SUPERMATRIX REPRESENTATIONS OF SEMIGROUP BANDS

Steven Duplij^{∗†‡} Physics Department, University of Kaiserslautern, Postfach 3049, D-67653 KAISERSLAUTERN, Germany

August 17, 1996 KL-TH-96/09

Abstract

Various semigroups of noninvertible supermatrices of the special (antitriangle) shape having nilpotent Berezinian which appear in supersymmetric theories are defined and investigated. A subset of them continuously represents left and right zero semigroups and rectangular bands. The ideal properties of higher order rectangular band analogs and the “wreath” version of them are studied in detail. We introduce the “fine” equivalence relations leading to “multidimesional” eggbox diagrams. They are full images of Green’s relations on corresponding subsemigroups.

∗Alexander von Humboldt Fellow †On leave of absence from Theory Division, Nuclear Physics Laboratory, Kharkov State University, KHARKOV 310077, Ukraine

‡E-mail: duplij@physik.uni-kl.de

1 Introduction

Matrix semigroups [46, 50, 51] are the great tool in concrete and thorough investigation of detail abstract semigroup theory structure [11, 23, 29, 36]. Matrix representations [38, 49] are widely used in studying of finite semigroups [33, 52, 65], topological semigroups [3, 9] and free semigroups [8, 21]. Usually matrix semigroups are defined over a field K [40, 48, 47]. Nevertheless, after discovering of supersymmetry [61, 62] the realistic unified particle theories began to be considered in superspace [22, 56]. In this picture all variables and functions were defined not over a field K , but over Grassmann- Banach superalgebras over K [53, 63] (or their generalizations [42, 43, 57]). However, the noninvertible (and therefore semigroup) character of them was ignored for a long time, and only recently the consistent studies of semigroups in supersymmetric theories appeared [15, 16, 17]. In addition to their physical contents these investigations led to some nontrivial pure mathematical constructions having unusual properties connected with noninvertibility and zero divisors [14, 18]. In particular, it was shown [19] that supermatrices of the special shape can form various strange and sandwich semigroups not known before [25, 37].

In this paper we work out continuous supermatrix representations of semigroup bands^1 introduced in [19]. The Green’s relations on continuous zero semigroups and wreath rectangular bands are studied in detail. We introduce the “fine” equivalence relations which generalize them in some extent and lead to the “multidimensional” analog of eggbox diagrams. Next investigations are connected with continuous superanalogs of 0-simple semigroups and Rees’s theorem which will appear elsewhere.

2 Preliminaries

Let Λ be a commutative Banach Z_2-graded superalgebra over a field K (where K = R, C or Q_p ) with a decomposition into the direct sum: Λ = Λ_0 ⊕ Λ_1. The elements a from Λ_0 and Λ_1 are homogeneous and have the fixed even and odd parity defined as |a|^{def}= {i ∈ {0, 1} = Z_2| a ∈ Λ_i}. If Λ admit the

1We note that study of idempotent semigroup representations [58], especially the matrix ones [20], is important by itself. The idempotents also appear and are widely used in random matrix semigroup applications [6, 12, 39].

decomposition into body and soul [53] as Λ = B ⊕ S, where B and S are purely even and odd algebras over K respectively, the even homomorphism

rbody : Λ → B is called a body map and the odd homomorphism rsoul : Λ → S

is called a soul map [4, 44]. Usually Λ is modelled with the Grassmann algebras ∧ (N) having N generators [53, 60] or ∧ (∞) [7, 10, 54]. The soul S is obviously a proper two-sided ideal of Λ which is generated by Λ_1. These facts allow us to consider noninvertible morphisms on a par with invertible ones (in some sense), which gives many interesting and nontrivial results (see e.g. [15, 16, 17]).

We consider (p|q)-dimensional linear model superspace Λ^{p|q} over Λ (in the sense of [5, 34]) as the even sector of the direct product Λ^{p|q} = Λ^p_0 × Λ^q_1 [53, 60]. The even morphisms Hom_0 ( Λ^{p|q}, Λ^{m|n} ) between superlinear spaces Λ^{p|q} → Λ^{m|n} are described by means of (m + n) × (p + q)-supermatrices^2 (for details see [5, 35]).

3 Supermatrix semigroups

We consider (1 + 1) × (1 + 1)-supermatrices describing the elements from Hom_0 ( Λ^{1|1}, Λ^{1|1} ) in the standard Λ^{1|1} basis [5] M ≡ ( a α β b ) ∈ Mat_Λ (1|1) (1)

where a, b ∈ Λ_0, α, β ∈ Λ_1 (in the following we use Latin letters for elements from Λ_0 and Greek letters for ones from Λ_1, and all odd elements are nilpotent of index 2). For sets of matrices we also use corresponding bold symbols, e.g. M^{def}= {M ∈ Mat_Λ (1|1)}, and the set product is M · N^{def}= {∪MN | M, N ∈ Mat_Λ (1|1)}. In this (1|1) case the supertrace defined as str : Mat_Λ (1|1) → Λ_0 and Berezinian (superdeterminant) defined as Ber : Mat_Λ (1|1)\{M| r_{body} (b) = 0} → Λ_0 are strM = a − b, (2)

2The supermatrix theory per se has own problems [1, 31, 30], unexpected conclusions [2, 55] and renewed standard theorems [59], which as a whole attach importance to more deep investigation of supermatrix systems from the abstract viewpoint.

BerM = a b + βα b^2

. (3) In [19] we introduced two kinds of possible reductions of M.

Definition 1 Even-reduced supermatrices are elements from Mat_Λ (1|1) of the form M_{even} ≡ ( a α 0 b ) ∈ RMat^{even}_Λ (1|1) ⊂ Mat_Λ (1|1) . (4) Odd-reduced supermatrices are elements from Mat_Λ (1|1) of the form M_{odd} ≡ ( 0 α β b ) ∈ RMat^{odd}_Λ (1|1) ⊂ Mat_Λ (1|1) . (5) The odd-reduced supermatrices have a nilpotent Berezinian BerM_{odd} = βα b^2

⇒ (BerM_{odd})^2 = 0 (6) and satisfy M^n_{odd} = b^{n−2} ( αβ αb βb b^2 − (n − 1) αβ ) , (7) which gives BerM^n_{odd} = 0 and str M^n_{odd} = b^{n−2} (nαβ − b^2).

It is seen that M is a set sum of M_{even} and M_{odd} M = M_{even}∪M_{odd}. (8) The even- and odd-reduced supermatrices are mutually dual in the sense of the Berezinian addition formula [19] BerM = BerM_{even} + BerM_{odd}. (9) The matrices from Mat (1|1) form a linear semigroup of (1 + 1) × (1 + 1)- supermatrices under the standard supermatrix multiplication M (1|1)^{def}= {M | ·} [5]. Obviously, the even-reduced matrices M_{even} form a semigroup

Meven (1|1) which is a subsemigroup of M (1|1), because of Meven·Meven⊆ M_{even}.

In general the odd-reduced matrices M_{odd} do not form a semigroup, since their multiplication is not closed M_{odd(1)}M_{odd(2)} = ( α_1β_2 α_1b_2 b_1β_2 b_1b_2 + β_1α_2 ) /∈ M_{odd}. (10) Nevertheless, some subset of M_{odd} can form a semigroup. Indeed, due to the existence of zero divisors in Λ, from (10) it follows that M_{odd} · M_{odd} ∩ M_{odd} ≠ ∅ ⇒ αβ = 0. (11) Proposition 2 1) The subsets M_{odd}|_{αβ=0} ⊂ M_{odd} of the odd-reduced matrices satisfying αβ = 0 form a subsemigroup of M (1|1) under the standard supermatrix multiplication.

2) In this semigroup the subset of matrices with β = 0 is a left ideal, and one with α = 0 is a right ideal, the matrices with b = 0 form a two-sided ideal.

Proof. Directly follows from (10). 2 Definition 3 An odd-reduced semigroup M_{odd} (1|1) is a subsemigroup of

M (1|1) formed by the odd-reduced matrices Modd satisfying αβ = 0. 4 One parameter subsemigroups of odd-reduced semigroup

Let us investigate one-parameter subsemigroups of M_{odd} (1|1). The simplest one is a semigroup of antidiagonal nilpotent supermatrices of the shape Y_α (t)^{def}= ( 0 αt α 0 ) . (12) Together with a null supermatrix Z^{def}= ( 0 0 0 0 ) . (13) they form a continuous null semigroup Z_α (1|1) having the null multiplication Y_α (t) Y_α (u) = Z (14) (cf. [11]).

Assertion 4 For any fixed t ∈ Λ^{1|0} the set {Y_α (t) , Z} is a 0-minimal ideal

in Zα (1|1).

In search of nontrivial one parameter subsemigroups M_{odd} (1|1) we consider the odd-reduced supermatrices of the following shape

P_α (t)^{def}= ( 0 αt α 1 ) (15)

where t ∈ Λ^{1|0} is an even parameter of the Grassmann algebra Λ which ”numbers” elements P_α (t) and α ∈ Λ^{0|1} is a fixed odd element of Λ which ”numbers” the sets ∪_t P_α (t).

Here we will study one-parameter subsemigroups in M_{odd} (1|1) as abstract semigroups [11, 36], but not as semigroups of operators [13, 28], which will be done elsewhere.

First, we establish multiplication properties of P_α (t) supermatrices. From (10) and (15) it is seen that ( 0 αt α 1 ) ( 0 αu α 1 ) = ( 0 αt α 1 ) (16)

Corollary 5 The multiplication (16) is associative and so the P_α (t) supermatrices form a semigroup P_α.

Corollary 6 All P_α (t) supermatrices are idempotent ( 0 αt α 1 )2 = ( 0 αt α 1 ) . (17)

Proposition 7 If P_α (t) = P_α (u), then

t − u = Ann α. (18)

Proof. ¿From the definition (15) it follows that two P_α (t) supermatrices are equal iff αt = αu, which gives (18). 2

Similarly we can introduce idempotent Q_α (t) supermatrices of the shape

Q_α (t)^{def}= ( 0 α αt 1 ) (19) which satisfy ( 0 α αt 1 ) ( 0 α αu 1 ) = ( 0 α αu 1 ) (20)

and form a semigroup Q_α.

Assertion 8 The semigroups P_α and Q_α contain no two sided zeros and identities.

Assertion 9 The semigroups P_α and Q_α are continuous unions of one element groups with the action (17).

The relations (16)–(20) and ( 0 αt α 1 ) ( 0 α αu 1 ) = ( 0 αt αu 1 ) def= F_{tu}, (21) ( 0 α αu 1 ) ( 0 αt α 1 ) = ( 0 α α 1 ) def= E (22) are important from the abstract viewpoint and will be exploited below. Remark. In general the supermatrix multiplication is noncommutative, noninvertible, but associative, therefore any objects admitting supermatrix representation (with closed multiplication) are automatically semigroups.

5 Continuous supermatrix representation of zero semigroups

Let we consider an abstract set P_α which consists of elements p_t ∈ P_α (t ∈ Λ^{1|0} is a continuous parameter) satisfying the multiplication law

p_t ∗ p_u = p_t. (23)

Assertion 10 The multiplication (23) is associative and therefore the set

Pα form a semigroup Pα^{def}= {Pα; ∗}.

Assertion 11 The semigroup P_α is isomorphic to the left zero semigroup [11] in which every element is both a left zero and a right identity.

Proposition 12 The semigroup P_α is epimorphic to the semigroup P_α. Proof. Comparing (16) and (23) we observe that the mapping φ : P_α → P_α is a homomorphism. It is seen that two elements p_t and p_u satisfying (18) have the same image, i.e.

φ (p_t) = φ (p_u) ⇔ t − u = Ann α, p_t, p_u ∈ P_α. (24) 2 Definition 13 The relation Δ_α = {(p_t, p_u) | t − u = Ann α, p_t, p_u ∈ P_α} . (25) is called α-equality relation.

Remark. If the superparameter t and α take value in different Grassmann algebras which contain no mutually annihilating elements except zero, then Ann α = 0 and Δ_α = Δ.

In the most of statements here the α-equality relation Δ_α substitutes formally the standard equality relation Δ, nevertheless the fact that Δ ≠ Δ_α leads to some new structures and results. Among latter the following Corollary 14 Ker φ = ∪_{t∈} Ann α p_t.

Remark. Outside Ker φ the semigroup P_α is continuous and supersmooth, which can be shown by means of standard methods of superanalysis [5, 63]. Assertion 15 The semigroup P_α is not reductive and not cancellative, since p ∗ p_t = p ∗ p_u ⇒ p_tΔ_αp_u, but not p_t = p_u for all p ∈P_α. Therefore, the supermatrix representation given by φ is not faithful. Corollary 16 If t + Ann α ∩ u + Ann α ≠ ∅, then p_tΔ_αp_u.

Similarly the semigroup Q_α with the multiplication q_t ∗ q_u = q_u (26) is isomorphic to the right zero semigroup in which every element is both a right zero and a left identity and epimorphic to the semigroup Q_α.

Definition 17 The semigroups P_α and Q_α can be named “somewhere commutative”^3 or “almost anticommutative”, since for them p_t ∗ p_u = p_u ∗ p_t or q_t ∗ q_u = q_u ∗ q_t gives αt = αu and t = u + Ann α.

Proposition 18 The semigroups P_α and Q_α are regular, but not inverse.

Proof. For any two elements p_t and p_u using (23) we have p_t ∗ p_u ∗ p_t = (p_t ∗ p_u) ∗ p_t = p_t ∗ p_t = p_t. Similarly for q_t and q_u. Then p_t has at least one inverse element p_u ∗ p_t ∗ p_u = p_u. But p_u is arbitrary, therefore in semigroups P_α and Q_α any two elements are inverse. However, they are not inverse semigroups in which every element has a unique inverse [11]. 2 The ideal structure of P_α and Q_α differs somehow from the one of the left and right zero semigroups.

Proposition 19 Each element from P_α forms by itself a principal right ideal, each element from Q_α forms a principal left ideal, and therefore every principal right and left ideals in P_α and Q_α respectively have an idempotent generator.

Proof. ¿From (23) and (26) it follows that p_t = p_t ∗ P_α and q_u = Q_α ∗ q_u. 2

Proposition 20 The semigroups P_α and Q_α are left and right simple respectively.

Proof. It is seen from (23) and (26) that P_α = P_α ∗ p_t and Q_α = q_u ∗ Q_α. 2 The Green’s relations on the standard left zero semigroup are the following: L-equivalence coincides with the universal relation, and R-equivalence coincides with the equality relation [11]. In our case the first statement is the same, but instead of the latter we have

Theorem 21 In P_α and Q_α respectively R-equivalence and L-equivalence coincide with the α-equality relation (25).

Proof. Consider the R-equivalence in P_α. The elements p_t, p_u ∈ P_α are R-equivalent iff p_t ∗ P_α = p_u ∗ P_α. Using (25) we obtain R = Δ_α. 2

3By analogy with nowhere commutative rectangular bands [11].

6 Wreath rectangular band

Now we unify P_α and Q_α semigroups in some nontrivial semigroup. First we consider the unified set of elements P_α ∪ Q_α and study their multiplication properties. Using (21) and (22) we notice that P_α ∩ Q_α = e, where φ (e) = E from (22), and therefore eΔ_αp_{t=1} and eΔ_αq_{t=1}. So we are forced to distinguish the region t = 1 + Ann α from other points in the parameter superspace Λ^{1|0}, and in what follows for any indices of p_t and q_t we imply t ≠ 1 + Ann α.

Assertion 22 e is the left zero and right identity for p_t, and e is the right zero and left identity for q_u, i.e. e ∗ p_t = e, p_t ∗ e = p_t, and q_u ∗ e = e, e ∗ q_u = q_u.

Using (22) it is easily to check that q_u∗p_t = e, but the reverse product needs to consider additional elements which are not included in P_α ∪ Q_α. From (21) we derive that r_{tu}= p_t ∗ q_u, (27)

where φ (r_{tu}) = F_{tu}.

Let Rα^{def}= ∪_{t,u≠1+Ann α} rtu.

Definition 23 A wreath rectangular band W_α is a set of idempotent elements W_α = P_α ∪ Q_α ∪ R_α with a ∗-product (23) and the following Cayley table

1 \ 2 e p_t p_u q_t q_u r_{tu} r_{ut} r_{tw} r_{vw} e e e e q_t q_u q_u q_t q_w q_w p_t p_t p_t p_t r_{tt} r_{tu} r_{tu} r_{tt} r_{tw} r_{tw} p_u p_u p_u p_u r_{ut} r_{uu} r_{uu} r_{ut} r_{uw} r_{uw} q_t e e e q_t q_u q_u q_t q_w q_w q_u e e e q_t q_u q_u q_t q_w q_w r_{tu} p_t p_t p_t r_{tt} r_{tu} r_{tu} r_{tt} r_{tw} r_{tw} r_{ut} p_u p_u p_u r_{ut} r_{uu} r_{uu} r_{ut} r_{uw} r_{uw} r_{tw} p_t p_t p_t r_{tt} r_{tu} r_{tu} r_{tt} r_{tw} r_{tw} r_{vw} p_v p_v p_v r_{vt} r_{vu} r_{vu} r_{vt} r_{vw} r_{vw} which is associative^4 (as it should be).

¿From the Cayley table we can observe the following continuous subsemigroups in the wreath rectangular band:

• e - one element “near identity” subsemigroup;

• P̃_α = { ∪ t≠1+Ann α

p_t; ∗ } – “reduced” left zero semigroup;

• P_α = { ∪ t≠1+Ann α

p_t ∪ e; ∗ } – full left zero semigroup;

• Q̃_α = { ∪ t≠1+Ann α

q_t; ∗ } – “reduced” right zero semigroup;

• Q_α = { ∪ t≠1+Ann α

q_t ∪ e; ∗ } – full right zero semigroup;

• F̃^{(1|1)}_α = { ∪ t,u≠1+Ann α r_{tu}; ∗ } – “reduced” rectangular band;

• F^{(1|1)}_α = { ∪ t,u≠1+Ann α r_{tu} ∪ e; ∗ } – full rectangular band;

• V^L_α = { ∪ t,u≠1+Ann α r_{tu} ∪ p_t; ∗ } – “mixed” left rectangular band;

• V^R_α = { ∪ t,u≠1+Ann α r_{tu} ∪ q_t; ∗ } – “mixed” right rectangular band.

Thus we obtained the continuous supermatrix representation for the left and right zero semigroups and constructed from it the rectangular band supermatrix representation. It is well known that any rectangular band isomorphic to a Cartesian product of the left and right zero semigroups [29, 45]. Here we derived manifestly that (see (27)) and presented the concrete construction (21). In addition, we unified all the above semigroups in one object, viz. a wreath rectangular band.

4For convenience and clearness we display some additional relations.

7 Rectangular band continuous representation

The rectangular band multiplication is presented in the right lower corner of the Cayley table. Usually [11, 29] it is defined by one relation

r_{tu} ∗ r_{vw} = r_{tw}. (28)

In our case the indices are even Grassmann parameters from Λ^{1|0}. As for zero semigroups that also leads to some special peculiarities in the ideal structure of such bands. Another difference is the absence of the condition u = v which arises in some applications from the finite nature of indices considered as numbers of corresponding rows and columns in element matrices (see e.g. [32]).

Let us consider the Green’s relations on F^{(1|1)}_α .

Proposition 24 Any two elements in F^{(1|1)}_α are J - and D-equivalent.

Proof. ¿From (28) we derive

r_{tu} ∗ r_{vw} ∗ r_{tu} = r_{tw} ∗ r_{tu} = r_{tu}, (29) r_{vw} ∗ r_{tu} ∗ r_{vw} = r_{vw} ∗ r_{tw} = r_{vw}

for any t, u, v, w ∈ Λ^{1|0}. First we notice that these equalities coincide with the definition of J -classes [11], therefore any two elements are J -equivalent, and so J coincides with the universal relation on F^{(1|1)}_α . Next using (29) we observe that always r_{tu}Rr_{tu} ∗r_{vw} and r_{tu} ∗r_{vw}Lr_{vw}. Since D = L∘R = R∘L (see e.g. [29]), then r_{tu}Dr_{vw}. 2

Assertion 25 Every R-class R_{rtu} consists of elements r_{tu} which are Δ_αequivalent by the first index, i.e. r_{tu}Rr_{vw} ⇔ t − v = Ann α, and every L-class L_{rtu} consists of elements r_{tu} which are Δ_α-equivalent by the second index, i.e. r_{tu}Lr_{vw} ⇔ u − w = Ann α.

Proof. That follows from (29), the manifest rectangular band decomposition (27) and Theorem 21. 2

So that the intersection of L- and R-classes is nonempty. For the ordinary rectangular bands every H-class consists of a single element [11, 29]. In our case the situation is more complicated.

Definition 26 The relation

Δ^{(1|1)}_α = {(r_{tu}, r_{vw}) | t − v = Ann α, u − w = Ann α, r_{tu}, r_{vw} ∈ R_α} . (30) is called a double α-equality relation.

Theorem 27 Every H-class of F^{(1|1)}_α consists of double Δ^{(1|1)}_α -equivalent elements satisfying r_{tu}Δ^{(2)}_α r_{vw}, and so H = Δ^{(1|1)}_α .

Proof. ¿From (29) and the definitions (21) it follows that the intersection of L- and R-classes happens when αt = αv and αu = αw. That gives t = v + Ann α, u = w + Ann α which coincides with the double α-equality relation (30). 2

Let us consider the mapping ψ : F^{(1|1)}_α → F^{(1|1)}_α /R×F^{(1|1)}_α /L which maps an element r_{tu} to its R- and L-classes by ψ (r_{tu}) = {R_{rtu} , L_{rtu} } . (31) In the standard case ψ is a bijection [29]. Now we have Assertion 28 The mapping ψ is a surjection.

Proof. That follows from Theorem 21 and the decomposition (27). 2 Let the Cartesian product F^{(1|1)}_α /R × F^{(1|1)}_α /L is furnished with the rectangular band ⋆-multiplication of its R- and L-classes analogous to (28), i.e. {R_{rtu} , L_{rtu} } ⋆ {R_{rvw} , L_{rvw} } = {R_{rtu} , L_{rvw} } . (32) For the standard rectangular bands the mapping ψ is an isomorphism [29, 41]. In our case we have Theorem 29 The mapping ψ is an epimorphism. Proof. First we observe from (29) that R_{rtu∗rvw} = R_{rtu} , (33) L_{rtu∗rvw} = L_{rvw} , and so under the ⋆-multiplication (32) the mapping ψ is a homomorphism, since ψ (r_{tu} ∗ r_{vw}) = {R_{rtu∗rvw} , L_{rtu∗rvw} } = {R_{rtu} , L_{rvw} } (34) = {R_{rtu} , L_{rtu} } ⋆ {R_{rvw} , L_{rvw} } = ψ (r_{tu}) ∗ ψ (r_{vw}) . Then a surjective homomorphism is an epimorphism (e.g. [26, 27]). 2

8 Higher (njn)-band continuous representations

Almost all above results can be generalized for the higher rectangular (n|n) bands containing 2n continuous even Grassmann parameters. The corresponding matrix construction is

F_{t1t2...tn,u1u2...un}^{def}= 0 αt_1 αt_2 . . . αt_n αu_1 αu_2 . . αu_n I (n × n) ∈ RMat^{odd}_Λ (1|n) , (35)

where t_1, t_2 . . . t_n, u_1, u_2 . . . u_n ∈ Λ^{1|0} are even parameters, α ∈ Λ^{1|0}, I (n × n) is the unit matrix, and the matrix multiplication is F_{t1t2...tn,u1u2...un} F_t0_{1t}0_{2...t}0_{n,u}0_{1u}0_{2...u}0_n = F_{t1t2...tn,u}0_{1u}0_{2...u}0_n . (36) Thus the idempotent supermatrices F_{t1t2...tn,u1u2...un} form a semigroup F^{(n|n)}_α .

Definition 30 A higher (n|n)-band F^{(n|n)}_α ∋ f_{t1t2...tn,u1u2...un} is represented by the supermatrices RMat^{odd}_Λ (1|n) of the form (35).

The results of the Section 5 with some slight differences hold valid for F^{(n|n)}_α as well.

Definition 31 In F^{(n|n)}_α the relation Δ^{(n|n)}_α^{def}= { ( f_{t1t2...tn,u1u2...un} , f_t0_{1t}0_{2...t}0_{n,u}0_{1u}0_{2...u}0_n ) | t_k − t^′_k = Ann α, u_k − u^′_k = Ann α, 1 ≤ k ≤ n, f_{t1t2...tn,u1u2...un} , f_t0_{1t}0_{2...t}0_{n,u}0_{1u}0_{2...u}0_n ∈ F^{(2n)}_α } (37) is called a (n|n)-ple α-equality relation.

The semigroup F^{(n|n)}_α is also epimorphic to F_α, and two Δ^{(n|n)}_α -equivalent elements of F^{(n|n)}_α have the same image.

Let us consider RMat^{odd}_Λ (k|m) idempotent supermatrices of the shape F_{T U}^{def}= ( 0 αT αU I ) , (38) where T (k × m) and U (m × k) are the band even parameter ordinary matrices and I (m × m) is the unit matrix. This band contains maximum 2km parameters from Λ^{1|0}.

The multiplication is ( 0 αT αU I ) ( 0 αT^′ αU^′ I ) = ( 0 αT αU^′ I ) , (39)

which coincides in block form with the rectangular band multiplication (28)

F_{T U} F_T 0_U 0 = F_{T U} 0 . (40)

Theorem 32 If n = km the representations given by (35) and (38) are isomorphic.

Proof. Since in (36) and (40) there exist no multiplication between parameters, and so the representations given by matrices (35) and (38) differ by permutation if n = km. 2

Corollary 33 The supermatrices RMat^{odd}_Λ (1|n) of the shape (35) exhaust all possible (n|n)-band continuous representations.

Remark. The supermatrices (35) represent (k|m)-bands as well, where 1 ≤ k ≤ n, 1 ≤ m ≤ n. In this situation t_{k+1} = 1 + Ann α, . . . t_n = 1 + Ann α, u_{m+1} = 1+Ann α, . . . u_n = 1+Ann α. So the above isomorphism takes place for different bands having the same number of parameters Therefore, we will consider below mostly the full (n|n)-bands, implying that they contain all particular and reduced cases.

Remark. For k = 0 and m = 0 they describe m-right zero semigroups Q^{(m)}_α and k-left zero semigroups P^{(k)}_α respectively having the following multiplication laws (cf. (23) and (26))

q_{u1u2...um} ∗ q_u0_{1u}0_{2...u}0_m = q_u0_{1u}0_{2...u}0_m , p_{t1t2...tk} ∗ p_t0_{1t}0_{2...t}0_k = p_{t1t2...tk} . (41)

Proposition 34 The m-right zero semigroups Q^{(m)}_α and k-left zero semigroups P^{(k)}_α are irreducible in the sense that they cannot be presented as a direct product of “1-dimensional” right zero Q_α and left zero P_α semigroups respectively.

Proof. It follows directly from comparing of the structure of supermatrices (15), (19) and (35). 2

Proposition 35 For the purpose of constructing (k|m)-bands one cannot use “1-dimensional” right zero Q_α and left zero P_α semigroups, because they reduce it to the ordinary “2-dimensional” rectangular band.

Proof. Indeed let f̃_{t1t2...tk ,u1u2...um} = p_{t1} ∗p_{t2} . . .∗p_{tk} ∗q_{u1} ∗q_{u2} . . .∗q_{um} . Then using the Cayley table above we derive f̃_{t1t2...tk ,u1u2...um} = p_{t1} ∗q_{um} which trivially coincides with (27). Thus any combination of elements from “1-dimensional” right zero and left zero semigroups will not lead to new construction other than in the Cayley table. 2

Instead we have the following decomposition of a (k|m)-band into k-left zero semigroup P^{(k)}_α and m-right zero semigroups Q^{(m)}_α k-left zero semigroup P^{(k)}_α f_{t1t2...tk ,u}0_{1u}0_{2...u}0_m = p_{t1t2...tk} ∗ q_u0_{1u}0_{2...u}0_m . (42)

Despite this formula is similar to (27), we stress that the increasing of number of superparameters is not an artificial trick, but a natural way of searching for new constructions leading to generalization of Green’s relations and fine ideal structure of (n|n)-bands, which has no analogs in the standard approach [11, 29, 45].

9 Fine ideal structure of (njn)-bands

Let us consider the Green’s relations for (n|n)-bands. We will try to establish the supermatrix meaning of properties of R, L, D, H-classes. It will allow us to define and study new equivalences most naturally, as well as to clear the previous constructions. For clarity we use (2|2)-band representation, and the extending all the results to (n|n)-bands can be easily done without further detail explanations.

The exact shape of the (2|2)-band F^{(2|2)}_α ∋ f_{t1t2,u1u2} supermatrix representation is F_{t1t2,u1u2} = 0 αt_1 αt_2 αu_1 1 0 αu_2 0 1 . (43)

According to the definition of R-classes [11], two elements F_{t1t2,u1u2} and F_t0_{1t}0_{2,u}0_{1u}0_2 are R-equivalent iff there exist two another elements X_{x1x2,y1y2} , W_{v1v2,w1w2} such that F_{t1t2,u1u2} X_{x1x2,y1y2} = F_t0_{1t}0_{2,u}0_{1u}0_2 and F_t0_{1t}0_{2,u}0_{1u}0_2 W_{v1v2,w1w2} = F_{t1t2,u1u2} simultaneously. In manifest form

F_{t1t2,u1u2} X_{x1x2,y1y2} = 0 αt_1 αt_2 αy_1 1 0 αy_2 0 1 = 0 αt^′_1 αt^′_2 αu^′_1 1 0 αu^′_2 0 1

(44)

and F_t0_{1t}0_{2,u}0_{1u}0_2 W_{v1v2,w1w2} =

0 αt^′_1 αt^′_2 αw_1 1 0 αw_2 0 1 = 0 αt_1 αt_2 αu_1 1 0 αu_2 0 1 . (45)

To satisfy the last equalities in (44) and (45) we should choose

αy_1 = αu^′_1, αy_1 = αu^′_1, αw_1 = αu_1, αw_2 = αu_2,

(46) and αt_1 = αt^′_1, αt_2 = αt^′_2. (47)

Due to the arbitrariness of X_{x1x2,y1y2} and W_{v1v2,w1w2} the first equalities (46) can be always solved by parameter choice. The second equations (47) are the definition of R-class of (2|2)-band in the supermatrix interpretation. Thus we have the following general

Definition 36 The R-classes of (n|n)-band consist of elements having all (!) αt_k fixed, where 1 ≤ k ≤ n.

As the dual counterpart we formulate

Definition 37 The L-classes of (n|n)-band consist of elements having all (!) αu_k fixed, where 1 ≤ k ≤ n.

In such a picture it is obvious that the join of these relations D = R ∨ L covers all possible elements, and therefore any two elements in (n|n)-band are D-equivalent (cf. Proposition 24) . The intersection of them H = R ∩ L obviously consists of the elements with all (!) αt_k and αu_k fixed. Indeed there is here the source of the (n|n)-ple α-equality relation definition (37).

Proposition 38 In (2|2)-band J -relation coincides with the universal relation.

Proof. Multiplying (44) by F_{t1t2,u1u2} from the right and by X_{x1x2,y1y2} from the left we obtain F_{t1t2,u1u2} X_{x1x2,y1y2} F_{t1t2,u1u2} = F_{t1t2,u1u2} , X_{x1x2,y1y2} F_{t1t2,u1u2} X_{x1x2,y1y2} = X_{x1x2,y1y2} (48)

for any t_1, t_2, u_1, u_2, x_1, x_2, y_1, y_2 ∈ Λ^{(1|0)}, which coincides with the definition of J -relation. The arbitrariness of F_{t1t2,u1u2} and X_{x1x2,y1y2} proves the statement. 2

Summing up the standard approach for (2|2)-bands we have

f_{t1t2,u1u2} Rf_t0_{1t}0_{2,u}0_{1u}0_2 ⇔ {αt_1 = αt^′_1 ∧ αt_2 = αt^′_2} , (49)

f_{t1t2,u1u2} Lf_t0_{1t}0_{2,u}0_{1u}0_2 ⇔ {αu_1 = αu^′_1 ∧ αu_2 = αu^′_2} , (50)

f_{t1t2,u1u2} Df_t0_{1t}0_{2,u}0_{1u}0_2 ⇔ { (αt_1 = αt^′_1 ∧ αt_2 = αt^′_2) ∨ (αu_1 = αu^′_1 ∧ αu_2 = αu^′_2) } , (51)

f_{t1t2,u1u2} Hf_t0_{1t}0_{2,u}0_{1u}0_2 ⇔ { (αt_1 = αt^′_1 ∧ αt_2 = αt^′_2) ∧ (αu_1 = αu^′_1 ∧ αu_2 = αu^′_2) } . (52)

Now we are ready to introduce the fine ideal structure and understand what was missed by the standard approach. From (49) and (50) it is seen that the separate four possibilities for the equations to satisfy are not covered by the ordinary R- and L-equivalent relations. It is clear , why we wrote above exclamation marks: these statements will be revised. So we are forced to define more general relations, we call them “fine equivalent relations”. They are appropriate to describe all possible classes of elements in (n|n)-bands missed by the standard approach. First we define them as applied to our particular case for clarity.

Definition 39 The fine R^{(k)}- and L^{(k)}-relations on the (2|2)-band are defined by f_{t1t2,u1u2} R^{(1)}f_t0_{1t}0_{2,u}0_{1u}0_2 ⇔ {αt_1 = αt^′_1} , (53) f_{t1t2,u1u2} R^{(2)}f_t0_{1t}0_{2,u}0_{1u}0_2 ⇔ {αt_2 = αt^′_2} , (54) f_{t1t2,u1u2} L^{(1)}f_t0_{1t}0_{2,u}0_{1u}0_2 ⇔ {αu_1 = αu^′_1} , (55) f_{t1t2,u1u2} L^{(2)}f_t0_{1t}0_{2,u}0_{1u}0_2 ⇔ {αu_2 = αu^′_2} . (56)

Proposition 40 The fine R^{(k)}- and L^{(k)}-relations are equivalence relations. Proof. Follows from the manifest form of the multiplication and (44) and (45). 2

Therefore, they divide F^{(2|2)}_α to four fine equivalence classes F^{(2|2)}_α /R^{(k)} and F^{(2|2)}_α /L^{(k)} as follows R^{(1)}_f = { f_{t1t2,u1u2} ∈ F^{(2|2)}_α | αt_1 = const } , (57)

R^{(2)}_f = { f_{t1t2,u1u2} ∈ F^{(2|2)}_α | αt_2 = const } , (58) L^{(1)}_f = { f_{t1t2,u1u2} ∈ F^{(2|2)}_α | αu_1 = const } , (59) L^{(2)}_f = { f_{t1t2,u1u2} ∈ F^{(2|2)}_α | αu_2 = const } . (60) For clearness we can present schematically R^{(1)}_f R^{(2)}_f ↕ ↕

L^{(1)}_f ↔ L^{(2)}_f ↔

0 αt_1 αt_2 αu_1 1 0 αu_2 0 1 , (61) where arrows show which element of the supermatrix is fixed according to a given fine equivalence relation.

¿From them we can obtain all known relations R^{(1)} ∩ R^{(2)} = R, (62) L^{(1)} ∩ L^{(2)} = L, (63) and ( R^{(1)} ∩ R^{(2)} ) ∩ ( L^{(1)} ∩ L^{(2)} ) = H, (64)

( R^{(1)} ∩ R^{(2)} ) ∨ ( L^{(1)} ∩ L^{(2)} ) = D. (65) However there are many other possible “mixed” equivalences which can be classified using the definitions H^{(i|j)} = R^{(i)} ∩ L^{(j)}, (66) D^{(i|j)} = R^{(i)} ∨ L^{(j)}, (67) H^{(ij|k)} = ( R^{(i)} ∩ R^{(j)} ) ∩ L^{(k)}, (68) H^{(i|kl)} = R^{(i)} ∩ ( L^{(k)} ∩ L^{(l)} ) , (69) D^{(ij|k)} = ( R^{(i)} ∩ R^{(j)} ) ∨ L^{(k)}, (70) D^{(i|kl)} = R^{(i)} ∨ ( L^{(k)} ∩ L^{(l)} ) . (71) The graphic interpretation of the mixed equivalence relations is given by the following diagram

H H^{(12|1)}

H^{(2|1)} H^{(2|12)} H^{(2|2)}

H^{(12|2)}

H^{(1|2)}

H^{(1|12)}

H^{(1|1)}

R^{(2)}

R^{(1)}

R

L L^{(1)}

L^{(2)}

   ¯˘˚ˇ

   ¯˘˚ˇ
¯˘˚ˇ

(72) where the standard Green’s relations are marked with circles. In (72) the standard R- and L-relations occupy 4 small squares longwise, the H^{(i|j)}- relations occupy 4 small squares in square, the H^{(ij|k)}- and H^{(i|jk)}-relations occupy 2 small squares, the standard H-relation occupies 1 small square.

We observe that the mixed relations (66)-(71) are “wider” in some sense than the standard ones (62)-(65). Therefore, using them we are able to describe thoroughly and appropriately all classes of elements from (n|n)- bands including those which are missed when one uses the standard Green’s relations only^5.

For every mixed relation above we can determine a corresponding class using obvious definitions. Then for every mixed D-class we can build the mixed eggbox diagram [11] of the fine R, L-classes which will have so many dimensions how many terms a given mixed relation has in its right hand side of (67), (70) and (71). For instance, the eggbox diagrams of D^{(i|j)}- classes are two dimensional, but ones of D^{(ij|k)} and D^{(i|jk)}-classes should be 3-dimensional. In case of (n|n)-bands one has to consider all possible kdimensional eggbox diagrams, where 2 ≤ k ≤ n − 1.

The introduced fine equivalence relations (53)-(56) admit a subsemigroup interpretation.

Lemma 41 The elements of F^{(n|n)}_α having αt_k = β_k and αu_k = γ_k, where β_k, γ_k ∈ Λ^{0|1} are fixed, and 1 ≤ k ≤ m, form various m-index subsemigroups.

Proof. It follows from the manifest form of matrix multiplication in (35). 2 We consider (n − 1)-index subsemigroups of F^{(n|n)}_α . They consist of elements having all but one αt_k and all but one αu_k fixed. Let

U^{(k)}_α^{def}= { f_{t1t2...tn,u1u2...un} ∈ F^{(n|n)}_α | ∧_{i≠k} αt_i = β_i ∧_{i≠k} αu_i = γ_i } (73)

be a (n − 1)-index subsemigroup which has only one nonfixed pair αt_k, αu_k. The Green’s relations on the subsemigroup U^{(k)}_α are the following f_{t1t2...tn,u1u2...un} R^{(k)}_U f_t0_{1t}0_{2...t}0_{n,u}0_{1u}0_{2...u}0_n ⇔ {αt_k = αt^′_k} , (74) f_{t1t2...tn,u1u2...un} L^{(k)}_U f_t0_{1t}0_{2...t}0_{n,u}0_{1u}0_{2...u}0_n ⇔ {αu_k = αu^′_k} , (75) f_{t1t2...tn,u1u2...un} H^{(k)}_U f_t0_{1t}0_{2...t}0_{n,u}0_{1u}0_{2...u}0_n ⇔ {αt_k = αt^′_k ∧ αu_k = αu^′_k} , (76) f_{t1t2...tn,u1u2...un} D^{(k)}_U f_t0_{1t}0_{2...t}0_{n,u}0_{1u}0_{2...u}0_n ⇔ {αt_k = αt^′_k ∨ αu_k = αu^′_k} , (77) where f_{t1t2...tn,u1u2...un} , f_t0_{1t}0_{2...t}0_{n,u}0_{1u}0_{2...u}0_n ∈ U^{(k)}_α ⊂ F^{(n|n)}_α . 5For nonnegative ordinary matrices the generalized Green’s relations (in some different sense) were studied in [64].

Theorem 42 The Green’s relations on U^{(k)}_α are the restrictions of the corresponding fine relations (53)-(56) on F^{(n|n)}_α to the subsemigroup U^{(k)}_α

R^{(k)}_U = R^{(k)} ∩ ( U^{(k)}_α × U^{(k)}_α ) , (78)

L^{(k)}_U = L^{(k)} ∩ ( U^{(k)}_α × U^{(k)}_α ) , (79)

H^{(k)}_U = H^{(k|k)} ∩ ( U^{(k)}_α × U^{(k)}_α ) , (80)

D^{(k)}_U = D^{(k|k)} ∩ ( U^{(k)}_α × U^{(k)}_α ) . (81)

Proof. It is sufficient to prove the statement for the particular case of F^{(2|2)}_α and U^{(1)}_α , and then to derive the general one by induction. Using the manifest form of R-class definition (44)-(45) we conclude that the condition αt_1 = αt^′_1 is common for the fine R^{(k)}-classes and for the subsemigroup R^{(k)}_U -classes. By analogy one can prove other equalities. 2

Remark. The second condition αt_2 = αt^′_2 (which is a second part of the definition of the ordinary R-relation for F^{(2|2)}_α (49)) holds in U^{(1)}_α as well, but due to the subsemigroup own definition (αt_2 = β_2 = const, αu_2 = γ_2 = const), however αt_2 = αt^′_2 does not enter to the fine relation R^{(k)} at all. Therefore the latter is the most general one among the R-relations under consideration.

Remark. The Theorem 42 can be considered in view of [24], where the formulas similar to (78)-(80) were proved, but with ordinary Green’s relations on the right hand side. Referring to the Diagram 72 we conclude that our result contains the ordinary case [24] as a particular one.

Moreover, we assume that the Theorem 42 has more deep sense and gives another treatment to the fine equivalence relations.

Conjecture 43 The Green’s relations on a subsemigroup U of S have as counterpart prolonged images in S indeed the fine equivalence relations on S.

We proved this statement for the particular case of continuous (n|n)- bands. It would be interesting to find and investigate other possible algebraic systems where the Conjecture 43 is true.

References

[1] N. B. Backhouse and A. G. Fellouris, On the superdeterminant function for supermatrices, J. Phys. 17 (1984), 1389–1395.

[2] ———, Grassmann analogs of classical matrix groups, J. Math. Phys.

26 (1985), 1146–1151.

[3] J. W. Baker and M. Lashkarizadeh-Bami, On the representations of certain idempotent topological semigroups, Semigroup Forum 44 (1992), 245–254.

[4] C. Bartocci, U. Bruzzo, and D. Hernandez Ruiperez, The Geometry of Supermanifolds, Kluwer, Dordrecht, 1991.

[5] F. A. Berezin, Introduction to Superanalysis, Reidel, Dordrecht, 1987.

[6] M. A. Berger, Central limit theorem for product of random matrices, Trans. Amer. Math. Soc. 285 (1984), 777–803.

[7] C. P. Boyer and S. Gitler, The theory of G^∞-supermanifolds, Trans.

Amer. Math. Soc. 285 (1984), 241–267.

[8] J. L. Brenner and A. Charnow, Free semigroups of 2×2 matrices, Pacific J. Math. 77 (1978), 57–69.

[9] D. R. Brown and M. Friedberg, Linear representations of certain compact semigroups, Trans. Amer. Math. Soc. 160 (1971), 453–465.

[10] P. Bryant, De Witt supermanifolds and infinite-dimensional ground rings, J. London Math. Soc. 39 (1989), 347–368.

[11] A. H. Clifford and G. B. Preston, The Algebraic Theory of Semigroups, Vol. 1, Amer. Math. Soc., Providence, 1961.

[12] R. W. R. Darling and A. Mukherjea, Probability measures on semigroups of nonnegative matrices, in The Analytical and Topological Theory of Semigroups, (K. H. Hofmann, J. D. Lawson, and J. S. Pym, eds.), Walter de Gruyter, Berlin, 1990, pp. 361–377.

[13] E. B. Davies, One-Parameter Semigroups, Academic Press, London, 1980.

[14] S. Duplij, On N = 4 super Riemann surfaces and superconformal semigroup, J. Phys. A24 (1991), 3167–3179.

[15] ———, On semigroup nature of superconformal symmetry, J. Math.

Phys. 32 (1991), 2959–2965.

[16] ———, Some abstract properties of semigroups appearing in superconformal theories, University of Kaiserslautern, preprint KL-TH-95/11, hep-th-9505179 (to appear in Semigroup Forum), 1995.

[17] ———, Ideal structure of superconformal semigroups, Theor. Math.

Phys. 106 (1996), 355–374.

[18] ———, Noninvertibility and ”semi-” analogs of (super) manifolds, fiber bundles and homotopies, University of Kaiserslautern preprint KL-TH- 96/10, 1996.

[19] ———, On an alternative supermatrix reduction, Lett. Math. Phys. 37 (1996), 385–396.

[20] J. A. Erdos, On products of idempotent matrices, Glasgow Math. J. 8 (1967), 118–122.

[21] V. A. Faiziev, On pseudocharacters of a free semigroup invariant under its endomorphisms, Russian Math. Surv. 47 (1992), 205–206.

[22] S. J. Gates, M. T. Grisaru, M. Rocek, et al., Superspace, Benjamin, Reading, 1983.

[23] P.-A. Grillet, Semigroups, Marcel Dekker, New York, 1994.

[24] T.E. Hall, Congruences and Green’s relations on regular semigroups, Glasgow Math. J. 11 (1972), 167–175.

[25] J. B. Hickey, Semigroups under sandwich operation, Proc. Edinburgh Math. Soc. 26 (1983), 371–382.

[26] P. M. Higgins, A semigroup with an epimorphically embedded subband, Bull. Amer. Math. Soc. 27 (1983), 231–242.

[27] ———, Completely semisimple semigroups and epimorphisms, Proc.

Amer. Math. Soc. 96 (1986), 387–390.

[28] E. Hille and R. S. Phillips, Functional Analysis and Semigroups, Amer.

Math. Soc., Providence, 1957.

[29] J. M. Howie, An Introduction to Semigroup Theory, Academic Press, London, 1976.

[30] V. Hussin and L. M. Nieto, Supergroups factorizations through matrix realization, J. Math. Phys. 34 (1993), 4199–4220.

[31] Y. Kobayashi and S. Nagamishi, Characteristic functions and invariants of supermatrices, J. Math. Phys. 31 (1990), 2726–2730.

[32] G. Lallement, Semigroups and Combinatorial Applications, Willey, New York, 1979.

[33] G. Lallement and M. Petrich, Irreducible matrix representations of finite semigroups, Trans. Amer. Math. Soc. 139 (1969), 393–412.

[34] D. Leites, Supermanifold Theory, Math. Methods Sci. Invest., Petrozavodsk, 1983.

[35] D. A. Leites, Introduction to the theory of supermanifolds, Russian Math. Surv. 35 (1980), 1–64.

[36] E. S. Ljapin, Semigroups, Amer. Math. Soc., Providence, 1968.

[37] K. D. Magill, P. R. Misra, and U. B. Tewari, Structure spaces for sandwich semigroups, Pacific J. Math. 99 (1982), 399–412.

[38] D. B. McAlister, Representations of semigroups by linear transformations, 1,2, Semigroup Forum 2 (1971), 189–320.

[39] A. Mukherjea, Convergence in distribution of products of random matrices: a semigroup approach, Trans. Amer. Math. Soc. 303 (1987), 395–411.

[40] J. Okniński, Linear representations of semigroups, in Monoids and Semigroups with Applications, (J. Rhodes, ed.), World Sci., River Edge, 1991, pp. 257–277.

[41] F. Pastijn, Embedding semigroups in semibands, Semigroup Forum 14 (1977), 247–263.

[42] V. Pestov, Ground algebras for superanalysis, Rep. Math. Phys. 29 (1991), 275–287.

[43] ———, Nonstandard hulls of normed Grassmannian algebras and their application in superanalysis, Soviet Math. Dokl. 317 (1991), 565–569.

[44] ———, Soul expansion of G^∞ superfunctions, J. Math. Phys. 34 (1993), 3316–3323.

[45] M. Petrich, Introduction to Semigroups, Merill, Columbus, 1973.

[46] J. S. Ponizovskii, On irreducible matrix semigroups, Semigroup Forum 24 (1982), 117–148.

[47] ———, On a type of matrix semigroups, Semigroup Forum 44 (1992), 125–128.

[48] ———, On matrix semigroups over a field K conjugate to matrix semigroups over a proper subfield of K, in Semigroups with Applications, (J. M. Howie, W. D. Munn, and H. J. Weinert, eds.), World Sci., Singapore, 1992, pp. 1–5.

[49] D. Prasad and K. D. Singh, Matrix representation of semigroups, J.

Bihar Math. Soc. 13 (1990), 45–48.

[50] M. S. Putcha, Matrix semigroups, Proc. Amer. Math. Soc. 88 (1983), 386–390.

[51] ———, Linear Algebraic Monoids, Cambridge Univ. Press, Cambridge, 1988.

[52] J. Rhodes and Y. Zalstein, Elementary representation and character theory of finite semigroups and its application, in Monoids and Semigroups With Applications, (J. Rhodes, ed.), World Sci., River Edge, 1991, pp. 334–367.

[53] A. Rogers, A global theory of supermanifolds, J. Math. Phys. 21 (1980), 1352–1365.

[54] ———, Graded manifolds, supermanifolds and infinite-dimensional Grassmann algebras, Comm. Math. Phys. 105 (1986), 374–384.

[55] J. Rzewuski, Supermatrix manifolds, Rev. Math. Phys. 29 (1991), 321–336.

[56] A. S. Schwarz, To the definition of superspace, Theor. Math. Phys. 60 (1984), 37–42.

[57] I. P Shestakov, Superalgebras as a building material for constructing counterexamples, in Hadronic Mechanics and Nonpotential Interaction, Nova Sci. Publ., Commack, NY, 1992, pp. 53–64.

[58] W. S. Sizer, Representations of semigroups of idempotents, Czech. Math.

J. 30 (1980), 369–375.

[59] L. F. Urrutia and N. Morales, The Cayley-Hamilton theorem for supermatrices, J. Phys. A27 (1994), 1981–1997.

[60] V. S. Vladimirov and I. V. Volovich, Superanalysis. 1. Differential calculus, Theor. Math. Phys. 59 (1984), 3–27.

[61] D. V. Volkov and V. P. Akulov, On the possible universal neutrino interaction, JETP Lett 16 (1972), 621–624.

[62] J. Wess and B. Zumino, Superspace formulation of supergravity, Phys.

Lett. B66 (1977), 361–364.

[63] B. S. De Witt, Supermanifolds, Cambridge Univ. Press, Cambridge, 1984.

[64] S. J. Yang and G. P. Barker, Generalized Green’s relations, Czech.

Math. J. 42 (1992), 211–224.

[65] Y. Zalstein, Studies in the representation theory of finite semigroups, Trans. Amer. Math. Soc. 161 (1971), 71–87.