⇒ (∃ξ ∈ Ξ_k) ζ, η ∈ Ad^∗_G(G)ξ

and if this is the case then (ζ, h, η) ∈ θ^{↓↓}_k (Π_k) if and only if Π_k(h) = ξ, that is, if and only if h ∈ G(ξ). Therefore

θ^{↓↓}_k (Π_k) = � ξ∈Ξ_k

O_ξ × G(ξ) × O_ξ

where O_ξ := Ad^∗_G(G)ξ ⊆ g^∗ is the coadjoint orbit of ξ ∈ Ξ_k.

5.2. Some specific examples. In the following example we use somewhat unusual notation in structure theory of semisimple Lie groups (see for instance [Kn02]), in the sense that we keep the notation G for a Borel subgroup, which is the solvable Lie group whose coadjoint orbits we wish to discuss here.

Example 5.4. Let s be any complex semisimple Lie algebra, hence its Killing form

B_s : s × s → C, B_s(X, Y ) := Tr((ad_sX)(ad_sY ))

is nondegenerate, where for every X ∈ s we define as usual ad_sX : s → s, (ad_sX)Y = [X, Y ] for X, Y ∈ s. Then there exists a conjugate-linear mapping s → s, X → X^∗, such that for all X, Y ∈ s we have (X^∗)^∗ = X, [X, Y ]^∗ = [Y^∗, X^∗] and B_s(X, X^∗) ≥ 0. Such a mapping is unique up to an automorphism of s.

Select any Cartan subalgebra h ⊆ g, that is, h is a maximal abelian self-adjoint subalgebra of s. Denote the eigenspaces for the adjoint action of h on s by

s^α := {X ∈ s | (∀H ∈ h) [H, X] = α(H)X} for a linear functional α : h → C

and consider the corresponding set of roots Δ(s, h) := {α ∈ h^∗ \ {0} | g^α ≠ {0}}. Then h = s^0 = {X ∈ s | [h, X] = {0}} and the root space decomposition of h is given by s = h ⊕ � α∈Δ(s,h)

s^α.

For every α ∈ Δ(s, h) we have dim s^α = 1 and we may choose X_α ∈ s^α \ {0} such that X^∗_α = X_{−α}. Let {α_1, . . . , α_r} ⊂ Δ(s, h) be a system of simple roots, that is, a maximal subset with the property α_j + α_k ∉ Δ(s, h) for all j, k = 1, . . . , r. One has r = dim h, and this called the rank of s.

If we also define Δ^+(s, h) as the subset of Δ(s, h) consisting of linear combinations of symple roots with nonnegative integer coefficients, then one has Δ(s, h) = Δ^+(s, h) ⊔ (−Δ^+(s, h)), hence the above root space decomposition of s implies the triangular decomposition s = n^− ∔ h ∔ n^+ where n^± := � ±α∈Δ^+(s,h)

s^α.

We are mainly interested in the Lie algebra g := h ∔ n^+ = h ⋉ n^+, which is a Borel subalgebra of g. This is a solvable complex Lie algebra, and we denote by G its corresponding connected, simply connected Lie group, however it is not an exponential Lie group.

It follows by [Ko12, Th. 1.7] that the group G has a nonempty open coadjoint orbit if and only if the rank of s is equal to the cardinality of a maximal set of strongly orthogonal roots. If this is the case, then the open orbit is unique hence it is dense in s^∗. By Proposition 2.7, the regular representation of C^∗(g^∗ ⋊ G) corresponding to that open orbit is faithful. By [Ko12, Rem. 2.8], if s is a simple Lie algebra, then it satisfies the above condition if and only if it is a classical Lie algebra of type so(2ℓ + 1, C), sp(2ℓ, C), so(2ℓ, C) with ℓ even, or an exceptional Lie algebra of type G_2, F_4, E_7, or E_8.

We now give one of the simplest examples of Lie groups that fall under the hypotheses of Theorem 5.2. Many other examples of transformation-group groupoids can be constructed following this pattern. See for instance Example 5.6 below.

Example 5.5 (the ax + b-group). Let G = � a b 0 a^{−1} � ∈ M_2(R) | a > 0 �

which is a multiplicative group of matrices. For the tautological action of G on R^2 denote by G_{x,y} and O_{x,y} the isotropy group and the G-orbit of any � x y � ∈ R^2.

Then one has

• if y ≠ 0, then G_{x,y} = {1} and O_{x,y} = � u v � ∈ R^2 | uy > 0 � ; • if y = 0 ≠ x, then

G_{x,0} =

�1 b 0 1 � | b ∈ R � and O_{x,0} = � u 0 � ∈ R^2 | ux > 0 � ; • if y = x = 0, then G_{0,0} = G and O_{0,0} = � 0 0 � . Consequently, if we define

M_± := � x y � ∈ R^2 | ±y ≥ 0, x^2 + y^2 ≠ 0 � ⊃ � x y � ∈ R^2 | ±y > 0 � =: U_±

then M_± is acted on by the group G with dense open orbit U_± and the isotropy groups at points of the boundary F := M_± \ U_± are all isomorphic to (R, +).

Hence the transformation-group groupoids G_± := G ⋉ M_± ⇒ M_± have dense open orbits U_± with (G_±)^{U±}_{U±} = U_± × U_±, and moreover (G_±)^F = R × F → F is a trivial group bundle on F = R \ {0}. We get thus immediately the following short exact sequence

0 → K(L^2(U_±)) → C^∗(G_±) → C_0(R \ {0}, C_0(R)) → 0.

In the following example we describe a more general situation, which recovers Example 5.5 for s = su(1, 1).

Example 5.6. Now let s = k + p be a Cartan decomposition of a real semisimple Lie algebra. Select any maximal abelian subspace a ⊆ p, consider the corresponding restricted-root spaces and define n = � α∈Δ^+(s,a)

s^α

with respect to a lexicographic ordering on a^∗. Then one has the Iwasawa decomposition s = k ∔ a ∔ n.

We are mainly interested in the Lie algebra

g := a ∔ n = a ⋉ n,

which is a Borel subalgebra of s. This is a completely solvable Lie algebra, hence its corresponding connected, simply connected Lie group G is an exponential Lie group. Moreover, denoting r := dim a, one can prove that if s is of hermitian type, then G has 2^r open coadjoint orbits (see [RV76, Prop. 3.3.1] and [In01, Th. 1.3]).

References

[APT73] Ch.A. Akemann, G.K. Pedersen, J. Tomiyama, Multipliers of C^∗-algebras. J. Functional Analysis 13 (1973), 277–301.

[AS11] R.J. Archbold, D.W.B. Somerset, Multiplier algebras of C_0(X)-algebras. Münster J.

Math. 4 (2011), 73–100.

[BB15] I. Beltiţă, D. Beltiţă, On C^∗-algebras of exponential solvable Lie groups and their real ranks. Preprint arXiv:1511.05533 [math.OA].

[BBL14] I. Beltiţă, D. Beltiţă, J. Ludwig, Fourier transforms of C^∗-algebras of nilpotent Lie groups. Preprint arXiv:1411.3254 [math.OA].

[Bu03] M. Buneci, Isomorphism for transitive groupoid C^∗-algebras. In: Proceedings of CAIM 2003 (Conference on Applied and Industrial Mathematics), Vol. 1, Editura Univ. Oradea, 2003, pp. 42–46.

[Cl07] L.O. Clark, CCR and GCR groupoid C^∗-algebras. Indiana Univ. Math. J. 56 (2007), no. 5, 2087–2110.

[CAR13] L.O. Clark, A. an Huef, I. Raeburn, The equivalence relations of local homeomorphisms and Fell algebras. New York J. Math. 19 (2013), 367–394.

[Cu92] B.N. Currey, The structure of the space of coadjoint orbits of an exponential solvable Lie group. Trans. Amer. Math. Soc. 332 (1992), no. 1, 241–269.

[Dix64] J. Dixmier, Les C^∗-algèbres et leurs représentations. Cahiers Scientifiques, Fasc. XXIX Gauthier-Villars & Cie, Éditeur-Imprimeur, Paris, 1964.

[Gl62] J. Glimm, Families of induced representations. Pacific J. Math. 12 (1962), 885–911. [Go10] G. Goehle, The Mackey machine for crossed products by regular groupoids. I. Houston J. Math. 36 (2010), no. 2, 567–590.

[Go12] G. Goehle, The Mackey machine for crossed products by regular groupoids. II. Rocky Mountain J. Math. 42 (2012), no. 3, 873–900.

[Ho52] G. Hochschild, The automorphism group of a Lie group, Trans. Amer. Math. Soc. 72 (1952), 209–216.

[In01] J. Inoue, Holomorphically induced representations of some solvable Lie groups. J. Funct.

Anal. 186 (2001), no. 2, 269–328.

[IW09] M. Ionescu, D.P. Williams, Irreducible representations of groupoid C^∗-algebras. Proc.

Amer. Math. Soc. 137 (2009), no. 4, 1323–1332.

[KS02] M. Khoshkam, G. Skandalis, Regular representation of groupoid C^∗-algebras and applications to inverse semigroups. J. Reine Angew. Math. 546 (2002), 47–72.

[Kn02] A.W. Knapp, Lie groups beyond an introduction. Second edition. Progress in Mathematics, 140. Birkhäuser Boston, Inc., Boston, MA, 2002.

[Ko12] B. Kostant, Coadjoint structure of Borel subgroups and their nilradicals. Preprint arXiv:1205.23621 [math.RT].

[LeLu94] H. Leptin, J. Ludwig, Unitary representation theory of exponential Lie groups, de Gruyter Expositions in Mathematics 18, Walter de Gruyter & Co., Berlin, 1994.

[MM03] I. Moerdijk, J. Mrcun, Introduction to foliations and Lie groupoids. Cambridge Studies in Advanced Mathematics 91. Cambridge University Press, Cambridge, 2003.

[Mr96] J. Mrcun, Stability and invariants of Hilsum-Skandalis maps, Ph.D. thesis, Utrecht University, 1996 (arXiv:math/0506484 [math.DG]).

[MRW87] P.S. Muhly, J.N. Renault, D.P. Williams, Equivalence and isomorphism for groupoid C^∗-algebras. J. Operator Theory 17 (1987), no. 1, 3–22.

[MRW96] P.S. Muhly, J.N. Renault, D.P. Williams, Continuous-trace groupoid C^∗-algebras. III.

Trans. Amer. Math. Soc. 348 (1996), no. 9, 3621–3641.

[Pa99] A.L.T. Paterson, Groupoids, inverse semigroups, and their operator algebras, Progress in Mathematics 170, Birkhäuser Boston, Inc., Boston, MA, 1999.

[Ra90] A. Ramsay, The Mackey-Glimm dichotomy for foliations and other Polish groupoids.

J. Funct. Anal. 94 (1990), no. 2, 358–374.

[Re80] J. Renault, A groupoid approach to C^∗-algebras. Lecture Notes in Mathematics, 793.

Springer, Berlin, 1980.

[Re91] J. Renault, The ideal structure of groupoid crossed product C^∗-algebras. With an appendix by Georges Skandalis. J. Operator Theory 25 (1991), no. 1, 3–36.

[RV76] H. Rossi, M. Vergne, Equations de Cauchy-Riemann tangentielles associées á un domaine de Siegel. Ann. Sci. Ecole Norm. Sup. (4) 9 (1976), no. 1, 31–80.

[SW13] A. Sims, D.P. Williams, Amenability for Fell bundles over groupoids. Illinois J. Math.

57 (2013), no. 2, 429–444.

[We93] N.E. Wegge-Olsen, K-theory and C^∗-algebras. Oxford Science Publications. The Clarendon Press, Oxford University Press, New York, 1993.

[Wi07] D.P. Williams, Crossed products of C^∗-algebras. Mathematical Surveys and Monographs, 134. American Mathematical Society, Providence, RI, 2007.

[Wi15] D.P. Williams, Haar systems on equivalent groupoids. Preprint arXiv:1501.04077 [math.OA]

Institute of Mathematics “Simion Stolow” of the Romanian Academy, PO Box 1-764, 014700 Bucharest, Romania

E-mail address: ingrid.beltita@gmail.com, Ingrid.Beltita@imar.ro

Institute of Mathematics “Simion Stolow” of the Romanian Academy, PO Box 1-764, 014700 Bucharest, Romania

E-mail address: beltita@gmail.com, Daniel.Beltita@imar.ro