A NEW CLASS OF SOLITON SOLUTIONS FOR THE (MODIFIED) KADOMTSEV-PETVIASHVILI EQUATION

W. RENGER

Abstract. We construct solutions of the Kadomtsev-Petviashvili equation and its counterpart, the modified Kadomtsev-Petviashvili equation, with an infinite number of solitons by a careful examination of the limits of N-soliton solutions as N ! 1. We give sufficient conditions to ensure that these limits exist and satisfy the (modified) Kadomtsev-Petviashvili equation.

1. Introduction

In this note we study solutions of the Kadomtsev-Petviashvili (KP) equation [16] and the modified Kadomtsev-Petviashvili (mKP) equation [6],[18],[20] with an infinite number of solitons. We start with the well-known N-soliton solutions (cf. [1]– [6],[8]–[10],[14],[15],[18]–[23],[26],[27],[29],[31]–[33],[35],[36]) and construct the limits of these solutions for N → ∞. After briefly summarizing the N-soliton solutions for the (m)KP-equation in section 2 we will prove under appropriate conditions that the limits of these N-soliton solutions for N → ∞ exist. Furthermore, we prove that they actually are solutions of the (m)KP-equation. In section 3 this is done for the KP-equation, in section 4 for the mKP-equation.

We mention that similar results are already known for other soliton equations, namely the KdV-equation [11],[12], the Toda-Lattice [13]; see also [7],[17],[24],[25], [28],[30],[37]. To the best of our knowledge, the current investigation is the first of this kind for 2+1 dimensional completely integrable evolution equations.

2. N-soliton solutions

The KP equation

V_t − 6V V_x + V_{xxx} + 3 ∫_x ∞ dx^′V_{yy} = 0 (2.1)

has N-soliton solutions of the form (cf., e.g., [9],[10])

V = V_N + λ ,

(2.2)

where

V_N (t, x, y) = −2∂^2_x ln det[1 + Λ_N (t, x, y)] ,

(2.3) Λ_N (t, x, y) = { c_j (t, y)c_l(t, y) exp[−(p_j + q_l)x] p_j + q_l }_N j,l=1 , (2.4)

c_j (t, y) = c_j exp [_ε 2 (p^2_j − q^2_j )y + ( 2(p^3_j + q^3_j ) − 3λ(p_j + q_j ) ) t ] , (2.5) for all (t, x, y) ∈ R^3 , p_j , q_j > 0, c_j ∈ R\{0}, j = 1, . . . , N, λ ∈ R, ε = ±1. 1

The N-soliton solutions ϕ_N of the mKP equation

ϕ_t − 6ϕ^2ϕ_x + ϕ_{xxx} + 3 ∫_x ∞ dx^′ϕ_{yy} + 6εϕ_x ∫_x ∞ dx^′ϕ_y = 0 , ε = ±1

(2.6)

are given by (cf. [10]) ϕ_N (t, x, y) = −κ + ∂_x ln { det[1 + Λ̂_N (t, x, y)] det[1 + Λ_N (t, x, y)] } , (2.7)

with Λ̂_N (t, x, y) = { κ − p_j κ + q_j c_j (t, y)c_l(t, y) exp[−(p_j + q_l)x] p_j + q_l }_N j,l=1 , (2.8) κ^2 = λ, (t, x, y) ∈ R^3 , and the other quantities defined as in 2.5. (The Matrix Λ̂_N (t, x, y) is slightly different from the one used in [10], but the two are related by a similarity transformation, so the corresponding expressions for ϕ_N (t, x, y) are actually identical.)

The matrices Λ_N (t, x, y) and Λ̂_N (t, x, y) act as operators in C^N . However, it will be more convenient to embed C^N in the Hilbert space of square summable sequences, ℓ^2(N), in the canonical way. We extend Λ_N (t, x, y) to an operator in this space by setting all other components equal to zero.

We consider both Λ_N (t, x, y) and Λ̂_N (t, x, y) as operators on ℓ^2(N). All entries, except for the explicitly given first N × N ones, are defined to be zero. In the same manner, the operator 1 will always be understood as the identity operator on ℓ^2(N).

With this convention one obtains Λ̂_N (t, x, y) =D_∞Λ_N (t, x, y) , (2.9)

where

D_∞ = { κ − p_j κ + q_j δ_{j,l} } j,l∈N . (2.10)

(δ_{j,l} = 1 for j = l and 0 otherwise.)

For later reference we introduce the quantities A_N (t, x, y) =∂_x ln det[1 + Λ_N (t, x, y)]

(2.11) =Tr [ [1 + Λ_N (t, x, y)]^{−1}∂_xΛ_N (t, x, y) ] , B_N (t, x, y) =∂_x ln det[1 + Λ̂_N (t, x, y)]

(2.12) =Tr [ [1 + Λ̂_N (t, x, y)]^{−1}∂_xΛ̂_N (t, x, y) ] . Thus we can write V_N (t, x, y) = − 2∂_xA_N (t, x, y) , (2.13) ϕ_N (t, x, y) = − κ + B_N (t, x, y) − A_N (t, x, y) . (2.14)

3. Soliton Limits for the KP-equation The strategy we want to employ is the following: We show that lim_{N→∞} V_N (t, x, y) is well defined and finite, denote it by V_∞(t, x, y). Simultaneously, we will prove that the derivatives of this limit are given by the limit of the derivatives of V_N (t, x, y) and that we can also interchange limit and integration. Then we can conclude that the new function V = V_∞(t, x, y) + λ is indeed a solution of the KP-equation.

To make this argument work we will have to impose some restrictions on the sequences {p_j }_{j∈}N, {q_j }_{j∈}N, and {c_j }_{j∈}N, by which V_∞(t, x, y) is defined (see (2.3)– (2.5)). First of all we note that the N-soliton solutions described by (2.2)–(2.5) are not necessarily regular, they can have singularities. A convergence argument will be impossible unless we exclude such cases (compare [10]). In order to keep the limit bounded, we will also need boundedness of the sequences {p_j }_{j∈}N, {q_j }_{j∈}N. The condition {c_j }_{j∈}N has to fulfill is not so clear. A natural condition would be to assume that the trace norm of Λ_N (t, x, y) is bounded independently of N, because then we can define the Fredholm-determinant det_1[1+Λ_N (t, x, y)] in the limit N → ∞. However, in general, Λ_N (t, x, y) is not self-adjoint and thus certainly not a positive operator; there seems to be no simple way to calculate its trace norm. It turns out that it is sufficient to assume (3.2) given below, which implies boundedness of the trace and of the Hilbert-Schmidt norm of Λ_N (t, x, y) with respect to N. H. 3.1. The sequences {p_j }_{j∈}N, {q_j }_{j∈}N are bounded, 0 < p_j , q_j < κ_0 for all j ∈ N and some κ_0 > 0, and satisfy

(p_j − p_l)(q_j − q_l) ≥ 0, for all j, l ∈ N .

(3.1)

The sequence {c_j }_{j∈}N, c_j ∈ R\{0}, j ∈ N, satisfies ∑ j∈N c^2_j p_j < ∞, ∑ j∈N c^2_j q_j < ∞. (3.2)

We define Λ_∞(t, x, y) = { c_j (t, y)c_l(t, y) exp[−(p_j + q_l)x] p_j + q_l } j,l∈N . (3.3)

We want to show convergence of A_N (t, x, y) as defined in (2.11) and of its derivatives. To achieve this, we first want to estimate the trace norm ‖∂_xΛ_N (t, x, y)‖_1 of the matrix ∂_xΛ_N (t, x, y). For later reference we also include a similar estimate on the Hilbert-Schmidt norm ‖Λ_N (t, x, y)‖_2 of the matrix Λ_N (t, x, y) itself.

Lemma 3.2. Assume H.3.1. Then for all M ∈ N ∪ {∞}, the matrix ∂_xΛ_M(t, x, y) is trace class with trace norm bounded by ‖∂_xΛ_M(t, x, y)‖_1 ≤ sup_{j,l∈} N exp[−(v_j + w_l)x] ∞∑ j=1 c_j (t, y)^2 exp(−2u_j x) < ∞ ,

(3.4)

where u_j = min(p_j , q_j ), v_j = p_j − u_j , w_j = q_j − u_j for all j ∈ N. Λ_M(t, x, y) is Hilbert-Schmidt with Hilbert-Schmidt norm bounded by

‖Λ_M(t, x, y)‖_2 ≤ {^M∑ j=1 c_j (t, y)^2 2p_j exp(−2u_j x) M∑ l=1 c_l(t, y)^2 2q_l exp(−2q_lx)

} 1_2 < ∞ . (3.5)

Proof. By definition (cf. (2.4) resp. (3.3)), ∂_xΛ_M(t, x, y) = − { c_j (t, y)c_l(t, y) exp[−(p_j + q_l)x] }_M j,l=1 (3.6) = − { exp(−v_j x)δ_{j,k} ) }_∞ j,k=1 { c_k(t, y)c_m(t, y) exp[−(u_k + u_m)x] }_M k,m=1 × { exp(−w_lx)δ_{m,l} }_∞ m,l=1 .

Here the matrix { c_k(t, y)c_m(t, y) exp[−(u_k + u_m)x] }_M k,m=1 =: CM(t, x, y) (3.7)

is positive, i.e., for all φ ∈ ℓ^2(N), (t, x, y) ∈ R^3 , (φ, C_M(t, x, y)φ) = | | | M∑ j=1 c_j (t, y) exp(−u_j x)φ_j | | | 2 ≥ 0. (3.8)

Thus its trace norm is simply the trace ‖C_M(t, x, y)‖_1 = M∑ j=1 c_j (t, y)^2 exp(−2u_j x) ≤ ∞∑ j=1 c_j (t, y)^2 exp(−2u_j x) .

(3.9)

Therefore, ‖∂_xΛ_M(t, x, y)‖_1 ≤ ‖ { exp(−v_j x)δ_{j,k}) }_∞ j,k=1‖ (3.10) × ‖C_M(t, x, y)‖_1‖ { exp(−w_lx)δ_{m,l} }_∞ m,l=1‖ proves (3.4).

(3.5) follows from a straightforward calculation:

‖Λ_M(t, x, y)‖^2 = Tr [ Λ_M(t, x, y)^∗Λ_M(t, x, y) ] (3.11) = M∑ j,l=1 c_j (t, y)^2c_l(t, y)^2 (p_j + q_l)^2 exp[−2(p_j + q_l)x]

≤ M∑ j=1 c_j (t, y)^2 2p_j exp(−2p_j x) M∑ l=1 c_l(t, y)^2 2q_l exp(−2q_lx) < ∞ by (3.2).

We can also extend this lemma to higher order derivatives.

Lemma 3.3. Suppose H.3.1 holds. For all α, β, γ ∈ N_0 , let a be the multi-index a = (α, β, γ), ∂^a = ∂^α_x ∂^β_y ∂^γ_t . Then for all M ∈ N ∪ {∞}, ‖∂^a∂_xΛ_M(t, x, y)‖_1 ≤ const.(a)‖∂_xΛ_M(t, x, y)‖_1 ≤ const.(a, t, x, y), (3.12) ‖∂^aΛ_M(t, x, y)‖_2 ≤ const.(a)‖Λ_M(t, x, y)‖_2 ≤ const.(a, t, x, y), (3.13)

with the constants independent of M and locally uniform with respect to (t, x, y) ∈ R3 (i.e., uniform in all compact subsets of R^3 ). Furthermore, ‖ ∂^a∂_xΛ_∞(t, x, y) − ∂^a∂_xΛ_N (t, x, y) ‖ 1 −−−−→ N→∞ 0, (3.14) ‖ ‖∂^aΛ_∞(t, x, y) − ∂^aΛ_N (t, x, y) ‖ ‖_2 −−−−→ N→∞ 0 (3.15)

locally uniformly with respect to (t, x, y) ∈ R^3 .

Proof. To prove (3.12) we use an induction argument: Since the estimate (3.4) is independent of M and locally uniform with respect to (t, x, y) ∈ R^3 , we have already proved it for α = β = γ = 0. Assume it holds for α, β, γ ∈ N_0 . Then ‖∂_x∂^a∂_xΛ_M(t, x, y)‖_1 = ‖ ‖{−(p_j + q_l){∂^a∂_xΛ_M(t, x, y)}_{j,l}}^M_{j,l=1} ‖ ‖_1 (3.16) ≤ ‖ { p_j δ_{j,k} }_∞ j,k=1‖‖∂ a∂_xΛ_M(t, x, y)‖_1 + ‖∂^a∂_xΛ_M(t, x, y)‖_1‖ { q_lδ_{m,l} }_∞ m,l=1‖ ≤ const.‖∂^a∂_xΛ_M(t, x, y)‖_1 proves (3.12) for α + 1, β, γ. The induction steps β → β + 1 and γ → γ + 1 are done in a similar manner. There we get more complicated factors, but we can still expand them to get an expression analogous to (3.16).

(3.13) is proved by exactly the same induction argument, starting from (3.5) for α = β = γ = 0.

Now let P_N be the projection from ℓ^2(N) to C^N , Q_N = 1 − P_N . Then for all positive self-adjoint trace class operators F on ℓ^2(N),

‖F − P_N F P_N ‖_1 = ‖Q_N F + P_N F Q_N ‖_1 ≤ 2‖Q_N F ‖_1

(3.17)

≤ 2‖Q_N F^{12} ‖_2‖F^{12} ‖_2 = 2‖Q_N F Q_N ‖^{12}_1 ‖F ‖^{12}_1 −−−−→_{N→∞} 0 .

The matrices ∂_xΛ_∞(t, x, y) and Q_N ∂_xΛ_∞(t, x, y)Q_N are both positive, so by (3.4) we can use (3.17) to get ‖∂_xΛ_∞(t, x, y) − ∂_xΛ_N (t, x, y)‖_1 −−−−→_{N→∞} 0 . (3.18)

Because the bound in (3.12) is locally uniform with respect to (t, x, y) ∈ R^3 , this convergence is locally uniform, too. So we have (3.14) for α = β = γ = 0 and can use an induction argument as in the proof of (3.12) to infer the statement for general α, β, and γ.

The proof of (3.15) is similar. For α = β = γ = 0,

‖Λ_∞(t, x, y) − Λ_N (t, x, y)‖^2 (3.19)

= Tr [( Q_N Λ_∞(t, x, y) + P_N Λ_∞(t, x, y)Q_N )_∗( Q_N Λ_∞(t, x, y) + P_N Λ_∞(t, x, y)Q_N )] = Tr [ Λ_∞(t, x, y)Q_N Λ_∞(t, x, y) + Q_N Λ_∞(t, x, y)P_N Λ_∞(t, x, y)Q_N ]

≤ 2 ∞∑ j=1 ∞∑ l=N+1 c_j (t, y)^2c_l(t, y)^2 exp[−2(p_j + q_l)x] (p_j + q_l)^2 −−−−→ N→∞ 0 by (3.2) locally uniformly with respect to (t, x, y) ∈ R^3 . Induction in α, β, and γ completes the proof.

Getting [1 + Λ_N (t, x, y)]^{−1} under control turns out to be a bit more involved. We find

Lemma 3.4. Suppose H.3.1 holds. Then for all M ∈ N ∪ {∞}, ‖ ‖[1 + Λ_M(t, x, y)]^{−1} ‖ ‖ ≤ const.(t, x, y) , (3.20) with the constant independent of M and locally uniform with respect to (t, x, y) ∈ R3 . Furthermore, ‖ ‖[1 + Λ_∞(t, x, y)]^{−1} − [1 + Λ_N (t, x, y)]^{−1} ‖ ‖_2 −−−−→ N→∞ 0 (3.21)

locally uniformly with respect to (t, x, y) ∈ R^3 .

Proof. If we consider Λ_N (t, x, y) as an operator on C^N , we can calculate its determinant (see Polya, Szegö [34], p.92)

det Λ_N (t, x, y) = exp [ − N∑ j=1 (p_j + q_j )x ]^N∏ j=1 c^2_j [^N∏ r,s=1 (p_r + q_s) ]_{−1} (3.22)

× N∏ l,k=1 k>l (p_l − p_k)(q_l − q_k) ≥ 0

by (3.1). By expanding, we find

det[1 + Λ_N (t, x, y)] = 1 + det[Λ_N (t, x, y)] + N∑ j1=1

det[Λ_N (t, x, y)^{j1} ]

(3.23)

+ N∑ j1,j2=1 j1<j2 det[Λ_N (t, x, y)^{j1 ,j2} ] + · · · + N∑ j1,j2,... ,j_N �1=1 j1<j2<···<j_N �1 det[Λ_N (t, x, y)^{j1 ,j2,... ,jN} �^1 ],

where Λ_N (t, x, y)^{j1 ,j2,... ,jk} denotes the (N −k)×(N −k) matrix obtained by deleting the j_1, . . . , j_k rows and columns of Λ_N (t, x, y). Each of these matrices is of the same form as the original matrix Λ_N (t, x, y), thus all the terms in (3.23) are positive and

det[1 + Λ_N (t, x, y)] ≥ 1.

(3.24)

So we know that for all finite N the operator 1 + Λ_N (t, x, y) is invertible, ‖ ‖[1 + Λ_N (t, x, y)]^{−1} ‖ ‖ ≤ const.(N, t, x, y). (3.25)

We can choose the constant uniform on each compact subset K ⊂ R^3 , but at this point we do not know, whether it is uniform in N. While our hypothesis guarantees that Λ_∞(t, x, y) has finite trace, this does not necessarily imply that its trace norm is finite, so the Fredholm determinant det_1[1 + Λ_∞(t, x, y)] might not be well defined. However, Λ_∞(t, x, y) is Hilbert-Schmidt and we can work with the regularized determinant det_2[1 + Λ_∞(t, x, y)] (see, e.g., Simon [38], p.106). For finite N

det_2[1 + Λ_N (t, x, y)] = det[1 + Λ_N (t, x, y)] exp[−Tr(Λ_N (t, x, y))]

(3.26) ≥ const.(t, x, y) > 0 by (3.24) and (3.2). But by (3.15) and Theorem 9.2 of [38] this implies

det_2[1 + Λ_∞(t, x, y)] = lim_{N→∞} det_2[1 + Λ_N (t, x, y)] ≥ const.(t, x, y) > 0.

(3.27)

Again by [38], Theorem 9.2, this guarantees that 1 + Λ_∞(t, x, y) is invertible. For (t, x, y) ∈ R^3 fixed, ‖[1 + Λ_∞(t, x, y)]^{−1}‖ = c(t, x, y) < ∞, (3.28) with some constant c(t, x, y). If (t, x, y) and (τ, ξ, η) are in R^3 , then we can calculate the Hilbert-Schmidt norm

‖Λ_∞(t, x, y) − Λ_∞(τ, ξ, η)‖^2 (3.29)

= M∑ j,l=1 | | | c_j (t, y)c_l(t, y) p_j + q_l exp[−(p_j + q_l)x] − c_j (τ, η)c_l(τ, η) p_j + q_l exp[−(p_j + q_l)ξ] | | |^2 −−−−−−−−−→ (τ,ξ,η)→(t,x,y) 0 by the Weierstrass test. (The sum converges by (3.2) and in the limit (τ, ξ, η) → (t, x, y) each term converges to 0.) Therefore there is an ε > 0 such that for all (τ, ξ, η) with |(τ, ξ, η) − (t, x, y)| < ε, ‖Λ_∞(t, x, y) − Λ_∞(τ, ξ, η)‖_2 <^1_{2c(t,x,y)} , which implies ‖ ‖[1 + Λ_∞(τ, ξ, η)]^{−1} ‖ ‖ ≤ ‖ ‖[1 + Λ_∞(t, x, y)]^{−1} ‖ ‖ (3.30) × ‖ ‖{1 + [1 + Λ_∞(t, x, y)]^{−1}[Λ_∞(τ, ξ, η) − Λ_∞(t, x, y)]}^{−1} ‖ ‖ ≤ c(t, x, y) { 1 − ‖ ‖[1 + Λ_∞(t, x, y)]^{−1} ‖ ‖ ‖ ‖[Λ_∞(τ, ξ, η) − Λ_∞(t, x, y)] ‖ ‖ }_{−1} ≤ 2c(t, x, y). If K ⊂ R^3 is compact, we can cover it with a finite number of such ε-neighborhoods and c_K := sup_{(t,x,y)∈K} [c(t, x, y)] is finite. By (3.15) there is an N_K ∈ N such that for all M ∈ N ∪{∞}, M ≥ N_K , and for (t, x, y) ∈ K, ‖Λ_∞(t, x, y)−Λ_M(t, x, y)‖ ≤^1_{2cK} . Then for such M ≥ N_K and (t, x, y) ∈ K, ‖ ‖[1 + Λ_M(t, x, y)]^{−1} ‖ ‖ ≤ 2c_K (3.31)

by an estimate analogous to (3.30). Together with (3.25) this proves (3.20). (3.21) is an immediate consequence of (3.20) and (3.15), since ‖ [1 + Λ_∞(t, x, y)]^{−1} − [1 + Λ_N (t, x, y)]^{−1} ‖ 2 (3.32) ≤ ‖ ‖[1 + Λ_∞(t, x, y)]^{−1} ‖ ‖ ‖ ‖[Λ_∞(t, x, y) − Λ_N (t, x, y)] ‖ ‖_2 ‖ ‖[1 + Λ_N (t, x, y)]^{−1} ‖ ‖ −−−−→ N→∞ 0 locally uniformly with respect to (t, x, y) ∈ R^3 .

From these three lemmas we can conclude the convergence of A_N (t, x, y) in the limit N → ∞.

Lemma 3.5. Suppose H.3.1 holds and define A_∞(t, x, y) = Tr [ [1 + Λ_∞(t, x, y)]^{−1}∂_xΛ_∞(t, x, y) ] . (3.33)

For all α, β, γ ∈ N_0 , let ∂^a = ∂^α_x ∂^β_y ∂^γ_t . Then ∂^aA_∞(t, x, y) = lim_{N→∞} ∂^aA_N (t, x, y) , (3.34)

the convergence being locally uniform with respect to (t, x, y) ∈ R^3 .

Proof. (3.33) is well defined because of Lemmas 3.2 and 3.4.

Convergence of A_N (t, x, y) −−−−→_{N→∞} A_∞(t, x, y) then follows from |A_∞(t, x, y) − A_N (t, x, y)| (3.35) ≤ ‖ ‖[1 + Λ_∞(t, x, y)]^{−1} − [1 + Λ_N (t, x, y)]^{−1} ‖ ‖ ‖∂_xΛ_∞(t, x, y)‖_1 + ‖[1 + Λ_N (t, x, y)]^{−1}‖ ‖ ‖[∂_xΛ_∞(t, x, y) − ∂_xΛ_N (t, x, y)] ‖ ‖_1 −−−−→ N→∞ 0 by (3.4), (3.14), (3.20), (3.21). All estimates are locally uniform with respect to (t, x, y) ∈ R^3 , so we have (3.34) for α = β = γ = 0.

To prove the convergence for general multi-indices a = (α, β, γ) we note that ∂^aA_N (t, x, y) is of the form ∂^aA_N (t, x, y) = n(a)∑

k=1 Tr[K^a_{N,k}(t, x, y)], (3.36)

with n(a) ∈ N and matrices

K^a_{N,k}(t, x, y) = ±[1 + Λ_N (t, x, y)]^{−1}∂^{a1} Λ_N (t, x, y)[1 + Λ_N (t, x, y)]^{−1}

(3.37) × . . . × [1 + Λ_N (t, x, y)]^{−1}∂^{as(k)} ∂_xΛ_N (t, x, y) for some s(k) ∈ N_0 and multi-indices a_1, . . . , a_{s(k)}, a_1 +. . .+a_{s(k)} = a. By Lemmas 3.3 and 3.4 ‖K^a_{N,k}(t, x, y)‖_1 ≤ const.(a, k, t, x, y) with the constant locally uniform with respect to (t, x, y) ∈ R^3 and independent of N. Thus K^a_{∞,k}(t, x, y) := lim_{N→∞} K^a_{N,k}(t, x, y) (3.38)

exists and is trace class. Then | |Tr[K^a_{∞,k}(t, x, y)] − Tr[K^a_{N,k}(t, x, y)] | | (3.39)

≤ | |Tr[{[1 + Λ_∞(t, x, y)]^{−1} − [1 + Λ_N (t, x, y)]^{−1}}∂^a1 Λ_∞(t, x, y)

× [1 + Λ_∞(t, x, y)]^{−1} × . . . × [1 + Λ_∞(t, x, y)]^{−1}∂^{as(k)} ∂_xΛ_∞(t, x, y) ]| + | |Tr[[1 + Λ_N (t, x, y)]^{−1}{∂^a1 Λ_∞(t, x, y) − ∂^a1 Λ_N (t, x, y)}[1 + Λ_∞(t, x, y)]^{−1} × . . . × [1 + Λ_∞(t, x, y)]^{−1}∂^{as(k)} ∂_xΛ_∞(t, x, y) ]| + . . + | |Tr[[1 + Λ_N (t, x, y)]^{−1}∂^a1 Λ_N (t, x, y)[1 + Λ_N (t, x, y)]^{−1} × . . . × [1 + Λ_N (t, x, y)]^{−1} { ∂^{as(k)} ∂_xΛ_∞(t, x, y) − ∂^{as(k)} ∂_xΛ_N (t, x, y) }]| ≤ ‖ ‖[1 + Λ_∞(t, x, y)]^{−1} − [1 + Λ_N (t, x, y)]^{−1} ‖ ‖ × ‖ ‖∂^a1 Λ_∞(t, x, y)[1 + Λ_∞(t, x, y)]^{−1} × . . . × [1 + Λ_∞(t, x, y)]^{−1}∂^{as(k)} ∂_xΛ_∞(t, x, y) ‖ ‖_1 + ‖ ‖[1 + Λ_N (t, x, y)]^{−1} ‖ ‖ ‖ ‖∂^a1 Λ_∞(t, x, y) − ∂^a1 Λ_N (t, x, y) ‖ ‖_2 × ‖ ‖[1 + Λ_∞(t, x, y)]^{−1} × . . . × [1 + Λ_∞(t, x, y)]^{−1}∂^as(k) ∂_xΛ_∞(t, x, y) ‖ ‖_1

+ . . + ‖ ‖[1 + Λ_N (t, x, y)]^{−1}∂^a1 Λ_N (t, x, y)[1 + Λ_N (t, x, y)]^{−1} × . . . × [1 + Λ_N (t, x, y)]^{−1} ‖ ‖ × ‖ ∂^{as(k)} ∂_xΛ_∞(t, x, y) − ∂^{as(k)} ∂_xΛ_N (t, x, y) ‖ 1 −−−−→ N→∞ 0 locally uniformly with respect to (t, x, y) ∈ R^3 by (3.12)–(3.15), (3.20), and (3.21).

Now we are prepared to prove our first main result. Theorem 3.6. Assume H.3.1. Then the function V (t, x, y) = V_∞(t, x, y) + λ := −2∂_xA_∞(t, x, y) + λ (3.40) is a solution of the KP-equation (2.1).

Proof. Applying the Weierstrass test to (3.5) shows that, independently of M ∈ N ∪ {∞}, ‖Λ_M(t, x, y)‖_2 −−−−−→_{x→+∞} 0. Thus for large enough x,

‖[1 + Λ_M(t, x, y)]^{−1}‖ ≤ { 1 − ‖Λ_M(t, x, y)‖ }_{−1} −−−−−→ x→+∞ 1. (3.41)

In a similar fashion by (3.4) ‖∂_xΛ_M(t, x, y)‖_1 −−−−−→_{x→+∞} 0, by (3.12) the same holds for its derivatives, so ∂^2_y A_M(t, x, y) −−−−−→_{x→+∞} 0 for all M ∈ N ∪ {∞}. Boundedness of all derivatives guarantees that we can interchange the order of differentiation, so ∫_x ∞ dx^′∂^2_y V_∞(t, x^′, y) = −2 ∫_x ∞ dx^′∂_x∂^2_y A_∞(t, x^′, y) = −2∂^2_y A_∞(t, x, y) (3.42)

= lim_{N→∞}(−2∂^2_y A_N (t, x, y)) = lim_{N→∞} ∫_x ∞ dx^′∂^2_y V_N (t, x^′, y). By Lemma 3.5 we can also interchange the limits N → ∞ with derivatives, thus we have similar convergence results for all the other terms in (2.1) and the theorem follows from the fact that V = V_N (t, x, y) + λ solves the KP-equation. Remark 3.7. Presumably, our hypotheses are not optimal; however, they are general enough to cover a large class of solutions. In particular, we remark that the only restriction on the sequences {p_j }_{j∈}N, {q_j }_{j∈}N is the boundedness condition and the requirement of having the N-soliton solutions regular. The only condition which is technical and could perhaps be weakened is the one imposed on the sequence {c_j }_{j∈}N .

4. Soliton Limits for the mKP-equation We follow the same steps we used for the KP-equation; we start with the Nsoliton solutions given by (2.7). H.3.1 is not sufficient to ensure that these solutions are regular (cf. Rmk. 4.6). We need the additional hypothesis (cf. (2.8)) H. 4.1. Suppose that either κ = λ^{12} ≥ sup_{j∈}N(p_j ) or κ < inf_{j∈}N(−q_j ).

Now we can extend the lemmas from the previous section 3 to Λ̂_N (t, x, y), respectively, B_N (t, x, y).

Lemma 4.2. Assume H.3.1 and H.4.1. Let a be a multi-index a = (α, β, γ), α, β, γ ∈ N_0 arbitrary, and abbreviate ∂^a = ∂^α_x ∂^β_y ∂^γ_t . Then for all M ∈ N ∪ {∞}, ‖∂^a∂_xΛ̂_M(t, x, y)‖_1 ≤ const.(a)‖∂_xΛ_M(t, x, y)‖_1 ≤ const.(a, t, x, y), (4.1) ‖∂^aΛ̂_M(t, x, y)‖_2 ≤ const.(a)‖Λ_M(t, x, y)‖_2 ≤ const.(a, t, x, y), (4.2)

with the constants independent of M and locally uniform with respect to (t, x, y) ∈ R3 . Moreover, ‖ ‖∂^a∂_xΛ̂_∞(t, x, y) − ∂^a∂_xΛ̂_N (t, x, y) ‖ ‖_1 −−−−→ N→∞ 0, (4.3) ‖ ∂^aΛ̂_∞(t, x, y) − ∂^aΛ̂_N (t, x, y) ‖ 2 −−−−→ N→∞ 0 (4.4)

locally uniformly with respect to (t, x, y) ∈ R^3 . Furthermore, ‖ ‖[1 + Λ̂_M(t, x, y)]^{−1} ‖ ‖ ≤ const.(t, x, y), (4.5)

with the constant locally uniform with respect to (t, x, y) ∈ R^3 , and ‖ ‖[1 + Λ̂_∞(t, x, y)]^{−1} − [1 + Λ̂_N (t, x, y)]^{−1} ‖ ‖_2 −−−−→ N→∞ 0 (4.6)

locally uniformly with respect to (t, x, y) ∈ R^3 .

Proof. (4.1) – (4.4) follow from Lemma 3.3 and (2.9). (The matrix D_∞(t, x, y) in (2.9) is independent of t, x, y and bounded by H.3.1 and H.4.1.) In order to prove (4.5), we note that we can rewrite (2.9) as Λ̂_N (t, x, y) = D_N Λ_N (t, x, y), where D_N , the restriction of D_∞ to C^N , is an N × N matrix. Then

det Λ̂_N (t, x, y) = N∏ j=1 κ − p_j κ + q_j det Λ_N (t, x, y) ≥ 0

(4.7)

by H.4.1 and (3.22). Thus we can follow the proof of Lemma 3.4 to infer (4.5) and (4.6).

Lemma 4.3. Suppose H.3.1 and H.4.1 hold. Define B_∞(t, x, y) = Tr [ [1 + Λ̂_∞(t, x, y)]^{−1}∂_xΛ̂_∞(t, x, y) ] . (4.8)

For all α, β, γ ∈ N_0 , let ∂^a = ∂^α_x ∂^β_y ∂^γ_t . Then ∂^aB_N (t, x, y) −−−−→_{N→∞} ∂^aB_∞(t, x, y) (4.9)

locally uniformly with respect to (t, x, y) ∈ R^3 .

Proof. Because of the boundedness of D_∞ (cf. (2.9) resp. (2.10)) we can follow the proof of Lemma 3.5 step by step.

By Lemmas 3.5 and 4.3 ϕ_N (t, x, y) −−−−→_{N→∞} ϕ_∞(t, x, y) = −κ + B_∞(t, x, y) − A_∞(t, x, y) (4.10)

and ϕ_∞(t, x, y) satisfies the differentiated version of the mKP-equation. However, in order to prove that it satisfies the mKP-equation in integral form (2.6) we need a slight strengthening of H.3.1, namely hypothesis

H. 4.4. The sequence {c_j }_{j∈}N, c_j ∈ R\{0}, j ∈ N, satisfies ∞∑ j=1 c^2_j min(p_j , q_j ) < ∞. (4.11)

With this hypothesis we finally obtain Theorem 4.5. Suppose H.3.1, H.4.1, and H.4.4 hold. Then the function ϕ_∞(t, x, y) = −κ + B_∞(t, x, y) − A_∞(t, x, y) (4.12) satisfies the mKP-equation (2.6).

Proof. We know that ϕ_N (t, x, y) solves the mKP-equation for every N ∈ N. Lemmas 3.5 and 4.3 allow us to exchange the limit N → ∞ with derivatives. So we just have to check whether we can interchange the limit with the integral, i.e., we have to prove ∫_x ∞ dx^′∂^α_y ϕ_N (t, x, y) −−−−→_{N→∞} ∫_x ∞ dx^′∂^α_y ϕ_∞(t, x, y), α = 1, 2. (4.13)

For that purpose we want to rely on dominated convergence. The integrand converges and is bounded by |∂^α_y ϕ_N (t, x, y)| ≤ |∂^α_y B_N (t, x, y)| + |∂^α_y A_N (t, x, y)|, α = 1, 2. (4.14) Here |∂_yA_N (t, x, y)| = | |Tr[{−[1 + Λ_N (t, x, y)]^{−1}∂_yΛ_N (t, x, y)[1 + Λ_N (t, x, y)]^{−1} (4.15) + [1 + Λ_N (t, x, y)]^{−1}∂_y } ∂_xΛ_N (t, x, y) ]| ≤ { ‖[1 + Λ_N (t, x, y)]^{−1}‖ ‖∂_yΛ_N (t, x, y)‖ ‖[1 + Λ_N (t, x, y)]^{−1}‖ + ‖[1 + Λ_N (t, x, y)]^{−1}‖const. } ‖∂_xΛ_N (t, x, y)‖_1 ≤ const.(t, x, y)‖∂_xΛ_N (t, x, y)‖_1 . The constant is independent of N and locally uniform with respect to (t, x, y) ∈ R^3 . Since ‖∂_yΛ_N (t, x, y)‖ −−−−−→_{x→+∞} 0 (apply the Weierstrass test to (3.5) and use (3.13)) and ‖[1 + Λ_N (t, x, y)]^{−1}‖ −−−−−→_{x→+∞} 1 (by (3.41)), this constant converges in the limit x → +∞, so we can choose it uniform for x on a half-axis [a_0, ∞) and (t, y) in a compact subset of R^2 . The same argument can be applied to ∂^2_y A_N (t, x, y), ∂_yB_N (t, x, y), and ∂^2_y B_N (t, x, y). Therefore it is sufficient to estimate (using (3.4) and the notation introduced in Lemma 3.2), ∫_x ∞ dx^′‖∂_xΛ_∞(t, x^′, y)‖_1 (4.16) ≤ sup_{j,l∈} N exp[−(v_j + w_l)x] ∫_x ∞ dx^′ ∞∑ j=1 c^2_j exp(−2u_j x^′)

= sup_{j,l∈} N exp[−(v_j + w_l)x] ∞∑ j=1 c^2_j 2u_j exp(−2u_j x) < ∞

by H.4.4. (The interchange of the integral with the sum is justified because all terms in the sum are positive.) Thus |∂_yϕ_N (t, x, y)| and |∂^2_y ϕ_N (t, x, y)| are both bounded by an integrable function and (4.13) follows by the dominated convergence theorem.

Remark 4.6. H.4.1 is necessary in the sense that if there is a p_{j0} with p_{j0} > κ ≥ 0 or an q_{j0} with −q_{j0} < κ ≤ 0, then for this index j_0,^{κ−pj0}_{κ+qj0} < 0. By following a procedure similar to the proof of [10], Prop. 3.2 we can then show that there is a choice for the sequence {c_j }_{j∈}N such that det[1 + Λ̂_N (t, x, y)] changes sign at least once. H.4.1 also excludes the case κ = inf_{j∈}N(−q_j ), but this is done for the more technical reason of keeping D_∞ bounded.

Acknowledgments

The author wants to thank Fritz Gesztesy for suggesting this problem and for pertinent discussions on this topic.

References

[1] M. J. Ablowitz and A. I. Nachman, Multidimensional nonlinear evolution equations and inverse scattering, Physica 18, 223–241 (1986).

[2] M. J. Ablowitz and J. Satsuma, Solitons and rational solutions of nonlinear evolution equations, J. Math. Phys. 19, 2180–2186 (1978).

[3] M. J. Ablowitz, D. B. Yaacov, and A. S. Fokas, On the inverse scattering transform for the Kadomtsev-Petviashvili equation, Stud. Appl. Math. 69, 135–143 (1983). [4] L. L. Chau, J. C. Shaw, and H. C. Yen, Solving the KP hierarchy by gauge transformations, Comm. Math. Phys. 149, 263- 278 (1992).

[5] H. H. Chen, A Bäcklund transformation in two dimensions, J. Math. Phys. 16, 2382–2384 (1975).

[6] E. Date, M. Kashiwara, M. Jimbo, and T. Miwa, Transformation groups for soliton equations, in Non-Linear Integrable Systems – Classical Theory and Quantum Theory (M. Jimbo, T. Miwa, eds.), pp. 39–119, World Scientific, Singapore, 1983.

[7] A. Degasperis and A. Shabat, Construction of reflectionless potentials with infinite discrete spectrum, Theoret. Math. Phys. 100, 970–984 (1994).

[8] L. A. Dickey, Soliton Equations and Hamiltonian Systems, World Scientific, Singapore, 1991. [9] F. Gesztesy and H. Holden, A new representation of soliton solutions of the Kadomtsev- Petviashvili Equation, in Ideas and Methods in Mathematical Analysis, Stochastics and Applications, Vol I, S. Albeverio, J. E. Fenstad, H. Holden, and T. Lindstrøm (eds.), Cambridge University Press, Cambridge, 1992, p. 472 – 479.

[10] F. Gesztesy, H. Holden, E. Saab, and B. Simon, Explicit construction of solutions of the modified Kadomtsev-Petviashvili equation, J. Funct. Anal. 98, 211–228 (1991). [11] F. Gesztesy, W. Karwowski, and Z. Zhao, Limits of soliton solutions, Duke Math. J. 68, 101–150 (1992).

[12] F. Gesztesy, W. Karwowski, and Z. Zhao, New types of soliton solutions, Bull. Amer. Math. Soc. 27, 266–272 (1992).

[13] F. Gesztesy and W. Renger, New classes of Toda soliton solutions, preprint, 1995. [14] F. Gesztesy and W. Schweiger, Rational KP and mKP-solutions in Wronskian form, Rep. Math. Phys. 30, 205–221 (1991).

[15] F. Gesztesy and K. Unterkofler, On the (modified) Kadomtsev-Peviashvili hierarchy, Diff. Int. Equ. 8, 797–812 (1995).

[16] B. B. Kadomtsev and V. I. Petviashvili, On the stability of solitary waves in weakly dispersing media, Soviet Phys. Dokl. 15, 539–541 (1970).

[17] S. Kamvissis, Focusing nonlinear Schrödinger equation with infinitely many solitons, preprint, 1995.

[18] B. G. Konopelchenko, On the gauge-invariant description of the evolution equations integrable by Gelfand-Dikij spectral problems, Phys. Lett. A 92, 323–327 (1982). [19] B. G. Konopelchenko, Nonlinear Integrable Equations, Lecture Notes in Physics, Vol. 270, Springer, Berlin, 1987.

[20] B. G. Konopelchenko and B. G. Dubrovsky, Some new integrable nonlinear evolution equations in 2+1 dimensions, Phys. Lett. A 102, 15–17 (1984).

[21] B. G. Konopelchenko and W. Oevel, An r-matrix approach to nonstandard classes of integrable equations, Publ. RIMS, Kyoto Univ. 29, 581–666 (1993).

[22] B. A. Kuperschmidt, On the integrability of modified Lax equations, J. Phys. 22, L993–L998 (1989).

[23] B. A. Kuperschmidt and G. Wilson, Modifying Lax equation and the second Hamiltonian structure, Invent. Math. 62, 403–436 (1981).

[24] D. S. Lundina, Compactness of sets of reflectionless potentials, Teor. Funktsiĭ Funktsional. Anal. i Prilozhen. 44, 57–66 (1985) [in Russian].

[25] D. S. Lundina and V. A. Marchenko, Limits of the reflectionless Dirac operator, Adv. Sov. Math. 19, 1–25 (1994).

[26] S. V. Manakov, P. M. Santini, and L. A. Takhtajan, Asymptotic behavior of the solutions of the Kadomtsev-Petviashvili equation (two-dimensional Korteweg-de Vries equation), Phys. Lett. A 75, 451–454 (1980).

[27] S. V. Manakov, V. E. Zakharov, L. A. Bordag, A. R. Its, and V. B. Matveev, Two-dimensional solitons of the Kadomtsev-Petviashvili equation and their interaction, Phys. Lett. A 63, 205–206 (1977).

[28] V. A. Marchenko, The Cauchy problem for the KdV equation with non-decreasing initial data, in What is Integrability?, V. E. Zakharov (ed.), Springer, Berlin, 1991, pp. 273–318. [29] V. B. Matveev and M. A. Salle, Darboux Transformations and Solitons, Springer, Berlin, 1991.

[30] V. Yu. Novokshenov, Reflectionless potentials and soliton series of the KdV equation, preprint, 1994.

[31] W. Oevel and C. Rogers, Gauge transformations and reciprocal links in 2+1 dimensions, Rev. Math. Phys. 5, 299–330 (1993).

[32] Y. Ohta, J. Satsuma, D. Takahashi, and T. Tokihiro, An elementary introduction to Sato theory, Progr. Theoret. Phys. Suppl. 94, 210–241 (1988).

[33] K. Okhuma and M. Wadati, The Kadomtsev-Petviashvili equation: The trace method and the soliton resonances, J. Phys. Soc. Japan 52, 749–760 (1983).

[34] G. Polya and G. Szegö, Problems and Theorems in Analysis, Volume II, Springer, Berlin, 1976.

[35] Ch. Pöppe, General determinants of the ø function for the Kadomtsev-Petviashvili hierarchy, Inverse Problems 5, 613–630 (1989).

[36] Ch. Pöppe and D. H. Sattinger, Fredholm determinants and the ø function for the Kadomtsev- Petviashvili hierarchy, Publ. Res. Inst. Math. Sci. 24, 505–538 (1988).

[37] A. Shabat, The infinite-dimensional dressing dynamical system, Inverse Problems 8, 303–308 (1992).

[38] B. Simon, Trace Ideals and their Application, Cambridge University Press, Cambridge, 1979.

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: walter@mumathnx4.math.missouri.edu