April 25, 1997 Asymmetric conservative processes with random rates I. Benjamini, P. A. Ferrari, C. Landim Cornell University, Universidade de São Paulo and IMPA Summary. We study a one dimensional nearest neighbor simple exclusion process for which the rates of jump are chosen randomly at time zero and fixed for the rest of the evolution. The i-th particle’s right and left jump rates are denoted p_i and q_i respectively; p_i + q_i = 1. We fix c ∈ (1/2, 1) and assume that p_i ∈ [c, 1] is a stationary ergodic process. We show that there exists a critical density ρ^∗ depending only on the distribution of {p_i} such that for almost all choices of the rates and a (fixed) density ρ^∗ < ρ ≤ 1 there exists an invariant distribution for the process as seen from a tagged particle with asymptotic density ρ. Under this measure, the distribution of the distances between particles are independent random variables. We also show that under the invariant distribution, the position X_t of the tagged particle at time t can be sharply approximated by a Poisson process. Finally, we prove the hydrodynamical limit for zero range processes with random rate jumps.

Keywords and phrases. Asymmetric simple exclusion. Random rates. Law of large numbers. Hydrodynamical limit.

AMS 1991 Classification. 60K35, 82C22, 82C24, 82C41. Short title: Asymmetric processes with random rates.

1. Introduction.

Let c ∈ (1/2, 1) and p = {p_i ∈ [c, 1] : i ∈ Z} be a stationary ergodic process on [c, 1]Z. Let m be their joint distribution. For each random choice of p we consider an asymmetric simple exclusion process whose particles move with rates p. In fact we consider the simple exclusion process as seen from a tagged particle. The tagged particle is labeled zero and the other particles labeled in an increasing way according to their position. In words, the i-th particle attempts to jump to the nearest site to the right at rate p_i and performs the jump if the destination site is empty, otherwise it stays still. At rate q_i = 1 − p_i, the i-th particle does the same to the left. Let x_i(t) be the position of the i-th particle at time t. Let η_t be the set of occupied sites at time t; hence η_t = {x_i(t) : i ∈ Z}. The configuration η can be

Typeset by AMS-TEX 1

interpreted as a function from Z in {0, 1} given by η(x) = 1{x = x_i, for some i}. The generator of the process seen from the tagged particle depends on the choice of p and is given by L_pf(η) = ∑ i≠0 ( 1{x_{i+1} > x_i + 1}p_i[f(η^{xi,xi+1}) − f(η)] + 1{x_{i−1} < x_i − 1}q_i[f(η^{xi,xi−1}) − f(η)] ) + 1{x_1 > 1}p_0[f(τ_1η^{0,1}) − f(η)] + 1{x_{−1} < −1}q_0[f(τ_{−1}η^{0,−1}) − f(η)]

(1.1)

where τ_x is the translation by x: τ_xη(z) = η(z − x), f is a local function and

η^{x,y}(z) = η(z) if z ≠ x, y η(x) if z = y η(y) if z = x

is the configuration where the values at the sites x and y have been interchanged.

The existence of this process follows either from the Hille-Yosida Theorem as in Liggett (1985) and Andjel (1982) or using the graphical construction of Harris. See Ferrari (1992) for instance.

For a measure μ on {0, 1}Z let lim_{n→∞}(2n + 1)^{−1} ∫ dμ(η) ∑_n x=−n η(x) be its

global density (if the limit exists). In Section 2 we show that there exists a critical density ρ^∗ such that for any density ρ ∈ (ρ^∗, 1] and almost all choices of the rates p, there exists an invariant measure with global density ρ. ρ^∗ might be strictly positive as is shown by an example and there are no invariant product measure for densities in [0, ρ^∗). We then show that for any given ρ and for almost all choice of the rates, the position X_t of the particle originally at the origin is given by a Poisson process of rate v(ρ, p) plus an error of order one. The “effective velocity” v(ρ, p) is given by an explicit equation.

In the simple exclusion process as seen from a tagged particle with p_i ≡ p_0, the only extremal invariant measure with global density zero is the measure concentrating mass in the configuration with a single particle at the origin. On the other hand, if one starts the system with an ergodic measure such that the inter particle distances have a translation invariant distribution and the mean distance between two successive particles is infinite, then the process converges weakly to the configuration with a single particle at the origin (Andjel, Cocozza-Thivent and Roussignol (1986)). Based in this result we conjecture that in our case there are no extremal invariant measures with global density zero concentrating mass in the set of configurations with infinitely many particles. On the other hand, we show that there are measures concentrating mass in sets of configurations with n particles, for all n. We also study the process with initial configuration . . . 111000 . . . . In this case assuming that m([c, c + ε]) > 0 for all ε > 0, we show that the i-th particle to the left has an asymptotic velocity that converges as i → ∞ to 2c − 1.

When the rates are associated to the sites instead of the particles our result is weaker: we show that starting with the homogeneous product distribution ν_ρ, for almost all choices of the environment any tagged particle has a velocity at most (2c − 1)(1 − ρ) almost surely.

In the last two sections we turn to the study of the hydrodynamical behavior of the process with random rates in infinite volume. We first change coordinates and denote by ξ_t(k) the number of holes at time t between particle k and particle k + 1. This transform the asymmetric simple exclusion process to a so–called zero range process. It is easy to check that ξ_t evolves as follows. At rate 1{ξ(k) ≥ 1}q_{k+1} one particle jumps from site k to site k +1 and at rate 1{ξ(k) ≥ 1}p_k one particle jumps from site k to site k − 1. Under some restrictions on the initial measure, we prove that m almost surely the macroscopic behavior of this process is described by the entropy solution of a first order hyperbolic equation ∂_tρ + ∂_xv(ρ) = 0 where v(ρ) denotes the mean velocity of a particle for a process in equilibrium with density ρ.

In the last section we consider the hydrodynamical behavior of another type of zero range processes in random environment. This system corresponds to asymmetric simple exclusion processes where the rate at which the k-th particle jumps to the right and the rate at which the k + 1-th particle jumps to the left is decelerated by a factor p_k picked from an ergodic stationary process.

2. Asymmetric exclusion with random rates associated to particles.

Without loss of generality we shall asume throughout this section that c is such that

m([c, c + ϵ)) > 0 for all ϵ > 0 . (2.1)

For an integer i, denote by Z_i the (eventually infinite) function of p:

Z_i(p) = 1 q_{i+1} ∞∑ j=0 i∏ k=i−j q_{k+1} p_k . Let v^∗ the maximum value of v for which Z_i < (1/v) almost surely for all i ∈ Z :

v^∗ = sup{v > 0 : m(vZ_i < 1) = 1}

Notice that v^∗ ≥ 2c − 1.

Define the function R : [0, v^∗) → R_+ , by R(w) = ( m [ (1 − wZ_i)^{−1} ])_{−1} (2.2)

that does not depend on i as p is a stationary process. Notice that by the definition of v^∗, the function R is well defined and positive in [0, v^∗). Moreover, R(0) = 1 and R is clearly decreasing in w. In particular it is invertible. Let v denote the inverse function: v(R(w)) = w. Denote by R(v^∗) ≥ 0 the limit of R(w) as w ↑ v^∗. Theorem 2.3. For any ρ ∈ [R(v^∗), 1] and for almost all choice of p: (i) There exists a unique vector α(= α(p, ρ)) = {α_i : i ∈ Z}, such that for all i, α_ip_i − α_{i−1}q_i = v(ρ) α_i ∈ [0, 1).

(2.4)

(ii) The measure ν_α defined by

ν_α(x_{i+1} − x_i = k_i : i ∈ A) = ∏ i∈A α^{ki−1}_i (1 − α_i), A ⊂ Z, k_i ≥ 1, finite (2.5)

with ν_α(x_0 = 0) = 1 is invariant for the process with generator L_p. (iii) The global density of this measure is ρ: lim_{n→∞} 1 2n + 1 n∑ x=−n η(x) = ρ (2.6)

ν_α almost surely.

(iv) If ρ < R(v^∗), there are no invariant measures for L_p with global density ρ for which {x_i − x_{i−1}}_i are independent.

Remarks. If the vector p is constant, that is p_i ≡ c, then v(ρ) = (2c−1)(1−ρ) and ρ^∗ = 0. On the other hand, this theorem implies that there are product invariant measures with global densities ρ only for ρ > ρ^∗ = R(v^∗). The critical density ρ^∗ may be strictly positive as is shown by an example below. It is not discarded that it could be invariant measures that are not product with global densities below ρ^∗. It is an open problem to describe in some sense the evolution of the process starting from the Bernouilli product measure with density below the critical density.

Proof. Fix 0 ≤ v < 2c − 1. We consider the (non homogeneous) dynamical system a_i with state space [0, 1] defined by

a_i = v + a_{i−1}(1 − p_i) p_i := T_i(a_{i−1}) .

Of course T_i depends on p_i. In order to argue that the dynamical system a_i, i ∈ Z has a unique solution satisfying (2.4) we consider a coupling (a_i, b_i) between two realizations of the process starting from some j with different initial conditions a_j and b_j . To realize the coupling we use the same p_i for both processes and obtain for i ≥ j, b_i − a_i =

(b_{i−1} − a_{i−1})(1 − p_i) p_i ≤ (b_j − a_j ) ( 1 − c c )_{i−j} (2.7)

From (2.7) we learn two things. First, that the process is attractive: b ≥ a implies T_ib ≥ T_ia for any i. This implies that if we consider a_j = 0 and b_j = 1, then for any c_0 ∈ [0, 1], it holds a_i ≤ c_i ≤ b_i for i ≥ 0. Second, for any initial condition a_j < b_j, the difference b_i − a_i converges as i → ∞ exponentially fast to zero. The rate of convergence is bounded above by (1 − c)/c < 1 because c > 1/2. On the other hand, (2.7) implies that if we fix the sequence p and call α_i(n) the (n + i)-th iterate of the chain when α_{−n} = 1: α_i(n) = T_{i−1}T_{i−2} . . . T_{−n}(1) for i > −n. Then α_i(n) is a non decreasing sequence in n and it converges exponentially fast, as n → ∞, to a limit α_i. We have proved that the double infinite sequence α is the unique solution of (2.4). This unique solution is given by

α_i(p, v) = α_i(p) = v q_{i+1} ∞∑ j=0 i∏ k=i−j q_{k+1} p_k . (2.8)

Recall the definition of v^∗. From this explicit formula for α_i, we see that we may extend the domain of v for which there exist a solution of (2.4) to the set [0, v^∗).

Stationarity of {p_i} implies that the process {α_i} is stationary. The easiest way to show (ii) is to show ν_α(gL_pf) = ν_α(fL^∗_pg) for f, g in a core of L, where the (guessed) adjoint generator L^∗_p is defined by L^∗_p = L_p�, with p^∗_i = q_iα_{i−1} α_i , q^∗_i = p_iα_i α_{i−1} It is sufficient to take f and g of the form 1{x_{i+1} − x_i = k_i : i ∈ A}, with k_i ≥ 1 and A a finite subset of Z. Since the measure is product when applied to this kind of functions, the problem is reduced to show that for all i and all k_i, k_{i−1} ≥ 0,

p_iν_α(x_{i+1} −x_i = k_i, x_i−x_{i−1} = k_{i−1} +1) = q^∗_i ν_α(x_{i+1} −x_i = k_i +1, x_i −x_{i−1} = k_{i−1}) and p^∗_i + q^∗_{i+1} = 1

that immediately hold using (2.4). The invariance of ν_α has been proven by Jackson (1963) for finite systems and by Andjel (1982) for infinite systems. The proof using the adjoint can be found in Kipnis (1986) for the exclusion process with constant rates and (for a more complicate model) in Ferrari and Fontes (1994a).

To show (iii) we first look for the solution of (2.4). For a fixed realization p the (unique) solution of the system (2.4) is given by (2.8). Since p is ergodic, so must be {a_i} and calling mh(a_i) = ∫ m(dp)h(a_i(p)),

lim_{n→∞} 1 2n + 1 n∑ k=−n 1 1 − a_k = m(1/(1 − a_i)), m almost surely. (2.9)

that by stationarity does not depend on i. Call mν_α the measure on {0, 1}Z obtained by first choosing a p according to m and then for i ∈ Z choosing x_{i+1} − x_i with geometric distributions as in (2.5) with α = α(p). It is immediate that mν_α((x_{i+1} − x_i)^2) − (mν_α(x_{i+1} − x_i))^2 < constant and mν_α(x_{i+1} − x_i) = m(1/(1 − α_i)). Hence,

lim_{n→∞} 1 2n + 1 n∑ i=−n (x_{i+1} − x_i − m(1/(1 − α_i)) = 0 mν_α, almost surely.

(See exercice 11 of page 314 of Grimmett and Stirzaker (1992) for instance.) which in turn implies again by ergodicity, lim_{n→∞} 1 2n + 1 n∑ x=−n η(x) = 1 m(1/(1 − α_i))

. mν_α, almost surely

To show (iv) we first observe that invariant measures for which {x_i − x_{i−1}} are independent must be product of geometric as in (2.5). This follows from direct computation with the generator. On the other hand, if the measure concentrates in configurations with infinitely many particles, the probability α_i that particles i and i+1 are at distance bigger than one must satisfy equation (2.4) for some v ∈ [0, v^∗). The global density of this measure is R(v) that is necessarily bigger than ρ^∗.

We proved in Theorem 2.3 that there exist product invariant measures for all densities ρ greater than a critical density ρ^∗ = R(v^∗). We present below an example showing that the critical density ρ^∗ may be strictly positive.

Example. The independent case. Assume that p_i are i.i.d. random variables taking only two values c and 1 : m[p_0 = c] = θ = 1 − m[p_0 = 1]. For each integer i, denote by T_i the distance from i to the first integer j on the left of i with p_j = 1 :

T_i = min { j ≥ 0; p_{i−j} = 1 } . From formula (2.4) it is easy to see that α_i may be expressed as a simple function of T_i : α_i = v 2c − 1 { 1 − 2(1 − c) ( 1 − c c )_{Ti} } . Since c > 1/2 and T_i may assume with positive probability large values, v^∗ = 2c−1. Furthermore, since T_i has a geometric distribution (i.e., m(T_i ≥ k) = θ^k, k ≥ 0), [R(v)]^{−1} can be computed explicitely: 1 R(v) = m ( 1 1 − α_i ) = ∑ k≥0 (1 − θ)θ^k [ 1 − v 2c − 1 ( 1 − 2(1 − c) ( 1 − c c )_k)]−1 . This is positive for all v ≤ 2c − 1. In the limit as v → 2c − 1 we get lim v→2c−1 [R(v)]^{−1} = 1 − θ 2(1 − c) ∑ k≥0 [ θc 1 − c ]_k < ∞ provided θ < (1 − c)/c. Hence, if θ <^{1−c}_c we can compute the sum and obtain

ρ^∗ =

2(1 − c(1 + θ)) 1 − θ In this example therefore there are invariant product measures with global density ρ, only for ρ ≥ R(2c − 1) =

2(1 − c(1 + θ)) 1 − θ > 0 for θ <^{1−c}_c . Figures 1 and 2 ilustrate this point. In particular we can think that if we perturb an homogeneous system with constant rates p_i ≡ 1, in such a way that a small fraction θ of the p_i’s are modified to be c, then this perturbed system will not have product invariant measures with small global densities.

units < .5in, .5in > xfrom−5.0to3.0, yfrom−1to2.5(.) < 6pt > [.2, .7]from−5.30to−20 < 6pt > [.2, .7]from−5−0.3to−52.5F igure1 : θ ≥^{1−c}_c at -4 -.7 0 at -5.15 -.15 2c − 1 at -3 -.20 R(v) at -5.4 2 1 at -5.15 1.6 v at -2.2 -.2 -5 1.6 -4 .5 -3 0 / -3 .05 -3 0 -3 -.05 / ¡6pt¿ [.2, .7] from -0.3 0 to 3 0 ¡6pt¿ [.2, .7] from 0 -0.3 to 0 2.5 Figure 2: θ <^{1−c}_c at 1 -.7 0 at -.15 -.15 2c − 1 at 2 -.20 ρ^∗ at -.18 .4 -.05 .4 0 .4 .05 .4 / R(v) at -.4 2 1 at -.15 1.6 v at 2.8 -.2 0 1.6 1 .7 2 0.4 / 2 .05 2 0 2 -.05 /

Theorem 2.10. Let ρ ≥ ρ^∗ and take p in the set of m–probability one for which there exists ν_α, the invariant measure defined in Theorem 2.3 with global density ρ and α = α(p). Assume that the initial distribution of particles is given by ν_α and let X_t be the position at time t of the tagged particle originally at the origin. Then there exist Poisson processes N^0_t and N^1_t of rate v = v(ρ), random variables R^0 and R^1 and a stationary process B_t such that the following inequalities hold

N^0_t + R^0 ≥ X_t ≥ N^1_t + B^1_t − B^1_0 − R^1

Furthermore B_t, R^0 and R^1 can be chosen such that they have an exponential moment independent of p (and t): there exist positive θ and C independent of p and t such that E e^{θR0} < C, E e^{θR1} < C, E e^{θBt} < C. Proof. We adapt a proof of Ferrari and Fontes (1994b). We consider two semiinfinite processes η^0_t and η^1_t as seen from the tagged particle.

For η^0_t the tagged particle never jumps to the left as if there were always full of particles to its left. The jumps to the right of the tagged particle are realized with rate p_0 and the jumps of the other particles with rates p_i, q_i, i ≥ 1. Let X^0_t be the position of the tagged particle for η^0_t . The invariant measure for the process is the product measure ν^0_α on {0, 1}Z^+ with α^0 = {α^0_i : i ≥ 0} the solution of (2.4) with boundary conditions α^0_{−1} = 0.

For η^1_t the tagged particle jumps to the left at rate q_0 as if there were no particles to its left. Let X^1_t be the position of the tagged particle for η^1_t . The invariant measure for the process is the product measure ν^1_α on {0, 1}Z^+ with α^1 = {α^1_i : i ≥ 0} the solution of (2.4) with boundary conditions α^1_{−1} = 1.

By (2.7), if α is the double infinite solution of (2.4), then for i ≥ 0, α^1_i ≥ α_i ≥ α^0_i and both α_i − α^0_i and α^1_i − α_i converge exponentially fast to zero. Now we couple a double infinite configuration η picked from ν_α with two semi-infinite configurations η^0 and η^1 picked from ν^0_α and ν^1_α respectively in such a way that if we call ξ(i) = x(i + 1) − x(i) − 1, i ∈ Z ξ^0(i) = x^0(i + 1) − x^0(i) − 1, i ≥ 0 ξ^1(i) = x^1(i + 1) − x^1(i) − 1, i ≥ 0

(2.11)

then under the (three way) coupled measure ν̄_α,

ξ^1(i) ≥ ξ(i) ≥ ξ^0(i) (2.12)

almost surely for i ≥ 0 and there exist positive θ and C such that for j = 0, 1, ν̄_α { exp ( θ ∞∑ i=0 |ξ(i) − ξ^j (i)| )} < C < ∞. m–a.s. (2.13)

Statements (2.12) and (2.13) are easy consequences of (a) the attractiveness of the solutions α, α^1 and α^0, (b) the (uniform in p) exponential convergence to zero of (α_i − α^j_i ), which in turn are consequence of (2.7) and (c) the fact that ν_α ν^1_α and ν^0_α are product of geometric distributions.

Assume that ξ_t, ξ^0_t and ξ^1_t start each with the corresponding invariant distribution coupled in such a way that (2.12) and (2.13) hold. Now we couple η_t, η^1_t and η^0_t in such a way that the i-th particles of the three systems use the same exponential clocks and jump together as much as possible. In the particle system jargon this is the basic coupling for the zero range process ξ_t. Under initial distribution ν̄_α and using the coupling, the marginal processes ξ_t, ξ^0_t and ξ^1_t are stationary and keep the initial order: for all t ≥ 0,

ξ^1_t (i) ≥ ξ_t(i) ≥ ξ^0_t (i). (2.14)

This implies that the rate of jump to the right are also ordered for all times and that X^0_t + R^0 ≥ X_t ≥ X^1_t − R^1 (2.15)

where R^1 = ∑ x≥0 (ξ^1_0(x) − ξ_0(x)) and R^0 = ∑ x≥0 (ξ_0(x) − ξ^0 (x)).

To see that the first inequality in (2.15) holds observe that each jump to the right of X_t can either be accompanied by a jump to the right of X^0_t or not. In the first case the inequality holds if it holds before the jump. In the second case, the jump to the right is either corresponding to one of the extra holes R^0 or due to a hole that entered to the right of X_t after time zero. The first case is covered by R^0 that appear in the left hand side of (2.15). The second one cancels because the net flux generated by this hole is zero. The same argument is used to show the second inequality. Both R^1 and R^0 have exponential moments by (2.13).

Now, in distribution X^0_t = N^0_t , a Poisson process with parameter v. The fact that it is Poisson follows from Burke’s theorem because it is just the departure process of a network of queues. See Kelly (1979) or Theorem 1 of Ferrari and Fontes (1994a). The rate is given by

p_0α^0 = p_nα^0_n − q_nα^0_{n−1}.

for all n. Since lim_{n→∞}(α_n − α^0_n) = 0 and p_nα_n − q_nα_{n−1} ≡ v by (2.4).

Finally in Theorem 2 of Ferrari and Fontes (1994a) it is proven that X^1_t = N^1_t + B^1_t − B^1_0 , where N^1_t is a Poisson process with parameter v and B^1_t is a stationary process distributed as a sum of independent geometric distributions with parameters b^1_i /(1 − a^1_i + b^1_i ), i ≥ 0, where a^1_i is the solution of (2.4) for i ≥ 0 assuming boundary condition a^1_{−1} ≡ 1 and b^1_i is the solution of (2.4) for i ≥ 0 assuming boundary condition b^1_{−1} ≡ 1 and v = 0. See display (20) of Ferrari and

Fontes (1994a). Clearly b^1_i ≤ ((1−c)/c)^i and a^1_i ≥ b^1_i . Hence B^1_t has an exponential moment independent of p and t.

In the finite case one looks for solutions α^n of (2.4) fixing boundary conditions

α^n_{−1} = α^n = 1 (2.16)

The proof of the following theorem is immediate as it is just a finite system of queues.

Theorem 2.17. If the vector p^n = (p^n_1 , . . . , p^n) is such that (2.4) with boundary conditions (2.16) has a solution α^n_i ∈ (0, 1), i ∈ {0, . . . , n} then the measure ν^n defined by ν^n(x_{i+1} − x_i = k_i : i ∈ {0, . . . , n}) = ∏ i∈{0,...,n} (α^n_i )^{ki−1}(1 − α^n_i ), (2.18)

is invariant for the process with generator L_p.

The tagged particle performes in this case a Poisson process in the sense of Theorem 2.10. See Ferrari and Fontes (1994b).

To close this section we consider the semi-infinite case. Let η̄ be the configuration η̄(x) = 1{x ≤ 0}. Assume that the measure m describing the random rates satisfies m is a product measure and m[c, 1] = 1

(2.19)

For fixed p let v_i(p) = lim_{t→∞} x_i(t) − x_i(0) t (2.20) The limit exists by an application of the sub-additive ergodic theorem. Theorem 2.21. Under conditions (2.1) and (2.19) it holds that v^∗ = 2c − 1 and lim i→−∞ v_i = 2c − 1 m almost surely.

We conjecture that the distribution around X_i converges to the measure ν_{α(p,v}�_). Proof. By assumption (2.19), v_i ≥ (2c − 1). To show the other inequality consider a finite system with n+1 particles: y_0(t) < · · · < y_n(t) such that y_0(t) jumps only to the right at rate 1 and y_1(t), . . . , y_n(t) jump with rates b and 1−b to the right and left respectively. The process (z_1(t), . . . , z_n(t)) = (y_1(t)−y_0(t)−1, . . . , y_n(t)−y_0(t)−1) is an ergodic positive recurrent continuous time Markov process in a countable state space and it has invariant distribution μ^n given by

μ^n(z_1 ≥ k_1, . . . , z_n ≥ k_n) = n∏ j=1 (α^n_j )^{kj} [1 − α^n_j ], k_j ≥ 0

where

α^n_j = 1 − ( 1 − b b )_j

1 − ( 1 − b b )_{n+1}

Under this invariant measure the average velocity of the j-th particle is given by

v^n = bμ^n(z_j > 0) − (1 − b)μ^n(z_{j+1} > 0) = 2b − 1 1 − ( 1 − b b )_{n+1} (2.22)

that does not depend on j. Furthermore we have that if the system starts with the configuration z_j ≡ 0 (that has positive μ^n measure), it holds the following law of large numbers lim_{t→∞} y_j(t) − y_j (0) t = v^n. Turning to the semi-infinite system, fix p. It is clear that v_i ≤ v_{i+1}. On the other hand, let b(i, n, p) = max{p_j : i ≤ j ≤ i + n}. For this b consider the finite system (y_0, . . . , y_n) defined above with initial positions (x_i, . . . , x_{i+n}). Hence one can couple in such a way that

x_i(t) − x_i(0) ≤ y_0(t) − y_0(0) and lim sup t→∞ x_i(t) − x_i(0) t ≤ lim_{t→∞} y_0(t) − y_0(0) t = 2b(i, n, p) − 1 1 − (_{1−b(i,n,p)} b(i,n,p) )_{n+1} ,

by (2.22) and a law of large numbers for a positive recurrent Markov chain. Take ε > 0. Take b and n such that v^n < 2c − 1 + ε, where v^n is given by (2.22). Let I(p) = max{i : b(i, n, p) < b} the first time that n successive p_j are smaller than b.

By assumption (2.1) I is finite with m-probability one. Hence we have that for all ε > 0 for i sufficiently large, 2b(i, n, p) − 1 ≤ 2c − 1 + ε This proves the Theorem.

When the rates are attached to the sites instead of the particles, there is no description of the invariant measure available. Presumably in this case the invariant measure is not product and it might have long correlations. A simple coupling argument shows that if m concentrates in (c, 1) and the particles are distributed initially according to the translation invariant product measure ν_ρ, then the tagged particle must move at velocity at least (2c − 1)(1 − ρ). This is the contents of the next theorem.

Theorem 2.23. Assume that the rates p are attached at the sites and that m concentrates in [c, 1]. Let η_t be the simple exclusion process with these rates distributed initially with the (non invariant) distribution ν_ρ. Let X_t be the position of the tagged particle initially located at the origin. Then

lim inf t→∞ X_t t ≥ (2c − 1)(1 − ρ) almost surely.

Proof. We couple η_t with a simple exclusion process ζ_t with (constant) rates c and 1 − c for right and left jumps respectively. The product measure ν_ρ conditioned to have a particle at the origin is invariant for this process as seen from the tagged particle. Let Z_t be the position of the tagged particle initially at the origin. Under initial distribution ν_ρ, Kipnis (1986) proved that lim_{t→∞} Z_t t = (2c − 1)(1 − ρ). (2.24)

Since p_x ≥ c for all x we can couple η_t and ζ_t in such a way that each time a jump from x to x + 1 is attempted for the system ζ_t, the same jump is attempted for the system η_t. Analogously, since 1 − c ≥ q_i, each time a jump from x to x − 1 is attempted for the system η_t, the same jump is attempted for the system ζ_t. Since the rates are different, under this coupling the two systems will differ. Let x_i(t) and z_i(t) the positions of the particles of the η_t and ζ_t systems respectively at time t. Here x_0(t) = X_t and z_0(t) = Z_t. At time zero x_i(0) ≡ z_i(0). We claim that for all t ≥ 0 x_i(t) ≥ z_i(t) (2.25)

To show (2.25) it suffices to see that each jump involving positions x_i(t) and z_i(t) keep the inequality unaltered. Assume that at time t (2.25) holds and that there is an event involving x_i(t) and/or z_i(t) in the time interval (t, t + dt). If x_i(t) > z_i(t) then, after the event, x_i(t) ≥ z_i(t) because at most a jump of length 1 occurred. If x_i(t) = z_i(t), there are four possibilities: (a) an attempt for both particles to jump to the right; (b) an attempt for the x_i(t) particle to jump to the right; (c) an attempt for both particles to jump to the left and (d) an attempt for the z_i(t) particle to jump to the left. Since by (2.25), x_{i+1}(t) ≥ z_{i+1}(t), in case (a) after the jump x_i(t + dt) ≥ z_i(t + dt). Case (c) is similar and cases (b) and (d) are immediate because the jumps are in the good sense. This proves (2.25) for all t. In particular X_t ≥ Z_t. This and (2.24) show the theorem.

3. Hydrodynamical limit of one dimensional asymmetric zero range processes with random jumps.

In this section we study the hydrodynamical behaviour of the asymmetric process with random rates introduced in last section. In order to do it, we first change coordinates.

For an integer k, define ξ_t(k) to be the number of holes between the (k + 1)-th and the k-th particles at time t :

ξ_t(k) = x_{k+1}(t) − x_k(t) − 1 .

It is then easy to check that for each realization {p_k; k ∈ Z} ξ_t is a Markov process

on NZ whose generator acts on cylinder function as

(L^′_pf)(ξ) = ∑ j,k∈Z |k−j|=1 p(k, j)1{ξ(k) ≥ 1}[f(T_{k,j}ξ) − f(ξ)] . (3.1)

In this formula, for fixed integers j and k and for configurations ξ with at least one particle at k, T_{k,j} ξ stands for the configuration obtained from ξ letting one particle jump from site k to site j : ( T_{k,j}ξ ) (i) = ξ(i) if i ≠ k, j ξ(k) − 1 if i = k ξ(j) + 1 if i = j.

Moreover, with notation introduced in last section, p(k, k + 1) = q_{k+1} and p(k, k − 1) = p_k so that p(k, k + 1) + p(k + 1, k) = 1. This is the so called zero range process with jump rate g(n) = 1{n ≥ 1} and random transition probabilities p(j, k).

We already obtained in last section the invariant measures of this process. Translated to our context they write as follows. For each v in [0, v^∗), consider α_i(p) = α_i(p, v) the solution of (2.4) and denote by μ_{p,v} the product measure on

NZ with marginals given by

μ_{p,v}{ξ; ξ(i) = k} = (α_i)^k(1 − α_i) for k ∈ N and i ∈ Z .

Define M: [0, v^∗) → R_+ as the expected value of particles at site 0 for the measure μ_{p,v} : M(v) = μ_{p,v} [ η(0) ] = α_0 1 − α_0 . We have thus that M is a smooth and strictly increasing positive function with M(0) = 0.

Define by ρ: [0, v^∗) → R_+ the expected value of M(v) : ρ(v) = m [ M(v) ] . (3.2)

From its definition and from the properties of M, it follows that ρ vanishes at 0 and that ρ is continuous and strictly increasing. Moreover, with the very same arguments presented in the proof of Theorem 2.2(iii), one obtains that m almost surely, lim_{n→∞} |Λ_n|^{−1} ∑ k∈Λ_n ξ(k) = ρ(v) μ_{p,v} almost surely .

Here, for a positive integer n, Λ_n represents a box of length 2n + 1 centered at the origin : Λ_n = {−n, . . . , n} and |Λ_n| its volume.

We now introduce the initial measures considered in this section. For a bounded continuous function λ_0: R → R_+ denote by {μ^N_{λ0} ; N ≥ 1} the sequence of product measures on NZ with marginals given by

μ^N_{λ0} {ξ; ξ(k) = n} = [ 1 + λ_0(k/N) ]_{−1} ( λ_0(k/N) 1 + λ_0(k/N) )_n

for k ∈ Z and n ≥ 0. {μ^N_{λ0} ; N ≥ 1} is defined so that expected number of particles at k is equal to λ_0(k/N).

To ensure that, for m almost all environments p, μ^N is bounded above (for the natural partial order on the space of all probability measures of NZ) by some invariant measure μ_{p,v}, we will have to assume that the initial profile λ_0 is bounded above by sup_{v<v}� min_i{α_i(p, v)/(1 − α_i(p, v))}. This value corresponds to the minimum density at a site for the measure μ_{p,v}. It is therefore the minimum density at a site for the largest product invariant measure.

(H1) The continuous initial profile λ_0 is bounded above :

sup_{x∈}

R^{λ0(x) < sup}v<v�^{mini∈}Z α_i(p, v) 1 − α_i(p, v) ·

We believe however that it should not be too difficult to remove this technical assumption. We also assume that p takes at most a finite number of values denoted by c = c_1 < · · · < c_b ≤ 1 :

(H2) There exists b ∈ N and c = c_1 < · · · < c_b ≤ 1 such that m { p; p_0 = c_i for some 1 ≤ i ≤ α } = 1 .

We are now ready to state the main theorem of this section. For each realization p of the environment and for each probability measure μ on NZ denote by P^N_{p,μ} the probability measure on the path space D([0, ∞), NZ^d) corresponding to the Markov process with generator L^′_p, defined in (3.1), accelerated by N and starting from μ. Denote by E^N_{p,μ} expectation with respect to P^N_{p,μ}.

Theorem 3.3 . Under the assumptions (H1) and (H2) stated above, for every compact supported continuous function H, every t ≥ 0 and every strictly positive δ,

lim N→∞ P^N_{p,μ}N_{λ0} [ | | | | N^{−d} ∑ k H(k/N)η_t(k) − ∫ H(x)λ(t, x) dx | | | | > δ ] = 0

m almost surely. In this last formula λ is the unique weak entropy solution of the first order quasilinear hyperbolic equation { ∂_tλ + ∂_xa(λ) = 0 λ(0, ·) = λ_0(·)

and a is the inverse of the function ρ defined in (3.2).

The proof of this theorem is similar to the one of Theorem 4.2 presented in next section and thus omitted.

4. Asymmetric zero range processes with random rates.

In section 3 we studied the hydrodynamical behaviour of one dimensional zero range processes with random transition probabilities. In this section, instead, we shall study zero range processes with random rate jumps and fixed deterministic transition probabilities.

As in section 1 consider a family of random variables {p_k; k ∈ Z^d} with values in an interval [c, 1] for some strictly positive constant c. Denote by m the joint distribution and assume that is is stationary and ergodic. We will call p the environment and shall assume that m([c, c + ϵ)) > 0 for all ϵ > 0. For each realization of p, let η_t be the Markov process on NZ^d whose generator acts on cylinder functions as

(L^2_pf)(η) = ∑ k,j∈Z^d r(j)p_kg(η(k))[f(T_{k,k+j}η) − f(η)] , (4.1)

where r(·) is a finite range transition probability on Z^d and g a positive non decreasing bounded function vanishing at 0 : there exists Γ < ∞ such that r(j) = 0 for |j| > Γ, 0 = g(0) < g(1) and lim_{k→∞} g(k) = g(∞) < ∞. We further assume that r(k) + r^∗(k) is irreducible. This process can be interpreted as follows. For a fixed realization of the environment p, at each site k a particle jumps to site k +j at rate r(j)p_kg(η(k)). In this sense the rate at which particles leave a site is randomly decelerated by the value of the environment at that site. In the one dimensional nearest neighbor case with g(n) = 1{n ≥ 1} this model corresponds to the simple exclusion process studied in sections 1 and 2 where we fixed the probability at which each particle jumps to the right or to the left and where we decelerate the rate at which the k-th particle jumps to the right and the k + 1-th particle jumps to the left by a factor p_k picked from a stationary ergodic process.

For further use we denote by γ = (γ_1, . . . , γ_d) the mean drift of each elementary particle : γ_i = ∑ k k_i r(k) for 1 ≤ i ≤ d if k = (k_1, . . . , k_d).

The first question is naturally to find invariant measures for the process. Fortunately there are product invariant measures. For each 0 ≤ φ < g(∞), define the partition function Z(·) on R_+ by Z(φ) = ∑ k≥0 φ^k g(1) · · · g(k) · We used here the convention that g(1) · · · g(0) = 1. It is clear that Z(·) is an increasing function which converges to ∞ as φ approaches g(∞). Recall from Andjel (1982) that in the case where m is a Dirac measure concentrated on the set {p; p_k = 1, k ∈ Z^d}, that is, in the case with a deterministic translation invariant environment, the translation invariant product measures {μ_φ; 0 ≤ φ < g(∞)}, with marginals given by μ_φ{η; η(k) = n} = = 1 Z(φ) φ^n g(1) · · · g(n) for n ≥ 0, are invariant. From this result product invariant measures for the random environment case are easily guessed.

For 0 ≤ φ < cg(∞) denote by ν^p_φ the product measure on NZ^d with marginals given by : ν^p_φ{η; η(k) = n} = 1 Z(φp^{−1}_k ) [ p^{−1}_k φ ]_n g(1) · · · g(n) for n ≥ 0. To keep notation as simple as possible we will often omit the superlabel p of ν^p_φ. A direct computation shows that ν_φ is an invariant measure for the process for each 0 ≤ φ < cg(∞). Moreover if we denote by L^{2,∗}_p the generator defined in (4.1) with r^∗(j) = r(−j) replacing r, we have that L^∗_p is the adjoint of L^2_p in L^2(ν_φ).

We now turn to the study of the mean density of particles under each measure ν_φ. Define M: [0, g(∞)) → R_+ as the expected value of the mean density of particles under the measure μ_φ : M(φ) = μ_φ [ η(0) ] . A straightforward computation shows that M(0) = 0 and that M is a smooth strictly increasing bijection since it is given by

M(φ) = φZ^′(φ)Z(φ)^{−1} = φ∂_φ log Z(φ) .

Denote by A: R_+ → [0, g(∞)) the inverse function of M, which is therefore smooth and strictly increasing. Define ρ: [0, cg(∞)) → R_+ by ρ(φ) = m [ M(φp^{−1}_0 ) ] . From its definition and from the properties of M, it follows that ρ vanishes at 0 and that ρ is continuous and strictly increasing. Moreover, with the very same arguments presented in the proof of Theorem 2.2(iii), one obtains that m almost surely, lim_{n→∞} |Λ_n|^{−1} ∑ k∈Λ_n η(k) = ρ(φ) ν^p_φ almost surely .

Denote by a: R_+ → [0, cg(∞)) the inverse function of ρ which is continuous, strictly increasing and vanishing at 0.

A natural question for zero range processes in random environment is the following. We fix a density ρ_0 and start at time 0 with the translation invariant measure associated to the density ρ_0 invariant for the usual zero range process : μ_{A(ρ0)}. We let then the process evolve with a random environment. We would like to prove that m–almost surely the state of the process as time increases converges to the invariant measure associated to the density ρ_0: ν^p_{a(ρ0)}.

One approach to solve this problem would be to prove a strong form of hydrodynamical limit and then use the attractiveness of the process (cf. Landim (1993a)). This approach however relies strongly on the translation invariance of the process.

We present here the first step in this program: a proof of the hydrodynamical behaviour of zero range processes in random environment, that is, we describe the macroscopic behaviour of the process starting from a local equilibrium state. The first step is therefore to define the initial states considered here. For a bounded continuous function λ_0: R^d → R_+ denote by {μ^N_{λ0} ; N ≥ 1} the sequence of product measures on NZ^d with marginals given by μ^N_{λ0} {η; η(k) = n} = μ_{A(λ0(k/N))}{η; η(0) = n} for k ∈ Z^d and n ≥ 0.

To ensure that for m almost all environments p μ^N is bounded above (for the natural partial order on the space of all probability measures of NZ^d) by some invariant measure ν^p_φ, we will have to assume that the initial profile λ_0 is bounded above by M(g(∞)c^′) for some c^′ < c :

(H1) There exists c^′ < c such that the continuous initial profile λ_0 is bounded above by M(g(∞)c^′): sup_{x∈}Rd λ_0(x) ≤ M(g(∞)c^′).

We believe however that it should not be too difficult to remove this technical assumption. We also assume that p takes at most a finite number of values denoted by c = c_1 < · · · < c_α ≤ 1 :

(H2) There exists α ∈ N and c = c_1 < · · · < c_α ≤ 1 such that m { p; p_0 = c_i for some 1 ≤ i ≤ α } = 1 .

We are now ready to state the main theorem of this section. For each realization p of the environment and for each probability measure μ on NZ^d denote by P^N_{p,μ} the probability measure on the path space D([0, ∞), NZ^d) corresponding to the Markov process with generator L^2_p accelerated by N and starting from μ. Denote by E^N_{p,μ} expectation with respect to P^N_{p,μ}.

Theorem 4.2 . Under the assumptions (H1) and (H2) stated above, for every compact supported continuous function H, every t ≥ 0 and every strictly positive δ, lim N→∞ P^N_{p,μ}N_{λ0} [ | | |N^{−d} ∑ k H(k/N)η_t(k) − ∫ H(x)λ(t, x) dx | | | | > δ ] = 0 m almost surely. In this last formula λ is the unique weak entropy solution of the first order quasilinear hyperbolic equation ∂_tλ + d∑ i=1 γ_i∂_{xi} a(λ) = 0

λ(0, ·) = λ_0(·) .

The proof of this theorem is analogous to the one of Theorem 1 presented in sections 5 and 6 of Landim (1993b). We therefore concentrated only on the main differences. Also, to keep notation simple, we present the proof in dimension 1 and assume that the environment takes only two values c = c_1 < c_2 ≤ 1.

Following Rezakhanlou (1990), the first step in order to prove hydrodynamical behaviour of asymmetric attractive interacting particle systems is to prove an entropy inequality at the microscopic level.

Lemma 4.3 . Under the assumptions of Theorem 4.2, for every smooth positive function H with compact support in (0, ∞) × R, for every nonnegative constant w and every positive ϵ, lim_{ℓ→∞} lim_{N→∞} P^N_{p,μ}N_{λ0} [ ∫_∞ 0 dt N^{−1} ∑ k { ∂_tH(t, k/N) | |η^ℓ_t (k) − w | |

+ γ∂_xH(t, k/N) | |a ( η^ℓ_t (k) ) − a ( w )| | } ≥ −ϵ ] = 1 m almost surely.

Here and below, for an integer k and a positive integer ℓ, η^ℓ(k) represents the mean density of particles in a box of length 2ℓ + 1 centered at k :

η^ℓ(k) = (2ℓ + 1)^{−1} ∑ |j−k|≤ℓ η(j) .

Lemma 4.3 is the main step in the proof of Theorem 4.2. In possession of this microscopic entropy inequality to prove the theorem we just have to follow the arguments in Rezakhanlou (1990). The slight modifications needed are left to the reader and we concentrate on the proof of Lemma 4.3. The proof of this lemma is analogous to the one of Proposition 5.1 and Corollary 5.7 in Landim (1993b). The unique difference being the proof of the one block estimate. In order to state this result, for a positive integer ℓ and a realization p of the random environment, denote by V_ℓ(p, η) the cylinder function V_ℓ(p, η) = | |(2ℓ + 1)_{−1} ∑ |k|≤ℓ p_kg(η(k)) − a ( η^ℓ(0) )| | .

Lemma 4.4(one block estimate). Let μ^N be a sequence of product measure on

NZ associated to a profile bounded by M(c^′g(∞)) for some c^′ < c. For every positive

continuous function H: R_+ × R → R with compact support, lim_{ℓ→∞} lim_{N→∞} E^N_{p,μ}N [ ∫_∞ 0 dt N^{−1} ∑ k H(t, k/N)V_ℓ(θ_kp, τ_kη_t) ] = 0 m almost surely. In this formula, for an integer k, θ_kp denotes the translation by k unities of the environment p ( (θ_kp)_j = p_{k+j} ) and τ_kη the translation by k unities of a configuration η ( (τ_k)η(j) = η(k + j)).

Proof: First of all, since the measure μ^N is associated to a profile bounded by M(c^′g(∞)) it is bounded above by a product invariant measure ν^p_φ for some φ. Therefore it is enough to prove the lemma for the cylinder function V_ℓ replaced by V_{ℓ,b}(p, η) = V_ℓ(p, η)1{η^ℓ(0) ≤ b} for each fixed b.

On the other hand, by standard coupling arguments, we can show that it is enough to prove the lemma, for every fixed integer B, for the product measure μ^N replaced by a product measure with marginals equal to the marginals of μ^N in the interval {−BN, . . . , BN} and equal to the marginals of an invariant measure ν^p_φ outside the interval. Denote by μ^N_B = μ^N_{p,φ,B} the measure obtained in this way.

From the entropy inequality, we have that E^N_{p,μ}N_B [ ∫_{t0} 0 dt N^{−1} ∑ k H(k/N)V_{ℓ,b}(θ_kp, τ_kη_t) ]

≤ H ( μ^N_B | |νp_φ ) βN + 1 βN log E^N_{p,ν}p_φ [ exp { ∫_{t0} 0 dt β ∑ k H(k/N)V_{ℓ,b}(θ_kp, τ_kη_t) }] . Here H is a positive continuous function with compact support that bounds above H(t, ·) for every t ≥ 0, t_0 is large enough so that [0, t_0] × R contains the support of H and H ( μ^N_B | |νp_φ ) stands for the entropy of μ^N_B with respect to ν^p_φ. A direct computation shows that for every B ∈ N,

lim sup N→∞ N^{−1}H ( μ^N_B | |ν^p_φ ) ≤ C(B) .

Since we may let β increases to ∞ after N and ℓ, to prove the lemma it is enough to show that for every positive β,

lim sup ℓ→∞ lim sup N→∞ 1 N log E^N_{p,ν}p_φ [ exp { ∫_{t0} 0 dt β ∑ k H(k/N)V_{ℓ,b}(θ_kp, τ_kη_t) }] ≤ 0 . By standard arguments, even though the measure ν^p_φ is not reversible (cf. Benois et al. (1993)), the expected value in the above formula is bounded by exp{Ct_0e_N }, where e_N is the largest eigenvalue of the operator

N(L^2_p + L^{2,∗}_p ) + β ∑ k H(k/N)V_{ℓ,b}(θ_kp, τ_kη) . By the variational formula for the largest eigenvalue of of a symmetric operator we obtain that the logarithm of the last expected value divided by N is bounded above by βC(t_0) sup_f { N^{−1} ∑ k H(k/N) ∫ V_{ℓ,b}(θ_kp, τ_kη)f(η)ν^p_φ(dη) − β^{−1}D_{N,p}(f) } . In this formula D_{N,p}(f) stands for the Dirichlet form given by

D_{N,p}(f) = 2^{−1} ∑ k,j ∫ [ r(j) + r(−j) ] g(η(k))p_k [√ f(T_{k,k+j}η) − √ f(η) ]_2 ν^p_φ(dη) and the supremum is taken over all densities with respect to the measure ν^p_φ.

The first step in the proof that the last variational formula converges to 0 is to localize the integrals to microscopic blocks. We need some notation in order to do it. For an integer k, denote by Λ_{k,ℓ} the block {k − ℓ, . . . , k + ℓ}, by X_{k,ℓ} the configuration space N^{Λk,ℓ} , by ν^p_{φ,k,ℓ} the marginal on X_{k,ℓ} of ν^p_φ, by f_{k,ℓ} the density with respect to ν^p_{φ,k,ℓ} of the marginal of the measure f(η)ν^p_φ(dη) on X_{k,ℓ} and by D_{k,ℓ,p} the Dirichlet form on X_{k,ℓ} given by D_{k,ℓ,p}(f) = ∑ i,j∈Λ_{k,ℓ} ∫ g(η(j))p_j [√ f(T_{j,i}η) − √ f(η) ]_2 ν^p_{φ,k,ℓ}(dη) . Since r(·) + r^∗(·) is irreducible and the Dirichlet form is convex, by Schwarz inequality the last supremum is bounded above by

βC_1(t_0, H) sup_f N^{−1} ∑ |k|≤hN { ∫ V_{ℓ,b}(θ_kp, η)f_{k,ℓ}(η)ν^p_{φ,k,ℓ}(dη)

− C_1(ℓ)Nβ^{−1}D_{k,ℓ,p}(f_{k,ℓ}) } for some constant C_1(ℓ) that depends only on ℓ and on the transition probability r. Here h is a positive constant related to the support of the function H. We now have to consider separately the integers k for which the environment p around k behaves badly.

For i = 1, 2, denote by m_i the probability of p_0 to be equal to p_i under m: m_i = m{p_0 = c_i} and denote by M^i_{k,ℓ}(p) the mean number of sites in Λ_{k,ℓ} which takes value c_i:

M^i_{k,ℓ}(p) = (2ℓ + 1)^{−1} | | | { j ∈ Λ_{k,ℓ}; p_j = c_i }| | . For a sufficiently small positive ϵ, let E_ϵ denote the interval [m_1 − ϵ, m_1 + ϵ]. Since g and a are bounded functions, the last supremum is bounded above by βC_1(t_0, H, g)N^{−1} ∑ |k|≤hN 1{M^1_{k,ℓ}(p) ∉ E_ϵ}

+ βC_2(t_0, H) sup p;M10_{,ℓ}(p)∈E_ϵ sup_f { ∫ V_{ℓ,b}(p, η)f(η)ν^p_{φ,0,ℓ}(dη) − C_1(ℓ)Nβ^{−1}D_{0,ℓ,p}(f) }

(4.5) In the second line the first supremum is taken over all environments p with M^i_{0,ℓ}(p) in E_ϵ and the second supremum over all densities with respect to ν^p_{φ,0,ℓ}. Notice that the expression inside braces in the second line does not depend on the value of the environment outside Λ_ℓ. We may therefore think the environment to be just defined in Λ_ℓ. In particular the first supremum is taken over a finite set of possibles environments. Keep also in mind that the measure ν_{φ,0,ℓ} that appears in the definition of the Dirichlet form D_{0,ℓ,p} is the same that integrates V_{ℓ,b}f. On the other hand, since we assumed the environment to be ergodic and stationary the first line of this expression converges m almost surely, as N ↑ ∞, to 2hβC(t_0, H, g)m { M^1_{0,ℓ}(p) ∉ E_ϵ } . Again by ergodicity, for every positive ϵ, this expression converges to 0 as ℓ ↑ ∞. It thus remains to prove that the second line converges to 0 as N ↑ ∞, ℓ ↑ ∞ and then ϵ ↓ 0. In order to do it we need to introduce some notation.

For 0 ≤ ℓ_1 ≤ 2ℓ+1, ℓ_1+ℓ_2 = ℓ, let ν^{ℓ1,ℓ2}_φ be the product measure on N^{{−ℓ1 ,...,ℓ2−1}} with marginals given by ν^{ℓ1,ℓ2}_φ {η; η(k) = n} = { μ_{φp}�1_1 {η; η(k) = n} if −ℓ_1 ≤ k < 0, μ_{φp}�1_2 {η; η(k) = n} if 0 ≤ k < ℓ_2.

Thus on the left of the origin ν^{ℓ1,ℓ2}_φ has the marginals of the translation invariant measure μ_{φp}�1_1 and on the right of the origin it has the same marginals as μ_{φp}�1_2 . On the other hand, recall the explicit form of the cylinder function V_{ℓ,b} and notice that if p and p^′ are two environments with the same total number of sites in Λ_ℓ equal to p_1 (M^1_{k,ℓ}(p) = M^1_{k,ℓ}(p^′)) then the supremum over all densities in the second line of (4.5) is the same for p and p^′. Therefore the second line of (4.5) is equal to

C_2(t_0, H) max ℓ1/(2ℓ+1)∈E_ϵ sup_f { ∫ V_{ℓ,b}(q, η)f(η)ν^{ℓ1,ℓ2}_φ (dη) − C_1(ℓ)Nβ^{−1}D_{ℓ1,ℓ2} (f) } . In this formula the maximum is taken over all positive integers ℓ_1 such that ℓ_1/2ℓ+1 belongs to E_ϵ, the supremum is taken over all densities f with respect to ν^{ℓ1,ℓ2}_φ , q is the environment which is equal to p_1 at the left of the origin and to p_2 at the origin and at the right of the origin and D_{ℓ1,ℓ2} is the Dirichlet form on N^{{−ℓ1 ,...,ℓ2−1}} given by D_{ℓ1,ℓ2} (f) = ∑ −ℓ1≤i,j<ℓ2 ∫ g(η(j))q(j) [√ f(T_{j,i}η) − √ f(η) ]_2 ν^{ℓ1,ℓ2}_φ (dη) . Since V_{ℓ,b}(q, η) vanishes on the subset of configurations with total number of particles bigger that (2ℓ + 1)b, we may restrict the supremum over densities to densities concentrated on configurations with at most (2ℓ + 1)b particles. Moreover since V_{ℓ,b}(q, η) is bounded, we may also restrict the supremum over densities to the set of densities with Dirichlet form bounded by C(ℓ, β)N^{−1}. Since the space of densities concentrated on configurations with at most (2ℓ + 1)b particles is compact for the weak topology and since the Dirichlet form is lower semicontinuous, the limit sup as N ↑ ∞ of the last expression is bounded above by

βC_2(t_0, H) max_{ℓ1} sup_f { ∫ V_{ℓ,b}(q, η)f(η)ν^{ℓ1,ℓ2}_φ (dη) }

where the supremum is now taken over all densities f concentrated on configurations with at most (2ℓ + 1)b particles and with Dirichlet form equal to 0.

A density whose Dirichlet form equals to 0 is constant on hyperplanes with fixed total number of particles. Thus for 0 ≤ K ≤ b(2ℓ+1), denote by ν^{ℓ1,ℓ2}_K the marginal of ν^{ℓ1,ℓ2}_φ on the hyperplane {η ∈ N^{{−ℓ1 ,...,ℓ2−1}}; ∑ −ℓ1≤k<ℓ2 η(k) = K} : ν^{ℓ1,ℓ2}_K ( · ) = ν^{ℓ1,ℓ2}_φ ( · | | ℓ2−1∑

k=−ℓ1 η(k) = K ) .

Notice that the right hand side does not depend on φ. With this notation we may rewrite the last expression as

βC_2(t_0, H) max_{ℓ1} max 0≤K≤b(2ℓ+1) { ∫ V_ℓ(q, η)ν^{ℓ1,ℓ2}_K (dη) } . To show that this expression converges to 0, we have to divide the box Λ_ℓ in boxes of some size n fixed. Let then ℓ ↑ ∞ and use a local central limit theorem to claim that the measure ν^{ℓ1,ℓ2}_K in {−n_1, . . . , n_2} converges to some meaasure ν^{n1,n2}_φ� if K/2ℓ converges to ρ and ℓ_1/2ℓ to u_1. At this point we would have replaced the measures concentrated on fixed hyperplanes by product measures. To conclude the argument it would remain to use the law of large numbers.

We now turn to a detailed proof. Recall the explicit form of V_ℓ and fix a positive integer n. For i = 1, 2, denote by u_i the ratio ℓ_i/2ℓ + 1. Divide {−ℓ_1, . . . , −1} into [ ℓ_1/[nu_1] ] blocks of lenght [nu_1] and eventually one of smaller size. Here for a real v, [v] stands for the integer part of v. We do the same dividing the interval {0, . . . , ℓ_2 − 1} into blocks of lenght [nu_2]. Since g and a are bounded function, a simple computation shows that for n sufficiently large the last expression is bounded above by

C^′ max_{ℓ1} max 0≤K≤b(2ℓ+1) ∫ | | 1 [nu_1] + [nu_2] [nu2]−1 ∑ k=−[nu1] q_kg(η(k)) − a(K/2ℓ + 1) | |νℓ_1,ℓ_{2K} (dη)

+ O(n/ℓ) + O(1/n) . Here the constant C^′ depends on β and H. The local central limit theorem shows that for every fixed integer n_1, n_2, the marginal on N^{{−n1 ,...,n2}} of ν^{ℓ1,ℓ2}_K converges, as ℓ ↑ ∞, as K/2ℓ converges to ρ and as ℓ_1/2ℓ converges to π_1 to ν^{n1,n2}_{φ(ρ,π1)}, where φ(ρ, π_1) is implicitly given by π_1ν^{n1,n2}_{φ(ρ,π1)}[η(−1)] + (1 − π_1)ν^{n1,n2}_{φ(ρ,π1)}[η(0)] = ρ that is π_1M(φp^{−1}_1 ) + (1 − π_1)M(φp^{−1}_2 ) = ρ .

This convergence is uniformly on compact intervals of K/2ℓ and ℓ_1/ℓ. Therefore the limit as ℓ ↑ ∞ of the last expression is bounded above by

C_3 sup_{π1∈Eϵ} sup_{0≤ρ≤b} { ∫ | | | 1 [nu_1] + [nu_2] [nu2]−1 ∑ k=−[nu1] q_kg(η(k)) − a(ρ) | | |ν^{n1,n2}_{φ(ρ,π1)}(dη) }

+ O(1/n) .

Since ν^{n1,n2}_{φ(ρ,π1)} is a product measure {q_kg(η(k))} are bounded independent random variables with expected value equal to φ(ρ, π_1). Therefore, by the law of large numbers, the last expression converges, as n ↑ ∞, to

C_3 sup_{π1∈Eϵ} sup_{0≤ρ≤b} | | |φ(ρ, π1) − a(ρ) | | | . Notice that φ(m_1, ρ) = a(ρ). Letting now ϵ ↓ 0 we conclude the proof of the one block estimate.

Acknowledgements. This paper was written while the authors participate of the program Random Spacial Processes at Isaac Newton Institute for Mathematical Sciences of University of Cambridge, to whom very nice hospitality is acknowledged.

This paper is supported by FAPESP, CNPq and SERC Grant GR G59981. C. Landim was partially supported by U.S. National Science Foundation grant DMS 9112654. I. Benjamini was supported by the U.S. Army Research Office throught the Mathematical Science Institute of Cornell University.

References

- E. D. Andjel (1982) Invariant measures for the zero range process Ann. Probab.

10 525-547.

- O. Benois, C. Kipnis and C. Landim (1993). Large deviations from the hydrodynamical limit of mean zero asymmetric zero range processes. To appear in Stoch. Proc. Appl. .

- P. A. Ferrari (1986). The simple exclusion process as seen from a tagged particle.

Ann. Probab. 14 1277-1290.

- P. A. Ferrari, L. R. G. Fontes (1994a) The net output process of a system with infinitely many queues. To appear Ann. Appl. Probab.

- P. A. Ferrari, L. R. G. Fontes (1994b) Poissonian approximation for the tagged particle in asymmetric simple exclusion. Preprint submitted to J. Appl. Probab.

- G. Grimmett, D. R. Stirkzaker (1992) Probability and Random Processes Clarendon Press, Oxford.

- J. R. Jackson (1963) Jobshop-like queueing systems. Management Science10 131-142

- F. P. Kelly (1979) Reversibility and stochastic networks. Wiley series in probability and mathematical statistics.

- C. Kipnis (1986). Central limit theorems for infinite series of queues and applications to simple exclusion. Ann. Probab. 14 397-408.

- C. Landim (1993a) Conservation of local equilibrium for asymmetric attractive particle systems on Z^d, Ann. Probab. 21 1782-1808.

- C. Landim (1993b) Hydrodynamical limit for space inhomogenuous one dimensional totally asymmetric zero range processes. preprint.

- T. M. Liggett (1985). Interacting Particle Systems. Springer, Berlin. - F. Rezakhanlou (1990). Hydrodynamic limit for attractive particle systems on Z^d. Commun. Math. Phys. 140 417-448.

Mathematical Sciences Institute— Cornell University Ithaca — NY 14850 — U.S.A.

<itai@msiadmin.cit.cornell.edu>

Instituto de Matemática e Estatística — Universidade de São Paulo Cx. Postal 20570 — 01452-990 São Paulo SP — Brasil

<pablo@ime.usp.br>

Instituto de Matematica Pura e Aplicada Estrada Dona Castorina 110 — 22.460 Jardim Botanico — Brasil and URA CNRS 1378 — Université de Rouen BP 118 — 76.821 Monts Saint Aignan Cedex — France

<landim@impa.br>