To appear in Communications in Mathematical Physics

Existence of the density of states for multi-dimensional continuum Schrĺodinger operators with Gaussian random potentials?

Werner Fischer, Thomas Hupfer, Hajo Leschke, Peter Mĺuller

Universitĺat Erlangen-Nĺurnberg, Institut fĺur Theoretische Physik, StaudtstraSSe 7, D-91058 Erlangen, Germany

April 28, 1997

Abstract: A Wegner estimate is proved for quantum systems in multi-dimensional Euclidean space which are characterized by one-particle Schrĺodinger operators with random potentials that admit a certain one-parameter decomposition. In particular, the Wegner estimate applies to systems with rather general Gaussian random potentials. As a consequence, these systems possess an absolutely continuous integrated density of states, whose derivative, the density of states, is locally bounded. An explicit upper bound is derived.

1. Introduction

The integrated density of states is a quantity of primary interest in the theory and applications of one-particle random Schrĺodinger operators [SE, BEE+, LGP, CL, PF]. For example, the topological support of the associated measure coincides with the almostsure spectrum of the in^nite-volume operator. Moreover, its knowledge allows to compute the free energy and hence all basic thermostatic quantities of the corresponding non-interacting many-particle system.

An important method to prove the absolute continuity of the integrated density of states, that is, the existence of the density of states, dates back to an idea of Wegner [W]. Nowadays it goes under the name Wegner estimate. Starting with the fundamental work [FS] Wegner-like estimates have also turned out to play a key rĹole in rigorous proofs of Anderson localisation in multi-dimensional space, see e.g. [MH, KS, Sp, vDK, AM, CH, Kl, Ki3]. The so-called spectral-averaging technique [Ko1, Ko2, KS, CH, CHM, BCH, Si2] has been very ef^cient in deriving Wegner estimates for random Schrĺodinger operators in continuous space. To our knowledge however, if the random potential does not possess an underlying lattice structure the estimates obtained so far are not stringent enough as to deduce the absolute continuity

? Research supported by the Deutsche Forschungsgemeinschaft.

of the integrated density of states. Our goal here is to use spectral averaging to prove this property for a truly continuum random potential. More precisely, in building on [CH] we will establish the absolute continuity of the integrated density of states for a Schrĺodinger operator with a rather general Gaussian random potential in d-dimensional Euclidean space R^d for all d ≥ 1. As a by-product we get an explicit upper bound on the density of states. We would also like to remark that the present paper accomplishes one part of the localisation proofs announced in [FLM1] and [FHLM]. The remaining part is deferred to [FLM2].

This paper is organized as follows. In the next section we will formulate our main result. The ^nal section shows that this result is a consequence of a Wegner estimate which is proved to hold for all continuum Schrĺodinger operators whose random potential admits a certain one-parameter decomposition.

2. Main result

Let (Ω, A, P ) be a complete probability space and let V : Ω × R^d → R , (ω, x) → V^{(ω)}(x) be a random ^eld. We list four properties which V may have or not.

(M) V is jointly measurable with respect to the sigma-algebra A and the Borel sigmaalgebra of R^d .

(F) For all bounded open (hyper-) cubes Λ ⊂ R^d the realisations of V are P -almost surely relatively form-bounded with respect to both −^1_2 Δ_{Λ,D} and −^1_2 Δ_{Λ,N} with a relative bound strictly smaller than 1. Here Δ_{Λ,D}, respectively Δ_{Λ,N}, denotes the Dirichlet Laplacian, respectively the Neumann Laplacian on the Hilbert space L^2(Λ) of complex-valued functions on Λ which are square-integrable over Λ with respect to the d-dimensional Lebesgue measure d^dx.

(E) V is ergodic with respect to translations in R^d .

(G) V is a Gaussian random ^eld which is homogeneous with respect to translations

in R^d . It has zero mean,^∫_Ω dP (ω) V^{(ω)}(0) = 0, and its covariance function x →

C(x) := ∫ Ω dP (ω) V^{(ω)}(x)V^{(ω)}(0) is continuous at the origin where it obeys 0 < C(0) < ∞. Remark 1. Consider a random ^eld V with the Gaussian property (G). Then by Bochner’s theorem its covariance function C is bounded and uniformly continuous on R^d . Consequently, [F, Thm. 3.2.2] implies the existence of a separable version of V which has the measurability property (M). From now on it is tacitly asssumed that only this version will be dealt with when we refer to a random ^eld with the property (G). We also remark that (G) implies the form-boundedness property (F). This may be checked with the help of [KM2, Lemma 2.1], since V is P -almost surely in the Lebesgue space L^p(Λ) for any 1 ≤ p < ∞ as follows from ∫ Ω dP (ω) ∫ Λ d^dx |V^{(ω)}(x)|^p = |Λ| √ 2πC(0) ∫ R dv e^{−v2/2C(0)} |v|^p < ∞ , (1) where we have used Fubini’s theorem and the homogeneity of V . Here |Λ| denotes the volume of Λ measured by d^dx. A simple suf^cient criterion for a Gaussian random ^eld to have the ergodicity property (E) is provided by the mixing condition lim_{|x|→∞} C(x) = 0.

De^nition 1. Let Λ ⊂ R^d be a bounded open cube and let V be a random ^eld having the properties (M) and (F). Then the ^nite-volume Schrĺodinger operator

H_{Λ,X}(V ) := −^1_2 Δ_{Λ,X} + V , X = D or X = N , (2)

with random potential V is de^ned on L^2(Λ) as a sum of quadratic forms. Here V acts as a multiplication operator.

Remark 2. It follows from [KM1] and [KM2] that H_{Λ,X}(V ) is measurable and P - almost surely self-adjoint. Its spectrum is P -almost surely discrete and therefore its ^nite-volume integrated density of states

N_{Λ,X}(E) := Tr F_{Λ,X} ( ] − ∞, E[ ) (3) exists P -almost surely. Here Tr denotes the trace over the Hilbert space L^2(Λ) and F_{Λ,X} the spectral family of H_{Λ,X}(V ). Consequently, N^{(ω)}_{Λ,X}(E) is just the number of eigenvalues of H_{Λ,X}(V^{(ω)}), counting multiplicity, which are strictly smaller than E.

After these preparations and writing χ_B for the indicator function of a Borel subset

B ⊂ R^d , we now state a Wegner estimate for NΛ,X in

Theorem 1. Let H_{Λ,X}(V ) be de^ned as in (2) with a random ^eld V having the Gaussian property (G). Moreover, assume that there exist a ^nite signed Borel measure μ

on R^d , a cube Γ ⊂ R^d with |Γ | > 0 and a constant γ > 0 such that the covariance

function obeys ∫

R^d dμ(y) C(x − y) ≥ γ C(0)χ_Γ (x) (4) for all x ∈ R^d .

Then for every energy E ∈ R there is a constant 0 < W (E) < ∞, independent of Λ and X, such that the ^nite-volume integrated density of states (3) obeys ∫ Ω dP (ω) | | |N^{(ω)}_{Λ,X}(E1) − N^{(ω)}_{Λ,X}(E2) | | | ≤ |Λ| |E1 − E2| W (E) (5) for all E_1, E_2 ≤ E and all bounded open cubes Λ ⊂ R^d with |Λ| ≥ |Γ |.

The proof of Theorem 1 will be deferred to the next section.

Remarks 3. (i) In what follows it will be assumed, without loss of generality, that the measure μ is normalized according to ∫ R^d dμ(x) ∫ R^d dμ(y) C(x − y) = C(0) . (6) (ii) If C(x) ≥ 0 for all x ∈ R^d , one may simply choose the signed measure μ to be Dirac’s point measure at the origin. Due to the continuity of C and since C(0) > 0, Condition (4) is then ful^lled with some suf^ciently small cube Γ containing the origin and γ = inf_{x∈Γ} C(x)/C(0). With other choices of μ it is also possible to satisfy (4) for certain covariance functions which take on negative values. An example for the case d = 1 is given by C(x) := ∫ R dy w(x + y)w(y) with w := χ_{[−3,3]} −^5_4 χ_{[−1,1]}. A suitable choice is dμ(x) = m χ_{[−6,6]}(x)dx , Γ =] − 1, 1[ and γ = 8m, where m > 0 is determined by the normalization (6).

(iii) The Lipschitz continuity (5) of the averaged ^nite-volume integrated density of states implies by the Chebyshev-Markov inequality that the probability of ^nding a given energy E_0 near the spectrum of H_{Λ,X}(V ) is controlled by the inequality P ({ ω : dist ( spec ( H_{Λ,X}(V^{(ω)}) ) , E_0 ) < ε }) ≤ |Λ| ε W (E) . (7) It is valid for all bounded open cubes Λ ⊂ R^d with |Λ| ≥ |Γ | and for all energies E_0 ∈ R and ε > 0 such that E_0+ε ≤ E. Actually it is (7) Ű or some weakened form of (7), where, for example, |Λ| is replaced by |Λ|^α with α > 1 Ű that plays a key rĹole in proving Anderson localisation for multi-dimensional random Schrĺodinger operators.

(iv) Theorem 1 can be generalised to situations where the random potential is Gaussian but not R^d -homogeneous, the extension being essentially a matter of notation. This allows in particular to treat correlated Gaussian alloy-type potentials.

Now we assume that the random ^eld V has the ergodicity property (E) in addition to the Gaussian property (G). Due to this and since ∫ Ω dP (ω) exp{−tV^{(ω)}(0)} = exp{t^2C(0)/2} < ∞ for all t > 0, standard techniques show the existence of a nonrandom left-continuous distribution function N on R , called the integrated density of states (per volume) in the macroscopic limit, such that

N(E) = lim_{Λ↑} R^d

N^{(ω)}_{Λ,X}(E) |Λ| . (8)

More precisely, there is a set Ω_0 ∈ A of full probability, P (Ω_0) = 1, such that (8) holds for all ω ∈ Ω_0, for both boundary conditions X and for all E ∈ R except for the at most countably many discontinuity points of N, see [KM2, Ki1] or [Ki2, Sec. 7.3]. The non-randomness of N and Fatou’s lemma imply

|N(E_1) − N(E_2)| ≤ lim inf_{Λ↑} R^d |Λ|^{−1} ∫ Ω dP (ω) | | |N^{(ω)}_{Λ,X}(E1) − N^{(ω)}_{Λ,X}(E2) | | | (9)

for all those E_1, E_2 ∈ R for which (8) is true. Accordingly, Theorem 1 and the leftcontinuity of N yield the Lipschitz continuity of N, namely

|N(E_1) − N(E_2)| ≤ |E_1 − E_2| W ( max{E_1, E_2} ) (10)

for all E_1, E_2 ∈ R . These arguments are summarized in

Corollary 1. Under the assumptions of Theorem 1 and supposing property (E), the integrated density of states in the macroscopic limit is absolutely continuous on any bounded interval and its derivative, the density of states, is locally bounded in the sense that 0 ≤ dN(E) dE ≤ W (E) (11)

for Lebesgue-almost all E ∈ R .

Remark 4. We infer from the proof of Theorem 1, which is presented in the next section, that the Wegner constant may be taken as

W (E) = exp{βE + β^2C_E /2} √ 2πC(0) γ ( 2ℓ^{−1}_E + (2πβ)^{−1/2} )_d , (12) where β > 0 is arbitrary and may be considered as a variational parameter. Furthermore, C_E := C(0)(1 + B^2_E − b^2_E) and the constants ℓ_E , B_E and b_E are de^ned below by (16), (21) and (22), respectively. To get (12) we have made use of the normalization (6). For the simple (but not optimal) choice β = (2C_E )^{−1} ( − E + √ E^2 + 2C_E /π ) one obtains the leading asymptotic low- and high-energy behaviour lim E→−∞ ln W (E)

E^2 = − 1 2C(0)

, (13) lim_{E→∞} W (E) E^{d/2} = 3^d e^{1/2π} √ 2πC(0) γ , (14)

which coincides with the known asymptotics [PF, Thms. 5.29, 9.3] of N except for the value of the constant on the right-hand side of (14).

3. A Wegner estimate for continuum Schrĺodinger operators

In this section we prove Theorem 1 by tracing it back to a Wegner estimate that holds for a wider class of random ^elds than the ones considered so far. The price one has to pay for the increased generality is a couple of more technical notions. From now on the random ^eld V will only be required to ful^l the measurability property (M) and the form-boundedness property (F).

We follow the line of reasoning laid down in [CH]. The strategy there is based on a one-parameter decomposition of the random ^eld from which we abstract

De^nition 2. A random ^eld V : Ω × R^d → R admits a (U, λ, u, ϱ)-decomposition if there exists a random ^eld U : Ω × R^d → R , a random variable λ : Ω → R and a Borel-measurable function u : R^d → R such that

(i) V^{(ω)} = U^{(ω)} + λ^{(ω)}u for P -almost all ω,

(ii) the conditional probability measure of λ relative to the sub-sigma-algebra generated by {U(x)}_{x∈}Rd has a jointly measurable density ϱ : Ω ×R → R_+ with respect to the Lebesgue measure on R . Here R_+ is the set of the non-negative reals.

As a variant of the Wegner estimate in [CH] we state

Theorem 2. Let the cube Λ = ( ⋃_J j=1 Λ_j )_{int} be the interior of the closure of a ^nite union of pairwise disjoint open cubes Λ_j . For a random ^eld V , which has the properties (M) and (F), de^ne H_{Λ,X}(V ) as in (2). Assume that for all 1 ≤ j ≤ J the random ^eld V admits a (U_j , λ_j , u_j , ϱ_j )-decomposition subject to the following three conditions: there exist ^ve strictly positive and ^nite constants ν, v, β, R, Z such that for all 1 ≤ j ≤ J (i) νχ_{Λj} (x) ≤ u_j (x) and u_j (x)χ_{Λj} (x) ≤ v for all x ∈ R^d ,

(ii) ess sup_{ξ∈} R ( ϱ^{(ω)}_j (ξ) max{e^{−βνξ}, e^{−βvξ}} ) ≤ R for P -almost all ω,

(iii) ∫ Ω dP (ω) Tr ( χ_{Λj} exp { − β H_{Λj ,N}(U^{(ω)}_j ) } χ_{Λj} ) ≤ |Λ_j | Z. Here χ_{Λj} is understood as a multiplication operator.

Then the ^nite-volume integrated density of states (3) obeys ∫ Ω dP (ω) | | |N^{(ω)}_{Λ,X}(E1) − N^{(ω)}_{Λ,X}(E2) | | | ≤ |Λ| |E1 − E2| RZ ν e^{β max{E1,E2}} (15)

for both boundary conditions X and all E_1, E_2 ∈ R .

Before we prove Theorem 2 we show how it can be exploited to deduce Theorem 1.

Proof (of Theorem 1). First we recall that the properties (M) and (F) are implied by the Gaussian property (G), cf. Remark 1. Then, given E ∈ R we partition the cube Λ into J < ∞ disjoint cubes Λ_j with edges of length obeying ℓ_E/2 ≤ |Λ_j |^{1/d} ≤ ℓ_E , where we have introduced the energy-dependent length ℓ_E := min {|E|^{−1/2}, |Γ |^{1/d}} . (16) It is only because ℓ_E becomes small with increasing |E| that one obtains the lowenergy behaviour (13) of the Wegner constant W (E). Next we pick a cube Γ_E ⊆ Γ with volume |Γ_E | = ℓ^d_E . In what follows, it will be assumed without loss of generality that the edges of Γ_E are parallel to those of the Λ_j ’s and that the measure μ obeys (6). The main point is that V admits a (U_j , λ_j , u_j , ϱ_j )-decomposition for all j as can be inferred from the de^nitions

λ^{(ω)}_j := (C(0))^{−1/2} ∫ R^d dμ_j (y) V^{(ω)}(y) (17)

u_j (x) := (C(0))^{−1/2} ∫ R^d dμ_j (y) C(x − y) (18)

U^{(ω)}_j (x) := V^{(ω)}(x) − λ^{(ω)}_j u_j (x) (19)

ϱ^{(ω)}_j (ξ) := (2π)^{−1/2} e^{−ξ2/2} . (20)

The signed measures μ_j are de^ned by suitably translating the signed measure μ such that Condition (i) of Theorem 2 is ful^lled with v = √ C(0) B_E and ν = √ C(0) b_E , where

B_E := (C(0))^{−1} sup_{x∈ΓE} ∫ R^d dμ(y) C(x − y) ≤ |μ|(R^d ) , (21) b_E := (C(0))^{−1} inf_{x∈ΓE} ∫ R^d dμ(y) C(x − y) ≥ γ . (22) Note that the integral in (17) is well-de^ned for P -almost all ω because of C(0) < ∞. A decomposition similar to (17) Ű (20) is used for other purposes in [U, p. 185]. The random ^eld U_j is non-homogeneous and Gaussian with zero mean and covariance function D_j (x, y) := C(x − y) − u_j (x)u_j (y) , (23)

which obeys |D_j (x, y)| ≤ C(0)(1 − b^2_E) for all x, y ∈ Λ_j . Moreover, U_j is stochastically independent of the standardized Gaussian random variable λ_j as is consistently taken into account by (20). Hence, Condition (ii) of Theorem 2 is obviously satis^ed with R = (2π)^{−1/2} exp{β^2C(0)B^2_E/2} for any choice of β > 0. It remains to check Condition (iii). To do so we claim that

∫ Ω dP (ω) Tr ( χ_{Λj} exp { −β H_{Λj ,N} (U^{(ω)}_j ) } χ_{Λj} )

≤ Tr ( χ_{Λj} exp { −β H_{Λj ,N} (0) } χ_{Λj} ) sup_{x∈Λj} ∫ Ω dP (ω) e^{−β U (ω)j (x)} . (24)

If U_j is P -almost surely continuous, and hence bounded on Λ_j , this inequality follows from the Golden-Thompson inequality (see e.g. [RS, p. 320]) and Fubini’s theorem. To show (24) under our assumptions on the covariance function, which allow for noncontinuous realisations U^{(ω)}_j with non-zero probability, we adapt the approximation result [Si1, Thm. B.10.1] to the present ^nite-volume situation with Neumann boundary conditions by using the appropriate Feynman-Kac formula [BR, Thm. 6.3.12] and the fact that P -almost surely U_j ∈ L^p(Λ_j ) , exp{−βU_j } ∈ L^1(Λ_j ) for arbitrary ^nite p ≥ 1 and β > 0.

Explicit computations show that the supremum in (24) does not exceed exp{β^2C(0) (1 − b^2_E)/2} and that there is a constant z ≤ ( 2ℓ^{−1}_E +(2πβ)^{−1/2} )_d < ∞ so that the trace on the right-hand side of (24) is bounded by |Λ_j | z. Putting Z := z exp{β^2C(0)(1 − b^2_E )/2} gives Condition (iii) of Theorem 2 and hence completes the proof of Theorem 1.

The rest of the paper is devoted to a proof of Theorem 2.

Proof (of Theorem 2). Let E_2 ≤ E_1 and I := [E_2, E_1[. By de^nition of N_{Λ,X} and by the spectral theorem one has ∫ Ω dP (ω) ( N^{(ω)}_{Λ,X}(E_1) − N^{(ω)}_{Λ,X}(E_2) ) ≤ e^{βE1} ∫ Ω dP (ω) Tr ( F^{(ω)}_{Λ,X}(I) e^{−β HΛ,X(V (ω))} ) . (25) To bound the trace in (25) by J∑ j=1 Tr ( max{e^{−βνλ(ω)j} , e^{−βvλ(ω)j} } F^{(ω)}_{Λ,X}(I) χ_{Λj} exp { − β H_{Λj ,N}(U^{(ω)}_j ) } χ_{Λj} ) (26)

we employ the operator inequality

H_{Λ,X}(V^{(ω)}) ≥ J∑ j=1 χ_{Λj} ( H_{Λj ,N}(U^{(ω)}_j ) + min{νλ^{(ω)}_j , vλ^{(ω)}_j } ) χ_{Λj} (27)

on L^2(Λ) =^J ⨁ j=1 L^2(Λ_j ). It is valid for P -almost all ω and follows from Dirichlet-

Neumann bracketing, the fact that introducing ŞNeumann surfacesŤ lowers eigenvalues (see e.g. [RS, Ch. XIII.15, Prop. 4]), the (U_j , λ_j , u_j , ϱ_j )-decomposition of V and Condition (i) of Theorem 2. Of course, in the case X = N Dirichlet-Neumann bracketing is not needed. Evaluating the trace in (25) in an orthonormal eigenbasis of H_{Λ,X}(V^{(ω)}), using (27) and the Jensen-Peierls inequality [B] one obtains the bound (26).

Let us now estimate the conditional expectation relative to the sub-sigma-algebra generated by {U_j (x)}_{x∈}Rd of the j-th term in the sum (26). Since dominated convergence allows to interchange the trace with the emerging ξ-integration, this conditional expectation may be written as Tr (∫ R dξ Ÿϱ^{(ω)}_j (ξ) F^{(ω)}_{j,ξ,X}(I) χ_{Λj} exp { − β H_{Λj ,N}(U^{(ω)}_j ) } χ_{Λj} ) . (28)

Here we have introduced the abbreviation Ÿϱ^{(ω)}_j (ξ) := ϱ^{(ω)}_j (ξ) max{e^{−βνξ}, e^{−βvξ}} and the spectral family F^{(ω)}_{j,ξ,X} of the operator H_{Λ,X}(U^{(ω)}_j + ξu_j ). Cyclic invariance of the trace and the Hĺolder inequality with the usual operator norm ‖ . ‖ and the trace norm bound (28) from above by ‖ ‖ ‖ ∫ R dξ Ÿϱ^{(ω)}_j (ξ) χ_{Λj} F^{(ω)}_{j,ξ,X}(I) χ_{Λj} ‖ ‖ ‖ Tr ( χ_{Λj} exp { − β H_{Λj ,N}(U^{(ω)}_j ) } χ_{Λj} ) . (29)

Thanks to Conditions (i) and (ii), one can now estimate the operator norm in (29) with the help of the spectral-averaging technique. To do so we apply Corollary 4.2 in [CH] and remark that its validity extends from non-negative bounded functions with compact support to non-negative bounded functions Ÿϱ^{(ω)}_j by a monotone-convergence argument.

In this way we arrive at the ω- and j-independent upper bound |I| R/ν for the operator norm in (29). Hence, according to Condition (iii) the expectation of (28) with respect to dP is bounded by |Λ_j | |I|RZ/ν. By virtue of (25) and (26) the proof is complete.

Acknowledgement. We are grateful to P. D. Hislop for stimulating discussions.

References

[AM] Aizenman, M., Molchanov, S.: Localization at large disorder and at extreme energies: an elementary derivation. Commun. Math. Phys. 157, 245Ű278 (1993) [BCH] Barbaroux, J.-M., Combes, J.-M., Hislop, P.D.: Landau Hamiltonians with unbounded random potentials. Preprint CPTŰ96/P.3352, Centre de Physique Thťeorique Ű CNRS, Marseille, 1996 [B] Berezin, F.A.: Convex operator functions. Math. USSR. Sbornik 17, 269Ű277 (1972). Russian original: Mat. Sbornik 88, 268Ű276 (1972) [BEE+] Bonch-Bruevich, V.L., Enderlein, R., Esser, B., Keiper, R., Mironov, A.G., Zvyagin, I.P.: Elektronentheorie ungeordneter Halbleiter. Berlin: VEB Deutscher Verlag der Wissenschaften 1984. Russian original: Moscow: Nauka 1981 [BR] Bratteli, O., Robinson, D.W.: Operator algebras and quantum statistical mechanics II. New York:

Springer 1981 [CL] Carmona, R., Lacroix, J.: Spectral theory of random Schrĺodinger operators. Boston: Birkhĺauser 1990 [CH] Combes, J.-M., Hislop, P.D.: Localization for some continuous, random Hamiltonians in ddimensions. J. Funct. Anal. 124, 149Ű180 (1994) [CHM] Combes, J.-M., Hislop, P.D., Mourre, E.: Spectral averaging, perturbation of singular spectrum, and localization. Trans. Amer. Math. Soc. 348, 4883Ű4894 (1996) [vDK] von Dreifus, H., Klein, A.: A new proof of localization in the Anderson tight binding model.

Commun. Math. Phys. 124, 285Ű299 (1989) [F] Fernique, X.M.: Regularitťe des trajectoires des fonctions alťeatoires Gaussiennes. In: Hennequin, P.-L. (ed.) Ecole d’Etťe de Probabilitťes de Saint-Flour IV - 1974. Lecture Notes in Mathematics vol. 480, pp. 1Ű96. Berlin: Springer 1975 [FHLM] Fischer, W., Hupfer, T., Leschke, H., Mĺuller, P.: Rigorous results on Schrĺodinger operators with certain Gaussian random potentials in multi-dimensional continuous space. In: Demuth, M., Schulze, B.-W. (eds.) Differential equations, asymptotic analysis, and mathematical physics, pp. 105Ű112. Berlin: Akademie Verlag 1997 [FLM1] Fischer, W., Leschke, H., Mĺuller, P.: Towards localisation by Gaussian random potentials in multidimensional continuous space. Lett. Math. Phys. 38, 343Ű348 (1996) [FLM2] Fischer, W., Leschke, H., Mĺuller, P.: in preparation, to be submitted to J. Stat. Phys. [FS] Frĺohlich, J., Spencer, T.: Absence of diffusion in the Anderson tight binding model for large disorder or low energy. Commun. Math. Phys. 88, 151Ű184 (1983)

[Ki1] Kirsch, W.: Random Schrĺodinger operators and the density of states. In: Albeverio, S., Combe, Ph., Sirugue-Collin, M. (eds.) Stochastic aspects of classical and quantum systems. Lecture Notes in Mathematics vol. 1109, pp. 68Ű102. Berlin: Springer 1985 [Ki2] Kirsch, W.: Random Schrĺodinger operators, a course. In: Holden, H., Jensen, A. (eds.) Schrĺodinger operators. Lecture Notes in Physics vol. 345, pp. 264Ű370. Berlin: Springer 1989 [Ki3] Kirsch, W.: Wegner estimates and Anderson localization for alloy-type potentials. Math. Z. 221, 507Ű512 (1996) [KM1] Kirsch, W., Martinelli, F.: On the ergodic properties of the spectrum of general random operators.

J. Reine Angew. Math. 334, 141Ű156 (1982) [KM2] Kirsch, W., Martinelli, F.: On the density of states of Schrĺodinger operators with a random potential. J. Phys. A 15, 2139Ű2156 (1982) [Kl] Klopp, F.: Localization for some continuous random Schrĺodinger operators. Commun. Math.

Phys. 167, 553Ű569 (1995) [Ko1] Kotani, S.: Lyapunov indices determine absolutely continuous spectra of stationary random onedimensional Schrĺodinger operators. In: ItĹo, K. (ed.) Stochastic analysis, pp. 225Ű247. Amsterdam: North-Holland 1984 [Ko2] Kotani, S.: Lyapunov exponents and spectra for one-dimensional random Schrĺodinger operators.

In: Cohen, J.E., Kesten, H., Newman, C.M. (eds.) Random matrices and their applications. Contemporary Mathematics vol. 50, pp. 277Ű286. Providence, RI: American Mathematical Society 1986 [KS] Kotani, S., Simon, B.: Localization in general one-dimensional random systems II. Continuum Schrĺodinger operators. Commun. Math. Phys. 112, 103Ű119 (1987) [LGP] Lifshits, I.M., Gredeskul, S.A., Pastur, L.A.: Introduction to the theory of disordered systems. New York: Wiley 1988. Russian original: Moscow: Nauka 1982 [MH] Martinelli, F., Holden, H.: On absence of diffusion near the bottom of the spectrum for a random Schrĺodinger operator on L^2(R˚). Commun. Math. Phys. 93, 197Ű217 (1984) [PF] Pastur, L., Figotin, A.: Spectra of random and almost-periodic operators. Berlin: Springer 1992 [RS] Reed, M., Simon, B.: Methods of modern mathematical physics IV: Analysis of operators. New York: Academic 1978 [SE] Shklovskii, B.I., Efros, A.L.: Electronic properties of doped semiconductors. Berlin: Springer 1984. Russian original: Moscow: Nauka 1979 [Si1] Simon, B.: Schrĺodinger semigroups. Bull. Amer. Math. Soc. (N.S.) 3, 447Ű526 (1982). Erratum:

ibid. 11, 426 (1984) [Si2] Simon, B.: Spectral averaging and the Krein spectral shift. Preprint mp-arc 96-492, to be submitted to Proc. Amer. Math. Soc., 1996 [Sp] Spencer, T.: Localization for random and quasi-periodic potentials. J. Stat. Phys. 51, 1009Ű1019 (1988) [U] Ueki, N.: On spectra of random Schrĺodinger operators with magnetic ^elds. Osaka J. Math. 31, 177Ű187 (1994) [W] Wegner, F.: Bounds on the density of states in disordered systems. Z. Phys. B 44, 9Ű15 (1981)