Normal forms of vector fields satisfying certain geometric conditions

I.U.Bronstein A.Ya.Kopanskii

April 25, 1997

Institute of Mathematics Academy of Sciences of Moldova Kishinev 277028 Moldova comp@revel.moldova.su

Abstract

The paper describes the simplified polynomial resonant normal forms of vector fields satisfying some geometric conditions (namely, preserving volume or symplectic forms or contact structures) with respect to Ck smooth changes of variables preserving the same structure.

Introduction

In the last years much attention has been paid to the theory of finitely smooth normal forms of vector fields in the neighbourhood of a singular point (see, for example, [1], [2]). The problem of reducing to normal form can be divided into three steps. At the first stage, one brings finite jets of the vector field to the resonant normal form by the aid of polynomial changes of variables. The second step deals with “cutting the tail”, i.e., reducing to the polynomial (resonant) normal form. Finally, one uses finitely smooth transformations to simplify the resonant normal form, i.e., to eliminate as many monomial terms as possible. A great many of results obtained in these research directions are summed up in the book [2].

The recent work [3] is devoted to (the second step of) normalization of vector fields satisfying some geometric conditions (namely, preserving volume or symplectic forms or contact structures) by a smooth change of variables preserving the same structure. The method of proof used in [3] is based on the deformation method of singularity theory (R.Tom, J.Mather). As the authors emphasize, this method is ideally suited to discussing conjugacy problems in which a geometric structure is preserved. The deformation method reduces non-local nonlinear problems to linear ones, namely, to solving cohomology equations (for the corresponding hamiltonians).

This paper is concerned with finitely smooth normal forms of volume preserving, symplectic and contact vector fields in the vicinity of a hyperbolic singular point. We make essential use of the techniques developed in [3] as well as of the results presented in [2,4]. Similar results hold for diffeomorphisms.

We would like to warn the reader that in this paper (as well as in the book [2]) the term resonance refers to the real parts of the eigenvalues. This enables us to obtain normal form which smoothly depend on the vector fields. That is why one may hope that these normal forms are of interest to bifurcation theory.

1 Geometric structures and differential forms

Let M be a contractible manifold of dimension dim M = d (for example, a convex neighbourhood of the origin in R^n). Let p be an integer, 0 ≤ p ≤ d, and γ be a differential p-form. The form γ is said to be non-degenerate if the mapping ξ → i_ξ(γ) which to every vector field ξ : M → T M puts in correspondence the (p − 1)-form i_ξ(γ) is an isomorphism; that is, for each x ∈ M the mapping T_xM → Λ^{p−1}(T^∗_x M) defined by v → i_v(γ(x)) is an isomorphism of the tangent space T_xM onto the space of all skew-symmetric (p − 1)-linear forms on T_xM. This is possible only when

d = dim(T_xM) = dim(Λ^{p−1}(T^∗_x M)) = ( d p − 1 ) , i.e., whenever p = 2 or p = d.

If γ is a non-degenerate p-form, then each differential (p − 1)-form ω determines a unique vector field ξ such that i_ξ(γ) = ω (and vice versa).

If ω is a closed (p − 1)-form (i.e., dω = 0) then by Poincaré’s lemma there exists a (p − 2)-form F such that i_ξ(γ) ≡ ω = dF. In this case the form F is called the hamiltonian of the vector field ξ. If, in addition, γ is a closed p-form, then the form ω = i_ξ(γ) is closed iff L_ξγ = 0. The last equality means that the phase flow of ξ respects the p-form γ.

We shall consider three particular cases of geometric structures defined by differential forms.

Let μ be a non-degenerate d-form (volume form) on M (note that each volume form is closed). A vector field is called volume preserving (more exactly, preserving the volume form μ) if its (local) phase flow respects the form μ, i.e., L_ξμ = 0. In this case, there exists a (d − 2)-form F such that i_ξμ = dF . The hamiltonian F is determined up to adding a closed form. Each (d − 2)-form F determines a μ-preserving vector field ξ.

Let M be a contractible manifold of dimension 2d provided with the symplectic structure, i.e., with a closed non-degenerate 2-form ω. The vector field ξ is said to be symplectic if L_ξω = 0. The hamiltonian F , i_ξ(ω) = dF , is a function determined up to a constant. Each function may serve as a hamiltonian of some symplectic vector field.

Now let M be a contractible manifold of dimension 2d + 1 and θ be a differential 1-form on M such that θ ∧ (dθ)^d is a volume form. The contact structure on M is defined to be the codimension 1 subbundle of the tangent bundle T M determined by θ = 0. Note that if λ : M → R is a non-vanishing function then the form λθ gives the same contact structure. The vector field ξ is said to be a contact vector field if its flow preserves the contact structure, i.e., there exists a function μ_ξ : M → R such that L_ξθ = μ_ξθ.

If ξ is a contact vector field, then the function F = i_ξθ ≡ θ(ξ) is called the contact hamiltonian. Every function F : M → R determines a contact vector field ξ. The correspondence ξ → F, F = θ(ξ), is one-to-one.

Let μ be volume form on R^d, ω be a symplectic form on R^{2d} and θ be a contact form on

R^{2d+1}. According to a theorem due to Darboux, the following statements are true:

1. There exists a system of coordinates u = (u_1, . . . , u_d) on R^d such that μ(u) = du_1 ∧ . . . ∧ du_d. (1.1) 2. There exist coordinates (u, v) = (u_1, . . . , u_d, v_1, . . . , v_d) on R^{2d} such that ω(u, v) = du_1 ∧ dv_1 + . . . + du_d ∧ dv_d. (1.2) 3. One can find coordinates (u, v, w) = (u_1, . . . , u_d, v_1, . . . , v_d, w) on R^{2d+1} so that θ(u, v, w) = u_1dv_1 + . . . + u_ddv_d + dw. (1.3) In what follows, the forms (1.1)–(1.3) will be called standard. The changes of variables which respect these forms are called canonical.

2 Transition formulas

Let u ∈ R^d, 1 ≤ i < j ≤ d. In order to simplify notation, we shall write ^dui = du1 ∧ . . . ∧ dui−1 ∧ dui+1 ∧ . . . ∧ dud, ^dui ∧ ^duj = du1 ∧ . . . ∧ dui−1 ∧ dui+1 ∧ . . . ∧ duj−1 ∧ duj+1 ∧ . . . ∧ dud. For example, each (d − 1)-form γ can be written as γ(u) = d∑ s=1 γ^s(u)^du_s. Similarly, if F is a (d − 2)-form, then

F (u) = d−1∑ p=1 d∑ q=p+1 F^{pq}(u)^du_p ∧ ^du_q Let ξ be a vector field which preserves the volume form μ. With respect to canonical coordinates, we can choose a hamiltonian F so that F^{pq}(u) = (−1)^{p+q} ∫ 1 0 [ξ^q(ut)u_p − ξ^p(ut)u_q]t^{d−2}dt (2.1) (p = 1, . . . , d − 1; q = p + 1, . . . , d).

Conversely, every (d − 2)-form F serves as a hamiltonian of the following volume preserving vector field:

ξ^p(u) = p−1∑ q=1 (−1)^{p+q} ∂F^{qp}(u) ∂u_q − d∑ q=p+1 (−1)^{p+q} ∂F^{pq}(u) ∂u_q (p = 1, . . . , d). (2.2)

The relationship between symplectic vector fields (ξ, η) = (ξ^1, . . . , ξ^d, η^1, . . . , η^d) on R^{2d} and the corresponding hamiltonians F can be expressed as follows: F (u, v) = d∑ p=1 ∫ 1 0 [ξ^p(ut, vt)v_p − η^p(ut, vt)v_p]dt; (2.3)

ξ^p(u, v) = ∂F (u, v) ∂v_p , η^p(u, v) = − ∂F (u, v) ∂u_p (p = 1, . . . , d). (2.4) Similarly, for contact vector fields (ξ, η, ζ) on R^{2d+1} and contact hamiltonians F (u, v, w) one has F (u, v, w) = d∑ p=1 u_pη^p(u, v, w) + ζ(u, v, w); (2.5) ξ^p(u, v, w) = −∂F/∂v_p + u_p∂F/∂w, η^p(u, v, w) = ∂F/∂u_p (p = 1, . . . , d), (2.6) ζ(u, v, w) = F (u, v, w) − d∑ p=1 u_p∂F/∂u_p Moreover, μ_{(ξ,η,ζ)}(u, v, w) = ∂F (u, v, w)/∂w. 3 Normalization of linear parts of vector fields

We shall say that the hyperbolic linear vector field ẋ = Ax (x ∈ R^d) is reduced to the block-diagonal normal form if:

(1) A = diag{A_1, . . . , A_n};

(2) A_i is a linear operator all of whose eigenvalues have one and the same real part θ_i (i = 1, . . . , n); (3) all the diagonal elements of the matrix A_i are equal to θ_i;

(4) if i ≠ j, then θ_i ≠ θ_j.

Let ξ be a vector field on R^d and the origin 0 ∈ R^d be a hyperbolic singular point. Assume that ξ preserves the volume form μ. There exists a coordinate system u = (u_1, . . . , u_d) on R^d which reduces μ to the standard form (1.1). Denote B = Dξ(0). It is well-known that one can find a real linear change of variables y = Su, det S = 1, which brings the operator B to the Jordan real normal form. Clearly, the vector field ẏ = Ay, where A = SBS^{−1}, takes the block-diagonal normal form. Because det S = 1 the volume form is still the standard one. Observe that divA = ∑n i=1 θ_i · dim A_i = 0.

Now let ξ be a symplectic vector field on R^{2d}, with the origin being a hyperbolic singular point. Choose coordinates (u_1, . . . , u_d, v_1, . . . , v_d) so that the symplectic form ω takes the form (1.2). Denote B = Dξ(0). It is known that B = IC, where C is a symplectic linear operator and I = ( 0 −E E 0 ) . According to Williamson’s theorem (see [6]), there exists a canonical linear transformation which brings B = IC to the form ( A 0 0 −A )

where A is expressed in the block-diagonal normal form and all its eigenvalues have positive real parts.

Let ξ be a contact vector field on R^{2d+1} and the origin be a hyperbolic singular point of ξ. Suppose (u, v, w) are canonical coordinates, i.e., the contact form θ is given by (1.3). Denote B = Dξ(0), then we have B(u, v, w) = Au −Av + γv γw , where A is a hyperbolic d × d-matrix and γ is a non-zero number. Now “symplectize” the linear part of the vector field ξ by introducing coordinates (z, v, w, λ) on R^{2d+2} so that z = uλ, λ ∈ R\{0}, and letting ż = Az − γz, v̇ = −Av + γv, ẇ = γw, λ̇ = −γλ. This linear symplectic vector field can be reduced to the block-diagonal normal form by some canonical linear transformation which leaves invariant the subspace w = 0, λ = 0. Because this transformation commutes with the natural action of the multiplicative group of non-zero real numbers, it induces a canonical contact transformation on R^{2d+1} which brings the linear part of the contact vector field ξ to the block-diagonal normal form.

4 Deformation method

The deformation method is a powerful tool for solving various conjugacy problems [1,3]. Let us outline this very useful approach (in the context of vector fields).

Let ξ and η be vector fields defined on a manifold M. For ε ∈ R set ξ_ε = εη + (1 − ε)ξ. Define the vector field Ξ on M × R by ẋ = ξ_ε(x), ε̇ = 0. Suppose we have found a vector field Φ on M × R of the form ẋ = φ_ε(x), ε̇ = 1, which commutes with Φ, i.e.

[Φ, Ξ] = 0. (4.1)

Let F (x, ε, t) (x ∈ M, ε ∈ R, t ∈ R) denote the phase flow of Φ. Put h(x) = pr_1 ∘ F (x, 0, 1). It is easy to show that (h)_∗(ξ) ≡ T h ∘ ξ ∘ h^{−1} = η, i.e., ξ and η are conjugate by h. Observe that (4.1) is equivalent to Dφ_ε · ξ_ε(x) = Dξ_ε(x) · φ_ε + η(x) − ξ(x) (x ∈ M), (4.2) which is called the cohomology equation. The corresponding characteristic system is ẏ = Dξ_ε(x) · y + η(x) − ξ(x), ẋ = ξ_ε(x) (x, y ∈ M; ε ∈ R). (4.3) The solutions of (4.2) are nothing else than invariant sections y = φ_ε(x) of (4.3). Thus, the deformation method reduces the conjugacy problem to finding a smooth invariant section y = φ_ε(x) of the affine extension (4.3) and then to integrating the system ẋ = φ_ε(x), ε̇ = 1.

Now let us turn to the case where the vector fields ξ and η satisfy a certain geometric condition (for example, they are symplectic). It is naturally to ask whether one can choose the conjugation map to be canonical (in the corresponding sense). In order to solve this more delicate conjugacy problem, we need to use the relationships between vector fields and differential forms (see section 2), as suggested in [3].

Let γ be a closed non-degenerate k-form and ξ and η be vector fields which preserve γ. It is not hard to verify that i_{[ξε,φε]}(γ) = d(i_{ξε} (i_{φε} (γ))), therefore (4.2) implies that d(i_{ξε} (i_{φε} (γ))) = i_{η−ξ}(γ). Let F and G be the hamiltonians of the vector fields ξ and η. Denote by H_ε the hamiltonian of the vector field φ_ε we are seeking. Then d(i_{ξε} (dH_ε)) = dG − dF. Taking into account the equality

L_{ξε} H_ε = i_ε(dH_ε) + di_{ξε} (H_ε)

we get dL_{ξε} H_ε = di_{ξε} (dH_ε), whence d(L_{ξε} H_ε − G + F ) = 0.

It suffices to find the hamiltonian H_ε from the equation L_{ξε} H_ε = G − F, (4.3) which is called the cohomology equation for hamiltonians.

Let θ be a contact differential 1-form. Because i_{[ξε,φε]}(θ) = L_ξθ(φ_ε) − μ_{ξε} θ(φ_ε), L_{ξε} θ = μ_{ξε} θ, the equation (4.2) writes L_{ξε} H_ε − μ_{ξε} H_ε = G − F, (4.4) where F and G are the contact hamiltonians of the given contact vector fields ξ and η, and H_ε is the contact hamiltonian of the unknown vector field φ_ε.

Thus, in order to prove that two vector fields which preserve the volume form (the symplectic form, the contact structure) are conjugate with one another by a diffeomorphism respecting the corresponding structure, we have to solve the cohomology equation (4.3) or (4.4), then find the corresponding vector field φ_ε and integrate the system ẋ = φ_ε(x), ε̇ = 1.

5 Cohomology equations for hamiltonians

Let us write out the cohomology equations for hamiltonians expressed in the canonical coordinates (see (1.1)–(1.3)) as well as the corresponding characteristic systems.

a) The volume preserving case d∑ t=1 ξ^t_ε ∂H^{pq}_ε ∂u_t + d∑ t=1 ∂ξ^t_ε ∂u_t H^{pq}_ε − ( ∂ξ^p_ε ∂u_p + ∂ξ^q_ε ∂u_q )H^{pq}_ε

+ p−1∑ t=1 [(−1)^{q+t} ∂ξ^q_ε ∂u_t H^{tp}_ε + (−1)^{p+t−1} ∂ξ^p_ε ∂u_t H^{tq}_ε ]

+ q−1∑ t=p+1 [(−1)^{q+t−1} ∂ξ^q_ε ∂u_t H^{pt}_ε + (−1)^{p+t−1} ∂ξ^p_ε ∂u_t H^{tq}_ε ]

+ d∑ t=q+1 [(−1)^{q+t−1} ∂ξ^q_ε ∂u_t H^{pt}_ε + (−1)^{p+t} ∂ξ^p_ε ∂u_t H^{qt}_ε ]

≡ d∑ t=1 ξ^t_ε ∂H^{pq}_ε ∂u_t + A_{pq} · H_ε = G_{pq} − F_{pq}

(p = 1, . . . , d − 1; q = p + 1, . . . , d);

(5.1)

Ḣpq_ε = −A_{pq}(u) · H_ε + Gpq(u) − F pq(u), u̇ = ξ_ε(u) (1 ≤ p < q ≤ d; u ∈ R^d, H^{pq}_ε ∈ R). (5.2)

Here H_ε = {H^{pq}_ε : 1 ≤ p < q ≤ d} and, for each u ∈ R^d, A_{pq}(u) ∈ L(R^{d(d−1)/2}, R).

b) The symplectic case_d ∑ t=1 (ξ^t_ε ∂H_ε ∂u_t + η^t_ε ∂H_ε ∂v_t ) = G − F ; (5.3) Ḣ_ε = G(u, v) − F (u, v), u̇ = ξ_ε(u, v), v̇ = η_ε(u, v). (5.4) c) The contact case d∑ t=1 (ξ^t_ε ∂H_ε ∂u_t + η^t_ε ∂H_ε ∂v_t ) + ξ_ε ∂H_ε ∂w − μ_{ξε} H_ε = G − F ; (5.5) Ḣ_ε = μ_{ξε} · H_ε + G(u, v, w) − F (u, v, w), u̇ = ξ_ε(u, v, w), v̇ = η_ε(u, v, w), ẇ = ζ_ε(u, v, w). (5.6)

6 Introducing integrated variables

Before proceeding to the normalization of jets of vector fields and their hamiltonians we have to introduce integrated canonical “coordinates”. As it was shown in section 3, without loss of generality we may assume that the linear parts of vector fields are reduced to the block-diagonal normal form (with respect to the canonical coordinates).

Denote d_i = dim A_i (i = 1, . . . , n). Then d_1+. . .+d_n = d. Given a point u = (u_1, . . . , u_d) ∈

R^d, denote xi = (uj_{i�1}+1, . . . , uj_i ), where ji =^{∑i}_{p=1} dp (i = 1, . . . , n), j0 = 0. We shall also

use the notation J_i = {j_{i−1} + 1, . . . , j_i}.

Let ω ∈ Z^d_+ be some multi-index. Denote τ^i = ∑ j∈J_i ω j (i = 1, . . . , n). Clearly, τ = (τ^1, . . . , τ^n) ∈ Z^n_+. Thus, we have defined an operator S : Z^d_+ → Z^n_+, τ = S(ω). Every monomial u^ω ≡ u^{ω1}_1 · . . . · u^{ωd}_d can be written as x^τ = x^{τ 1}_1 · . . . · x^{τ n}_n , where τ = S(ω).

Let ξ̄ be a polynomial vector field of degree Q, i.e., ξ̄_j(u) = A_ju +^Q ∑ |ω|=2 ā^j_ωu^ω (j = 1, . . . , d). (6.1) In terms of the integrated variables, ξ̄ can be rewritten as

ξ_i(x) = A_ix_i + Q∑ |τ|=2 a^i_τ x^τ (i = 1, . . . , n), (6.2) where ξ_i = {ξ̄_j : j ∈ J_i}, a^i_τ = {ā^j_ω : j ∈ J_i, τ = S(ω)}.

Assume that the vector field (6.1) preserves the standard volume from (1.1), then its hamiltonian F defined by (2.1) is a polynomial of degree Q + 1, i.e.,

F̄^{pq}(u) =^{Q+1} ∑ |ω|=2 b̄^{pq}_ω u^ω (p = 1, . . . , d − 1; q = p + 1, . . . , d). (6.3) By using the integrated variables x_1, . . . , x_n, we get

F^{ij}(x) = Q+1∑ |τ|=2 b^{ij}_τ x^τ (1 ≤ i ≤ j ≤ n), (6.4) where F^{ij} = (F̄^{pq} : p ∈ J_i, q ∈ J_j), b^{ij}_τ = (b̄^{pq}_ω : p ∈ J_i, q ∈ J_j, τ = S(ω)), (1 ≤ i < j ≤ n). (6.5) Here it is convenient to assume that F̄^{pq} = −F̄^{qp} for q, p ∈ J_i, q < p.

If ξ is a symplectic polynomial vector field on R^{2d}, then its hamiltonian expressed in the integrated variables becomes F (x, y) = Q+1∑ |α|+|β|=2 b_{αβ}x^αy^β, (6.6) where α, β ∈ Z^n_+. Similarly, for the contact hamiltonian we get F (x, y, z) = Q+1∑ |α+β+γ|=2 b_{αβγ}x^αy^βz^γ + bz. (6.7)

7 Normalization of jets of vector fields and hamiltonians

The polynomial vector field (6.2) is said to be resonant if the condition θ_i ≠ ⟨τ, θ⟩ ≡ τ^1θ_1 + . . . + τ^nθ_n implies a^i_τ = 0.

Assume that the vector field (6.2) preserves the standard volume form (1.1) and F is its hamiltonian defined by (2.1). It is easy to verify that (6.2) is resonant iff the condition θ_i + θ_j ≠ ⟨τ, θ⟩, i < j, implies that b^{ij}_τ = 0 (see (6.4)). Thus, it is natural to say that the hamiltonian (6.4) is resonant if it contains only terms b^{ij}_τ x^τ with θ_i + θ_j = ⟨τ, θ⟩.

Similarly, the symplectic hamiltonian (6.6) is called resonant if ⟨α, θ⟩ ≠ ⟨β, θ⟩ implies b_{αβ} = 0. Recall that in the symplectic case the real parts of the eigenvalues of A are equal to θ_1, . . . , θ_n, −θ_1, . . . , −θ_n. In the contact case, the real parts of the eigenvalues are equal to θ_1, . . . , θ_n, −θ_1 + ν, . . . , −θ_n + ν, ν. Therefore, the contact hamiltonian (6.7) is said to be resonant if the condition ⟨α, θ⟩ − ⟨β, θ⟩ + (γ + β_1 + . . . + β_n)ν ≠ ν implies b_{αβγ} = 0.

Let us consider the vector field ξ,

ξ_i(x) = A_ix_i + Q∑ |τ|=2 a^i_τ x^τ + ξ_Q(x), (7.1)

where ξ_Q ∈ C^K, K ≥ Q + 1, D^pξ_Q(0) = 0 (p = 0, 1, . . . , Q). Assume that (7.1) preserves the standard volume form. Clearly, the corresponding hamiltonian F = (F^{ij}) is of the form

F^{ij}(x) = Q+1∑ |τ|=2 b^{ij}_τ x^τ + F^{ij}_{Q+1}(x), (7.2)

where F_{Q+1} ∈ C^K, D^pF_{Q+1}(0) = 0 (p = 0, 1, . . . , Q + 1).

Lemma 7.1. Let s ∈ {1, . . . , n}, t ∈ {1, . . . , n}, s ≤ t. Let σ ∈ Z^n_+ be a multi-index such that |σ| = Q + 1 and θ_s + θ_t ≠ ⟨σ, θ⟩. There exists a canonical change of variables y = g(x) such that D^p(g − id)(0) = 0 (p = 0, 1, . . . , Q − 1) and the hamiltonian F̃ of the vector field ξ̃ = g_∗ξ takes the form

F̃^{ij}(y) =^{Q+1} ∑ |τ|=2 b̃^{ij}_τ y^τ + F̃^{ij}_{Q+1}(y),

where b̃^{ij}_τ = b^{ij}_τ whenever (i, j, τ) ≠ (s, t, σ); b̃^{st}_σ = 0, D^pF̃^{ij}_{Q+1}(0) = 0 for p = 0, 1, . . . , Q + 1.

Proof. Let ẋ = Ax be the linear part of ξ at the point x = 0. Let f̂ = (f̂^{ij}) be the (d − 2)-form defined by f̂^{ij} = 0 if (i, j) ≠ (s, t), f̂^{st}(x) = b^{st}_σ x^σ. Consider the equation L_{Ax}G = f̂. (7.3) Try to find the unknown (d − 2)-form G = (G^{ij}) so that G^{ij} = 0 for (i, j) ≠ (s, t) and G^{st}(x) = h^{st}_σ x^σ. Note that (7.3) is a special case of (5.1). Hence, (7.3) reduces to n∑ l=1 ∑ r∈J_l ∑ m∈J_l a_{rm}u_m ∂G^{pq} ∂u_r + ∑ r∈Js (−1)^{p+r−1}a_{pr}G^{rq}

+ ∑ r∈Jt (−1) q+r−1a qrG^{pr} = f̂^{pq} (p ∈ J_s, q ∈ J_t). (7.4)

Let us show that the real parts of all the eigenvalues of the linear operator L_{A,s,t} : G^{st} → L_{Ax}G^{st} are equal to the number ⟨σ, θ⟩ − θ_s − θ_t. To this end, approximate the (complexified) matrix A by a semi-simple matrix B. Then L_{B,p,q}(h^{pq}_ω u^ω) = ⟨ω, ν⟩h^{pq}_ω u^ω − (ν_p + ν_q)h^{pq}_ω u^ω, where ν_1, . . . , ν_d are the eigenvalues of B, p ∈ J_s, q ∈ J_t, σ = S(ω). Taking into account that the spectrum of a matrix depends continuously on its entries and that A is a blockdiagonal matrix we easily arrive to the conclusion that the spectrum of L_{A,s,t} lies on the line Reλ = ⟨σ, θ⟩ − θ_s − θ_t, as asserted above.

Because ⟨σ, θ⟩ − θ_s − θ_t ≠ 0, we see that system (7.4) (as well as equation (7.3)) has a solution of the desired form.

Identify the jet j^Q_0 (ξ) with the Taylor’s polynomial of ξ of degree Q. Because ξ preserves the standard volume form, the polynomial vector field j^Q_0 (ξ) is also volume preserving. Its hamiltonian, f, coincides with j^{Q+1}_0 (F ). Let

f̃^{ij}(x) =^{Q+1} ∑ |τ|=2 b̃^{ij}_τ x^τ , f̃ = (f̃^{ij}), f̂ = f̃ − f.

Clearly, f̂^{ij}(x) = 0 if (i, j) ≠ (s, t); f̂^{st} = b^{st}_σ x^σ. Let G denote the solution of (7.3) and η be the corresponding vector field. Let g^t : R^d → R^d be the phase flow of η. Define ξ_ε = g^ε_∗ξ. Let F_ε be the hamiltonian of ξ_ε (see (2.1)). Then G is nothing else than the solution of the cohomology equation L_{ξε} G = ∂F_ε/∂ε. (7.5) Observe that the components of G are O(‖x‖^{Q+1}) as ‖x‖ → 0. Therefore j^{Q+1}_0 (L_{ξε} G) = L_{Ax}G, whence j^{Q+1}_0 (∂F_ε/∂ε) = f̂. Thus, j^{Q+1}_0 (F_ε) = f + εf̂, hence j^{Q+1}_0 (F_1) = f̃. We conclude that g^1 : R^d → R^d is the desired canonical C^∞ smooth change of variables and F̃ = F_1. The proof is complete.

Analogous results hold for symplectic and contact vector fields.

Lemma 7.2. Let F be a symplectic hamiltonian of the form F (x, y) = Q+1∑ |α+β|=2 b_{αβ}x^αy^β + F_{Q+1}(x, y),

where F_{Q+1} ∈ C^K, K ≥ Q + 1 and D^pF_{Q+1}(0) = 0 (p = 0, 1, . . . , Q + 1). Let the pair (ᾱ, β̄) be such that |ᾱ| + |β̄| = Q + 1, ⟨ᾱ, θ⟩ ≠ ⟨β̄, θ⟩. Then there exists a C^∞ smooth canonical change of variables which brings the hamiltonian F to the form

F̃ (x, y) =^{Q+1} ∑ |α+β|=2 b̃_{αβ}x^αy^β + F̃_{Q+1}(x, y),

where b̃_{αβ} = b_{αβ} whenever (α, β) ≠ (ᾱ, β̄), and b̃_ᾱ¯_β = 0.

Lemma 7.3. Let F (x, y, z) be a contact hamiltonian of the form F (x, y, z) = Q+1∑ |α+β+γ|=2 b_{αβγ} x^αy^βz^γ + bz + F_{Q+1}(x, y, z),

where F_{Q+1} ∈ C^K, K ≥ Q + 1, D^pF_{Q+1}(0) = 0 (p = 0, 1, . . . , Q + 1). Let (ᾱ, β̄, γ̄) be a triple of multi-indices such that |ᾱ| + |β̄| + |γ̄| = Q + 1, and ⟨ᾱ, θ⟩ + (γ̄ + |β̄|)ν ≠ ⟨β̄, θ⟩ + ν. Then there exists a C^∞ smooth canonical change of variables which reduces F to the form F̃ (x, y, z) =^{Q+1} ∑ |α+β+γ|=2 b̃_{αβγ} x^αy^βz^γ + bz + F̃_{Q+1}(x, y, z),

where b̃_{αβγ} = b_{αβγ} if (α, β, γ) ≠ (ᾱ, β̄, γ̄), and b̃_ᾱ¯_{βγ̄} = 0.

8 Resonant polynomial normal forms of hamiltonians

Let ξ be a C^K smooth vector field, ξ(0) = 0, A = Dξ(0) and θ_1, . . . , θ_n denote the real parts of the eigenvalues of A. Assume that θ_i ≠ 0 (i = 1, . . . , n), i.e., the origin is a hyperbolic singular point of ξ. Denote

M = max {θ_i : i = 1, . . . , n}, μ = min {θ_i : θ_i > 0},

Λ = max {−θ_i : θ_i < 0}, λ = min {−θ_i : θ_i < 0}.

Lemma 8.1. Let ξ preserve the standard volume form and F be its hamiltonian defined by (2.1). Let k be an integer satisfying the inequality K > 2Λ λ + 2M μ + (k + 1)( M λ + Λ μ ) + 2. (8.1)

Then there exists a canonical transformation of class C^k defined in the vicinity of the origin which conjugates F and j^K_0 (F ).

Proof. Identify the jet j^{K−1}_0 (ξ) with the corresponding Taylor’s polynomial. Clearly, the polynomial vector field j^{K−1}_0 (ξ) respects the standard volume form. Recall that the hamiltonian F is a (d − 2)-form of class C^K. It easily follows that j^K_0 (F ) is the hamiltonian for j^{K−1}_0 (ξ). Consider the cohomology equation (5.1) and the related affine extension (5.2), where ξ_ε = εj^{K−1}_0 (ξ) + (1 − ε)ξ, G = j^K_0 (F ). Then A = (A_{pq}(u)) is a family of linear morphisms of class C^{K−1} ⊂ C^{k+1} and j^K_0 (G − F ) = 0. It is easily seen from (5.1) that the spectrum of the matrix A(0) lies between the lines Reν = −2Λ and Reν = 2M. Now apply Theorem 2^′ from [4]. The proof is complete.

Lemma 8.2. Let ξ be a symplectic vector field on R^{2d}, F be its hamiltonian, k be an integer satisfying K > 2Λ(k + 1) λ + 2. (8.2)

Then there exists a (locally defined) canonical change of variables of class C^k which conjugates F and j^K_0 (F ).

The proof is similar to that of Lemma 8.1. Observe that the spectrum of the linear part of ξ is symmetric relatively the imaginary axis and the first eigenvalue of (5.4) equals to 0.

Now let ξ be a contact vector field on R^{2d+1}, F be its contact hamiltonian and η be the symplectic vector field on R^{2d+2} that corresponds to ξ. Since ξ(0) = 0, we have η(0) = 0 and the origin is a hyperbolic singular point of η. Denote A = Dη(0). Define the numbers λ and Λ for A, as before.

Lemma 8.3. If k satisfies the inequality (8.2) then there exists a canonical transformation of class C^k which conjugates F and j^K_0 (F ) near the origin.

Combining these results with the results presented in the preceding section, we obtain

Theorem 8.1. Let ξ be a vector field of class C^K which preserves the (standard) volume form (symplectic form, contact structure) and the origin be a hyperbolic singular point of ξ. Let F be the corresponding local hamiltonian. If k satisfies the inequality (8.1) or, respectively, (8.2), then there exists a local canonical transformation of class C^k which reduces the hamiltonian F (and, consequently, the vector field ξ) to the polynomial resonant normal form.

9 Simplified resonant normal forms

It is known (see, for example, [6,2]) that some resonant monomials x^τ can be eliminated by using C^k smooth changes of variables. Let us present the following sufficient condition that comprises all the known ones (see [2]).

Condition A(k). The multi-index τ = (τ^1, . . . , τ^n) ∈ Z^n_+ is said to satisfy the condition

A(k), k ≥ 1, if there is a collection σ = (σ1, . . . , σp) of n-vectors σi = (σ^1_i , . . . , σ^n_i ) (i =

1, . . . , p) with non-negative components such that either ⟨σ_i, θ⟩ ≡ n∑ j=1 σ^j_i θ_j = 1 (i = 1, . . . , p) or ⟨σ_i, θ⟩ = −1 (i = 1, . . . , p) and the inequality ⟨τ, ū⟩ > k max {ū_j : j = 1, . . . , n} holds for every vertex ū = (ū_1, . . . , ū_n) of the convex polyhedral domain D = D(σ) determined by the inequalities u_j ≥ 0 (j = 1, . . . , n), ⟨σ_i, θ⟩ ≥ 1 (i = 1, . . . , p). Let Q be an integer, Q ≥ 2. The polynomial

P (x) = ( Q∑ |ω|=2 P^1_ωx^ω, . . . , Q∑ |ω|=2 P^m_ω x^ω) is called τ-divisible if P^j_ω ≠ 0 implies τ^1 ≤ ω^1, . . . , τ^n ≤ ω^n.

Lemma 9.1. Let E and F be finite-dimensional real vector spaces, dim E = d; ẋ = Ax be a hyperbolic linear vector field on E and ẏ = By be a linear vector field on F . Let τ ∈ Z^n_+ satisfy condition A(k) with respect to the vector field ẋ = Ax. Let P : E → F be a τ-divisible resonant polynomial. Let Q_ε : E × F → F be a C^∞ smooth family of resonant polynomials, Q_ε(x, 0) = 0 (x ∈ E), and q_ε : E → E be a C^∞ smooth family of resonant polynomials. Then the extension ẏ = By + Q_ε(x, y) + P (x), ẋ = Ax + q_ε(x) (9.1)

admits a C^k smooth invariant section y = φ_ε(x) which C^∞ smoothly depends on the parameter ε. The proof of this lemma is based on the techniques elaborated in [2], Chapter II. It uses the iterative method of introducing additional variables (see Lemma II.8.1) as well as Theorem II.5.23 adapted to the case of vector fields. The details are left to the interested reader.

Let us say that the hamiltonian F of the vector field ξ is reduced to the simplified resonant polynomial k-normal form if F is a polynomial which contains only such resonant terms x^τ that τ does not satisfy condition A(k + 1).

Theorem 9.1. Let the vector field ξ and its hamiltonian F satisfy the hypotheses of Theorem 8.1, then F can be reduced to the simplified resonant polynomial k-normal form by a local canonical transformation of class C^k.

Proof. Let F be the resonant polynomial hamiltonian of the vector field ξ. Represent F in the form F = P + Q, where P is a τ-divisible resonant polynomial and τ satisfies condition

A(k + 1). Let A = Dξ(0) and p be the polynomial vector field which corresponds to the

hamiltonian P . Denote F_ε = Q + εP , then ξ_ε(x) = Ax + q(x) + εp(x).

Let us prove that the cohomology equations (5.1), (5.3), (5.5) with G − F = P have C^{k+1} smooth solutions. Consider the corresponding characteristic systems (5.2), (5.4) and (5.6). In each of the three cases, the characteristic system is of the form (9.1). According to Lemma 9.1, there exists a family of invariant sections y = H_ε(x) of class C^{k+1}. The hamiltonian H_ε determines a change of variables of class C^k (see Section 4).

Applying successively these arguments to all multi-indices τ satisfying condition A(k + 1), we get the desired result.

References

[1] Yu.S.Il’yashenko and S.Yu.Yakovenko. Finitely smooth normal forms of local families of diffeomorphisms and vector fields. Uspekhi Mat. Nauk, 46, No.1 (1991), 3–39 (in Russian).

[2] I.U.Bronstein and A.Ya.Kopanskii. Smooth Invariant Manifolds and Normal Forms.

World Scientific. An International Publisher, Singapore, 1994.

[3] A.Banyaga, R. de la Llave and C.E.Wayne. Cohomology equations near hyperbolic points and geometric versions of Sternberg linearization theorem. MP ARC Preprint 94-135.

[4] I.U.Bronstein and A.Ya.Kopanskii. Invariant sections and finitely smooth conjugacy of dynamical systems. MP ARC Preprint. 1995.

[5] V.I.Arnol’d. Mathematical Methods in Classical Mechanics. Springer-Verlag, New York, 1978.

[6] V.S.Samovol. Linearization of systems of differential equations in the neighbourhood of a toroidal manifold. Trudy Moscow Math. Ob., 38 (1979), 187–219 (in Russian)