The dynamical entropy of the

quantum Arnold cat map

J. Andries^{�;1}, M. Fannes^{�;2}, P. Tuyls^{�;3} and R. Alicki^{�;4}

∗ Instituut Theoretische Fysica Katholieke Universiteit Leuven Celestijnenlaan 200D B-3001 Heverlee, Belgium

∗∗ Institute of Theoretical Physics and Astrophysics University of Gdańsk PL-80-952 Poland

Abstract

We present a rigorous computation of the dynamical entropy h of the quantum Arnold cat map. This map, which describes a flow on the noncommutative two-dimensional torus, is a simple example of a quantum dynamical system with optimal mixing properties, characterized by Lyapunov exponents ± ln λ^+, λ^+ > 1. We show that, for all values of the quantum deformation parameter, h coincides with the positive Lyapunov exponent of the dynamics.

1Email: johan.andries@fys.kuleuven.ac.be 2Onderzoeksleider NFWO, Email: mark.fannes@fys.kuleuven.ac.be 3Onderzoeker IIKW, Email: pim.tuyls@fys.kuleuven.ac.be 4Email: fizra@univ.gda.pl

1 Introduction

The dynamical entropy is supposed to measure the asymptotic loss of information about the state of a dynamical system due to its time evolution. If a dynamical system is sufficiently differentiable, one expects that its entropy equals the sum of the positive Lyapunov exponents [Le]. These exponents measure the exponential divergence in time of small perturbations in initial conditions. It is, even for easily formulated dynamical systems such as the Hénon map, very difficult to obtain rigorous results. The Arnold cat map however, is quite tractable because it is, up to “cutting and pasting”, linear. Still, because of the combined actions of stretching and folding, it is a paradigm of a non-linear system.

For classical dynamical systems, there is a well-established notion of dynamical entropy also known as the Kolmogorov-Sinai invariant [W]. An elementary construction of a dynamical entropy for discrete quantum systems was presented in [AF]. This construction is fundamentally connected to considering half-chain spin models of the system, with the unilateral shift as time evolution. The central notion is that of operational partition of unity as considered in [Li]. It is the aim of this note to compute the dynamical entropy h of the q-deformation of the Arnold cat map. This dynamical system lives on a non-commutative torus and it occurs naturally in the context of the quantum Hall effect [B]. It turns out that h is precisely equal to the positive Lyapunov exponent of the system and that it is therefore a good measure of the strong mixing properties of the q-Arnold cat map [ENTS]. In particular, h is independent of the deformation parameter q.

We should at this point comment on the relation between the dynamical entropy in the sense of [AF] and that in the sense of [CNT, ST]. For standard examples of dynamical systems, such as classical systems, shifts on a quantum spin chain and gauge-invariant quasi-free Fermion automorphisms, both schemes produce, up to structural constants, the same entropy, though it must be said that the computations in the [CNT] setup are much more elaborate and need additional regularity conditions on the invariant state. For less “physical” systems, such as the free shift, the difference becomes extreme [AN], but one could argue that such systems are irrelevant anyway.

The difference between the [CNT] and [AF] entropy becomes striking in the case of the q-Arnold cat map. Indeed, it is shown in [NT], that the [CNT] entropy vanishes almost everywhere as a function of q, while the excellent ergodic behaviour is independent of q [ENTS].

We briefly remind the construction of the entropy. Consider a discrete dynamical system i.e. a unital C*-algebra A, an automorphism Θ of A and a state ω on A which is invariant under Θ. We will also need to specify a unital ∗-subalgebra A_0 of A, globally invariant under Θ. A partition of size k is a k-tuple X = (x_0, x_1, . . . , x_{k−1}) of elements of A satisfying: k−1∑ i=0 x^∗_i x_i = 1I.

Two partitions X = (x_0, x_1, . . . , x_{k−1}) and Y = (y_0, y_1, . . . , y_{ℓ−1}) can be composed to yield a new partition X ∘ Y = (x_0 y_0, x_0 y_1, . . . , x_{k−1} y_{ℓ−1}) of size k ℓ. Also, if X is a partition, then Θ(X ) = (Θ(x_0), Θ(x_1), . . . , Θ(x_{k−1}) is again a partition.

To any size k partition X we associate a k × k density matrix ρ[X ] with (i, j) matrix-element ω(x^∗_j x_i). We now define the dynamical entropy in terms of the von Neumann entropy of the density matrices generated by the partition X and Θ. More precisely, let X be any finite partition. h_{(Θ,ω)}(X ) is defined as:

h_{(Θ,ω)}(X ) = lim sup_m 1 m S(ρ[Θ^{m−1}(X ) ∘ · · · ∘ Θ(X ) ∘ X ]) = lim sup_m 1 m Tr η(ρ[Θ^{m−1}(X ) ∘ · · · ∘ Θ(X ) ∘ X ]).

η is the standard entropy function x → −x ln x on [0, 1]. The dynamical entropy h_{(A0,Θ,ω)} is obtained by taking the supremum of h_{(Θ,ω)}(X ) over all finite partitions in A_0:

h_{(A0,Θ,ω)} = sup_{X ⊂A0} h_{(Θ,ω)}(X ).

2 The entropy of the q-Arnold cat map

We parametrize the two-dimensional torus T^2 by a coordinate z = (x, y) ∈ R^2/Z^2, i.e. each point on T^2 corresponds to a point z ∈ [0, 1[×[0, 1[. The sides of the unit square with x or y = 1 are identified with those with x or y = 0. T^2, equipped with the composition law

(x_1, y_1) + (x_2, y_2) = (x_1 + x_2 mod 1, y_1 + y_2 mod 1)

and with the usual convergence is a compact, commutative topological group. The normalized Haar measure dx on T^2 assigns the value (δ_2 − δ_1)(ϵ_2 − ϵ_1) to the open set ]δ_1, δ_2[×]ϵ_1, ϵ_2[, 0 ≤ δ_1 < δ_2 < 1, 0 ≤ ϵ_1 < ϵ_2 < 1.

Let SL(2, Z) be the group of all 2×2 matrices with integer coefficients and with determinant equal to 1. Due to these conditions, the natural action of SL(2, Z) on T^2 preserves dx. Each T ∈ SL(2, Z) defines a discrete dynamical system (T^2, T, dx) in the sense of [AA]. Such systems are called Arnold cat maps. In order to avoid trivialities we will assume that Tr T > 2. The two Lyapunov exponents of T are ± ln λ^+, where λ^+ is the largest eigenvalue of T . We will use a description of the cat map on the level of the algebra C of complex continuous functions on T^2. Let u and v denote the functions z → exp(i2πx) and z → exp(i2πy). By the Stone-Weierstraß theorem, C is the abelian C*-algebra generated by the commuting unitaries u and v. It is the closure, in the uniform norm, of the algebra D generated by u and v. It will be useful to introduce for χ = (m, n) ∈ Z^2, the CCR-like notation W (χ) = u^m v^n. The Haar measure dx translates in the state τ with τ(W (χ)) = δχ_{,0} and the dynamics determined by T ∈ SL(2, Z) becomes the ∗-automorphism Θ_T (W (χ)) = W (T̂ χ), T̂ being the transpose of T . (C, Θ_T , τ) is now an algebraic dynamical system in the sense of [HK].

Choose 0 ≤ q < 2π. A simple quantum deformation of the Arnold cat map is obtained by modifying the relation between the unitaries u and v to u v = e^{iq} v u. Putting for χ = (m, n) ∈ Z^2, W (χ) = e^{−iqmn/2} u^m v^n, we obtain the relations

W (χ_1) W (χ_2) = e^{iqσ(}χ^1, χ^2)/2 W (χ_1 + χ_2), χ_1, χ_2 ∈ Z^2, where σ(χ_1, χ_2) = m_1 n_2 −n_1 m_2. We will denote by D_q the algebra generated by the W (χ), χ ∈ Z^2 and by C_q the corresponding C*-algebra. The relation τ(W (χ)) = δχ_{,0} still defines a tracial state on C_q and, as σ(T̂ χ_1, T̂ χ_2) = σ(χ_1, χ_2), Θ_T (W (χ)) = W (T̂ χ) extends to a ∗-automorphism of C_q.

Theorem Let λ^+ be the largest eigenvalue of the matrix T ∈ SL(2, Z) and assume Tr T > 2. For any 0 ≤ q < 2π we have h_{(Dq,ΘT ,τ)} = ln λ^+.

Proof: The statement is a direct consequence of propositions 1 and 2.

3 The proofs

Let us introduce the following notation. For f, g ∈ ℓ^1(Z^2) we put W (f) = ∑ χ∈Z^2 f(χ) W (χ). Clearly ‖W (f)‖ ≤ ‖f‖_1. Furthermore, W (f)^∗ = W (f^†) with f^†(χ) = f(−χ), W (f) W (g) = W (f ∗ g) with f ∗ g(χ) = ∑ ξ∈Z^2 exp(iqσ(χ, ξ)) f(χ − ξ) g(ξ), τ(W (f)) = f(0) and τ(W^∗(f) W (g)) = ⟨f, g⟩. If we denote by ℓ^0(Z^2) the space of complex sequences on Z^2 with only a finite number of non-zero elements, then D_q is precisely {W (f) | f ∈ ℓ^0(Z^2)}. For any partition X = (x_0, . . . , x_{k−1}) = (W (f_0), . . . , W (f_{k−1})) in D_q, we will denote

Support(X ) = k−1⋃ j=0 Support(f_j) with Support(f) = {χ ∈ Z^2 | f(χ) ≠ 0}.

The density matrix ρ[X ] corresponding to the partition X = (W (f_0), . . . , W (f_{k−1})) in D_q has matrix elements ρ[X ]_{ij} = ⟨f_j | f_i⟩ and therefore

S(ρ[X ]) = S([⟨f_j | f_i⟩]_{ij}) = Tr η([⟨f_j | f_i⟩]_{ij}). (1)

We will first concentrate on partitions generated by f_j ∈ ℓ^0(Z^2) that live on a single point of Z^2. Let for k ∈ {1, 2, . . .}, X be such a partition X = ( e^{iα0} W (χ_0) √ k , · · · , e^{iαk}�^1 W (χ_{k−1}) √ k ) , (2)

with 0 ≤ α_j < 2π and χ_j ∈ Z^2. We define an equivalence relation between the indices {0, . . . , k − 1} by putting a ≡ b if χ_a = χ_b. The #[a] × #[a] matrix P_{[a]}, with r, s matrix-element (exp i(α_r − α_s))/#[a] projects onto a one-dimensional subspace of C^{#[a]}. The density matrix ρ[X ] can be written as ρ[X ] = ⨁ [a] #[a] k P_{[a]}. Therefore S(ρ[X ]) = ∑ [a] η( #[a] k ).

Lemma 1 Let X and Y be partitions of the form X = ( e^{iα0} W (χ_0) √ k , · · · , e^{iαk}�^1 W (χ_{k−1}) √ k ) , and Y = ( e^{iβ0} W (ψ_0) √ ℓ , · · · , e^{iβℓ}�^1 W (ψ_{ℓ−1}) √ ℓ ) . Then S(ρ[X ∘ Y]) ≥ S(ρ[X ]).

Proof: Putting (i, j) ≡ (a, b) if χ_i + ψ_j = χ_a + ψ_b, we can again express the entropy S(ρ[X ∘ Y]) as S(ρ[X ∘ Y]) = ∑ [(i,j)] η (#[(i, j)] k ℓ ) . Moreover #[(i, j)] = ∑ [a],[b] [(a,b)]=[(i,j)] #[a] #[b].

Define now c([(i, j)]) by

c([(i, j)]) = ∑ [a] ∃b s.t. [(a,b)]=[(i,j)] #[a] k .

Using η(x y) = x η(y)+y η(x) and the positivity and concavity of η we obtain

S(ρ[X ∘ Y]) = ∑ [(i,j)] η ( #[(i, j)] k ℓ )

= ∑ [(i,j)] η ( ∑ [a],[b] [(a,b)]=[(i,j)] #[a] k #[b] ℓ ) .

Let b̃ be such that [(a, b̃)] = [(i, j)], then S(ρ[X ∘ Y]) = ∑ [(i,j)] η ( c([(i, j)]) ( ∑ [a] ∃b s.t. [(a,b)]=[(i,j)] 1 c([(i, j)]) #[a] k #[b̃] ℓ ))

≥ ∑ [(i,j)] c([(i, j)]) η ( ∑ [a] ∃b s.t. [(a,b)]=[(i,j)] 1 c([(i, j)]) #[a] k #[b̃] ℓ )

≥ ∑ [(i,j)] ∑ [a] ∃b s.t. [(a,b)]=[(i,j)] #[a] k η( #[b̃] ℓ )

= ∑ [b] η( #[b] ℓ ) = S(ρ[Y])

Proposition 1 Let λ^+ denote the largest eigenvalue of T , then h_{(Dq ,ΘT ,τ)} ≥ ln λ^+.

Proof: Assume first that we can find, for each m ∈ N_0, a partition X of the form X = (

W (χ_0) √ k , · · · , W (χ_{k−1}) √ k ), such that h_{(Dq ,Θ}m_{T ,τ)}(X ) ≥ ln[(λ^+)^m], where [ν], ν ∈ R is the integer part of ν. We enlarge, for n ∈ N_0, the partition

X_1(m, n) = Θ^{m(n−1)}_T (X ) ∘ · · · ∘ Θ^m_T (X ) ∘ X to X_2(m, n) = Θ^{m(n−1)}_T (X ) ∘ Θ^{m(n−1)−1}_T (X ) · · · ∘ Θ_T (X ) ∘ X .

Both partitions are of the form (2). Remark that for two such partitions Y_1 and Y_2, S(ρ[Y_1 ∘ Y_2]) = S(ρ[Y_2 ∘ Y_1]). Repeated applications of this remark and of lemma 1 yield

h_{(Dq,ΘT ,τ)} ≥ lim sup_n 1 m(n − 1) + 1 S ( ρ[X_2(m, n)] )

≥ 1 m lim sup_n 1 n S ( ρ[X_1(m, n)] )

≥ 1 m ln[(λ^+)^m].

The statement of the proposition now follows by taking the limit m → ∞.

It remains to prove the assumption at the beginning of the proof. Choose any 0 ≠ χ ∈ Z^2 and consider the partition X = ( W (0) √ [(λ^+)^m] , W (χ) √ [(λ^+)^m] , · · · , W (([(λ^+)^m] − 1)χ) √ [(λ^+)^m] ) .

We label each element of X_1(m, n) = Θ^{m(n−1)}_T (X ) ∘ · · · ∘ Θ^m_T (X ) ∘ X by a n-tuple (a_{n−1}, . . . , a_1, a_0), a_j ∈ {0, 1, . . . , [(λ^+)^m] − 1}. The mappings (a_{n−1}, . . . , a_1, a_0) → n−1∑ j=0 a_j [λ^+]^{±j}

are injective. As the eigenvalues of T̂^m are (λ^+)^{±m}, also (a_{n−1}, . . . , a_1, a_0) → n−1∑ j=0 a_j (λ^+)^{±j}

is injective. Therefore ρ[X_1(m, n)] is diagonal with equal entries [(λ^+)^m]^{−n}. It follows that h_{(Dq ,Θ}m_{T ,τ)}(X ) ≥ ln[(λ^+)^m].

In order to obtain an upper bound for h, we have now to consider general partitions in D_q.

Lemma 2 Consider a partition X = (W (f_0), . . . , W (f_{k−1})) in D_q, then S(ρ[X ]) ≤ ln # ( Support(X ) ) .

Proof: As X is a partition we have k−1∑ j=0 W (f_j)^∗ W (f_j) = 1I.

In particular it follows that k−1∑ j=0 ‖f_j‖^2 = 1.

Consider an orthonormal basis {e_i | i = 0, . . . , k − 1} of C^k, then ρ[X ] is the restriction of the pure state determined by the normalized vector ∑ j e_j ⊗ f_j ∈ C^k ⊗ ℓ^2(Z^2)

to the factor M_k in M_k ⊗ B(ℓ^2(Z^2)), where M_k are the k × k matrices with complex entries. As the restrictions of a pure state on a tensor product are given by density matrices that have the same eigenvalues taking multiplicities into account, except possibly for the eigenvalue zero [AL], we can conclude from (1) that:

S(ρ[X ]) = S([⟨f_j, f_i⟩]_{ij}) = S( k−1∑ j=0 |f_j⟩⟨f_j|) ≤ ln # ( Support(X ) ) .

Proposition 2 Let λ^+ denote the largest eigenvalue of T , then h_{(Dq ,ΘT ,τ)} ≤ ln λ^+. Proof: Let e_+ and e_− be the eigenvectors of T which belong to the eigenvalues λ^+ and λ^− = 1/λ^+. For any X ⊂ D_q, there exist a, b > 0 with Support(X ) ⊂ R(a, b), where R(a, b) = {χ ∈ Z^2 | χ = αe_+ + βe_−, |α| < a, |β| < b}. Then

Support(Θ^{n−1}_T (X ) ∘ . . . ∘ Θ_T (X ) ∘ X ) ⊂ R(a λ^{+n} − 1 λ^+ − 1 , b 1 1 − λ^− ). Due to 2 S(ρ[Θ^{n−1}_T (X ) ∘ . . . ∘ X ]) < constant + n ln λ^+.

Acknowledgement It is a pleasure to thank G.L. Sewell for his stimulating remarks on this matter.

4 References

References

[AL] H. Araki and E.H. Lieb, Entropy inequalities, Commun. Math. Phys.

18, 160–170 (1970)

[AA] V.I. Arnold and A. Avez, Problèmes ergodiques de la mécanique classique , Gauthier-Villars, Paris (1967)

[AF] R. Alicki and M. Fannes, Defining quantum dynamical entropy, Lett.

Math. Phys. 32, 75–82 (1994)

[AN] R Alicki and H. Narnhofer, Comparison of dynamical entropies of noncommutative shifts, Lett. Math. Phys., in press (1994)

[B] J Bellissard, in Statistical mechanics and field theory T.C. Dorlas, N.M. Hugenholtz and M. Winnink eds., Springer-Verlag, Berlin, 99–156 (1986)

[CNT] A. Connes, H. Narnhofer and W. Thirring, Dynamical entropy of C*-algebras and von Neumann algebras, Commun. Math. Phys. 112, 691–719 (1987)

[ENTS] G. Emch, H. Narnhofer, W. Thirring and G.L. Sewell, Anosov actions on non-commutative algebras, J. Math. Phys. 35, 5582–5599 (1994)

[HK] R. Haag and D. Kastler, An algebraic approach to quantum field theory, J. Math. Phys. 7, 848–861 (1964)

[Le] F. Ledrappier, in Ecole d’été de probabilités de Saint-Flour XII , ed.

P.L. Hennequin, Lecture Notes in Mathematics 1097, 306– Springer- Verlag (1984)

[Li] G. Lindblad, Non-Markovian stochastic processes and their entropy, Commun. Math. Phys. 65, 281–294 (1979)

[NT] H. Narnhofer and W. Thirring, C* Dynamical systems that asymptotically are highly anticommutative, Preprint UWThPh-1994-31 and ESI 136 (1994)

[ST] J-L. Sauvageot and J-P. Thouvenot, Une nouvelle définition de l’entropie dynamique des systèmes non commutatifs, Commun. Math. Phys. 145, 411–423 (1992)

[W] P. Walters, An introduction to ergodic theory, Springer-Verlag, New York, Heidelberg, Berlin (1982)