Splitting equivariant dynamics

Giuseppe Gaeta Centre de Physique Théorique, Ecole Polytechnique F - 91128 Palaiseau (France) and Departamento de Fisica Teorica II, Universidad Complutense E - 28040 Madrid (Spain)

Summary. We prove that any dynamical system on a G-manifold M which is equivariant under the G action, can be decomposed into the semidirect product of an autonomous dynamics in the G-orbit space Ω = M/G, and a dynamics (depending on the G-orbit) on G. This result is actually a corollary of Michel theorem [1] on the geometry of symmetry breaking, and uses the same ingredients for the proof. It permits to unify a number of known and useful results in the literature, as discussed here.

Work supported in part by italian C.N.R. under grant 203.01.62

1. Introduction

Let M be a smooth (C^∞) manifold, on which the smooth action of a compact Lie group G is defined; i.e., M is a smooth G-manifold. For ease of notation, we will consider M to be a smooth submanifold of R^N , but our construction and results will not depend on this assumption. Let us consider the algbera V of G-invariant real functions on M, i.e. V = {V (x) : V : M → R ; V (gx) = V (x) ∀g ∈ G} (1) and the algebra M of smooth G-equivariant vector fields on M, i.e. M = {φ : M → T M : φ = f(x)∇ ; f(gx) = (D_gf)(x) ∀g ∈ G} (2) Here we have denoted the transformed of x by g ∈ G (through the action defined on M) simply by gx, as we consider only one G action; and the action of g on T M by D_g .

The set M is a Lie algebra once equipped with usual commutator of vector fields [φ, ψ] = φψ − ψφ; we could equivalently consider the algebra E = {f : M → R^N ; f(gx) = (D_g f)(x) ∀g ∈ G} (2^′) in which case the Lie algebra operation is the Lie-Poisson bracket {f, g} = (f · ∇)g − (g · ∇)f. We want to consider G-equivariant dynamical systems on M, ẋ = f(x) f ∈ E (3) A subclass of these, of special interest, is given by gradient flows, i.e. by the case ẋ = f(x) = ∇V (x) V ∈ V (4) In this case, we would be mainly interested in fixed points of the flow, i.e. in critical points of V ; indeed, these represent asymptotic solutions to the dynamical system.

In order to study (3), (4) we will now recall a construction due to L. Michel [1] (see also [2-5]), based on the geometry of G-action in M, and developed in the frame of variational problems; we will then show that this gives as a corollary a nice and useful splitting lemma for the general case of equivariant dynamics (3), which represents the main result of this note. The remaining parts of this paper will be devoted to discuss applications of the splitting lemma, and to show how it permits to unify a number of known (and, again, useful) results in equivariant dynamics and in particular in equivariant bifurcation theory.

2. The orbit space

Let ω[x] be the G-orbit through x in M, i.e. ω[x] = {y ∈ M : y = gx , g ∈ G} = {Gx} (5) Clearly, belonging to the same G-orbit is an equivalence relation in M, and we can consider the space of such equivalence classes or, the orbit space Ω = M/G (6)

Results on the geometry of orbit space are collected e.g. in [6,7] (see also [2,4,8]); here we will just recall the results which are useful for the present discussion.

Lemma I. Let G be a compact Lie group and M a smooth G-manifold; then Ω = M/G is a semialgebraic manifold.

We recall that an integrity basis for the G-action on M is a set {θ_1, ..., θ_k} of functions θ_i ∈ V such that any smooth (algebraic) function V (x) ∈ V can be written as a smooth (algebraic) function ~V of the θ’s, V (x) = ~V (θ_1(x), ..., θ_k(x)). The integrity basis is called minimal if no one of the θ’s can be dropped still having an integrity bases.

Lemma II. If G is a compact Lie group acting smoothly in M, the algebra of smooth (algebraic) invariant functions on M admits a finite dimensional minimal integrity basis.

Lemma III. Let {θ_1, ..., θ_k} be a minimal integrity basis for the G-action in M. Then, each G-orbit belongs to one common level set of {θ_1, ..., θ_k}, and conversely for any common level set of {θ_1, ..., θ_k} in M there is at least a G-orbit whose closure coincides with the common level set.

These results were proved by Hilbert [9] for the algebraic case, and extended by Schwarz [10] to the smooth case (see also [11]). The statement of lemma III is sometimes summarized by saying that ”invariants do separate orbits”.

We will denote by θ : M → R^k the mapping which associates to a point x ∈ M the values θ_i(x) of the functions of a minimal integrity basis. Let us denote by ~M the image of M under θ, i.e. θ(M) = ~M ⊆ R^k. Clearly, Ω is then diffeomorphic to ~M, and can therefore be thought as a semialgebraic submanifold of R^k.

Lemma IV. If G is a compact Lie group acting smoothly in M, the orbit space Ω = M/G is diffeomorphic to a semialgebraic manifold in R^k, where k is the dimension of a minimal integrity basis {θ_1, ..., θ_k} for the G action; this semialgebraic manifold is ~M = θ(M).

Let us now go back to the dynamical system (3); this induce a dynamical system in Ω. Indeed, let us consider the evolution of the invariant functions θ_i(x) when x(t) evolves according to (3), i.e. the evolution of θ’s along solutions to (3). In this case, dθ dt = (f(x) · ∇)θ(x) (7)

Now, θ is G-invariant, and the operator (f · ∇) is also G-invariant, as it is the contraction of a contravariant and a covariant object, so that the r.h.s. of (7) is an invariant function, and therefore, according to Lemma III, can be written in terms of the θ’s. Equivalently, the time derivative of the θ’s is clearly also G-invariant, and therefore can be written in terms of the θ’s themselves. Therefore, we can rewrite (7) as

θ̇ = ~f(θ) (8)

We have thus proved that the dynamical system (3) on M projects to a dynamical system (8) in Ω ≃ ~M

We can therefore split the dynamics in two parts: an autonomous part on ~M ≃ Ω, and an orbit-dependent dynamics on group variables (which does not mean ”tangent to group orbits”). It should be mentioned that a great deal of this construction survives when we consider non-compact and/or infinite dimensional Lie groups G and smooth (Banach) manifolds M (we need Banach manifolds to define an equivariant retraction [1,2,4,8]); we will not discuss this point, and the limitations of such an extension, here; the interested reader is referred e.g. to [4,6,7].

We will now discuss how the present construction is related to the geometry of G-action in M; this discussion will also make clear the reason why we employed the term ”group variables”.

3. Stratification

To any point x ∈ M we associate its isotropy group G_x ⊆ G by G_x = {g ∈ G : gx = x} (9)

Let us consider the equivalence relation between subgroups of G given by conjugacy in G; i.e., if H ⊆ G, C[H] = {K ⊆ G : K = gHg^{−1} , g ∈ G} (10) This equivalence relation induces an equivalence relation in M, known as isotropy stratification; the equivalence classes - or strata (latin for layers) - being defined as σ[x] = {y ∈ M : G_y ∈ C[G_x]} (11)

Since y = gx implies G_y = gG_xg^{−1}, we have that points on the same G-orbit belong to the same stratum, or ω[x] ⊆ σ[x] (12) The isotropy stratification of M does therefore induce an isotropy stratification on Ω; indeed, let us denote C[ω] = C[G_x] , !x ∈ ω (13) the isotropy type of the orbit ω; the strata are then defined by Σ[ω] = {ν ∈ Ω : C[ν] = C[ω]} (14)

Let us now consider, for any subgroup H ⊆ G, the fixed space M^H = {x ∈ M : gx = x ∀g ∈ H} (15) In particolar, if H = G_x, we will just write M^x for M^{Gx}. In this case, (15) reads also M^x = {y ∈ M : G_y ⊆ G_x} (16) Notice also that we have M^{gx} = g (M^x).

It is clear that for any point x ∈ M, ω[x] is transversal to M^x (unless ω[x] = x, i.e. G_x = G). More precisely, the tangent space T_xM admits the following decomposition: T_xM = T_xω[x] ⊕ N_xω[x] (17) N_xω[x] = T_xM^x ⊕ N^{(1)}_x ω[x] ≡ N^{(0)}_x ω[x] ⊕ N^{(1)}_x ω[x] (18) where N_xω[x] ⊆ T_xM is the normal subspace to ω[x] in x, and N^{(0)}x , N^{(1)}x denote the invariant and noninvariant (under G_x) parts of N_xω[x]. Notice that (17),(18) are G_x-invariant decompositions, by definition, and are also equivariants: i.e., T_{gx}ω[gx] =D_g (T_xω[x]) T_{gx}M^{gx} =D_g (T_xM^x) T_{gx}N^{(1)}_{gx} ω[gx] =D_g ( N^{(1)}_x ω[x]

) (19)

Indeed, the first two of these follow immediately from the properties of ω[x] and M^x; the third one follows from these and (17),(18).

One can easily prove [1,2,4,6,7] that Lemma V. T_xσ[x] = T_xω[x] ⊕ T_xM^x ≡ T_xω[x] ⊕ N^{(0)}_x ω[x] (20) Moreover, it can be proved [1,2,4,12] that Lemma VI. For every G-equivariant vector field φ ∈ M, φ = f(x) · ∇ , φ : x → T_xσ[x] Actually, by the same construction which yields lemma VI, one can also prove that: Lemma VII. For every G-equivariant vector field φ ∈ M, φ : x → T_xM^x Notice that Lemma VII implies Lemma VI. A simplest proof of lemma VII is obtained by remarking that if ~x ≃ x + εf(x), then by equivariance of f, g~x ≃ gx + εf(gx), so that gx = x => g~x = ~x. Finally, we should recall some results concerning the geometry of ~M ≈ Ω and the geometry of group action. Since Ω is a semialgebraic manifold, we can define on it a (Whitney) stratification in the sense of algebraic geometry [13]; call E^α_i the corresponding strata, and ^E^α = ∪_iE^α_i (21)

so that ^E^{α+1} ⊆ ∂ ^E^α (22) and the generic stratum will be ^E^0. It is remarkable that this stratification is compatible with the isotropy stratification Σ, i.e. that each isotropy stratum is the union of algebraic strata. This means in particular that nearly all points in M have the same isotropy type.

The points on strata other than the generic one will have greater isotropy groups, and correspondingly smaller G-orbits. Indeed, if we consider the generic stratum ~M_0 in ~M, and correspondingly M_0 = θ^{−1} ( ~M_0 ) ⊆ M, M_0 is a G-fiber bundle, M_0 = ~M_0 × G. In general, M is foliated but not fibered by G, as the leaves (the G-orbits) through x ∈ M\M_0 are not isomorphic to leaves through x_0 ∈ M_0; the non-generic strata are therefore also called singular.

These considerations also suggest the following construction: let B ⊂ M be a subset of M such that θ(B) = ~M, i.e. P ≃ Ω, or B meets any G-orbit in M in one and only one point.

Lemma VIII. If G is a compact Lie group and M a smooth G-manifold, then there exists a B_0 with the above properties and such that B_0 is a smooth submanifold (in general, with boundary) of M. Once we have find a B, clearly M = G(B), and any point X ∈ M can be identified by a pair x = (b, g) of coordinates b ∈ B, g ∈ G, such that x = gb (23) We stress that the rep[resentation (23) is not unique, in general, for a given B: e.g., in (23) we could also choose g^′ = gh, with h ∈ G_b.

If the B is chosen as the B_0 of lemma VIII, we have that Lemma IX. Let M = G(B_0), with B_0 as in lemma VIII; consider a smooth curve x(s) ∈ M; then, we can write x(s) = g(s) · b(s), with b(s) a smooth curve in B_0, and g(s) a smooth curve in G.

Therefore, in general, a smooth dynamical system (3) on the G-manifold M can be also written as

ġ(t) =F_1(g, b) ḃ(t) =F_2(g, b) (24)

As we have remarked before, however, the evolution of the θ’s depends only on the θ’s themselves, so that (24) is actually in ”triangular” form ġ(t) =F_1(g, b) ḃ(t) =F_2(b) (25)

We will summarize our discussion as follows:

Splitting lemma. Let M be a smooth G-manifold, with G a compact Lie group. Let B be a smooth submanifold of M, with θ(B) = ~M ≈ Ω, where Ω = M/G is the G-orbit space, and θ : M → R^k is the map associated to an integrity basis. Any point x ∈ M is then written (in a non-unique way) as x = gb, where g ∈ G, b ∈ B. Let a smooth G-equivariant dynamical system ẋ = f(x) be defined on M; this induces a G-invariant dynamical system θ̇ = ~f(θ) on Ω. Also, with the above representation of x, the dynamical system is written in the triangular form (25), and is therefore equivalent to (the semidirect product of) an autonomous dynamics in Ω (equivalently, in B) and a ω-dependent dynamics on G.

It should be stressed that if G is not compact, the splitting lemma does not hold in general, but we are however still guaranteed that the splitting is possible locally.

Results going in the same direction as the splitting lemma can be found in the literature; see e.g. [14] and [15], to quote two recent works, and also see next section to see existing results which can be unified by the above splitting lemma. It seems, however, that the result has not been stated - and presumably is not known - in general terms, as the ad hoc proofs of these works do also confirm.

4. Discussion I - General features

Before considering some examples in full detail, we would like to discuss some special case and applications of the splitting lemma. We start by general remarks.

Remark 1. If f(x) = (∇V )(x), i.e. if the dynamical system describes a gradient flow, f(x) is obviously orthogonal to the G-orbit ω[x] at any x ∈ M. Therefore, the dynamics along the G-orbit is absent, and we just have the dynamics in orbit space.

Remark 2. The situation considered in Remark 1 was the one considered by Michel [1-3]. It should be stressed that, although on the basis of physical considerations he only considered the problem of critical points for an invariant potential, not only his construction is general enough to deal with the general case, but also his original proof does immediately apply to the general case as well. Our splitting lemma should therefore be seen as a corollary to Michel theorem [1].

Remark 3. A particularly interesting situation arises when the dynamics in Ω is simple. If ω_0 ∈ Ω is a fixed point for this dynamics, the quantities θ_i can be considered as constants of the motion (for initial data in ω_0), or as asymptotic constants of motion (for initial data in the basis of attraction of ω_0). On the orbit ω_0, we can then apply the momentum map reduction.

Remark 4. Indeed, this corresponds to saying that the whole dynamics takes place on G (i.e. on the G-orbit ω_0).

Remark 5. In the language of Lie-point symmetries, the existence of a fixed point for the dynamics in Ω corresponds to the existence of k simultaneous conditional symmetries [16], or conditional constants of motion^1 [17], see also Remark 3.

Remark 6. If G_x ∈ C[H], the G-orbit through x is isomorphic to G/G_x ≃ G/H.

Remark 7. We have noticed earlier that if x(0) = x_0, then x(t) ∈ M^{x0} ∀t ≥ 0. We could therefore apply the construction - and the splitting lemma - to M^{x0} rather than to the whole M. Notice that M^{x0} could, in general, contain points y such that G_y strictly contains G_{x0} ; this is not the case if G_{x0} is a maximal isotropy subgroup for the action of G in M. In this case, M^{x0} is necessarily a fiber bundle; the fibers correspond to the effective action of G on M^{x0} . The maximal subgroup of G mapping M^{x0} into itself is N_G(G_{x0} ), the normalizer of G_{x0} in G; obviously G_{x0} is a normal subgroup of N_G(G_{x0} ), and by definition it acts as the identity in M^{x0} . Therefore, the effective action of G in M^{x0} is given by D_{x0} := N_G(G_{x0} )/G_{x0} ; if G_{x0} is a maximal isotropy group in G, then the action of D_{x0} in M^{x0} is free. (These remarks are due to Golubitsky and Stewart [12]).

Remark 8. Suppose that we are interested in knowing if our system (3) admits periodic orbits. If the dynamics in Ω drives the system in M to a given G-orbit ω_0, ω_0 ≃ G/G_0, we would then like to know if the system on this orbit admits periodic solutions. If there is a periodic (non stationary) solution x̄(t) ∈ ω_0, then any ~x(t) = gx̄(t) (with g fixed) will also be a periodic solution. In other words, ω_0 must be fibered by S^1 circles (corresponding to the dynamical system flow). This condition can allow us to assert there are no periodic solutions, if ω_0 does not admit an S^1 fibration, e.g. if it has nonvanishing characteristic classes. Similar considerations do also apply for quasiperiodic solutions, requiring a T^k fibration of ω_0.

Remark 9. In some cases, it could be sufficient to have a local S^1 fibration (e.g. if we have local Lie groups rather than proper ones); the analysis of obstructions to a local S^1 fibration of a manifold is considerably more complicate than for global S^1 fibrations; see Gromov et al. [18].

Remark 10. Considerations not so different from the above do also apply for periodic or quasiperiodic solutions to the dynamics in orbit space. The number of conditional constants of motion would now be (k − q) for q-periodic solutions in Ω, and the coefficients for the dynamics in G would be q-periodic functions of time.

Remark 11. It is maybe worth mentioning how one could, in practice, write down the dynamics on G. If {L_1, ..., L_r} are the generators of G, the Lie algebra of the connected Lie group G, any element g ∈ G can be written as g = exp[ ∑ i λ_iL_i], λ_i ∈ R, so that the dynamics in G can be mapped into a dynamics for the λ_i’s.

Remark 12. Notice also that the dynamical system (1) induces a flow which correspond to a one-parameter group Φ (with Lie generator φ); in the case of dynamics on only one G-orbit, this Φ must be a one-parameter subgroup of G. Also, since G transforms solutions into solutions, Φ must be a normal subgroup of G, i.e. φ must be an ideal of G.

Remark 13. The considerations of Remark 12 (and Remarks 8-10 as well) do not apply if ω_0 is not a fixed point for the dynamics in Ω. In this case, to a q-periodic solution ω(t) correspond a space phase T^q ⊗_→ G for the dynamics in G (here ⊗_→ denotes semidirect product).

1 It was pointed out to me separately by G. Saccomandi and by G. Marmo that these were already known to Amaldi and Levi Civita.

5. Discussion II - Equivariant bifurcation theory

We would like to present some further remarks, specifically concerned with the application of our splitting lemma, and more generally of Michel theory, to equivariant bifurcation theory.

Remark 14. It is interesting to remark that, nearly at the same time as Michel and Radicati [3], considerations resorting to the same approach based on geometry of symmetry breaking (Lemma VI) were applied to the SU(3) symmetry breaking by Cabibbo and Maiani [5]; their discussion lacks the mathematical generality of Michel theorem [1], but curiously their argument is essentially an anticipation of the ”Symmetric Criticality Principle” of Palais [19]. The latter is (or can be seen as) an extension of Michel theorem to the case of variational problems defined by a functional over a space of sections of a fiber bundle (see also [20] for a similar extension in the case of gauge theories and for connections with bifurcation theory).

Remark 15. Two basic tools in equivariant bifurcation theory [21,22,12,23] are the ”Equivariant Branching Lemma” (EBL) of Cicogna and Vanderbauwhede [24] (extended to Hopf case by Golubitsky and Stewart [12]) and the ”Reduction Lemma” (RL) of Golubitsky and Stewart [12]; these can be seen as corollaries of Michel theorem, although the original proofs were given with little or no reference to Michel’s work^2. Also, these simpler result do not require the introduction of the full Michel theory, but just lemmas V, VI, VII above (about this matter, see also [25,26]). It is interesting that these useful tools, which are at the core of applications of equivariant bifurcation theory, fit so naturally in Michel theory.

Remark 16. In the present setting, the EBL corresponds to bifurcation in the orbit space dynamics (while the dynamics on group variable remains trivial for stationary bifurcations, and goes around a G/G_x = U(1) subgroup of G in the Hopf case). The RL corresponds to Lemma VII above, and the reduced dynamics can be seen as the dynamics on a group (see [23] for concrete examples in the simplest cases; see also the next section).

Remark 17. One of the nicest theoretical accomplishments of equivariant bifurcation theory is the work of Krupa [14] on bifurcation from a relative equilibrium (see also [27]). In the present framework, this corresponds to bifurcation of a fixed point for the dynamics in the orbit space (see remark 3); if this undergoes a Hopf bifurcation, we recover the scenario described by Krupa (see also [26] for an example).

Remark 18. In a recent work, Chossat and Koenig [15] have developed a criterion for the existence of periodic branching solutions, based on the analysis of orbit space. Such a result can be seen as an extension of Michel analysis (originally focused on the existence of critical points for variational problems, or fixed points for the dynamics) to periodic solutions. This is indeed quite similar in spirit to the extension by Golubitsky and Stewart [12] of the EBL [24] to the case of Hopf bifurcations.^3

Remark 19. The last few remarks suggest that Michel theory of symmetry breaking has been generally overlooked, and that a number of recent inteersting results fit naturally into it, although obtained in different ways. It would be not surprising to discover that this theory has yet a number of interesting and useful results (maybe in the form of simple but useful corollaries, see the above remarks) to offer us, such as the splitting lemma presented here. I hope that the present discussion can also serve to induce the readers to familiarize with this beautiful theory and its developements.

2 It should be stressed that at least some of the authors working at the developement of equivariant bifurcation theory, however, were aware not only of the existence of Michel theorem, but also of its relevance [22].

3 We remark that, quite curiously, in [15] some results due to Michel are attributed to Field and Richardson [28], although these authors correctly attribute them to Michel in their very interesting and profound works [28].

6. Examples

Finally, we would like to consider in details some concrete examples, showing how the splitting lemma applies to simple dynamical systems.

Example 1. Let M = R^2, G = SO(2). Then, any G-equivariant dynamical system is written as ẋ = f(x) ≡ (α(ρ)I + β(ρ)J) x where ρ = (x^2 + y^2)/2, I is the 2 × 2 identity matrix, and J is the generator of SO(2), J = ( 0 −1 1 0 )

The SO(2) orbits are indexed by ρ ≥ 0, and indeed it is easy to see that ρ̇ = (x · ẋ) = α(ρ) · ρ ≡ f_ω(ρ) (notice that ρ = 0 is a fixed point for any α, β, as stipulated by Michel theorem).

We can therefore pass to polar coordinates (ρ, φ); in these we have ρ̇ =f_ω(ρ) ≡ ρ · α(ρ) φ̇ =f_G(ρ, φ) ≡ β(ρ) which realizes the splitting of the dynamics.

Example 2. Let M = R^4, G = SU(2) acting with generators

H_1 =

0 0 1 0 0 0 0 1 −1 0 0 0 0 −1 0 0 , H2 = 0 0 0 −1 0 0 1 0 0 −1 0 0 1 0 0 0 , H3 = 0 −1 0 0 1 0 0 0 0 0 0 1 0 0 −1 0

Then, G-equivariant dynamical systems are of the form

ẋ = f(x) ≡ [ α(ρ)I + 3∑ i=1 β_i(ρ)K_i ] x

where ρ = (1/2)

∑_4 k=1 x^2_k and

K_1 =

0 1 0 0 −1 0 0 0 0 0 0 1 0 0 −1 0 , K2 = 0 0 0 1 0 0 1 0 0 −1 0 0 −1 0 0 0 , K3 = 0 0 1 0 0 0 0 −1 −1 0 0 0 0 1 0 0

The SU(2) orbits are indexed by ρ, and ρ̇ = α(ρ) · ρ Again, x = 0 is a fixed point for any G-equivariant f.

Notice that for both the present and the previous example, the evolution on the G-orbits which are fixed points for the dynamics in the orbit space (i.e. such that α(ρ) = 0) is linear; we have therefore a spontaneous linearization for asymptotic dynamics [29]. This fact is related to the fact that we have only one invariant (ρ) for the G action on M.

Notice that all orbits - at the exception of ρ = 0 - belong to the same stratum, and for x ≠ 0 we have G_x = {e}, M^x = R^4\{0}, ω[x] ≃ G.

The group G = SU(2) is isomorphic to the sphere S^3, which admits a fibration by circles S^1, the Hopf fibration. Indeed, unless β_1(ρ_0) = β_2(ρ_0) = β_3(ρ_0) = 0, the flow by f on the orbits satisfying α(ρ_0) = 0 gives raise to periodic solutions.

Example 3. Let M = R^3, G = SO(3). here again the orbits are indexed by ρ = (1/2)

∑_3 i=1 x^2_i . Now the G-equivariant dynamical systems are of the form ẋ = f(x) ≡ α(ρ)x so that the dynamics along G is trivial, and we only have a nontrivial dynamics in Ω, ρ̇ = α(ρ) · ρ

Thus, G-orbits such that α(ρ_0) = 0 correspond to a sphere S^2 of fixed points. This fact is related to the irreducibility of the standard (defining) representation of SO(3), not only on R but also on C.

Notice that examples 1-3 are also examples of the three types of real irreducible representations, according to Schur lemma over R [30].

Example 4. Let M = R^2 and G = Z^{(1)}_2 × Z^{(2)}_2 , generated by

H_1 = ( −1 0 0 1 ) , H_2 = ( 1 0 0 −1 )

Now we have two G-invariants, θ_1 = x^2_1 and θ_2 = x^2; any G-equivariant dynamical system is of the form

ẋ_i = f_i(x^2_1, x^2) · x_i

The orbit space is the quadrant {x_1 ≥ 0 , x_2 ≥ 0}; and the point x = 0 has G_x = G, points (x_1, 0) and (0, x_2) (with x_1 ≠ 0, x_2 ≠ 0) have, respectively, G_x = Z^{(2)}_2 and G_x = Z^{(1)}_2 ; points (x_1, x_2) such that x_1x_2 ≠ 0 have G_x = {e}. Notice that M^{Z(1)2} = (0, x_2), M^{Z(2)2} = (x_1, 0); M^{{e}} = M\[{0} ∪ M^{Z(1)2} ∪ M^{Z(2)2} ].

Let us consider the time evolution of θ_1, θ_2:

θ̇_1 =2f_1(θ_1, θ_2) · θ_1 θ̇_2 =2f_2(θ_1, θ_2) · θ_2

Notice that, in agreement with general results [1-4], the strata are invariant under the flow, so that the axes cannot be crossed, and the motion will remain confined in a quadrant. This also means that the evolution on the (discrete) group G is trivial; this is indeed the only smooth evolution possible on a discrete group.

Example 5. Let M = R^2 and G = R acting as dilations; notice that here we have a noncompact group. The G-equivariant, i.e. scale-invariant, dynamical systems are of the form ẋ = Ax with A a numerical matrix; thus, we have linear dynamical systems. The G-orbits correspond to straight lines y = mx, and are indexed e.g. by θ = tan(x_2/x_1); points along a G-orbit are indexed by ρ = |x|^2. Notice that x = 0 is a special G-orbit, and also belongs to all the G-orbits.^4

The difficulty to write down the dynamical systems according to the splitting lemma - i.e., in this case, in polar coordinates - is indeed related to this singularity (although x = 0 is a simple fixed point for the dynamics). Notice however that locally, in the neighbourhood of any nonsingular point x ≠ 0, we can easily write the dynamical system in polar coordinates, and the equation for θ̇ does not depend on ρ. The singularity in x = 0 forbids a global description.

Notice that if we take G = SO(2) × R (where R act as before), the problem is not present. Indeed, G-equivariant dynamical systems are now of the form ẋ = (aI + bJ)x with J as in example 2; in polar coordinates, this is just ρ̇ = aρ ; θ̇ = b

4 The stratification of the orbit space for noncompact group actions presents some serious problems, and is not always well defined. The case of noncompact groups with a centralizer satisfying a compactness condition is discussed in [2, 22]; a more general discussion of the geometry of non compact group actions is given in [4]. Similar problems occur for infinite groups actions (here the very order relation between subgroups is endangered, as an infinite group can be isomorphic to one of its subgroups); in some case it is possible to obtain partial results, see [20].

References

[1] L. Michel, ”Points critiques des fonctions invariants sur une G-varieté”; C.R. Acad. Sci. Paris A272 (1971), 433 [2] L. Michel, ”Nonlinear group action. Smooth action of compact Lie groups on manifolds”; in, ”Statistical Mechanics and Field Theory”, R.N.Sen and C.Weil eds., Israel University Press, Jerusalem, 1971 L. Michel, ”Symmetry defects and broken symmetry. Configurations. Hidden symmetry”; Rev. Mod. Phys. 52 (1980), 617 L. Michel, ”Les brisures spontanées de symetrie en physique”; J. de Phys. 36 (1975), C7-41

[3] L. Michel and L. Radicati, ”Properties of the breaking of hadronic internal symmetry”; Ann. Phys. (N.Y.)

66 (1971), 758 L. Michel and L. Radicati, ”The geometry of the octet”; Ann. Inst. Henri Poincaré 18 (1973), 185

[4] M. Abud and G. Sartori, ”The geometry of spontaneous symmetry breaking”; Ann. Phys. 150 (1983), 307 G. Sartori and V. Talamini, Comm. Math. Phys. 139 (1991), 559 G. Sartori, ”Geometric invariant theory: a model-independent approach to spontaneous symmetry and/or supersymmetry breaking”; Rivista del Nuovo Cimento 14 (1992), n. 11

[5] L. Michel and L. Radicati, ”Breaking of the SU_3 × SU_3 symmetry in hadronic physics”; in ”Evolution of Particle Physics”, M. Conversi ed., Academic Press, London, 1971 N. Cabibbo and L. Maiani, ”Weak interactions and the breaking of hadronic symmetry”; in ”Evolution of Particle Physics”, M. Conversi ed., Academic Press, London, 1971

[6] G. Bredon, ”Introduction to compact transformation groups”; Academic Press, London, 1972

[7] R. Palais and C. Terng, ”Critical point theory and submanifold geometry”, Lect. Notes Math. 1353, Springer, Berlin, 1988

[8] M. Field, ”Local structure of equivariant dynamics”; in ”Singularity theory and its applications - II”, Lect.

Notes in Math., M. Roberts and I. Stewart eds.; Springer, Berlin, 1991

[9] D. Hilbert, ”Theory of algebraic invariants”, Gottingen 1897; translated into English and reprinted by Cambridge University Press, Cambridge, 1993

[10] G. Schwartz, ”Smooth functions invariant under the action of a compact Lie group”, Topology 14 (1975), 63 G. Schwartz, ”Lifting smooth homotopies of orbit spaces”; Publ. Math. I.H.E.S. 51 (1980), 37

[11] E. Bierstone, ”Lifting isotopies from orbit spaces”; Topology 14 (1975), 245

[12] M. Golubitsky, D. Schaeffer and I. Stewart, ”Singularities and groups in bifurcation theory - vol. II”;

Springer, New York, 1988 M. Golubitsky, ”The Benard problem, symmetry and the lattice of isotropy subgourps”, in ”Bifurcation Theory, Mechanics and Physics”, C.P. Bruter et. al. eds., Reidel, 1983, p. 225 M. Golubitsky and I.N. Stewart, ”Hopf bifurcation in the presence of symmetry”; Arch. Rat. Mech. Anal. 87 (1985), 107 I.N. Stewart, ”Bifurcations with symmetry”; in ”New Directions in Dynamical Systems”, T. Bedford and J. Swift eds., Cambridge University Press, Cambridge, 1988

[13] H. Whitney, ”Elementary structure of real algebraic varieties”; Ann. Math. 66 (1957), 545

[14] M. Krupa, ”Bifurcations of relative equilibria”; SIAM J. Math. Anal. 21 (1990), 1453

[15] M. Koenig and P. Chossat, ”Caractérisation des bifurcations pour les champs de vecteur équivariants sous l’action d’un groupe de Lie compact”; C. R. Acad. Sci. I (Math.) 318 (1994), 31

[16] D. Levi and P. Winternitz, ”Non-classical symmetry reduction: example of the Boussinesq equation”; J.

Phys. A 22 (1989), 2915 E. Pucci and G. Saccomandi, ”On the weak symmetry groups of partial differential equations”; J. Math. Anal. Appl. 163 (1992), 588 E.M. Vorob’ev, ”Partial symmetries of systems of differential equations”; Soviet Math. Dokl. 33 (1986), 408 E.M. Vorob’ev, ”Reduction and quotient equations for differential equations with symmetries”; Acta Appl. Math. 23 (1991), 1 G. Cicogna and G. Gaeta, ”Symmetry invariance and centre manifolds for dynamical systems”, Nuovo Cimento B 109 (1994), 59

[17] U. Amaldi and T. Levi Civita, ”Trattato di Meccanica Razionale”, Zanichelli, Bologna, 1922 (reprinted 1990) W. Sarlet, P.G.L. Leach and F. Cantrijn, ”First integrals versus configurational invariants and a weak form of complete integrability”; Physica D 17 (1985), 87 G. Gaeta, ”Conditional symmetries and conditional constants of motion for dynamical systems”; preprint 1993

[18] J. Cheeger, K. Fukaya and M. Gromov, ”Nilpotent structures and invariant metrics on collapsed manifolds”;

J. Am. Math. Soc. 5 (1992), 327

[19] R.S. Palais, ”The principle of symmetric criticality”; Comm. Math. Phys. 69 (1979), 19 R.S. Palais, ”Applications of the symmetric criticality principle in mathematical physics and differential geometry”; in ”Proceedings of the 1981 Shangai symposium on differential geometry and differential equations”, Gu Chaohao ed., Science Press, Beijing, 1984

[20] G.Gaeta: ”Michel’s theorem and critical section of gauge functionals”; Helv. Phys. Acta 65 (1992), 622

[21] D. Ruelle, ”Bifurcations in the presence of a symmetry group”; Arch. Rat. Mech. Anal. 51 (1973), 136

[22] D.H. Sattinger, ”Group theoretic methods in bifurcation theory”; Lect. Notes Math. 762, Springer, Berlin, 1979 D.H. Sattinger, ”Branching in the presence of symmetry”; SIAM, Philadelphia, 1983

[23] G. Gaeta, ”Bifurcation and symmetry breaking”; Phys. Rep. 189 (1990), 1

[24] G. Cicogna, ”Symmetry breakdown from bifurcation”; Lett. Nuovo Cimento 31 (1981), 600 A. Vanderbauwhede, ”Local bifurcation and symmetry”; Pitman, Boston, 1982 G. Cicogna, ”A nonlinear version of the equivariant bifurcation lemma”; J. Phys. A 23 (1990), L1339

[25] G.Gaeta: ”Reduction and equivariant branching lemma: dynamical systems, evolution PDEs, and gauge theories”; Acta Appl. Math. 28 (1992), 43

[26] G. Gaeta, ”A splitting lemma for equivariant dynamics”; preprint 1994

[27] J. Marsden, ”Lectures on Mechanics”, London Math. Soc. Lect. Notes, Cambridge University Press, 1992

[28] M. Field and R. Richardson, ”Symmetry breaking and the maximal isotropy subgroup conjecture for reflection groups”; Arch. Rat. Mech. Anal. 105 (1989), 61 M. Field and R. Richardson, ”Symmetry breaking in equivariant bifurcation problems”; Bull. A.M.S. 22 (1990), 79 M. Field and R. Richardson, ”Symmetry breaking and branching patterns in equivariant bifurcation theory, I”; Arch. Rat. Mech. Anal. 118 (1992), 297 M. Field and R. Richardson, ”Symmetry breaking and branching patterns in equivariant bifurcation theory, II”; Arch. Rat. Mech. Anal. 120 (1992), 147

[29] G.Cicogna and G.Gaeta, ”Spontaneous linearization in Hopf and symmetric bifurcations”; Phys. Lett. A 116 (1986), 303

[30] A.A. Kirillov, ”Elements of the Theory of Representations”; Springer, Berlin, 1976