The Geometrical Approach to Multidimensional Inverse Scattering^�

Volker Enss Institut für Reine und Angewandte Mathematik Rheinisch–Westfälische Technische Hochschule Aachen D–52056 Aachen, Germany e-mail: enss@rwth–aachen.de

Ricardo Weder^y Instituto de Investigaciones en Matemáticas Aplicadas y en Sistemas. Universidad Nacional Autónoma de México. Apartado Postal 20–726. México, D.F. 01000 e-mail: weder@servidor.unam.mx

Abstract

We prove that in multidimensional short–range potential scattering the high velocity limit of the scattering operator of an N–body system determines uniquely the potential. For a given long–range potential the short–range potential of the N–body system is uniquely determined by the high velocity limit of the modified Dollard scattering operator. Moreover, we prove that any one of the Dollard scattering operators determines uniquely the total potential. We obtain as well a reconstruction formula with error term. Our simple proof uses a geometrical time–dependent method.

I Introduction

Let us consider first an N–body quantum mechanical system in n ≥ 2 space dimensions

with interactions given by local short–range pair potentials (multiplication operators). By

�ams Classification 35P, 35Q, 81U; PACS number: 03.65.Nk yFellow Sistema Nacional de Investigadores. Research Partially supported by Deutscher Akademischer Austauschdienst

S we denote the scattering operator between the free channels, where there are no bounded subsystems asymptotically. In Theorem 1.1 we prove that S determines the pair potentials uniquely. In fact, it is enough to know S on states where the relative velocity between any two particles tends to infinity. Moreover, we give a formula with error term for the reconstruction of the pair potentials from the high velocity limit of (S − I) (see equation (4.25)).

If, in addition, the particles interact with long–range forces it is necessary to know (the far out “tail” of) the long–range potential in order to define a scattering operator, for example the Dollard scattering operator S^D. In this case we prove (Theorem 1.2) that S^D determines uniquely the short–range part of the potential. We prove as well that any one of the S^D’s determines uniquely the total potential. As in the short–range case we give in Theorem 4.1 a formula with error term for the reconstruction of the potential from the high velocity limit of (S^D − I).

We also study the channel where one particle scatters off a target consisting of a bound state of N − 1 particles. In this case we prove in Section V that the high velocity limit of the appropriate scattering operator determines uniquely the effective multiparticle potential that gives the interaction between the incoming particle and the bound state, and we give a formula with error term for its reconstruction (equation (5.14)). Our proof, which is novel and simpler even in the two–body case, uses geometrical time-dependent methods.

We denote by m_j and x̃_j ∈ IR^n, j = 1, 2, . . . , N, respectively, the masses and the positions of the particles. The free Hamiltonian

H̃_0 =^N∑ j=1 (2m_j)^{−1} p̃^2_j , p̃_j = −i∇_~x_j ,

generates the free time evolution. We study the system in the center of mass frame and we separate off the motion of the center of mass

H_{CM} = 2 N∑ j=1 m_j −1 N∑ j=1 p̃_j 2

in order to obtain the free Hamiltonian H_0 := H̃_0 − H_{CM} .

As a general reference for multiparticle scattering see e.g. [1]. In the center of mass frame the space of states is the Hilbert space, H, represented in configuration space by wave functions ϕ in

L^2(X), X =

(x̃_1, . . . , x̃_N ) | | | N∑ j=1 m_j x̃_j = 0 ∼= IR^{n(N−1)}

with the measure induced on X by the following norm on IR^{nN} : |||x||| = [ N∑ j=1 m_j x̃^2_j ]1/2 . The space L^2(X̂), X̂ =

(p̃_1, . . . , p̃_N ) | | | | N∑ j=1 p̃_j = 0 ∼= IR^{n(N−1)},

where X̂ is equipped with the dual metric induced by [ N∑ j=1 (m_j)^{−1} p̃^2_j ]1/2 on IR^{nN} is the set of momentum space wave functions ϕ̂. Fourier transform maps unitarily L^2(X) onto L^2(X̂). The measures on X and X̂ are equivalent to Lebesgue measure. Given an (abstract) state Φ ∈ H we use both its configuration or momentum space wave functions where appropriate. H_0 is self–adjoint on its domain D(H_0) = W^{2,2}(X). We assume that the potential is a sum of pair potentials that are multiplication operators V = ∑ j<k V_{jk}(x̃_k − x̃_j). (1.1)

Each pair potential is split into parts of short range or long range depending on their differentiability and decay rate towards infinity

V_{jk}(x̃_k − x̃_j) = V^S_{jk}(x̃_k − x̃_j) + V^ℓ_{jk}(x̃_k − x̃_j). (1.2)

We say that an operator is Kato–small in L^2(IR^n) if it is bounded with respect to the Laplacian with relative bound zero (see [2] for definitions). Then we define V_{SR} = { V^S = ∑ j<k V^S_{jk}(x̃_k − x̃_j) | | | V^S_{jk} is Kato–small in L^2(IR^n), ∫ ∞ 0 dR ‖ ‖ ‖V^S_{jk}(y) (−Δ + I)^{−1}F (|y| ≥ R) ‖ ‖ ‖ < ∞ } (1.3)

where for any set O ⊂ IR^n we denote by F (x ∈ O) the multiplication operator with the characteristic function of O. The decay property in (1.3) is for multiplication operators equivalent to the more intuitive condition that ‖ ‖ ‖ ‖F (|y| ≥ R) V^S_{jk}(y) (−Δ + I)^{−1} ‖ ‖ ‖ ‖ decays integrably. The set of admissible long–range potentials is V_{LR} = V^ℓ = ∑ j<k V^ℓ_{jk}(x̃_k − x̃_j) | | | | V^ℓ_{jk} ∈ C^1_∞(IR^n), |∇V^ℓ_{jk}(y)| ≤ C (1 + |y|)^{−γ}, γ > 3/2 , (1.4) to simplify notation later we will use only γ < 2. C^1_∞ is the space of all continuously differentiable functions that tend to zero towards infinity. The splitting into short– and long–range parts is not unique. Without loss of generality (see [3]) we can make it e.g. in such a way that in addition

V^ℓ_{jk} ∈ C^4(IR^n), |D^αV^ℓ_{jk}(y)| ≤ C (1 + |y|)^{−1−|α|(ε+1/2)} (1.5)

for 1 ≤ |α| ≤ 4, 0 < ε < 1/2, where D^α denotes the derivatives with the usual multi–index notation. We define the interacting Hamiltonian as

H = H_0 + V = H_0 + V^S + V^ℓ.

It is a self–adjoint operator on D(H) = D(H_0). The time evolution of the interacting system is given by e^{−itH} .

We first consider the case when there are no long–range potentials: V^ℓ_{ij} = 0 for all i < j. The wave operators for the free channel (i.e. no bounded subsystems asymptotically) are

Ω_± = s − lim_{t→±∞} e^{itH} e^{−itH0} . (1.6)

It is well known that the strong limits exist. It also follows as a consequence of our estimates (see in particular (4.18)). Moreover, (Ω_±)^∗ Ω_± = I, e^{−itH} Ω_± = Ω_± e^{−itH0} , and

(Ω_+ − Ω_−) Φ = i ∫ +∞ −∞ dt e^{itH} (H − H_0) e^{−itH0} Φ for any state Φ ∈ D(H_0) for which the integral is well defined. The scattering operator S from the free channel to the free channel is defined as

S = (Ω_+)^∗ Ω_−, (1.7) and we have that S − I = (Ω_+ − Ω_−)^∗ Ω_−. We call S as a mapping from V_{SR} into the set of bounded operators L(H), S = S(V^S ), the scattering map.

THEOREM 1.1. The scattering map S( · ) : V_{SR} → L(H) is injective.

In the general case when the long–range potential is present we assume that a splitting according to (1.2) – (1.5) has been made and is kept fixed. In the free channel the Dollard modified free time evolution is generated by the time–dependent Hamiltonian

H^D(t) := H_0 + ∑ j<k V^ℓ_{jk}(t p_{jk}/μ_{jk}), where (p_{jk}/μ_{jk}) = (p̃_k/m_k) − (p̃_j/m_j) is the relative velocity of particles j and k, and μ_{jk} = m_jm_k/(m_j + m_k) is the reduced mass. The Dollard propagator is a unitary multiplication operator in momentum space that for initial time 0 is given by

U^D(t) := e^{−itH0} exp [ − i ∑ j<k ∫ t 0 ds V^ℓ_{jk}(s p_{jk}/μ_{jk}) ] . We omit the fixed initial time in our notation. The modified Dollard wave operators for the free channel are defined as Ω^D_± = s − lim_{t→±∞} e^{itH} U^D(t). (1.8) It is known that the strong limits exist, and in fact it also follows from our estimates (see (4.18), (4.19)). Moreover, (Ω^D_±)^∗ Ω^D_± = I. We define the Dollard scattering operator between the free channels as follows

S^D = (Ω^D_+)^∗ Ω^D_− = S^D(V^ℓ; V^S), (1.9)

and as before S^D − I = (Ω^D_+ − Ω^D_−)^∗ Ω^D_−.

The only known long–range potential in physics is the Coulomb (or gravitational) potential. If we know the charges q_j of the particles we can describe the long–range part by V^ℓ_{jk}(y) = q_jq_k(1 + y^2)^{−1/2} and all other effects are of short range. In the general case let V = V̄^S + V̄^ℓ be given. If necessary we adapt the splitting in such a way that V = V^S + V^ℓ where V^ℓ satisfies in addition (1.5). We then keep this V^ℓ fixed and we use it in the definition of H^D, U^D, Ω^D_±, and S^D. In the next Theorem we prove in particular that for a given long–range tail of the potential the short–range part is uniquely determined by the scattering map.

THEOREM 1.2. Let a long–range potential V^ℓ ∈ V_{LR} be given (satisfying without loss of generality also (1.5)). Then the scattering map S^D(V^ℓ; · ) : V_{SR} → L(H) is injective. Moreover, any one of the Dollard scattering operators S^D determines uniquely the total potential V (x).

We prove below Theorems 1.1 and 1.2 with a simple time–dependent geometrical method and we give reconstruction formulae with error terms as well, see Theorems 2.4, 3.5, 4.1, and equations (4.25), (5.14).

Theorem 1.1 was previously proven in the two–body case with stationary methods by Faddeev (1956) [4], Berezanskii (1958) [5], and Saito (1984) [6]. The last author proved it for continuous potentials that satisfy |V^S(y)| ≤ C(1 + |y|)^{−1−ε}. Also a stationary proof of uniqueness at fixed energy was given by Ramm (1987) [7] and Novikov (1988) [8] for potentials of compact support. It is known that uniqueness at fixed energy fails for our class of short–range potentials (see Chadan and Sabatier (1989) [9], Section XII.7). However, it was proven in Weder (1991) [10], also with stationary methods, that uniqueness is restored if the far out “tail” at infinity of the short–range potential is a priori known. This is similar to the situation in Theorem 1.2 when long–range potentials are present. Moreover, a stationary proof of uniqueness at fixed energy for exponentially decreasing potentials was given in Novikov (1994) [11]. In Wang (1994) [12] a proof of uniqueness is given with stationary methods in the N–body case with regular short–range potentials. They are covered by our method as well. Isozaki and Kitada (1986) [13] studied the two-body case with C^∞ long–range potential. They proved that the potential is uniquely determined by a particular scattering operator with time–independent modifier.

Furthermore, one has studied with stationary methods the question of existence of a potential - the characterization problem - that is to give necessary and sufficient conditions on an operator, S, in order that it is the scattering operator of an unique potential in a given class of functions satisfying appropriate conditions on regularity and decay at infinity. This problem was solved in the two–body, short–range case by means of the Faddeev solutions to the Schrödinger equation (Faddeev (1966) [14], (1976) [15]) the non linear ¯∂–equation (Nachman and Ablowitz (1984) [16], Beals and Coiffman (1985) [17]) and the general limiting absorption principle (Weder (1991) [18]). See Novikov and Henkin (1987) [19] where potentials in the Schwartz class are studied and Weder (1991) [20] where potentials in C^∞_0 (IR^n) and in weighted Sobolev spaces are considered and a different proof is given. We do not address the characterization problem here. For complementary information about multidimensional inverse scattering see Weder (1990) [21], Eskin and Ralston (1991) [22], Newton (1989) [23], and Chadan and Sabatier (1989) [9].

The paper is organized as follows. In Section II we obtain our reconstruction formula (Theorem 2.4) and we prove Theorem 1.1 in the two–body, short–range case. These results are generalized to the two–body, long–range case in Section III. Moreover, we obtain our reconstruction formula in the N–body case (Theorem 4.1) and we prove Theorems 1.1 and 1.2 in Section IV. Finally in Section V we obtain our reconstruction formula for the effective multibody potential for two cluster scattering (equation (5.14)). A preliminary version of Theorems 1.1 and 1.2 in the case where the short–range pair potentials are continuous was given in Enss and Weder (1993) [24] in the two–body case and in Enss and Weder (1994) [25] in the N–body case.

II The Two–Body Case with Short–Range Potentials

In this section we consider the two–body case when the long–range part of the potential, V^ℓ(x), is zero. The basic kinematical input of our proof is the following propagation estimate of Enss (1983) [26] that expresses in a convenient way the fact that solutions to the free Schrödinger equation have rapid decay away from the classically allowed region. We denote by B_η the open ball of center zero and radius η in IR^n and by m the reduced mass of the two particles.

PROPOSITION 2.1. For any f ∈ C^∞_0 (IR^n) with suppf ⊂ B_{mη}, for some η > 0, and any ℓ = 1, 2, 3, . . ., there is a constant C_ℓ such that the following estimate is true ‖ ‖ ‖F (x ∈ M^′) e^{−itH0} f(p − mv) F (x ∈ M) ‖ ‖ ‖ ≤ C_ℓ (1 + r + |t|)^{−ℓ} (2.1)

for every v ∈ IR^n, t ∈ IR and any measurable sets M, M^′ with the property that r := dist(M^′, M + vt) − η|t| ≥ 0. Proof: See Proposition 2.10 of [26].

Under translation in momentum or configuration space generated by x or p, respectively, we get e^{−im}v^·x f(p) e^{im}v^·x = f(p + mv), (2.2) in particular e^{−im}v^·x e^{−iH0t} e^{im}v^·x = e^{−i}p^·v^t e^{−iH0t} e^{−imv2t/2}, (2.3) where v := |v|, and e^ip^·v^t f(x) e^{−i}p^·v^t = f(x + vt). (2.4) The decay condition (1.3) implies integrable decay of ‖V^S(x) g(p) F (|x| ≥ R)‖ for all g ∈ C^∞_0 (IR^n), see e.g. Corollary 2.4 in [26]. Thus condition (2.5) below is satisfied with ρ = 0 for any potential in V_{SR} . Larger ρ means faster decay.

LEMMA 2.2. Suppose that V^S ∈ V_{SR} and that for some 0 ≤ ρ ≤ 1 and all g ∈ C^∞_0 (IR^n)

(1 + R)^ρ ‖ ‖V^S (x) g(p) F (|x| ≥ R) ‖ ‖ ∈ L^1((0, ∞), dR). (2.5)

Then for any function f ∈ C^∞_0 (B_{mη}) there is a function h with (1 + τ)^ρh(τ) ∈ L^1((0, ∞)) such that for every v ∈ IR^n satisfying v ≥ 4η we have ‖ ‖V^S(x) e^{−itH0} f(p−mv) (1+x^2)^{−3/2} ‖ ‖ = ‖ ‖V^S (x+tv) e^{−itH0} f(p) (1+x^2)^{−3/2} ‖ ‖ ≤ h(|vt|). (2.6)

Proof: Equality of the norms is evident from (2.2) - (2.4). Take g ∈ C^∞_0 (B_{mη}) with g ≡ 1 on the support of f. Then by (2.2) ‖ ‖V^S (x) g(p − mv) ‖ ‖ = ‖ ‖V^S (x) g(p) ‖ ‖ is independent of v. Proposition 2.1 with M = {|x| ≤ |vt|/8} , M^′ = {|x − vt| > |vt| 5/8}, and r ≥ |vt|/4 yields ‖ ‖V^S g(p − mv) ‖ ‖ ‖ ‖F (|x − vt| > |vt| 5/8) e^{−itH0} f(p − mv) F (|x| < |vt|/8) (1 + x^2)^{−3/2} ‖ ‖

≤ C (1 + |vt|/4)^{−3} . (2.7) Moreover, ‖ ‖ ‖V^S g(p − mv) F (|x − vt| > |vt| 5/8) e^{−itH0} f(p − mv) F (|x| ≥ |vt|/8) (1 + x^2)^{−3/2} ‖ ‖ ‖ ≤ C ‖ ‖ ‖F (|x| ≥ |vt|/8) (1 + x^2)^{−3/2} ‖ ‖ ‖ ≤ C (1 + |vt|)^{−3}. (2.8) Furthermore, ‖ ‖V^S g(p − mv) F (|x − vt| ≤ |vt| 5/8) e^{−itH0} f(p − mv) (1 + x^2)^{−3/2} ‖ ‖ ≤ C ‖ ‖V^S g(p) F (|x| ≥ |vt| 3/8) ‖ ‖ =: h_1(|vt|) (2.9) where (1 + τ)^ρ h_1(τ) ∈ L^1((0, ∞)) by (2.5). The Lemma follows from (2.7), (2.8), and (2.9).

Let Φ_0 ∈ H be a normalized asymptotic configuration with momentum support in B_{mη} and momentum space wave function ϕ̂_0 ∈ C^∞_0 (B_{mη}).

The boosted configuration

Φv = e^{im}v^·x Φ_0 ⇔ ϕ̂v(p) = ϕ̂_0(p − mv) (2.10)

has compact velocity support contained in the open ball around v with radius η and it satisfies ‖(1 + x^2 )^{3/2} Φv‖ ≤ const uniformly in v. We will use the high velocity limit in an arbitrary fixed direction v̂ = v/|v|, v = |v| → ∞.

COROLLARY 2.3. Assume that V^S ∈ V_{SR} then uniformly for t ∈ IR ‖ ‖ ‖(Ω_± − I) e^{−itH0} Φv ‖ ‖ ‖ = O(v^{−1}). (2.11)

Proof: It follows from Duhamel’s formula that

(Ω_+ − I) e^{−itH0} Φv = i ∞∫ 0 dt^′ e^{it} 0_H V^S e^{−it} 0_{H0} e^{−itH0} Φv.

Take f ∈ C^∞_0 (B_{mη}) such that f(p − mv) Φv = Φv. Then ‖ ‖(Ω_+ − I) e^{−itH0} Φv ‖ ‖ ≤ C ∞∫ −∞ dt^{′′} ‖ ‖V^S e^{−it} 00_{H0}

f(p − mv) (1 + x^2)^{−3/2} ‖ ‖

≤ C v ∞∫ −∞ d(vt^{′′}) h(|vt^{′′}|), (2.12)

and the Corollary follows for Ω_+. The proof for Ω_− is similar.

THEOREM 2.4. (Reconstruction Formula) Suppose that V^S ∈ V_{SR} and that (2.5) is satisfied. Then for all Φv, Ψv, as in (2.10)

v ( i(S − I) Φv, Ψv ) = +∞∫ −∞ dτ V^S(x + τv̂) Φ_0, Ψ_0 + { o (v^{−ρ}) , 0 ≤ ρ < 1, O (v^{−1}) , ρ = 1.

(2.13)

Proof: It follows from the definition of the wave and scattering operators that

S − I = (Ω_+ − Ω_−)^∗ Ω_−.

Then by Duhamel’s formula

i(S − I) Φv = +∞∫ −∞ dt e^{itH0} V^S Ω_− e^{−itH0} Φv,

where we used the intertwining relations e^{−itH} Ω_± = Ω_± e^{−itH0} . Note that Ω_− D(H_0) ⊂ D(H), and from this it follows that Ω_− e^{−itH0} Φv ∈ D(V^S). Then v ( i(S − I) Φv, Ψv ) = ∞∫ −∞ ℓv(τ) dτ + R(v), (2.14) where τ = vt and the leading and remainder terms, respectively, are

ℓv(τ) := ( V^S(x) e^{−iH0 τ/v} Φv, e^{−iH0 τ/v} Ψv ) , (2.15)

R(v) := v +∞∫ −∞ dt ( (Ω_− − I) e^{−itH0} Φv, V^S e^{−itH0} Ψv ) . (2.16)

By Lemma 2.2 and Corollary 2.3 we obtain that |R(v)| ≤ C +∞∫ −∞ ‖ ‖ ‖V^S e^{−itH0} Φv ‖ ‖ ‖ dt ≤ C v +∞∫ −∞ h(|τ|) dτ. (2.17) Thus R(v) satisfies the remainder estimate in (2.13) for all 0 ≤ ρ ≤ 1. Recalling that Φv = e^{im}v^·x Φ_0 and (2.3), (2.4) a simple calculation gives

ℓv(τ) = ( V^S(x + τv̂) e^{−iH0 τ/v} Φ_0, e^{−iH0 τ/v} Ψ_0 ) . (2.18)

Note that pointwise in τ

lim_{v→∞} ℓv(τ) = (V^S(x + τv̂) Φ_0, Ψ_0). (2.19)

Moreover, Lemma 2.2 gives uniformly in v the integrable bound |ℓv(τ)| ≤ C ‖ ‖ ‖V^S(x) e^{−iH0 τ/v} Φv ‖ ‖ ‖ ≤ C ‖ ‖ ‖V^S(x) e^{−iH0 τ/v} f(p − mv) (1 + x^2)^{−3/2} ‖ ‖ ‖ ≤ C h(|τ|). (2.20) Then (2.13) in the case ρ = 0 follows from the dominated convergence theorem. Moreover,

ℓv(τ) − (V^S (x + τv̂) Φ_0, Ψ_0) = ℓ^{(1)}v (τ) + ℓ^{(2)}v (τ) (2.21)

where ℓ^{(1)}v (τ) := ( V^S (x + τv̂) e^{−iH0 τ/v} Φ_0, (e^{−iH0 τ/v} − I) Ψ_0 ) , (2.22) ℓ^{(2)}v (τ) := ( (e^{−iH0 τ/v} − I) Φ_0, V^S(x + τv̂) Ψ_0 ) . (2.23) Since ψ̂_0 has compact support, ‖ ‖ ‖(e^{−iH0 τ/v} − I) Ψ_0 ‖ ‖ ‖ ≤ ‖H_0 Ψ_0‖ |τ|/v and, moreover, ‖ ‖(e^{−iH0 τ/v} − I) Ψ_0 ‖ ‖ ≤ 2. It follows that ‖ ‖ ‖(e^{−iH0 τ/v} − I) Ψ_0 ‖ ‖ ‖ ≤ C ( |τ| v )ρ , (2.24) for all 0 ≤ ρ ≤ 1. Then by Lemma 2.2

|ℓ^{(1)}v (τ)| ≤ C v^ρ |τ|^ρ h(|τ|), (2.25) and since for 0 ≤ ρ < 1, lim_{v→∞} v^ρℓ^{(1)}v (τ) = 0, it follows from dominated convergence that +∞∫ −∞ ℓ^{(1)}v (τ) dτ = { o (v^{−ρ}) , 0 ≤ ρ < 1, O (v^{−1}) , ρ = 1.

(2.26)

Moreover, denoting x̂ = x · v̂ ∫ +∞ −∞ (1 + |τ|)^ρ ‖ ‖ ‖V^S (x + τv̂) Ψ_0 ‖ ‖ ‖dτ ≤ +∞∫ −∞ (1 + |τ|)^ρ [ ‖ ‖ ‖V^S (x + τv̂) g(p) F (|x̂ + τ| ≥ |τ|/2) ‖ ‖ ‖ + ‖ ‖ ‖V^S (x + τv̂) g(p) ‖ ‖ ‖ ‖ ‖ ‖F (|x̂ + τ| < |τ|/2) Ψ_0 ‖ ‖ ‖ ] dτ < ∞, (2.27) because of (2.5) and

(1 + τ)^ρ ‖ ‖ ‖F (|x̂| > |τ|/2) Ψ_0 ‖ ‖ ‖ ∈ L^1((0, ∞)). (2.28)

Then we show as in the proof of (2.26) that +∞∫ −∞ ℓ^{(2)}v (τ)dτ = { o (v^{−ρ}) , 0 ≤ ρ < 1, O (v^{−1}) , ρ = 1,

(2.29)

and this completes the proof of Theorem 2.4.

Proof of Theorem 1.1 in the Two–Body Case:

Let V^{S,1}(x) and V^{S,2}(x) be any two potentials in V_{SR} which have the same scattering oper-

ator. Denote V (x) = V^{S,1}(x) − V^{S,2}(x). We identify any z = (z_1, z_2) ∈ IR^2 with the vector

(z_1, z_2, 0, . . . , 0) ∈ IR^n (or any other two–dimensional plane). Then for any normalized Φ, Ψ

with ϕ̂, ψ̂ ∈ C^∞_0 (IR^n) we define by

Φ(z) = e^{−i}p^·z Φ, Ψ(z) = e^{−i}p^·z Ψ, the states translated by z, and

f(z) := (V Φ(z), Ψ(z)). (2.30)

Note that f(z) is a continuous and bounded function. Moreover, with g(p) Φ = Φ |f(z)| ≤ ‖V g(p) Φ(z)‖ ≤ ‖ ‖ ‖V g(p) F (|x| > |z|/2) ‖ ‖ ‖ + ‖ ‖ ‖V g(p) ‖ ‖ ‖ ‖ ‖ ‖F (|x| < |z|/2) e^{−i}p^·zΦ ‖ ‖ ‖ ∈ L^2(IR^2, dz), (2.31)

where we used the rapid decay of Φ, the short–range condition (1.3), and boundedness. The Radon transform of f(z) is given for v̂ in the z-plane by

f̃(v̂; z) := +∞∫ −∞ f(z + τv̂) dτ = +∞∫ −∞ ( V (x + τv̂) Φ(z), Ψ(z) ) dτ ≡ 0 (2.32)

by Theorem 2.4. But since f ∈ L^2(IR^2, dz) it follows from a classical result on the Radon transform (see Theorem 2.17 in Chapter I of Helgason [27]) that f(z) ≡ 0. This implies that f(0) = (V (x) Φ, Ψ) = 0 for all Φ, Ψ with ϕ̂, ψ̂ ∈ C^∞_0 (IR^n), i.e. V (x) = 0 as an operator and also V (x) = 0 a.e. as a function.

The proof of Theorem 1.1 given above shows that for the reconstruction of the potential it is enough to consider in the left hand side of (2.13) only v in a two dimensional subspace. The problem is reduced to the inversion of the Radon transform of a bounded, continuous, square integrable function on IR^2.

III The Two–Body Case with Long–Range Potentials

We first prove some results that we will need later. The correction in the Dollard propagator U^D(t) is Ũ(t) := exp [ −i ∫ t 0 V^ℓ(s p/m) ds ] . (3.1)

PROPOSITION 3.1. For every f ∈ C^∞_0 (B_{mη}) and v ∈ IR^n with v ≥ 2η ‖ ‖ ‖ x Ũ(t) f(p − mv) (1 + x^2)^{−1/2} ‖ ‖ ‖ ≤ C (1 + v^{−2} |vt|^{2−γ}) ≤ C (1 + |vt|^{2−γ}) (3.2) and for any κ > 0 ‖ ‖ ‖F (|x| ≥ κ|vt|) Ũ(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ‖ ≤ C (1 + |vt|)^{−2−ε}, (3.3) for some ε > 0.

Proof: Since x = i ∂/∂p ‖ ‖ ‖ x Ũ(t) f(p − mv) (1 + x^2)^{−1/2} ‖ ‖ ‖ ≤ ‖ ‖ ‖ ∫ t 0 (∇V^ℓ)(s p/m) s m ds f(p − mv) ‖ ‖ ‖ + ‖ ‖[i (∇f)(p − mv) + f(p − mv) x ] (1 + x^2)^{−1/2} ‖ ‖. Then (3.2) follows from (1.4) noting that |p| > m v/2 in the support of f(p − mv). In order

to prove (3.3) we observe that κ^4 |vt|^4 ‖ ‖ ‖F (|x| > κ|vt|) Ũ(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ‖ ≤ ‖ ‖|x|^4 F (|x| > κ|vt|) Ũ(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ≤ ‖ ‖|x|^4 Ũ(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖. (3.4)

The norm of |x|^4 Ũ(t) f(p − mv) (1 + x^2)^{−2} is bounded by a finite sum of terms of the form C 4∏ j=1 I_{αj} , where I_{αj} = 1 if the multiindex α_j = 0 and if α_j ≠ 0 we have I_{αj} = ‖ ‖ ‖ ∫ t 0 (D^{αj} V )(s p/m) |s|^{|αj |} ds g(p − mv) ‖ ‖ ‖, where g ∈ C^∞_0 (B_{mη}) and g ≡ 1 on the support of f and, moreover, ∑4 j=1 |α_j| ≤ 4. But since

|p| > m v/2 for p in the support of g(p − mv) it follows from (1.5) that for some ε > 0 I_{αj} ≤ C (1 + |vt|)^{|αj|(−ε+1/2)}, and then C ∏4 j=1 I_{αj} ≤ C (1 + |vt|)^{2−4ε}. Finally it follows from this estimate of (3.4) and the

boundedness of the norm that (3.3) is satisfied.

LEMMA 3.2. Suppose that V^S ∈ V_{SR} , V^ℓ ∈ V_{LR} , and that (2.5) is satisfied. Then for f ∈ C^∞_0 (B_{mη}) there is a function h with (1+τ)^ρh(τ) ∈ L^1((0, ∞)) such that for any v ∈ IR^n satisfying v ≥ 4η we have that ‖ ‖ ‖V^S(x) U^D (t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ‖ ≤ h(|vt|). (3.5) Proof: Take g ∈ C^∞_0 (B_{mη}) with g ≡ 1 on the support of f. Then we prove as in (2.7) that ‖ ‖ ‖V^S(x) g(p − mv) F (|x − vt| > |vt| 5/8) e^{−itH0} g(p − mv) F (|x| < |vt|/8) ×Ũ(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ‖ ≤ C (1 + |vt|/4)^{−3}. (3.6) Moreover, by (3.3) ‖ ‖ ‖V^S (x) g(p − mv) F (|x − vt| > |vt| 5/8) e^{−itH0} g(p − mv) ×F (|x| ≥ |vt|/8) Ũ(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ‖ ≤ C ‖ ‖F (|x| ≥ |vt|/8) Ũ(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ≤ C (1 + |vt|)^{−2−ε}. (3.7) Finally, as in (2.9) we prove that ‖ ‖ ‖V^S (x) g(p − mv) F (|x − vt| ≤ |vt| 5/8) U^D(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ‖ ≤ h_1(|vt|), (3.8) with (1 + τ)^ρ h_1(τ) ∈ L^1((0, ∞)). The Lemma follows from (3.6)–(3.8)

For the proof of Lemma 3.3 we need the following formula given in [28]. V (x + t p/m) − V (t p/m) = 1∫ 0 [ (∇V )(s x + t p/m) · x + it 2m (ΔV )(s x + t p/m) ] ds (3.9)

where V (x) and its first and second order derivatives are continuous and decay towards infinity. The simple proof follows by using the Fourier representation and the Baker–Campbell– Hausdorff formula exp[i q · (x s + p t/m)] = exp[i q · x s] exp[i q · p t/m] exp[i st q^2/2m] for all q ∈ IR^n.

LEMMA 3.3. Suppose that V^ℓ ∈ V_{LR} . Then for f ∈ C^∞_0 (B_{mη}) ‖ ‖ ‖ ( V^ℓ(x) − V^ℓ(t p/m) ) U^D(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ‖ ≤ C (1 + |vt|)^{−1−ε} (3.10)

for every v ∈ IR^n with v ≥ 4η and some ε > 0.

Proof: We first split the long–range potential V^ℓ into an inner part and an outer part with

easily controllable decay properties. Let χ ∈ C^∞ satisfy, 0 ≤ χ ≤ 1, χ(λ) = 1 for λ ≥ 1/2,

and χ(λ) = 0 for λ ≤ 1/4; and define V^ℓ_{vt}(x) = V^ℓ(x) χ(|x/vt|).

Then supp(V^ℓ − V^ℓ_{vt}) ⊂ B_{|vt|/2}, ‖V^ℓ − V^ℓ_{vt}‖ ≤ ‖V^ℓ‖, and it follows from (1.4) and (1.5) that ‖∇V^ℓ_{vt}‖ = sup_x |(∇V^ℓ_{vt})(x)| ≤ C |vt|^{−γ}, γ > 3/2, (3.11) ‖ΔV^ℓ_{vt}‖ ≤ C |vt|^{−(2+ε)}, ε > 0. (3.12) We estimate the norm in (3.10) as follows ‖ ‖ ‖ ( V^ℓ(x) − V^ℓ(t p/m) ) U^D(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ‖ ≤ ‖ ‖ ‖ ( V^ℓ − V^ℓ_{vt} ) (x) U^D(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ‖ + ‖ ‖ ‖ ( V^ℓ_{vt}(x) − V^ℓ_{vt}(t p/m) ) U^D(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ‖ , (3.13)

where we used that V^ℓ(t p/m) = V^ℓ_{vt}(t p/m) on the support of f(p − mv). But with

g ∈ C^∞_0 (B_{mη}) and g ≡ 1 on the support of f ‖ ‖ ‖ ( V^ℓ − V^ℓ_{vt} ) (x) U^D(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ‖ ≤ C ‖ ‖ ‖F (|x − vt| ≥ |vt|/2) e^{−itH0} g(p − mv) F (|x| < |vt|/8) ‖ ‖ ‖ +C ‖ ‖F (|x| ≥ |vt|/8) Ũ(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ≤ C (1 + |vt|)^{−2−ε}, (3.14) where in the last inequality we used Proposition 2.1 with r = ((3v/8) − η) t ≥ |vt|/8 and

(3.3). Moreover, since e^{itH0} V (x)e^{−itH0} = V (x + t p/m) and using (3.9), (3.11), (3.12), and

(3.2) we obtain that ‖ ‖(V^ℓ_{vt}(x) − V^ℓ_{vt}(t p/m) ) U^D(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ = ‖ ‖ ‖ ( V^ℓ_{vt}(x + t p/m) − V^ℓ_{vt}(t p/m) ) Ũ(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ‖ ≤ 1∫ 0 ds ‖ ‖ ‖ [ (∇V^ℓ_{vt})(s x + t p/m) · x + it 2m (ΔV^ℓ_{vt})(s x + t p/m) ] Ũ(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ‖ ≤ C [ |vt|^{−γ} ‖ ‖ ‖x Ũ(t) f(p − mv) (1 + x^2)^{−2} ‖ ‖ ‖ + |vt|^{−1−ε} ] ≤ C |vt|^{−1−ε}. (3.15)

Actually, we have used only the weaker form of (3.2). Then noting that the left–hand side of (3.10) is uniformly bounded in |vt| the Lemma follows from (3.13)–(3.15).

COROLLARY 3.4. Suppose that V^S ∈ V_{SR} , V^ℓ ∈ V_{LR} , then for Φv as in (2.10) ‖ ‖ (e^{−itH} Ω^D_± − U^D(t) ) Φv ‖ ‖ = O ( v^{−1} ) , (3.16)

uniformly for t ∈ IR.

Proof: e^{−itH} Ω^D_± − U^D(t) = lim_t0_{→±∞} e^{−itH} e^{it} 0_H U^D(t^′) − U^D(t)

= lim_{T →±∞} e^{iT H} U^D(T + t) − U^D (t) = i ±∞∫ 0 ds e^{isH} [H − H^D(s + t)] U^D(s + t). Then by Lemmas 3.2 and 3.3 and since Φv has rapid decay in configuration space sup_{t∈IR} v ‖ ‖ ‖ ( e^{−itH} Ω^D_± − U^D(t) ) Φv ‖ ‖ ‖ ≤ v +∞∫ −∞ dt ‖ ‖ ‖ ( V^S (x) + V^ℓ(x) − V^ℓ(t p/m) ) U^D(t) Φv ‖ ‖ ‖

≤ +∞∫ −∞ [ h(|vt|) + C (1 + |vt|)^{−1−ε} ] d(vt) < ∞,

and the Corrollary follows.

THEOREM 3.5. (Reconstruction Formula) Suppose that V^S ∈ V_{SR} , V^ℓ ∈ V_{LR} , and (2.5) is satisfied. Then for all Φv, Ψv as in (2.10) v [( i(S^D − I) Φv, Ψv ) − ( ∫ +∞ −∞ dt ( V^ℓ(x) − V^ℓ(t p/m) ) U^D(t) Φv, U^D(t) Ψv )]

= (∫ +∞ −∞ dτ V^S (x + τv̂) Φ_0, Ψ_0 ) + { o (v^{−ρ}) , 0 ≤ ρ < 1, O (v^{−1}) , ρ = 1,

(3.17)

and in particular lim_{v→∞} v ( i(S^D − I) Φv, Ψv ) = (∫ +∞ −∞ dτ [ V^S (x + τv̂) + V^ℓ(x + τv̂) − V^ℓ(τv̂) ] Φ_0, Ψ_0 ) . (3.18)

Proof: We prove as in the short–range case that v [( i(S^D − I) Φv, Ψv ) − ∫ +∞ −∞ dt ( ( V^ℓ(x) − V^ℓ(t p/m) ) U^D (t) Φv, U^D(t) Ψv )]

= ∫ +∞ −∞ ℓv(τ) dτ + R(v), where τ = vt and ℓv(τ) := (V^S(x) U^D (τ/v) Φv, U^D(τ/v) Ψv) , (3.19) R(v) := v +∞∫ −∞ ( ( e^{−itH} Ω^D_− − U^D(t) ) Φv, ( V^S(x) + V^ℓ(x) − V^ℓ(t p/m) ) U^D(t) Ψv ) dt. By Lemmas 3.2, 3.3, Corollary 3.4 and since Φv, Ψv have rapid decay in configuration space R(v) = O ( v^{−1} ) . Moreover, by (2.3), (2.4) we obtain analogous to (2.18) that lv(τ) = ( V^S(x + τv̂) e^{−iH0 τ/v} Ũ(v, τ/v) Φ_0, e^{−iH0 τ/v} Ũ(v, τ/v) Ψ_0 ) , where Ũ(v, t) := exp [ −i ∫ t 0 ds V^ℓ(s v + s p/m) ] . (3.20) Note that s − lim_{v→∞} Ũ(v, τ/v) = I for fixed τ. Then pointwise in τ lim_{v→∞} lv(τ) = (V^S (x + τv̂) Φ_0, Ψ_0), and Lemma 3.2 gives an integrable bound uniformly in v. We complete the proof of (3.17) as in the short–range case (Theorem 2.4). Moreover, by (2.2)–(2.4), v +∞∫ −∞ dt ( ( V^ℓ(x) − V^ℓ(t p/m) ) U^D(t) Φv, U^D(t) Ψv )

= +∞∫ −∞ dτ (( V^ℓ(x + τv̂) − V^ℓ(τ(p/mv) + τv̂) ) e^{−iH0τ/v} Ũ(v, τ/v) Φ_0, e^{−iH0τ/v} Ũ(v, τ/v) Ψ_0 ) . But s − lim_{v→∞} V^ℓ(τ (p/mv) + τv̂) = V^ℓ(τv̂) for fixed τ. Then by Lemma 3.3 lim_{v→∞} v ∫ +∞ −∞ dt ( ( V^ℓ(x) − V^ℓ(t p/m) ) U^D (t) Φv, U^D(t) Ψv )

= ∫ +∞ −∞ dτ ( ( V^ℓ(x + τv̂) − V^ℓ(τv̂) ) Φ_0, Ψ_0 ) , and it follows from (3.17) that (3.18) is satisfied.

Proof of Theorem 1.2 in the Two–Body Case: The fact that the scattering map is injective follows from (3.18) as in the two–body, short–range case.

We now prove that (3.18) allows us to uniquely reconstruct the total potential V (x) from any one of the Dollard scattering operators S^D. We consider as in Weder (1995) [29] the high velocity limit of the commutator of S^D with a component of p, say p_1. lim_{v→∞} iv ([S^D, p_1] Φv, Ψv) = lim_{v→∞} iv ([S^D, p_1 − mv_1] Φv, Ψv) = ∫ +∞ −∞ dτ {(V^S(x + τv̂) p_1 Φ_0, Ψ_0) − (V^S(x + τv̂) Φ_0, p_1 Ψ_0)} +i ∫ +∞ −∞ dτ ( (∂_1V^ℓ)(x + τv̂) Φ_0, Ψ_0 ) , (3.21) where we used (3.18) and that (p_1 − mv_1)Φv = (p_1Φ)v. For any pair of states Φ(z), Ψ(z), as defined in the proof for the two–body case of Theorem 1.1 we denote

f(z) := (V^S p_1 Φ(z), Ψ(z)) − (V^S Φ(z), p_1 Ψ(z)) + i ( (∂_1V^ℓ) Φ(z), Ψ(z) ) . (3.22) f(z) is a bounded continuous function in L^2(IR^2) and by (3.21) its Radon transform for v̂ in the z-plane (which contains the 1-direction if p_1 is chosen) is given by f̃(v̂; z) = ∫ +∞ −∞ dτ f(z + v̂τ) = lim_{v→∞} iv ([S^D, p_1] Φv(z), Ψv(z)) . (3.23) Then from the high speed limit of [S^D, p_1] we obtain f̃(v̂; z) and inverting the Radon transform we compute f(z). But ∂ ∂z_1 (V Φ(z), Ψ(z)) = −if(z), and since by (1.3), (1.4) the function f(z) is integrable along any line and limz_{→∞}( V Φ(z), Ψ(z) ) = 0, we have that (V Φ, Ψ) = i ∫ ∞ 0 f(z_1, 0) dz_1.

IV The N–Body Case

For any given pair out of the N particles we construct a sequence of states where all particles have high velocity relative to each other. The properly rescaled deviation of the scattering operator from the identity gives the Radon or X–ray transform of the corresponding pair potential or of its short–range part. This implies the uniqueness theorems given in the introduction. We choose the family of states here by mathematical convenience. Other choices are also possible. We have to introduce some kinematical notation before we define the states. In order to determine the potential for a given pair we use a numbering of the particles such that the pair of interest consists of particles 1 and 2. Once we have separated out the motion of the center of mass we use various coordinates that describe the relative positions and momenta of the particles. As it is usual for two–body systems one of the n–dimensional variables is the relative position x of the distinguished pair with its conjugate momentum p.

x := x̃_2 − x̃_1, p = −i∇x = m[(−i∇_~x_2 /m_2) − (−i∇_~x_1 /m_1)], where m = m_1m_2/(m_1 + m_2) is the reduced mass of the pair (1 2). In addition, we use the position x_j and the momentum p_j of the j − th particle j = 1, . . . , N, relative to the center of mass of the distinguished pair x_j := x̃_j − (m_1x̃_1 + m_2x̃_2)/(m_1 + m_2), j = 1, . . . , N, (4.1) p_j = μ_j(p̃_j/m_j − (p̃_1 + p̃_2)/(m_1 + m_2)), j = 1, . . . , N, (4.2) where μ_j is the reduced mass of the j − th particle with respect to the center of mass of the distinguished pair, μ_j = m_j(m_1 + m_2) (m_j + m_1 + m_2) , j = 1, . . . , N, (4.3) and p̃_j = −i∇_~x_j , j = 1, . . . , N is the momentum relative to some origin. p_j/μ_j, j = 1, . . . , N are the relative velocities with respect to the center of mass of the pair. { x, x_3, . . . , x_N } and { p, p_3, . . . , p_N } are sets of N − 1 independent n–dimensional configuration and momentum coordinates in the total center of mass frame. The relative momentum of particle j and k is p_{jk} = −i∇_{(~}x_{k−~}x_{j )}, j, k = 1, 2, . . . , N, (4.4) where in the derivative the positions of all other particles as well as of the center of mass are kept fixed. Their relative velocity is p_{jk} μ_{jk} = p̃_k m_k − p̃_j m_j = p_k μ_k − p_j μ_j , j, k = 1, . . . , N, (4.5) where μ_{jk} is the reduced mass of the pair j, k μ_{jk} = m_jm_k m_j + m_k , j, k = 1, 2, . . . , N. (4.6) Note that the coordinates (x̃_k − x̃_j) and p_{jk} are conjugate to each other.

In order to construct our high velocity states we choose asymptotic configurations Φ_0 ∈ H with product wave functions of the following form in momentum space

Φ_0 ∼ ϕ̂_{12}(p) ϕ̂_3(p_3, . . . , p_N ) (4.7)

where ϕ̂_{12} ∈ C^∞_0 (IR^n) varies while ϕ̂_3 ∈ C^∞_0 (IR^{n(N−2)}) is a fixed normalized function with support in { (p_3, . . . , p_N ) : |p_j| < μ_j } i.e. particles 3 to N have speed smaller than one relative to the pair (1 2). Take η such that the velocity support of ϕ̂_{12} is contained in B_{mη}, i.e. ϕ̂ ∈ C^∞_0 (B_{mη}). We define our high velocity states as

Φv ∼ ϕ̂_{12}(p − mv) ϕ̂_3(p_3 − μ_3v_3, . . . , p_N − μ_N v_N ), (4.8)

with v = vv̂, |v̂| = 1, v_j = v^2 e_j, with e_j ≠ 0 for j = 3, . . . , N, and where we assume that e_j − e_k ≠ 0 for j, k = 3, . . . , N. We also define v_1 = −v m/m_1, and v_2 = v m/m_2. Then denoting by v_{jk} = v_k − v_j, v_{jk} = |v_{jk}|, j, k = 1, . . . , N (4.9) the approximate relative velocities of particles j and k we have that

v_{1j} = v^2 ( e_j + m m_1 v̂ v ) ≠ 0 if v > m m_1

(e_j)^{−1}

v_{2j} = v^2 ( e_j − m m_2 v̂ v ) ≠ 0 if v > m m_2

(e_j)^{−1} v_{jk} = v^2(e_k − e_j) ≠ 0, j, k = 3, . . . , N.

So in our high velocity states the relative average velocity of the distinguished pair is v while all other particles travel with minimal velocity proportional to v^2 with respect to the particles in the distinguished pair as well as relative to each other. Note that Φ_0 ∈ S(IR^{n(N−1)}) and that Φv = e^{im}v^·x N∏ j=3 e^{iμj} v^{j ·}x^j Φ_0. (4.10)

Moreover, by (4.1) |x̃_k − x̃_j| = |x_k − x_j| ≤ |x_k| + |x_j|, j, k = 1, . . . , N and |x_1|, |x_2| ≤ |x|, thus we have good initial localization uniformly in v ‖ ‖ ‖(1 + |x̃_k − x̃_j|^2)^2 Ψv ‖ ‖ ‖ ≤ C, j, k = 1 . . . , N. (4.11) It follows from (4.5) that there are functions f_{jk} ∈ C^∞_0 (B_{μjkηjk} ) such that

Φv = f_{jk}(p_{jk} − μ_{jk}v_{jk}) Φv, (4.12)

where η_{12} = η, η_{1j} = 2(1 + η m/m_1), η_{2j} = 2(1 + η m/m_2), j = 3, . . . , N, and η_{jk} = 4 for j, k = 3, . . . , N. (4.11) and (4.12) allow us to reduce in an effective way the proofs in the N–body case to the ones for two particles. Let again Ũ be the Dollard correction

Ũ(t) := exp [ − i ∫ t 0 ds ∑ j<k V^ℓ_{jk}(s p_{jk}/μ_{jk}) ] . (4.13)

Note that by (4.1)

x = x̃_2 − x̃_1 = i ∂ ∂p , x̃_k − x̃_j = i ∂ ∂p_k − i ∂ ∂p_j , j, k = 3, . . . , N, (4.14)

x̃_j − x̃_1 = i ∂ ∂p_j + m m_1 i ∂ ∂p , x̃_j − x̃_2 = i ∂ ∂p_j − m m_2 i ∂ ∂p , j = 3, . . . , N. (4.15) Take v_0 so large that |p_{jk}| ≥ v_{jk} μ_{jk}/2 in the support of f_{jk}(p_{jk} − μ_{jk} v_{jk}) for v ≥ v_0. Then as in Proposition 3.1 we prove that for v ≥ v_0, j < k ‖ ‖ ‖ ‖(x̃_k − x̃_j) Ũ(t) ∏ j0_{<k}0 f_j0_k0(p_j0_k0 − μ_j0_k0 v_j0_k0) (1 + |x̃_k − x̃_j|^2)^{−1/2} ‖ ‖ ‖ ‖

≤ C (1 + v^{−2} |vt|^{2−γ}), if j = 1, 2, (1 + v^{−2}_{jk} |v_{jk} t|^{2−γ}), j = 3, 4, . . . , N, ≤ C (1 + |v_{jk} t|^{2−γ} ), (4.16) and for κ > 0 ‖ ‖ ‖F (|x̃_k − x̃_j| ≥ κ|v_{jk} t|) Ũ(t) ∏ j0_{<k′} f_j0_k0(p_j0_k0 − μ_j0_k0 v_j0_k0) (1 + |x̃_k − x̃_j|^2)^{−2} ‖ ‖ ‖ ≤ C (1 + |v_{jk}t|)^{−2−ε}. (4.17) Then as in Lemma 3.2 we prove that if V^S_{ij} satisfies (2.5) as an operator in L^2(IR^n) ‖ ‖ ‖V^s_{jk}(x̃_k − x̃_j) U^D(t) ∏ j0_{<k}0 f_j0_k0 (p_j0_k0 − μ_j0_k0 v_j0_k0) (1 + |x̃_k − x̃_j|^2)^{−2} ‖ ‖ ‖ ≤ h_{jk}(|v_{jk}t|) (4.18) where (1 + τ)^ρ h_{jk}(τ) ∈ L^1((0, ∞)). For this purpose note that for any pair (jk), H_0 =

p^2_{jk}/2μ_{jk} + H̃_{jk}, where H̃_{jk} commutes with x̃_k − x̃_j. This follows for example taking Jacobi

coordinates with x̃_k − x̃_j as first coordinate. Moreover, as in Lemma 3.3 we prove that ‖ ‖ ‖ ‖ ( V^ℓ_{jk}(x̃_k − x̃_j) − V^ℓ_{jk}(t p_{jk}/μ_{jk}) ) U^D (t) ∏ j0_{<k}0 f_j0_k0(p_j0_k0 − μ_j0_k0 v_j0_k0) (1 + |x̃_k − x̃_j|^2)^{−2} ‖ ‖ ‖ ‖ ≤ C (1 + |v_{jk} t|)^{−1−ε}, (4.19)

Then using (4.11) and (4.12) we prove as in Corollary 3.4 that ‖ ‖ ‖ ‖ ( e^{−itH} Ω^D_± − U^D(t) ) Φv ‖ ‖ ‖ ‖ = O ( v^{−1} ) , (4.20)

uniformly in t. Note that v_{12} = v and v_{jk} = O(v^2) for j < k = 3, . . . , N.

THEOREM 4.1. Suppose that V^S ∈ V_{SR} , V^ℓ ∈ V_{LR} and that V^S_{12} satisfies (2.5). Then for

all Φv, Ψv as in (4.8) with some fixed normalized ϕ̂_3 v [( i(S^D − I) Φv, Ψv ) − ( ∫ +∞ −∞ dt ( V^ℓ_{12}(x) − V^ℓ_{12}(t p/m) ) U^D(t) Φv, U^D (t) Ψv )]

= ( ∫ +∞ −∞ dτ V^S_{12}(x + τv̂) Φ_{12}, Ψ_{12} ) + o (v^{−ρ}) , 0 ≤ ρ < 1, O (v^{−1}) , ρ = 1,

(4.21)

and in particular for all 0 ≤ ρ ≤ 1 lim_{v→∞} v ( i(S^D − I) Φv, Ψv ) = (∫ +∞ −∞ dτ ( V^S_{12}(x + τv̂) + V^ℓ_{12}(x + τv̂) − V^ℓ_{12}(τv̂) ) Φ_{12}, Ψ_{12} ) . (4.22)

Proof: As in the proof of Theorem 3.5 for the two–body case we obtain using Duhamel’s formula that v [( i(S^D − I) Φv, Ψv ) − ∫ +∞ −∞ dt ( ( V^ℓ_{12}(x) − V^ℓ_{12}(t p/m) ) U^D(t) Φv, U^D (t) Ψv )]

= ∫ +∞ −∞ dτ ℓv(τ) + R(v), where τ = vt and ℓv(τ) := (V^S_{12}(x) U^D(τ/v) Φv, U^D(τ/v) Ψv) , (4.23)

R(v) := v N∑ j<k=3 +∞∫ −∞ dt ([ V^S_{jk}(x̃_k − x̃_j) + V^ℓ_{jk}(x̃_k − x̃_j) − V^ℓ_{jk}(t p_{jk}/μ_{jk}) ] U^D(t) Φv, U^D(t) Ψv )

+v ∑ j<k +∞∫ −∞ dt ( ( e^{−itH} Ω^D_− − U^D (t) ) Φv, × [ V^S_{jk}(x̃_k − x̃_j) + V^ℓ_{jk}(x̃_k − x̃_j) − V^ℓ_{jk}(t p_{jk}/μ_{jk}) ] U^D(t) Ψv ) . But by (4.11), (4.12), (4.18) – (4.20) and since v_{jk} = O(v^2) for j < k = 3, . . . , N, R(v) = O ( v^{−1} ) . (4.24) At this point we complete the proof of the Theorem as in the two–body case.

Proof of Theorems 1.1 and 1.2: Theorem 1.2 follows from (4.22) applied to each pair of particles as in the two–body case. Theorem 1.1 is a particular case of Theorem 1.2.

Note that in the special case when there are no long–range forces, i.e. V^ℓ_{ij} ≡ 0, the reconstruction formula (4.21) simplifies to v ( i(S − I) Φv, Ψv ) = (∫ +∞ −∞ dτ V^S_{12}(x + τv̂) Φ_{12}, Ψ_{12} ) + o (v^{−ρ}) , 0 ≤ ρ < 1, O (v^{−1}) , ρ = 1.

(4.25)

If in addition to the pair potentials one has three–body or multiparticle forces then we determine only the two–body potentials with the approximating sequences used so far, the analogous approach using states with three particles having relative velocities of order v and all the others of order v^2 determines then all three–body potentials, and so on. See Wang(1994) [12] for a related approach.

V Two-Cluster Scattering

In this section we illustrate with one example how our method applies to other scattering channels. We consider a two-cluster channel where the first particle is scattered by a target that is a cluster of N − 1 particles in a bound state. This is a typical situation in scattering experiments. Since in the high speed limit the interaction between the incoming particle and the cluster of N − 1 particles goes to zero it is natural to consider the channel where the cluster is in the same bound state before and after the scattering takes place. Let us denote by x the Jacobi coordinate of the first particle relative to the center of mass of the particles 2, . . . , N and by p the corresponding momentum

x = −(x̃_1 − x_{CM} ), p = −i∇x, (5.1)

x_{CM} = N∑ j=2 m_jx_j N∑ j=2 m_j −1 . (5.2)

In these coordinates the Hilbert space of states H decomposes as

H = H_0 ⊗ H_{(N−1)}, (5.3)

where H_0 ∼= L^2(IR^n) and H_{(N −1)} is the space of the states of the cluster that in the configuration representation is isomorphic to a L^2 space on the relative coordinates of particles 2 to N. For simplicity we assume that there are no long–range forces i.e. V^ℓ_{jk} = 0, j, k = 1, . . . , N. Then we define H^{(2)} := H − N∑ j=2 V_{1j}(x̃_j − x̃_1) = T_0 + H^{(N−1)}

with T_0 = p^2/2m, m = m_1 N∑ j=2 m_j N∑ j=1 m_j −1 , the kinetic energy of the incoming particle relative to the center of mass of particles 2, . . . , N, and H^{(N−1)} the internal Hamiltonian of the cluster of N − 1 particles. We assume that the N − 1 particles are in a bound state Φ_b ∈ H_{(N−1)} of energy E and we denote by P_{N−1} the projector onto the corresponding eigenspace H_0 ⊗ Φ_b ⊂ H. Then

H^{(N−1)} P_{N−1} = E P_{N−1}. (5.4)

The channel wave operators are defined as Ω^{(2)}_± := s − lim_{t→±∞} e^{itH} e^{−itH(2)} P_{N−1} = s − lim_{t→±∞} e^{itH} e^{−it(T0+E)} P_{N−1}. (5.5) As is well known the strong limits exist, and this also follows from the estimate (5.10) below. The channel scattering operator is given by S^{(2)} = (Ω^{(2)}_+ )^∗ Ω^{(2)}_− . (5.6) By the Duhamel formula ( Ω^{(2)}_± − I ) P_{N−1} = ±i ∫ ±∞ 0 dt e^{itH} N∑ j=2 V^S_{1j}(x + y_j) e^{−itT0} e^{−iEt} P_{N−1} (5.7) where we define for j = 2, . . . , N y_j = x̃_j − x_{CM} the coordinate of particle j relative to the center of mass of the N − 1 particles, such that x̃_j − x̃_1 = x + y_j.

Our high velocity states are defined as follows. Take Φ_0 = Φ^{(1)} ⊗ Φ_b with ϕ̂^{(1)} ∈ C^∞_0 (IR^n) and Φ_b the normalized bound state for the N − 1 particles with energy E Φ^{(1)}v = e^{im}v^·x Φ^{(1)} ⇔ ϕ̂^{(1)}v = ϕ̂^{(1)}(p − mv), Φv = e^{im}v^·x Φ_0 ⇔ ϕ̂v = ϕ̂^{(1)}(p − mv) ϕ_b, P_{N−1}Φv = Φv for all v where now by ^ we denote the momentum representation only for the first particle. We define as a bound on the “effective potential” V_{eff} introduced below q(x) := ‖ ‖ ‖ N∑ j=2 V^S_{1j}(x + y_j) Φ_b ‖ ‖ ‖ H(_N�1)

(5.8) to be considered as a function or as a multiplication operator in H_0 and we assume that ∫ ∞ 0 dR (1 + R)^ρ sup_| x|≥R q(x) < ∞ (5.9)

for some 0 ≤ ρ ≤ 1. This will be true if the pair potentials decay as in (2.5) and the eigenfunction has enough decay. Typically eigenfunctions decay exponentially which is more than enough. Then by Lemma 2.2 ‖ ‖ ‖ N∑ j=2 V^S_{1j}(x + y_j) e^{−itH(2)} Φv ‖ ‖ ‖ ≤ ‖ ‖ ‖ q(x) e^{−itT0} Φ^{(1)}v ‖ ‖ ‖ ≤ h(|vt|) (5.10) with (1 + τ)^ρ h(τ) ∈ L^1((0, ∞)). It follows from (5.7) as in Corollary 2.3 that ‖ ‖(Ω^{(2)}_± − I) e^{−itH(2)} Φv ‖ ‖ = O ( v^{−1} ) (5.11)

uniformly in t ∈ IR. Moreover, by Duhamel’s formula v ( i(S^{(2)} − I) Φv, Ψv ) = ∫ +∞ −∞ lv(τ) dτ + R(v), with τ = vt and

ℓv(τ) := ( V_{eff} (x) e^{−iT0τ/v} Φ^{(1)}v , e^{−iT0τ/v} Ψ^{(1)}v ) H0 R(v) := v ∫ +∞ −∞ dt (Ω^{(2)}_− − I) e^{−itH(2)} Φv, N∑ j=2 V^S_{1j}(x + y_j) e^{−itH(2)} Ψv H and where V_{eff} (x) := N∑ j=2 ( V^S_{1,j}(x + y_j) Φ_b, Φ_b ) H(_N�1)

is the effective potential for the interaction between particle 1 and the cluster. Note that since we integrate over all relative coordinates y_j the effective potential depends only on x. But, by (5.10), (5.11) R(v) = O ( v^{−1} ) . (5.12) Moreover, by (2.3), (2.4)

ℓv(τ) = ( V_{eff} (x + τv̂) e^{−iT0τ/v} Φ^{(1)}, e^{−iT0τ/v} Ψ^{(1)} ) H0 , (5.13) and as in the proof of Theorem 2.4 we obtain the reconstruction formula with error term v ( i(S^{(2)} − I) Φv, Ψv )

= (∫ +∞ −∞ dτ V_{eff} (x + τv̂) Φ^{(1)}, Ψ^{(1)} ) H0 + o (v^{−ρ}) , 0 ≤ ρ < 1, O (v^{−1}) , ρ = 1.

(5.14)

Finally, as in the proof of Theorem 1.1 in the two–body case we prove that the high velocity limit of (S^{(2)} − I) determines V_{eff} (x) uniquely.

References

[1] M. Reed and B. Simon, “Methods of modern mathematical physics, Vol. III. Scattering theory”, Academic Press, New York (1979).

[2] T. Kato, “Perturbation theory for linear operators”, Second edition, Springer, Berlin (1976).

[3] L. Hörmander, “The existence of wave operators in scattering theory”, Math. Z. 146, 69–91 (1976).

[4] L.D. Faddeev, “Uniqueness of the solution of the inverse scattering problem”, Vestnik Leningrad Univ. 11, Nr. 7, 126–130 (1956).

[5] Yu M. Berezanskii, “The uniqueness theorem in the inverse problem of spectral analysis for the Schrödinger equation”, Trudy Moscov. Math. Obshch. 7, 3-62 (1958); English transl. in Amer. Math. Soc. Transl. Series 2, 35, 167–235 (1964).

[6] Y. Saito, “An asymptotic behavior of the S–matrix in the inverse scattering problem”, J.

Math. Phys. 25, 3105–3111 (1984); “An approximation formula in the inverse scattering problem”, J. Math. Phys. 27, 1145-1153 (1986).

[7] A.G. Ramm, “Completeness of the products of solutions to PDE and uniqueness theorems in inverse scattering”, Inverse Problems, 3, L77–L82 (1987).

[8] R.G. Novikov, “Multidimensional inverse spectral problem for the equation −△ψ + (v(x) − Eu(x))ψ = 0”, Funkt. Anal. Pril. 22 Nr.4, 11–22 (1988); Engl. translation Funct. Anal. Appl. 22, 263-272 (1988).

[9] K. Chadan and P.C. Sabatier, “Inverse problems in quantum scattering theory”, Second Edition, Springer, Berlin (1989).

[10] R. Weder, “Global uniqueness at fixed energy in multidimensional scattering theory”, Inverse Problems 7, 927–938 (1991).

[11] R.G. Novikov, “The inverse scattering problem at fixed energy for the three dimensional Schrödinger equation with an exponentially decreasing potential”, Comm. Math. Phys. 161, 569–595 (1994).

[12] X.P. Wang, “On the uniqueness of inverse scattering for N–body systems”, Inverse Problems 10, 765–784 (1994).

[13] H. Isozaki and H. Kitada, “Scattering matrices for two–body Schrödinger operators”, Sci. Papers College Arts Sci. Univ. Tokyo, 35, 81–107 (1986).

[14] L.D. Faddeev, “Increasing solutions to the Schrödinger equation”, Sov. Phys. Dokl.10, 1033–1035 (1966); “Factorization of the S–matrix for the multidimensional Schrödinger operator”, Sov.Phys. Dokl. 11, 209–211 (1966).

[15] L.D. Faddeev, “The inverse problem in the quantum theory of scattering”, J. Sov. Math.

5, 334–396 (1976).

[16] A.I. Nachman and M.J. Ablowitz, “A multidimensional inverse scattering method”, Stud. Appl. Math. 71, 243–250 (1984).

[17] R. Beals and R.R. Coiffman, “Multidimensional inverse scattering and non–linear partial differential equations”, Proc. Symp. Pure Math. 43, 45–70, AMS, Providence (1985).

[18] R. Weder, “Generalized limiting absorption method and multidimensional inverse scattering theory”, Math. Meth. Appl. Sc. 14, 509–524 (1991).

[19] R.G. Novikov and G.M. Henkin, “The ¯∂–equation in the multidimensional inverse scattering problem”, Russian Math. Surv. 42, Nr.3, 109–180 (1987).

[20] R. Weder, “Characterization of the scattering data in multidimensional inverse scattering theory”, Inverse Problems 7, 461–489 (1991).

[21] R. Weder, “Multidimensional inverse scattering: the reconstruction problem”, Inverse Problems 6, 267–298 (1990).

[22] G. Eskin and J. Ralston, “Inverse backscattering in two dimensions”, Comm. Math.

Phys. 138, 451–486 (1991).

[23] R.G. Newton, “Inverse Schrödinger scattering in three dimensions”, Springer, Berlin (1989).

[24] V. Enss and R. Weder, “Inverse potential scattering: A geometrical approach”, To appear in: “Mathematical Quantum Theory II: Schrödinger Operators”, Proceedings of the Summer School in Mathematical Quantum Theory, August 1993, Vancouver, B.C., Feldman J., Froese R., and Rosen L., editors, CRM Proceedings and Lecture Notes 8, AMS Providence (ca. 1995).

[25] V. Enss and R. Weder, “Uniqueness and reconstruction formulae for inverse N–particle scattering”, To appear in: “Differential Equations and Mathematical Physics”, Proceedings of the International Conference, Univ. of Alabama at Birmingham, March 1994, I. Knowles editor, International Press Boston (ca. 1995).

[26] V. Enss, “Propagation properties of quantum scattering states”, J.Func. Anal. 52, 219– 251 (1983).

[27] S. Helgason, “Groups and geometric analysis”, Academic Press, Orlando (1984).

[28] V. Enss, “Asymptotic completeness for quantum–mechanical potential scattering II.

Singular and long–range potentials”, Annals of Phys. 119, 117–132 (1979).

[29] R. Weder, “Multidimensional inverse scattering in an electric field”, Preprint 28, IIMAS- UNAM, 29 pp. (1995).