”Thalassa Aitheria” Reports

RCMPI-96/01

TOPICS IN NONHAMILTONIAN (MAGNETIC–TYPE) INTERACTION OF CLASSICAL HAMILTONIAN DYNAMICAL SYSTEMS. II. GENERALIZED EULER–AMPÈRE EQUATIONS AND BIOT–SAVART OPERATORS.

Denis V. Juriev

”Thalassa Aitheria” Research Center for Mathematical Physics and Informatics, ul.Miklukho–Maklaya 20-180, Moscow 117437 Russia E–mail: denis@juriev.msk.ru

Abstract. The paper is devoted to the algebraico–analytic presentation of the Euler–Ampère dynamical equations for two magnetically interacting massive systems (the charged Euler tops) and their generalizations. The interaction dynamics is based on the algebraic structure of isotopic pairs, which underlies the noncanonical version of Poisson brackets depending explicitely on the states of the acting system.

I. Introduction

The Hamiltonian approach lies undoubtly in a core of analytic mechanics elaborated by J.L.Lagrange, A.M.Legendre, S.Poisson, W.R.Hamilton, C.G.J.Jacobi, J.Liouville, their contemporaries and successors. Many important classical Hamiltonian dynamical systems (e.g. the Euler tops [Ar,Fo,LL1]) are somehow related to the Lie algebras [Ar,DNF,Fo,TF] or their nonlinear generalisations [KM]. Really, just the algebraic approach to classical mechanics, which goes back to S.Lie, É.Cartan and H.Poincaré, supplies analytic dynamics by many elegant and physically important examples.

The interaction of Hamiltonian systems may be either Hamiltonian, i.e. defined by a subsidiary interaction term H_{int} of the Hamiltonian and, perphaps, by a deformation of initial (”free”) Poisson brackets, or nonHamiltonian. The least case, corresponding to certain nonpotential interaction forces, is of an interest from both theoretical and practical points of view.

First, indeed, the Hamiltonian approach to the interaction of systems is no more than a formal abstraction of the prerelativistic mechanics, which ignores a fundamental principle of a short-range action underlying the field–theoretic picture. Zero approximation of the classical mechanics is correct only for small distances between systems and slow velocities of their motion. Though the idea of the short-range

Typeset by AMS-TEX

action is, in general, incompatible with mechanics of material points and instantly spreading forces, the first most precise field approximation admits a formulation on the language of the nonHamiltonian classical mechanics in terms of nonpotential magnetic–type forces, which depend on velocities. In electrodynamics such forces obey the Ampère-Lorentz law [A,M,L], which is timer than the Hamiltonian Darwin approximation [LL2]. One can formulate more subtle field effects such as induction on the language of the nonHamiltonian classical mechanics, though it claims to introduce the forces explicitely depending on the second time derivatives (the Weber law [W]). Note that a general law of interaction of two charged particles [Fe] may be formulated on the language of the integrodifferential mechanics (the retarded potentials), which goes back to C.Gauss (a letter to W.Weber, 1845) and to B.Riemann [R].

Some analogs of the Ampère-Lorentz law may be written also for particles, interacting via a nonlinear (e.g. nonabelian gauge or gravitational) field. For the gravitational interaction an analog of the Darwin approximation is one of Einstein, Infeld, Hoffman; Eddington, Clark and Fichtenholz [F,LL2]. Certainly, in the nonlinear case the interaction forces are not pairwise (and, moreover, can not be splitted via reduction to the Weber form), though the nonHamiltonian terms themselves are represented as a sum of two-particle ones. Note that one of the most known effects of the general relativity, the shift of the Mercury perihelion (as well as the secular shift of a particle orbit in the gravitational field of the rotating body, the relativistic precession of a spherical top, etc.), is described very precisely by the nonHamiltonian magnetic-type corrections to the Newton force of gravity.

Second, the nonconservative interaction forces appear also in the classical mechanics itself (general nonholonomic constraints [H,Ap,Ch,LCA,NF,P,Wh], gyroscopic systems [TT,Gl,I,LCA,Bo,AKN], Rayleigh–Lienart type interactions [AVK, AKN,P]), in the servomechanics [Ap], the electrotechnics and in the general theory of (natural or artificial) systems with a feedback [B,Bu,St,La,RSC].

Note that the nonHamiltonian corrections, which are caused by a finite speed of interactions (cf. the cited letter of C.Gauss to W.Weber), are not obligatory relativistic. They also appear in the continuum media mechanics, e.g. in the simple model of the interaction of n vortices ”freezed” into the ideal fluid [AKN]. In general, the nonHamiltonian terms are the first order corrections related to the retarded potentials and so they are peculiar to a wast class of linear differential equations.

Really, the nonHamiltonian forces of both kinds (magnetic–type and Rayleigh– Lienart type) underlie also the soliton–soliton interactions governed by the n–soliton solutions of nonlinear equations of mathematical physics or their algebrogeometric perturbations. The presence of a ”hidden potential action at distance” in the 1–dimensional dynamics of poles of solutions of some nonlinear equations of mathematical physics [Pe] is an exception, which only confirms the general rule (1– dimensional case does not admit magnetic–type forces). The dynamics of zeroes of the polynomial solutions of linear equations is almost always nonHamiltonian [Pe] (with pairwise forces of the Rayleigh–Lienart type).

So the theoretical and practical significance of exploration of nonHamiltonian systems is out of any doubts.

An important problem of mathematical physics is to describe various algebraic structures, governing the nonHamiltonian interaction. The reasonableness of such setting has no need in any proofs. Among many arguments the following ones are mostly convincing: (1) the algebraic approach is a new vision of the known differential equations, solutions of which in their turn may encode an important algebraic or geometric information (e.g. instantons or monopoles), (2) often algebraically constructed differential equations possess a priori or a posteriori important and interesting properties (e.g. some form of integrability), (3) if experimental data are not complete and do not allow to restore the law of an interaction uniquely, the use of the algebraically constructed differential equations gives a correct answer as a rule (cf. with the Ampère-Lorentz law of the elementary current interaction [A,G,Gr,M,L]), (4) the solutions of the Wigner problem (the dynamical inverse problem of the representation theory) [Wi,Ju6] of a derivation of the quantum commutation relations from classical equations of motion are constructed by use of the algebraic structures, which underlie such equations. Some aspects of these topics for the nonHamiltonian interactions were discussed in [Ju7].

The aim of this paper is to imbed the nonHamiltonian magnetic–type interactions into the algebraico–analytic scheme analogous to the well–known one for the Hamiltonian systems.

The author apologizes to the English language reader for the numerous references to the literature in Russian. Several Russian books or papers from the reference list are really translated into English but they are not available to the author himself; however, the main part of the rest Russian publications is essential and the material is not reproduced in the English language literature adequately.

II. Interaction of classical Hamiltonian dynamical systems: general classes

Let us describe the general classes of interactions of Hamiltonian systems.

Definition 1. Let Ẋ = {H_1(X), X}_1 and Ȧ = {H_2(A), A}_2 be two classical Hamiltonian dynamical systems defined by Poisson brackets {·, ·}_1 and {·, ·}_2 and Hamiltonians H_1 and H_2. Their interaction is called Hamiltonian iff it has the Hamiltonian form { Ẋ ={H(X, A), X} Ȧ ={H(X, A), A} where {·, ·} are the new Poisson brackets on both variables A and X, and H is a new Hamiltonian: {·, ·} = {·, ·}_1 +{·, ·}_2 +εΦ(·, ·) and H(X, A) = H_1(X)+H_2(A)+ εH_{int}(X, A). Here ε is a coupling constant and H_{int} is an interaction term.

Often, Φ(·, ·) = 0 and H_{int} is defined by the interaction potential. The interaction is called nonHamiltonian if it can not be defined by the construction above.

It is reasonable to consider certain classes and types of nonHamiltonian interactions.

Classes of nonHamiltonian interaction.

Definition 2. Let Ẋ = {H_1(X), X}_1 and Ȧ = {H_2(A), A}_2 be two classical Hamiltonian dynamical systems defined by Poisson brackets {·, ·}_1 and {·, ·}_2 and Hamiltonians H_1 and H_2. Their interaction { Ẋ ={H_1(X), X} + εv_1(X, A) Ȧ ={H_2(A), A} + εv_2(X, A) is called conservative iff Ḣ_1 + Ḣ_2 = L_{v1} H_1 + L_{v2} H_2 = 0 and ultraconservative (or gyroscopic [Bo,N,AKN]) iff Ḣ_1 = L_{v1} H_1 = 0, Ḣ_2 = L_{v2} H_2 = 0.

Types of nonHamiltonian interaction.

Definition 3. Let Ẋ = {H_1(X), X}_1 and Ȧ = {H_2(A), A}_2 be two classical Hamiltonian dynamical systems defined by Poisson brackets {·, ·}_1 and {·, ·}_2 and Hamiltonians H_1 and H_2. Their interaction is called magnetic–type interaction iff it has the form { Ẋ ={H_1(X), X}_A Ȧ ={H_2(A), A}_X with new Poisson brackets explicitely depending on the states of the acting systems. The interaction is called electromagnetic–type (hybrid) interaction iff it has the similar form but with the potential interaction term included into the Hamiltonian.

Lemma 1. Magnetic–type interaction is ultraconservative.

Proof. Really, Ḣ_1(X) = {H_1(X), H_1(X)}_A = 0 and Ḣ_2(A) = {H_2(A), H_2(A)}_X =

0. �

Remark 1. If the interaction is of a magnetic type and I(X, A) is a magnitude such that {H_i, I}_{(·)} = 0 (i = 1, 2) for all values of the subscript parameters then I is an integral of motion. However, this construction does not provide us with all integrals of motion contrary to the Hamiltonian dynamics.

The simplest case of magnetic-type interaction is one of linear dependence on the states of the opposite system. To describe such dynamics one needs in purely algebraic requisites, which are discussed in the next paragraph.

III. The algebra of isotopic pairs

There exist, at least, two different approaches to the problem of a description of algebraic structures underlying the nonHamiltonian interaction. The first one relates such interaction to certain deformations of the initial algebraic structures (Lie algebras) such as isotopic pairs [Ju1,Ju4,Ju5] or general nonlinear I-pairs [Ju2]. The second one relates the interaction to certain subsidiary algebraic structures (designs) on Lie algebras [Ju3].

The least approach is effective for nonultraconservative interactions of Lienart type, whereas the first one is convenient for nonHamiltonian magnetic-type interactions.

This paragraph is devoted to a systematic introduction to the algebra of the isotopic pairs.

Definition 4 [Ju1,Ju4,Ju5,Ju6]. The pair (V_1, V_2) of linear spaces is called an (even) isotopic pair iff there are defined two mappings m_1 : V_2 ⊗

⋀_2 V_1 → V_1 and m_2 : V_1 ⊗

⋀_2

V_2 → V_2 such that the mappings (X, Y ) → [X, Y ]_A = m_1(A, X, Y ) (X, Y ∈ V_1, A ∈ V_2) and (A, B) → [A, B]_X = m_2(X, A, B) (A, B ∈ V_2, X ∈ V_1) obey the Jacobi identity for all values of a subscript parameter (such operations will be called isocommutators and the subscript parameters will be called isotopic elements) and are compatible to each other, i.e. the identities

[X, Y ]_{[A,B]Z} =^1_2 ([[X, Z]_A, Y ]_B + [[X, Y ]_A, Z]_B + [[Z, Y ]_A, X]_B− [[X, Z]_B, Y ]_A − [[X, Y ]_B, Z]_A − [[Z, Y ]_B, X]_A) and [A, B]_{[X,Y ]C} =^1_2 ([[A, C]_X , B]_Y + [[A, B]_X, C]_Y + [[C, B]_X , A]_Y − [[A, C]_Y , B]_X − [[A, B]_Y , C]_X − [[C, B]_Y , A]_X ) (X, Y, Z ∈ V_1, A, B, C ∈ V_2) hold. Let’s discuss this definition.

First, it may be considered as a result of an axiomatization of the following trivial construction: let A be an associative algebra (f.e. any matrix one) and V_1, V_2 be two linear subspaces in it such that V_1 is closed under the isocommutators (X, Y ) → [X, Y ]_A = XAY − Y AX with isotopic elements A from V_2, whereas V_2 is closed under the isocommutators (A, B) → [A, B]_X = AXB − BXA with isotopic elements X from V_1.

Remark 2 [Ju5,Ju6]. Let H be a (finite dimensional) linear space. If A is a subspace of End(H) let’s put A^¡ = {X ∈ End(H), ∀A ∈ A, ∀B ∈ A, AXB − BXA ∈ A}. Then A ⊆ A^{¡¡} and (A, A^¡) is an isotopic pair.

Remark 3 [Ju5,Ju6]. Let A ⊆ End(H), dim A = n, Lie_n be the space of all Lie algebras of dimension n. Then there exists a natural mapping L : A^¡ → Lie_n. It should be mentioned that card L(A^¡) may be not equal to 1 so L(X) and L(Y ) are not the same in general for different X and Y . It means that the isocommutators [·, ·]_X and [·, ·]_Y determine structures of nonisomorphic Lie algebras on the space A in general (though they may be isomorphic in particular).

Remark 4 [Ju6]. The construction of the remark 1 may be immediately generalized. Namely, let (V_1, V_2) be an isotopic pair, A ⊆ V_1, A^¡ := {X ∈ V_2 : (∀A, B ∈ A)[A, B]_X = 0}. Then (A, A^¡) is an isotopic pair.

Remark 5 [Ju4]. One may also consider the following construction. Let (V_1, V_2) be an isotopic pair, A and X be elements of V_1 and V_2, respectively. Put U_1 = {B ∈ V_1 : [B, A]_X = 0} and U_2 = {Y ∈ V_2 : [Y, X]_A = 0}, then (U_1, U_2) is an isotopic pair.

Numerous examples of isotopic pairs were considered in [Ju1,Ju4,Ju6]. Very intriguing related topics (isotopic pairs and Lie superalgebras, isotopic pairs and Lie g-bunches; isotopic pairs, Lie hybrids and L.V.Sabinin’s nonlinear geometric algebra, etc.) were discussed in [Ju5,Ju6]; the knowledge of these topics is not necessary for the understanding of the following material.

Let us concentrate an attention on some new aspects of the algebraic theory. Let (V_1, V_2) be an isotopic pair and e_1, e_2 be certain fixed elements of V_1, V_2, respectively. It is convenient to define four operators ad^{(1)}(x) : V_1 → V_1, ad^{(2)}(u) : V_2 → V_2, coad^{(1)}(x) : V_2 → V_2, coad^{(2)}(u) : V_1 → V_1:

ad^{(1)}(x) = [x, ·]_{e2}, ad^{(2)}(u) = [u, ·]_{e1}, coad^{(1)}(x) = [e_2, ·]_x, coad^{(2)}(u) = [e_1, ·]_u, where x ∈ V_1, u ∈ V_2.

Lemma 2. Operators ad^{(i)} supply V_1 and V_2 by the structures of Lie algebras g_1 and g_2:

[ad^{(1)}(x), ad^{(1)}(y)] = ad^{(1)}([x, y]_{e2}), [ad^{(2)}(u), ad^{(2)}(v)] = ad^{(1)}([u, v]_{e1}).

Operators coad^{(i)} supply V_1 and V_2 by the structures of g_2– and g_1–modules, respectively:

[coad^{(1)}(x), coad^{(1)}(y)] = coad^{(1)}([x, y]_{e2}), [coad^{(2)}(u), coad^{(2)}(v)] = coad^{(2)}([u, v]_{e1}), where x, y ∈ V_1, u, v ∈ V_2.

Proof. The statement of the Lemma is a sequence of the Jacobi and Faulkner–Ferrar identities

[X, Y ]_{[A,B]Z} = [[X, Z]_A, Y ]_B + [[Z, Y ]_A, X]_B − [[X, Y ]_B, Z]_A, which hold in any isotopic pair.

Definition 5 [Ju6]. An isotopic pair (V_1, V_2) is called contragredient, if V_1 = V^∗_2 , V_2 = V^∗_1 and for all A, B ∈ V_2, X, Y ∈ V_1 the following sequence holds: ⟨[X, Y ]_B, A⟩ = − ⟨[X, Y ]_A, B⟩ = ⟨[A, B]_X, Y ⟩ = − ⟨[A, B]_Y , X⟩ , where ⟨·, ·⟩ is a natural pairing of V_1 and V_2, X, Y ∈ V_1, A, B ∈ V_2. Remark 6. In the contragredient isotopic pair (V_1, V_2) the operators coad^{(i)} are conjugate to the operators ad^{(i)}.

Definition 6. The pair of mappings L_i : V_i → V_i is called a derivative of the isotopic pair (V_1, V_2) iff L_1([x, y]_u) =[L_1x, y]_u + [x, L_1y]_u + [x, y]_{L2u}, L_2([u, v]_x) =[L_2u, v]_x + [u, L_2v]_x + [u, v]_{L1x}, where x, y ∈ V_1, u, v ∈ V_2.

Remark 7. The derivatives of an isotopic pair (V_1, V_2) form a Lie algebra, which will be denoted by Der(V_1, V_2).

Lemma 3. The pairs of mappings (ad^{(i)}, coad^{(i)}) realize homomorphisms g_i → Der(V_1, V_2) of Lie algebras g_i into the Lie algebra Der(V_1, V_2).

Proof. One should use the Faulkner–Ferrar identities.

Definition 6. Two elements e_1 and e_2 of the isotopic pair (V_1, V_2) (e_i ∈ V_i) are called polar if [e_1, ·]_{e2} = 0, [e_2, ·]_{e1} = 0.

Remark 8. Let (V_1, V_2) be an isotopic pair, e_1 and e_2 be two arbitrary elements of V_1 and V_2, respectively, (U_1, U_2) be a subpair of (V_1, V_2) of the remark 4. Then e_1, e_2 are polar elements in (U_1, U_2).

Note that two elements A and B of the isotopic pair (End(H), End(H)) are polar iff AB = BA = C, where C is the scalar matrix.

Lemma 4. The operators ad^{(i)} and coad^{(i)} realize the Lie algebras g_1 and g_2 as subalgebras of Der(g_2) and Der(g_1), respectively, iff e_1 and e_2 are polar elements.

Proof. The statement of the Lemma is a sequence of the compatibility identities between isocommutators in the isotopic pairs and the definition of the polar elements.

So the most important case is one of g_1 ≃ g_2.

Definition 7 [Ju4]. A Lie algebra g is called a magnetic Lie algebra iff the pair of spaces (g, g) is supplied by the g–equivariant structure of isotopic pair.

Note that any isotopic pair (V_1, V_2) such that dim V_1 = dim V_2 = n is a magnetic Lie algebra with the abelian Lie algebra g = R^n . Various notrivial examples of the magnetic Lie algebras were considered in [Ju4].

Lemma 5. Let g be a magnetic Lie algebra, then (V_1, V_2) (V_1 = g ⊕ R · e_1, V_2 =

g ⊕ R · e_2) admits a natural structure of the isotopic pair with polar elements e_1

and e_2. Operators ad^{(i)} and coad^{(i)} are essentially the operators of the adjoint representation of g.

The proof of the Lemma is straightforward.

Thus, the necessary algebraic requisites are collected so it is reasonable now to enter upon a construction of the generalized Euler–Ampère dynamics.

IV. Biot-Savart operators and the generalized Euler–Ampère equations

In the paper [Ju1] there were proposed certain versions of nonHamiltonian dynamical equations associated with isotopic pairs. However, the considered toy equations are initially more typical for problems of classical mechanics (gyroscopic systems) and electromechanics (electromotors) than for general ones of Ampère- Lorentz electrodynamics and its analogues (the first nonHamiltonian approximations of nonlinear field interactions), though they may be useful for other interesting physical problems, which were discussed in [Ju1,Ju5].

Here the generalizations of the dynamical equations of [Ju1] will be constructed and certain their properties will be explored. The crucial role will be played by the (generalized) Biot-Savart operators in the construction.

First, note that the isocommutators in an isotopic pair (V_1, V_2) define families of compatible Poisson brackets {·, ·}_A and {·, ·}_X (A ∈ V_2, X ∈ V_1) in the spaces S^·(V_1) ⊂ C^∞(V^∗_1 ) and S^·(V_2) ⊂ C^∞(V^∗_2 ), respectively. Here S^·(H) is the sum of all symmetric degrees of the space H and C^∞(H) is the space of all smooth functions on H. The compatibility means that a linear combination of any two Poisson brackets is also a Poisson bracket.

If g is a magnetic Lie algebra then one may define composite Poisson brackets in S^·(g) ⊂ C^∞(g^∗) as a sum of the Poisson brackets related to the Lie algebra g itself (Lie–Berezin brackets) and to the isotopic pair structure in (g, g). Such composite brackets will be also denoted by {·, ·}_A and {·, ·}_X , where X belongs to the first copy and A belongs to the second copy of g.

Let us define the generalized Euler–Ampère dynamics now.

Definition 8. Let g be a magnetic Lie algebra. Let us consider two elements H_1 and H_2 (Hamiltonians) in S^·(V_1) and S^·(V_2), respectively. Let us also consider two symmetric mutually anticonjugate operators R_1 ∈ Hom(V^∗_2 , V_2) = V_2 ⊗ V_2 and R_2 ∈ Hom(V^∗_1 , V_1) = V_1 ⊗ V_2 (the symmetricity means that R_i ∈ S^2(V_i)), R_1 + R^∗_2 = 0 (the generalized Biot-Savart operators). The equations

(∀X ∈ V_1 ⊂ C^∞(V^∗_1 )) Ẋ(P_t) = {H_1, X}_{R2(Qt)}(P_t),

(∀A ∈ V_2 ⊂ C^∞(V^∗_2 )) Ȧ(Q_t) = {H_2, A}_{R1(Pt)}(P_t),

where P_t ∈ V^∗_1 and Q_t ∈ V^∗_2 are called the generalized Euler–Ampère equations associated with the magnetic Lie algebra g, Biot-Savart operators R_i and Hamiltonians H_1 and H_2.

Certainly, the conditions X ∈ V_1 ⊂ C^∞(V^∗_1 ), A ∈ V_2 ⊂ C^∞(V^∗_2 ) may be changed to the general ones X ∈ C^∞(V^∗_1 ), A ∈ C^∞(V^∗_2 ).

Remark 9. If V_i are somehow identified with V^∗_i than one may consider Biot-Savart operators R_i as elements of End(g_i). For example, such situation is realized if g is a compact magnetic Lie algebra (i.e. a compact Lie algebra, which is a magnetic one). Note that all semisimple Lie algebras g admit a g–equivariant structures of the contragredient isotopic pairs [Ju4]. Some dynamical equations of the papers [Ju1,Ju5] are particular case of the generalized Euler–Ampère equations with R_i equal to identical operators.

Remark 10. If g is a magnetic Lie algebra so(3) [Ju4], H_i are defined by the quadratic Casimir functions, operators R_i are traceless and have two equal eigenvalues, than one receives the equations of motion of two spherical charged particles with fixed centers (the Euler tops), interacting via Ampère-Biot-Savart forces. The quantities X and A are identified with angular velocities and the absolute coordinate system is used.

The situation is the same after an account of the first order corrections produced by the Bernett and Einstein-de Haas gyromagnetic effects [V]. However, the dynamical self–induction processes are neglected (see the remarks at the Introduction).

The same data but with tr R_i ≠ 0 describes the nonHamiltonian approximations for the gravitational and nuclear [Da] interactions.

Remark 11. Certainly, generalized Euler–Ampère dynamics realizes a nonHamiltonian (magnetic–type) interaction and, therefore, it is ultraconservative (gyroscopic).

Remark 12 (hystorical notes). Note that a geometric formalism for systems under external magnetic or gyroscopic forces is really well-known (see e.g. [N,DKN,AKN, Bo]). There exists an equivalent canonical realization in this case, so the non- Hamiltonian approach is excessive. The crucial point of the algebraic description of the interaction forces of those types is played by the compatibility conditions in the definition of the isotopic pair. Such conditions were written in a slightly weaker form in the paper by Faulkner J.R. and Ferrar J.C. [FF]. The present form was introduced in [Ju1,Ju4], where its supergeneralization was also formulated. The classical essentially nonHamiltonian dynamics, associated with isotopic pairs, was introduced in [Ju1]. Its quantum counterpart was considered in [Ju5], where the Wigner problem (the dynamical inverse problem of representation theory) was solved for the discussed model. Note that the generalized Euler–Ampère dynamics is also essentially nonHamiltonian.

Remark 13. It seems that some kind of dynamical equations, associated with isotopic pairs, may help to construct their globalizations. Such globalizations and their constructions are undoubtly important for the nonlinear geometric algebra [S1-S3]. In its turn methods of the nonlinear geometric algebra may be useful for the global analysis of the long time behaviour of solutions of the dynamical equations. The simple examples of isotopic pairs indicate a relation of this topic with the theory of classical r–matrices [STS,KM] and its quantum counterpart [D,RTF].

Note that the methods of the nonlinear geometric algebra (pseudo(quasi)groups of transformations) are effectively used in the classical theory of nonlinear Poisson brackets and their asymptotic quantization [KM]. So their penetration into the nonHamiltonian mechanics would be very natural. The unified geometroalgebraic approach to the nonlinear Poisson brackets and nonHamiltonian systems is really welcome.

Let us discuss some properties of the generalized Euler–Ampère equations now. Let us supply a compact Lie algebra g by a canonical structure of the magnetic Lie algebra, defined via the Killing form [Ju2]. The related isotopic pair is just the Okubo pair [Ju2].

Theorem 1. If Hamiltonians H_1 and H_2 are defined by quadratic Casimir functions then the Euler–Ampère dynamics on the compact magnetic Lie algebra g has the solution X_t =

E_1 ‖Y_t‖ Y_t, A_t =

E_2 ‖B_t‖ B_t, where E^2_1 = H_1(X_0), E^2_2 = H_2(A_0), and ( Y_t B_t ) = exp {( 0 R −R^∗ 0 ) t } ( Y_0 B_0 ) , where R is the Biot–Savart operator.

Proof. First, note that ‖Y_t‖ = ‖B_t‖ for all t. The Euler–Ampère equations

Ẋ_t = (R_1(A_t), X_t)X_t − ‖X_t‖^2R_1(A_t), Ȧ_t = −((R_2(X_t), A_t)A_t − ‖A_t‖^2R_2(X_t))

follows from this fact immediately (here (·, ·) is the Killing form, ‖Z‖= √ (Z, Z)) � Corollary. A motion of a pair of the magnetically interacting generalized Euler– Ampère tops is almost periodic with almost periods^{2π}_{ωi} , where ω_i are the eigenvalues of the Biot–Savart operator.

Remark 14. If the Biot–Savart operator is traceless and SO(n − 1)–invariant (n = dim g), then the generalized Euler–Ampère dynamics is periodic. In particular, the dynamics of a pair of two magnetically interacting spherical tops is periodic.

V. The generalized Euler–Ampère dynamics on the magnetic Lie groups

Let us consider a certain generalization of dynamics discussed earlier.

Definition 9. A magnetic Lie group is a Lie group G, which Lie algebra g is a magnetic Lie algebra.

Let us consider two copies G_1 and G_2 of a magnetic Lie group G and the cotangent fiber bundles T^∗G_1, T^∗G_2 over them. These bundles are supplied by canonical symplectic structures, which define Poisson brackets in the spaces C^∞(T^∗(G_i)) of smooth functions over T^∗G_i. On the other hand, the structure of isotopic pair in g ⊕ g perturbes these Poisson brackets, so that the new brackets in C^∞(T^∗_1 ) and C^∞(T^∗2) become to depend on the points of T^∗G_2 and T^∗G_1, respectively.

Definition 10. Let G be a magnetic Lie group, H_1, H_2 be two smooth G_i–invariant functions on the cotangent bundles T^∗G_i over G_i, R_1 and R_2 be two mutually anticonjugate G_1 × G_2–invariant sections of the bundles Hom_{G1×G2} (T^∗G_1, T G_2) and Hom_{G2×G1} (T^∗G_2, T G_1), respectively (the generalized Biot–Savart operators). The equations (∀X ∈ C^∞(T^∗G_1)) Ẋ(P_t) = {H_1, X}_{R2(Pt,Qt)}(P_t), (∀A ∈ C^∞(T^∗G_2)) Ȧ(Q_t) = {H_2, A}_{R1(Pt,Qt)}(P_t), where P_t ∈ T^∗G_1 and Q_t ∈ T^∗G_2 are called the generalized Euler–Ampère equations associated with the magnetic Lie group G, Biot-Savart operators R_i and Hamiltonians H_1 and H_2.

Remark 15. Note that now the Biot–Savart operators depend on both P_t and Q_t. However, the P_t in the first equation and Q_t in the second equation appears in the Biot–Savart operators only via its projection on the base G_1 (G_2) of the cotangent bundle T^∗G_1 (T^∗G_2).

Remark 16. Iff G = SO(3) and H_i are the Euler hamiltonians, then the generalized Euler–Ampère equations describe a motion of two asymmetric magnetically interacting charged particles with fixed centers.

Remark 17. The generalized Euler–Ampère dynamics of Def.10 is ultraconservative (gyroscopic).

The main topic of this paragraph is a nonHamiltonian reduction ([AKN]) in the generalized Euler–Ampère equations associated with magnetic Lie groups.

To perform the nonHamiltonian reduction by G_1 × G_2 means to consider the motion of Euler tops interacting via Ampère–Biot–Savart forces in their proper coordinates. The result is rather straightforward.

Theorem 2. After the nonHamiltonian reduction the generalized Euler–Ampère equations will have the form

(∀X ∈ C^∞(T^∗G_1)) Ẋ(P_t) = {H_1, X}_{R2(Qt)}(P_t),

(∀A ∈ C^∞(T^∗G_2)) Ȧ(Q_t) = {H_2, A}_{R1(Pt)}(Q_t), Ṙ_1 = ad(Q_t) ∘ R_1 + R_1 ∘ ad^∗(P_t),

Ṙ_2 = ad(P_t) ∘ R_2 + R_2 ∘ ad^∗(Q_t),

where R_i are dynamical variables from Hom(V^∗_2 , V_1) and Hom(V^∗_1 , V_2), respectively. Operators ad and ad^∗ are the adjoint and coadjoint operators in the Lie algebra g.

The variables R_i will be called the dynamical Biot–Savart operators. Note that R_i are mutually conjugate. So the reduced Euler–Ampère equations on the magnetic Lie groups may be considered as certain analogs of the Euler–Ampère equations on the magnetic Lie algebras with dynamical Biot–Savart operators. So it is reasonable to explicate the algebraic structure of the dynamical Biot–Savart operators.

Let x ∈ V_1, u ∈ V_2, then one may define an element R_{x,u} of Der(V_1, V_2) in the following way:

R_{x,u}(y) = [x, y]_u (u ∈ V_1), R_{x,u}(v) = [u, v]_x (v ∈ V_2).

Such derivations will be called internal.

Lemma 6. The internal derivations of an isotopic pair (V_1, V_2) form the Lie algebra Inn(V_1, V_2), which is an ideal of Der(V_1, V_2).

Proof. One should use the Faulkner–Ferrar identities once more to prove that Inn(V_1, V_2) is the Lie algebra and the definition of the derivation to prove the second part of the Lemma.

If (V_1, V_2) is the contragredient isotopic pair then the elements of Inn(V_1, V_2) define pairs of mappings from Hom(V^∗_2 , V_1) = End(V_1) and Hom(V^∗_1 , V_2) = End(V_2). So it is rather natural to suppose that the dynamical Biot–Savart operators are corresponded to certain elements of Inn(g_1, g_2) (g_1 ≃ g_2 ≃ g) or more generally to elements of Der(g_1, g_2). Such setting explicates an algebraic structure of the reduced Euler–Ampère dynamics of Theorem 2.

Remark 18. Note that the dependence of the Poisson brackets of any system on the states of the same system is hidden into the dynamical Biot–Savart operators so that the reduced Euler–Ampère equations receive ”visually” a form claimed by Def.3.

VI. Perspectives: Quantum Euler–Ampère dynamics

The performed algebraisation of the nonHamiltonian magnetic–type interactions is sufficient for the quantization of the Euler–Ampère dynamics, i.e. a certain solution of the dynamical inverse problem of the representation theory in sense of [Ju6].

Remark 19. Quantum analogs of the magnetically interacting Euler tops may be used as models for the magnetic interactions of atomic nuclei, nucleons and nucleonic pairs, Cooper pairs, charged solitons, quantum vortices, etc. They may be also adopted for a description of the first quantum gauge field (wionic) approximations of the electroweak interactions of particles (the analog of the quantized Maxwell electromagnetic theory is the gauge Weinberg–Salam electroweak theory, and the analog of the Hamiltonian Darwin approximation is the Fermi theory or the V-A current theory of Gell–Mann, Feinmann, Marshak and Sudarshan [O1,MR,O2]). It seems that the quantum nonHamiltonian constructions may be important for many concrete applications, e.g. the quantum gyroscopes [PS,PRS:Ch.XI], the high T_c superconductive technologies, the spin generators and amplifiers [PRS:Ch.VI], quantum processors and quantum ROM/RAM media, etc.

The quantum mechanical version of the Euler–Ampère dynamics is proposed to be discussed in the forthcoming paper, where the general questions of the quantum nonHamiltonian interactions will be considered.

References

[A] Ampère A.-M., Théorie des phénomènes électro–dynamiques, uniquement déduite de l’expérience. Paris, 1826.

[AVK] Andronov A.A., Vitt A.A., Khaikin S.E., TeoriØ kolebaniæ (Theory of vibrations).

Moscow, 1959.

[Ap] Appell P., Traité de méchanique rationnelle. T.2. Dynamique des systèmes mécanique analytique. Ch. XXIV, §6, §7. Paris, 1953.

[Ar] Arnol’d V.I., Mathematical methods of classical mechanics. Springer–Verlag, 1976. [AKN] Arnol’d V.I., Kozlov V.V., Neishtadt A.I., Dynamical systems. III. Mathematical aspects of classical and celestial mechanics. Encycl. Math. Sciences 3, Springer–Verlag, 1988.

[B] Bogolyubov N.N., Izbrannye trudy (Selected papers). V.I. Kiev, 1969, P.257-410. [Bo] Bolotin S.V., Remarks on the Routh method and Hertz hypothesis. Moscow University Bulletin. Ser. Math. Mech. 1986. no.5. P.51-53.

[Bu] Bulgakov B.V., KolebaniØ (The vibrations). Ch.5V. Moscow, 1954. [Ch] Chaplygin S.A., IssledovaniØ po dinamike negolonomnyh sistem (Researches in the dynamics of nonholonomic systems). Moscow, Leningrad, 1949.

[Da] Davydov A.S., TeoriØ atomnogo Ødra (Theory of the atomic nuclei). Moscow, 1958. [Dr] Drinfeld V.G., Quantum groups. Proc. ICM, Berkeley, California, 1986.

[DKN] Dubrovin B.A., Krichever I.M., Novikov S.P., Integrable Systems I. Encycl. Math. Sciences 4, Springer–Verlag, 1991.

[DNF] Dubrovin B.A., Novikov S.P., Fomenko A.T., Modern geometry — methods and applications. Springer–Verlag, 1988.

[F] Fock V.A., TeoriØ prostranstva, vremeni i tØgoteniØ (Theory of space, time and gravity). Moscow, 1955.

[Fe] Feynman R.P., Leighton R.B., Sands M., The Feynman lectures on physics. V.2, Ch.21.

Addison-Wesley Publ. Co., London, 1963.

[FF] Faulkner J.R., Ferrar J.C., Simple anti–Jordan pairs. Commun. Alg. 1980. V.8. P.993– 1013.

[Fo] Fomenko A.T., Symplectic geometry. Methods and applications. Gordon and Beach, New York, 1988.

[G] Gauss C., Intensitas vis magnetical terrestres ad mensuram absolutan revocata. Werke, Bd.5, Berlin, 1867, S.81-118.

[Gl] Grammel R., Der Kreisel, Seine Theorie und Seine Anwendungen. Bd.1, 1950. [Gr] Grassman H., Neue Theorie der Electrodynamik. Werke, Bd.1. Leipzig, 1902, S.147-160. [H] Hertz H., Die Prinzipen der Mechanik in neuen Zusammenhange dargestellt. Gesammelte Werke. Bd.3. Leipzig, 1910.

[I] Ishlinskii A.Yu., Mehanika giroskopiqeskih sistem (Mechanics of the gyroscopic systems). Moscow, 1963.

[Ju1] Juriev D., Topics in nonHamiltonian (magnetic–type) interaction of classical Hamiltonian dynamical systems. I. Russian J. Math. Phys. 3(4)(1995), 000-000 [e-print version (LANL E-arch. on Solv. Integr. Systems): solv-int/9505001 (1995)].

[Ju2] Juriev D., On the nonHamiltonian interaction of two rotators. Report RCMPI-95/01 [eprint version (MSRI E-arch. on Diff. Geom. and Global Anal.): dg-ga/9409004 (1994)].

[Ju3] Juriev D., Jordan designs on Lie algebras and nonHamiltonian interaction of Hamiltonian systems. Theor. Math. Phys., submitted [prelim. e-print version (Texas Univ. E-arch. on Math. Phys.): mp arc/94-384 (1994)]; Symmetric designs on Lie algebras and interaction of Hamiltonian systems. Preprint ESI-170 [e-print version (LANL E-arch. on Theor. High Energy Phys.): hep-th/9503151 (1995)].

[Ju4] Juriev D., Topics in isotopic pairs and their representations. Theor. Math. Phys. 105(1) (1995), 18-28 [e-print version (Texas Univ. E-arch. on Math. Phys.): mp arc/94-267 (1994)]; Topics in isotopic pairs and their representations. II. A general supercase. Report RCMPI-95/06 [e-print version (Duke Univ. E-arch. on Quant. Alg.): q-alg/9511002 (1995)].

[Ju5] Juriev D., Classical and quantum dynamics of noncanonically coupled oscillators and Lie superalgebras. Russian J. Math. Phys., to appear [e-print version (SISSA E-arch. on Funct. Anal.): funct-an/9409003 (1994)]; On the dynamics of noncanonically coupled oscillators and its hidden superstructure. Preprint ESI 167 (1994) [e-print version (LANL E-arch. on Solv. Integr. Syst.): solv-int/9403003 (1995)].

[Ju6] Juriev D., An excursus into the inverse problem of representation theory. Report RCMPI- 95/04 (1995).

[Ju7] Juriev D., Quantum dynamics of transition processes in the interacting systems. E-print (Texas Univ. E-arch. on Math. Phys.): mp arc/95-519 (1995).

[KM] Karasev M.V., Maslov V.P., Nonlinear Poisson brackets. Geometry and applications.

Amer. Math. Soc., R.I., 1993.

[L] Lorentz H.A., The theory of electrons and its applications to the phenomena of light and radiant heat. Leipzig, 1909.

[La] Landa P.S., AvtokolebaniØ v sistemah s koneqnym qislom stepeneæ svobody (Auto-oscillations in systems with finite degrees of freedom). Moscow, 1980.

[LCA] Levi-Civita T., Amaldi U., Lezioni di meccanica razionale. Vol.II. Bologna, 1926. [LL1] Landau L.D., Lifchits E.M., Physique théorique. I. Mécanique. Moscou, 1966. [LL2] Landau L.D., Lifchits E.M., Physique théorique. II. Théorie des champs. Moscou, 1966.

[M] Maxwell J.C., Treatise on electricity and magnetism. Oxford, 1904. [MR] Marshak R.E., Riazuddin, Ryan C.P., Theory of weak interactions in particle physics.

New York, 1969.

[N] Novikov S.P., Hamiltonian formalism and a multivalued analog of the Morse theory.

Russian Math. Surveys 35(5) (1982), 3-49.

[NF] Neimark Yu.I., Fufaev I.A., Dinamika negolonomnyh sistem (Dynamics of nonholonomic systems). Moscow, 1967.

[O1] Okun’ L.B., Slaboe vzaimodeæstvie fflementarnyh qastic (A weak interaction of elementary particles). Moscow, 1963.

[O2] Okun’ L.B., Fizika fflementarnyh qastic (Physics of elementary particles). Moscow, 1988.

[P] Pars L.A., A treatise on analytical dynamics. Heinemann, London. [Pe] Perelomov A.M., Integrable systems of classical mechanics and Lie algebras. Birkhauser–

Verlag, 1990.

[PRS] Pomerantsev N.M., Ryzhkov V.M., Skrotskii G.V., Fiziqeskie osnovy kvantovoæ

magnitometrii (Physical foundations of the quantum magnetometrics). Moscow, 1972.

[PS] Pomerantsev N.M., Skrotskii G.V., Physical foundations of the quantum gyroscopy. Soviet Phys. Uspekhi 100(3) (1970), 361-394.

[R] Riemann B., Ein Beitrag zur Elektrodynamik. Gesammelte Werke, XIV. Leipzig, 1892. [RSC] Romanovskii Yu.M., Stepanova N.V., Chernavskii D.S., Matematiqeskoe modeliro-

vanie v biofizike (Mathematical modelling in biophysics). Moscow, 1975.

[RTF] Reshetikhin N.Yu., Takhtadzhan L.A., Faddeev L.D., Quantization of Lie groups and Lie algebras. St. Petersburg Math. J. 1 (1990), 193-225.

[S1] Sabinin L.V., Odules as a new approach to geometry with connection. Dokl. Acad. Sci.

USSR. 233(5) (1977), 800-803.

[S2] Sabinin L.V., O nelineænoæ geometriqeskoæ algebre (On the nonlinear geometric algebra). Tkani i kvazigruppy (Webs and quasigroups), Tver’, Tver’ State Univ. Publ., 1988, P.32-27.

[S3] Sabinin L.V., Differencial~naØ geometriØ i kvazigruppy (Differential geometry and quasigroups). Sovremennye problemy geometrii (Current problems of geometry). To the 60th Anniversary of Acad. Yu.G.Reshetnyak, Trans. Inst. Math. Sib. Branch Acad. Sci. USSR, Novosibirsk, 1984, V.14, P.208-221.

[St] Stoker J., Nonlinear vibrations in mechanical and electrical systems. New York, 1950. [STS] Semenov-Tian-Shanskii M.A., What is a classical r–matrix? Funkt. anal. i ego prilozh.

13(4) (1983), 17-33.

[T] Tatarinov V.Ya., A geometric formalism of classical dynamics. Moscow University Bulletin. Ser. Math. Mech. 1974. no.6. P.99-105.

[TF] Trofimov V.V., Fomenko A.T., Algebra i geometriØ integriruemyh gamil~tono-

vyh dinamiqeskih sistem (Algebra and geometry of integrable Hamiltonian dynam-

ical systems). Moscow, 1995.

[TT] Thomson W., Tait P., Treatise on natural phylosophy. V.1. Cambridge, 1879. [V] Vonsovskii S.V., Magnetizm (The magnetism). Moscow, 1971.

[W] Weber W., Electrodynamische Maassbestimmungen über ein allgemeines Grundgesetz der electrischen Wirkung. Werke, Bd.3, Leipzig, 1893, S.25-215.

[Wh] Whittaker E.T., A treatise of the analytical dynamics of particles and rigid bodies. Cambridge, Univ. Press, 1927.

[Wi] Wigner E., Do the equations of motion determine the quantum mechanical commutation relations? Phys. Rev. 77 (1950), 711-712.