Entropy Density for Relativistic Quantum Field Theory

Heide Narnhofer Institut für Theoretische Physik Universität Wien

Dedicated to Elliott H. Lieb to his 60th birthday

Abstract

We show how the nuclearity condition of Buchholz and Wichmann allows to define in the ground state a local entropy with the desired properties despite the fact that local algebras are type III. Generalization to temperature states is also possible so that thermodynamic functions also exist in the context of relativistic quantum field theory.

1 Introduction

Since we know that we have to assign a temperature to the background of the universe [PW] and we let this temperature change in time in cosmological theories it is evident that we should not restrict ourselves to consider rigorously only the ground state of relativistic quantum fields.

Temperature states are either defined as Gibbs states. This only works for finite systems, if the Hamiltonian has a discrete and sufficiently increasing spectrum. In the thermodynamic limit we pass to the KMS condition as requirement for equilibrium states [Ku,MS,HHW]. That this requirement is the relevant one is justified by stability considerations [HKTP,PuW]. But the first path that led to this description was a variational problem: KMS states are tangent functionals to the free energy density [LR].

In [BJu] the KMS condition was taken to be the requirement to be satisfied by equilibrium states for relativistic theories. Buchholz and Junglas found an approximation procedure so that the weak limit state satisfies the KMS condition. But additional requirements – the nuclearity – are necessary. They essentially replace the condition for Gibbs states, that local Hamiltonians must have discrete spectrum. What is missing in this approach is a feeling, how phase transitions can occur. Here the description of an equilibrium state as tangent plane of a convex functional seems more promising. But to do so, we must find a reasonable definition of this functional as energy density minus entropy density.

In this paper we will concentrate on the problems and the possibility to define an entropy density and we will notice that as in the construction of KMS states the nuclearity condition is the key property that allows to estimate local entropy and entropy density.

2 Local Algebras and Their Entropy

If we want to get an entropy density corresponding to a state, we have to assign an entropy to a local algebraA_Λ with appropriate convexity properties on the state. The entropy density for a space translationally invariant state is given by lim S(A_Λ, ω)/|Λ|. The minimal requirement on S(A_Λ, ω) is that this procedure works for the ground state and there gives an entropy density 0. The candidate for a local algebra A_Λ is the algebra over the double cone O with O∩R^3 = Λ.

In the example of a free scalar field theory we have A_Λ = {W (f)|f ∈ L(O)}^{′′} (2.1) with W (f) = exp{i[a^†(f) + a(f)]} L(O) = 1 √ ω(p) D(Λ) + i √ ω(p) D(Λ) with D(Λ) the space of real test functions with support in Λ, the basis of O. A general quasifree state can be written as ω(W (f)) = exp[−⟨f|A|f⟩] (2.2) A an operator on L(R^3). If we calculate the entropy of the vacuum state restricted to A_Λ, which is determined by P_0AP_0, P_0 the projection onto L(O), then it turns out to be infinite [A]. We can become more concrete: [BiW] showed that the algebra of the wedge has as modular automorphism group for the vacuum state – which must exist according to the Reeh-Schlieder theorem – the boost. Boosts are evidently weakly asymptotically abelian, therefore the spectrum of the modular operator Δ is R_+ and the algebra of the wedge is of type III_1 [D,C1]. In [H,L] the authors managed to construct a map from the algebra over the wedge onto the algebra over a double cone, provided the system is conformally invariant. Thus also the algebra of double cones is for conformally invariant theories of type III_1. Finally [F] took into account that a reasonable quantum field theory should have a scaling limit and since in this scaling limit the edge of a double cone looks like the edge of a wedge he showed that the assumption on the scaling limit guarantees that the spectrum of the modular operator for the double cone coincides with that of the wedge so that the algebra of the double cone is again type III_1.

As a consequence we run into problems if we want to calculate the entropy of a state restricted to a local algebra, since no corresponding density matrix is available.

But we can use the alternative definition [NT,CNT] that was shown to coincide for type I algebras with the usual definition. It uses the relative entropy S(ω|ν) which can be defined for arbitrary states ω, ν over C^∗-algebras [Ko].

Definition: Let ω be a state over A. Then

S_A(ω) = sup ω= ∑ ω_i,^ω_i=ω_i/(ω_i(1)) ∑ ω_i(1)S(ω|^ω_i)_A (2.3)

where ω is decomposed into states ^ω_i.

Lemma (2.4): For every hyperfinite type III_1 algebra A S_A(ω) = ∞ [OP, Lemma 6.9].

Proof: We consider the realization of the hyperfinite III_1 algebra [C1] A = ∞⨂ i=1 M^3_i M_i 3 × 3 matrices

with the state ω given as the limit N → ∞ of local states corresponding to density matrices

ρ_N = N⨂ i=1 e^{−λ1} e^{−λ2} e^{−λ3} where λ_1, λ_2, λ_3 are incommensurable in the sense that

spec ln Δ = {z_1(λ_1 − λ_2) + z_2(λ_2 − λ_3) + z_3(λ_3 − λ_1); z_i ∈ Z} = R.

For this algebra and this state

M_0 = ∞⨂ i=0 a_{i1} a_{i2} a_{i3} form the centralizer. We can use elements of M_0 to give a decomposition

S_A(ω) ≥ S_{M0} (ω) = lim_{N→∞} N · 3∑ i=1 λ_ie^{−λi} = ∞.

For general states φ we can use the homogeneity of type III_1, i.e. the following [CS,N]: Given two states ω, φ. Then there exist sequences of unitaries in A, {U_n} and {V_n} such that ω(·) = n lim φ(U_n · U^∗_n) φ(·) = n lim ω(V_n · V^∗_n ).

We pick a decomposition of unity in A^′, 1 = ∑ x_i, 0 ≤ x_i ≤ 1, that approaches the optimal decomposition for ω with ω_i(·) = ⟨Ω|x_i · |Ω⟩. We denote φ_i(·) = ⟨Φ|x_i · |Φ⟩. Then S(ω|ω_i)_A = S(ω(V_n · V^∗_n )|ω_i(V_n · V^∗_n ))_A ≥ S(φ|φ_i)_A = S(φ(U_n · U^∗_n)|φ_i(U_n · U^∗_n))_A ≥ S(ω|ω_i)_A where we used the semicontinuity of the relative entropy following from [Ko], [OP].

These inequalities become equalities and imply S(ω) ≥ S(φ) ≥ S(ω) = ∞ for all states φ over A.

We have to look for an alternative definition for a local entropy and this is offered by [C2], [CNT], [NT]:

Definition (2.5): H_M(ω, A) = sup_{ω=}∑_ω i ∑ ω_i(1) S(ω|^ω_i)_A where now ω_i has to be a state over M ⊃ A.

Corollary (2.6): If M = B(H), i.e. ω is pure over M, then H_M(ω, A) = 0 ∀ A ⊂ M. This holds if ω is the ground state and therefore the definition satisfies our requirement.

It might be desirable to consider also H_{AΛ̄} (ω, A_Λ). This should give us information if we construct KMS states as limit of states, locally arranged on A¯_Λ. Especially we will study in the sequel the following quantity:

Let Λ ⊂ Λ̄ correspond to two double cones. Consider H_ω(Λ, Λ̄) = sup ω= ∑ ω_i,ω,ω_i states over A(Λ̄) ∑ ω_i(1) S(ω|^ω_i)_{AΛ} . We will prove that under the nuclearity condition [BW] for the vacuum lim |Λ̄|→∞ H_ω(Λ, Λ̄) = H_M(ω, A_Λ) = 0 and we will consider whether lim Λ→∞,|Λ|/|Λ̄|→1 H_ω(Λ, Λ̄) |Λ| = 0 so that the difference between H(Λ, Λ̄) and H_M(A_Λ) only is a surface effect and we will see that this is true for massive theories. For temperature states and massive theories we will get lim sup Λ→∞,|Λ|/|Λ̄|→1 H_ω(Λ, Λ̄) |Λ| < ∞.

3 Bounds on the Entropy in the Ground State

In order to work with H_B(ω, A) we must find some control over this quantity. Lower bounds are available by trying decompositions. Simple upper bounds are consequences of the monotonicity H_B(ω, A) ≤ H_B(ω, Ā) for B ⊂ B, Ā ⊃ A. (3.1) Therefore H_B(ω, A) ≤ inf{S_ω(A), S_ω(B)}. In our case these estimates are useless, since both B = A¯_Λ and A = A_Λ are type III_1. But from (3.1) we already get a hint how to find an upper bound:

Theorem (3.2): Let A_Λ ⊂ A¯_Λ be split in the sense [DL] that there exists a type I algebra N such that A_Λ ⊂ N ⊂ A¯_Λ. If S_ω(N ) < c, then

H_{AΛ̄} (ω, A_Λ) < c.

It is known [BD’AF] that the split property follows from the nuclearity condition, and this nuclearity condition will also supply us with explicit upper bounds on the entropy. It is an open problem whether the split property is also necessary for the entropy to become finite. We will give some observations that support this suspicion.

Lemma (3.3): Let H_B(ω, A) < ∞. Then to every ε > 0 there exists an ω̄, normal with respect to ω, such that H_B(ω̄, A) < ε and ∑ |ω̄(x_ia_i) − ω̄(x_i)ω̄(a_i)| < ε for all 0 ≤ x_i ≤ 1, a_i ∈ A, ‖a_i‖ = 1, ∑ x_i = 1, x_i ∈ B^′.

Proof: There exists a decomposition {y_i, 0 ≤ i ≤ N}, y_i ∈ B^′, such that H_B(ω, A) ≤ N∑ i=1 ω(y_i)S(ω|^ω(y_i·))_A + ε. A refinement can improve only up to ε, such that ∑ i,j ω(y_{ij})S(ω|^ω(y_{ij}·)) ≤ ∑ i ω(y_i)S(ω|^ω(y_i·)) + ε. Now ∑ i,j ω(y_{ij})S(ω|^ω(y_{ij}·)) = ∑ i ω(y_i)S(ω|^ω(y_i·)) + ∑ i ω(y_i) ∑ j ω(y_{ij}) ω(y_i) S(^ω_i|^ω(y_{ij}). Therefore min_i ∑ i ω(y_{ij}) ω(y_i) S(^ω_i|^ω_{ij})_A < ε and we can take the corresponding ^ω_i as ω̄ with H_B(ω̄, A) < ε. The estimate on ω̄ follows because for all possible decompositions [OP] ε > ∑ ω̄(x_i·)S(ω̄|^ω̄(x_i·))_A ≥ 1 2 ∑ ω̄(x_i)‖ω̄(·) − ^ω̄(x_i·)‖^2. The condition on ω̄ should be compared with the following fact [DL]:

A_Λ, A¯_Λ is split, if A_Λ ∨ A^′_{Λ̄} is isomorphic to A_Λ ⊗ A^′_{Λ̄}, and this is the case, if there exists a state with ‖ω̄ − ω̄ ⊗ ω̄‖ < ε (see [DL], remarks after Def. 1.4 and Prop. 1.5 for the exact statement) (compare with Theorem 3.7).

Another observation that supports the importance of the split property is

Theorem (3.4): H_B(ω, A) ≤ S(ω ⊗ ω|ω)_{A⊗B}′ . Here B^′ is the commutant of B in the GNS representation corresponding to ω. A ⊗ B^′ is understood to be the algebra built by the elements ∑N n=1 a_nb_n, a_n ∈ A, b_n ∈ B^′, so far without topology. On this algebra the state ω is given by ω( ∑ a_nb_n) = ∑ ⟨Ω|a_nb_n|Ω⟩ whereas ω ⊗ ω( ∑ a_nb_n) = ∑ ω(a_n)ω(b_n). The relative entropy is given by [Ko].

Proof: According to [ST] we can write H_B(ω, A) = sup_{λ,C} S(ω ⊗ μ|λ)_{A⊗C} with C an abelian algebra and λ a state over B ⊗ C such that λ|_B = ω and λ|_C = μ.

Due to the monotonicity property of the relative entropy it suffices to take the supremum over finite–dimensional abelian algebras C. For such an algebra C the elements of B ⊗ C can be written as ⨁ b_i, b_i ∈ B, 1 ≤ i ≤ N. Also λ = ⨁ ω_i where ω_i = ω(^b_i·) with ^b_i ≥ 0 ∈ B^′ ∀ i. Now we construct a completely positive map γ : C → B^′ ⊗ C by γm_i = ∑ m_i^b_i ⊗ 1. It is unity preserving γ(1) = ∑ ^bi ⊗ 1 = 1 ⊗ 1. Further λ(a ⊗ m) = ∑ ω(a^b_i)m_i = (ω ⊗ μ)(a ⊗ γ(m)) where ω is considered as state over A ⊗ B^′.

Now we use the monotonicity of the relative entropy under unital completely positive maps and obtain S(ω ⊗ μ|λ)_{A⊗C} = S((ω ⊗ ω ⊗ μ) ∘ (1 ⊗ γ)|(ω ⊗ μ) ∘ (1 ⊗ γ))_{A⊗C} ≤ S(ω ⊗ ω ⊗ μ|ω ⊗ μ)_{A⊗B}′_{⊗C} = S(ω ⊗ ω|ω)_{A⊗B}′ . Taking the supremum over all C gives (3.4).

Remark (3.5): Provided B is type I we get in addition an inequality chain S_ω(B) ≤ S(ω ⊗ ω|ω)_{B⊗B}′ ≤ 2S_ω(B) where the left side becomes an equality if B is abelian and the right side becomes an equality if B is a full matrix algebra.

Proof: Assume B is abelian and discrete (otherwise S_ω(B) = ∞). Then ω corresponds to a density ∑ λ_iP_i ⊗ Q_i for B ⊗ B^′, whereas ω ⊗ ω corresponds to ∑ λ_iλ_jP_i ⊗ Q_j. Therefore S(ω ⊗ ω|ω) = ∑ λ_i ln λ_i − Tr λ_iP_i ⊗ Q_i ln ∑ λ_iλ_jP_i ⊗ Q_j = ∑ λ_i ln λ_i − ∑ λ_i ln λ^2_i = − ∑ λ_i ln λ_i = S_ω(B).

If instead B is a full matrix algebra, then ω ⊗ ω again corresponds to ∑ λ_iλ_jP_i ⊗ Q_j, whereas ω corresponds to the projection | |∑ √λ i φ_i ⊗ ψ_i ⟩ ⟨∑ √ λ_j φ_j ⊗ ψ_j | | with the eigenvectors φ_i of P_i and ψ_k of Q_k. This leads to S(ω ⊗ ω|ω) = − ∑ ln(λ_iλ_j)⟨ √ λ_k φ_k ⊗ ψ_k|P_i ⊗ Q_j| √ λ_ℓ φ_ℓ ⊗ ψ_ℓ⟩ = − ∑ λ_i ln λ^2_i = 2S.

The general inequality can be obtained by interpolation of the two extremal cases.

It remains an open problem if H_B(ω, A) can also be bounded from below by results on the relative entropy. If this were to hold, this would demonstrate that the split property is necessary to make H_B(ω, A) finite due to the following

Lemma (3.6): Let S(ω|φ)_B < ∞. Then

Π_ω(B)^{′′} ≃ Π_φ(B)^{′′}.

Proof: We use Kosaki’s [K] formula for the relative entropy

S(ω|φ)_B = sup ∫ [ ω(1) 1 + t − ω(y^∗(t)y(t)) − 1 t φ(x(t)x^∗(t)) ] dt t where x(t) = 1 − y(t).

To attain the supremum we must choose an x(t) with st-lim_{t→0} Π_φ(x(t)) = 0 sufficiently fast so that the singularity 1/t^2 does not contribute. Now [ω(1) − ω(y^∗(t)y(t))]/t = (ω(x(t)) + ω(x^∗(t))−ω(x^∗(t)x(t)))/t remains. We can assume that 0 < x = x^∗ < 1 so that we can estimate ω(1) − ω(y^∗(t)y(t)) ≥ ω(x(t)) If Π_ω ≠ Π_φ we can find x(t) with st-lim_{t→0} Π_φ(x(t)) = 0 but with st-lim_{t→0} Π_ω(x(t)) ≠ 0. So either lim ω(x(t)) > 0 or there exists some operator a such that lim ω(a^∗x(t)a) > 0. But again st-lim Π_φa^∗x(t)a = 0 and this operator can be used in the calculation of the relative entropy to make the integral infinite.

We close the section by showing how the split property and estimates on the relative entropy are related.

Theorem (3.7) [D,L], [H]: Let R and R̄ be factors acting on a Hilbert space H with a representation Π and R ⊂ R̄. Let Ω be a vector cyclic and separating for R, R̄^′, R̄ ∧ R^′. Then the following conditions are equivalent:

1. If φ_1 is a state over R and φ_2 is a state over R̄^′, then there exists a state φ such that φ(R_1R^′_2) = φ_1(R_1)φ_2(R^′_2) ∀ R_1 ∈ R, R^′_2 ∈ R̄^′.

2. There exists a vector η cyclic and separating for R ∨ R̄^′ such that ⟨η|R_1R^′_2|η⟩ = ⟨Ω|R_1|Ω⟩⟨Ω|R^′_2|Ω⟩. 3. There exists a unitary operator W from H to H ⊗ H such that W Π(AB^′)W^∗ = Π(A) ⊗ Π(B^′).

4. There exists an intermediate type I factor N R ⊂ N ⊂ R̄ namely, N = W^∗B(H) ⊗ 1 W. This property is called split property.

Lemma (3.8): If S(ω ⊗ ω|ω)_{R∨}¯_R′ < ∞ for some state ω over R̄, then R ⊂ R̄ are split.

Proof: This is an immediate consequence of (3.6) and (3.7.2).

If therefore A_Λ ⊂ A¯_Λ are split, we can consider the type I sequence of algebras N_Λ and can calculate lim[S_{NΛ} (ω)]/|Λ|. But neither is N_Λ given very explicitly – though there exists a method to construct N_Λ = R ∨ J¯_{R∧R}′ RJ¯_{R∧R}′ – nor does a control over S_{NΛ} (ω) seem available. Instead we will stay with H_{AΛ̄} (ω, A_Λ) and relate it to the nuclearity condition of [BW].

4 The Nuclearity Condition and Entropy Estimates in the Vac- uum In [BW] the nuclearity condition was considered to find a measure on the energy level density in finite regions. Take the map A(Λ) → B(H),

Θ_{β,Λ}(A) = e^{−βh} A|Ω⟩, h the Hamiltonian. (4.1)

This map is nuclear, if there exists a sequence of linear functionals φ_i ∈ A(Λ)^∗ and vectors Φ_i ∈ H such that if Θ_{β,Λ} can be written as

Θ_{β,Λ}(A) = ∑ i φ_i(A)Φ_i

then ‖Θ_{β,Λ}‖_1 =: inf ∑ ‖φ_i‖‖Φ_i‖ < ∞. (4.2) For free massive theories in three + one dimensions this nuclearity index was estimated in [BW] – without ambition to become optimal – and the bound was found

‖Θ_{β,Λ}‖_1 ≤ exp [ c ( r β )3] ∞∑ i=1 ln(1 − e^{−βmi/2}), r > β (4.3) where m_i are the masses of the theory and r the radius of Λ, with the restriction r > m^{−1}_i . Similar estimates are found in [BJ] for free massless field theories and for the free electromagnetic field

‖Θ_{β,Λ}‖_1 ≤ exp [ c ( r β )3] r ≥ β exp [ c^′ ( r β )] r ≤ β (4.4)

always for suitable constants c.

It seems reasonable that similar nuclearity bounds also hold for interacting theories. This nuclearity bound was used to show [BD’AF] that local algebras A_Λ ⊂ A¯_Λ with some distance between Λ and Λ̄ satisfy the split property. A slight variation of the arguments allow to find an upper bound on H_{AΛ̄} (ω, A_Λ).

Lemma (4.5) [BD’AF]: Take A ∈ A_Λ and B^′ ∈ A^′_{Λ̄} with Λ, Λ̄ balls of radius r resp. R and R = r + β. Then one can construct a continuous function f of the Hamiltonian h such that ⟨Ω|AB^′|Ω⟩ = ⟨Ω|Af_β(h)B^′|Ω⟩ + ⟨Ω|B^′f_β(h)A|Ω⟩ where f_β has almost exponential decrease in the sense that lim |E|→∞ exp(|E|^κ)|f_β(E)| = 0 0 ≤ κ < 1

and f_β(E) = f(Eβ), f(0) = 1/2.

Under the assumption of the nuclearity condition

‖Θ_{β,Λ}‖_s ≤ exp [ cr^3β^{−3} ln(1 − e^{−βm}) ] = exp g(r, β) (4.6)

with ‖Θ_{β,Λ}‖_s = inf − ∑ ‖φ_i‖ ln ‖φ_i‖, ‖Φ_i‖ = 1, we can use this function f to prove:

Theorem (4.6): Assume that the theory has a mass gap, i.e. 0 is an isolated point in the spectrum of h. Then H_{AΛR} (A_{Λr} ) < δ

provided R = r + β and r^3 β^{3+ε} < δ̄ so that β(r) can be chosen such that with r → ∞ δ → 0 together with δ̄ → 0.

Proof: Following the construction of [BD’AF] we decompose the map Θ_f : A → H Θ_f A = f_β(h)A|Ω⟩ into Θ_kA = P_kf(h)e^{γh}Θ_γ where P_k is the spectral projection of h for the interval [k − 1, k). We calculate the nuclearity bound for Θ_k to be Θ_1A = 1 2 |Ω⟩⟨Ω|A|Ω⟩ if the map gap is ≥ 1 (otherwise we have to scale the interval [k − 1, k)). Therefore ‖Θ_1‖_1 = 1, ‖Θ_1‖_s = 0. Next with f_k = sup f(Eβ), E ∈ [k − 1, k) we have ‖Θ_k‖_1 ≤ f_ke^{γk+g(r,γ)} resp. ‖Θ_k‖_s ≤ (−f_k ln f_k + f_k)e^{γk+g(r,γ)}. For every k we optimize γ by

k = cr^3γ^{−3} [ − 3 γ ln(1 − e^{−γm}) + e^{−γm} 1 − e^{−γm} ]

≃ cr^3γ^{−3} [ − 3 ln γm γ + 1 γm ] for large k

therefore γ tends to 0 for large k. f_k and f_k ln f_k decrease almost exponentially. Therefore

‖Θ_k‖_s < exp [ −k^{ν/(ν+1)}^c_β ] for some ν < ∞.

This is summable in k. In addition the scaling property of f_β allows to estimate (for large β, that correspond to small k and determine the permitted radius R) ^cβ ≈ r3/(ν+1)β−(ν−ε)/(ν+1) so that if we adjust β appropriately to r lim r^3/(β^{ν−ε/2})=const,r→∞ ^cβ(r) = 0. (4.7) We use this result to write ⟨Ω|AB^′|Ω⟩ = ⟨Ω|A|Ω⟩⟨Ω|B^′|Ω⟩ + ∑ φ_i(A)ψ_i(B^′) with φ_i, ψ_i linear functionals over A_Λ resp. A¯_Λ where ‖φ_i‖ = 1 and − ∑ ‖ψ_i‖ ln ‖ψ_i‖ < ε provided according to the previous estimates β is large enough. The left hand side is positive and therefore also real. Every φ_i resp. ψ_i can be written as linear combination of at most four positive linear functionals φ_{iα}, ψ_{iβ}. For hermitean A, B^′ only the real combinations remain so that ⟨Ω|AB^′|Ω⟩ = ⟨Ω|A|Ω⟩⟨Ω|B|Ω⟩ + ∑ φ_i(A)ψ_i(B^′) − ∑ φ̄_i(A)ψ̄_i(B^′)

where separately − ∑ ‖ψ_i‖ ln ‖ψ_i‖ < ε, − ∑ ‖ψ̄_i‖ ln ‖ψ̄_i‖ < ε, φ̄_k, φ_i normalized.

Therefore ω + ∑ k=1 φ̄_k ⊗ ψ̄_k = ω ⊗ ω + ∑ i=1 φ_i ⊗ ψ_i as positive functionals over A_Λ ⊗ A^′_{Λ̄}. Since B(H) ⊃ A_Λ ⊗ A^′_{Λ̄} we can extend ω + ∑ φ̄_k ⊗ ψ̄_k to a positive linear functional over B(H) and therefore also over A¯_Λ. After normalization we can write this functional ω̄ = (1 − ε)ω + εφ = ∑ i=0 φ_i ⊗ ψ_i where we set ψ_0 = (1 − ε)ω, φ_0 = ω.

Next we use [CNT] that for any A ⊂ B H_B(ω̄, A) ≥ (1 − ε)H_B(ω, A) + εH_B(φ, A) and therefore H_B(ω, A) ≤ 1 1 − ε H_B(ω̄, A). This will be applied for A = A_Λ, B = A¯_Λ. We use S( ∑ μ_iφ_i| ∑ μ_iω_i) ≤ ∑ μ_iS(φ_i|ω_i) and S(φ|λω) = λ ln λ + λS(φ|ω) to estimate

H_{AΛ̄} (ω̄, A_Λ) = sup ∑ B_ℓ=1,B_ℓ∈A^′_{Λ̄} ∑ [−ω̄(B_ℓ) ln ω̄(B_ℓ) + S(ω̄|ω̄(B_ℓ·))_{AΛ} ]

= sup_L ∑ ℓ [ − ∑ k ψ_k(B_ℓ) ln ∑ k ψ_k(B_ℓ) + S( ∑ k φ_kψ_k(1)| ∑ k φ_kψ_k(B_ℓ))_{AΛ} ]

≤ sup_L SL + ∑ ℓ,k ψ_k(1)S ( φ_k|φ_k ψ_k(B_ℓ) ψ_k(1) ) A_Λ

where we refined the decomposition of ω̄ given by B_ℓ further into ∑ k,ℓ φ_k · ψ_k(B_ℓ). Then we can continue = sup_L (S_L − S_{KL} + S_K ) ≤ 2S_K = −2 ∑ ‖ψ_k‖ ln ‖ψ_k‖ where S_L, S_{KL}, S_K are the entropies of the abelian models corresponding to the decompositions ω̄ = ∑ ℓ ω̄(B_ℓ·), ω̄ = ∑ k,ℓ φ_kψ_k(B_ℓ·), ω̄ = ∑ k φ_kψ_k. Remark: To obtain the desired result it was necessary that in (4.6) we need ν > n which asks for m > 0. This does not hold for massless theories. Also to control ‖Θ‖_1 the mass gap was necessary. Otherwise the estimate (4.7) guarantees

Theorem (4.8): For massive theories with corresponding nuclearity bound (4.3) lim |Λ|/|Λ̄|→1,Λ→R^3 H_{AΛ̄} (ω, A_Λ) |Λ| = 0 with Λ̄ larger than Λ by slightly more than a surface effect.

Theorem (4.9): For massless theories with nuclearity bound (4.6) with m = n we have lim |Λ̄|→∞ H_{AΛ̄} (ω, A_Λ) = 0.

This follows from the same estimates with considering β → ∞ for fixed Λ.

5 Entropy for Temperature States

Let us first assume that a KMS state exists. We want to evaluate estimates on the local entropy. Theorem (4.6) can be replaced by Theorem (5.1): Let ω be a KMS state to the temperature β. Let Ω_β be the corresponding GNS vector. Assume that the following nuclearity condition holds: Let e^{−γh}A|Ω⟩ = τ_{iγ}A|Ω⟩ = ∑ φ_i(A)Φ_i, ‖Φ_i‖ = 1, for all A ∈ A(Λ) with ∑ ‖φ_i‖ ln ‖φ_i‖ ≤ c_γ(Λ). If γ < β/2, then H_M(ω, A_Λ) ≤ c_γ (Λ).

Remark: The above estimate seems to be optimal for γ = β/4, if we check it for lattice systems or the free massive case (compare the Appendix). Also for lattice systems we lose control on the nuclearity estimate for γ > β/2, because Ω_β does not necessarily remain in the domain of τ_{iγ}(A) (which can be unbounded). So we must be aware that c_γ → ∞ for γ → β/2 [BD’AL].

Proof: ω_β has to be decomposed by x_k ∈ M^′. Thus ⟨Ω_β|x_kA|Ω_β⟩ = ⟨Ω_β|y_kτ_{iβ/2}A|Ω_β⟩ = ∑ φ_i(A)⟨Ω_β|τ_{−i(β/2−γ)}y_k|Φ_i⟩ with x_k ∈ M^′, y_k ∈ M, ‖y_k‖ ≤ 1.

The rest is copying the previous proof taking into account that |⟨Ω_β|τ_{iγ}y|Φ_i⟩| ≤ ⟨Ω_β|ye^{−2γh}y|Ω_β⟩^{1/2} ≤ ⟨Ω_β|y^2|Ω_β⟩^{1/2}, 0 ≤ γ ≤ β/2, because ⟨Ω_β|ye^{−2γh}y|Ω_β⟩ is a convex function on γ with f(0) = f(β/2) and f(γ) ≤ (f(0) + f(β/2))/2 for 0 ≤ γ ≤ β/2. Again we can be interested in H_{AΛ̄} (A_Λ) to control surface effects. We have to modify [BD’AF] slightly:

Lemma (5.2): Take A ∈ A_Λ and B ∈ A^′_{Λ̄} (in the GNS representation corresponding to ω_β). Then there exists f_{βc}(|h|), h implementing the time evolution in the GNS representation, with almost exponential decrease such that ⟨Ω_β|AB|Ω_β⟩ = ⟨Ω_β|Af_{βc}(|h|)B|Ω_β⟩ + ⟨Ω_β|Bf_{βc}(|h|)A|Ω_β ⟩ + ∑ φ_i(A)ψ_i(B) with ∑ ‖φ_i‖_s < ∞, ‖ψ_i‖ = 1. Proof: We can mimic the proof of [BD’AF] expressing f as a contour integral. Under the above assumption the function g(t) = 1 2 ⟨Ω_β|Ae^{iht}B|Ω_β⟩ + 1 2 ⟨Ω_β|Be^{iht}A|Ω_β⟩ is analytic in the strip I = {z = t + iγ, t ∈ R, |γ| ≤ β/2} and with a cut for |t| > c¯_Λ. The boundary stems from B ∈ M^′, the cut stems from the fact that [τ_tA, B] no longer vanishes for B ∈ A^′_{Λ̄} ∩ M, if |t| > c¯_Λ, and c¯_Λ depends on the distance between Λ and Λ̄ (compare [BD’AF] and [H]). Again we make the variable transformation z = 2w/β(w^2 + 1) such that z(0) = 0. Therefore g(0) = 1 2πi ∮ g(z(w)) dw w can be evaluated as integral over the boundary of the analytic region in w. The contribution along the cut in z remains the unit circle as for the vacuum. The contribution of the boundary in z can be shifted into the interior |γ| < β/2. In the w–plane it corresponds to a curve of finite length and we can evaluate it by using the nuclearity condition to ∮ dw w ⟨Ω_β|Ae^{iht−γh}B|Ω_β⟩ = ∑ i ∮ dw w ~φi(A)⟨ψ̄ieihtB|Ωβ⟩ = ∑ i φ_i(A)ψ_i(B). ∑ ‖φ_i‖_s < ∞ follows because ∑ ‖ ~φ_i‖_s < ∞ due to the nuclearity and the rest in the integral is uniformly bounded on the curve. This allows us to deduce

Theorem (5.3): Let the nuclearity condition for e^{−γh}AΩ be satisfied with ∑ ‖φ_i‖ ln ‖φ_i‖ ≤ e^{−cΛ̄,Λγ−n} ∀ γ ≤ β/4 then H_{AΛ̄} (A_Λ) < ∞.

Proof: This follows by the same arguments as in the vacuum. Notice that the necessary range of γ in (4.6) covers the permitted region in γ. Evidently now we have no mass gap, and also γ cannot vary arbitrarily to improve the bound. More control how H_{AΛ̄} (A_Λ) tends to H_M(A_Λ) asks for controlling the nuclearity condition, but even more how f_{βc} tends to f_β = exp(−^β_2 |h|) if the cut moves to infinity with increasing distance between Λ and |Λ|.

Though we have no necessary conditions on the temperature state, which are satisfying in the sense that they can be proven for massive free fields, such that they guarantee the existence of the entropy density, it seems desirable to find conditions that have to be satisfied in the vacuum state and then guarantee the existence of temperature states with finite entropy density. We follow the proposal of [BJu] to construct KMS states.

Theorem (5.4) [BJu]: Let A_Λ ⊂ N¯_Λ ⊂ A¯_Λ be split with N¯_Λ an appropriate type I algebra. Consider the state ω|_{NΛ̄} ⊗ ω|_N ′_{Λ̄} with GNS vector η. Define the projector E¯_Λ by

E¯_ΛH = N¯_Λη and ω_{β,}¯_Λ(A) =

Tr E¯_Λe^{−βh}E¯_ΛA Tr E¯_Λe^{−βh}E¯_Λ ∀ A ∈ ⋃ Λ A_Λ.

Then w-lim¯_{Λ→}R3 ω_{β,}¯_Λ satisfies the KMS condition.

We slightly change the definition and consider an imbedding

A_Λ ⊂ N¯_Λ ⊂ A¯_Λ ⊂ N^_Λ ⊂ A^_Λ

with A^_Λ → M and such that N^_Λ = N¯_Λ ⊗ N~_Λ. We define ~η to be the GNS vector corresponding to ω|_{NΛ̄} ⊗ ω|_N ~Λ ⊗ ω|_N ′ ^Λ and E^_ΛH = N^_Λ ~η. Again

lim ω~_Λ(A) = lim Tr E^_Λe^{−βh}E^_ΛA Tr E^_Λe^{−βh}E^_Λ ≡ ω_β(A) satisfies the KMS condition.

We want to use the semicontinuity [CNT]

lim H_{ωn} (A) ≥ H_{lim ωn} (A)

and have therefore to estimate H_ω~_Λ (A) by a bound independent of ~Λ.

The trace (for A ∈ A_Λ ⊂ N~_Λ) can be written as ∑ ⟨φ_i ⊗ ψ_j|e^{−βh}A|φ_i ⊗ ψ_j⟩ ∑ ⟨φ_i ⊗ ψ_j|e^{−βh}|φ_i ⊗ ψ_j⟩ where |φ_i ⊗ ψ_j⟩ = |φ_i⟩⟨Ω| ⊗ |ψ_j⟩⟨Ω| |~η⟩ = U_{i1} ⊗ V_{j1}|~η⟩ where U_{i1} ∈ N¯_Λ and V_{j1} ∈ N~_Λ. If we write (in the interpretation of (4.3) ~η = |Ω⟩ ⊗ |Ω⟩, then we can use a nuclearity condition on e^{−γh}A|Ω⟩ for A ∈ N¯_Λ, that is implemented by a nuclearity condition for A¯_Λ, to get ⟨Ω ⊗ Ω|V^∗_j ⊗ U^∗_i e^{−βh}V_je^{γh/2}e^{−γh/2}AU_i|Ω ⊗ Ω⟩ = = ⟨Ω ⊗ Ω|V^∗_j ⊗ U^∗_i e^{−βh}V_je^{γh/2}|Φ_k ⊗ Ω⟩φ_k(AU_i). We assume |φ_k(AU_i)| ≤ ‖φ_k‖ with ∑ ‖φ_k‖ ln ‖φ_k‖ < ∞. For the remaining term we estimate |⟨Ω ⊗ Ω|V^∗_j ⊗ U^∗_i e^{−βh}V_je^{γh/2}e^{−γh/2}|Φ_k ⊗ Ω⟩| ≤ ≤ |⟨Ω ⊗ Ω|V^∗_j ⊗ U^∗_i e^{−βh}U_i ⊗ V_j|Ω ⊗ Ω⟩|^{1/2} · ⟨Φ_k ⊗ Ω|e^{γh/2}V^∗_J e^{−βh}V_je^{γh/2}|Φ_k ⊗ Ω⟩|^{1/2}. If we now assume that the |~Λ| dependence in all terms is the same, i.e. ∑ j ⟨Φ_k ⊗ Ω|e^{γh/2}V^∗_J e^{−βh}V_je^{γh/2}|Φ_k ⊗ Ω⟩ ≈ e^{c|}~^{Λ|+ck} ,

∑ i,k ⟨φ_i ⊗ ψ_k|e^{−βh}|φ_i ⊗ ψ_k⟩ ≈ e^{c|}~^{Λ|+c̄} then the estimate on the nuclearity bound for τ_{iγ}A|~η⟩ becomes independent of |~Λ|. This assumption does not seem implausible. τ_{iγ} A should essentially stay in a finite region and ~η should not be able to connect it with distant regions. Also e^{−γ} V_je^γ should stay inside of ~Λ up to boundary effects. But evidently the possibility of phase transitions and long range correlations can be of importance. So far it is improbable that one can deduce this |~Λ| behaviour from the given nuclearity condition. Therefore we are unable to offer a definite answer whether the entropy density of the KMS states constructed by [BJu] remains finite.

Appendix

It remains to verify the necessary nuclearity condition for free field theories. They can be found in [BD’AL] for several norms. We want to sketch the proof and first concentrate on the ground state. Here we succeed for massive and massless theories. Since the considerations follow closely [BW] and [BJ].

We write e^{−βh}A|Ω⟩ = ∑ ⟨Φ_n|A|Ω⟩ · e^{−βh}|Φ_n⟩ with |Φ_n⟩ an orthonormal basis that can be chosen to be Φ_n = ∏ n={n_1,...,np} (a^†_i )^{ni} √ n_i |Ω⟩. (A.1)

In [BW] it is shown: if for G(f; ψ) = ⟨e^{a†(f)}Ω|ψ⟩ ∀ f ∈ L^2(R^3) and ψ ∈ N = {e^{−h}A|Ω⟩, ‖A‖ = 1, A ∈ A_Λ} we can find a bound such that |G(f; ψ)| ≤ exp^1_2 ‖e^{−γh}f − g‖^2 ∀ g ∈ K(O_r)^′, i.e. functions with support outside O_r. ¿From this it can be deduced that |G(f; ψ)| ≤ exp [ 1 2 ‖T f‖^2 ] (A.2)

where T is a positive trace class operator with 0 ≤ T < 1 and eigenvalues t_k corresponding to eigenvectors e_k, when we will use in the construction of Φ_n a^†_i = a^†(e_i) and can estimate |⟨ψ|Φ_n⟩| ≤ p∏ k=1 (n_k + 1)t^{nk}_k , n = {n_1, . . . , n_p}. So far these results are found in [BW]. Denoting λ_n = sup_{ψ∈N} |⟨ψ|Φ_n⟩| we estimate rather roughly − ∑ λ_n ln λ_n ≤ −c det 1 (1 − T )^3

· Tr T ln T. (A.3)

Again following [BW] and [BJ] we have to estimate det 1/(1 − T )^3 and Tr T ln T . They split |G(f; e^{−βh}AΩ)| ≤ [ 1 2 ‖T_+ 1 2 (1 + J)f‖^2 + 1 2 ‖T_− 1 2 (1 − J)f‖^2 ]

with (Jf)(p) = f(−p) and T_+ = E^+_r e^{−βω} and T_− = E^−_r e^{−βω} where E^±_r are the projections onto √ ω^{±1} ~f_r (compare (2.1)). Then

T = lim_{n→∞}[(T^∗_+T_+)^n + (T^∗_−T_−)^n]^{1/2n}.

For estimating Tr T ln T a new difficulty arises: Though

‖(A + B)^α‖_1 ≤ ‖A^α‖_1 + ‖B^α‖_1, α = 1 2n , this does not hold for T^α ln T , because it fails to be an operator monotonic function for 0 < T ≤ 1. But using its integral representation one can see

‖(A + B)^α ln(A + B)‖_1 ≤ ‖A^α ln A‖_1 + ‖B^α ln B‖_1, α = 1 2n , for A, B < a and ln a < −1. If therefore we can prove that T^∗_±T_± < 1, then (T^∗_±T_±)^n < a for n sufficiently large so that we come into the range of the inequality. T^∗_+T_+ < 1 is a consequence of the estimate [BJ]

det(1 − |Ee^{−γ} |)^3 ≤ exp 3 ∞∑ n=1 1 n ‖Ee^{−nγ} ‖_1 < ∞. This also shows that det 1/(1 − T )^3 < ∞ or more explicitly [BW], [BJ]

det 1 (1 − T )^3 ≤ exp [ c_1^r_β + c_2 ( r β )3] m = 0 exp [ c ( r β )3 ∑ ln(1 − e^{−βmi/2}) ] m_i ≠ 0. (A.4)

Following [BW] we estimate T ln T where T stands for (T^∗_±T_±)^{1/2} by an appropriate decomposition T = ABC and using

Tr T ln T ≤ ‖C ln T ‖(Tr AA^†)^{1/2}(Tr BB^†)^{1/2}

and e^{−βω} allows some splitting so that the estimates remain essentially unchanged.

It remains to evaluate what has to be changed in a temperature state. We restrict ourselves to the massive case. For the massless case problems must be anticipated, because, as is argued in [BJu], it can happen that the temperature state is not locally normal any more. We consider M ∨ M^′ and interpret ω_β as a vacuum state of a free massive field theory with Weyl algebra {W̄ (f_1, f_2)}^{′′} of two classes of particles with an appropriate Bogoliubov transformation. Mimicking the above estimates we consider |G(f_1, f_2; e^{−γH} A)| = |⟨Ω|e^{ā(f1)+b̄(f2)}e^{−γH} AΩ⟩| where e^{iHt} implements the time evolution in the GNS representation and use

|G(f_1, f_2; e^{−γH} A)| ≤ exp [ 1 2 ‖e^{−γh} ⃗f − ⃗g‖^2 ]

for all ⃗g ∈ K(O_r)^′. Notice that now K(O_r)^′ also consists of elements corresponding to M^′. h implements the time evolution in the the one–particle space, notice that it is not positive definite anymore but we consider so far only ⃗f in the domain of e^{−γh}. We decompose e^{−γh} ⃗f into its components corresponding to M^′ which can be completely annihilated by ⃗g and those corresponding to M. They are given in p–space by e^{−γω(p)} √ 1 1 − e^{−βω(p)} f_1(p) + e^{γω(p)} √ 1 e^{βω(p)} − 1 f_2(p).

If we choose γ = β/4 we get e^{−βω(p)/4} [√ 1 1 − e^{−βω(p)} f_1(p) + √ 1 e^{βω(p)/2} − e^{−βω(p)/2} f_2 ] = e^{−βω(p)/4}A ⃗f. Provided m > 0 the operator A is a bounded operator. Therefore we are back to the previous estimates with the replacement |G(f; ψ)| ≤ exp[^1_2 ‖T Af‖^2].

Acknowledgement

I am grateful to D. Buchholz who turned my interest to this problem and to W. Thirring and D. Buchholz who read the manuscript extremely carefully and gave a lot of hints how to improve.

I am happy to dedicate this paper to Elliott Lieb, especially because I remember very well when we first met at a workshop at IHES and he taught me the importance of strong subadditivity of the entropy and how in the control of the entropy the control of spatial correlations is encoded.

References

[A] H. Araki, Prog. Theor. Phys. 32, 956 (1964) [BD’AF] D. Buchholz, C. D’Antoni, K. Fredenhagen, Commun. Math. Phys. 111, 123 (1987) [BD’AL] D. Buchholz, C. D’Antoni, R. Longo, Commun. Math. Phys. 129, 115 (1990) [BJ] D. Buchholz, P. Jacobi, Lett. Math. Phys. 13, 313 (1987) [BJu] D. Buchholz, P. Junglas, Commun. Math. Phys. 121, 255 (1989) [BW] D. Buchholz, E.H. Wichmann, Commun. Math. Phys. 106, 321 (1986) [BiW] J.J. Bisognano, E.H. Wichmann, J. Math. Phys. 16, 985 (1975), J. Math. Phys. 17, 303 (1976) [C1] A. Connes, Ann. Sci. Ecole Norm Sup. 6, 133 (1973) [C2] A. Connes, C.R. Acad. Sci. Paris t 301 I, 1 (1985) [CNT] A. Connes, H. Narnhofer, W. Thirring, Commun. Math. Phys. 112, 691 (1987) [CS] A. Connes, E. Størmer, J. Funct. Anal. 28, 187 (1978) [D] W. Driessler, Commun. Math. Phys. 53, 295 (1974) [DL] S. Doplicher, R. Longo, Invent. Math. 73, 493 (1984) [F] K. Fredenhagen, Commun. Math. Phys. 97, 79 (1985) [H] R. Haag, Local Quantum Physics, Springer Berlin (1992) [HHW] R. Haag, N.M. Hugenholtz, M. Winnink, Commun. Math. Phys. 5, 215 (1967) [HKTP] R. Haag, D. Kastler, E.B. Trych-Pohlmeyer, Commun. Math. Phys. 38, 173 (1974) [HL] P.D. Hislop, R. Longo, Commun. Math. Phys. 84, 71 (1982) [Ko] H. Kosaki, J. Operator Theory 16, 335 (1986) [Ku] R. Kubo, J. Phys. Soc. Jap. 12, 570 (1957) [LR] O. Lanford, D.W. Robinson, Commun. Math. Phys. 9, 327 (1968) [MS] D.C. Martin, J. Schwinger, Phys. Rev. 115, 1342 (1959) [N] H. Narnhofer, Vienna preprint (1985) [NT] H. Narnhofer, W. Thirring, Fizika 17, 257 (1985) [OP] M. Ohya, D. Petz, Quantum Entropy and its Use, Springer, Berlin (1993) [PW] A.A. Penzias, R.W. Wilson, Astrophys. J. 142, 419 (1965) [PuW] W. Pusz, S.L. Woronowicz, Commun. Math. Phys. 58, 273 (1978) [ST] J.L. Sauvageot, J.P. Thouvenot, Commun. Math. Phys. 145, 411 (1992)