Nonlinear Waves and the KAM Theorem: Nonlinear

Degeneracies *

Walter Craig

Department of Mathematics Brown University Providence, RI 02912

C. E. Wayne

Department of Mathematics Pennsylvania State University University Park, PA 16802

1. Introduction

This paper is concerned with solutions of nonlinear wave equations, and other partial differential equations that model conservative phenomena in physics and applied mathematics. As the initial value problem is increasingly well understood, the focus of our attention is on the more detailed structure of the phase space in which the evolution equations are posed. The nonlinear wave equation can be viewed as an infinite dimensional Hamiltonian system, thus it is natural to study important classes of periodic and quasiperiodic solutions in the neighborhood of equilibrium. The paper (Craig & Wayne [CW]) constructs periodic solutions for nonlinear wave equations, using a version of the Nash-Moser technique to overcome the inherent small divisor problem. In that reference, certain generic requirements of nonresonance and genuine nonlinearity are needed in the existence proof. This present paper addresses problems in which the hypotheses of genuine nonlinearity are not satisfied, where nonetheless the existence of families of periodic solutions near equilibrium are obtained. Other recent work on the subject of perturbation theory for Hamiltonian systems with infinitely many degrees of freedom include Kuksin [K], Wayne [W], Pöschel [P] and Albanese, Fröhlich and Spencer [AFS].

Some of the more interesting aspects of our approach to these problems are the ties between partial differential equations, Hamiltonian mechanics, and localization theory of mathematical physics. Indeed, the central estimates in this work were pioneered by Fröhlich and Spencer [FS] in the study of the Green’s function for random Schrödinger operators. The nonlinear wave equation is not the only equation of interest which has Hamiltonian structure, for which results on periodic and quasiperiodic solutions are of interest. We expect the techniques of [CW] and of this paper to extend to the nonlinear Schrödinger equation, versions of the KdV equation and other problems with infinitely many degrees of freedom, for which the equilibrium solution is an elliptic stationary point. Moreover we expect the analysis of quasiperiodic solutions to be similar to the

* To appear in the Proceedings of the Conference on Nonlinear Waves; Villefranche France

analysis of periodic solutions in these resonant cases, and plan a further publication on this subject.

This paper describes the construction of periodic solutions of the nonlinear wave equation ∂^2_t u = ∂^2_xu − g(x, u) , 0 ≤ x ≤ π , (1.1) where the solution u(x, t) satisfies either periodic or Dirichlet boundary conditions at x = 0, π. The nonlinear term g(x, u) is taken analytic, with the Taylor expansion in the variable u given by

g(x, u) = g_1(x)u + g_2(x)u^2 + g_3(x)u^3 + · · · . (1.2)

Well known examples are the sine-Gordon equation

∂^2_t u = ∂^2_xu − b^2 sin(u), (1.3)

and the φ^d-nonlinear Klein-Gordon equation,

∂^2_t u = ∂^2_xu − b^2u + u^{d−1}. (1.4)

All of the above partial differential equations can be considered as Hamiltonian systems with infinitely many degrees of freedom. Indeed, we may define the Hamiltonian H(p, u) = ∫ 1 2 p^2 + 1 2 (∂_xu)^2 + R(x, u) dx , (1.5)

with ∂_uR(x, u) = g(x, u). Denoting z = (u, p)^T , Hamilton’s canonical equations read ż = J∇H(z), (1.6) where J denotes the standard symplectic matrix. The methods of this paper are perturbative – we construct solutions near the equilibrium point u = 0. For the wave equation (1.1) z = 0 is elliptic, thus by analogy with finite dimensional problems one expects that the construction of quasiperiodic solutions encounters small divisor problems, and a form of the KAM theorem would be used. In fact the small divisor problem arises even in the construction of periodic solutions, as the presence of infinitely many degrees of freedom introduces a dense set of resonances.

In the reference [CW] the existence theory for periodic solutions is discussed, under hypotheses of nonresonance and genuine nonlinearity. The results are essentially that there is an open dense set G of nonlinearities such that for g(x, ·) ∈ G, there exist families of periodic solutions of (1.1). The character of these families is typically that of a Cantor set foliated by invariant circles — a situation reminiscent of the conclusion of the KAM theorem for quasiperiodic solutions in finite dimensional Hamiltonian perturbation theory. In the results of [CW], the good set G depends only upon g_1(x), g_2(x), and g_3(x) , the 3–jet of the nonlinearity g(x, ·).

In the present paper we extend the results of [CW] to cases which are equally nonresonant, but which are nonlinearly degenerate. These problems fail to satisfy the ‘twist condition’ of the previous results, thus the present work enlarges the class G of nonlinearities for which an existence theorem holds. For example, consider the nonlinear term g(x, u) = g_1(x)u + g_M (x)u^M + · · · . (1.7)

For M > 3, g is not in the set G, for the curvature of any approximate solution branch will vanish. Among other situations this appears for the nonlinear φ^d Klein-Gordon equation with d > 4. We show in this paper that under more subtle conditions of nondegeneracy, again families of periodic solutions of the wave equation (1.1) can be constructed. These conditions depend upon the coefficient g_1(x) of course, and if M is odd, upon the first nonzero coefficient g_M (x) of the nonlinear term. If the first nonzero coefficient g_M (x) has even order, then the existence criterion depends upon a certain subset of the (2M − 1)–jet of g(x, u), that is, upon certain of the coefficients {g_1(x), · · · , g_{2M−1}(x)}. We feel that all these results are quite general, and will extend to other equations and to the construction of quasiperiodic solutions as well. We point out that in the study of quasiperiodic solutions, the analysis of higher order nonlinear degeneracies has not been carried out, even in the case of finite dimensional Hamiltonian systems in the neighborhood of an elliptic stationary point.

Acknowledgements: The authors would like to thank the Université de Genève, the Université de Paris 6, MSRI–Berkeley and Oxford University for their hospitality, and the National Science Foundation and the Alfred P. Sloan Foundation for their support of our research.

2. Results

It is instructive to solve the equation linearized about u = 0,

∂^2_t v = ∂^2_xv − g_1(x)v . (2.1)

This is done by the elementary method of separation of variables. Let {(ψ_j(x), ω^2_j )}^∞_{j=1} be the complete set of eigenfunction—eigenvalue pairs for the linear Sturm-Liouville operator

L(g_1)ψ = ( − d^2 dx^2 + g_1(x) ) ψ = ω^2ψ, imposing the proper boundary conditions, (ψ(0) = ψ(π) = 0 in the Dirichlet case, and ψ(x) = ψ(x + π) in the periodic case.) We will assume that all ω^2 are positive with little loss of generality. Then a periodic solution to (2.1) is given by

v(x, t) =r cos(Ωt + ξ)ψ_j(x)

Ω =ω_j .

The general solution of (2.1) is given by sums of these solutions v(x, t) = ∞∑ j=1 r_j cos(ω_j t + ξ_j)ψ_j (x), parametrized by angles {ξ_j }^∞_{j=1}, and amplitudes {r_j }^∞_{j=1}, (action variables {r^2_j }^∞_{j=1}.) These are not usually periodic, but typically quasiperiodic if at most finitely many amplitudes r_j are nonzero, and in general they are almost periodic, unless a full set of rational relations (infinitely many) exist among the frequencies {ω_j }. Thus it is a natural question to pose whether some of these periodic (or quasiperiodic, or almost periodic) solutions persist for the nonlinear problem.

Hypothesis: (i) Let g(x, u) be π periodic in x, and analytic in the strip {|Im x| < σ} and in u in some neighborhood of the origin. In the case of Dirichlet boundary conditions we also ask that g be odd in the (x, u)–plane. (ii) We assume that in (1.7), M > 3.

The cases M = 2, 3 were discussed in reference [1]. Define m = M − 1 if M is odd, and m = (min {R; M < R ≤ 2M − 1, R odd, and g_R(x) ≠ 0} − 1) if M is even. If no such R exists, set m = 2M − 2.

Theorem 2.1. There exists a generic set G_M such that if g ∈ G_M then there are uncountably many small periodic solutions to the nonlinear equation (1.1). Furthermore (i) The solutions are analytic in a smaller strip {|Im x| < σ/2}.

(ii) The solutions are close to the linear periodic solutions, and form a Cantor set foliated by circles. More precisely, there is a small r_0 and a Cantor set C ∈ (−r_0, r_0) such that if r ∈ C then there is an angle ξ such that |u(x, t; r) − r cos(Ω(r)t+ξ)ψ_j(x)| ≤ Cr^M , |Ω(r) − ω_j | ≤ Cr^m. (2.2)

(iii) The good set G_M is open and dense. If M is odd, G_M depends only upon the coefficients g_1(x) and g_M (x). If M is even, it depends upon g_1(x) and g_R(x), for the minimum R odd, M < R < 2M − 1, g_R(x) ≠ 0. If there is no such R, then G_M depends upon g_1(x), g_M (x), and g_{2M−1}(x).

For an exact description of the topology in which G_M is dense, see [CW] section 6. An immediate corollary applies to a specific choice of nonlinearity. Consider the φ^d Klein-Gordon equation (1.4) on the interval [0, π]. For d = 4 this is addressed in [CW], however for d > 5 it fails to satisfy the hypothesis of genuine nonlinearity of that paper. When periodic boundary conditions are imposed, the problem can be reduced to an analysis of the phase plane for a solution u(x − ct). When Dirichlet conditions are imposed this is not the case. For d even, Theorem 2.1 applies, giving the following result.

Corollary 2.2. For an open set of parameters b^2 of full measure, (1.4) has nonlinearity within the good set G_M , and therefore there exist families of periodic solutions, as described in Theorem 2.1.

This particular dependence of the condition of genuine nonlinearity, and the power m on the coefficients, is natural in terms of the Birkhoff normal form for a dynamical system in the neighborhood of an elliptic stationary point. That is, odd terms in the Hamiltonian (even terms of the nonlinearity) are generically nonresonant, and do not enter the normal form at highest order. Even terms of the Hamiltonian (odd terms of the nonlinearity) are generically resonant, affecting the normal form and the frequency of the solution at highest order. Furthermore, the next to highest order corrections appear at order 2M − 1.

We remark here that for any g_2(x), g_3(x), . . ., if g_1(x) = 0 then the conditions of nonresonance of [CW] are violated. Indeed both the Dirichlet problem and the periodic problem are infinitely resonant, as the equation linearized about u = 0 is

∂^2_t v = ∂^2_xv,

which has an infinite dimensional null space, spanned respectively by the functions {sin(ℓx)e^{±iℓt}}, {cos(2ℓx)e^{±2iℓt}, sin(2ℓx)e^{±2iℓt}}. Problems which violate the nonresonance condition, with a finite but possibly large null space will be addressed in a subsequent paper. Other than solutions with rational period that are obtained by global variational methods [B,R], the infinitely resonant case has not been addressed, so far as we know.

3. A nonlinear lattice system

We will take the point of view of embedding a circle into phase space, in such a manner that it is invariant with respect to the flow determined by the wave equation (1.1). Denoting an embedded circle by S(x, ξ) = ∞∑ j=1 s_j (ξ)ψ_j(x)

s_j(ξ) = s_j (ξ + 2π),

(3.1)

it will be invariant under flow by the wave equation, and traversed with frequency Ω, if S(x, ξ) satisfies Ω^2∂^2_ξ S − ∂^2_xS + g(x, S) = 0. (3.2)

To treat the spatial and temporal variables on an equal footing, one expands s_j in Fourier series S(x, ξ) = ∞∑ j=1 k=�1 ~s(j, k) e^{ikξ}ψ_j (x).

If S(x, ξ) satisfies (3.2), the coefficients of this eigenfunction expansion of S satisfy an equation over the lattice, (j, k) ∈ Z^+ × Z,

0 =(ω^2_j − Ω^2k^2)~s(j, k) + W (~s)(j, k) =V (Ω)~s(j, k) + W (~s)(j, k) . (3.3)

We call this the ‘mode interaction equation’ of the nonlinear problem (3.2). The term V (Ω) is diagonal in the given basis, while W (~s) is nonlinear, and at least of order M for small ~s. Linearizing about ~s = 0, we have

V (Ω)φ = 0, with solutions (φ, Ω) = (δ(j_0, ±k_0), ω_{j0} /k_0) corresponding to a periodic solution of (2.1). The point spectrum of V (Ω) is typically dense in the real line, in particular it accumulates at zero; this is often called the phenomenon of small divisors. The fact that point spectra of the linearized problem approach zero is the fundamental difficulty of the problem. The technique that is presented in [CW] and this paper shows that the geometry of the lattice sites associated with the small divisors also plays an important role in the existence theory.

This lattice equation has certain symmetries which are relevant to the problem. Let x = (j, k) ∈ Z^+ × Z, and write x = (j, −k). Then S is real if and only if ~s(x) = ~s(x). The equation respects this condition, for V (Ω)(x) = V (Ω)(x), and W (~s(x)) = W (~s(x)). Additionally there is the symmetry of an autonomous system; for x = (j, k), define T_ξ ~s(x) = e^{ikξ} ~s(x). This is a unitary operator on ℓ^2(Z^+ × Z). The lattice equation is covariant with respect to T_ξ, indeed T_ξ commutes with V (Ω), and T_ξW (~s)(x) = W (T_ξ ~s)(x). Other group actions may also respect the equation (1.1), however these will not be addressed in this paper.

The existence theory is started by solving an approximate problem, given by projection of (3.3) onto a finite subregion of the lattice; B_0 = {x ∈ Z^+ × Z; |x| ≤ L_0}. The approximate problem is solved under conditions of linear nonresonance. Fix a constant τ > m + 3.

Definition 3.1. Define ω ≡ ω_{j0} /k_0. The frequency sequence {ω_j }^∞_{j=1} is (d_0, L_0)– nonresonant with ω if L_0 >> |j_0| + |k_0|, and (i) for all 0 < |j| + |k| ≤ L_0, |k − ωj| ≥ d_0 (|j| + |k|)^τ . (ii) For all (j, k) ≠ (j_0, ±k_0), with |j| + |k| ≤ L_0,

|ω^2_j − ω^2k^2| ≥ d_0.

Note: If a sequence of L_0 → ∞, with d_0 = o(L^{−1/2}_0 ), then an open dense set of coefficients g_1(x) are (d_0, L_0)–nonresonant with ω for some L_0. This is a result from [CW].

Writing Π_0V (Ω) = V_0(Ω), and Π_0W (Π_0~s) = W_0(~s), the approximate equations on ℓ^2(B_0) are written V_0(Ω)~s + W_0(~s) = 0. (3.4)

Then the linearized equation about ~s = 0 is simply

V_0(Ω)(δ~s) = 0. (3.5)

This linear operator has a nontrivial null space for Ω = ω = ω_{j0} /k_0. Since the problem is (d_0, L_0)–nonresonant, the null space is two dimensional, spanned by φ(p) = pδ(j_0, k_0) + pδ(j_0, −k_0), with p ∈ C. Let N = {(j_0, k_0), (j_0, −k_0)}, the support of the null vectors, and define orthogonal projections Q onto ℓ^2(N), and P = (1 − Q). Equation (3.4) is solved via a Lyapounov-Schmidt decomposition. P ( V_0(Ω)u_0 + W_0(φ(p) + u_0) ) = 0 (3.6) Q ( V_0(Ω)φ(p) + W_0(φ(p) + u_0) ) = 0 u_0 = P u_0

(3.7)

Define spaces that account for exponential decay of sequences; H_σ = {u ∈ ℓ^2(Z^+ × Z); ‖u‖^2_σ ≡ ∑ x∈Z^+×Z e^{2σ|x|}|u(x)|^2 < ∞}. These form a scale of Hilbert spaces, Hσ ⊆ H_{σ−γ} for all 0 ≤ γ ≤ σ. We ask of the nonlinear term that W ∈ C^ω(H_σ : H_{σ−γ} ) for all 0 < γ ≤ σ < σ, with norms ‖W (u)‖_{σ−γ} ≤ C_W γ^{M+1} ‖u‖^M_σ ‖D_uW (u)v‖_{σ−γ} ≤ C_W γ^{M+1} ‖u‖^{M−1}_σ ‖v‖_{σ−γ} ‖D^2_uW (u)[w, v]‖_{σ−γ} ≤ C_W γ^{M+1} ‖u‖^{M−2}_σ ‖w‖_σ‖v‖_{σ−γ} . The Taylor expansion of W takes the form W (u) = W^{(M)}(u) + W^{(M+1)}(u) + · · ·, where the term W^{(J)} is J–multilinear in u. We will assume that W^{(J)} is J–multilinear and symmetric in u, although the symmetry is not essential for the existence theorem. The lattice nonlinearity that comes from the nonlinear wave equation satisfies the above conditions.

Lemma 3.2. For r^m_0 < (d_0/3L^2_0), ρ_0 = r_0, the equation (3.6) has a solution u_0(x; p, Ω) which is analytic in a complex ρ_0–neighborhood of the set N_0 ≡ {(p, Ω); ‖p‖ < r_0, |Ω − ω| < r^m_0 }. Furthermore, for σ/2 < σ_0 < σ − 1/L_0 there is an estimate ‖u_0(x; p, Ω)‖_{σ0} ≤ ‖p‖^M 3C_W L_0 d_0 . This solution is covariant with respect to the translations T_ξ,

T_ξu_0(x; p, Ω) = u_0(x; T_ξp, Ω)

(where by notational abuse we denote rotations in the p–plane also by T_ξ.)

These sequences form a family of embedded circles, parametrized by (‖p‖, ξ, Ω), which are solutions of the approximate problem (3.6).

To finish the approximate bifurcation problem, equation (3.7) is also solved. This is in the form of a mapping, taking (p, Ω) ∈ N_0 → R^2. The zero set of the mapping consists locally of the Ω axis {p = 0}, and a surface (p, Ω_0(p)) given as a graph over a neighborhood of zero in ℓ^2(N). A simple analysis of the Taylor expansion of this mapping determines that

Ω_0(p) = ω + λ^{(m)}_0 ‖p‖^m(1 + o(‖p‖)). (3.8)

A straightforward perturbation expansion, which is left to the reader, will determine the constant λ^{(m)}_0 . If M is odd, then m = M − 1 and

λ^{(m)}_0 = 1 2k^2_0ω

⟨φ(p)|W^{(M)}_0 [(φ(p))^M ]⟩ ‖φ(p)‖^{M+1} . (3.9)

When M is even, take R to be the least odd index, M < R ≤ 2M − 1, such that W^{(R)}_0 ≢ 0. If R < 2M − 1, then m = R − 1, and

λ^{(m)}_0 = 1 2k^2_0ω

⟨φ(p)|W^{(R)}_0 [(φ(p))^R]⟩ ‖φ(p)‖^{R+1} . (3.10)

If R = 2M − 1, or there is no such R, then m = 2M − 2, and the perturbation theory determines first that

u^{(M)}_0 (x; p, Ω) = − ( P V_0(Ω)P )_{−1} P (W^{(M)}_0 [(φ(p))^M ]) ,

and then

Ω_0(p) =ω + 1 2k^2_0ω ⟨φ(p)|W^{(2M−1)} 0 [(φ(p))^{2M−1}]⟩ ‖φ(p)‖^2 + M 2k^2_0ω

⟨φ(p)|W^{(M)}_0 [(φ(p))^{M−1}, u^{(M)}_0 ]⟩ ‖φ(p)‖^2 + o(‖p‖^{2M−2}) . (3.11)

This perturbation analysis generalizes the formal results of [KT], regarding solutions of the nonlinear Klein-Gordon equation.

The analog of the ‘twist condition’ of [CW] is a condition on the nonvanishing of the coefficients λ^{(m)}_0 . This will ensure that the dependence of the frequency of the solution upon the amplitude is sufficiently nondegenerate.

The full nonlinear equations (3.3) are also considered in a Lyapounov-Schmidt decomposition P ( V (Ω)u + W (φ(p) + u) ) = 0, (3.12) Q ( V (Ω)φ(p) + W (φ(p) + u) ) = 0. (3.13) The approximate solution u_0 of (3.6) is a close approximation to the full equation (3.12), for it satisfies the estimate ‖P ( V (Ω)u_0 + W (φ(p) + u_0) ) ‖_{σ0−γ0} ≤ C_W ‖p‖^M γ^{M+1}_0 e^{−γ0L0} . (3.14)

However, to adjust this approximate solution to a full solution involves the small divisor problem. The exact solution is obtained not over all of the parameter region N_0, but on a closed Cantor subset N ⊆ N_0, on which the resonances of the problem are under better control. The solutions are obtained using Newton iteration steps in conjunction with approximations of the lattice Z^+ × Z by an increasing family of finite subdomains B_n = {x ∈ Z^+ × Z; |x| ≤ L_02^n}. To state the existence result, fix 1/2 < η < 1.

Theorem 3.3. Assume that the sequence {ω_j }^∞_{j=1} is (d_0, L_0)–nonresonant with ω for d_0 ≥ L^{−η}_0 , for L_0 sufficiently large. Then there is a constant r_0, a sequence u(x; p, Ω) ∈ H_{σ/2} which is C^∞ on N_0 = N_0(r_0), and a Cantor subset N ⊆ N_0 such that for (p, Ω) ∈ N , u is a solution of (3.12). Furthermore ‖u − u_0‖_{σ/2} ≤ C‖p‖^M e^{−γ0L0/2}. (3.15) The second bifurcation equation (3.13) can also be solved, giving a C^∞, T_ξ– invariant solution surface (p, Ω(p)) in addition to the trivial branch of solutions p = 0. This solution surface is close to the approximate surface (p, Ω_0(p)), however unless we specify further conditions it will not necessarily intersect the remaining set N , and (3.12) and (3.13) will not be simultaneously satisfied. We ask that in addition to being (d_0, L_0)– nonresonant, the approximate nonlinear problem satisfies a twist condition. Then the surface (p, Ω(p)) will intersect N , giving rise to solutions of the full problem (3.3). For the following we fix 0 < ν < (1 − η).

Theorem 3.4. If the approximate problem (3.4) also satisfies the quantitative twist condition |λ^{(m)}_0 | ≥ L^{−ν}_0 , then the solution surface (p, Ω(p)) of (3.13) intersects N . Define C = {0 < r < r_0; ‖p‖ = r, (p, Ω(p)) ∈ N }, the set for which a solution of the full problem is obtained. Then meas (C) > 0, and is in fact of order r_0.

The intersection points correspond to analytic solutions of the nonlinear wave equation (1.1), through their eigenfunction expansion. This proves Theorem 2.1 of the previous section.

Through exact or near resonance, the Cantor set C may not have r = 0 as an accumulation point, for (p, Ω) = (0, ω) may be too resonant, and not in N . However if the frequency sequence {ω_j }^∞_{j=1} is fully nonresonant with ω, then C does accumulate at zero, and in addition there is an estimate of its density nearby. Let τ > m + 3 and α > τ + 1 be fixed.

Theorem 3.5. Suppose that a (d_0, L_0)–nonresonant sequence {ω_j }^∞_{j=1} satisfies the conditions of full nonresonance. (i) For all 0 < |(j, k)| < ∞, |k − ωj| ≥ d_0 (|j| + |k|)^τ . (ii) For all (j, k) ≠ (j_0, ±k_0),

|ω^2k^2 − ω^2_j | ≥ d_0 (|j| + |k|)^α . Define C(r_1) = C ∩ [0, r_1]. Then there is an exponent μ such that

meas (C(r_1)) ≥ r_1(1 − Cr^μ_1 )

for all 0 < r_1 < r_0.

One can additionally make an estimate of the size of μ, there are similar estimates in [CW].

4. Proof of Theorem 3.3

The proof is via a modified Newton iteration scheme, similar to the Nash-Moser method. The major difference is the presence of a null space, and the sensitive parametric dependence of the approximate solutions and the linearized operator. Thus during the iteration, an acceptable set of parameters must be chosen as well, resulting ultimately in the Cantor set N on which the first bifurcation equation (3.12) is solved. The second bifurcation equation is a finite dimensional mapping. The zero set corresponding to a nontrivial solution is given by a graph (p, Ω(p)), which gives a relationship between the action and the frequency of a solution, called the frequency map. This exhibits one of the differences of the present technique from the more classical versions of the KAM theorem, in which the problem is assumed nonlinearly nondegenerate, the frequency map is performed first, and only then does the analysis of the invariant sets take place.

An outline of the iteration is as follows. We choose:

(1) A sequence of length scales L_n = L_02^n which define the approximating domains B_n = {|x| ≤ L_n} which exhaust Z^+ × Z.

(2) A sequence of tolerances for small divisors (small eigenvalues) δ_n = L^{−α}n , for a suitable α > 0.

(3) A sequence of lengths ℓ_n = L^β_n over which linear resonances are decoupled. (4) A sequence γ_n = c_0/(n + 1)^2 which governs loss of exponential decay of the approximate solutions throughout the the iteration.

(5) And a rapidly convergent sequence ϵ_n = ϵ^{κn}_0 , for 1 < κ < 2, which will bound the error terms during the iteration.

The size of the error is dominated by a rapidly convergent sequence as the iteration scheme has quadratic errors; this is the usual phenomenon with the Nash-Moser technique.

The major issue to contend with is the invertibility of relevant linearized operators. Let B ⊆ Z^+ × Z be a subdomain of the lattice. We define the Hamiltonian operator on ℓ^2(B) by H_B(p, Ω; u) = ( V (Ω) + D_uW (φ(p) + u) ) B . The subscript B denotes the restriction of the operators to ℓ^2(B). Invertibility depends crucially upon the small spectra of the operator V_B (Ω), as the following result demonstrates.

Lemma 4.1. Let A ⊆ Z^+ × Z be a domain such that |V (Ω)(x, x)| > d_0 for all x ∈ A. Then for r^{m−1}_0 /d_0 << 1 the Green’s function G_A(x, y) = ( V (Ω) + D_uW (φ(p) + u) )_{−1} A (x, y) satisfies the estimate ‖G_A‖_{σ0} ≤ C d_0 . We call a lattice site s ∈ Z^+×Z singular if |V (Ω)(s, s)| < d_0, and regular otherwise.

Connected regions of singular sites are called singular regions. The wave equation has singular regions consisting of either isolated sites, or else two adjacent sites, S = {s_1, s_2}, with s_1 = (j, k), s_2 = (j + 1, k). We will consider local Hamiltonians defined on neighborhoods of singular regions. Let S ⊆ B_{n+1}\B_n and C_{ℓn+1} (S) = {x; dist (x, S) ≤ ℓ_{n+1}}. We will be concerned with the operators H_S(p, Ω; u_n) and H_{Cℓn+1 (S)}(p, Ω; u_n).

The proof of Theorem 3.3 is by induction on the following statements. (n.1) There is a sequence u_n(x; p, Ω) = u_0(x; p, Ω)+ ∑_n j=0 v_j (x; p, Ω) in ℓ^2(B_{n+1}), which is C^∞ on N_0, analytic in a δ_{n+1}r_0/L^2_n complex neighborhood of N_{n+1} such that ‖P (V (Ω)u_n+W (φ(p) + u_n))‖_{σn} ≤ ‖p‖^M ϵ_n ‖v_n‖_{σn−γn} ≤ C^n_Gϵ_n δ_{n+1}γ^s_n ‖p‖^M for some fixed constant s.

(n.2) There exists a closed domain N_{n+1} ⊆ N_n ⊆ · · · N_0 with the following properties. (i) If (p, Ω) ∈ N_{n+1}, and S_1, S_2 ⊆ B^c_n are any two singular regions, then

dist (S_1, S_2) > 2ℓ_{n+1} .

(ii) If (p, Ω) ∈ N_{n+1}, and S is a singular region in B_{n+1}\B_n, then

dist (spec (H_S (p, Ω; u_n)), 0) > δ_{n+1} dist (spec (H_{Cℓn+1(S)}(p, Ω; u_n)), 0) > δ_{n+1} .

(iii) Any C^∞, T_ξ–invariant surface Ω(p) = ω + λ‖p‖^m(1 + o(‖p‖)), with |λ| > L^{−ν}_0 intersects N_{n+1} with nonzero measure;

meas ({r ∈ [0, r_0); ‖p‖ = r, (p, Ω(p)) ∈ N_{n+1}}) ≥ r_0(1 − Cr^μ_0 ) .

A consequence of (n.2)(i)(ii) is that the Green’s function for any E ⊆ B_n\N is controlled on the parameter region N_{n+1}.

Lemma 4.2. Let A be a nonsingular region, and E ⊆ (B_{n+1}\N) ∪ A. The Green’s function satisfies ‖G_E (p, Ω; u_n)‖_{σn} ≤ C^n_G δ_{n+1}γ^s_n , and under perturbations of u_n of size ‖u − u_n‖_{σn−γn} ≤ ‖p‖^M ϵ_n/δ_{n+1}γ^s_n, ‖G_E (p, Ω; u)‖_{σn−2γn} ≤ 2C^n_G δ_{n+1}γ^s_n .

Proof. The proof is the same as in [CW], Section 5. The arguments involve the decoupling of the local Hamiltonians at singular regions of B_{n+1}\N. As long as the spectra of the local Hamiltonians are controlled, and the singular regions are sufficiently separated, resolvant expansions can be employed to recover the full Green’s function.

Induction step (n.1) will follow from ((n − 1).2)(i)(ii) and Lemma 4.2. Indeed the Newton iteration step is v_{n−1} = − G_{Bn\N} (p, Ω; u_{n−1}) ( V (Ω)u_{n−1} + W (φ(p) + u_{n−1}) ) B_n\N , u_n = u_{n−1} + v_{n−1} .

With this definition of u_n the Taylor remainder theorem will exhibit a quadratic error, and the error due to domain truncation will be exponentially small if some decay is sacrificed. We again refer to [CW] for details of the convergence proof.

The remaining task is to realize a large set of parameters N_{n+1} ⊆ N_n such that (n.2) is satisfied. Conditions (i) and (ii) decrease the size of N_n, while condition (iii) requires that it be sufficiently large, and further satisfy certain geometrical properties related to the order of contact of the nonlinear degeneracy. Central to the verification of this induction step is a lemma on eigenvalue perturbation theory for the local Hamiltonians. For the case M even we introduce an additional hypothesis on the lattice nonlinearity W , a restriction on the self-interaction of the system within a singular region. It will always be satisfied for the nonlinear wave equation. The case M odd has no such requirement.

Hypothesis: If z, w ∈ S a singular region, then for M ≤ J < R, ⟨δ(z)|D^J_u W (0)[(∂_pφ(p))^{J−1}, δ(w)]⟩ = 0 . Consider a self adjoint operator H(a) depending upon a parameter a, and suppose an eigenvector–eigenvalue pair (ψ(a), e(a)) of H(a) is smooth. Then ∂_ae(a) = ⟨ψ(a)|∂_aH(a)|ψ(a)⟩ , (4.1) which is known as the Feynman–Hellman formula.

Lemma 4.3. Let (ψ(p, Ω), e(p, Ω)) be an eigenvector–eigenvalue pair for H_{C(S)}(p, Ω). Then |⟨ψ(p, Ω)|∂_ΩH_{C(S)}(p, Ω)|ψ(p, Ω)⟩| ≥ C_1L^2_n . (4.2) For (p, Ω) satisfying (n + 1.2)(i), |⟨ψ(p, Ω)|∂_pH_{C(S)}(p, Ω)|ψ(p, Ω)⟩| ≤ C_2‖p‖^{m−1}. (4.3) Let e(p, Ω) be an eigenvalue of a local Hamiltonian (labeled by ordering), and Z be the set in N_0 on which e(p, Ω) vanishes. Z is given by a graph (p, Ω_Z (p)), and if (p_1, Ω_Z (p_1)), (p_2, Ω_Z (p_2)) are nearby points satisfying (n.2)(i), then

|Ω_Z (p_2) − Ω_Z (p_1)| ≤

C_3 L^2_n | |‖p_2‖^m − ‖p_1‖^m | | (4.4)

The proof of this is similar to Lemma 4.14 of [CW].

This result allows us to control the excisions of parameters in order to satisfy (n.2)(iii). Consider a T_ξ invariant surface (p, Ω(p)), with Ω(p) = ω +λ‖p‖^m(1+o(‖p‖)), and |λ| > L^{−ν}_0 . Let S ⊆ B_{n+1}\B_n be a singular region, and e(p, Ω) an eigenvalue of a local Hamiltonian H_{C(S)}. Suppose that for some p_1, e(p_1, Ω(p_1)) = 0, and that (p_1, Ω(p_1)) satisfies (n.2)(i). We are concerned with nearby points on the surface (p, Ω(p)). In order to inductively construct the next set N_{n+1} a δ_{n+1}/L^2_n–neighborhood of Z is excised from N_n. If the point (p, Ω(p)) is excised in this process, then δ_{n+1} L^2_n ≥ |Ω(p) − Ω_Z (p)| ≥ |Ω(p) − Ω(p_1)| − |Ω_Z (p_1) − Ω_Z (p)| ≥ (|λ/2| − C_3/L^2_n) | ‖p_2‖^m − ‖p_1‖^m | . Hence any p such that ‖p − p_1‖^m > (4/|λ|)(δ_{n+1}/L^2_n) is not excised, and |e(p, Ω(p))| > δ_{n+1}. Lemma 4.3 provides the main result needed to verify the induction statement (n.2)(iii), and with some patience the convergence proof will follow.

References

[AFS] Albanese, C. and Fröhlich, J. and Albanese, C. Fröhlich, J. and Spencer, T.: Periodic solutions of some infinite-dimensional hamiltonian systems associated with non-linear partial difference equations: Parts I and II. Commun. Math. Phys. 116, 475-502 119, 677-699 (1988).

[B] Brezis, H.: Periodic solutions of nonlinear vibrating strings and duality principles.

Bull. AMS 8, 409-426 (1983).

[CW] Craig, W. and Wayne, C.E.: Preprint. (June 1991).

[E] Eliasson, H.: Perturbations of stable invariant tori. Ann. Sc. Super. Pisa, Cl. Sci.

IV Ser. 15, 115-147 (1988).

[FS] Fröhlich, J. and Spencer, T.: Absence of diffusion in the Anderson tight binding model for large disorder or low energy. Commun. Math. Phys. 88, 151-184 (1983).

[KT] Keller, J. and Ting, L.: Periodic vibrations of systems governed by non-linear partial differential equations. Commun. Pure Appl. Math. 19, 371-420 (1966).

[K] Kuksin, S.: Perturbation of quasiperiodic solutions of infinite-dimensional linear systems with an imaginary spectrum. Funct. Anal. Appl. 21, 192-205 (1987). Conservative perturbations of infinite - dimensional linear systems with a vector parameter. ibid. 23, 62-63 (1989).

[P] Pöschel, J.: Small divisors with spatial structure in infinite dimensional hamiltonian systems. Commun. Math. Physics 127, 351-393 (1990).

[R] Rabinowitz, P.: Free vibrations for a semilinear wave equation. Commun. Pure Appl. Math. 30, 31-68 (1977).

[W] Wayne, C. E.: Periodic and quasi-periodic solutions of nonlinear wave equations via KAM theory. Commun. Math. Phys. 127, 479-528 (1990).