Localized Classical Waves Created by Defects

Alexander Figotin^� Department of Mathematics University of North Carolina at Charlotte

Charlotte, NC 28223 figotin@mosaic.uncc.edu

Abel Klein^y Department of Mathematics University of California, Irvine Irvine, CA 92717-3875 aklein@math.uci.edu

April 25, 1997

Abstract

We study acoustic and electromagnetic waves in a periodic medium (or any other background medium with a spectral gap) disturbed by a single defect, i.e., a local disturbance analogous to a well potential in solid state physics. We show that defects do not change the essential spectrum of the associated nonnegative operators and can only create isolated eigenvalues of finite multiplicity in a gap of the periodic medium, with the eigenmodes decaying exponentially. We give a constructive and simple description of defects in acoustic and dielectric media, including a simple condition on the parameters of the medium and of the defect, which ensures the rise of a localized eigenmode with

�This author was supported by the U.S. Air Force Grant F49620-94-1-0172. yThis author was supported in part by the NSF Grant DMS-9500720 .

the corresponding eigenvalue in a specified subinterval of the given gap of the periodic medium.

KEY WORDS: Electromagnetic waves, acoustic waves, localization, photonic localization, periodic medium, spectral gap, photonic crystals, photonic band gaps, defects.

1 Introduction

Localization of classical waves, acoustic and electromagnetic, have received much attention in recent years (e.g., [An, J1, J2, DE, Sc, VP, M] and references therein). This phenomenon arises from coherent multiple scattering and interference and occurs when the scale of the coherent multiple scattering reduces to the wavelength itself. Numerous potential applications (e.g., [DE, J2, VP]), for instance, the optical transistor, and the fundamental significance of localization of classical waves motivate the interest in this phenomenon.

In this article we study localization phenomena due to a single defect on a periodic medium (or any other background medium with a spectral gap). We have previously given rigorous proofs of Anderson localization due to a random array of defects, both in the lattice case [FK1, FK2], and in the true continuum case [FK3, FK4].

It is a well known fact in solid state physics that a well potential in three dimensional space of depth U and of radius a generates an exponentially localized state if a^2U >^{π2h̄2}_{8m} , where m is the mass of the quantum particle (e.g., [S]). In this paper we give a similar condition on a single defect in a periodic medium with a gap in the spectrum (more generally, in any background medium with a gap in the spectrum), which ensures the rise of exponentially localized eigenmodes for classical acoustic and electromagnetic waves, with the eigenvalue in any specified closed subinterval of a given gap of the background medium.

We study acoustic and electromagnetic waves which are described by the formally self-adjoint operators A = A(ε) = −∇ · 1 ε(x) ∇ on L^2(R^d), (1) and M = M(ε) = ∇^× 1 ε(x) ∇^× on S, (2)

where S, the space of solenoidal fields, is the closure in L^2(R^3; C^3) of the linear subset {Ψ ∈ C^1_0 (R^3; C^3); ∇ · Ψ = 0}. We use the notation

∇^×Ψ = ∇×Ψ = curl Ψ; ∇ · Ψ = div Ψ.

We also set M = M(ε) = ∇^× 1 ε(x) ∇^× on L^2(R^3; C^3). (3)

The function ε(x) describes the medium; it is the position dependent mass density for acoustic waves, and the position dependent dielectric constant for electromagnetic waves. We deliberately pick the same notation ε(x) for the coefficients of the above operators, even so they have different physical meaning, in order to emphasize their similarity and describe uniformly their common spectral properties.

We always assume that ε(x) is a measurable real valued function satisfying

0 < ε_− ≤ ε(x) ≤ ε_+ < ∞ a.e. for some constants ε_− and ε_+. (4)

Localized acoustic or electromagnetic waves are finite energy solutions of the acoustic or Maxwell equations with the property that almost all of the wave’s energy remains in a fixed bounded region of space at all times. They can be constructed from exponentially localized eigenmodes of the acoustic operator A or the Maxwell operator M. (See the discussion in [FK3, FK4].)

A defect is a perturbation of a given medium in a finite domain. Defects in the medium are expected to generate localized waves by creating localized eigenmodes of A or M. This phenomenon is analogous to the rise of the localized eigenmodes for electrons described by Schrödinger operators, due to defects such as a well potential satisfying some simple conditions on its width and depth (e.g., [S]).

In spite of the fundamental similarity between the creation of localized eigenmodes for classical and electron waves, there are some important differences. First of all, for the electron it suffices to perturb a homogeneous medium (i.e., a constant potential) locally in order to generate a localized eigenmode. For classical waves a local perturbation of a homogenous media

(i.e., ε_0(x) is constant) cannot generate a localized eigenmode. This can be easily seen from the consideration of a one dimensional model. Indeed, in that case we consider the eigenvalue problem − ( 1 ε(x) u ′(x) )′ = λu^′(x), x ∈ R, where ε(x) = const if |x| > R for some R and λ is a positive number. It is clear that this equation cannot have square integrable solutions. Since, in general, the one dimensional case is the most favorable for localization, we should not expect localization under this circumstances in the multidimensional case.

The reason for this difference between classical waves and electrons can be explained as follows. The motion of the electron in a homogenous medium is described by the Schrödinger operator H_0 = −Δ + V_0 with a constant potential V_0 (x) ≡ v_0. Clearly the spectrum σ (H_0) = [v_0, ∞), so we may consider the infinite interval (−∞, v_0) as a gap in the spectrum of the operator H_0. Notice that the edge v_0 of the gap depends on the homogeneous medium. Hence, if we perturb this homogeneous medium by a defect, say by a potential well, the spectrum could expand in the interior of the gap (−∞, v_0), and if this happens the corresponding eigenmodes will be exponentially localized. For classical waves in a homogeneous medium , described by an acoustic operator A or Maxwell operator M with constant ε(x), we always have σ (A) = σ (M) = [0, ∞), so, as for Schrödinger, we may consider the infinite interval (−∞, 0) as a gap in the spectrum. But for classical waves the bottom 0 of the spectrum does not depend on the ε(x) of the medium at all. This is why any local perturbation of any medium by a defect does not expand the spectrum into the gap (−∞, 0), as we saw in the one-dimensional model.

Thus, in order to employ a mechanism for localization of classical waves similar to the one for electronic localization, we start with a medium described by a coefficient ε_0(x), such that the corresponding acoustic or Maxwell operator has a gap inside its spectrum, and the edges of the gaps must depend on the medium, i.e., on the coefficient ε_0(x). Such media with media dependent gaps can be perturbed locally by a defect and generate exponentially localized eigenmodes with corresponding eigenvalues in the interior of the gaps.

The most natural way to obtain media with gaps in the spectrum is to consider periodic media, i.e., media described by periodic ε_0(x). In this case, the spectra of the operators A_0 and M0, according to Floquet-Bloch theory, have band-gap structure and can have gaps. The existence of gaps for some periodic dielectric and acoustic media has been proved in [FKu1, FKu2].

In this article we show that defects satisfying rather simple conditions do generate localized eigenmodes with corresponding eigenvalues in the gaps, and that the interior of the gaps contains no points of accumulation of those eigenvalues. We give a constructive description of defects in acoustic and dielectric media, including a simple condition on the parameters of the medium and of the defect, that deposit localized eigenvalues (i.e., with exponentially localized eigenmodes) in any specified closed subinterval of a gap.

2 Statement of results

A and M are rigorously defined as as the nonnegative self-adjoint operators on L^2(R^d) and L^2(R^3; C^3), respectively, uniquely defined by the quadratic forms given by the closure of the nonnegative densely defined quadratic forms A(ψ) = ⟨∇ψ, ∞ ε(§) ∇ψ⟩ ≡ ⌈∑ |=∞ ⟨∂_|ψ, ∞ ε(§) ∂_|ψ⟩, with ψ ∈ C^∞_′ (R^⌈), (5) and M(⊖) = ⟨∇ × ⊖, ∞ ε(§) ∇ × ⊖⟩, with ⊖ ∈ C^∞_′ (R^∋; C^∋). (6)

We recall Weyl’s decomposition (see [BS]), L^2(R^3; C^3) = S ⊕ G , where G , the space of potential fields, is the closure in L^2(R^3; C^3) of the linear subset {Ψ ∈ C^1_0 (R^3; C^3); Ψ = ∇φ with φ ∈ C^1_0 (R^3)}. The spaces S and G are left invariant by M, with G ⊂ D (M) and M|G = 0. We define M as the restriction of M to S, i.e., D (M) = D (M) ∩ S and M = M|D (M) ∩ S. Thus M = PSMIS = MIS, (7)

with PS the orthogonal projection onto S and IS : S → L^2(R^3; C^3) the restriction of the identity map. Notice M = M ⊕ 0G , so we can work with M to answer questions about the spectrum of M.

In this article we discuss results common to both acoustic and Maxwell operators. Since most of the discussion will apply to both cases, where it simplifies the discussion we will use W to denote either A or M, and ~W to denote either A or M.

In this article the background medium will be described by ε_0(x) (as in (4)), the corresponding operators will be denoted by A_0, M0, M_0, W_0, ~W_0 .

We will say that the medium described by ε(x) (as in (4)) was obtained from the background medium by the insertion of a defect, if ε(x) and ε_0(x) differ only in a bounded domain, i.e., ε(x) − ε_0(x) has compact support. In this case we will say that ε(x) and ε_0(x) differ by a defect.

The operator W_0 will be said to have a gap in the spectrum, if there exist numbers 0 ≤ â < a < b < b̂ such that

σ(W_0) ⋂ [â, b̂] = [â, a] ⋃ [b, b̂]. The interval (a, b) is then called a gap in σ(W_0).

Our first result starts by saying that the insertion of a defect does not change the essential spectrum of our operators; this fact is a corollary to Weyl’s Theorem on the stability of the essential spectrum [RS4, Section XIII.4]. If the background operator W_0 has a gap in the spectrum, we show that, in the medium obtained by the insertion of a defect, eigenmodes corresponding to eigenvalues created inside the gap must decay exponentially fast. In this article we say that a function φ decays exponentially fast if it has has exponentially decaying local L^2-norms, i.e., ‖χ_xφ‖_2 decays exponentially as |x| → ∞, where χ_x is the characteristic function of a cube of unit side centered at x. (Notice that if ψ is an eigenmode for an acoustic operator A, then if ψ decays exponentially fast it also decays exponentially fast pointwise, i.e.,|ψ(x)| decays exponentially as |x| → ∞, with at least the same rate of decay as the local L^2-norms [Ag, Theorem 5.1].) If ψ is an eigenmode for an acoustic operator A or a Maxwell operator M, then if ψ decays exponentially fast we also have that its gradient, in the acoustic case, or its curl, in the Maxwell case, also decays exponentially fast, so the energy density of the associated solution of the acoustic equation or Maxwell’s equations also decays exponentially fast [FK3, FK4].

Theorem 1 (Stability of essential spectrum) Suppose ε(x) and ε_0(x) differ by a defect. Then σ_{ess} (W ) = σ_{ess} (W_0) . (8) If (a, b) is a gap in the spectrum of W_0, the spectrum of W in (a, b) consists at most of isolated eigenvalues with finite multiplicity, with the corresponding eigenmodes decaying exponentially fast, with a rate depending on the distance from the eigenvalue to the edges of the gap.

At this point we should ask if there is a way to ensure the rise of at least one eigenvalue in a gap of W_0 by introducing a defect. By Theorem 1 such an eigenvalue will be localized. (An eigenvalue will be said to be localized if it is isolated with finite multiplicity, with the corresponding eigenmodes decaying exponentially fast.) The next theorem shows that one can introduce simply defined defects which generate localized eigenvalues in any gap of W_0.

A simple way to tailor these defects is as follows. Let Ω be a bounded subset of R^d with nonempty interior Ω^∘; without loss of generality we assume 0 ∈ Ω^∘. Typically, we take Ω to be the cube Λ of side 1 centered at the origin, or the ball B of radius 1 centered at the origin. We set Ω_ℓ = ℓΩ for ℓ > 0, so Λ_ℓ is the cube of side ℓ centered at the origin, etc. We insert a defect by changing the value of ε_0(x) inside Ω_ℓ to a given constant ϵ > 0, i.e., we set

ε (x) = ε_{ϵ,ℓ} (x) = { ϵ if x ∈ Ω_ℓ ε_0 (x) otherwise. (9) If (a, b) is a gap in the spectrum of W_0, we will show that we can deposit a localized eigenvalue of W inside any specified closed subinterval of (a, b), by inserting such a defect with ℓ^2ϵ large enough, how large depending only on the geometry of Ω and on the specified closed subinterval. We write C^2_0 (Ω, R) = {ξ ∈ C^2_0 (R^d, R); supp ξ ⊂ Ω^∘} and use S_d to denote the unit sphere in R^d.

Theorem 2 (Creation of localized eigenvalues) Let (a, b) be a gap in the spectrum of W_0, select μ ∈ (a, b), and pick 0 < γ < 1 such that the interval [μ(1 − γ), μ(1 + γ)] is contained in the gap, i.e., [μ(1 − γ), μ(1 + γ)] ⊂ (a, b). If ε (x) = ε_{ϵ,ℓ} (x) is as in (9), with ℓ^2ϵ > 2 μγ^2 inf ξ∈C20 (Ω,R), ‖ξ‖=1 κ̂∈S_d ‖κ̂ · ∇ξ‖^2 1 + 1 + ‖Δξ‖^2 4‖κ̂ · ∇ξ‖^4 γ^2 , (10)

the corresponding operator W has at least one localized eigenvalue inside the interval [μ(1 − γ), μ(1 + γ)]. The eigenmodes corresponding to such eigenvalues decay exponentially fast, with a rate of exponential decay bigger or equal to m_{a,b,μ,γ,ε0,−,ϵ} = η_{a,b,μ,γ} 4 [(min{ε_{0,−}, ϵ})^{−1} + μ(1 + γ) + η_{a,b,μ,γ}] , (11) where η_{a,b,μ,γ} = min{μ(1 − γ) − a, b − μ(1 + γ)}.

Remark 3 The lower bound for ℓ^2ϵ given in (10) to guarantee the existence of a localized eigenvalue depends only on the geometry of the support of the defect, the location μ and the relative half-width γ of of the specified interval. To guarantee the creation of at least one localized eigenvalue in the gap (a, b), it suffices to take μ =^{a+b}_2 and γ =^{b−a}_{a+b} in (10).

Remark 4 If Ω is the unit cube Λ in R^d, we can take ξ(x) =^{Ξ(x)}_{‖Ξ(x)‖} , where Ξ(x) = ∏d i=1 ζ(x_i) with ζ(t) = ( t −^1_2 )2 ( t +^1_2 )2 if −^1_2 ≤ t ≤^1_2 0 otherwise,

(12)

and κ̂ to be the unit vector in the direction of a coordinate axis, so (10) is guaranteed by ℓ^2ϵ > 24 μγ^2 1 + √ 1 + d (5 + 2d) 8 γ^2 . (13) For Maxwell operators we always have d = 3, in which case (13) is just ℓ^2ϵ > 24 μγ^2 1 + √ 1 + 33 8 γ^2 . (14) 3 Stability of the essential spectrum

In this section we prove Theorem 1. We start by proving (8). Let η(x) = 1 ε(x) − 1 ε_0(x) , by our hypotheses it is a bounded measurable function with com-

pact support. We write η(x) = η_+(x) − η_−(x), with η_±(x) = max{±η(x), 0}, and define nonnegative self-adjoint operators A_{η±} = −∇·η_±(x)∇ and M_{η±} = ∇^×η_±(x)∇^× by the respective quadratic forms, as in (5) and (6) (with 1 ε(x) = η±(x)). We also set Mη^± = PSMη^± IS = Mη^± IS as in (7). Using Wη^±

to denote either A_{η±} or M_{η±} , we clearly have W = (W_0 + W_{η+} ) + (−W_{η−} ) as quadratic forms. Since W_0 + W_{η+} = W (ε_1), with ε_1 =^{ε0}_{1+η+ε0} satisfying (4), it suffices to prove (8) when either η(x) ≥ 0 or η(x) ≤ 0 for all x. Thus (8) follows from [RS4, Corollary 4 to Theorem XIII.14], if we can show that, for η(x) ≥ 0, we have (W_0 + I)^{−n}W_η(W_0 + I)^{−n} compact for some positive integer n. This is proven in the following lemma.

Lemma 5 For any ε(x) as in (4) and any bounded measurable function η(x) ≥ 0 with compact support, (W + I)^{−n}W_η(W + I)^{−n} is a Hilbert-Schmidt operator for either n >^d_2 if W = A, or n ≥ 1 if W = M.

Proof. Notice that if 0 ≤ H_1 ≤ H_2, where H_1, H_2 are two self-adjoint operators with H_2 Hilbert-Schmidt, then H_1 is also Hilbert-Schmidt. Thus, since we can always find a continuously differentiable function η̃ with compact support such that η(x) ≤ η̃(x) for all x, it suffices to consider the case when η ≥ 0 is a continuously differentiable function with compact support; χ_η will denote the characteristic function of its support. Notice that we then have A_η = −(η∇ · ∇ + (∇η) · ∇) = −χ_η(η∇ · ∇ + (∇η) · ∇), (15) M_η = η∇^×∇^× + (∇η) × ∇^× = χ_η(η∇^×∇^× + (∇η) × ∇^×). (16)

In addition, we have

‖∇ · ∇(A + I)^{−1}‖ ≤ ε_+, ‖∇^×∇^×(M + I)^{−1}‖ ≤ ε_+, (17) and ‖∇(A + I)^{−1}‖ ≤ √ ε_+, ‖∇^×(M + I)^{−1}‖ ≤ √ ε_+. (18)

The estimates (17) are obvious, we prove (18) for M, the other case being similar. To do so we just notice that, for any Ψ ∈ L^2(R^3; C^3), we have

‖∇^×(M + I)^{−1}Ψ‖^2 ≤ ε_+⟨(M + I)^{−1}Ψ, M(M + I)^{−1}Ψ⟩ ≤ ε_+⟨Ψ, (M + I)^{−1}Ψ⟩ ≤ ε_+‖Ψ‖^2. (19)

Since (A+I)^{−n}χ_η is a Hilbert-Schmidt operator for n >^d_2 [FK3, Proposition 42], the lemma follows from from (15),(17), (18) for W = A. If W = M, we have

(M + I)^{−1}M_η(M + I)^{−1} = PS(M + I)^{−1}M_η(M + I)^{−1}IS, (20)

so the lemma follows from (16)-(18), since PS(M + I)^{−1}χ_η is Hilbert-Schmidt [FK4]. 2

Let (a, b) be a gap in the spectrum of W_0 , and suppose λ ∈ σ(W ) ∩ (a, b). It follows from (8) that λ must be an isolated eigenvalues with finite multiplicity; let ψ be a corresponding eigenmode: ψ ∈ D(W ) with W ψ = λψ.

In the case of Maxwell operators, (a, b) is also a gap in the spectrum of M_0, ψ ∈ D(M), and Mψ = λψ. Let us use ~W to denote either A or M. For any φ ∈ D( ~W_0) we have ⟨φ, ( ~W_0 − λI)ψ⟩ = −⟨φ, ~W_ηψ⟩, (21) so, taking φ = ( ~W_0 − λI)^{−1}ζ we get ⟨ζ, ψ⟩ = −⟨( ~W_0 − λI)^{−1}ζ, ~W_ηψ⟩ = −ϵ⟨χ_η∇^♯( ~W_0 − λI)^{−1}ζ, η∇^♯ψ⟩, (22) where either ∇^♯ = ∇ and ϵ = −1 if ~W = A, or ∇^♯ = ∇^× and ϵ = 1 if ~W = M. Choosing ζ = χ_xψ we get ‖χ_xψ‖^2 ≤ ‖ ‖χ_η∇^♯( ~W_0 − λI)^{−1}χ_x ‖ ‖ ‖ψ‖‖η∇^♯ψ‖ ≤ √ λε_{0,+}‖η‖_∞ ‖ ‖ ‖χ_η∇^♯( ~W_0 − λI)^{−1}χ_x ‖ ‖ ‖ ‖ψ‖^2. (23)

Since we have [FK3, Lemma 13], [FK4] ‖ ‖ ‖χ_y∇^♯( ~W_0 − λI)^{−1}χ_x ‖ ‖ ‖ ≤ C 1 + λ λ_{a,b} e^{−mλ|x−y|}, (24) where C < ∞ is some constant (depending only on ε_{0,±} and the dimension d), λ_{a,b} = min{λ − a, b − λ}, and m_λ = λ_{a,b} 4 [ ε^{−1}_− + λ + λ_{a,b} ] , (25)

it follows from (23) that ψ decays exponentially fast, with a rate depending on the distance λ_{a,b} from the eigenvalue to the edges of the gap.

Theorem 1 is proven.

4 Creation of localized eigenvalues

We now prove Theorem 2. In view of Theorem 1, if we can show that W has spectrum in the gap (a, b) in the spectrum of W_0 (i.e., σ(W ) ∩ (a, b) ≠ ∅), this spectrum must consist of localized eigenvalues only.

So let us select μ ∈ (a, b), and pick 0 < γ < 1 such that the interval [μ(1 − γ), μ(1 + γ)] is contained in the gap, i.e., [μ(1 − γ), μ(1 + γ)] ⊂ (a, b).

Since σ(M) = σ(M), to show σ(W ) ∩ [μ(1 − γ), μ(1 + γ)] ≠ ∅ it suffices to show that σ( ~W ) ∩ [μ(1 − γ), μ(1 + γ)] ≠ ∅. (26)

Recall

dist ( μ, σ ( ~W )) = min φ∈D( ~W )

‖ ‖ ‖ ( ~W − μI ) φ ‖ ‖ ‖ ‖φ‖ . (27)

In particular, if we can find φ ∈ D( ~W ) such that ‖ ‖ ‖ ( ~W − μI ) φ ‖ ‖ ‖ ≤ γμ ‖φ‖ , (28) then (27) and (28) will imply (26), and we can conclude that the operator W has at least one localized eigenvalue in the interval [μ(1 − γ), μ(1 + γ)].

So let ε (x) = ε_{ϵ,ℓ} (x) be as in (9). We will construct a function φ ∈ D( ~W ), with ‖φ‖ = 1 and support in Ω^∘_ℓ , such that (28) holds. In this case the inequality (28) takes the following simple form: ‖ ‖(ϵ^{−1}Γ − μI ) φ ‖ ‖ ≤ γμ, (29) where Γ = −∇·∇ = −Δ in the acoustic case, and Γ = ∇^×∇^× in the Maxwell case. Notice that (29) is the same as ‖(Γ − μ^′I) φ‖ ≤ δ^′, (30) with μ^′ = μϵ and δ^′ = γμϵ.

We start with generalized eigenfunctions for the operator Γ. If Γ = −Δ, we pick κ ∈ R^d such that |κ|^2 = μ^′, and set f_A(x) = e^{iκ·x} ∈ C^∞(R^d). If Γ = ∇^×∇^×, we pick κ, σ ∈ R^3 such that |κ|^2 = μ^′, |σ| = 1, κ · σ = 0, and set f_M (x) = e^{iκ·x}σ = f_A(x)σ ∈ C^∞(R^3; C^3). We will write f_Γ(x) for either f_A(x) or f_M (x); notice that, pointwise, we have

(Γf_Γ)(x) = μ^′f_Γ(x). (31)

To produce the desired φ satisfying (28), we will restrict f_Γ to Ω^∘_ℓ in suitable manner, and prove (30). We now take

φ_Γ(x) = ξ_ℓ(x)f_Γ(x), (32) where ξ_ℓ is a real valued C^2 function with support in Ω^∘_ℓ , with ‖ξ_ℓ‖ = 1. Notice φ_M (x) = φ_A(x)σ. It is clear that φ_Γ ∈ D( ~W ) ∩ D(Γ), with support in Ω^∘_ℓ , and ‖φ_Γ‖ = ‖ξ_ℓ‖ = 1. (33) We consider first the acoustic case. We have

−Δφ_A = ξ_ℓ(−Δf_A) + (−Δξ_ℓ)f_A − 2(∇ξ_ℓ) · (∇f_A) (34) = ϵμ^′φ_A + (−Δξ_ℓ)f_A − 2if_Aκ · (∇ξ_ℓ), (35) so (−Δ − μ^′I)φ_A = (−Δξ_ℓ)f_A − 2(∇ξ_ℓ) · (∇f_A) (36) = (−Δξ_ℓ − 2iκ · ∇ξ_ℓ)f_A. (37)

Thus ‖(−Δ − μ^′I)φ_A‖^2 = ‖Δξ_ℓ‖^2 + 4μ^′‖κ̂ · ∇ξ_ℓ‖^2, (38) where κ̂ = |κ|^{−1}κ.

We now use a scaling argument (i.e., write ξ_ℓ(x) = ξ(ℓ^{−1}x)) to conclude that to obtain (30), it suffices to find ξ ∈ C^2_0 (Ω, R) with ‖ξ‖ = 1, and a unit vector κ̂, such that

ℓ^{−4}‖Δξ‖^2 + 4ℓ^{−2}μ^′‖κ̂ · ∇ξ_ℓ‖^2 ≤ δ^{′2}, (39)

so we have (26) if

ℓ^2ϵ > inf_{ξ,κ̂} 2 γ^2μ ‖κ̂ · ∇ξ‖^2 1 + 1 + ‖Δξ‖^2 4‖κ̂ · ∇ξ‖^4 γ^2 . (40) Thus (10) implies (26).

We now turn to the electromagnetic case. Now d = 3 and we have ∇^×∇^×φ_M = (−∇ · ∇φ_A)σ. (41) Thus ‖ ‖ ‖ ( ϵ^{−1}∇^×∇^× − μI ) φ_M ‖ ‖ ‖ = ‖ ‖ ‖ ( −ϵ^{−1}∇ · ∇ − μI ) φ_A ‖ ‖ ‖ , (42)

so in the electromagnetic case we also have (26) if (10) holds with d = 3.

Since (11) follows from (25), Theorem 2 is proven.

References

[An] P. W. Anderson, A Question of Classical Localization. A Theory of White Paint, Philosophical Magazine B 53, 505-509, 1958.

[Ag] S. Agmon, Lectures on Exponential Decay of Solutions of Second- Order Elliptic Equation, Mathematical Notes 29, Princeton University Press, 1982.

[BS] M. Sh. Birman and M. Z. Solomyak, L^2 -Theory of the Maxwell Operator in Arbitrary Domains, Russian Math. Surveys, 42:6, 75- 96, 1987.

[DE] Development and Applications of Materials Exhibiting Photonic Band Gaps, Journal of the Optical Society of America B 10, 280- 413, 1993.

[FK1] A. Figotin and A. Klein, Localization Phenomenon in Gaps of the Spectrum of Random Lattice Operators, J. Stat. Phys. 75, 997-1021, 1994.

[FK2] A. Figotin and A. Klein, Localization of Electromagnetic and Acoustic Waves in Random Media. Lattice Model, J. Stat. Phys. 76, 985- 1003, 1994 .

[FK3] A. Figotin and A. Klein, Localization of Classical Waves II: Acoustic Waves, preprint.

[FK4] A. Figotin and A. Klein, Localization of Classical Waves II: Electromagnetic Waves, in preparation.

[FKu1] A. Figotin and P. Kuchment, Band-Gap Structure of Spectra of Periodic and Acoustic Media. I. Scalar Model, SIAM J. Appl. Math., to appear.

[FKu2] A. Figotin and P. Kuchment, Band-Gap Structure of Spectra of Periodic and Acoustic Media. II. 2D Photonic Crystals, SIAM J. Appl. Math., to appear.

[J1] S. John, Localization of Light, Phys. Today, May 1991.

[J2] S. John, The Localization of Light, in “Photonic Band Gaps and Localization”, NATO ASI Series B: Physical 308, 1993.

[M] J. Maynard, Acoustic Anderson Localization, in “Random Media and Composites”, SIAM, 1988.

[RS4] M. Reed and B. Simon, Methods of Modern Mathematical Physics, Vol.IV, Analysis of Operators, Academic Press, 1978.

[S] L. Schiff, Quantum Mechanics, McGraw-Hill, Inc., 1968. [Sc] Scattering and Localization of Classical Waves, Ed. by P. Sheng, World Scientific, 1990.

[VP] P. R. Villeneuve and M. Piché, Photonic Band Gaps in Periodic Dielectric Structures, Prog. Quant. Electr. 18, 153-200, 1994.