Saddle-node cycles and prevalence of strange attractors

L. J. Díaz, J. Rocha and M. Viana

Abstract

We consider parametrized families of diffeomorphisms bifurcating through the creation of critical saddle-node cycles and we show that they exhibit Hénon-like strange attractors for a set of parameter values which has positive Lebesgue density at the bifurcation value. This is the first example of a bifurcation mechanism displaying such prevalence of Hénon-like chaotic behaviour. Furthermore, for open classes of these families the bifurcation parameter is also a point of positive density of hyperbolic dynamics.

1 Introduction

In this paper we address the problem of determining which dynamical features are more frequently displayed by parametrized families of diffeomorphisms in the sequel of a bifurcation. Frequency is to be understood in the sense of Lebesgue measure in parameter space and the general question may be stated as follows, see [PT2, Chapter 7]. Let M be a smooth manifold of dimension m ≥ 2 and f: M −→ M be a diffeomorphism exhibiting a bifurcation of codimension l ≥ 1. Let k ≥ l and (f_μ)_μ be a generic k-parameter family of diffeomorphisms on M passing through f, say f_0 = f. Then one aims at describing the dynamical phenomena exhibited by f_μ for a set E of values of μ with positive Lebesgue measure (persistent phenomena) and at determining which of these are even prevalent near the bifurcation, meaning that m(E ∩ (−ε, ε)^k) ≥ const ε^k for some const > 0 and every small ε > 0.

We deal with the unfolding of critical saddle-node cycles by smooth 1-parameter families (f_μ)_{μ∈}R; smooth means that R × M ∋ (μ, z) → f_μ(z) ∈ M is a C^∞ map. Critical saddle-node cycles present a special interest from the point of view of the problem we have just stated. On the one hand, they exhibit a very complex bifurcation diagram, including nearly every known form of complicated and/or unstable dynamics. A converse is also true: the formation/destruction of such cycles is part of the unfolding of other main bifurcation mechanisms, e.g. homoclinic tangencies. On the other hand, for the unfolding of critical saddle-node cycles we are able to give here a fairly precise description of the dynamics related to the bifurcation, leading to stronger statements than have been obtained so far for such related mechanisms with a similar degree of complexity. We focus on analysing the occurrence of strange attractors vs. hyperbolicity of the dynamics, see below. In very brief terms, we show that Hénon-like strange attractors are always a prevalent phenomenon in the unfolding of such a cycle and the same holds for hyperbolicity in an open set of cases. Before we explain these ideas in more detail and state our results, let us give the precise definitions of the main notions involved.

By a saddle-node of a diffeomorphism f: M −→ M we understand a periodic orbit O(p_0), of period t_0 ≥ 1 say, such that Df^{t0} (p_0) has a unique eigenvalue in the unit circle and this is equal to 1. In what follows we always take saddle-nodes to be normally contracting: all the other eigenvalues are strictly less than 1 in norm. Thus the tangent space to M at p_0 admits a Df^{t0} (p_0)-invariant splitting T_{p0} M = E^c ⊕ E^{ss} with dimE^c = 1, Df^{t0} (p_0)|E^c =id and Df^{t0} (p_0)|E^{ss} a contraction. According to invariant manifold theory, [HPS], there exist 1-dimensional center manifolds W^c_0 , tangent to E^c at p_0 and locally invariant under f^{t0} in the sense that f^{t0} (W^c_0 ) contains a neighbourhood of p_0 in W^c_0 . We also assume all saddle-nodes to be nondegenerate – or quadratic – meaning that (f^{t0} |W^c_0 )^{′′}(p_0) ≠ 0 for some choice of a (twice differentiable) center manifold W^c_0 ; actually, in this case one may take W^c_0 to be C^∞, see e.g. [Sh].

We say that the diffeomorphism f exhibits a saddle-node ℓ-cycle, ℓ ≥ 1, if it has periodic orbits O(p_0), O(p_1), . . . , O(p_{ℓ−1}), where O(p_0) is a saddle-node and O(p_i), 1 ≤ i ≤ ℓ − 1, are hyperbolic saddles, satisfying

• W^u(O(p_{i−1})) has some transverse intersection with W^s(O(p_i)), for every 1 ≤ i ≤ ℓ;

• W^u(O(p_{ℓ−1})) intersects the interior of W^s(O(p_0)).

For ℓ = 1 we require W^u(O(p_0)) to be contained in the interior of W^s(O(p_0)). Note that W^u(O(p_0)) = ∪^{t0−1}_{i=0} f^i(W^u(p_0)) and W^u(p_0) is (strictly) contained in W^c. On the other hand, W^s(O(p_0)) is the union of the f^i(W^s(p_0)), 0 ≤ i ≤ t_0 −1, and W^s(p_0) ⊂ M is a (codimension zero) submanifold with boundary: ∂W^s(p_0) = W^{ss} is the strong-stable manifold of p_0, i.e. the unique f^{t0} -invariant submanifold satisfying T_{p0} W^{ss} = E^{ss}, see [HPS].

Following [NPT], we say that a saddle-node cycle is critical if W^u(O(p_{ℓ−1})) has some point χ of nontransverse intersection with a leaf F of F^{ss}. Here F^{ss} denotes the strongstable foliation of p_0, i.e. the unique f^{t0}_0 -invariant foliation of W^s(p_0) by codimension-1 submanifolds, having W^{ss} as a leaf, see [NPT, Theorem II.3.4]. We always assume the criticality to be generic: W^u(p_1) and F have a quadratic contact at χ. Two examples of critical cycles – a 1-cycle and a 2-cycle – are depicted in the figure. Note that this 2-cycle may be may be thought of as the result of collapsing a periodic attractor with a saddle point contained in a horseshoe; clearly, such an example also exhibits ℓ-cycles for every ℓ ≥ 2.

Now let (f_μ)_{μ∈}R be a smooth family of diffeomorphisms with f_0 = f. Then, [HPS], there exist two-dimensional submanifolds W^c of R × M, tangent to R × E^c at (0, p_0) and locally invariant under R × M ∋ (μ, z) → (μ, f^{t0}_μ (z)) ∈ R × M. For each such W^c we have W^c_0 = W^c ∩ ({0} × M) a center manifold for f_0. We say that (f_μ)_μ unfolds the saddle-node – and the saddle-node cycle – generically if one may take W^c so that ∂_μ(φ|W^c)(0, p_0) ≠ 0, where φ(μ, z) = f^{t0}_μ (z). In more precise terms: there are local coordinates (μ, x) on W^c, with respect to which φ|W^c is given by

φ(μ, x) = x + vμ + αx^2 + βμx + γμ^2 + O(|μ|^3 + |x|^3),

with v ≠ 0 (and α ≠ 0, recall above). Such coordinates (and parametrized center manifold W^c) may be taken with an arbitrarily high degree of smoothness, up to restricting the parameter range to a sufficiently small neighbourhood of μ = 0. Here, for the sake of technical simplicity, we take them to be C^∞ but a finite amount of smoothness is sufficient for all our arguments.

Families of diffeomorphisms bifurcating via saddle-node cycles, both critical and noncritical, were studied in [NPT] from the point of view of structural stability. Their analysis shows that the presence of a criticality leads to a much richer and unstable unfolding. Indeed, [NPT, Theorem III.4.1], any family of diffeomorphisms going through a critical saddle-node cycle exhibits homoclinic tangencies, at parameter values arbitrarily close to zero. As a consequence, it must display a wide variety of phenomena which are known to be involved in the unfolding of such tangencies: cascades of period-doubling bifurcations [YA], [Mr]; frequency of hyperbolicity vs. bifurcations determined by fractal dimensions [PT1], [PY]; persistence of tangencies, coexistence of infinitely many sinks [N2], [Rb], [PV]; Hénon-like strange attractors [BC], [MV], [V]. In particular, the results in [MV], [V], in view of the previous conclusion from [NPT], imply that strange attractors are persistent in the unfolding of any critical saddle-node cycle. Our first result here asserts a much stronger fact: they even constitute a prevalent phenomenon.

Theorem A Let (f_μ)_μ be a generic smooth family of diffeomorphisms on a manifold M, unfolding a critical saddle-node cycle. Then the set S of values of μ for which f_μ exhibits Hénon-like strange attractors satisfies

lim inf ε→0 m (S ∩ (−ε, ε)) 2ε > 0. By a strange attractor of a transformation g: M −→ M we mean a compact g-invariant set A ⊂ M such that

• the stable set W^s(A) = {z ∈ M: lim_{n→+∞} dist (g^n(z), A) = 0} has nonempty interior;

• there exists z̄ ∈ A such that the orbit {g^n(z̄): n ≥ 0} is dense in A and there exist c > 0, σ > 1 and v ∈ T_{z̄}M such that ‖Dg^n(z̄)v‖ ≥ cσ^n for every n ≥ 0.

The strange attractors we encounter here have some additional properties, namely

• A coincides with the closure of W^u(O(q)) for some hyperbolic saddle point q;

• A is not (uniformly) hyperbolic: it contains critical points, admitting tangent directions which are contracted by both positive and negative iteration under Dg.

We call them Hénon-like strange attractors, cf. [BC], [MV]. See also [BY] for important ergodic features of this kind of attractors.

Let us point out that the converse to [NPT, Theorem III.4.1] is also true, as observed by L. Mora: critical saddle-node cycles are formed whenever a homoclinic tangency is generically unfolded. On the other hand, it remains an interesting open question whether strange attractors can be a prevalent phenomenon in the unfolding of a homoclinic tangency. It follows from [PT1] that this can not always be the case: in a large (open) class of examples hyperbolicity is fully prevalent, in the sense that the limit set of f_μ, see below, is hyperbolic for a set of values of μ with Lebesgue density 1 at μ = 0. On the other hand, it may be that prevalence of strange attractors does hold in some relevant situations in this setting, e.g. for homoclinic tangencies occurring in the Hénon family (x, y) → (1 − ax^2 + y, bx) at parameter values (a, b) close to (2, 0).

In a somewhat opposite direction, we stress that hyperbolicity of the dynamics related to the cycle may also be a prevalent feature, at least for an open set of parametrized families (f_μ)_μ unfolding a critical saddle-node cycle. In order to illustrate this fact, we consider two different situations, corresponding to the two types of cycles described in the figure above. In both cases we fix a compact set V ⊂ M such that all the periodic orbits involved in the cycle are contained in int (V ) and, morever, f_0(V ) ⊂ int (V ). This last condition remains true for f_μ, any μ close to zero, and then L(f_μ|V ) = L(f_μ) ∩ V . Recall that the limit set of f_μ is defined by L(f_μ) = ⋃ x∈M α(x) ∪ ⋃ x∈M ω(x), where the α-limit α(x), resp. the ω-limit ω(x), is the set of accumulation points of f^n_μ (x) as n → −∞, resp. n → +∞. Moreover, L(f_μ|V ) is defined in a similar way, restricting to those orbits which are contained in V . Then we denote by H the set of values of μ for which L(f_μ|V ) is a hyperbolic set of f_μ (and so the dynamics of f_μ restricted to V is stable [N1]). Note that H is disjoint from S since Hénon-like strange attractors are, by definition, nonhyperbolic.

Theorem B There exist open sets of smooth families of diffeomorphisms (f_μ)_{μ∈}R unfolding a critical saddle-node cycle, for which H satisfies

lim inf ε→0 m (H ∩ (−ε, ε)) 2ε > 0. For the proof of Theorem A we combine the results in [MV], [V] with a careful analysis of the distribution of parameter values corresponding to homoclinic tangencies. A main ingredient is the notion of transition maps, which we borrow from [NPT] and further develop in Section 2. Our construction yields attractors which are related to the dynamics in the vicinity of homoclinic orbits and thus have just a semi-global character. Under additional hypotheses, we can further push our arguments to obtain, for the first time, a Hénon-like attractor of a truly global nature. For that we consider the setting of 1-cycles. Given any diffeomorphism f_0: M −→ M exhibiting a saddle-node 1-cycle, one may construct a compact subset V ⊂ M as above, such that f_0(V ) ⊂ int (V ) and the closure of W^u(O(p_0)) is contained in int (V ); see Section 4.1. Then we also have f_μ(V ) ⊂ int (V ) for every small μ and it is a most natural question to ask what is the dynamical nature of A_μ = ∩_{n≥0} f^n_μ (V ). It follows from Theorem A that A_μ contains strange attractors for a large set of parameter values. Actually, a much stronger statement holds, at least in an open set of cases: A_μ itself is a Hénon-like strange attractor. Observe also that, by construction, the basin W^s(A_μ) of A_μ contains V , which depends only on f_0. The construction of such global strange attractors will appear in [DRV].

Acknowledgements. We are grateful to J. Palis and F. Takens for several useful conversations and to the hospitality of IMPA where most of this work was done. M. Viana also acknowledges the hospitality of the University of Groningen and partial financial support from NWO/Holland. During this period L. J. Díaz was an Associate Researcher of CNPq/Brazil. This work was also partially supported by JNICT-PBICT/C/CEN/1020/92.

2 Saddle-node local dynamics: transition maps

2.1 The one-dimensional case

Throughout this section φ = (φ_μ)_μ denotes a saddle-node arc of 1-dimensional maps. By this we mean a C^∞ map φ: (−δ_0, δ_0) × (−δ_0, δ_0) −→ R, (μ, x) → φ(μ, x) = φ_μ(x), satisfying

φ(0, 0) = 0, ∂_xφ(0, 0) = 1, ∂^2_xφ(0, 0) ≠ 0 and ∂_μφ(0, 0) ≠ 0.

Up to performing simple (affine) changes of the coordinate x and of the parameter μ we may, and do from now on, assume that 2α = ∂^2_xφ(0, 0) > 0 and ∂_μφ(0, 0) = 1. Then

φ_μ(x) = x + μ + αx^2 + βxμ + γμ^2 + O(|μ|^3 + |x|^3). (1) Saddle-node arcs of 1-dimensional vector fields X = (X(μ, ·))_μ are defined in a similar way, satisfying X(0, 0) = 0, ∂_xX(0, 0) = 1, ∂^2_xX(0, 0) ≠ 0 and ∂_μX(0, 0) ≠ 0.

As before, we may write

X(μ, x) = μ + αx^2 + βxμ + γμ^2 + O(|μ|^3 + |x|^3) with α > 0. (2) We say that X is tangent to φ if its time-1 arc X_1 = (X_1(μ, ·))_μ satisfies

(∂^k_μ∂^l_xX_1)(0, x) = (∂^k_μ∂^l_xφ)(0, x) (3) for every k, l ≥ 0 and x in a neighbourhood of zero. Our study of the local dynamics of saddle-node arcs makes use of the following theorem, which is an improvement of a result in [NPT], see also [L], [T1], [T2].

Theorem 2.1 For any saddle-node arc there exist tangent saddle-node arcs of vector fields.

For the sake of completeness we include in the Appendix a proof of Theorem 2.1. We also note that a somewhat stronger statement was obtained in [IY] using different methods.

Now let φ be a saddle-node arc and fix X a saddle-node arc of vector fields tangent to φ. Let moreover a < 0 < b be fixed, close enough to zero so that X(0, x) > 0 for all x ∈ [φ^{−2}_0 (a), φ^2_0(b)]\{0}. For k ∈ N and small μ > 0 we define σ_k(μ) by the relation X_{k+σk(μ)}(μ, a) = b, where X_s(μ, ·) denotes the time-s map of X(μ, ·).

Proposition 2.2 For sufficiently large k ≥ 1 there is a unique μ^∗_k > 0 satisfying σ_k(μ^∗_k) = 0. Moreover, σ_k: [μ^∗_{k+1}, μ^∗_k] −→ [0, 1] is a C^∞ (decreasing) diffeomorphism onto [0, 1].

We also get that the reparametrization maps μ_k = (σ_k| [μ^∗_{k+1}, μ^∗_k])^{−1} : [0, 1] −→ [μ^∗_{k+1}, μ^∗_k] have uniformly bounded metric distorsion:

Proposition 2.3 Given ε > 0 there is k_0 ∈ N such that for every k ≥ k_0 and every Borel subset A of [0, 1] we have (1 − ε) m(A) ≤ m(μ_k(A)) m([μ^∗_{k+1}, μ^∗_k])

≤ (1 + ε) m(A) (m = Lebesgue measure ).

For φ^{−1}_0 (a) ≤ x ≤ φ_0(a) and |μ| small we define t(μ, x) by x = X_{t(μ,x)}(μ, a) and then the main result of this section is Theorem 2.4 The sequence T_k: [0, 1] × [φ^{−1}_0 (a), φ_0(a)] −→ R, T_k(σ, x) = φ^k_{μk(σ)}(x), converges in the C^∞ topology to the transition map T_∞: [0, 1] × [φ^{−1}_0 (a), φ_0(a)] −→ R defined by T_∞(σ, x) = X_{t(0,x)−σ}(0, b). Starting the proof of these statements, we define for μ > 0 small f(μ) = ∫ b a dx X(μ, x) . Then b = X_{f(μ)}(μ, a), that is f(μ) = k + σ_k(μ) for any k ∈ N. Lemma 2.5 For every i ≥ 0,

lim_{μ→0+} μ^{i+1/2}f^{(i)}(μ) = C̃_i =

(−1)^ii! √ α ∫ π/2 −π/2 cos^{2i} x dx.

Proof: A direct calculation gives

f^{(i)}(μ) = (−1)^ii! ∫ b a (∂_μX)^i(μ, x) X(μ, x)^{i+1} dx + i∑ j=1 ∫ b a F_j(μ, x) X(μ, x)^j dx, (4) where each F_j is a polynomial function of the partial derivatives of X, (∂^r_μ∂^s_xX), r + s ≤ i. We claim that

lim_{μ→0+} μ^{i+1/2} ∫ b a dx X(μ, x)^{i+1} = 1 √ α ∫ π/2 −π/2 cos^{2i} x dx for i ≥ 0 (5)

lim_{μ→0+} μ^{i+1/2} ∫ b a |x| dx X(μ, x)^{i+1} = 0 for i ≥ 1. (6) First we explain how the lemma follows from these claims. Observe that case i = 0 is a direct consequence of claim (5). From now on we consider i ≥ 1. Returning to (4), we get for every 1 ≤ j ≤ i |μ^{i+1/2} ∫ b a F_j X^j dx| ≤ Mμ^{i−j+1}|μ^{j−1/2} ∫ b a dx X^j | ≤ Mμ|μ^{(j−1)+1/2} ∫ b a dx X^j |, where M = sup{|F_j(μ, x)|: 1 ≤ j ≤ i, a ≤ x ≤ b, |μ| ≤ δ_0/2}. Then claim (5) implies

lim_{μ→0+} μ^{i+1/2} ∫ b a F_j X^j dx = 0, for every 1 ≤ j ≤ i. (7) Now, in order to prove that

lim_{μ→0+} μ^{i+1/2} ∫ b a ( (∂_μX)^i X^{i+1} − 1 X^{i+1} ) dx = 0 for each i ≥ 1, (8) we use (2) and then

(∂_μX)^i − 1 = (1 + βx + 2γμ + O(μ^2 + x^2))^i − 1 = A_i(μ, x)(βx + 2γμ + O(μ^2 + x^2)),

where A_i(μ, x) = ∑i−1 j=0(1 + βx + 2γμ + O(μ^2 + x^2))^j. Note also that for some c > 0 we have X(μ, x) ≥ c(μ^2 + x^2) for all small x and μ > 0. Hence, ∫ b a |(∂_μX)^i − 1| X^{i+1} dx ≤ K ( |β| ∫ b a |x| dx X^{i+1} + 2|γ|μ ∫ b a dx X^{i+1} + K ∫ b a dx X^i )

for some K = K_i > 0. Now, it is clear that the claims imply (8) and, on their turn, (7), (8) and claim (5) imply the conclusion of the lemma. Now we come to the proof of the claims. First we note that for the particular arc X̃(μ, x) = μ + αx^2, (5) and (6) follow, easily, from an explicit calculation of the integrals. On the other hand, for a general saddle-node arc of vector fields X(μ, x) as in (2), 1 − O(|μ| + |x|) ≤ X(μ, x) X̃(μ, x) ≤ 1 + O(|μ| + |x|).

Hence, given any ε > 0 we may fix δ > 0 and ν > 0 such that 1 − ε ≤ X(μ, x) X̃(μ, x) ≤ 1 + ε for every (μ, x) ∈ (0, ν) × [−δ, δ]. Observing that lim sup μ→0+ μ^{i+1/2} ∫ b a dx Y^{i+1}

= lim sup μ→0+ μ^{i+1/2} ∫ δ −δ dx Y^{i+1} for both Y = X and Y = X̃, we obtain

lim sup μ→0+ μ^{i+1/2} ∫ b a dx X^{i+1} ≤ 1 (1 − ε)^{i+1} lim_{μ→0+} μ^{i+1/2} ∫ b a dx X̃i+1 and, analogously,

lim inf μ→0+ μ^{i+1/2} ∫ b a dx X^{i+1} ≥ 1 (1 + ε)^{i+1} lim_{μ→0+} μ^{i+1/2} ∫ b a dx X̃i+1 . Since ε > 0 is arbitrary this proves that

lim_{μ→0+} μ^{i+1/2} ∫ b a dx X̃i+1 = lim_{μ→0}+ μ^{i+1/2} ∫ b a dx X^{i+1} implying that claim (5) holds for X. Claim (6) is proved in the same way. ⊔⊓

In particular, lim_{μ→0}+ f(μ) = +∞ and lim_{μ→0}+ f^′(μ) = −∞. Hence, for each sufficiently large k ∈ N there is a unique μ = μ^∗_k such that f(μ) = k, i.e. σ_k(μ^∗_k) = 0. Note that the sequence (μ^∗_k)_k → 0: in fact lim_{k→∞} k √ μ^∗_k = C̃_0 = π √ α (9) The relation σ_k(μ^∗_{k+1}) = 1 is obvious and so the proof of Proposition 2.2 is complete.

Lemma 2.6 For each i ∈ N there exists C_i ∈ R such that lim_{k→∞} μ^{(i)}_k (σ) μ_k(σ)^{1+i/2}

= C_i, uniformly on σ ∈ [0, 1].

Proof: ¿From f(μ_k(σ)) = k + σ we get f^′(μ_k)μ^′_k = 1. Then, by Lemma 2.5, lim_{k→∞} μ^′_k μ^{1+1/2} k = lim_{k→∞} 1 μ^{1+1/2} k f^′(μ_k) = 1 C̃_1 .

Now we proceed by induction on i. A simple inductive argument shows that for every i ≥ 2

f^′(μ_k)μ^{(i)}_k + n(i)∑ j=1 G_j = 0

(10) with n(i) ≥ 1 and each G_j, 1 ≤ j ≤ n(i), having the form f^{(l)}(μ_k) · (μ^′_k)^{m1} · · · (μ^{(i−1)}_k )^{mi}�^1 with m_1, . . . , m_{i−1} ≥ 0 satisfying 1 ≤ l = ∑i−1 s=1 m_s ≤ ∑i−1 s=1 sm_s = i. Then, using this last property, we find lim_{k→∞} G_j f^′(μ_k)μ^{1+i/2}_k

= lim_{k→∞} f^{(l)}(μ_k)μ^{l+1/2}_k f^′(μ_k)μ^{1+1/2}_k i−1∏ s=1 μ^{(s)}_k μ^{1+s/2}_k ms = C̃_l C̃_1 i−1∏ s=1 C^{ms}_s

for every 1 ≤ j ≤ n(i). In view of (10), this proves that μ^{(i)}_k /μ^{1+i/2}_k converges as k → ∞ and it is also clear from the argument that this convergence is uniform. ⊔⊓

Proposition 2.3 is a direct consequence of (9) and Lemma 2.6. Indeed, let ε > 0; if k is large enough then for every σ_1, σ_2 ∈ [0, 1]

μ^′_k(σ_1) μ^′_k(σ_2)

≤ (1 + ε 3 ) ( μ_k(σ_1) μ_k(σ_2) )3/2 ≤ (1 + 2ε 3 )( k + 1 k )^3 ≤ 1 + ε.

In particular, 1 − ε ≤ μ^′_k(σ) m([μ^∗_{k+1}, μ^∗_k])

≤ 1 + ε for every σ ∈ [0, 1]

and the proposition follows immediately.

Next, we define β_k: [μ^∗_{k+1}, μ^∗_k] × [φ^{−1}_0 (a), φ_0(a)] −→ R by X_{k+βk(μ,x)}(μ, x) = φ^k_μ(x). Then we may write T_k(σ, x) = φ^k_{μk(σ)}(x) = X_{βk(μk(σ),x)+t(μk (σ),x)−σ}(μ_k(σ), b). Clearly, β_k(μ, x), t(μ, x) and X_s(μ, x) are C^∞ functions. On the other hand, (9) and Lemma 2.6 imply that (μ_k)_k converges in the C^∞ topology to the null function. Notice that if φ_μ coincides (for every μ) with the time-1 map of X(μ, ·) then β_k is identically zero and so Theorem 2.4 is already proved in that particular case. Moreover, the general case of the theorem is now a direct consequence of

Lemma 2.7 For every r, s ≥ 0 lim_{k→∞} ( sup{|∂^r_μ∂^s_xβ_k(μ, x)|: (μ, x) ∈ [μ^∗_{k+1}, μ^∗_k] × [φ^{−1}_0 (a), φ_0(a)]} ) = 0 Proof: Let α(μ, x) be defined by α(μ, x) = ∫ φ(μ,x) X1(μ,x) dξ X(μ, ξ) i.e. X_{1+α(μ,x)}(μ, x) = φ_μ(x). Then β_k(μ, x) = ∑k−1 j=0 α(μ, φ^j_μ(x)) and it follows that, for every r, s ≥ 0

∂^r_μ∂^s_xβ_k(μ, x) = k−1∑ j=0 n(r,s)∑ l=1 H_{j,l} (11) where n(r, s) ≥ 1 and each H_{j,l} has the form ∂^p_μ∂^q_xα(μ, φ^j_μ(x)) s∏ i=1 ∂^{ui}_μ ∂^{vi}_x φ^j_μ(x) with p, q, s, u_i, v_i ≥ 0 and (p + q), (u_i + v_i) ≤ (r + s) for every i. We claim that (a) given u, v ≥ 0 there are E_1 > 0 and m_1 ≥ 0 such that |∂^u_μ∂^v_xφ^j_μ(x)| ≤ E_1k^{m1} for all x ∈ [φ^{−1}_0 (a), φ_0(a)], 0 < μ ≤ μ^∗_k and 0 ≤ j ≤ k;

(b) there is δ > 0 and given p, q, m ≥ 0 there is E_2 > 0 such that |∂^p_μ∂^q_xα(μ, z)| ≤ E_2μ^m for all (μ, z) ∈ (0, δ] × [φ^{−1}_0 (a), φ_0(b)].

In order to deduce the lemma from these claims we observe that the number of terms in (11) is bounded by const k. Replacing (a) and (b) there we conclude that there is m_0 = m_0(r, s) ≥ 1 and given any m ≥ 1 there is E_0 = E_0(r, s, m) > 0 such that

|∂^r_μ∂^s_xβ_k(μ, x)| ≤ E_0μ^mk^{m0} for every (μ, x) ∈ (0, μ^∗_k] × [φ^{−1}_0 (a), φ_0(a)]. Recall also (from (9)) that μ^∗_k = O(k^{−2}). We fix m > m_0/2 and the lemma follows.

For the proof of claim (a) we note first that given any smooth function ψ_μ(x) = ψ(μ, x), we have ∂^u_μ ∂^v_x(φ_μ(ψ_μ(x))) = ∂_xφ_μ(ψ_μ(x)) · ∂^u_μ ∂^v_xψ_μ(x) + ∑m(u,v) i=1 I_i, where m(u, v) ≥ 0 and each I_i has the form ∂^a_μ∂^b_xφ_μ(ψ_μ(x)) s∏ t=1 ∂^{ct}_μ ∂^{dt}_x ψ_μ(x) with a, b, s, c_t, d_t ≥ 0, (a + b) ≤ (u + v), s ≤ (u + v) and (c_t + d_t) ≤ (u + v − 1). Then, by induction on j ∂^u_μ ∂^v_xφ^j_μ(x) = n(u,v,j) ∑ i=1 J_i (12) where n(u, v, j) ≤ jm(u, v) + 1 and each J_i can be written ∂_xφ^{j−e}_μ (φ^e_μ(x)) · ∂^a_μ∂^b_xφ_μ(φ^e_μ(x)) · s∏ t=1 ∂^{ct}_μ ∂^{dt}_x φ^e_μ(x) (13) with a, b, s, c_t, d_t, e ≥ 0, (a + b) ≤ (u + v), s ≤ (u + v), (c_t + d_t) ≤ (u + v − 1) and e ≤ j. We also use the fact that, cf. [NPT, Lemma 3.7], there is E_3 > 0 such that for k large enough ∂_xφ^i_μ(φ^e_μ(x)) ≤

E_6 μ ( ≤ 2αE_3 π^2 k^2 ) (14) for every (μ, x) ∈ (0, μ^∗_k] × [φ^{−1}_0 (a), φ_0(a)] and e, i ≥ 0 with e + i ≤ k. Case u, v = 0 of the claim is trivial. For a general (u, v), (12), (13) and (14) give, by induction on (u + v), |∂^u_μ∂^v_xφ^j_μ(x)| ≤ n(u,v,j) ∑ i=1 E_4k^2 s∏ t=1 E_2(c_t, d_t)k^{m2(ct,dt)} with E_4 = (2αE_3/π^2) sup{|∂^a_μ∂^b_xφ_μ(z)|: (a + b) ≤ (u + v), (μ, z) ∈ (0, δ] × [φ^{−1}_0 (a), φ_0(a)]}. Therefore, it is sufficient to take m_1(u, v) = (u + v) sup{m_1(c, d): (c + d) ≤ (u + v − 1)} + 3 and E_1(u, v) = E_4(m(u, v) + 1)(sup{E_1(c, d): (c + d) ≤ (u + v − 1)})^{u+v}.

In order to prove claim (b) we remark that every ∂^p_μ∂^q_xα may be written ∂^p_μ∂^q_xα(μ, z) = ∫ φ(μ,z) X1(μ,z) A_{p,q}(μ, ξ) X(μ, ξ)^{p+q+1} dξ + B_{p,q}(μ, z) (15)

where A_{p,q} is a C^∞ function defined on [−δ, δ] × [φ^{−1}_0 (a), φ_0(b)] for some (fixed) δ > 0 and B_{p,q} is flat at μ = 0 in the sense that given any i, j, m ≥ 0 there is E_5 > 0 such that

|∂^i_μ∂^j_xB_{p,q}(μ, z)| ≤ E_5μ^m for all (μ, z) ∈ (0, δ] × [φ^{−1}_0 (a), φ_0(b)].

We prove (15) by induction on (p, q). Note that it is obvious for p, q = 0. Suppose now that it holds for some p, q ≥ 0 and let ∗ denote either μ or x. Then ∂_∗∂^p_μ∂^q_xα may be written as ∫ φ X1 X∂_∗A_{p,q} − (p + q + 1)A_{p,q}∂_∗X X^{p+q+2} dξ + ∂_∗B_{p,q} + ( A_{p,q}(·, φ)∂_∗φ X(·, φ)^{p+q+1} − A_{p,q}(·, X_1)∂_∗X_1 X(·, X_1)^{p+q+1} ) . (16)

Clearly, ∂_∗B_{p,q} is flat at μ = 0 and so the inductive step of our argument will be complete if we show that the same holds for the last term in (16). This, on its turn, is a straightforward consequence of the fact that the functions (∂_∗φ − ∂_∗X_1), (A_{p,q}(·, φ) − A_{p,q}(·, X_1)) and (X(·, φ)^{p+q+1} − X(·, X_1)^{p+q+1}) are flat at μ = 0 and, moreover, X(μ, z) > E_6μ for some E_6 > 0 and every (μ, z) ∈ (0, δ] × [φ^{−1}_0 (a), φ_0(b)]. Finally, claim (b) follows from (15) just by observing that | ∫ φ X1 A_{p,q} X^{p+q+1} dξ| ≤ sup{|A_{p,q}|} (E_6μ)^{p+q+1} |φ − X_1| and so, (φ − X_1) being flat at μ = 0, given any m ≥ 0 there is E_7 > 0 such that | ∫ φ(μ,x) X1(μ,x) A_{p,q}(μ, ξ) X(μ, ξ)^{p+q+1} dξ| ≤ E_7μ^m for (μ, x) ∈ (0, δ] × [φ^{−1}_0 (a), φ_0(b)]. ⊔⊓

2.2 The general setting

Now we prove a higher-dimensional version of Theorem 2.4. Let M be a smooth manifold, m = dimM ≥ 2, and let (f_μ)_{μ∈}R be a smooth arc of diffeomorphisms unfolding a saddle-node bifurcation on M, recall the Introduction. Let the point (0, p_0) ∈ R×M to correspond to the saddle-node. Then there are C^∞ coordinates (μ, x, Y ) ∈ R × R × R^{m−1} on a neighbourhood U of (0, p_0), such that f_μ(x, Y ) = (φ_μ(x), Ψ(μ, x, Y )) with

(a) φ a 1-dimensional saddle-node arc and

(b) Ψ(μ, x, 0) = 0 and ‖∂_Y Ψ(μ, x, Y )‖ ≤ λ < 1 for every (μ, x, Y ) ∈ U.

As in the previous section, we denote by μ_k the reparametrization maps of φ and by T_∞ its transition map. We fix V a small neighbourhood of 0 ∈ R^{m−1}, and using the coordinates above we define T̂_k, T̂_∞: [0, 1] × [φ^{−1}_0 (a), φ_0(a)] × V −→ R × R^{m−1} by T̂_k(σ, x, Y ) = f^k_{μk(σ)}(x, Y ) and T̂_∞(σ, x, Y ) = (T_∞(σ, x), 0). Theorem 2.8 The sequence (T̂_k)_k converges to the map T̂_∞ in the C^∞ topology.

Proof: We have T̂_k(σ, x, Y ) = (φ^k_{μk(σ)}(x), Y_k(μ_k(σ), x, Y ), where the Y_k are defined inductively by Y_0(μ, x, Y ) = Y and Y_{j+1}(μ, x, Y ) = Ψ(μ, x_j, Y_j), x_j = φ^j_μ(x). We claim that given any p, q, r ≥ 0 there are C_0 > 0 and m_0 ≥ 0 such that for every 1 ≤ j ≤ k sup{‖∂^p_μ∂^q_x∂^r_Y Y_j(μ, x, Y )‖: (μ, x, Y ) ∈ [μ^∗_{k+1}, μ^∗_k] × [φ^{−1}_0 (a), φ_0(a)] × V } ≤ C_0jλ^jk^{m0} . (17)

In particular, sup{‖∂^p_μ∂^q_x∂^r_Y Y_k‖} ≤ C_0λ^jk^{m0+1} → 0 which, together with Lemma 2.6, implies that (Y_k)_k converges to zero in the C^∞ topology. In view of Theorem 2.4, this proves our statement. Hence, we are left to prove the claim and we do this by induction on p + q + r. First, we note that (b) implies ‖Y_j(μ, x, Y )‖ ≤ λ^j‖Y ‖ and so in case p, q, r = 0 it is sufficient to take C_0 = 1 (say) and m_0 = 0. Now, given any p, q, r ≥ 0 we assume that (17) holds for every derivative of order strictly less than p + q + r and we conclude that it also holds for ∂^p_μ∂^q_x∂^r_Y Y_j, any 1 ≤ j ≤ k. Case j = 1 is easy: clearly, ‖∂^p_μ∂^q_x∂^r_Y Y_1‖ ≤ C_1, where C_1 = sup ‖∂^p_μ∂^q_x∂^r_Y Ψ‖, and so we only have to take C_0 ≥ C_1/λ. Observe now that successive derivation of Y_{j+1}(μ, x, Y ) = Ψ(μ, x_j, Y_j) leads to ∂^p_μ∂^q_x∂^r_Y Y_{j+1}(μ, x, Y ) = ∂_Y Ψ(μ, x_j, Y_j)∂^p_μ∂^q_x∂^r_Y Y_j(μ, x, Y ) + l0∑ l=1 H_l (18)

where l_0 = l_0(p, q, r) ≥ 0 and each H_l has the form ∂^a_μ∂^b_x∂^c_Y Ψ(μ, x_j, Y_j) s0∏ s=1 ∂^{αs}_μ ∂^{βs}_x x_j t0∏ t=1 ∂^{ut}_μ ∂^{vt}_x ∂^{wt}_Y Y_j with a, b, c, s_0, α_s, β_s, t_0, u_t, v_t, w_t ≥ 0 depending only on p, q, r, l and satisfying a + b + c ≤ p + q + r, ∑ s(α_s + β_s) + ∑ t(u_t + v_t + w_t) ≤ p + q + r and c ≤ ∑ t(u_t + v_t + w_t) ≤ p + q + r − 1.

Recall that, according to claim (a) in the proof of Lemma 2.7, |∂^{αs}_μ ∂^{βs}_x x_j| ≤ C_{2,s}k^{m2,s} for some C_{2,s} > 0 and m_{2,s} ≥ 0 depending only on α_s, β_s. Observe, moreover, that (b) above implies ‖∂^a_μ∂^b_xΨ(μ, x, Y )‖ ≤ C_3‖Y ‖ for some C_3 = C_3(a, b). Finally, we denote C_4 = sup ‖∂^a_μ∂^b_x∂^c_Y Ψ‖, where the supremum is taken over all a + b + c ≤ p + q + r. In order to estimate |H_l| we distinguish two cases. Suppose first that c ≥ 1. Then it must be t_0 ≥ 1 (because c ≤ ∑t_0 1 (u_t + v_t + w_t)) and, by induction, we get |H_l| ≤ C_4 s0∏ s=1 (C_{2,s}k^{m2,s} ) t0∏ t=1 (C_{0,t}jλ^jk^{m0,t} ) ≤ C_5λ^jk^{m5} where C_{0,t} = C_0(u_t, v_t, w_t), m_{0,t} = m_0(u_t, v_t, w_t) and C_5 > 0, m_5 ≥ 1, depend only on p, q, r, l. On the other hand, if c = 0 we have |H_l| ≤ C_3λ^j s0∏ s=1 (C_{2,s}k^{m2,s} ) t0∏ t=1 (C_{0,t}jλ^jk^{m0,t} ) ≤ C_5λ^jk^{m5} (for possibly larger C_5, m_5). Replacing these estimates in (18) we get ‖∂^p_μ∂^q_x∂^r_Y Y_{j+1}‖ ≤ λ‖∂^p_μ∂^q_x∂^r_Y Y_j‖ + C_6λ^jk^{m6} , where C_6, m_6 are determined by p, q, r. Thus, by induction on j,

‖∂^p_μ∂^q_x∂^r_Y Y_{j+1}‖ ≤ C_0jλ^{j+1}k^m + C_6λ^jk^{m6} ≤ C_0(j + 1)λ^{j+1}k^m,

as long as we fix C_0 ≥ C_6/λ and m_0 ≥ m_6. This finishes the proof of the claim (17) and so our argument is complete. ⊔⊓

3 Proof of Theorem A

As we said before, the strange attractors we exhibit for the proof of Theorem A are associated to homoclinic tangencies occurring in the unfolding of any critical saddle-node cycle. The existence of such tangencies is a particularly subtle fact in the setting of 1-cycles, see [NPT], and so we treat first the relatively simpler case of ℓ-cycles, ℓ ≥ 2.

3.1 Saddle-node ‘-cycles, ‘ ˘ 2

Let f_μ: M −→ M, μ ∈ R, be a smooth arc of diffeomorphisms unfolding a critical saddlenode ℓ-cycle, ℓ ≥ 2. For the sake of clearness we treat first the case when ℓ = 2 and the periodic orbits involved in the cycle O(p_0), O(p_1), both consist of fixed points. On the other hand, our arguments extend easily to the general case, as we will explain afterwards.

Let (x, Y ) be smooth coordinates on a small neighbourhood U of p_0 as in Section 2.2: f_μ(x, Y ) = (φ_μ(x), Ψ_μ(x, Y )) with φ a saddle-node arc on the real line, Ψ(μ, x, 0) = 0 and

‖∂_Y Ψ(μ, x, Y )‖ ≤ λ < 1 for every (μ, x, Y ). For simplicity we assume the diffeomorphism f_0 to be C^N -linearizable near p_1: there exist a neighbourhood Ũ of p_1 and C^N coordinates (x̃, Ỹ ) on Ũ such that f_0(x̃, Ỹ ) = (ρx̃, ΛỸ ), where ρ ∈ R and Λ ∈ GL(R^{m−1}) satisfy ‖Λ‖ < 1 < |ρ|. Here N is a fixed integer; for all our purposes it is sufficient to take N ≥ 3. Let χ = (a, Y_0) ∈ U, a < 0, be a critical point, i.e. a point of tangency of W^u(p_1) with some strong-stable leaf of p_0. We fix l ≥ 1 such that χ̃ = f^{−l}_0 (χ) ∈ Ũ; up to rescaling the coordinate x̃, we may suppose χ̃ = (−1, 0). We assume the criticality to be quadratic and then for (x̃, Ỹ ) near (−1, 0)

f^l_0(x̃, Ỹ ) = (a + β_1(x̃ + 1)^2 + h_1(x̃ + 1, Ỹ ), Y_0 + H_1(x̃ + 1, Ỹ ))

with β_1 ≠ 0 and h_1 = ∂_{x̃}h_1 = ∂^2_{x̃}h_1 = 0 = H_1 at (0, 0). We also fix κ = (q, 0) ∈ U, a point of transverse intersection of W^u(p_0) and W^s(p_1) close to p_0. Extending Ũ by negative iteration if necessary, we may suppose that κ ∈ Ũ. Then we let Ỹ = Γ(x̃) be the expression of W^u(p_0) in (x̃, Ỹ ) coordinates, near κ. On the other hand, we take X to be an arc of vector fields tangent to φ and, using a above and b = X_{1/2}(0, q), we define the transition maps T_∞(σ, x) of φ and T̂_∞(σ, x, Y ) = (T_∞(σ, x), 0) of f, recall Section 2. Then T̂_∞(1/2, χ) = κ and so there is a neighbourhood V of (1/2, χ) such that T̂_∞(V ) ⊂ Ũ. It is clear from the definition T_∞(σ, x) = X_{t(0,x)−σ}(0, b) that ∂_σT_∞ and ∂_xT_∞ are nonzero. Hence we may write T̂_∞: V −→ Ũ as T̂ (σ, x, Y ) = (x̃, Γ(x̃)), x̃ = β_2(σ − 1/2) + β_3(x − a) + h_2(σ − 1/2, x − a),

with β_2β_3 ≠ 0 and h_2 = ∂_σh_2 = ∂_xh_2 = 0 = H_2 at the origin.

Now we introduce n-dependent parameter θ = τ_n(σ) and coordinates (ξ, Θ) = ϕ_n(x̃, Ỹ ) as follows. Let x_n, σ_n ∈ R, close to zero, be given implicitly by

(a) 2β_1x_n + ∂_{x̃}h_1(w_n) = 0, w_n = (x_n, Λ^nΓ(ρ^{−n}(−1 + x_n)))

(b) β_2σ_n + ρ^{−n} + β_1β_3x^2_n + β_3h_1(w_n) + h_2(z_n) = 0, z_n = (σ_n, β_1x^2_n + h_1(w_n)). Note that ∂_{x̃}h_1(0, 0) = ∂_σh_2(0, 0) = 0 ≠ β_1β_2, together with ‖Λ‖ < 1, assures the existence of x_n and σ_n for every large n. Then we define

θ = ρ^{2n}(σ − 1/2 − σ_n) ξ = ρ^n(x̃ + 1 − x_n) Θ = ρ^{3n}(Ỹ − Λ^nΓ(ρ^{−n}x̃)) and we let ψ_n be the expression of f^n_0 ∘ T̂_∞ ∘ f^l_0 with respect to (θ, ξ, Θ), that is ψ_n(θ, ξ, Θ) = ϕ_n ∘ f^n_0 ∘ T_∞(τ^{−1}_n (θ), ·) ∘ f^l_0 ∘ ϕ^{−1}_n (ξ, Θ).

Proposition 3.1 Given any compact K ⊂ R^{m+1}, ψ_n is defined on K for every sufficiently large n. Moreover, (ψ_n|K)_n converges in the C^N topology to the map ψ: K −→ R^m given by (θ, ξ, Θ) → (β_2θ + β_1β_3ξ^2, 0).

Proof: The first part is an easy consequence of the fact that (τ^{−1}_n , ϕ^{−1}_n )(K) → (1/2, χ̃) as n → ∞. This, on its turn, follows immediately from the definitions above: note, in particular, that lim_{n→∞} x_n = lim_{n→∞} σ_n = 0. As to the second part, a direct calculation gives

ψ_n(θ, ξ, Θ) = (β_2θ + β_2ρ^{2n}σ_n + ρ^n + β_1β_3ρ^{2n}(x_n + ρ^{−n}ξ)^2 + β_3ρ^{2n}h_1(w) + ρ^{2n}h_2(z), 0), where w = (x_n +ρ^{−n}ξ, Λ^nΓ(ρ^{−n}(−1+x_n +ρ^{−n}ξ))+ρ^{−3n}Θ), z = (σ_n +ρ^{−2n}θ, β_1(x_n +ρ^{−n}ξ)^2 +h_1(w)). We set

F_n(ξ, Θ) = β_1ρ^{2n}(x_n + ρ^{−n}ξ)^2 + ρ^{2n}h_1(w) and G_n(θ, ξ, Θ) = ρ^{2n}h_2(z) and then, in view of our definition of σ_n, β_2ρ^{2n}σ_n + ρ^n + β_3F_n(0, 0) + G_n(0, 0) = 0.

Let us estimate the partial derivatives of F_n. Let p, q ≥ 0 be such that 1 ≤ p + q ≤ N. It is easy to see (e.g. by induction on p + q) that ∂^p_ξ ∂^q_Θ(h_1(w)) may be written as ∑u(p,q) i=1 H_i, each H_i having the form ∂^k_{x̃}∂^{q+l}_Ỹ h_1(w)ρ^{−kn−3qn} l∏ j=1 ( Λ^nΓ^{(sj )}(ρ^{−n}(−1 + x_n + ρ^{−n}ξ))ρ^{−2sj n} ) ,

with 0 ≤ k, l ≤ p and 1 ≤ s_1, . . . , s_l ≤ p depending only on p, q, i and satisfying k+ ∑l 1 s_j = p.

As a direct consequence, ‖∂^p_ξ ∂^q_ΘF_n(ξ, Θ)‖ ≤ const ρ^{(2−(p+3q))n} (1) and so ∂^p_ξ ∂^q_ΘF_n converges to zero, for all p + 3q > 2. Moreover, due to our definition of x_n, ∂_ξF_n(0, 0) = ∂~_Y h_1(w_n)Λ^nΓ^′(y_n), y_n = ρ^{−n}(−1 + x_n), and so ∂_ξF_n(0, 0) → 0. On the other hand, ∂^2_ξ F_n(0, 0) = 2β_1 + ∂^2_{x̃}h_1(w_n) + ∂_{x̃}∂~_Y h_1(w_n)Λ^nΓ^′(y_n)ρ^{−n}+ +∂^2_Ỹ h_1(w_n) (Λ^nΓ^′(y_n))^2ρ^{−2n} + ∂~_Y h_1(w_n)Λ^nΓ^{′′}(y_n)ρ^{−2n}, which, together with ∂^2_{x̃}h_1(0, 0) = 0, proves that ∂^2_ξ F_n(0, 0) → 2β_1. Now we show that all partial derivatives of G_n converge to zero. Observe that z = (σ_n + ρ^{−2n}θ, ρ^{−2n}F_n(ξ, Θ)) and so, for every 1 ≤ p + q + r ≤ N, we may write ∂^p_ξ ∂^q_Θ∂^r_θ (h_2(z)) = ∑v(p,q,r) i=1 K_i, each K_i having the form ρ^{−2rn}∂^r_σ∂^k_xh_2(z) k∏ j=1 ∂^{sj}_ξ ∂^{tj}_Θ ( ρ^{−2n}F_n(ξ, Θ) )

with 0 ≤ k ≤ (p + q), 1 ≤ (s_j + t_j) ≤ (p + q), and ∑k 1 s_j = p, ∑k 1 t_j = q. Using (1) to bound the ∂^{sj}_ξ ∂^{tj}_Θ (ρ^{−2n}F_n) we conclude that ‖∂^p_ξ ∂^q_Θ∂^r_θ G_n(θ, ξ, Θ)‖ ≤ ρ^{(2−(2r+p+3q))n} and so ∂^p_ξ ∂^q_Θ∂^r_θ G_n → 0 whenever 2r + p + 3q > 2. This leaves out three cases, which we treat separately. For (p, q, r) = (0, 0, 1) we have ∂_θG_n(0, 0, 0) = ∂_σh_2(z_n) → 0, because ∂_σh_2(0, 0) = 0. For (p, q, r) = (1, 0, 0) we recall that ∂_xh_2(0, 0) = 0 and then ∂_ξG_n(0, 0, 0) = ∂_xh_2(z_n)∂_ξF_n(0, 0) → 0, since both factors converge to zero. Finally, for (p, q, r) = (2, 0, 0) ∂^2_ξ G_n(0, 0, 0) = ∂_xh_2(z_n)∂^2_ξ F_n(0, 0) + ρ^{−2n}∂^2_xh_2(z_n) (∂_ξF_n(0, 0))^2 → 0 where we use once more the fact that ∂_xh_2(0, 0) = 0. Altogether this shows that β_2θ + β_2ρ^{2n}σ_n + ρ^n + β_3F_n(ξ, Θ) + G_n(θ, ξ, Θ) → β_2θ + β_1β_3ξ^2 in the C^N topology as n → ∞ and so the proof of the proposition is complete. ⊔⊓ We set (θ̂, ξ̂, Θ̂) = (τ̂_n(σ), ϕ̂_n(x̃, Ỹ )) = (−β_1β_2β_3θ, (β_2θ)^{−1}ξ, Θ) and then the expression ψ̂_n of f n_0 ∘ T̂_∞ ∘ f l_0 with respect to (θ̂, ξ̂, Θ̂) converges to the map ψ̂(θ̂, ξ̂, Θ̂) = (1 − θ̂ξ̂2, 0) as n → ∞. We take n ≫ 1 to be fixed from now on. On the other hand, by Theorem 2.8, ψ̂_{n,k}(θ̂, ξ̂, Θ̂) = ϕ̂_n ∘ f^{n+k+l}_μ ∘ ϕ̂^{−1}_n (ξ, Θ), μ = μ_k(τ̂^{−1}_n (θ̂)), converges to ψ̂_n as k → ∞. Hence, for k large ψ̂_{n,k} is a Hénon- (or quadratic-) like family, in the sense that it is C^N -close to the family of quadratic maps ψ̂, some N ≥ 3. According to [MV], [V], any such family has Hénon-like strange attractors for a positive Lebesgue measure set of parameter values. Actually, the proof of this fact even provides a uniform lower bound for the measure of these sets on a neighbourhood of the family ψ̂. We conclude that there are c_1 > 0 and k_1 ≥ 1 such that for every k ≥ k_1 the set Σ_k of values of θ̂ for which the diffeomorphism ψ̂_{n,k}(θ̂, ·) exhibits Hénon-like attractors has Lebesgue measure m(Σ_k) ≥ c_1. Now we denote S_k = μ_k(τ̂^{−1}_n (Σ_k)) ⊂ [μ^∗_{k+1}, μ^∗_k]. Then, by construction, the dynamics of f_μ contains Hénon-like strange attractors for every μ ∈ S_k and k ≥ k_1. Moreover, using also Proposition 2.3, m(S_k) ≥ c_2(μ^∗_k − μ^∗_{k+1}) for every k ≥ k_1 and some c_2 > 0 independent of k. Recalling, in addition, that μ_{k+1}/μ_k → 1 we conclude that m((∪_{k≥k1} S_k) ∩ [−ε, ε]) 2ε ≥ c_2 3 for every small ε > 0

and the statement of the theorem follows immediately.

Finally, we discuss the general case of saddle-node ℓ-cycles, ℓ ≥ 2. Let O(p_0), O(p_1), . . ., O(p_{ℓ−1}) be the periodic orbits involved in the cycle and let t_0, t_1, . . . , t_{ℓ−1} be the corresponding periods. We fix a point p_0 in the saddle-node orbit. On the other hand, we assume f^{t0ti}_0 to be C^N -linearizable on a neighbourhood of O(p_i) for some 1 ≤ i ≤ ℓ − 1 and we fix such an i from now on. Note also that, by the inclination lemma, we may take the point p_i and some 0 ≤ t < t_0 satisfying

• W^u(p_i) has a critical intersection χ with W^s(p_0);

• W^u(f^t_0(p_0)) has a transverse intersection κ̃ with W^s(p_i).

We choose neighbourhoods U of p_0 and Ũ of p_i as before and we may suppose χ = (a, Y_0) ∈ U and κ̃ ∈ Ũ. We fix l ≥ 1 such that χ̃ = f^{lt0ti}_0 = (−1, 0) ∈ Ũ and we also denote κ = f^{−t}_0 (κ̃) = (q, 0) ∈ U. Then we define the transition map T̂_∞ of f^{t0ti}_0 in U. From this point on the argument proceeds in just the same way as before, with f^{nt0ti}_0 ∘ (f^t_0 ∘ T̂_∞) ∘ f^{lt0ti}_0 , resp. f^{(n+k+l)t0ti+t} μ , in the place of f^n_0 ∘ T̂_∞ ∘ f^l_0, resp f^{n+k+l}_μ .

3.2 Saddle-node 1-cycles

Now we prove Theorem A for critical cycles involving a unique (saddle-node) periodic orbit O(p_0). For simplicity we take p_0 to be a fixed point, the general case following from this in just the same way as in the previous section. Once more, let U be a small open neighbourhood of p_0 and (x, Y ) be coordinates on U such that f_μ(x, Y ) = (φ_μ(x), Ψ_μ(x, Y )), where φ is a 1-dimensional saddle-node arc, Ψ(μ, x, 0) = 0 and ‖∂_Y Ψ(μ, x, Y )‖ ≤ λ < 1. We also continue to denote by X some saddle-node arc of vector fields tangent to φ.

Let ≈_μ be the equivalence relation on U spanned by

z ≈_μ f_μ(z) for every z ∈ U ∩ f^{−1}_μ (U) and denote by π_μ: U −→ (U/ ≈_μ) the canonical projection associated to it. For a^− < 0 < a^+ close to zero we let D^±_μ = {(x, 0) ∈ U: a^± ≤ x ≤ φ_μ(a^±)} and D̃^±_μ = π_μ(D^±_μ ). Then, as long as |μ| ≪ |a^±|, each D̃^±_μ is a smooth circle and diffeomorphisms ϕ^±_μ : D̃^±_μ −→ S^1 may be taken depending smoothly on μ. In addition, up to replacing (ϕ^±_μ )_μ by (τ^± ∘ (ϕ^±_0 )^{−1} ∘ ϕ^±_μ )_μ with τ^±(π_0(x, 0)) = ∫ x a� X(0, s)^{−1}ds mod 1, we may suppose that θ^±_μ = ϕ^±_μ ∘ πμ satisfies

θ^±_0 (X_t(0, a^±)) = t mod 1, for every t. (2) Next, we let C^±_μ = {(x, Y ) ∈ U: a^± ≤ x ≤ φ_μ(a^±)} and endow C̃^±_μ = π_μ(C^±_μ ) with the quotient manifold structure. Clearly, every C̃^±_μ is diffeomorphic to the solid m-torus S^1 × B, B =unit ball in R^{m−1}, and we may choose C^∞ diffeomorphisms

Φ^±_μ : C̃^±_μ −→ S^1 × B, Φ^±_μ (π_μ(x, Y )) = (θ^±_μ (x), Θ^±_μ (x, Y ))

depending smoothly on μ, with θ^±_μ as above and Θ^±_μ (x, 0) = 0 for every μ and x.

Now we construct smooth maps ψ, ψ_k: [0, 1]×S^1 ×B −→ S^1 ×B in the following way. Up to taking |a^±| small enough, we may fix a (large) integer l such that f^l_0(D^+_0 ) is contained in {(x, Y ) ∈ U: x < φ_0(a^−)}. Then f^l_0 induces a smooth map h_l: D̃^+_0 −→ C̃^−_0 : h_l ∘ π_0 = π_0 ∘ f^l_0. Let T̂_∞ = (T_∞, 0) be the transition map of f, with a = a^−, b = a^+, recall Section 2. Given 0 ≤ σ ≤ 1, we denote by τ_σ: C̃^−_0 −→ D̃^+_0 ⊂ C̃^+_0 the map induced by T̂_∞(σ, ·). Then we define ψ(σ, ·) = Φ^−_0 ∘ h_l ∘ τ_σ ∘ (Φ^−_0 )^{−1}. Note that Φ^+_0 ∘ τ_σ ∘ (Φ^−_0 )^{−1}(θ, Θ) = (θ − σ mod 1, 0), in view of (2) and the definition of T_∞, T̂_∞. We write Φ^−_0 ∘ h ∘ (Φ^+_0 )^{−1}(θ, 0) = (g(θ), G(θ)) and then ψ(σ, θ, Θ) = (g ∘ R_{−σ}(θ), G ∘ R_{−σ}(θ)), R_{−σ}(θ) = θ − σ mod 1. On the other hand, we set ψ_k(σ, ·) = Φ^−_0 ∘ h_{k,l,σ} ∘ (Φ^−_0 )^{−1}, where h_{k,l,σ}: C̃^−_0 −→ C̃^−_0 denotes the map induced by f^{l+k}_{μk(σ)}. By Theorem 2.8, this is well defined for every large k and (ψ_k)_k converges to ψ in the C^∞ topology.

By [NPT, Theorem 3.7], the family of circle maps (g_σ = g ∘ R_{−σ})_{σ∈[0,1]} unfolds generically homoclinic tangencies associated to some hyperbolic periodic point. In other words, there are I ⊂ [0, 1] an open interval, σ̃ ∈ I and smooth maps I ∋ σ → p_σ, c_σ with p_σ a repelling periodic point and c_σ a critical point of g_σ, such that c_{σ̃} ∈ W^u(p_{σ̃}), g^j_{σ̃}(c_{σ̃}) = p_{σ̃} and ∂_σ (g^j_σ(c_σ) − p_σ) (σ̃) ≠ 0 for some j ≥ 1. We assume g to be a Morse function and then such tangencies are quadratic. As a consequence, for every large k the family ψ_k = (ψ_k(σ, ·))_{σ∈[0,1]} of diffeomorphisms of S^1 × B unfolds generically quadratic homoclinic tangencies associated to some hyperbolic saddle point. Hence, we may conclude from [MV], [V], that ψ_k(σ, ·) has Hénon-like strange attractors for a set Σ_k of values of σ with positive Lebesgue measure (smooth linearizability near the saddle is not necessary for this conclusion, see [Rm].) Moreover, the fact that the limit family ψ itself undergoes generic quadratic tangencies permits to apply the renormalization scheme in [MV], [V], uniformly to the sequence (ψ_k)_k, to conclude that m(Σ_k) is uniformly bounded away from zero. Let us explain this in more detail. First one constructs for ψ a sequence (ϕ_n)_n of local coordinates such that, up to an appropriate n-dependent reparametrization σ = τ_n(ν), the expression of ψ^n in these coordinates converges to ψ̂: (ν, x, Y ) → (1 − νx^2, 0) as n → ∞. More precisely:

(ϕ_n ∘ ψ(τ_n(ν), ·) ∘ ϕ^{−1}_n )(x, Y ) → ψ̂(ν, x, Y ) in the C^N topology, for some fixed N ≥ 3. Thus, for every n and k sufficiently large (ϕ_n ∘ ψ_k(τ_n(ν), ·) ∘ ϕ^{−1}_n )_ν is a Hénon-like family and so it exhibits strange attractors for a set of values of the parameter ν whose Lebesgue measure is positive and even uniformly bounded away from zero. We fix n large and conclude in this way that there are c_1 > 0 and k_1 ≥ 1 such that m(Σ_k) ≥ c_1 for every k ≥ k_1. Now we let S_k = μ_k(Σ_k) ⊂ [μ^∗_{k+1}, μ^∗_k] and then precisely the same argument as in the previous case shows that (∪_{k≥k1} S_k) has positive density at μ = 0. Finally, it is immediate to check that f_μ has Hénon-like strange attractors for every μ ∈ (∪_{k≥k1} S_k). The proof of Theorem A is complete.

4 Proof of Theorem B

Here we construct open classes of families of diffeomorphisms bifurcating through critical saddle-node cycles, for which hyperbolicity of the dynamics near the cycle is also a prevalent feature. We exhibit two such classes A_1, A_2, corresponding, respectively, to 1- and 2-cycles, cf. the Introduction. The conditions in the definition of A_1, A_2, are just meant as simple sets of assumptions assuring hyperbolic behaviour and no effort was made to optimize them.

4.1 Hyperbolicity for 1-cycles

In the present section (f_μ)_μ refers always to a smooth family of diffeomorphisms unfolding a critical saddle-node 1-cycle of f_0. We keep the notations of Section 3.2.

First we introduce the map h: [−1, 1] −→ [−1, 1] given by h(x) = x(−a + (1 + a)x^2), where a ∈ (0, 1) is fixed. Note that h has three fixed points −1, 0, 1. Since h^′(−1) = h^′(1), we may identify h with a C^1 endomorphism of S^1 = [−1, 1]/(−1 ∼ 1) and we do so in the sequel. On the other hand, the origin is an attractor, |h^′(0)| = a < 1, and its basin W^s(0) contains both critical points of h. This last statement follows, for instance, from the fact that h has negative schwarzian derivative, [Si], using also that it is an odd function. As a consequence, [Ma], K = S^1\W^s(0) is a hyperbolic set for h: there are N ≥ 1 and ρ > 1 such that |(h^N )^′(θ)| ≥ ρ for all θ ∈ K. Moreover, these dynamical features are robust under small perturbations of the map: there exists a neighbourhood N of h in C^1(S^1, S^1) such that, given any h̃ ∈ N , h̃ has a fixed attractor x(h̃) close to zero and K(h̃) = S^1\W^s(x(h̃)) is a hyperbolic set for h̃.

Now we define A_1, simply, by the condition

(C) (g ∘ R_− 1_2 ) ∈ N .

Let us show that the conclusion of Theorem B is indeed satisfied by every family (f_μ)_μ as above. This requires a few preliminary considerations. We introduce

U_0 = {(x, Y ) ∈ U: c ≤ x ≤ φ_0(a^+), ‖Y ‖ ≤ ξ(x)} and Ĉ = U_0 ∩ C^+_0 .

Here c < a^− and ξ are chosen in such a way that f^l_0(Ĉ) ⊂ int (U_0) and f_0(U_0\Ĉ) ⊂ int (U_0). Then there are compact sets U_{l−1}, . . . , U_1 such that

• f_0(Ĉ) ⊂ int (U_1), f_0(U_j) ⊂ int (U_{j+1}) for 1 ≤ j ≤ l − 2 and f_0(U_{l−1}) ⊂ int (U_0).

As a consequence, V = U_0 ∪ U_1 ∪ · · · ∪ U_{l−1} satisfies f_0(V ) ⊂ int (V ). Now our goal is to show that L(f_μ|V ) is a hyperbolic set of f_μ, for a set of values of μ with positive Lebesgue density at μ = 0.

In order to do this we consider the maps ψ, ψ_k: [0, 1] × S^1 × B −→ S^1 × B introduced in Section 3.2. Recall that ψ(σ, θ, Θ) = (g ∘ R_{−σ}(θ), G ∘ R_{−σ}(θ)) and (ψ_k)_k → ψ as k → ∞. Condition (C) implies that g_σ = g ∘ R_{−σ} ∈ N for σ in some interval I = [1/2 − δ, 1/2 + δ]; from now on we always consider σ ∈ I. Then ψ(σ, ·): S^1 × B −→ S^1 × B has a fixed attractor z_σ close to {θ = 0} and W^s(z_σ) = (K(g_σ) × B)^c. We fix N ≥ 1, ρ_1 > 1 and W an open neighbourhood of K(g_σ) such that |(g^N_σ )^′(θ)| ≥ ρ_1 for every θ ∈ W . Then, for k sufficiently large, ψ_k(σ, ·) has a fixed attractor z_{k,σ} satisfying (z_{k,σ})_k → z_σ as k → ∞ and W^s(z_{k,σ}) ⊃ (W × B)^c. Moreover,

Λ_{k,σ} = (S^1 × B)\W^s(z_{k,σ}) = {z ∈ S^1 × B: ψ^n_k (σ, z) ∈ W × B for all n ∈ Z}

is a hyperbolic set of the diffeomorphism ψ_k(σ, ·). Indeed, invariant stable and unstable cone fields for ψ_k(σ, ·) on W × B may be constructed in a fairly straightforward way, see for instance [PT2, Chapter 6.3], where a similar situation is treated.

Now we go back to analysing the limit set of f_μ in V . We consider μ = μ_k(σ), with σ ∈ I and k large. Let w be any point in L(f_μ|V ). In particular, the orbit of w is contained in V and it follows from our construction that there are n_± = n_±(μ, w) with n_− < 0 ≤ n_+ such that both points w_± = f^n�_μ (w) belong to C^−_μ . We take n_± minima (in absolute value) with that property and then they satisfy |n_±(μ, w)| ≤ k + const (1) where const is independent of μ, w, k (basically, it is determined by the choice of a^±). Moreover, ψ_k(σ, w̃_−) = w̃_+, where w̃_± = π_μ(w_±). At this point we distinguish two cases. Suppose first that w̃_± ∈ W^s(z_{k,σ}). Since w̃_± belong to the limit set of ψ_k(σ, ·), we must have w̃_+ = w̃_− = z_{k,σ} and so w ∈ O(ẑ_μ), where ẑ_μ denotes any point in π^{−1}_μ (z_{k,σ}). Clearly, O(ẑ_μ) is a periodic attractor for f_μ. Now assume that w̃_± ∈ Λ_{k,σ} and let Ẽ^s_± ⊕Ẽ^u_± be the corresponding splitting of the tangent space of (S^1 × B) at w̃_±. We take T_wM = E^s ⊕ E^u to be given by Dπ_μ · Df^{n+}_μ (E^∗_w) = E^∗_+ for ∗ = s, u. We set this for every w ∈ Λ̂_μ = L(f_μ|V )\W^s(ẑ_μ) and then the splitting E^s ⊕ E^u of the tangent bundle over Λ̂_μ defined in this way is invariant under Df_μ. Moreover, the uniform bound (1) assures that this is a hyperbolic splitting: there are λ < 1 and L ≥ 1 (depending on k) such that ‖Df^L_μ |E^s‖, ‖Df^{−L}_μ |E^u‖ ≤ λ.

Altogether, we have proved that L(f_μ|V ) is hyperbolic for every μ ∈ ∪_kσ_k(I): more precisely, it may be written as O(ẑ_μ) ∪ Λ̂_μ, where O(ẑ_μ) is a hyperbolic periodic attractor and Λ̂_μ is a hyperbolic set of saddle-type. On the other hand, ∪_kσ_k(I) has positive Lebesgue density at μ = 0, as a consequence of Proposition 2.3. Our argument is complete.

4.2 Hyperbolicity for 2-cycles

For the construction of A_2 we depart from a (linear) horseshoe map ψ: R −→ R as described in the figure. More precisely, we let R be a compact rectangle in R^m = R × R^{m−1}, m ≥ 2, and we write R = R_1 ∪ · · · ∪ R_5, satisfying ψ(R_1 ∪ R_5) ⊂ int (R_1), ψ(R_3) ⊂ int (R_5) and Dψ|R_1 = ( ξ 0 0 Λ ) , Dψ|R_2 = ( ρ_1 0 0 Λ ) , Dψ|(R_4 ∪ R_5) = ( −ρ_2 0 0 −Λ ) , where ρ_1, ρ_2 > 1, Λ is a contraction on R^{m−1} and ξ is some smooth function defined on R . For the sake of notational simplicity we take the fixed saddle point p_0 of ψ in R_2 to coincide with the origin. Moreover, ψ has a fixed sink s_0 in R_1, with s_0 = (0, S) for some S ∈ R^{m−1}.

Now we modify ψ in order to collapse p_0 and s_0 to a saddle-node point, in the following way. We fix compact intervals W_0, W in R × {0} ⊂ R × R^{m−1} such that

{p_0, s_0} ⊂ int (W_0), W_0 ⊂ int (W ) and ψ(W ) ⊂ int (R_1 ∪ · · · ∪ R_4).

Then we let φ_μ: W −→ R, μ ∈ [−1, 1], be a C^∞ saddle-node arc, in the sense of Section 2.1, such that

• φ_{−1} = π_1 ∘ ψ|W and φ_μ|(W \W_0) = π_1 ∘ ψ|(W \W_0) for every μ;

• the map φ_0 has a fixed saddle-node point at the origin;

• the derivative φ^′_μ is a monotone function, for every small μ.

We also consider ϕ: R^{m−1} → R to be a C^∞ bump function with support contained in π_2(R), satisfying ϕ|π_2(ψ(R_2)) = 1 and ϕ|π_2(ψ(R_4)) = 0. Then we set f_μ(x, Y ) = ψ(x, Y ) + ϕ(Y )(φ_μ(x) − π_1 ∘ ψ(x, Y ), 0) if x ∈ W and f_μ(x, Y ) = ψ(x, Y ) otherwise. This defines a family of smooth transformations of R into itself, unfolding a critical saddle-node cycle and, clearly, given any m-dimensional manifold M one may extend (f_μ)_μ to a family of diffeomorphisms on M. Now we show that ψ and (φ_μ)_μ may be chosen in such a way that this family satisfies the conclusion of Theorem B, with V = R.

In order to do this we fix a < 0 < b such that (a, 0) ∈ int (R_1) and (b, 0) ∈ int (R_4) and we let μ_k(σ), T_k(σ, x) = φ^k_{μk(σ)}(x), T̂_k(σ, x, Y ) = f^k_{μk(σ)}(x, Y ) be as in Section 2. It follows from Theorem 2.4 that there is τ > 0 such that |(φ^k_{μk(σ)})^′(x)| > τ, for every x, y ∈ [φ^{−1}_{μk(σ)}(a), a], σ ∈ [0, 1], and k large enough. From now on we assume that ρ_2τ > 1 and ψ(R_5) ⊂ int (C_μ) for all small μ, where C_μ = {(x, Y ) ∈ R: x ∈ [φ^{−1}_μ (a), a]}. These properties may be obtained just by supposing that π_1(R_4) and π_1(R_5) have sufficiently small diameters. Actually, by further reducing the diameter of π_1(R_5) if necessary, we may assume that T̂_∞(σ, ψ(R_5)) ⊂ int (R_3), for some interval J of values of σ. As a consequence, f^{k+2}_{μk(σ)}(R_5) ⊂ R_5 for every σ ∈ J and k sufficiently large; moreover, it is easy to see that this construction may be performed in such a way that ‖Df^{k+2}_{μk(σ)}|R_5‖ < 1. Hence, every f_μ, μ ∈ μ_k(J), has an attracting (k + 2)- periodic orbit O(s_μ) whose basin contains R_5 and R_3. From now on we restrict to values of μ ∈ ∪_{k>k0} μ_k(J), for some large k_0, and we prove that L(f_μ|R) is a hyperbolic set for f_μ.

First we note that L(f_μ|R) ⊂ H_μ ∪ O(s_μ), where H_μ is the maximal invariant set of f_μ in R_1 ∪ R_2 ∪ R_4, and so we only have to show that H_μ is a hyperbolic set. We introduce the (constant) cone fields on U = int ((R_1 ∪ R_2 ∪ R_4) ∩ ψ(R)) defined by C^u(z) = {w = (u, V ) ∈ T_zR : |u| ≥ ‖V ‖} and C^s(z) = {w = (u, V ) ∈ T_zR : |u| ≤ ‖V ‖}. In the sequel we always take ‖w‖ = sup{|u|, ‖V ‖}. Note that f_μ(R) = ψ(R) and so H_μ ⊂ U; moreover, Df_μ|U has the form ( η_μ 0 0 Λ ) . Clearly, we may assume, right from the start, that ‖Λ‖ is small enough so as to assure that ‖Λη^{−1}_μ ‖ < 1 on U, for every small μ. This implies the invariance of the two cone fields above

Df_μ(C^u(z)) ⊂ C^u(f_μ(z)) and Df^{−1}_μ (C^s(z)) ⊂ C^s(f^{−1}_μ (z))

and it also follows that vectors in C^s(z) are geometrically expanded by Df^{−1}_μ . Now we claim that there is θ > 1 such that, given any z ∈ H_μ, there exists j = j(z) ≤ k + 2 for which ‖Df^j_μ(z)w‖ ≥ θ‖w‖ for all w ∈ C^u(z) (k is determined by the condition μ ∈ μ_k(J)). Note that hyperbolicity of H_μ is an immediate consequence of this claim together with the previous arguments. On the other hand, the claim may be justified as follows. Given z ∈ H_μ, let l ≥ 0 be minimum such that f^l_μ(z) ∈ R_4; then, by construction, l ≤ k + 1 (at most k iterates are spent in R_1 ∪ R_2, near the origin). We take j = l + 1 and then ‖Df^j_μ(z)w‖ = ‖Df_μ(f^l_μ(z))) · Df^l_μ(z)w‖ ≥ ρ_2τ‖w‖,

(here we make use of the monotonicity of φ^′_μ). This proves the claim with θ = ρ_2τ.

Observe now that ∪_{k>k0} μ_k(J) has positive Lebesgue density at zero, as a consequence of Proposition 2.3. Therefore, we have proved that the conclusion of the theorem holds for the family (f_μ)_μ. Finally, it is clear that the previous arguments and conclusions carry on to every one-parameter family close enough to (f_μ)_μ and so we may take A_2 to be any sufficiently small neighbourhood of (f_μ)_μ.

A Appendix: Tangent arcs of vector fields

Here we prove Theorem 2.1.

For ψ: V_1 × V_2 −→ R an arbitrary C^∞ map, V_1, V_2 neighbourhoods of zero, we denote by [ψ]_∞ the ∞-jet of ψ at (0, 0). First we state a formal version of the theorem.

Proposition A.1 There exists a unique ∞-jet of vector field arcs J_∞ = [Z]_∞ such that for every representative Z of J_∞

(a) [Z_1]_∞ = [φ]_∞ and

(b) [φ_∗Z]_∞ = [Z]_∞, where φ_∗Z(μ, x) = ∂_xφ(μ, φ^{−1}_μ (x)) · Z(μ, φ^{−1}_μ (x)).

The existence of a unique J_∞ satisfying (a) is proved in [L], [T2]; on the other hand (b) is a direct consequence of (a).

Our goal now is to find a representative Z of J_∞ such that Z_1 has an ∞-order contact with φ along the x-axis. First we describe the asymptotic behaviour of the ∂^k_μ(φ^n_∗ Z)|_{μ=0} as |n| → ∞. Proposition A.2 There exist V_0 a neighbourhood of zero and C^∞ maps H_k: V_0 −→ R, k ≥ 0, such that for all k ≥ 0 and Z ∈ J_∞ the sequence ∂^k_μ(φ^n_∗ Z)(0, ·) → H_k in the C^∞ topology, on V_0 ∩ [0, +∞) when n → +∞ and on V_0 ∩ (−∞, 0] when n → −∞.

By a natural extension of Borel lemma, there is a C^∞ map X: V × V → R, V ⊂ V_0 a neighbourhood of zero, such that ∂^k_μX(0, x) = H_k(x) for every k ≥ 0 and x ∈ V . We claim that the arc of vector fields X is tangent to φ. In order to see this note first that X(0, ·) = H_0 implies that the corresponding flows coincide, i. e. X_t(0, ·) = H_{0,t} for all t. On the other hand, by construction, (φ_0)_∗H_0 = H_0 and so φ_0 ∘ H_{0,t} = H_{0,t} ∘ φ_0 for all t. In this 1-dimensional setting it follows that φ_0 = H_{0,s} for some s and, since H^{′′}_{0,s}(0) = sH^{′′}_0 (0) = 2sα, it must be s = 1. Altogether, this proves that X_1(0, ·) = φ_0, i.e. case k = 0 of (3), Section 2. Observe now that each map ( t → (∂^k_μX_t)(0, x) ) , k ≥ 1, x ∈ V , is the solution of the Cauchy problem

(E_k)^d_{dt} ∂^k_μX_t(0, x) = X^{[k]}(0, X_t(0, x), . . . , ∂^k_μX_t(0, x)), ∂^k_μX_0(0, x) = 0;

where the X^{[k]} are defined by X^{[0]}(μ, x_0) = X(μ, x_0) and

X^{[k+1]}(μ, x_0, . . . , x_{k+1}) = ∂_μX^{[k]}(μ, x_0, . . . , x_k) + k∑ j=0 ∂_{xj} X^{[k]}(μ, x_0, . . . , x_k)x_{j+1}. (1)

On the other hand, each (t → ∂^k_μ(φ^n_∗ Z)_t(μ, x)), k ≥ 1, n ∈ Z, (μ, x) ∈ V × V , Z ∈ J_∞, is the solution of

(E_{k,n})^d_{dt} ∂^k_μ(φ^n_∗ Z)_t(μ, x) = F^{[k,n]}(μ, (φ^n_∗ Z)_t(μ, x), . . . , ∂^k_μ(φ^n_∗ Z)_t(μ, x)), ∂^k_μ(φ^n_∗ Z)_0(μ, x) = 0;

where F^{[0,n]}(μ, x) = (φ^n_∗ Z)(μ, x) and the equations (E_{k,n}), k ≥ 1, are obtained by successive μ-derivation of (E_{0,n}); in particular the F^{[k,n]} satisfy recursive relations analogous to (1). Using these relations we conclude, by induction on k, that F^{[k,n]}(0, x_0, . . . , x_k) converges to X^{[k]}(0, x_0, . . . , x_k) uniformly on compacts of (V ∩ [0, +∞)) × R^k (resp. (V ∩ (−∞, 0]) × R^k) when n → +∞ (resp. n → −∞). It follows that

∂^k_μ(φ^n_∗ Z)_t(0, x) → ∂^k_μX_t(0, x) for every t and k ≥ 1 (2) uniformly on V ∩ [0, +∞) (resp. V ∩ (−∞, 0]) when n → +∞ (resp. n → −∞). On the other hand,

Proposition A.3 For all k ≥ 1 and Z ∈ J_∞ the sequence ∂^k_μ(φ^n_∗ Z)_1(0, ·) → ∂^k_μφ_0, uniformly on V ∩ [0, +∞) (resp. V ∩ (−∞, 0]) when n → +∞ (resp. n → −∞).

Thus, we have reduced the proof of the theorem to proving Propositions A.2 and A.3. Moreover, when doing this we only have to prove convergence on {x ≥ 0} as n → +∞: convergence on {x ≤ 0} as n → −∞ follows just by replacing φ_μ by its inverse φ^{−1}_μ ; note also that if H_{k,±} = lim_{n→±∞} ∂^k_μ(φ^n_∗ Z)|{μ = 0, ±x ≥ 0} then, recall Proposition A.1, H^{(l)}_{k,+}(0) = H^{(l)}_{k,−}(0) for every l ≥ 0 and so H_k|{x ≥ 0} = H_{k,+}, H_k|{x ≤ 0} = H_{k,−} defines a C^∞ function H_k on V_0.

Lemma A.4 Let ψ(x) = x − αx^2 + O(|x|^3) with α > 0. Then there is δ > 0 such that

(a) lim_{n→+∞} nψ^n(x) = 1/α, uniformly on every [δ^′, δ], 0 < δ^′ < δ;

(b) Given l, m ∈ N with l − m ≥ 2 then ∑+∞ n=1 n^m(ψ^n(x))^l is uniformly convergent on [0, δ];

(c) lim_{n→+∞} n^2(ψ^n)^′(x) exists and is nonzero for all x ∈ (0, δ]; moreover, the convergence is uniform on every [δ^′, δ], 0 < δ^′ < δ.

Proof: Let us denote x_n = ψ^n(x) and a_n = nαx_n. Then a_{n+1} = a_n(1+1/n)(1−αx_n+O(x^2_n)) and so a_{n+1} − 1 = (a_n − 1)(1 − a_n n ) + a_n(− αx_n n + (1 + 1 n )O(x^2_n)).

Now, ([DV, Lemma 3.2]) given 0 < δ^′ < δ there are C_1, C_2 > 0 such that if x ∈ [δ^′, δ] then a_n ∈ [C_1, C_2] for every n ≥ 0. It follows that |a_{n+1} − 1| ≤ |a_n − 1||1 − C_1 n | + C_3 n^2 for some C_3 > 0

Let us denote ξ_n = |a_n − 1|, α_n = |1 − C_1/n| and β_n = C_3/n^2. Then ξ_{n+1} ≤ A_p + B_p for every p ∈ {1, . . . , n}, where A_p = β_n + α_nβ_{n−1} + · · · + α_nα_{n−1} · · · α_{p+2}β_{p+1} and B_p = α_nα_{n−1} · · · α_{p+1}β_p + · · · + α_nα_{n−1} · · · α_2β_1 + α_nα_{n−1} · · · α_1ξ_1. It is easy to check that A_p ≤ n∑ j=p+1 C_3 j^2 ≤ C_4 p and B_p ≤ n∏ j=p+1 α_j ( ξ_1 + p∑ i=1 C_3 n^2 ) ≤ C_4 ( p n )γ̄ , for some C_4, γ̄ > 0. Then, fixing p ∈ [ √ n, √ n + 1) and replacing above we get that ξ_{n+1} ≤ C_5/n^γ for some C_5, γ > 0. Thus lim a_n = 1, which proves (a). Moreover, we also get

|n^m(ψ^n(x))^l| ≤ n^m(ψ^n(δ))^l ≤ C_6n^{m−l}

for some C_6 > 0 and every x ∈ [0, δ], thus proving (b). In order to prove (c) we put b_n = n^2(ψ^n)^′(x) and then from b_{i+1} = b_i(1 + 1/i)^2(1 − 2αx_i + O(x^2_i )) we find

b_n = b_1 n−1∏ i=1 ( 1 + 2 i (1 − a_i) + 1 − 2a_i − 2αx_i i^2

+ (1 + 1 i )^2O(x^2_i ) )

where, as before, a_i = αix_i. Now the fact that (b_n)_n converges to a nonzero real number is an immediate consequence of ∑ i | 2 i (1 − a_i) + 1 − 2a_i − 2αx_i i^2

+ (1 + 1 i )^2O(x^2_i )| ≤ ∑ i ( 2 i C_5 i^γ + 4 i^2 + 4 C_7 i^2 ) < +∞ (some C_7 > 0 ). ⊔⊓

Lemma A.5 Let φ = (φ_μ)_μ be a saddle-node arc. If δ > 0 is small enough then for each (k, l) ∈ N^2_0 there are constants A(k, l), B(k, l) > 0 and nonnegative integers i(k, l), j(k, l) such that for all n ≥ 1 and x ∈ [0, δ] (a) |∂^k_μ∂^l_x(φ^{−n}_μ (x))|_{μ=0}| ≤ A(k, l)n^{i(k,l)}; (b) |∂^k_μ∂^l_x(∂_xφ^n_μ(φ^{−n}_μ (x)))|_{μ=0}| ≤ B(k, l)n^{j(k,l)}. Proof: For the sake of simplicity we denote ψ_μ = φ^{−1}_μ . First we prove (a), by induction on k + l. For (k, l) = (0, 0) we take A(0, 0) = δ and i(0, 0) = 0 and then the statement is obvious. For (k, l) = (0, 1) we observe that for z > 0 close to zero

∂_xψ^n_0 (z) = n−1∏ i=0 ∂_xψ_0(ψ^i_0(z)) < 1 for all n ≥ 1

so that we may take A(0, 1) = 1 and i(0, 1) = 0. For (k, l) = (1, 0) we let A(1, 0) = C_1 = sup{|∂_μψ_μ(z)|_{μ=0}|: 0 ≤ z ≤ δ} and i(1, 0) = 1 and then we proceed by induction on n:

|∂_μψ^{n+1}_μ (x)|_{μ=0}| ≤ |∂_μψ_μ(ψ^n_0 (x))|_{μ=0}| + |∂_xψ_0(ψ^n_0 (x))|_{μ=0}||∂_μψ^n_μ (x)|_{μ=0}| ≤ C_1 + A(1, 0)n^{i(1,0)} ≤ A(1, 0)(n + 1)^{i(1,0)}.

Let us assume now that (a) is true for every (p, q) ∈ N^2_0 such that p + q < k + l. It is not difficult to see that

∂^k_μ∂^l_xψ^{n+1}_μ (x) = ∂_xψ_μ(ψ^n_μ (x))∂^k_μ∂^l_xψ^n_μ (x) + m(k,l)∑ j=1 F_j (3) where m(k, l) ≥ 1 and each F_j has the form ∂^α_μ ∂^β_x ψ(μ, ψ^n_μ(x)) ∏s i=1 ∂^{pi}_μ ∂^{qi}_x ψ^n_μ (x) with s ≥ 0, α + β ≤ k + l and 1 ≤ p_i + q_i ≤ k + l − 1 for all i. Thus

|∂^k_μ∂^l_xψ^{n+1}_μ | ≤ |∂^k_μ∂^l_xψ^n_μ | + C_2n^{j2}

for some C_2 > 0 and j_2 ≥ 0 depending only on: (i) A(p, q), i(p, q) with p + q ≤ k + l − 1 ; (ii) sup_{z∈[0,δ]} |∂^α_μ ∂^β_x ψ_μ(0, z)| with α + β ≤ k + l ; (iii) the form of (3), which is determined by (k, l). Hence, (a) follows by induction on n, as long as A(k, l)n^{i(k,l)} + C_2n^{j2} ≤ A(k, l)(n + 1)^{i(k,l)} and this is satisfied if we fix A(k, l) = C_2 and i(k, l) = j_2 + 1.

Now we prove (b). Remark that Lemma A.4 applied to ψ = ψ_0 gives ∂_xφ^{−n}_0 (x) ≥ (An^2)^{−1} for some A > 0 and all x ∈ [0, δ]. Hence, we may take B(0, 0) = A and j(0, 0) = 2. For general (k, l) we have

∂^k_μ∂^l_x(∂_xφ^n_μ(φ^{−n}_μ (x))) = ∂^k_μ∂^l_x((∂_xφ^{−n}_μ (x))^{−1}) = (∂_xφ^{−n}_μ (x))^{−k−l−1} n(k,l)∑ j=1 G_j (4) where n(k, l) ≥ 1 and each G_j has the form ∏s i=1 ∂^{pi}_μ ∂^{qi}_x φ^{−n}_μ (x) with s ≥ 0 and p_i+q_i ≤ k+l+1 for all i. From (a) and the previous remark we get

|∂^k_μ∂^l_x(∂_xφ^n_μ(φ^{−n}_μ (x)))| ≤ (An^2)^{k+l+1}C_3n^{j3}

where C_3 and j_3 depend only on: (i) A(p, q) and i(p, q) with p + q ≤ k + l + 1; (ii) the form of (4), which is determined by (k, l). Therefore, (b) follows just by taking B(k, l) = C_3A^{k+l+1} and j(k, l) = 2(k + l + 1) + j_3. ⊔⊓

Proof of Proposition A.2: By derivation of φ^n_∗ Z(μ, x) = ∂_xφ^n_μ(φ^{−n}_μ (x)) · Z(μ, φ^{−n}_μ (x)) we get that ∂^k_μ∂^l_x(φ^n_∗ Z)(μ, x) can be written as a sum m(k,l)∑ j=1 ( ∂^{αj}_μ ∂^{βj}_x (∂_xφ^n_μ(φ^{−n}_μ (x))) · ∂^{pj}_μ ∂^{qj}_x Z(μ, φ^{−n}_μ (x)) · s_j∏ i=1 ∂^{γj,i}_μ ∂^{δj,i}_x φ^{−n}_μ (x) ) (5) where m(k, l) ≥ 1, s_j ≥ 0 and (α_j + β_j), (p_j + q_j), (γ_{j,i} + δ_{j,i}) ≤ (k + l) for all i and j. From Lemma A.5 we conclude that there exist C_1 > 0 and m ≥ 0 (depending only on A(p, q), B(p, q), i(p, q), j(p, q) with p + q ≤ k + l and on the form of (5)) such that for every pair Z, Y , of saddle-node arcs of vector fields |∂^k_μ∂^l_x(φ^n_∗ Z − φ^n_∗ Y )(0, x)| ≤ C_1n^m ∑ p+q≤k+l |∂^k_μ∂^l_x(Z − Y )(0, φ^{−n}_0 (x))| (6) for all n ≥ 1 and x ∈ [0, δ]. On the other hand, given any Z ∈ J_∞ then Z and Y = φ_∗Z have ∞-order contact at (0, 0) and so there is C_2 > 0 such that |∂^p_μ∂^q_x(Z − φ_∗Z)(0, z)| ≤ C_2z^{m+2} (7) for all p + q ≤ k + l and z ∈ [0, δ]. From (6), (7) and Lemma A.4 we get |∂^k_μ∂^l_x(φ^i_∗Z − φ^j_∗Z)(0, x)| ≤ C_3 j−1∑ n=i n^m(φ^{−n}_0 (x))^{m+2} ≤ C_4 ∑ n≥i 1 n^2 for some C_3, C_4 > 0 and all 1 ≤ i ≤ j, x ∈ [0, δ]. This implies that, for each k, l ≥ 0, ( ∂^k_μ∂^l_x(φ^n_∗ Z)(0, ·) ) n is a Cauchy sequence and so each ( ∂^k_μ(φ^n_∗ Z)(0, ·) ) n, k ≥ 0, converges in the C^∞ topology to some C^∞ function H_k. ⊔⊓

Proof of Proposition A.3: It follows from (2) and the previous proposition that lim_{n→∞} ∂^k_μ(φ^n_∗ Z)(0, ·) is independent of Z ∈ J_∞. Therefore, it is no restriction to assume here Z_1(0, ·) = φ_0; (8) observe that, given any Z̃ ∈ J_∞, Z(μ, x) = H_0(x) + (Z̃(μ, x) − Z̃(0, x)) is also in J_∞ and satisfies (8). By derivation of (φ^n_∗ Z)_1 = φ^n_μ ∘ Z_1(μ, ·) ∘ φ^{−n}_μ we get that ∂^k_μ(φ^n_∗ Z)_1(μ, x) may be written m(k,l)∑ j=1 ( ∂^{pj}_μ ∂^{qj}_x (φ^n_μ(Z_1(μ, φ^{−n}_μ (x)))) · r_j∏ i=1 ∂^{αj,i}_μ ∂^{βj,i}_x (Z_1(μ, φ^{−n}_μ (x))) · s_j∏ i=1 ∂^{γj,i}_μ ∂^{δj,i}_x (φ^{−n}_μ (x)) ) (9) where m(k, l) ≥ 1, r_j, s_j ≥ 0 and (p_j + q_j), (α_{j,i} + β_{j,i}), (γ_{j,i} + δ_{j,i}) ≤ (k + l) for all i and j. We also write φ_μ = φ^n_μ ∘ φ_μ ∘ φ^{−n}_μ and then Lemma A.5 and (8) imply |∂^k_μ(φ^n ∘ Z_1 ∘ φ^{−n} − φ)(0, x)| ≤ C_1n^m ∑ j |( r_j∏ 1 ∂^{αj,i}_μ ∂^{βj,i}_x Z_1 − r_j∏ 1 ∂^{αj,i}_μ ∂^{βj,i}_x φ)(0, φ^{−n}_0 (x))| (10)

for some C_1 > 0 and m ≥ 1 depending only on A(p, q), B(p, q), i(p, q), j(p, q) with p+q ≤ k+l and on the form of (9). On the other hand, as [Z_1]_∞ = [φ]_∞, we have [ ∏r 1 ∂^{αi}_μ ∂^{βi}_x Z_1]_∞ = [ ∏r 1 ∂^{αi}_μ ∂^{βi}_x φ]_∞ for all r, α_1, . . . , α_r, β_1, . . . , β_r ≥ 0. Hence, there exists C_2 > 0 such that ∑ j |( r_j∏ 1 ∂^{αj,i}_μ ∂^{βj,i}_x Z_1 − r_j∏ 1 ∂^{αj,i}_μ ∂^{βj,i}_x φ)(0, φ^{−n}_0 (x))| ≤ C_2(φ^{−n}_0 (x))^{m+1} (11)

for all x ∈ [0, δ]. from (10) and (11) we deduce that there is C_3 > 0 such that |∂^k_μ(φ^n ∘ Z_1 ∘ φ^{−n} − φ)(0, x)| ≤ C_3n^m(φ^{−n}_0 (x))^{m+1} for all x ∈ [0, δ]. In view of Lemma A.4, this implies that ∂^k_μ(φ^n_∗ Z)_1(0, ·) converges to ∂^k_μφ(0, ·), uniformly on [0, δ]. ⊔⊓

References

[BC] M. Benedicks, L. Carleson, The dynamics of the Hénon map, Ann. Math. 133 (1991), 73-169.

[BY] M. Benedicks, L.-S. Young, SBR-measures for certain Hénon maps, Invent. Math.

112-3 (1993), 541-576.

[DRV] L. J. Díaz, J. Rocha, M. Viana, Global strange attractors for dissipative maps of the annulus, in preparation.

[DV] L. J. Díaz, M. Viana, Discontinuity of Hausdorff dimension and limit capacity on arcs of diffeomorphisms, Ergod. Th. & Dynam. Sys. 9 (1989), 403-425.

[HPS] M. Hirsch, C. Pugh, M. Shub, Invariant manifolds, Lecture Notes in Mathematics 583, Springer Verlag, 1977.

[IY] Yu. Il’Yashenko, S. Yakovenko, Nonlinear Stokes phenomena in smooth classification problems, Advances in Sovietic Mathematics.

[L] D. C. Lewis, Formal power series transformations, Duke Math. Journal 5 (1939), 794-805.

[Ma] R. Mañé, Hyperbolicity, sinks and measure in one-dimensional dynamics, Comm.

Math. Phys. 100 (1985), 495-524.

[Mr] C. Martin-Rivas Homoclinic bifurcations and cascades of period-doubling bifurcations in higher dimensions , thesis IMPA 1992, to appear.

[MV] L. Mora, M. Viana, Abundance of strange attractors, Acta Math., 1993. [N1] S. Newhouse, Hyperbolic limit sets , Trans. A.M.S. 167 (1972), 125-150. [N2] S. Newhouse, The abundance of wild hyperbolic sets and nonsmooth stable sets for diffeomorphisms, Publ. Math. I.H.E.S. 50 (1979), [NPT] S. Newhouse, J. Palis, F. Takens, Bifurcations and stability of families of diffeomorphisms, Publ. Math. I.H.E.S. 57 (1983), 7-71.

[PT1] J. Palis, F. Takens, Hyperbolicity and the creation of homoclinic orbits, Annals of Math. 125 (1987), 337-374.

[PT2] J. Palis, F. Takens, Hyperbolicity and Sensitive-Chaotic Dynamics at Homoclinic Bifurcations, Cambridge University Press, 1993.

[PV] J. Palis, M. Viana, High dimension diffeomorphisms displaying infinitely many sinks, preprint IMPA and to appear.

[PY] J. Palis, J. C. Yoccoz, Large Hausdorff dimension and non-prevalence of hyperbolicity in homoclinic bifurcations, to appear in the Acta Math.

[Rb] C. Robinson, Bifurcation to infinitely many sinks, Comm. Math. Phys. 90 (1983), 433-459.

[Rm] N. Romero, Persistence of homoclinic tangencies in arbitrary dimension, thesis IMPA 1992, to appear.

[RT] D. Ruelle, F. Takens On the nature of turbulence, Commun. Math. Phys. 20 (1971), 167-192.

[Si] D. Singer, Stable orbits and bifurcations of maps of the interval, SIAM Journal Appl.

Math. 35 (1978), 260.

[Sh] M. Shub, Global Stability of Dynamical Systems, Springer Verlag, 1987.

[T1] F. Takens, Normal forms for certain singularities of vector fields, Ann. Inst. Fourier 23 (1973), 163-195.

[T2] F. Takens, Global phenomena in bifurcations of dynamical systems with simple recurrence, Jber. d. Dt. Math. Verein. 81 (1979), 87-96.

[V] M. Viana, Strange attractors in higher dimensions, Bull. Braz. Math. Soc. 24 (1993), 13-62.

[YA] J. A. Yorke, K. T. Alligood, Cascades of period doubling bifurcations: a prerequisite for horseshoes, Bull. A.M.S. 9 (1983), 319-322.

L. J. Díaz (ljdiaz@impa.br) Instituto de Matemática, U.F.R.J., P.O. Box 68530, 21944 Rio de Janeiro, Brasil

J. Rocha (jrocha@fc.up.pt) Departamento de Matemática Pura, Faculdade de Ciências, 4000 Porto, Portugal

M. Viana (mviana@fc.up.pt, viana@impa.br) Departamento de Matemática Pura, Faculdade de Ciências, 4000 Porto, Portugal IMPA, Estrada D. Castorina 110, Jardim Botânico, 22460 Rio de Janeiro, Brasil