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ABSTRACT. From the beginning of KAM theory, it was realized that its applicability
to realistic problems depended on developing quantitative estimates on the sizes of
the perturbations allowed. In this paper we present results on the existence of quasi-
periodic solutions for conformally symplectic systems in non-perturbative regimes. We
recall that, for conformally symplectic systems, finding the solution requires also to find
a drift parameter. We present a proof on the existence of solutions for values of the
parameters which agree with more than three figures with the numerically conjectured
optimal values.

The first step of the strategy is to establish a very explicit quantitative theorem in
an a-posteriori format. We recall that in numerical analysis, an a-posteriori theorem
assumes the existence of an approximate solution, which satisfies an invariance equation
up to an error which is small enough with respect to explicit condition numbers, and
then concludes the existence of a solution. In the case of conformally symplectic systems,
an a-posteriori theorem was proved in [12]. Our first task is to make all the constants
fully explicit.

We emphasize that our result allows to conclude the existence of the true solution
by verifying mainly that the approximate solution satisfies the equation up to a small
error and that some condition numbers are finite. The method used to produce the
approximate solution does not need to be examined.

The second step in the strategy is to produce numerically very accurate solutions in
a concrete problem. We have implemented the algorithm indicated in [12] in a model
problem, widely considered in the literature; we constructed numerically very accurate
solutions of the invariance equations (discretizations with 2!® Fourier coefficients, each
one computed with 100 digits of precision). From the point of view of rigorous mathe-
matics, we note that the first step is a fully rigorous theorem, the second step is a high
precision calculation which produces an impact for the theorem in the first part.

The third and final step is to present a numerical verification of the hypotheses of the
theorem stated in the first part on the numerical solutions presented in the second part.
Using these estimates we would conclude the existence of tori for certain values of the
drift parameter. The perturbation parameters we can consider coincide with more than
3 significant figures with the values conjectured as optimal by numerical experiments.

The verification of the estimates presented here is not completely rigorous since we
do not control the round-off error. Nevertheless, running with different precision shows
very little difference in the results. Given the high precision of the calculation and the
simplicity of the estimates, this does not seem to affect the results. A full verification
should be done implementing interval arithmetic.

We make available the approximate solutions, the highly efficient algorithms to gen-
erate them (incorporating high precision based on the MPFR library) and the routines
used to verify the applicability of the theorem.

1. INTRODUCTION

The goal of this paper is to develop a methodology to compute efficiently and to verify
rigorously the existence of quasi-periodic solutions in concrete systems (compare with

23,17, 16, 18, 19, 20, 21, 22, 32, 33, 29, 59, 58, 60]).
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The celebrated KAM theory, started in [38, 2, 44|, solved the outstanding problem
of establishing the persistence of quasi-periodic orbits under small perturbations. An
important motivation was represented by problems in celestial mechanics ([3]). By now,
KAM theory has developed into a very useful paradigm. Surveys of KAM theory and its
applications are: [3, 46, 46, 45, 5, 61, 28, 19, 31].

At the beginning of the theory, the quantitative requirements for applicability led
to unrealistic smallness estimates. In a well known calculation ([35]), M. Hénon made
a preliminary study of the parameters required to apply to the three-body problem
([2]) and obtained that the small parameter (representing the Jupiter—-Sun mass-ratio)
should be smaller than 10~%%, whereas of course, the real value for Jupiter is about 1073.
Discouraged by this result, the often quoted conclusion of [35] was that!

“Ainsi, ces théoremes, bien que d’un trés grand intérét théorique, ne semblent pas
pouvoir en leur état actuel étre appliqués a des problemes pratiques”.

Even if the statement of [35] is perfectly correct as stated, removing the words we have
set in bold (as it is often done), one obtains a statement invalid 50 years after the original
statement.

It is also true that the first attempts to study the problem numerically were disap-
pointing. The persistence of quasi-periodic solutions indeed depends on rather higher
regularity of the perturbation (the smoothness requirements of some versions of KAM
theory are optimal, [36, 24, 48]) and attempts based on low regularity discretizations
such as finite elements were discouraging ([6]). Furthermore, unless one is careful, one
can be misled by spurious solutions. It is also true that many of the original proofs were
based on transformation theory, which is difficult to implement numerically (one needs to
deal with functions of a high number of variables and impose that they satisfy geometric
constraints). More successful studies such as [34, 25, 4, 50, 51, 41] were based on indirect
methods for very specific systems and were challenged because of being indirect.

By the late 70’s it was folklore belief that the estimates of KAM theory were essentially
optimal (the optimal steps for one step were known to good approximation, and one could
hope that, by some Baire category argument, one could find systems that saturate the
bounds to all steps).

By now, the situation has changed drastically. There are general bounds based on
different schemes ([7, 62, 27, 36]), which lead to substantially better bounds. In practical

14Tt does not seem that these theorems, though having a great theoretical interest, can be applied,
in their present state, to practical problems” [35].
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applications, one is interested in concrete systems, not on generic ones and there has
been also progress in obtaining estimates in some specific systems. Later on, many more
situations leading to better bounds were found, see [17, 16, 19, 20].

More related to the present paper, in recent times there has been a rapid development
in proofs of KAM theorems in the “a-posteriori” format common in numerical analysis.
We recall that an a-posteriori theorem in numerical analysis is a theorem of the following

format.

Theorem Format 1. Let Xy C &} be Banach spaces andU C Xy an open set. Consider
the map

F:UC Xy = X ;
assume that there are functionals mq,...,m, : U — RY for some xq € Xy, such that:

(1) ||F(xo)|lay < € for some e € R;
(2) my(xo) < My, ...,mu(z0) < M, for some condition numbers My, ..., M,;

(3) e <e*(My, ..., M,), where * is an explicit function of the condition numbers.

Then, there exists an x* € X such that F(z*) = 0 and ||zg — 2*||x, < Chupy... € for

some positive constant Cyy, ., -

Of course, to obtain the statement of a theorem in the Format 1, one has to specify all
the ingredients, Xy, Xy, F, mq,...,m,, the function £* and provide a proof; Theorems
of this form are very common e.g. in finite elements theory ([49]) or in linear algebra.

As it turns out, one can formulate several KAM theorems in this format. One needs
to choose an appropriate functional F whose zeros imply the existence of quasi-periodic
solutions (in such applications x is an embedding that belongs to a suitable space of
functions, see 2.1.1.)

Notice that in contrast with other more customary versions of KAM theory, this for-
mulation does not involve that we are considering a system close to integrable and it does
not require any global assumption on the map, but only some functionals evaluated in the
approximate solution. In the problems considered in this paper, the condition numbers
are just averages of algebraic expressions involving derivatives of the embedding xy and
do not include any global assumption in the maps such as the twist assumption.

Of course, KAM theory (and a fortiori KAM theory in an a-posteriori format) usu-
ally makes assumptions on geometric properties of the dynamical system. Roughly, the

geometric properties are used to eliminate adding parameters to the system.
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There are different geometric properties that lead to a KAM theory (see [47, 8] for a
discusssion of the classical contexts — general, symplectic, volume preserving, reversible
— formulated in a format which is not a-posteriori). Other more modern contexts are
presymplectic [1], or closer to the goals of this paper, conformally symplectic [12].

Notice that an a-posteriori theorem allows to validate the existence of an approximate
solution, independently of how it has been obtained. For example, one can take as an
approximate solution a numerically computed one (typically this will be a trigonometric
polynomial whose coefficients are chosen among the numbers representable in a com-
puter). If one can perform a finite (but too large for pencil-paper) number of operations
taking care of the rounding off, one can obtain estimates on € and M, ..., M,,.

As it turns out, there exist computer science techniques (interval analysis [42, 43, 37])
which allow one to perform these rigorous bounds mechanically. The coupling of an a-
posteriori theorem with interval arithmetic has led to many computer assisted proofs of
mathematically relevant problems that are reduced to the existence of a fixed point?. A
particularly emblematic computer assisted proof based on an a-posteriori theorem and
interval arithmetic is [39], but there are many other proofs based on a-posteriori theorems
for fixed points®.

Therefore, a way to prove the existence of a quasi-periodic solution has different stages,

each of them requiring a different methodology.

A) For a fixed geometric context, prove an a posteriori KAM theorem.

B) Make sure that the conditions of the a-posteriori theorem in part A are made
explicit and computable.

C) Produce approximate solutions.

D) Verify the conditions given in B) on the approximate solutions produced in C).

This strategy for two dimensional symplectic mappings was implemented in [52] and in
[32]. The paper [52] also considered upper and lower bounds of Siegel radius and proved
they would converge to the right value if given enough computer resources. The paper [32]
gives a very innovative implementation of a-posteriori KAM estimates by proposing an

efficient computer-assisted method. The technique is successfully applied to the standard

2We note, however, that, besides computer assisted proofs based on fixed point theorems, there are
other computer assisted proofs which do not involve fixed points theorems, but which are based on other
arguments (exclusion of matches, algebraic operations, etc.).

3The proof of [39] used only a Banach contraction argument and indeed most of the computer assisted
proofs rely on a contraction mapping argument. In our case, we need to rely on more sophisticated Nash-
Moser arguments.
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map, obtaining estimates in agreement of 99.9% with the numerical threshold. The paper
has also considered applications to the non-twist standard map and to the Froeschlé map.

We note that, in principle, the above methodology can continue in parameters and
establish the results even arbitrarily close to the values of the parameters where the
result is no longer true. Of course, in practice, one is limited by the computer resources
available (e.g. computer memory or time). We will show that for some emblematic
problems, even modest resources (a common today’s desktop) can produce results quite
close to optimal.

The parts A), B), C) and D) above require different methodologies and are, in principle,
independent. In practice, there are some relations (e.g. the choice of spaces in the
mathematical proofs is related to the numerical methods used). This is why we decided
to present the results in a single paper rather than separate it in logically independent
units.

Part A) requires the traditional methods of mathematics, but the goals should be
an efficient and explicit formulation that makes efficient the other parts of the strategy.
Notably, the functional equations should involve functions of as little variables as possible
— the difficulty of dealing with functions grows very fast with the number of variables.
This is known as the curse of dimensionality. Moreover, the norms should be easy to
evaluate. The spaces one is dealing with should be easily parameterizable, preferably by
linear combinations of functions — for example, parametrizing symplectic transformations
requires using generating functions to impose the very nonlinear constraint of preserving
the symplectic form.

Part B) is in principle straightforward, but a high quality implementation requires
taking advantage of the cancellations and organize the estimates very efficiently. Also,
some non-constructive arguments need to be replaced by constructive arguments.

Part C) is very traditional in numerical analysis and can be accomplished in many
ways, for example discretizing the invariance equation, but we stress that there are some
interactions with the other parts.

Many of the more modern proofs in Part A) are based in describing an iterative process
and showing it converges when started on a sufficiently approximate solution. For our
case, the proof presented in [12] is particularly well suited. It leads to a quadratically
convergent algorithm that requires little storage and a small operation count per step.
On the other hand, the Newton method relies on having a good approximate solution.

The algorithm can be used as the basis of a continuation method. Notice that the method
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does not rely on indirect methods such as [34] and that it is generally applicable (i.e.,
one can take any system and let the continuation run). The method of [34] requires
continuing high period orbits, which is problematic in systems with several harmonics
([30, 40]).

We also note that, in order to have an effective part D), the discretization used has to
be such that it allows the evaluation of the norms involved. As indicated above, the KAM
theorem requires derivatives of rather high order, so it seems that a Fourier discretization
could be effective if we consider norms that can be read from the Fourier coefficients.
This is particularly effective because the functional equations used in part A) lead to
functions whose maximal domain is a complex strip (the domain is invariant under an
irrational translation), which are the natural domains of convergence of Fouriers series.

Part D) is in principle straightforward since the number of operations is rather small.
As mentioned before, it can be made fully rigorous using interval arithmetic.

The goal of this paper is to implement this strategy for conformally symplectic map-
pings and obtain concrete results for an emblematic example that has been considered
many times in the literature. One caveat is that for part D), we have not implemented
interval arithmetic, but have performed the calculations with more than 100 digits of

precision and with several precisions.

1.1. Organization of the paper. This paper is organized as follows. In Section 2, we
present some standard preliminaries, including norms, Cauchy estimates, the Diophan-
tine inequality, the solution of the cohomology equation, the definition of conformally
symplectic systems, the introduction and properties of the dissipative standard map.

In Section 3 we state a very explicit KAM theorem in an a-posteriori format, The-
orem 10 which implements part A) of the strategy indicated above. The statement
of Theorem 10 includes the explicit formulation of the smallness conditions on the pa-
rameters ensuring the existence of an exact solution of the invariance equation. Such
conditions depend on a set of constants, whose explicit expression is given in Appen-
dix B). The proof of Theorem 10 is reviewed in Section 4. The proof follows closely the
proof in [12], but we take advantage that we will consider a specific model in which the
tori are one-dimensional and such that the symplectic form is the standard one. Some

of the most straigtforward calculations have been relegated to Appendix B.
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2. PRELIMINARIES

In this Section, we collect several notions that play a role in our results. We will
describe the models, some of their properties and describe the examples. The material in
Section 2.1 concerns standard properties of analytic functions and can be used mainly as
a reference for the notation. In Section 2.2 we introduce conformally symplectic systems,
which are the main geometric assumption in our results. In Section 2.3 we introduce the

concrete model we will study and which has been widely investigated in the literature.

2.1. Norms and preliminary Lemmas. In this Section we need to specify the norms
(see Section 2.1.1), to estimate the composition of functions (see Section 2.1.2), to bound
derivatives (see Section 2.1.3), to introduce Diophantine numbers (see Section 2.1.4),
and to give estimates of a cohomology equation associated to the linearization of the

invariance equation (see Section 2.1.5).

2.1.1. Norms. For a vector v = ( Zl ) € R?, we define its norm as
2

ol = foa] +[v2] -

. a1 Q12 .
For a matrix A = < - € R? x R?, we define its norm as
21 Q22

1AJ] = max {jau| + Jazi], Jasz| + [azal |
To define the norm of functions and vector functions, we start by introducing for p > 0
the following complex extensions of a torus T, of a set B and of the manifold M = B x T:
T, = {z=2+iyecC/Z: z€T, |yl <p},
, = {z=2+iyeC: z€ B, |y <p},
M, = B, xT,.

We denote by A, the set of functions which are analytic in Int(T,) and that extend

continuously to the boundary of T,. Within such set, we introduce the norm

£l = sup [f(2)] -

2€T,

For a vector valued function f = (fi, fa, ..., fu), n > 1, we define the norm

1f1lp = WAilly + W f2llp 4 4 [ fnllo - (2.1)
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For an n; X ne matrix valued function F' we define

ni

1El, =" sup [ Fyll, - (2.2)

i—1 J=1,...,n2
Notice that if I’ is a matrix valued function and f is a vector valued function, then one
has

L Fllp < (1l [1LA1o -

2.1.2. Composition Lemma. Composition of two functions is an important operation in
dynamical systems. Indeed, our main functional equation, see (2.10) below, involves

composition.

Lemma 2. Let F € A¢ be an analytic function on a domain C C C x C/Z.
Assume that the function g is such that g(T,) C C and g € A, with p > 0. Then,
Foge A, and
[Eogll, < [[Flac
where || F'[| 4, = sup.ec [F(2)]-
If, furthermore, we have that dist(g(A,), C\ C) =n > 0, then we have:
e Forall h € A, with ||h||, < n/4, we can define F o (g+ h).
o We have:

[Fo(g+h)—Fogl, < sup  ([DF)]) [,
z,dist(z,C)<n/4

1
|Fo(g+h)—Fog—DFoghll, <5 sup (ID*F(2)]) [Ihll; -
z,dist(z,C)<n/4
2.1.3. Cauchy estimates on the derivatives. Estimates on the derivatives will be needed
throughout the whole proof of the main result (Theorem 10).
Lemma 3. For a function h € A,, we have the following estimate on the first derivative
on a smaller domain:
DRy < Cc 67" IRl . Ce=1, (2.3)
where 0 < 0 < p. For the {—th order derivatives with £ > 1, one has:
IDhllp-5 < Cee 6= N1ll, . Ceg=01(2m)7".

Notice that the Cauchy constant C, might assume different values, if one adopts differ-

ent norms with respect to (2.1), (2.2) (this is why we keep a symbol for such constant).
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2.1.4. Diophantine numbers. The following definition is standard in number theory and

appears frequently in KAM theory.

Definition 4. Let w e R, 7 > 1, v > 1. We say that w is Diophantine of class T and

constant v, if the following inequality is satisfied:
lwk—q| > vk, q€Z, keZ\{0} . (2.4)

The set of Diophantine numbers satisfying (2.4) is denoted by D(v, 7). The union over
v > 0 of the sets D(v, 7) has full Lebesgue measure in R.

2.1.5. Estimates on the cohomology equation. Given any Lebesgue measurable function

71, we consider the following cohomology equation:
w0 +w) — Ap(8) =n(0) , 0eT. (2.5)

The solution of an equation of the form (2.5) will be an essential ingredient of the proof,
see e.g. (4.5) below. The two following Lemmas show that there is one Lebesgue mea-
surable function ¢, which is the solution of (2.5). Precisely, Lemma 5 applies for |A| # 1,
w € R and it provides a non-uniform estimate on the solution, while Lemma 6 applies to

any A and any w Diophantine, and it provides a uniform estimate on the solution.

Lemma 5. Assume |\ # 1, w € R. Then, given any Lebesgue measurable function n,
there is one Lebesque measurable function ¢ satisfying (2.5). Furthermore, the following

estimate holds:
1
el < [IX =1 lInll, -

Moreover, one can bound the derivatives of p with respect to A\ as

: j! .
D3¢l < W lnll,, Ji=1.

Lemma 6. Consider (2.5) for A\ € [Ag, Ay'] for some 0 < Ay < 1 and let w € D(v, 7).
Assume that n € A,, p > 0 and that

/Tn(e)de:o.

Then, there is one and only one solution of (2.5) with zero average: [.¢(6)d0 = 0.
Furthermore, if o € A,_5 for 0 < < p, then we have

lellp—s < Co ™" 0l (2.6)
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where

1 T r'er+1)

Co = @) 27(1L+ \) 3

(2.7)
The proof of Lemma 6 with the constant Cj as in (2.7) is given in Appendix A.

2.2. Conformally symplectic systems. In this Section we give the definition of con-
formally symplectic systems for one-dimensional maps. Indeed, the dissipative standard
map that we will introduce in Section 2.3 and that we will consider throughout this pa-
per, is a one—dimensional, conformally symplectic map. A more general definition of a

conformally symplectic system in the n—dimensional case is provided in [12].

Definition 7. Let M be an analytic symplectic manifold with M = B x T, where B C R
s an open, simply connected domain with a smooth boundary. Let €2 be the symplectic
form associated to M. Let f be a diffeomorphism defined on the phase space M. The
diffeomorphism f is conformally symplectic, if there exists a function A : M — R such
that

=X,

where f* denotes the pull-back of f.

We remark that when n = 1, then A\ can be a function of the coordinates, while it can
be shown that for n > 2 one can only have that X is a constant function.
In the following discussion, we will always assume that A is a constant, as in the model

(2.8) below, which is the main goal of the present work.

2.3. A specific model. In this work we consider a specific 1-parameter family f, of

one—dimensional, conformally symplectic maps, known as the dissipative standard map:

I' = M+u+ isin(27rgo) :
2m

¢ = o411, (2.8)
where I € B C R with B as in Definition 7, ¢ € T, ¢ € Ry, A € R;, p € R. This
model has been studied both numerically and theoretically in the literature. For example
(53, 54, 55] consider the breakdown and conjecture universality properties; [10] studies the
breakdown even for complex values of the parameters; [11] studies the invariant bundles
near the circles and find scaling properties at breakdown; [9, 14] study the domains of

analyticity in the limit of small dissipation.
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To fix some terminology, we shall refer to € as the perturbing parameter, to A as the
dissipative parameter, and to p as the drift parameter.

Notice that the Jacobian of the mapping (2.8) is equal to A, so that the mapping is
contractive for A < 1, expanding for A > 1 and it is symplectic for A = 1.

We denote by (-,-) the Euclidean scalar product. We remark that if J = J(z) is the
matrix representing  at x, namely Q. (u,v) = (u, J(x)v) for any u, v € R, then for the

mapping (2.8), J is the following constant matrix:

J:(_Ol (1)) . (2.9)

2.3.1. Formulation of the problem of an invariant attractor. We proceed to provide the
definition of a KAM attractor with frequency w.

Having fixed a value of the dissipative parameter, our goal will be to prove the per-
sistence of invariant attractors associated to (2.8) for non-zero values of the perturbing
parameter. To this end, we need to require that the frequency of the attractor, say w € R,
is Diophantine according to Definition (2.4). We note that this will require adjusting the

drift parameter .

Definition 8. Given a family of conformally symplectic maps f, : M — M, a KAM
attractor with frequency w is an invariant torus which can be described by an embedding

K : T — M, such that the following invariance equation is satisfied for all § € T :
fuoK(0) =K@ +w). (2.10)

The equation (2.10) will be the key of our statements. Note that we will think that
both the embedding K and the parameter p are unknowns of (2.10).

Remark 9. (i) For the dissipative standard map (2.8) the embedding K can be conve-

K(9) = ( 9;19‘)(9) ) (2.11)

for some continuous, periodic functions u: T — R, v: T — R. Denoting by (I;, ;) the

niently written as

j-th iterate of (2.8), one finds that orbits are characterized by
€ .
Qi1 — (L+N)gj+ Agpjr = p+ o sin(2m;) -
Using (2.11) one obtains that the invariance equation (2.10) in terms of u is

w(f +w) — (1+ Nu(®) + M@ —w) = u+ % sin(27(0 + u(9))) . (2.12)
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Equation (2.12) can be used to determine the function u and then one can determine the

function v appearing in (2.11) by
v(f) =w+ud) —uld —w) .

(ii) It is interesting to notice that for € = 0 the embedding can be chosen as K(0) =
(0,w). In this case, the mapping (2.8) admits a natural attractor with frequency w =
/(1 —X). This simple observation highlights the role of the drift u and its relation to

the frequency w.

The existence of an invariant attractor for ¢ # 0 will be established by fixing the fre-
quency w and determining a solution (K, ) (equivalently (u, p) according to Remark 9),
satisfying the invariance equation (2.10) (equivalently (2.12)) for a fixed value of the
dissipative parameter A. The focus of this paper will be in giving explicit estimates and
showing that the hypotheses of the theorem are satisfied numerically in a concrete exam-
ple for explicit values of €, A\. In particular, we will verify numerically that the estimates
of the theorem are satisfied taking a numerically computed solution as the approximate
solution. The computation of the solution is described in Section 7.1. The verification

of the estimates on these numerical solutions is presented in Section 7.2.

3. A KAM THEOREM

In this Section we state the main mathematical result, Theorem 10, which is a KAM
result in the a-posteriori format described in Theorem Format 1. Theorem 10 specifies
some condition numbers to be measured in the approximate solution. It shows that, if
there is a function Ky and a number pg that, when substituted in (2.10), give a residual
(measured in a norm that we specify) which is smaller than a function of the condition
numbers, then, there is a solution of (2.10) close (in some norm that we specify) to Ko, po.

We also note that the method of proof, which is based on constructing an iterative
procedure, leads to a very efficient algorithm. Later, we will describe the implementation
of the algorithm and the verification of the estimates required in Theorem 10.

For an embedding Ky = Ky(f) and a frequency w, we start by introducing some

auxiliary quantities defined as follows:
Mo(0) = [DKo(0) | J" o Ko(0) DEo(6)No(6)]
So(0) = ((DKoNg) o T,) (0)Df,, 0 Ko(0)J " o Ko(0) DKo (8)No(6)
No(0) = (DKo(0) DEo(6))", (3.1)
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where the superscript T denotes the transposition and T,, denotes the shift by w: for a
function P = P(0), then (PoT,)(#) = P(6 +w).

The following Theorem provides a constructive version of Theorem 20 in [12] for map-
pings as those introduced in Definition 7; in particular, it applies to the dissipative
standard map (2.8).

It is quite important that the condition numbers in Theorem 10 are properties of the
approximate solution, not global properties of the map. The condition numbers can
be computed from the approximate solution by taking derivatives, performing algebraic

operations and averaging.

Theorem 10. Consider a family f, : M — M of conformally symplectic mappings,
defined on the manifold M = B x T with B C R an open, simply connected domain
with a smooth boundary. Let the mappings f,, be analytic on an open connected domain
C CCxC/Z. Let the following assumptions be satisfied.

H1 Let w € D(v,7) as in (2.4).

H2 There exists an approximate solution (Ko, po) with Ky € A, for some py > 0 and
with po € A, A C R open. Let (Ko, o) be such that (2.10) is satisfied up to an error
function Ey = Ey(0), namely

fﬂo o) Ko(e) — Ko(e + W) = E()(e) .
Let ey denote the size of the error function, i.e.
€0 = HEOHPO :

H3 Assume that the following non—degeneracy condition holds:

det ( gg So(Bb)_O+ gél) > ?é 0.
A

-1 A
where Sy is given in (3.1), Eél), Z((]Q) denote the first and second elements of the vector
Ay = M;'o TwD,fy, © Ko, (Bi)® is the solution (with zero average in the A =1 case)
of the equation \(By)® — (By)? o T,, = —(ZéQ))O, where (A’(()%)O denotes the zero average
part of ﬁéQ). Denote by Ty the twist constant defined as
(S B0+ AP\
76 - %
H4 Assume there exists ¢ > 0, so that

dist(pg, 0A) > ¢, dist(Ko(T,,),0C) > C .
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H5 Let 0 < 69 < po. Let k, = 4Cy with Cyy constant (whose explicit expression is
gwen in Appendiz B). Let the quantities Qo, Quo, Qzu0, Quuo, Qro be defined as

Qo = sup|Dfy,(2)],

zeC
QuO = SU_(I:)|Duf“0(Z)|,
zE
Qz,uO = sup |D#Dfu(2)’>
ZGC7HGA7|M_MO|<QHM80
QMMO = sup |szu(z)|7
2€C,uEN,|p—po|<2k,€0
1
Qe = 5 max {1D*Bolln-s0: | DDy Eollpy-so: D2 Eollpp-s0 } - (3.2)

Assume that €y satisfies the following smallness conditions for suitable real constants Cyy,

Cso, Cao, Coo, Cy, Cwo, Cw, Cr (see Appendix B for their explicit expressions):

Chov 6570 < C, (3.3)

25 Ceg 12 65 %eg < 1, (3.4)

4C v 16, Te0 < C (3.5)

4C,020 < € (3.6)

[Nollpo (2[[DKollpy + Di) Dic <1 (3.7)

4Q 00500 < Qo (3.8)

4Q,,,0C5080 < Quo (3.9)

C, Dx < Cho (3.10)

D (Cwo + || Mol poCw + CwDg) < Cyo (3.11)

D (OW O, voT 7+ (JR) < Cgp (3.12)
where Dy is defined as

Dg =4Cy Ce v 157 g9 (3.13)

and with C.. as in (2.3).
Then, there exists an ezxact solution (K., je) of (2.10) such that
fuoKe—K.oT,=0.
The quantities K., . are close to the approximate solution, since one has
K.~ Kollw-s, < 4Ca0v ™" 857 || Bl -
e — ol < 4C00 || o]y - (3.14)
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The explicit expressions of the constants entering in the conditions (3.3)-(3.12) are
obtained by implementing constructively the KAM proof presented in [12] and sketched
in Section 4. In Section 7 the family f, will be taken as the dissipative standard map
defined in (2.8); then, the explicit expressions for the constants - provided in Appendix B
- will allow us to compute concrete values for ¢y, once we fix the frequency w and the
conformal factor A. Therefore, the conditions (3.3)-(3.12) will allow us to obtain a lower
bound on the perturbing parameter, ensuring the existence of an invariant attractor with

fixed frequency w and for a given conformal factor .

Remark 11. For any value of \ with |\| < 1, Theorem 10 also ensures that the quasi—
periodic solution provided by the manifold K.(T™) is a local attractor and that the dy-
namics on this attractor is analytically conjugated to a rigid rotation. Indeed, according
to [13], the diagrams in a neighborhood is analytically conjugated to a rotation and ho-

mothety.

Remark 12. One question that has been posed to us several times is how it is possi-
ble to use the computer to verify hypotheses that involve irrational numbers and indeed
the Diophantine properties. After all, the standard computer numbers are only rational
numbers.

The answer s that the a-posteriori theorem uses the Diophantine properties and that
this theorem is indeed given a traditional proof. To wverify the hypothesis, we compute
numerically || f, o K — K o T, || where wy is indeed a rational number.

It is clear that for & € (wo,w):

lfuo K~ KoTL| < |fuo K — KoT,| +|KoT, — KoT,|
S| fuo K = Ko Tyl + |DK o Te|lw — wol -
In our case, we see that |w — wo| < 1071 and that DK is a number of order 1. Hence,
the last term does not affect the final result much.
Of course, implementing interval arithmetic, one can also use an interval that contains

the desired frequency and obtain estimates for the error of invariance valid uniformly for

all w in this interval.

4. SKETCH OF THE PROOF OF THEOREM 10

We note that in the statement of Theorem 10 (and in the subsequent text) all the

constants are given explicitely (see appendix B). There are only a few dozen of conditions
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to check; all these conditions are easy algebraic expressions. Even if this is cumbersome
for a human, a computer calculates them in a very short time.

The proof of Theorem 10 is presented in detail in [12]. However, in [12] the proof was
given for a general case and no explicit estimates on the constants were provided. On the
contrary, in Section 5 we give concrete expressions in view of the application to (2.8).

Before providing the lengthy and detailed proof given in Section 5, we proceed to
outline a sketch of the proof of Theorem 10 by splitting it in 5 main steps, which are
needed to be performed in order to get the solution of the invariance equation. The
constructive version of the proof, which will be developed in Section 5, yields explicit
expressions for the constants appearing in the smallness conditions (3.3)-(3.12); being a

long list, such constants are given in Appendix B.

We anticipate that it is easy to see that in the one-dimensional case of the mapping
(2.8) all invariant curves are Lagrangian; this observation will simplify the proof presented
in Section 5 with respect to that developed in [12]. However, in the general n-dimensional
case the following remark gives a practical characterization of the Lagrangian character

of invariant tori.

Remark 13. Let f be a conformally symplectic map defined on an n-dimensional mani-
fold B,, xT™, where B, C R"™ is an open, simply connected domain with smooth boundary.
Then, invariant tori are Lagrangian, namely if |\| # 1 and K satisfies (2.10), then one
has

KQ=0. (4.1)

Moreover, if f is symplectic and w is irrational, then the n-dimensional torus is La-

grangian.

Below it is a description of the main steps required to prove Theorem 10.

Step 1: on the initial approximate solution and its linearization.

Let (Ko, po) be an approximate solution of the invariance equation (2.10) and let
Ey = Ey(0) be the associated error function. In coordinates, the Lagrangian condition
(4.1) becomes

DK, (0) Jo Ky(0) DKy(#) =0,
which shows that the tangent space can be decomposed as Range (DK0(9)> @Range (J ~lo
Ko(0)DEo(6) ).
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Therefore, one can show that, up to a remainder function Ry = Ro(f), the quantity
Df,, o Ky is conjugate to an upper diagonal matrix with constant diagonals and the

following identity is satisfied:

Id Sy(6
Df,, o Ko(0) My(6) = My(0 + w) <O ;%d)) + Ry(0) (4.2)
with My and Sy as in (3.1).
Then, we proceed to find some corrections Wy and og such that, setting K; = Ky +
MWy, 1 = po + 0o, one has that the new approximation (K7, u11) satisfies the following

invariance equation:
fun © K1(0) — K0 (0 4+ ) = 1 (0) (4.3)
for some error function E; = E;(#). The requirement on Fj is that its norm is quadrat-

ically smaller than the norm of the initial approximation Ey. This can be obtained

provided that the following equation is satisfied:

D,y 0 Ko(0) Mo(0)Wo(60) — Mo(0 + w) Wo(0 + w) + Dy fy 0 Ko(0)a0 = —Eo(6) . (4.4)

Step 2: determination of the new approximation.

The corrections (Wy, 0p) in Step 1 are determined as follows. Using (4.2), (4.4) and
neglecting higher order terms, one obtains two cohomology equations with constant coef-
ficients for Wy and oy. More precisely, writing W, in components as Wy = (Wél), Wéz)),
such cohomological equations are given by

Wi (0) =W (6 +w) = —Eg"(0) = So(0)W5” () — AV (0) oo .
AW (0) =W (0 +w) = —Eg7(0) = A7 () o (4.5)
with Sy given in (3.1), while Eo, Ag are defined as
E, = (B8 EP) = Myt oT,Ey ,
IZO = ]\40_1 o1, Dufuo o Ky , (46>

where we denote by Avgl), Z(()Q) the first and second elements of the vector Ay.
We remark that the first equation in (4.5) involves small divisors. In fact, the Fourier

expansion of the L.h.s. of the first equation in (4.5) is given by

W()(l) (9) 9 + CU Z Wok 627rzk9 eQﬂikm) .

kEZ
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Then, we notice that for k = 0 there appears the zero factor 1 — e?™*“ = (. On the other
hand, the second equation in (4.5) is always solvable for any |A\| # 1 by a contraction
mapping argument.

Let us split WO(Q) as WO(2) = W(()Q) + (WO(Q))O, where the first term denotes the average
of WO(Q) and the second term the zero—average part. We remark that the average of Wo(l)
can be set to zero without loss of generality. On the other hand, computing the averages
of the cohomological equations (4.5), one can determine WE,Q), 0o by solving the system

of equations

S SEL A\ (WO SEL-E)
A—1 AP _F0 | |

where we have split (W{*)? as (W?)° = (Ba)® + 00(Byo)°, where (By)°, (By)° are the

zero average solutions of

)‘(Bao)o — (Bao)o oT, = _(E(()2))0 ’
A(Buw)’ = (Bu)’ o T = —(AP)° (48)

with (E'((]Q))O, (282))0 denoting the zero average parts of ESQ), Ang). After solving (4.7),

one can proceed to solve (4.5) for the zero average parts of WO(I), WO(2).

Step 3: on the quadratic convergence of the iterative step.

Once we have determined the correction (W, 09) as in step 2, we show that the new
solution K| = Ky + MoWy, 1 = po + oo satisfies the invariance equation with an
error quadratically smaller with respect to the error at the previous step. Precisely, for
0 < dp < po one can prove that the error term Fj in (4.3) associated to (K7, py) satisfies

an inequality of the form

1Bl po-s0 < C'v™"067 [ Bl

pPo
for some constant C’ > 0 (of course, in this constructive version of the Theorem we will

assume explicit values of the new error).

Step 4: on the analytic convergence of the sequence of approximate solutions.

The procedure outlined in steps 1-3 can be iterated to get a sequence of approximate
solutions, say {Kj, u;} with 5 > 0. The convergence of the sequence of approximate
solutions to the true solution of the invariance equation (2.10) is obtained through an
analytic smoothing, which provides the convergence of the iterative step to the exact

solution. It is worth noticing that the sequence of approximate solutions is constructed
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in domains that are smaller than the original domains. However, one can suitably choose
the loss of analyticity domains, so that the exact solution is defined in a non-empty

domain.

Step 5: on the local uniqueness of the solution.
According to [12], if there exist two solutions (K, ita), (K, ) close enough, then
there exists s € R such that for all § € T:

Ky(0) = K.,0+s),
Ha = Hb -

We refer to [12] for the proof of the uniqueness of the solution.

5. A CONSTRUCTIVE VERSION OF THE PROOF OF THEOREM 10

In this Section we prove Theorem 10, providing explicit expressions for all the constants
involved. Such quantities will depend on the norm of the mapping, the initial parameters
and the norm of the initial approximation.

According to the sketch of the proof given in Section 4, we proceed to compute the

estimates of the following quantities:

(i) estimate of the remainder Ry = Ry(f) appearing in (4.2) (see Section 5.1 and
compare with step 1 of Section 4);

(1) estimates for the corrections (W, 0o) defined as the solutions of the cohomological
equations (4.5) (see Section 5.2 and compare with step 2 of Section 4);

(7i1) quadratic estimates on the convergence of the iterative step, which implies to
bound the norm of DE MW, + D,E oy + Ey, where £ is the error functional
E[K,ul = fuo K — K oT, (see Section 5.3);

(1v) thanks to the results in (iii), we will be able to give quadratic estimates of the
error associated to the new solution, say E[K + A, u+ 0], in terms of the square of
the norm of Ej (see Section 5.4 and compare with (4.3) and step 3 of Section 4);

(v) proof of the analytic convergence of the sequence of approximate solutions to the
true solution of the invariance equation (see Section 5.5 and compare with step 4
of Section 4).

5.1. Estimate on the error R,. Any torus associated to a one-dimensional map is al-

ways Lagrangian; this leads to a simplification of the expression of the remainder function
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n (4.2). In fact, recalling the definition of My in (3.1), it turns out that
Ry(0) = DEy(0) . (5.1)
Using Cauchy estimates, a bound on Ry in (5.1) is given by
[Rollpo-s < Ce 857 1Bl (52)
with C, as in (2.3).

5.2. Estimates for the increment in the steps. We proceed to give estimates for

the corrections W, and oy, which satisfy the equations (4.5).

Lemma 14. Let Ky € A, 1s,, Ko(T,,) C domain (f,), dist(Ko(T,,), d(domain(f,))) >
¢ > 0 with po, 0, ¢ as in Theorem 10. For any |\ # 1 we have
||W0||po—5o < Cwo v 50_T||E0||P0 )

loo] < Cool|Eollp,

where
Coo = To ’)\ 1‘ ”S()Hpo +HSOHPO "Mgl‘ypo7
IIM 1|
_ B 1 1
Cwo = 270 (1l +1) Quo 1Mg” [P
Al =1
1 _
Cuso = =gy (L Coo Quo ) 135" o

Cwio = CoI50llpa(Cowao + Cowao) + 11M5 o + Quoll M5l Coo|
CWO = OW10 + (CWQO +6W20)V5(7)- . (53)

Proof. Let Q)0 be an upper bound on the norm of D, f,, as in (3.2). Let AVO be defined

as in (4.6); then, we have:
14olloy < Quoll Mgl -
Recalling the definition of Sy in (3.1), we obtain

1S0llpe < Je Qo I DKol I Noll7, < CeJe Qo Hl?follpoﬂso||No||2 0

where we used the estimate || DKyl|,, < Cel| Kol pors0 o' and where J, denotes the norm
of the symplectic matrix J in (2.9) (the norm of J~! is again bounded by J.). Notice
that, with the choice of the norms in Section 2.1.1 it is J. = 1. We notice that, recalling
the definition of Sy and M in (3.1), one can compute directly the functions and evaluate

their norm.
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For any |A| # 1, we have the estimates given below, which follow from (4.6), (4.7),
(4.8):

Wo I < To(I1S0Bu)” + ALl S 0 + 150(Bao)® + Bl 1457 1 )

IN

—1 —
75| (g 1ol + 1) QuollG 1, 1ol

1 _
+ (=0l + 1) 1M1, 11Bollp0Quo)

N =1]
< 2y 0l 1) Qo 145 1 1l
= Cwao [ Eollpo - - -
ool < To (1A = 11150(Bao)® + Bl + 10l 12110
< T30 = 11 (g0 + 1) + 150l 1025 ol
= Coo [ Eolls

with Cyy,0, Cuo as in (5.3). Then, using Lemma 5 and Lemma 6, we have:

— 1 - —
“>\| _ 1‘ (HMO 1HPO”EOHPO + Q,uOHMO 1Hp0 ‘0_0|) S CW20 HEOHPO ,

1 o1 2 _ _
WS lg-s0 < Cov™ 357 (ol WS s + 1345 | Eoll + Qo145 ol )
< Cwio v 05 7|1 Eoll oy

with Cy,0, Cw,o as in (5.3). In conclusion, we obtain:

W), <

1 2 11 -
Wollpo—se < IWelloo—s0 + IWe2 oo < Cowaor 2851 Eoll o + (Cwzo + Cwwzo) || Eoll

= Cwo v 0y [ Eoll, -

with Cy as in (5.3). O

Remark 15. Let us define the error functional
g[Ko,,LLo] = f'uo OK() —K()OTw .
Let
(Ag, 00) = —n[Ko, po] Eo ,
where Ao = —(n[Ko, o] Eo)1, 00 = —(n[Ko, po]Eo)2. Then, using that Ag = MoWy, one

has:

IN

1Mol o0 [ Woll po—s0 + |l
Coov ™05 Eoll o

Hn[Ko, ,UO]EOHPO*%

IN
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where
0770 = CWUHMOHPO + 0001/58 . (54)

5.3. Estimates for the convergence of the iterative step. In this Section we give
quadratic estimates on the norm of DE[Ky, 110] Ao+ D,E[Ko, po)og+ Ey with Ag = MW,
these estimates are needed to bound the error of the new approximate solution as it will

be done in Section 5.4.
Lemma 16. We have the following estimate:
| Eo + DE[Ky, p1o] Ao + DuE[Ko, 000l po—s0 < Ce Cwov™" 85 7| Eollz, - (5.5)
Proof. Taking into account that Wy = My ' A, from the relation (7.15) in [12] we have
that,
EO + Dg[KO, [IJQ]AO + D,ug[Ko, ,u()]O'() = R()Wo .
From Lemma 14 and (5.2), we obtain that

N

”EO + Dg[Km HO]AU + Dug[KOv MO]JOHP()—% = ||R0||P0—50 ||W0||po—5o
< CeCwor™ 0 TN Eoll2, -

In conclusion, we have (5.5). O

5.4. Estimates for the error of the new solution. We proceed to bound the error

corresponding to the new approximate solution.

Lemma 17. Let n[Ko, po] be as in Lemma 16 and let ¢ > 0 be such that

dlSt(Mo,&A) > C,
dist(Ko(T,,),dC) > ¢ .

Assume that
Cho v 100 7| Eollpp < ¢ <1 (5.6)

with Cpo as in (5.4). Then, we obtain the following estimate for the error:

I€[Ko + Do, 1o + 00l pg—s0 < Ceo v 05| Eoll, -

where
Ceo = C.. Cyovdy ™™ + Cro (5.7)
with
Cro = QEO(HMOHz()CI%VO + C2,°557) (5.8)
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Proof. Define the remainder of the Taylor series expansion as

R[(Ko, po), (5, p1o)] = E[KG, po) —E Ko, o] — DE[ Ko, Mo](K(l)—KD)_Dug[KmHJO](MB—MO) :
Then, we can write

E[Ko+ Ao, po+0o] = Ey+DE[Ko, puo] Ao+ DE[Ko, po]oo+R[(Ko, o), (Ko+ Ao, po+00)] -

From Lemma 14 and the definition of Qg in (3.2), we obtain

IRl < Qro (120025, +100) < Qo [IMoll3, (Civor 65" I Eolln)® + (Cool Bolln)’
= Crov 26,7 || Eol?

po ?

with Cgg as in (5.8). Then, from Lemma 16 we conclude that
IE[Ko + Ao, o + O0lllp—sy < Ce Cwor™'05" 7 || Eollp, + Crov 00" || Elly,

< Ceo v 267 ||E0||;2)0

with Cgo as in (5.7). Notice that (5.6) guarantees that

HAO||P0—50 < C ) ’0-0| < C .

O

5.5. Analytic convergence. In this Section we prove that if we start with a small
enough error, it is possible to repeat indefinitely the algoritm and that iterating the
algorithm, we obtain a sequence of approximate solutions which converge to the true
solution of the invariance equation (2.10).

Again, let (Ko, f10) be the initial approximate solution with K, € A, for some py > 0
as in Theorem 10 and define the sequence of parameters {d,}, {pn}, h > 0, as

_ Po _
5h=W7 Pht1 = Ph — On h>0.

With this choice of parameters the domain of analyticity where the true solution is defined

will be a non—empty domain with size p,, given by

oo

Po Po
pOO:pO_ 2J+2:p0_5>0
=0

Let (K4, ), h > 1, be the approximate solution constructed by finding at each step
the corrections (W}, op) solving the analogous of the cohomological equations (4.5) for
= 0. To make the notation precise, all quantities associated to (Kj, u) will carry a

subindex h, indicating the step of the algorithm. Define

en = || E(Kn, n) |y,
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and let us introduce the following quantities:
dn = [|Anllpn,  vn = [[DARp,, 50 = |on]
By Lemma 14 we have the following inequalities:

dn, < Cagv'6; ey ,

th CC V71§;T71 Eh

IN

(%

s < Conen s

where
Can = CWhHMthh (5-9>
where the quantities Cy,, C,p, are obtained through the following expressions:
Con = T [IA- ”<|w g7 lSell + 1) + 11Sall | 1760
Cun = 2T (57 =gl 1) Quallg I,
1 _
Cwe = =g (L Con Qun I,
[[Al = 1]
Cwin = Gy |:||Sh||Ph(CW2h + Cwan) + 1My o + Quanll M, Cah] ;
Cwin = Cwin+ (Cwin + Cwin)voy, (5.10)

Remark 18. By Lemma 17 one has
Ehr1 < CghV725;2T€;2l ,

where Cgy, is defined as
Cen = C. Owpvd, ™ + Cry, (5.11)
with
Cri = QEn (||Mh||,2)h012vh + CZ,v%0,7) (5.12)
and

1
QEen = 5 max { HDZEhHPh*tshv HDDuEhHPh*%? HD;QLEhHPh*‘Sh} :
The results of Theorem 10 are based on the following proposition.

Proposition 19. Let the constants Cyy, Cyo, Ceo be as in (5.9), (5.10), (5.11) with h = 0.
Define the following quantities:

ki =400 16,7, Kk, =4C,0 Ko = 27T Ceqv26,77 . (5.13)



26 R. CALLEJA, A. CELLETTI, AND R. DE LA LLAVE

Assume that the following conditions are satisfied:

27 Koeo < 1, (5.14)

kreo < ( (5.15)

Kugo < C (5.16)

INollpy (2l DKol + D) Dic < 1 (5.17)

C, Dg < Cyy , (5.18)

Dy (CwCordy ™7+ Cr) < Co . (5.19)

D (Cwo + || Mo]| poCw + CwDg) < Cyo (5.20)
4Q.,0C020 < Qo (5.21)

4Quu00¢7050 < Q,uO ) (522)
where the constants C,, Cyw, Cr, Cwo, Dk are defined in Appendix B. Then, for all
integers h > 0 the following inequalities (pl;h), (p2;h), (p3;h) hold:

(pl;h)

[ Kn — Koll,, < kreo<(,

lun = po] < Kpeo < C (5.23)
(p2; )
en < (Kogo)? eo ;
(p3; 1)
Can < 2Cy ,
Con < 2Cs0 ,
Cen < 2C% . (5.24)

The proof of Proposition 19 is quite long (see Section 6), but it is well structured
and broken into small steps that can be easily verified. However, it allows to give the
proof of Theorem 10 by analytic smoothing: at each step, the corrections (W}, o5,) allow
to construct increasingly approximate solutions, defined on smaller analyticity domains.
The loss of domain is such that the exact solution is defined on a domain with positive

radius of analyticity.

Proof. (of Theorem 10) The inequalities (3.14) follow directly from (5.23) and (5.13).
The condition (3.3) follows from (5.6) of Lemma 17, while the conditions (3.4)-(3.12)
follow from (5.14)-(5.22) of Proposition 19. O
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6. PROOF OF PROPOSITION 19

The proof of Proposition 19 proceeds by induction. We start by noticing that (p1;0),
(p2;0) and (p3;0) are trivial. Let H € Z, and assume that (pl;h), (p2;h), (p3;h) are
true for h = 1,..., H. Then, by Lemma 17 we obtain the Taylor estimate

en = [[E(Knh1+ Ano1, phor + 0n-1)llp,
< Cepaav 26,06y
< 2Ceov 26,5 eh 1 (6.1)
where
Cen1 < 2Cg
due to (p3;h) for h = 1,..., H. The estimate (6.1) allows to have a bound of ¢, h =

1,..., H, in terms of g¢:

en < 2050 V—250—27' 227’(h—1)8i .

< (QCsoV_25()_2T) 227(h—1)(2050,/—250—27 227(’1—2)5%_2)2
< (2050y7250727)1+2+,..+2h*1 227((h71)+2(h*2)+...+2h*2)53h
< (20egr 8,7y 22!

< (20205727 2) e

In Sections 6.1, 6.2, 6.3, we will prove (pl; H+1), (p2; H+1) and (p3; H+1), assuming
the induction assumption (p1;h), (p2;h), (p3;h) for h =1,..., H. To get such result, we
need the following Lemma, which gives bounds on the quantities entering the estimates

needed to prove the inductive assumption.

Lemma 20. Assume that (pl;h), (p2;h), (p3;h) hold for h =1,...,H. For H € Z, the
following inequality holds:

IDK 41 — DK, < Dy , (6.2)

s
where (see (3.13))
Dy =4Cy C. V_lé()_T_lso ,
where Cyo is as in (5.9) and provided that
2™ koer < % (6.3)
with ko as in (5.13). Furthermore, under the inequality:

[Nollpo (2l[DKollp + Dr) Di <1, (6.4)
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the following relations hold for 0 < h < H + 1:

|Nn — Noll,, < CnDr (6.5)
HMh - MOth S C1Ml)K s (66)
||‘]\4h_1 - M()_1||Ph < CMim)DK 5 (67)

where Cyn, Crr, Churiny are defined as follows:

Cw = Nl el LD
 T= TNallu D2 DRl D)

Cuy = 1+ J, [CN(”DKOH;JO + DK) + HN0||Poi| )
CMinv = CN(HDKOHPO + DK) + ||NO||PO + ‘]6 ) (68)

and where J. is an upper bound on the norm of the matriz J in (2.9).

Proof. We start by proving (6.2):

|IDK 41 — DKy

IN

v

H
||PH+1
j=0
H

< Y Cy CovlsT e
=0
< Dk (6.9)
with Dk as in (3.13) and provided that (6.3) holds.
The proof of (6.5) is obtained as follows. From the relations
DK, = DKy+K,,
DK, = DK, +K, ,

h—1
K, = > DA;, (6.10)
=0
we obtain
~ ~ -1
Ni = (DE]DKy)™" = ((DKJ + K[)(DKo + Kn))
— (DK]DKy+ K] DKo+ DK] K, + K K;,)™!
~ ~ ~_ o~ -1
— (DK] DK, (1 + (DK] DKy YK DKo+ DEKJ Ky, + K| Kh))
= No(14xu)",
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having set x, = No(K DKy + DKJ K, + KT K). Under the inequality (6.4), ensuring
that ||xsll,, <1 and using (6.9), we have the following bound:

- Xh
10+ 1) <

—lxall
which leads to

INb = Nollo, < [1Nolloo (14 x0)"" =1l
Xl
< I Nollpy — 5
71— Ixallon
< Oy Dg (6.11)

with Cy as in (6.8).
The proof of (6.6) is obtained starting from the identity
My, — My = (DK, — DKy | J ' o K}, DK}, N;, — J ' o Ky DKy N) .
Then, one has

| My, — M|, < ||DKn — DKqllp, + Je |DEKRNy — DKoNo||p, -

s
From
DKyNy — DKgNy = DK,Ny, — DKy Ny + DK Ny — DKgNy
and from (6.11), we obtain that
|DENy ~ DENollp, < DKl | Ny~ Nolly, + [Nl DE, — DEl,
< (CxIDEul + [Noll) D (6.12)

Finally, we have?
| My — Mollp, < Cwn Die
with Cyy as in (6.8).

The proof of (6.7) is obtained as follows. We have that the inverse of the matrix M),

can be written as®

. T NuDK]
ML (0) = (DKh NI (Jo KT DKh) - ( nE L )

DK (J o K3)

4Notice that we can bound ||[DKp|,, as ||[DKw|,, < DKol + ||DKn — DKo, -

5The matrix M, h !is given by taking the transpose of the matrix obtained juxtaposing the 2n x n
matrices (in the generic n—dimensional case) DK, N, and (JoK}) " DK}, or, equivalently, by constructing
the matrix whose first n rows are given by the n x 2n matrix Ny DK ,—'L— and the second n rows are given

by the n x 2n matrix DK, (J o Kp,).
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Indeed, one can verify that due to the Lagrangian character, M, "M, = Id. By computing
the inverse of M, in an analogous way, one has

NyDK,;' — NoDK, )
DK, (Jo K};) — DK, (Jo K,)
The bound for the first row N, DK,| — NgDK{ is obtained as in (6.12), while the second
row is bounded by J. Dg. This yields (6.7) with Cpiny as in (6.8).

M, — Myt = ( (6.13)

O
We are now in the position to continue with the proof of (pl; H + 1), (p2; H + 1),
(p3; H + 1) to which we devote the rest of this Section.

6.1. Proof of (pl; H + 1). Using the inequality j +1 < 2/, one has

[ K1 — Kollprryy < Zdy‘ <Y (Cyr'0;7e))
< ACyr "0 e |
assuming that g satisfies (5.14). In conclusion, we have
[ K1 — Ko

||PH+1 < Kk€o

with kg as in (5.13). Moreover, we have:

H H
= ol < ) s, <) Coyey

< 20y Z(H050)2j_1€0 ;

assuming that g satisfies (5.14), we conclude that

b1 — ol < 4Co0 €0 = Kugo
with , as in (5.13). We take gy small enough so that (5.15) and (5.16) are satisfied,
which provide (pl; H + 1).
6.2. Proof of (p2; H + 1). Having proven (pl; H + 1), we use the Taylor estimate (6.1)
with H + 1 in place of h to obtain (p2; H + 1):
EH+1 S (2050V_250_2T22780)2H+1_16() = (K0€0)2H+1_1€0 s

due to the definition of g in (5.13).
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6.3. Proof of (p3; H 4+ 1). The proof of (p3; H + 1) is rather cumbersome and needs

several auxiliary results. Given the inductive assumption, we want to prove that
Car+1 < 2Cq , Co i1 <205 , Cem1 < 2Cg . (6.14)
First, we estimate |7, — To| as described in Section 6.3.1.

6.3.1. Estimate on [T, — To|. Before describing the proof of (p3; H + 1) we need the

following auxiliary result.

Lemma 21. Assume that (pl;h), (p2;h), (p3;h) hold for h = 1,...., H and that the
condition (6.4) of Lemma 20 is valid together with

4Q:0Cs0c0 < Qo ,
4Q,0Cs0c0 < Quo - (6.15)
Let Ty, Ty be defined as
To=lmollpe »  Tu=lmlon -

For h e N, h=1,..., H, the following inequality holds:

T~ Tol < OrDxc (6.16)
where Cr is defined as
Cr=—T0 {Cs,Csp + 20w Quo | (6.17)
1—"ToC;
with
Cs = 20 Qo { (INollo + CxDxc) | Dic([Nolluy + O Drc)
+ 1DKolloell Nollps + | DEollas CvDic | + Cov 1DKollan | Dic(INoll + Cv D)
+ 1D Kollonll Nollpy + 11 DKoo CovDic | + 1Nl | DKol (1Nl + Cov Dic)
+ CnlINolllI DKl }
Csp = MQNOHMO—”LOOCS +2J.Qo | Noll2, ||DK0||,2;OH)\‘1_ 1 Crine Qo
+ 205 157 Coin Qoo Dic

C. = max { Cy.Cop + 20Mianu0} Dy .
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Proof. Let 19 and 75, be defined as

_ ==\ !

e S0 Sl A
A—1 AP

and

_ ==\ !
Th = Sn Sn(Bwm)° + AS)
A—1 AP

Then, we obtain

T < \I7olloo + I7allon = To + I7allon

—1
where 7, = 7, — 19 = 78 [(I + 1o(r; ' — 7'0’1)) (gt — T};1>i|, so that we have the

estimate

[Th = Tol < [[7allo (6.18)
with
- To
1Tl < — == 50 (6.19)
- JovYr
where C; is a bound on 7, ' — 75!, say
L S~ S0 Su(Bun)® + Ay — (So(Bo) + AY
I =i = | (S0 SE A = oWl AT ) <o 6.20)
0 A=A

Ph
To obtain an expression for C.., we bound term by term the matrix appearing in (6.20).

We start to estimate the first element of the matrix appearing in (6.20), namely [|S), —
Soll,,- From (3.1) we have that S}, is defined by

Sp = Nuy(0 +w) " DK(0 +w)" Df,, o Kn(0) J o Kp,(0) DK,(0)N(0) .
Then, we bound Df,, o K} with
sup D [, (2)] < Sug 1D fuo(2)] + Sug 1D fu,(2) = D [ (2)]
ze zE

zeC
Qo + sup |DuD fu(2)| [ptn — pol
z€C,nEN,|p—pol<2Ku0

S QO + 4Qzu0 CV0'050 S 2@0 )

if (5.21) holds. Notice that we have used (pl; H +1) to bound py, — po for h = 1,..., H+1.

Finally, we obtain

IA

1Sh = Sollp, < 2Qo [IN4(0 +w) " DE(0 +w)" " o Ky(6) DEw(0)Na(9)
— No(0+w) DKo +w)" J 1o Ko(6) DEKo(0)No(0)],, -
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Setting Nh = N} — Ny and writing DK}, as DK, = DK;, — DKy + DK, one obtains

1S = Sollo, < 2Qo [[(No + Nu)(0 + w) (DK, — DKo+ DKo)(6 +w) "
IV o K (0) (DK, — DKy + DE)(0)(No + N,)(0)
— No(0+w) ' DEo(0 +w)" T o Ko(8) DEo(0)No(0)]l,, -

Let us bound N, using (6.5). Then, using that J is a constant matrix, we have:

1Sh = Soll,, < 2Qo II[(No 4+ Ny) o T,)" (DK), — DKy) o T,,) "
+ (NooT,) (DKoo T,)" + (NyoT,) (DKoo T,) ] J ' o Ki(6)
(DK, — DKo)(No + Ny,) + DKoNy + DEKNy,]
— (NooT,)" (DKoo T,)" J "o Ky(0) DKoNo|,,
= 2Qo |((No + Np) o T,) (DK}, — DKy) o T,,)"
J Vo Ku(8) (DK, — DKo)(Ny + Ny,) + DKoNy + DEKNy)
+ (NyoT,) (DKyoT,)"
J o Ku(0) (DK, — DKy)(Ny + Ny) + DEKoNy + DEKNy)
+ (NooTu) (DKoo T,)T J Vo Ky(0) (DK;, — DKo)(No + Ny)
+ (NooT,)"(DKyoT,)" J ' o K,(6) DKgN,||,,
27 Qo {(INollpo + 1N ll,) IDER — DEsl,

IN

(1D = DKol (1Nolla + 1 Nallp) + 1 DEoll gl Nollpy + DKo o]l Nl
|8l 1D Ko o [ 10K = DEoll, (INollpo + 183 ],)
1D Kol [ Nolloy + DKol |1 ¥ ]

N0l 1D Kol | DI = Dol (1Nl + 18])
| Nollpo I DEol2, 1Nl }

+ o+ 4+ +

Taking into account (6.5), (6.8), we obtain:

1Sh = Sollo, < Cs Dk (6.21)
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with
Cs = 2Jc Qo {(INollp + O D) [Dic([Nolly + Cov D)
+ DKool Nollpo + ||DK0||poCNDK]
+ CN[|DKol|p [DK(HNOHPO + CnDi) + [[DEKo[ 0| Noll o + [[ DKol 0o Cn D
+ | Nollp | DKol (| Noll + CvDic)
+ OnlINoll | DEG|, } - (6.22)

Now we bound the upper right element of the matrix appearing in (6.20). This compu-
tation will give us also a bound on the lower right element of the matrix in (6.20). We
start from (see (4.6))

A, = M;'oT, D,f, oK,

Ay = ]\40_1 o1y, D,fu o Ko
and the estimate:
S;é? 1Dy fun(2)] < Quo +4Quu0 Cogeo < 2Qu0
provided (5.22) holds. Then, we have:
1Ay — Aollp, < 2Quo 1M = My,
< 2Cwyine Quo Dk -

Next we estimate ||Sy(Bpn)? — So(Beo)°||,,; recall that from (4.8) we have that (By,)° is

the solution of

A(Bu)® — (By)’ 0 T, = —(APYO (6.23)
while (By)? is the solution of
A(By)® — (Byo)’ o T, = —(AP)° . (6.24)
Expanding (6.23) and (6.24) in Fourier series, we obtain
D (Bu)j (A= ety 2l = = % (AP A
jez jez

so that

A(Q)
J 27r1 60
Bbh Z )\ 627”.7‘0 J )

JEL
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and similarly
APy
0 _ ( 0 /5 27150
(Bb()) (9) - ;ez: \ — e2mijw € ’
In conclusion we have:

(429 — (A2

(Bun)(0) = (Bu)’(0) = = > T et (6.25)
jEL
From (6.25), let us write (Byy,)? as
(Bun)® = (Bw)° + By ,

where ) )

5 (Ah )9 B (AO )? 27150

Bh:_z N _ e2mijw e

jEZ
Let us introduce
gh = Sh — S() 3
whose norm can be bounded by (6.21). Then, we have:
150 (Ben)® = So(Buo)°ll = 11(So + ) ((Buo)® + Br) = So(Buo)|

= [|So(Bu)® + §h<Bb0)0 + Soéh + §h§h — So(Bww)°||
< 11(Bb0)° o 151, + 11S0llpo | Brllon + 1Sk 1o, 1Bl

where
1ol < Je QollNollZ, DK%,
1Skl < Cs D,
1 ~ 1
Byg)° < —— _|A® < — Mt
1Bl < g 1A < =gy @ 1245
~ 1
||Bh|| S 2CfMim} Q 0 DK .
o Al =1 !
Then, we have:
1Sk (Bpn)® — So(Byo)°|| < Csp D
where
1
C = — MY, C
SB ||>\‘ . 1|QHOH 0 HPO S
1
+ 2J. QOHNOH,EO HDK()Hio ||>\| _ 1| CMZ'"U Quo
1
+ 204 Crtiny Quo Dk - (6.26)

Al = 1]
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Recalling (6.20), we obtain

_ - s & OENO) T2 52
It =75 < max {5 = Sollan, SaBon)® = So(Bio) M + 14 = AP, + 1A — AP, }

< maX{CS7OSB +20Mz7w QMO} DK = OT ;

where C; is defined by the last inequality in (6.27). From (6.18) and (6.19) we get (6.16):
Tn — Tol < Cr Di
with
¢

CT = 1_—m max {CS, CSB + 20Minv QMO} . (628>
O]

6.3.2. Proof of Cypi1 < 2C,o. We now prove (6.14) and we begin from the second

inequality. We start with the following relations, which are a consequence of (5.10):

1 .
CVa,H-i—l = TH-H |:|>\ - 1|<m||SH+1HPH+1 + 1) + ||SH+1HPH+1] ”MH—li-alH-H )
1 .
Coo = To[A =11 (g =gyolle + 1) + 1Soll] 13457
with
Ml < IMg oo + 1Mk = Mol s

< ||M(;1||po + CMinv DK
with Cine as in (6.8). We also have

||SH+1||PH+1 S HSU”po + HSH-H - SO||PH+1
< [[Sollp +Cs Dk

with Cys as in (6.22). From the relation
Tire1="To+ (Ta+1 —To) < To+ Cr Di

with C7 as in (6.28), we obtain:

1
Comt1 < (To+Cr DK){|)\_1| [m(HSOHmJFCSDK)JFl}
+ (ol + C5Dic) } (1845l + CasinsDic )
— 1 -1 -1
= T [ = (g ol + 1) 1V o+ 11olll M5 | + € D
= CaO+OoDK

IN

200’0 )

(6.27)
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if

1
C; = Cr{IA-1 [m<||50\|po+cspK)+1]

+(1Sollpo +CsDic) b (11M5 ™l + Cosins D)

1
+ T {\)\ —1 [H)\‘—_”(”SDHPO + CsDk) + 1} Chinw
1

1 |l
Al =1
+ OS<||M0_1||90 + CMz‘nvDK> + CMinU”SOHpo} ,

+ ‘)‘_ MO_IHPO CS

(6.29)

and if we require (5.18).

6.3.3. Proof of Ce i1 < 2Ceo. Recall that d41 = 5% and that from (5.11), (5.12),

one has
— —147
CS,HH =C, CW,H+1V5H+1 + C'72,H+1 .

First, it suffices to prove that
OVV,HJrl < CWO -+ OW DK , (630)

for a suitable constant Cy, which will be given in (6.34) below.
From (5.10), for Cy, g1 we have:

1
Cwpipr < =1 [1 +2Qu0(Coo + DKC(,)} (1M o + D)

< OW20+-DK CWQ )
where

1
CW2 = m [1 + QQMOHMO_IHpOCU + 2Qu0000 + ZQMOCUDK} : (6'31)

Concerning C'w, m4+1, we have:

_ 1
CW2,H+1 < 4<76 + CTDK) [m(”so\!po + CSDK) + 1] QMO (I\Malllpo + DK)2

= 6W20 + GWQDK



38 R. CALLEJA, A. CELLETTI, AND R. DE LA LLAVE

with

1 _
Cw, = ACr [ (ISl + D) + 1] Quol1Mg s + Di)”

1
1Al =1]
1

+ 470 Quo [m(”soﬂpo +CsDk) + 1} (Dx + 2[[ Mg [l -

+ 475Qu0 Cs (IIMy 150 + Dk )?

(6.32)

As for Cyw, g+1 we have:

IN

Cwy a1 Co | (IS0l po + CsDx)(Cwao + Cwy Dic 4+ Cwio + Cw, D)

1M | po + Dic +2Quu0([[ My [l po + Dic)(Coo + Dk Coy)
= Cw, 0+ DrCw, ,

+

where

CW1 = () ||SO||pOCW2 -+ 05CW20 + CSCWQDK + ’|So||p06W2 + CSUWZO + CsﬁszK +1

+ 2Qu0ll Mgl Cr + 2QpoCo0 + 2QuoCo Drc| (6.33)
In conclusion, from (5.10) we have:

Cwair = (Cwio+ DxCw,) + (Cwio + DxCw, + Cuno + DiC, w6277+

with

CW = CW1 + CWQV(SS + 6%1/(58 . (634)

In order to get Cg 41 as in (5.11) we estimate Cg pg41. To this end, we use the
following inequality:
Qe < Qpo+ CoDak (6.35)

for a suitable constant Cg that will be given later in (6.42) and for Dy defined as

DQK = 4Cd0 Cc2 1/71(5077—72 go - (636)
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We postpone for a moment the proof of (6.35) and we rather stress that, as a consequence

of (6.35), we obtain:

Cruyr < Qeaan ([Maal?,  Chgo + CopnV*0i)

< (Qeo + CaDax) ([ Mollp, + Cas Dic)*(Coro + Cow Dic)?
+ (Coo + CoDe 2255 272700
< Cro+ CrDk ,

where

Cr = Qpo |(2Cu||Mollp, + C3;Dk)(Cwo + Cw D) + || Mo||2, (Chy Dic + 2CwoCiy)

o
+ (C?,DK + 200000)1/2587} + CQ |:(HM0||po + CMDK)2(CWO + CwDK)2
+ (Con+ Co D)7 | €5 (6.37)
with Dy is as in (6.36).
We obtain that
Cemsr < (Cwo+ CwDg)C. vég 72~ CHDERD L Cny + Cr Dy

~ CW()CCV(SO_H_T + CRO + DK (CWCCV%_HT + CR>
S 2080 )

N

if (5.19) is satisfied.
Let us conclude by proving (6.35) starting from the definition

1
QE,H—I—I = 5 maX{HD2EH+1HPH+1—5H+17 ||DDHEH+1||9H+1—5H+17 ||D,L2LEH+1||PH+1_6H+1} :

We recall that

Egy1 = 5[KH+1, MH+1] = qu+1 oKpy — Kpy101,, .

It is convenient to introduce Ag and =g such that
H
Kpy = Ko+ (K — Ko) = Ko+ A ,UH+1:,UO+Z 0 = o+ Zm -
j=0

Then, we have the following bound on Eg1:
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||EH+1H/JH+1—5H+1

IA

IN

where we used (5.23).

||<f,uo © KO - KO © Tw) + qu+1 © KH+1 - fuo ° KU
(KH+1 - KO) ° TUJ”PH-}—1*5H+1

[Eollp +(1+ sup 1D fuo(2)]) 1K p41 —
z€C,HEN, |p—po|<2ku€0
sup |Dufuo<z)| |41 — ftol
2€C,ueA,|p—po|<2kpue0
[Eollp + (1+ sup |Dfu(2)]) kxeo

2€C,HEN, |u—po|<2k €0

sup 1D fu(2)| Kugo

2€C,HEN,|u—po|<2k €0

We now observe that the derivative of f o K is given by

D(f o K) = D(f(K(0))) = Df(K(0)) DK(0)

and that the second derivative is given by

D*(f o K) = D*(f(K(0))(DK(0))* + Df(K(9)) D*K(0) .

KOHPH+1

(6.38)
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Then, one has

ID*Erallon, <

-+ -

IA

+

+

|1D? Eollpy + Dox

1D fuorzn (Ko + An) (DKo + DAy)

D? f(Ko) DKol pyyy 1D Kol|po

1D froszn (Ko + Am) = D fuy(Ko)llpsrey 1D°Koll
1D frg iz (Ko + An) (DKo + DAx) DAg |y,
1D fuorzy (Ko + Am) D*Aprlp

ID*Eollpo + Dax + Sup |1D? fuo(2)] [IDEo13, Kxeo

sup |DLD? fu(2)| IDKoll2, Fugo

2€C,UEN,|u—po| <2k €0

Slel(}:)|D2fM0(Z)| HDKOHpo Dy
sup 1D fuo(2)| IDEKollpy Kxc0 Dic
zE

sup 1D, D? ()| | DKollpy #ugo Dic

z€C,pueN,|u—po|<2k€0
Sup |D? fe (2)] [ID*Koll2, ke
ze

sup DD f,(2)] ||D2K0Hpo Ku€o

2€C,pueN, |p—po|<2kue0

Sup | D? fug (2)] (1D K|l po + Dic) Dic
FAS

sup |D° £, (2)] (IDKollpy + Di) D Kixceo

zeC

sup |DMD2fu(z)| (HDKO”po + Dg)Dg Ku€o

2€CHEN,|u—po|<2k 0

SUP | D fyo (2)] Do + sup | D*fuo ()] #ixc80 Daxc
z€ zE
sup DD fu(2)] ugo Dok (6.39)

2€C,HEN,|u—po|<2k 0

with |DKgll,, < ||DKollp,, + Dk, where Dy was estimated as in (3.13), | D?*Kgl|,, <
| D*Ko||py + D2k, where Dy is defined through the following inequalities:

|D?*Kpy — DKy

if (5.14) holds.

||PH+1

H H
< > IDA,, £ C Y 6y
j=1 j=1

H
< C2 Y Cyr 6,7 % <AC2 Caov '8, %20 = Daxc

Jj=1
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In a similar way we obtain the following estimate. Given f o K, from (6.38) we have

DD,(f o K) = DD, (f(K(0))) DK(0) .

Then, we have

DD, Ey = DD, Ey+DD, f.,(Ko) (DKgs1—DKo)+DD,(fruy., (Kot+Aw)—fu(Ko)) DKpy1,

so that

IDDuErillpn, < IIDDuEollp + Sgg DD, fuo(2)] Dic
+ Slelg|D2D,ufuo(Z>| [Au o1 (IDKollpo + |1 DAR )
+ sup IDD? fuo (] N1Ex s (1D Kol o + 1DAH e,
2€C,peN,|p—pol|<2k,€0
< |[[DD,Eollp + Sllcp DD, fu,(2)| Dk
z€E
+ Sug|D2Dufuo(2)! kreo ([[DKollp + Drk)
zE
+ sup |DD% fu(2)] Kugo (IIDKollpy + Dic) - (6.40)
z€C,ueEN,|p—po|<2k,€0
Finally, we have:
D2 Erriallprryn < 11D Eolly + sup D}, fu(2)] Fuo - (6.41)

2€C,ueEN,|p—po|<2k,€0

Casting together (6.39), (6.40), (6.41), we obtain:

Qerr1 < Qpo+ Cq Dok
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with

1 _
Co = 5 max{1+sup|D*f(2)] DKo, 26

+ sup D, D? fu(2)| DK, —ZOC ‘o5

Z€C,pEN,|p—pol<2Kp80

+sup D) DKol ')
80 | DP oy (2)] DKol ACaCe v 57 20
zE

+ sup 1D, D? £, (2)| DK |y 4C0C  dog0

z€C,pueEN,|p—po|<2k,€0
+ 825|D2fu0<2>| ID*E|[5, C20
z

Coo
+ sup |Dquu( )l ||D2K0||po Coo C 2 5T+2

z€C,HEN,|p—pol<2Kp80

+ Sug|D2fuo(2)! (IDKollpy + D) C7 g
S
+sup 1D° fuo(2)] (IID Kol + Dic)4Cao O v 57 e
HAS
+ sup |DuD? fu(2)| (IDKollpy + Dic) 4Co0C7 o0
2€C,uEN,|p—po|<2k,€0
+ sup D fu, (2)| + sup [ D? £ (2)] Kixceo
zeC zeC

+ sup \D,Df.(2)| kuco ,
2€C,peN,|p—po|<2ku€0

Sug |DDufuo(Z)| 0(3_160 + SUIC) |D2Dufuo(z)| 00_253 (HDKOHPO + Dk)
S FAS

Csy
+ sup |DDZfM(z) 0

2€C,peEN,|p—po|<2k,€0 CdO

sup 1D} fu(2)] @0621/58*2} .

2€C,UEN,|u—po|<2k 0 Cao

205 (| DKol po + D),

6.3.4. Proof of Cy i1 < 2C4. From (5.9), (6.30) we have:

Comsr = |[Muiillpy, Cwma < ([[Mollpo + Dic)(Cwo + Cw D)
Cao + Dk (Cwo + || Mo]| oCw + Cw D)
2C’dO 3

A

IN

if (5.20) is satisfied.

43

(6.42)
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7. KAM ESTIMATES FOR THE STANDARD MAP

In this Section we implement Theorem 10 to obtain explicit estimates on the numerical
validation of the golden mean curve of the dissipative standard map (2.8) that are close
to the numerical breakdown value. As mentioned in Section 4, we need to start with an
approximate solution ( Ky, t), which satisfies the invariance equation (2.10) with an error
term Fj, whose norm on a domain of radius py > 0 was denoted as ¢y in Theorem 10.

The construction of the approximate solution (K, 19) can be obtained by implementing
the algorithm described in [12] and reviewed in Section 7.1 below. An estimate on the
quantity £q is obtained by imposing the list of conditions (3.3)-(3.12); explicit bounds

are given in Section 7.2, using the definitions of the constants provided in Appendix B.

7.1. Construction of the approximate solution. To construct an approximate so-
lution (Ky, p9) of the invariance equation (2.10), we make use of the fact that the a-
posteriori format described in [12] provides an explicit algorithm, which can be imple-
mented numerically in a very efficient way. Each step of the algorithm is denoted as

follows: “a < b” means that the quantity a is assigned by the quantity b.

Algorithm 22. Given Ky : T — M, pug € R, we denote by A € R the conformal factor

for fu,. We perform the following computations:

Py + aN

So <+ (PyoTy,)"Dfyyo Ky J 1o KoPy

Ay My o T, D, f, 0 Ko

8) (Bao)? solves  A(Byg)? — (Bgo)? o T, = _(E(g?))o
(Byo)® solves  N(Byg)® — (By) o T, = _(Z{()Q))o

9) Find W(()Q), oo solving

0= S Wy — So(Bao)® — So(B)a0 — B — Aoy

A=) = B — Aoy
10) (W{?)0 = (Bao)° + oo(Byo)°
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1) W = (W + Wy
12) (Wg)° solves (W§P)0 — (W) o T, = —(SgWi?)° — (E§V)° — (A§Y)00
13) K < Ko+ MW,

Mo £ Mo + 0o -

Remark 23. We call attention on the fact that steps 2), 8), 10), 11), 12) involve diagonal
operations in the Fourier space. On the contrary, the other steps are diagonal in the real
space (while steps 10), 11) are diagonal in both spaces). If we represent a function in
discrete points or in Fourier space, then we can compute the other functions by applying
the Fast Fourier Transform (FFT). This implies that if we use N Fourier modes to
discretize the function, then we need O(N) storage and O(N log N) operations.

Next task is to translate the procedure described before into a numerical algorithm
that computes invariant tori of (2.8). To this end, we fix the frequency equal to the

golden ratio:

w = ‘/52_ L (7.1)

We remark that the golden ratio (7.1) satisfies the Diophantine condition (2.4) with

_ 2 _
constants v = v T 1.

Then, we start from (Ko, o) = (0,0), implement Algorithm 22 using Fast Fourier
Transforms and perform a continuation method to get an approximation of the invariant

circle close to the breakdown value.

To get closer to breakdown, one needs to implement Algorithm 22 with a sufficient
accuracy. The result described in Section 7.2 is obtained making all computations by
means of the GNU MPFR Library using 115 significant digits. We use our own extended
precision implementation of the classical radix-2 Cooley-Tukey in [26] by using GNU
MPFR. We compute 2'8 Fourier coefficients to discretize the invariant circle and we ask
for a tolerance equal to 10746 in the approximation of the analytic norm (2.1), of the
invariance equation (2.10) to have convergence.

We fix A = 0.9 and (by trial and error to optimize the final result) we select the
parameters measuring the size of the domain as py = 3 - 107°, d; = po/4. This choice
of pg is taken to optimize the final result. We will denote by exap; the value of the
parameter ¢ after the algorithm has converged to an approximate solution, (K, u), and
all the estimates of Theorem 10 (precisely (3.3)-(3.4)-(3.5)-(3.6)-(3.7)-(3.8)-(3.9)-(3.10)-

(3.11)-(3.12)) have been verified numerically for that approximate solution. In fact,
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Table 1 provides the value of ex 4y obtained with 2'® Fourier coefficients for different
values of py. We emphasize that the a-posteriori format of Theorem 10 verifies the

solution and does not need to justify how the approximate solution is constructed.

00 EKAM agreement with e, 7

107° [0.97094171 99.89% 0.06139053
2-107° | 0.97136363 99.93% 0.06139054
3-107° | 0.97142178 99.94% 0.06139056
4-107°10.97136363 99.93% 0.06139060
5-107°10.97133318 99.93% 0.06139063
6-107° | 0.97127502 99.92% 0.06139068
7-107°10.97120503 99.92% 0.06139072
8-107°]0.97114973 99.91% 0.06139075
9-107°{0.97094171 99.89% 0.06139079

10~* ] 0.97094171 99.89% 0.06139082
2-107%10.97011584 99.80% 0.06139146

TABLE 1. The analytical estimate € 4y for the golden mean curve of (2.8)
with A = 0.9 for different values of the parameter p measuring the width
of the analyticity domain considered for K.

As Table 2 shows, the higher the number of Fourier coefficients, the better is the result,
although the execution time becomes longer. We also notice that the improvement is
smaller as the number of Fourier coefficients increases; in particular, the results are very

similar when taking 2'7 and 2'® Fourier coefficients.

n. Fourier EKAM W agreement | execution time
coefficients with e, (sec)

213 0.95730400 | 0.06140120 | 98.49% 612.28

214 0.96512016 | 0.06139562 | 99.29% 2015.22

215 0.96807778 | 0.06139307 | 99.60% 3205.34

216 0.97011583 | 0.06139161 | 99.81% 8460.19

217 0.97094171 | 0.06139089 | 99.89% 13375.78

218 0.97142178 | 0.06139056 | 99.94% 38222.48

TABLE 2. The analytical estimate i), for the golden mean curve of
(2.8) with A = 0.9, p = 3-107°, as the number of Fourier coefficients of
the solution increases.
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The output of the construction of the approximate solution via the MPRF program
is represented by the analytic norms of the following quantities, which will be used to
check the conditions (3.3)-(3.12), needed to implement Theorem 10. All quantities are
given with 30 decimal digits:

| Moll,y = 44.9270811990274410452148184267
My, = 39.930678840711850152808576113 ,
IDfulle = 5.07550011737521959347639032433
1D?foolle = 12.2074077197778485732557018883
1Soll,, = 215.24720762912463716286404004
[ Noll,, = 156.534312450915756580422752539
INg e = 591.408362768291837018626059244
|DKoll,, = 44.9270811990274410452148184267 ,
|D*Koll,y = 221591.876024617607481468301961
|DK; |, = 7032.62976591622436294280767134
To = T7.6434265622376167352649577512
| Eoll,, = 7.71650351451832566847490849233 107
|D*Epll,, = 5.1576300492851806964395530006 10~ . (7.2)

With reference to the quantities in (3.2), we notice that in the case of the dissipative
standard map (2.8) we have Q0 = 1 and Q.0 = Quuo = 0. We stress that the quantities

which require the hardest computation effort is the error £y and its derivatives.

7.2. Check of the conditions of Theorem 10 and results. We verify numerically
the estimates of the theorem on the existence of the golden mean torus for the dissipative
standard map described by equation (2.8) with frequency as in (7.1) and A = 0.9. The
corresponding breakdown threshold, as computed by means of the Sobolev’s method used

in [10], or equivalently by means of Greene’s technique (see [10], [15]), gives
e, = 0.97198 | (7.3)

(compare with [10]).
On the other hand, implementing the analytical estimates of Section 5, we obtain

that the conditions (3.3)-(3.12), appearing in Theorem 10 are satisfied for a value of the
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perturbing parameter equal to
exam = 0.971421780429401935547661013138 . (7.4)
The corresponding value of the drift parameter amounts to
1 = 0.061390559555891469231218991051 . (7.5)

The result is validated by running the program with different precision on a DELL
Machine with an Intel Xeon Processor E5-2643 (Quad Core, 3.30GHz Turbo, 10MB,
8.0 GT/s) and 16GB RAM. Precisely, we provide in Table 3 the results with different

significant digits.

digits ERAM execution time (sec)
50 10.97142178 27632.88
60 |0.97142178 29027.68
70 10.97142178 30094 .44
85 10.97142178 32685.89
100 | 0.97142178 35390.35
115 10.97142178 38222.48

TABLE 3. The analytical estimate £ 4y for the golden mean curve of (2.8)
with A = 0.9, p = 3 - 107°, number of Fourier coefficients equal to 2!% and
for different precision of the computation, obtained varying the number of
digits as in the first column.

The results shown in Table 3 suggest that the norms provided in (7.2) are robust
and, even if we do not implement interval arithmetic, we can conjecture that the values
provided in (7.2) are not affected by numerical errors. Below 50 digits of precision, the
algorithm does not produce any result, since some quantities are so small that a precision

less than 50 digits is not enough. This remark leads us to state the following result.

Theorem 24. Let us consider the map (2.8) with A =0.9. Let py = 3-107°, 6¢ = po/4,
¢ =3-107°; let us fiz the frequency as w = @ Assume that the norms of My, My*,
Dfuss D?*fuo, So, No, Ny'', DKy, D?°Ky, DK, Ey, D*Ey, and that the twist constant
To are given by the values provided in (7.2).

Then, there exists an invariant attractor with frequency w for € = cxans with e apn as
in (7.4) and for a value of the drift parameter as in (7.5).
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The result stated in Theorem 24 verifies the estimates for g 4p; which is consistent
within 99.94% of the numerical value ¢, given in (7.3). This result shows that, beside a
world-wide recognized theoretical interest, KAM theory can also provide a constructive

effective algorithm to estimate the breakdown value with great accuracy.
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APPENDIX A. PROOF OF LEMMA 6

In this appendix, we include the proof of Lemma 6. In the proof we follow the con-
struction of [57] to derive the constant Cj in (2.7).

Proof. For the proof of the existence of the solution of (2.5) we refer to [12], where the
constant Cy was not made explicit. Here, instead, we provide an explicit estimate of Cj,

which closely follows [56]. Let us expand ¢ and n in Fourier series as
o) = T () = Y et
kEZ kEZ
where @, 7 denote the Fourier coefficients. Then, equation (2.5) becomes
Z @k(emm'kw . )\)627rik0 _ Z ﬁk€27rik9 :
kEZ keZ
providing
s Tk
Yk = omikw _ )
Adding the Fourier coefficients, one obtains:
) — ﬁk 2mikd
¢()_Ze2mkw_)\e :
kEZ

Let
Zy = r;leiéllwk —ql;
we have the following inequality
™k A2 = (1 — A)%cos®(mhkw) + (1 4+ \)? sin?(mkw)
> (14 A\)?sin®(mhw) > 4(1 + \)*Z7

where the last inequality comes from noticing that sin(x)/x > 2/7 for all 0 < z < 7.

Therefore we obtain:
™R X > 2(1 4+ N)|Zg| > 2(1 + Nk,

namely
1

2mikw —1
AT
c Ty

vk
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Finally, we have

2mplk

||90||p—5 < Z|77 |6 el | omikw

keZ
. e—4md|k|
2 54
< Z |7k |* e4melk |627rzk:w AP

kEZ kEZ

< |lnll, VE©),

where

—471'5\](:\

=4 Z |62mkzw Y

and where we used the estimate (see [56])

D Ll e < 23

keZ

Denoting by I' the Euler gamma function, using the estimates of [57], one has that

T (21 + 1)
FO) = s ma ez @z

which leads to (2.6) with Cj as in (2.7). O

APPENDIX B. CONSTANTS OF THE KAM THEOREM

The constants entering in the conditions(3.3)-(3.12) of Theorem 10 are defined through
the following (long) list. For fast reference, before each constant we provide the label of

the formula where the constant was introduced. We note that the constants are given in
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an explicit format and evaluating them requires only a few lines of code.

1 _
63)  Coo = T [N =1 (g —gySolla 1) + 1Sollo | 1055l
1 _
6:3)  Cwo = g (1+ CooQuo) M5 o
al _ 1 —1112
(6:3)  Oww = 2T (g Solla +1) Quo 1M1,
(53)  Cwo = Co(lSollm(Crwao + Cwzo) + M5 lpo + Quoll Mg lpoCon)
(5.3) CW(] = OW10 + (OW20 +6W20>V58 )
(5.4) Cpo = CW0||M0||po+CUOV567
(5.8)  Cro = Quro(|Mol2,Civo + C2*%7)
(57) Cgo = Cc CW()V561+T + ORO s
(590 Ca = Cwo [[Moll,
(513) Rog = 22T+1 CgoV_250_2T y
(513) R = 4Od0 l/_l(SO_T,
(513) Ry = 400-0 >
(313) DK = 4Cd0 Cc V—150—7——1 o ,
(6.36) Do = 4 CeC?v710;7 2 ¢,
6.8 Cn = |IN|? po ,
©8) O = Il T8, D 2D ol o + D)
(68)  Cu = 1+ J[On(IDKollny + Dic) + | Noll -
(6.8)  Cumine = CN([DKollpy + Dx) + [ Nollpo + Je
(622)  Cs = 2.Q0 {(INollpy + CwDx) | Dic(lINoll + C Dic)
1D Kollooll Nolls + 11 Dol O Dic|
+  COn|IDKol|4, [DK(HNOHPO + CnDxk) + [[DKol| oo [ Noll po + [ DKoll oo Cn D
1Nl DEo o (1 Nollpo + CovDic) + Ol Noll oI DEGIE, }
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1 _ 1
(6.26) Csp = mQuoHMo HlpoCs +2J.Q0 | N0, ||DK0||§om CMinv Quo
1
- - . D
+ 205 ||)\| — 1| CMzm} QMO K >
(6.27) c; = maX{Cs,CsB + QCM'va,uO} Dy,
7‘2
(628) CT = 1——,(7)6617 max {CS, OSB + QOMianp,O} )
1
(629) C, = cr{Ir-1 {m“'%”m + CsDi) +1]
+ (ISollos + CsDxc) } (I1M5 oo + CrtinoDic )
1
+ T A =11 |5y ol + CDre) + 1] Cavie
A= 1 e 1 C o+ Cs (15 + Carinn D)
||)\’ . 1| 0 Po 0 PO mnv
+ CorinolISoll } -
— 1 _
632)  Owy = ACr [ ISl + CsDr) + 1] QuolIM5 s + D)’
1
+ 4T0Qu0 H)\|—_1|CS (IMg o + Di)?
1 .
+ 4T Quo [ (1Sollw + CsDie) + 1] (D + 201045 )
(6.37)  Cr = Qgo [(2CM||M0|yp0 + C3Dk)(Cwo + Cw Dk )? + || Mo[5, (C Dk + 2Cwo Cw)

(C3Dk + QCUOCJ)V25§T] +Cq [(||Mo||po + CyDk)*(Cwo + Ow Dic)?

+ o+

(Coo + CUDK)2V253T] C.o5L
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(6.31)  Cy,
(6.33)  Cw,
(6.34)  Cy
(6.42)Cy

-+ + 1 If
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1
Al = 1]

Col1SollpwCov + CsCzo + CsCow, D¢ + 1| SollwCiv
CsCy,o + CsCw, D + 1

2Q,0/| M5 9o Cor + 2Q,0C 0 + 2Qu0Co Dk |

Cw, + Cw,v85 + Cw, 8]

5 max {1+sup |D*f ()] DI, €76}

[1 +2Q 0| My jo Cor + 2Q,0Ci0 + 2Q#OCUDK] ,

C
sup |DuD2fu(Z>| HDKOH?JQ -

2€C,uEA,[u—po|<2kpg0 Cao

Slelngzfuo(Z)\ 1D Kol Ce o

—2 5742
Cc 50

up |D*fuy (2)| 1D Kollpy ACunC2 w7057
FAS

sup 1D, D? £, (2)| | DKl py 4C0C  dog0

2€C,HEN,|u—pio| <2k €0

SléICJIDquo(Z)\ 1D Koll7, Ce?dg

Cso
wp DDA DKol
2€C,UEN,|u—po| <2k €0 d0

sup D% £, (2)] (I DKol + D) C o

-2, s7+2
C. v,

sug |D3f#o(2)‘ (1D Koll po + Dk )4Cao CC—1V—150—7+160
FAS

sup 1DuD? fu(2)| (IDKolly + Dic) 4Co0Cc " doco

2€C,UeEN,|p—po|<2kue0
sup | D fu, (2)] + sup [ D? £, (2)] Kixceo
zeC zeC

sup |D,Df,.(2)| kuco ,

2€C,peN, |p—po|<2rpue0

Sug |DDufuo(Z)| 00_150 + Sug |D2Dufuo<z)| 0525(2) (”DKOHpo + Dk)
ze ze

Coo g o
sup |DD? f,(2)] =2C w55+ (| DKol|p + Dic),

C c
2€C,UeEN,|p—po|<2ku0 do

sup 1D, fu(2)] %Cczy%“} :

2€C,peN, |p—po|<2rue0 Cao
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