An Explicit Solution of the BCS Model and Demonstration of Symmetry Breaking by Detlef Lehmann University of British Columbia Department of Mathematics Vancouver, B.C. V6T 1Z2, Canada

Abstract: The BCS model, whose partition function is given by T re^{−βH(λ)} where H(λ) = 1 L^d ∑ k,σ e(k)a^+_{kσ}a_{kσ} +^λ_{L3d} ∑ k,p a^+_{k↑}a^+_{−k↓}a_{−p↓}a_{p↑} is solved explicitely as a quartic model without using mean field theory. The Greens functions and their generating functional can be computed explicitely in arbitrary dimension d and for arbitrary energy momentum relation e(k). Renormalization effects as well as symmetry breaking can be seen explicitely. The more general interaction^1_{L3d} ∑ στ ∑ k,p,q ∑_N l=0 λ_l ȳ_l(k^′)y_l(p^′) [δ_{k,p} + δ_{k,−p} + δ_{q,0}] a^+_{kσ}a^+_{q−kτ} a_{q−pτ} a_{pσ} which contains a forward, an exchange and a BCS term can also be treated. For pure BCS, one obtains a 6(N + 1) dimensional integral representation for the two point functions and for the generating functional. The existence and symmetry of a gap is determined by the global minimum of an effective potential of 6(N + 1) variables. We show, in 3 space dimensions, that the usual mean field approach may be misleading if the electron electron interaction contains higher angular momentum terms. In particular, if the interaction is given by a single attractive even l term λ_l L^{3d} ∑_l m=−l Ylm(k ′)Ȳ_{lm}(p^′) a^+_{k↑}a^+_{−k↓}a_{−p↓}a_{p↑}, then, if e(k) has SO(3) symmetry, the expectations ⟨a^+_{kσ}a_{kσ}⟩ also have to have SO(3) symmetry. The property which makes the model explicitely solvable is the fact that the interaction is given by a finite sum of products of quadratic factors ∑ στ ∑_N l=0 (∑ k ȳ_l(k^′) a^+_{kσ}a^+_{−kτ} )(∑ p y_l(p^′) a_{−pτ} a_{pσ} ) .

I. Introduction

In this paper, we present an explicit solution of the BCS model. The quartic Hamiltonian is not approximated by a mean field Hamiltonian. The partition function of the BCS model in d dimensions at temperature T =^1_β > 0 is given by Z = Z(β, L, λ) = T r e^{−βH(λ)} (I.1) where H(λ) = H_0 + I =^1_{Ld} ∑ k,σ ek a^+k_σak_σ +^λ_{Ld}^1_{L2d} ∑ k,p a^+k_↑a^+_−k_↓ap_↑a_−p_↓ (I.2)

The spatial momenta range over some subset of (_{2π} L Z )_d , say, k ∈ M = {k ∈ (^{2π}_L Z)^d ||ek| ≤ ω_D} where L^d is the spatial volume of the system and ek denotes the energy momentum relation. We assume ek = e_−k. A positive λ corresponds to an attractive interaction.

We also consider the more general interaction

I ({λ_ℓ}) =^1_{L2d} ∑ σ,τ∈{↑,↓} ∑ k,p 1 L^d U(k

′ − p^′) a^+k_σa^+_−k_τ ap_σa_−p_τ (I.3)

where, for ek = k^2_{2m} − μ, k^′ = √ 2mμ k_|k_| =: k_F k_|k_| and

U(k^′ − p^′) = n∑ ℓ=0 λ_ℓP_ℓ ( k^′p^′_{k2} F ) = n∑ ℓ=0 ℓ∑ m=−ℓ λ_ℓY_{ℓm} ( k^′_{kF} ) Ȳ_{ℓm} ( p^′_{kF} ) , d = 3 (I.4)

U(k^′ − p^′) = n∑ ℓ=0 λ_ℓ cos [ℓ(φk − φp)] = 1 2 n∑ ℓ=−n λ_{|ℓ|}e^{iℓφk} e^{−iℓφp} + λ_0 2 , d = 2 (I.5)

which reduces to (I.2) for n = 0. To simplify notation, suppose that

U(k^′ − p^′) = N∑ l=0 λ_l y_l(k^′) ȳ_l(p^′) (I.6)

where l = (ℓ, m) or l = ℓ depending on the dimension of space.

In section IV.2, by specializing Theorem III.1, in which a more general model with forward, exchange and BCS interaction is solved, we prove the following 6(N +1) dimensional integral representation for the ⟨a^+a⟩ expectation values: ⟨a^+_{p0,}p_{,↑}a_p′_{0,}p′_{,↑}⟩_{β,L} = T r e^{−β[H0+I({λl })]}a^+_{p0,}p_{,↑}a_p′_{0,}p′_{,↑} T r e^{−β[H0+I({λl })]} = βL^dδ_{p,p}′ ∫ F^{↑↑}p (ϕ) e^{−βLdV (ϕ)} Π_{στ}^NΠ_{l=0} du^l_{στ} dv^l_{στ} ∫ e^{−βLdV (ϕ)} Π_{στ}^NΠ_{l=0} du^l_{στ} dv^l_{στ} (I.7)

Here ϕ^l_{στ} = u^l_{στ} + iv^l_{στ} , στ ∈ {↑↑, ↓↓, ↑↓}, F^{↑↑}p (ϕ) =^{(ip0+ep)[p20+e2p+Φ−p↑↓Φ̄−p↑↓+Φp↓↓Φ̄p↓↓]} (p^2_0+e^2p+Ω^+p )(p^2_0+e^2p+Ω^−p )

Φk_{↑↓} = N∑ l=0 λ^{12}_l ϕ^l_{↑↓} y_l(k^′) , Φ̄k_{↑↓} = N∑ l=0 λ^{12}_l ϕ̄^l_{↑↓} ȳ_l(k^′) ,

Φk_{σσ} = N∑ l=0 λ^{12}_l ϕ^l_{σσ} [y_l(k^′) − y_l(−k^′)] , Φ̄k_{σσ} = N∑ l=0 λ^{12}_l ϕ̄^l_{σσ} [ȳ_l(k^′) − ȳ_l(−k^′)]

and Ω^±k are the solutions of the quadratic equation

Ω^2− ( Φ̄k_{↑↓}Φk_{↑↓} + Φ̄_−k_{↑↓}Φ_−k_{↑↓} + Φk_{↑↑}Φ̄k_{↑↑} + Φk_{↓↓}Φ̄k_{↓↓} ) Ω + Φk_{↑↑}Φk_{↓↓}Φ̄k_{↑↓}Φ̄_−k_{↑↓} + Φ̄k_{↑↑}Φ̄k_{↓↓}Φk_{↑↓}Φ_−k_{↑↓} + Φk_{↑↑}Φk_{↓↓}Φ̄k_{↑↑}Φ̄k_{↓↓} + Φ̄k_{↑↓}Φk_{↑↓}Φ̄_−k_{↑↓}Φ_−k_{↑↓} = 0 (I.8)

Observe that Φ̄k_{στ} is not necessarily the complex conjugate of Φk_{στ} , depending on the signs of the coupling constants λ_l. The effective potential V_β is given by

V_β (ϕ) = N∑ l=0 ( |ϕ^l_{↑↓}|^2 + |ϕ^l_{↑↑}|^2 + |ϕ^l_{↓↓}|^2 ) − ∑ ϵ∈{+,−} ∫ M d^d k (2π)^d 1 β log

[_{cosh( β} 2 √_{e2k+Ωϵk)}

cosh^β_2 ek ] (I.9)

For a pure even interaction, that is, if λ_ℓ = 0 for all odd angular momentum ℓ, one has Φk_{↑↑} = Φk_{↓↓} = 0 and the expectation value simplifies to

⟨a^+_{p0,}p_{,σ}a_p′_{0,}p′_{,σ}⟩_{β,L} = βL^dδ_{p,p}′ ∫_{ip0+ep} p^2_0+e^2p+Φp_{↑↓}Φ̄p_{↑↓} e −βL^dV_β (ϕ_{↑↓}) N Π_{l=0} du^l_{↑↓}dv^l_{↑↓} ∫ e^{−βLdVβ (ϕ↑↓) N}Π_{l=0} du^l_{↑↓}dv^l_{↑↓} (I.10)

with an effective potential

V_β (ϕ_{↑↓}) = N∑ l=0 |ϕ^l_{↑↓}|^2 − ∫ M d^dk (2π)^d 1 β log

[_{cosh( β} 2 √_{e2k+Φk↑↓Φ̄k↑↓)} cosh^β_2 ek

]_2

(I.11)

In particular, for a delta function interaction one obtains the two dimensional integral representation ⟨a^+_{p0,}p_{,σ}a_p′_{0,}p′_{,σ}⟩_{β,L} = βL^dδ_{p,p}′ ∫_{ip0 +ep} p^2_0+e^2p+λ(u^2+v^2) e −βL^dV_β (u,v)dudv ∫ e^{−βLdVβ (u,v)}dudv (I.12)

where V_β (u, v) = u^2 + v^2 − ∫ M d^d k (2π)^d 1 β log

[_{cosh( β} 2 √_{e2k+λ(u2+v2))}

cosh^β_2 ek

]_2 (I.13)

A positive λ corresponds to an attractive interaction.

Since the only place where the volume L^d shows up in the integral representations (I.7,10) is the prefactor in the exponential e^{−βLdV (ϕ)}, the computation of the infinite volume limit comes down to the determination of the global minimum of the real part of the effective potential V as a function of the ϕ^l_{στ} ’s.

The expectation values ⟨a^+a^+⟩ and ⟨aa⟩ are also computed. To make them nonzero, we introduce a small external field r = |r|e^{iα}. That is, we substitute H ({λ_l}) by (we do not consider here ⟨a_↑a_↑⟩ expectations)

H_r = H ({λ_l}) +^1_{Ld} ∑ k [r ak_↑a_−k_↓ − r̄ a^+k_↑a^+_−k_↓] (I.15)

One obtains again a 6(N + 1) dimensional integral representation. For a delta function interaction, that is for N = 0 in (I.6), it reduces to a two dimensional integral:

⟨a^+_{p0,}p_{,↑}a^+_{−p}′_{0,−}p_{′,↓}⟩_{β,L} = βL^dδ_{p,p}′ ∫_{−i}^√_{λ e}iα_{(u+iv)} p^2_0+e^2p+λ(u^2 +v^2) e −βL^dV_{β,r} (u,v)dudv ∫ e^{−βLdVβ,r (u,v)}dudv (I.16)

where

V_{β,r}(u, v) = u^2 + ( v +^{|r|√}_λ )_2 − ∫ M d^dk (2π)^d 1 β log

[_{cosh( β} 2 √_{e2k+λ(u2+v2))}

cosh^β_2 ek

]_2 (I.17)

For attractive λ > 0 and sufficiently small T =^1_β , the potential V_{β,r} has the form of a mexican hat. For r = 0, the global minimum of V_{β,r} is degenerated and lies on a circle in the u, v plane. In particular, V_{β,0} is an even function of u and v and ⟨a^+_{p↑}a^+_{−p↓}⟩ vanishes by symmetry.

For r ≠ 0, V_{β,r} has a unique global minimum at (u, v) = (0, v_0) where v_0 is given by the negative solution of

v_0 { λ ∫ M d^dk (2π)^d tanh(^β_2

√_{e2k+λv20 )} 2 √_{e2k+λv20} − 1 } = 2|r| (I.18)

which, in the limit r → 0, becomes the BCS equation for |Δ|^2 = λv^2_0 . Thus lim_{|r|→0} lim_{L→∞}^{e−βLdVβ,r (u,v)} ∫_{e−βLdVβ,r (u,v)dudv} = lim_{|r|→0} lim_{L→∞}^{e−βLd[Vβ,r (u,v)−Vβ,r (0,v0)]} ∫_{e−βLd[Vβ,r (u,v)−Vβ,r (0,v0)]dudv} = δ(u)δ ( v +^{|Δ|√}_λ ) (I.19) and ⟨a^+_{p↑}a^+_{−p↓}⟩ becomes nonzero.

For repulsive λ < 0, V_{β,r} is complex and the real part of V_{β,r} has a unique global minimum at (u, v) = (0, 0) which results in lim_{|r|→0} lim_{L→∞}^{e−βLdVβ,r (u,v)} ∫_{e−βLdVβ,r (u,v)dudv} = δ(u)δ(v) and lim_{|r|→0} lim_{L→∞}⟨a^+_{p↑}a^+_{−p↓}⟩ = 0.

The starting point for our analysis is the perturbation series for the partition function which in terms of fermionic functional integrals is given by (for N = 0)

Z(β, L, λ) = T r e^{−β} [_1 L^d ∑ k,σ ek a + k,σ ak^{,σ} + λ L^d 1 L^{2d} ∑ k,p a + k↑a^+−k↓ap^↑a^−p^↓ ]

T r e^{−β} [_1 L^d ∑ k,σ ek a + k,σ ak^{,σ} ]

= ∫ e^{− λ(βLd)3} ∑ k,p,q0 ψ̄_{k↑}ψ̄_{q0−k↓}ψ_{p↑}ψ_{q0−p↓} dμ_C (ψ, ψ̄) (I.20) where dμ_C (ψ, ψ̄) = Π_{k,σ}^{βLd}_{ik0−ek} e^{− 1βLd} ∑ k,σ (ik_0 −ek)ψ̄_{k,σ}ψ_{k,σ} Π_{k,σ} dψk,σdψ̄k,σ (I.21) and k = (k_0, k) ∈^π_β (2Z + 1) × M. The variables k_0, p_0 and q_0 which do not appear in the first line of (I.20) are the Fourier transform variables of a variable τ which enters the perturbation series because of^d_{dλ |λ=0} e^{−β(H0 +λI)} = ∫_β 0 e^{−(β−τ)H0} Ie^{−τH0} dτ. The perturbation series for a δ-function interaction without BCS approximation reads ∫ e^{−λ 1(βLd)3} ∑ k,p,q ψ̄_{k↑}ψ̄_{q−k↓}ψ_{p↑}ψ_{q−p↓} dμ_C (ψ, ψ̄) (I.22) Thus the BCS approximation consists in putting the spatial transfer momentum q equal to zero. For ek = k^2_{2m} − μ, Feldman and Trubowitz [FT] proved that the most singular contributions to the Feynman diagramms come from q_0 = 0. Therefore we put also q_0 equal to zero which (obviously) makes the model explicitly solvable. Thus as our starting point we choose an approximation where q = 0 and q_0 = 0.

That is, the model we solve in this paper is not exactly the model defined by (I.1) and (I.2) or (I.3), but is the model which is defined by the perturbation series (for N=0) Z(β, L, λ) = ∫ e^{− λβLd 1(βLd)2} ∑ k,p ψ̄_{k↑}ψ̄_{−k↓}ψ_{p↑}ψ_{−p↓} dμ_C (ψ, ψ̄) (I.23) In particular, it does not come from a Hamiltonian.

We start in section II.1 with a solution of the model with δ-function interaction. This is simply done using a standard method. Namely, introduce a bosonic field ϕ, integrate out the fermions and obtain a quotient of determinants which gives the exponential of an effective potential. One just has to observe that for q = 0, q_0 = 0 the bosonic field ϕ has to be only two dimensional and that the determinant involving ϕ can be computed explicitely. That is, use the identity (ϕ = u + iv, ϕ̄ = u − iv ∈ C)

e^{2ab} =^1_{2π} ∫ R^2 e^{aϕ+bϕ̄}e^− 1 2 |ϕ|^2 dudv (I.24)

to obtain Z = ∫ e^− (_λ βLd ) 1_{2 1} βLd ∑ k ψ̄_{k↑}ψ̄_{−k↓}( λ_{βLd} )^12 1_{βLd} ∑_p ψ_{p↑}ψ_{−p↓} dμ_C (ψ, ψ̄) = ∫ R^2 ∫ e^i (_λ βLd ) 1_{2 ϕ 1} βLd ∑ k ψ_{k↑}ψ_{−k↓} + i (_λ βLd ) 1_{2 ϕ̄ 1} βLd ∑ k ψ̄_{k↑}ψ̄_{−k↓} dμ_C (ψ, ψ̄)^1_{2π} e^{− 12 |ϕ|2} dudv = ∫ R^2

Π_k^1_k2_{0 +e}2_k det (_{ik0−ek iλ 12 ϕ̄} iλ^12 ϕ −ik_0−ek )_{βLd} π e^{−βLd|ϕ|2} dudv =^{βLd}_π ∫ R^2 e^{−βLdVβ (u,v)}dudv (I.25) In the same way one obtains integral representations for the two point functions and even for the generating functional of the connected amputated Greens functions.

In section II.2 we show that the partition function may also be computed by a direct summation of the perturbation series. Instead of using (I.24) and integrating out the fermions, the perturbation series (I.23) Z(β, L, λ) = ∞∑ n=0 (_λ κ^3 )_n n! ∑ k_1,···,k_n ∑ p_1,···,p_n det [ κδ_{ki,pj} C(k_i) ] 1≤i,j≤n det [ κδ_{ki ,pj} C(−k_i) ] 1≤i,j≤n can be summed up explicitly by expanding the determinants and by an appropriate reordering of the resulting diagramms. Here κ = βL^d.

In section III we consider the model for arbitrary N (see I.6). Furthermore, we include a forward and an exchange scattering term in the interaction. That is, we consider the partition function Z = ∫ e^{−U(ψ,ψ̄)}dμ_C where U(ψ, ψ̄) =^1_{κ3} ∑ σ,τ∈{↑,↓} ∑ k,p,q U(k^′ − p^′) [ δ_{k,p} + δ_{k,−p} + δ_{q,0} ]¯ ψ_{k,σ}ψ̄_{q−k,τ} ψ_{p,σ}ψ_{q−p,τ} (I.26)

This model can also be solved. The only difference is that more bosonic fields are needed. But still, the dimension of the resulting integral representations does not depend on the volume or on other cuttoffs.

In the fourth section we specialize to the following cases. In IV.1 we consider a δ-function interaction with a forward, an exchange and a BCS term. In section IV.2 we discuss the case of a pure BCS interaction for arbitrary N. That is, the interaction includes higher angular momentum terms. Using the integral representation (I.10), we prove in Theorem IV.2 that, in 3 dimensions, if the interaction is given by a single attractive even ℓ term^{λℓ}_{L3d} ∑_ℓ m=−ℓ Ȳℓm(k ′)Y_{ℓm}(p^′) a^+k_↑a^+_−k_↓a_−p_↓ap_↑, then, if ek has SO(3) symmetry, the expectations ⟨a^+k_σak_σ⟩ also have to have SO(3) symmetry. In conjunction with a result of Feldman, Knörrer and Trubowitz [FKT], who proved that the BCS 2 × 2 matrix gap equation [AB,BW] does not have unitary isotropic solutions for ℓ ≥ 2, this indicates that in 3 dimensions for ℓ ≥ 2 the standard mean field approach may be misleading.

Finally one may hope that the method presented here turns out to be useful also for other models, including bosonic ones. The strategy would be to write down the perturbation expansion in fermionic or bosonic functional integral form and to approximate all quartic terms by a sum of type (I.26). Then one can use (I.24) to transform each quartic term into a quadratic one and the fermionic or bosonic functional integral can be performed. One ends up with a finite dimensional integral, the dimension D being two times the number of quartic terms in the approximation (I.26), where the integrand, an infinite product over momenta, gives the exponential of an effective potential. Then if, as it is the case for the BCS model, the cuttoffs (here volume) only show up as prefactors of the effective potential, then removing the cuttoffs is equivalent to finding the global minimum of the real part of V which is a function of D/2 complex variables.

Acknowledgements

I am grateful to Horst Knörrer and Eugene Trubowitz and to the Forschungsinstitut für Mathematik at ETH Zürich for the hospitality and the support during the summer 1996. Furthermore I would like to thank Joel Feldman who made it possible for me to visit the University of British Columbia in Vancouver in the academic year 1996/97.

II. The Model with Delta Function Interaction

II.1 Computation of the Two Point Functions and the Generating Functional

In this section, we compute the partition function Z(β, L, {s_k}, {r_k}) = ∫ exp { −^λ_κ^1_{κ2} ∑ k,p ψ_{k,↑}ψ_{−k,↓}ψ̄_{p,↑}ψ̄_{−p,↓} +^1_κ ∑ k [s_{k,↑}ψ̄_{k,↑}ψ_{k,↑}

+ s_{k,↓}ψ̄_{k,↓}ψ_{k,↓} + r_kψ_{k,↑}ψ_{−k,↓} − r̄_kψ̄_{k,↑}ψ̄_{−k,↓}] } dμ_C (ψ, ψ̄) (II.1) for arbitrary numbers s_{k,↑}, s_{k,↓}, r_k, r̄_k and the two point functions 1 κ ⟨ψ̄_{p,σ}ψ_{p,σ}⟩_{β,L,r} = 1 Z(β, L, r) ∫_1 κ ψ̄_{p,σ}ψ_{p,σ} exp { −^λ_{κ3} ∑ k,p ψ_{k,↑}ψ_{−k,↓}ψ̄_{p,↑}ψ̄_{−p,↓}

+^1_κ ∑ k [rψ_{k,↑}ψ_{−k,↓} − r̄ψ̄_{k,↑}ψ̄_{−k,↓}] } dμ_C (ψ, ψ̄) =^∂_{∂sk,σ} log Z(β, L, {s_k}, {r_k}) | |_{sk=0,rk=r} (II.2)

1 κ ⟨ψ_{p,↑}ψ_{−p,↓}⟩_{β,L,r} = 1 Z(β, L, r) ∫_1 κ ψ_{p,↑}ψ_{−p,↓} exp { −^λ_{κ3} ∑ k,p ψ_{k,↑}ψ_{−k,↓}ψ̄_{p,↑}ψ̄_{−p,↓}

+^1_κ ∑ k [rψ_{k,↑}ψ_{−k,↓} − r̄ψ̄_{k,↑}ψ̄_{−k,↓}] } dμ_C (ψ, ψ̄) =^∂_{∂rk} log Z(β, L, {s_k}, {r_k}) | |_{sk=0,rk =r} (II.3) Here k = (k_0, k) ∈^π_β (2Z + 1) × M where M = { k ∈ (_{2π} L Z )_d | |e(k)| ≤ ω_D } and κ = βL^d.

Proposition II.1: Let ϕ = u + iv, ϕ̄ = u − iv where u and v are one dimensional real variables. Let g = √ λ ∈ C and let κ = βL^d. Then, if a_k = ik_0 − ek, one has the two dimensional integral representations a) Z(β, L, {s_k}, {r_k}) = ∫ Π_k^{(ak −sk,↑)(a−k −s−k,↓)+(gϕ−irk)} (g^¯ϕ+ir̄k ) a_k a_{−k} κ π e^{−κ|ϕ|2} dudv In particular, for r_k = r and s_k = 0 for all k Z(β, L, r) = ∫ Π_k { 1 +^{(gϕ−ir)}(^{gϕ̄+ir̄}) a_k a_{−k} }_κ π e^{−κ|ϕ|2} dudv b) The ψ̄ψ expectation values are given by 1 κ ⟨ψ̄_{p,σ}ψ_{p,σ}⟩_{β,L,r} = 1 Z ∫_{−a−p} a_pa_{−p}+(gϕ−ir)(gϕ̄+ir̄) Πk { 1 +^{(gϕ−ir)}(^{gϕ̄+ir̄}) a_k a_{−k} }_κ π e^{−κ|ϕ|2} dudv c) The ψψ and ψ̄ψ̄ expectation values are given by 1 κ ⟨ψ_{p,↑}ψ_{−p,↓}⟩_{β,L,r} = 1 Z ∫_{−i} (g^¯ϕ+ir̄) a_pa_{−p}+(gϕ−ir)(gϕ̄+ir̄) Πk { 1 +^{(gϕ−ir)}(^{gϕ̄+ir̄}) a_ka_{−k} }_κ π e^{−κ|ϕ|2} dudv

1 κ ⟨ψ̄_{p,↑}ψ̄_{−p,↓}⟩_{β,L,r} = 1 Z ∫_{−i(gϕ−ir)} a_pa_{−p}+(gϕ−ir)(gϕ̄+ir̄) Πk { 1 +^{(gϕ−ir)}(^{gϕ̄+ir̄}) a_ka_{−k} }_κ π e^{−κ|ϕ|2} dudv

Proof: a) Define the measure

dν(ϕ, ϕ̄) =^1_{2π} e^{− 12 (u2+v2)}du dv

Then, for some commuting elements a, b, ∫ e^{aϕ+bϕ̄}dν(ϕ, ϕ̄) =^{1√}_{2π} ∫ e^{(a+b)u}e^{− 12 u2} du^{1√}_{2π} ∫ e^{i(a−b)v} e^{− 12 v2} dv = e^{12 (a+b)2} e^{− 12 (a−b)2} = e^{2ab}

and we may write e^{− λκ3} ∑ k,p ψ_{k,↑}ψ_{−k,↓}ψ̄_{p,↑}ψ̄_{−p,↓} = e−2 (_λ 2κ ) 1_{2 1} κ ∑ k ψ_{k,↑}ψ_{−k,↓} (_λ 2κ ) 1_{2 1} κ ∑ p ψ̄_{p,↑}ψ̄_{−p,↓} = ∫ e^{iϕ} (_λ 2κ ) 1_{2 1} κ ∑ k ψ_{k,↑}ψ_{−k,↓}+iϕ̄ (_λ 2κ ) 1_{2 1} κ ∑ k ψ̄_{k,↑}ψ̄_{−k,↓} dν(ϕ, ϕ̄) = ∫ e^{iϕ g 1κ} ∑ k ψ_{k,↑}ψ_{−k,↓}+iϕ̄ g 1κ ∑ k ψ̄_{k,↑}ψ̄_{−k,↓} κ π e^{−κ|ϕ|2} dudv Then the partition function becomes Z(β, L) =^κ_π ∫ ∫ e^{igϕ 1κ} ∑ k ψ_{k,↑}ψ_{−k,↓}+igϕ̄ 1κ ∑ k ψ̄_{k,↑}ψ̄_{−k,↓} × e^{1κ} ∑ k[s_{k,↑}ψ̄_{k,↑}ψ_{k,↑}+s_{k,↓}ψ̄_{k,↓}ψ_{k,↓}+r_kψ_{k,↑}ψ_{−k,↓}−r̄_kψ̄_{k,↑}ψ̄_{−k,↓} dμ C (ψ, ψ̄) e^{−κ|ϕ|2} dudv =^κ_π ∫ ∫ e^{1κ} ∑ k iγ_kψ_{k,↑}ψ_{−k,↓}+ 1κ ∑ k iγ̄_kψ̄_{k,↑}ψ̄_{−k,↓} × e^{1κ} ∑ k[s_{k,↑}ψ̄_{k,↑}ψ_{k,↑}+s_{k,↓}ψ̄_{k,↓}ψ_{k,↓} dμ C (ψ, ψ̄) e^{−κ|ϕ|2} dudv where we defined γ_k = gϕ − ir_k, γ̄_k = gϕ̄ + ir̄_k

Observe that γ̄_k is not necessarily the complex conjugate of γ_k. Now the Fermionic functional integral can be done. Let a_k = ik_0 − ek

One obtains ∫ e^{1κ} ∑ k [iγ_kψ_{k,↑}ψ_{−k,↓}+iγ̄_kψ̄_{k,↑}ψ̄_{−k,↓}+s_{k,↑}ψ̄_{k,↑}ψ_{k,↑}+s_{k,↓}ψ̄_{k,↓}ψ_{k,↓}]dμ C (ψ, ψ̄) = Π_k^{κ2}_{aka−k} ∫ e^{1κ} ∑ k[iγ_kψ_{k,↑}ψ_{−k,↓}+iγ̄_kψ̄_{k,↑}ψ̄_{−k,↓}−(a_k −s_{k,↑})ψ̄_{k,↑}ψ_{k,↑}−(a_k −s_{k,↓})ψ̄_{k,↓}ψ_{k,↓}] Π k,σ dψ_{k,σ}dψ̄_{k,σ}

= Π_k^{κ2}_{aka−k} ∫ e^− 1 κ ∑ k (ψ̄_{k,↑},ψ_{−k,↓}) (_{ak−sk↑ −iγ̄k} iγk −a−k+s−k↓ )(_{ψk,↑} ψ̄ −k,↓ ) Π_k (−dψk↑dψ̄k↑dψ̄−k↓dψ−k↓) = Π_k^{κ2}_{aka−k} Π_k (_{−1} κ^2 det [_{ak −sk↑ −iγ̄k} iγ_k −a_{−k} +s_{−k↓}) ])

= Π_k^{(ak −sk,↑)(a−k −s−k,↓)+γkγ̄k} a_k a_{−k} This proves the formula under a). Part b) and c) follow by differentiation with respect to s_{k,σ} or r_k, r̄_k •

Lemma II.2: Let a_k = ik_0 − ek. Using the approximation ∑ k∈M ≈ L^d ∫ M d^dk (2π)^d one has ∏ k∈M ∏ k_0∈^π_β (2Z+1) { 1 +^ξ_{ak a−k} } = e^{κWβ (ξ)} (II.4)

where κ = βL^d and

W_β (ξ) = ∫ M d^dk (2π)^d 1 β log

[_{cosh}(_{β2} √_{e2k+ξ})

cosh(^β_2 ek)

]_2 (II.5)

Proof: The product over k_0 may be computed exactly by using the formula [H] ∞∏ n=0 ( 1 +^ξ

(2n+1)^2+a^2 ) =^{cosh}

(_{π2} √_{a2+ξ})

cosh^π_2 a .

One obtains ∏ k_0∈^π_β (2Z+1) ( 1 +^ξ_{k20 +e2k} ) = {_{cosh}(_{β2} √_{e2k+ξ})

cosh(^β_2 ek)

}_2 (II.6)

which results in the formula stated above •

Substitution of (II.4) in Proposition II.1 and a transformation of variables gives

Theorem II.3: Let u, v be one dimensional real variables and let r = |r|e^{iα}. Define the effective potential

V_{β,r}(u, v) = u^2 + (v +^{|r|√}_λ )^2 − W_β ( λ(u^2 + v^2) ) (II.7)

a) There are the two dimensional integral representations Z(β, L, r) =^κ_π ∫ e^{−κVβ,r (u,v)}dudv 1 κ ⟨ψ̄_{p,σ}ψ_{p,σ}⟩_{β,L,r} = ∫_{−a−p} a_pa_{−p}+λ(u^2+v^2) e −κV_{β,r} (u,v)dudv ∫ e^{−κVβ,r (u,v)}dudv 1 κ ⟨ψ_{p,↑}ψ_{−p,↓}⟩_{β,L,r} = ∫_{−i}^√_{λ e}−iα_{(u−iv)} a_p a_{−p}+λ(u^2+v^2) e −κV_{β,r} (u,v)dudv ∫ e^{−κVβ,r (u,v)}dudv 1 κ ⟨ψ̄_{p,↑}ψ̄_{−p,↓}⟩_{β,L,r} = ∫_{−i}^√_{λ e}iα_{(u+iv)} a_pa_{−p}+λ(u^2+v^2) e −κV_{β,r} (u,v)dudv ∫ e^{−κVβ,r (u,v)}dudv b) Let V_β (ρ) := ρ^2 − W_β (λρ^2) and |Δ|^2 = λρ^2_0 be given by

V_β (ρ_0) = min_{ρ≥0} V_β (ρ) (II.8)

Then, if Δ = Δ(λ, β) = |Δ| e^{−iα}, one has lim_{|r|→0} lim_{L→∞}^1_{βLd} log Z(β, L, r) = −V_β (|Δ|) lim_{|r|→0} lim_{L→∞}^1_κ ⟨ψ̄_{p,σ}ψ_{p,σ}⟩_{β,L,r} =^{−a−p}_{ap a−p+|Δ|2} lim_{|r|→0} lim_{L→∞}^1_κ ⟨ψ_{p,↑}ψ_{−p,↓}⟩_{β,L,r} =^Δ_{apa−p+|Δ|2} lim_{|r|→0} lim_{L→∞}^1_κ ⟨ψ̄_{p,↑}ψ̄_{−p,↓}⟩_{β,L,r} =^{−Δ̄}_{apa−p+|Δ|2} but lim_{L→∞} lim_{|r|→0}^1_κ ⟨ψ_{p,↑}ψ_{−p,↓}⟩_{β,L,r} = lim_{L→∞} lim_{|r|→0}^1_κ ⟨ψ̄_{p,↑}ψ_{−p,↓}⟩_{β,L,r} = 0

Proof: a) Substituting the product over the momenta by the exponential (II.4) one obtains, if g = √ λ

1 κ ⟨ψ̄_{p,σ}ψ_{p,σ}⟩_{β,L,r} = ∫_{−a−p} a_pa_{−p}+(gϕ−ir)(gϕ̄+ir̄) e −κ[|ϕ|^2−Wβ ((gϕ−ir)(g^¯ϕ+ir̄))]dudv ∫ e^{−κ}[^{|ϕ|2−Wβ} (^{(gϕ−ir)(gϕ̄+ir̄)})]dudv and analog expressions for Z and the ⟨ψψ⟩ and ⟨ψ̄ψ̄⟩ expectations. Thus one has to consider integrals of the form ∫ F ( gϕ − ir, gϕ̄ + ir̄ ) e^{−κ|ϕ|2} dudv By a substitution of variables one finds for both signs of λ ∫ F ( gϕ − ir, gϕ̄ + ir̄ ) e^{−κ|ϕ|2} dudv = ∫ F ( e^{iα}gϕ, e^{−iα}gϕ̄ ) e^{−κ} (_{u2+(v+ |r|g )2}) dudv (II.9) which proves part a). To obtain part b), one has to compute the limit of

δ_{κ,r}(u, v) = e^{−κVβ,r (u,v)} ∫ e^{−κVβ,r (u,v)}dudv (II.10)

where V_{β,r}(u, v) = u^2 + (v +^{|r|}_g )^2 − W_β ( λ(u^2 + v^2) ) (II.7)

Recall that

W_β (ξ) =^2_β ∫ M d^d k (2π)^d log

[_{cosh}(_{β2} √_{e2k+ξ})

cosh(^β_2 ek) ]

In particular, signW_β ( λ(u^2 + v^2) ) = signλ

For positive λ and nonzero r, V_{β,r}(u, v) is real and has a unique global minimum determined by 2u − 2uλW^′_β ( λ(u^2 + v^2) ) = 0 2(v + |r|) − 2vλW^′_β ( λ(u^2 + v^2) ) = 0 Since λW^′_β = 1 does not solve the second equation, the only solution of the first equation is u = 0 and one is left with v [ λW^′_β (λv^2) − 1 ] = |r| which has a solution v = O(|r|) which is a local maximum and two nontrivial solutions λv^2 = |Δ|^2 + O(|r|) where the positive one is only a local minimum and the negative one, v_0, is the global minimum. Therefore lim_{κ→∞} δ_{κ,r}(u, v) = lim_{κ→∞} e^{−κ[Vβ,r (u,v)−Vβ,r (0,v0)]} ∫ e^{−κ[Vβ,r (u,v)−Vβ,r (0,v0)]}dudv = δ(u) δ(v − v_0) and lim_{|r|→0} lim_{κ→∞} δ_{κ,r}(u, v) = δ(u) δ ( v +^{|Δ|}_g ) (II.11)

This proves the formulae under (b) for attractive λ. Since

lim_{|r|→0} V_{r,β}(u, v) = u^2 + v^2 − W_β ( λ(u^2 + v^2) )

is an even function in u and v, lim_{r→0}⟨ψ_{p,↑}ψ_{−p,↓}⟩_{β,L,r}=lim_{r→0}⟨ψ̄_{p,↑}ψ̄_{−p,↓}⟩_{β,L,r} = 0. The limit of the logarithm of the partition function becomes 1 κ log Z =^1_κ log^κ_π ∫ e^{−κVβ,r (u,v)}dudv =^1_κ log^κ_π ∫ e^{−κ[Vβ,r (u,v)−Vβ,r (0,v0)]}dudv +^1_κ log e^{−κVβ,r (0,v0)}

The first term on the right hand side may be approximated by (V_{uv} =^{∂2Vβ,r}_{∂u∂v} (0, v_0) = 0) 1 κ log^κ_π ∫ e^{− κ2 (Vuu u2+Vvv (v−v0)2)}dudv =^1_κ log^1_π ∫ e^{− 12 (Vuu u2+Vvv v2)}dudv^{κ→∞}→ 0 which results in lim_{κ→∞}^1_κ log Z = −V_{β,r}(0, v_0)

Now let λ be negative. In that case the effective potential (II.7) is complex: V_{β,r}(u, v) = u^2 + v^2 −^{|r|2}_{|λ|} − 2iv^{|r|}√_{|λ|} − W_β ( λ(u^2 + v^2) ) = ρ^2 + |W_β ( λρ^2 ) | −^{|r|2}_{|λ|} − 2iρ cos φ^{|r|}√_{|λ|} Since the real part U_{β,r} = ReV_{β,r} has a global minimum at u = v = 0 one has, since U^{′′} =^{∂2Uβ,r}_{∂u2} (0, 0) =^{∂2Uβ,r}_{∂v2} (0, 0) > 0,

δ_{κ,r}(u, v) = e^{−κ} [_{Uβ,r (u,v)−2iv |r|√} |λ| ] ∫ e^{−κ} [_{Uβ,r (u,v)−2iv |r|√} |λ| ] dudv ≈ e^{−κ} [_{U′′} 2 (u^2+v^2)−2iv^{|r|}√_{|λ|} ] ∫ e^{−κ} [_{U′′} 2 (u^2+v^2)−2iv^{|r|}√_{|λ|} ] dudv = e^{−κ U′′2 u2} ∫ e^{−κ U′′}2^{u2} du e^{−κ} [_{U′′} 2 v^2−2iv^{|r|}√_{|λ|} ] ∫ e^{−κ} [_{U′′} 2 v^2−2iv^{|r|}√_{|λ|} ] dv = e^{−κ U′′2 u2} ∫ e^{−κ U′′}2^{u2} du e^{−κ U} ′′ 2 [_{v−i 2|r|√} |λ|U′′ ]_2 ∫ e^{−κ U} ′′ 2 [_{v−i 2|r|√} |λ|U′′ ]_2 dv κ→∞→ δ(u) δ ( v − i^{2|r|}√_{|λ|U ′′} )

which results in lim_{|r|→0} lim_{κ→∞} δ_{κ,r}(u, v) = δ(u) δ(v) (II.12) and lim_{|r|→0} lim_{κ→∞}^1_κ ⟨ψ̄_{p,↑}ψ_{−p,↓}⟩_{β,L,r} = ∫_{−a−p} a_pa_{−p}+λ(u^2 +v^2) δ(u)δ(v) dudv = −a_{−p} a_pa_{−p} = − 1 a_p lim_{|r|→0} lim_{κ→∞}^1_κ ⟨ψ_{p,↑}ψ_{−p,↓}⟩_{β,L,r} = lim_{|r|→0} lim_{κ→∞}^1_κ ⟨ψ̄_{p,↑}ψ̄_{−p,↓}⟩_{β,L,r} = 0 •

In the same way one obtains a two dimensional integral representation for the generating functional for the connected amputated Greens functions. It is defined by

G(η) = G_r(β, L, η) = log ∫ e^{U(ψ+η,ψ̄+η̄)}dμ_C (ψ, ψ̄) (II.13) where

U(ψ, ψ̄) = −^λ_κ^1_{κ2} ∑ k,p ψ_{k↑}ψ_{−k↓}ψ̄_{p↑}ψ̄_{−p↓} +^1_κ ∑ k [rψ_{k↑}ψ_{−k↓} − r̄ψ̄_{k↑}ψ̄_{−k↓}] and the η_{kσ} are some Grassmann variables.

Theorem II.4: a) Let u, v be one dimensional real variables, r = |r|e^{iα} and γ = ge^{iα}(u + iv), γ̄ = ge^{−iα}(u − iv). Let V_{β,r}(u, v) be the effective potential (II.7). Then the generating functional for the connected amputated Greens functions is given by

G(η) − G(0) = −^1_κ ∑ k [ a_kη̄_{k↑}η_{k↑} + a_{−k}η̄_{−k↓}η_{−k↓} ] +

+ log ∫ dudv e^{−κVβ,r (u,v)} exp { 1 κ ∑ k(a_kη̄_{k↑}, −a_{−k}η_{−k↓})^1_{aka−k +γγ̄} (_{a−k} iγ −iγ̄ −a_k ) (_{ak ηk↑} −a_{−k}η̄_{−k↓} )} ∫ dudv e^{−κVβ,r (u,v)} b) For attractive λ > 0 the infinite volume limit of the generating functional is given by lim_{|r|→0} lim_{L→∞}{G(β,L, r, η) − G(β, L, r, 0)} = −^1_κ ∑ k [ a_k^{|Δ|2} a_k a_{−k} +|Δ|^2 η̄k↑ηk↑ + a−k |Δ|^2 a_k a_{−k} +|Δ|^2 η̄−k↓η−k↓ + Δ^{ak a−k} a_k a_{−k}+|Δ|^2 η−k↓ηk↑ + Δ̄^{ak a−k} a_ka_{−k} +|Δ|^2 η̄k↑η̄−k↓ ]

For repulsive λ < 0 one obtains lim_{|r|→0} lim_{L→∞}{G(β, L, r, η) − G(β, L, r, 0)} = 0 .

Proof: By a substitution of variables, one has ∫ e^{−U(ψ+η,ψ̄+η̄)}dμ_C (ψ, ψ̄) = ∫ e^{−U(ψ+η,ψ̄+η̄)} Π_{kσ}^κ_{ak} e^{− 1κ} ∑ kσ a_kψ̄_{kσ}ψ_{kσ} Π kσ dψ_{kσ}dψ̄_{kσ} = e^{− 1κ} ∑ kσ a_kη̄_{kσ} η_{kσ} Π kσ κ a_k ∫ e^{−U(ψ,ψ̄)}e^{1κ} ∑ kσ a_k [η̄_{kσ} ψ_{kσ}+ψ̄_{kσ} η_{kσ} −ψ̄_{kσ} ψ_{kσ} ] Π kσ dψ_{kσ}dψ̄_{kσ}

Let ϕ = u + iv, ϕ̄ = u − iv, γ_r = λ^{12} ϕ − ir, γ̄_r = λ^{12} ϕ̄ + ir̄. Then e^{−U(ψ,ψ̄)} =^κ_π ∫ R^2 e^{1κ} ∑ k [iγr ψk↑ψ−k↓+iγ̄r^¯ψk↑^¯ψ−k↓]e−κ|ϕ|^2 dudv

and ∫ e^{−U(ψ,ψ̄)}e^{1κ} ∑ kσ a_k [η̄_{kσ}ψ_{kσ} +ψ̄_{kσ} η_{kσ} −ψ̄_{kσ} ψ_{kσ} ] Π kσ κ a_k Πkσ dψkσd ψ̄_{kσ} = ∫ ∫ e^{1κ} ∑ k[iγr ψk↑ψ−k↓+iγ̄r^¯ψk↑^¯ψ−k↓]e^1_κ ∑ k [ak (^¯ψk↑ηk↑+η̄k↑ψk↑)+a−k (^¯ψ−k↓η−k↓+η̄−k↓ψ−k↓)]× e^{− 1κ} ∑ k [ak^¯ψk↑ψk↑+a−k^¯ψ−k↓ψ−k↓] Π k κ^2 a_k a_{−k} Πk dψk↑d ψ̄_{k↑}dψ_{−k↓}dψ̄_{k↓}^κ_π e^{−κ|ϕ|2} dudv

= ∫ ∫ Π_k^{ak a−k+γrγ̄r} a_k a_{−k} e 1 κ ∑ k [ (ψ̄_{k↑},ψ_{−k↓}) (_{akηk↑} −a−kη̄−k↓ ) +(a_kη̄_{k↑},−a_{−k} η_{−k↓}) (_{ψk↑} ψ̄− k↓ )] ×

Π_k^{−κ2} a_ka_{−k} +γ_rγ̄_r e − 1κ ∑ k (ψ̄_{k↑},ψ_{−k↓}) (_{ak} iγr −iγ̄r −a−k )(_{ψk↑} ψ̄ −k↓ ) Π_k dψk↑dψ̄k↑dψ̄−k↓dψ−k↓^κ_π e^{−κ|ϕ|2} dudv = ∫ Π_k [ 1 +^{γrγ̄r}_{ak a−k} ] e 1 κ ∑ k (a_kη̄_{k↑},−a_{−k} η_{−k↓}) (_{ak} iγr −iγ̄r −a−k )_{−1}(_{akηk↑} −a−kη̄−k↓ ) κ π e^{−κ|ϕ|2} dudv Therefore the generating functional is given by G(β, L, η) = log^κ_π ∫ Π_k [ 1 +^{γrγ̄r}_{ak a−k} ] e^{− 1κ} ∑ k[a_kη̄_{k↑}η_{k↑}+a_{−k}η̄_{−k↓}η_{−k↓}]×

e 1 κ ∑ k(a_kη̄_{k↑},−a_{−k}η_{−k↓})^1_{ak a−k+γr γ̄r} (_{a−k} iγr −iγ̄r −ak )(_{akηk↑} −a−kη̄−k↓ ) e^{−κ|ϕ|2} dudv Since γ_r = gϕ − ir, γ̄_r = gϕ̄ + ir̄ one can apply (II.9) ∫ F ( gϕ − ir, gϕ̄ + ir̄ ) e^{−κ|ϕ|2} dudv = ∫ F ( e^{iα}gϕ, e^{−iα}gϕ̄ ) e^{−κ} (_{u2+(v+ |r|g )2}) dudv again to make a substitution of variables which proves part (a).

The infinite volume limit of the generating functional follows from (II.11,12)

lim_{|r|→0} lim_{κ→∞} e^{−κVβ,r (u,v)} ∫ e^{−κVβ,r (u,v)}dudv = { δ(u)δ ( v +^{|Δ|}_g ) if λ > 0 δ(u)δ(v) if λ < 0 •

II.2 Explicit Summation of Diagramms

In this section we compute the partition function (r_k = s_k = 0) Z = ∫ e^{− λκ 1κ2} ∑ k,p ψ_{k↑}ψ_{−k↓}ψ̄_{p↑}ψ̄_{−p↓} dμ C (ψ, ψ̄) by explicit summation of diagramms. That is, we derive the formula

Z = 2κ ∫ e −κ ( ρ^2−^1_{Ld} ∑ k^{1β} log

[_{cosh( β2} √_{e2}

k^{+λρ2)}

cosh β2 ek

]_2) ρ dρ (II.14) by direct summation of the perturbation series without using the identity e^{− λκ3} ∑ k,p ψ_{k↑}ψ_{−k↓}ψ̄_{p,↑}ψ_{−p↓} = ∫ e^{iϕ g 1κ} ∑ k ψ_{k↑}ψ_{−k↓}+iϕ̄ g 1κ ∑ k ψ̄_{k↑}ψ̄_{−k↓} κ π e^{−κ|ϕ|2} dudv One has Z = ∫ e^{− λκ3} ∑ k,p ψ_{k↑}ψ_{−k↓}ψ̄_{p↑}ψ̄_{−p↓} dμ C (ψ, ψ̄) = ∞∑ n=0 ( −^λ_{κ3} )_n n! ∑ k_1,···,k_n ∑ p_1,···,p_n ∫ ψ_{k1 ↑}ψ_{−k1 ↓} · · · ψ_{kn↑}ψ_{−kn↓}ψ̄_{p1↑}ψ̄_{−p1↓} · · · ψ̄_{pn↑}ψ̄_{−pn↓} dμ_C

= ∞∑ n=0 ( −^λ_{κ3} )_n n! ∑ k_1,···,k_n ∑ p_1,···,p_n (−1)^{n2} ∫ ψ_{k1↑}ψ̄_{p1↑} · · · ψ_{kn↑}ψ̄_{pn↑} dμ_C × ∫ ψ_{−k1↓}ψ̄_{−p1↓} · · · ψ_{−kn ↓}ψ̄_{−pn ↓} dμ_C

= ∞∑ n=0 ( −^λ_{κ3} )_n n! ∑ k_1,···,k_n ∑ p_1,···,p_n (−1)^n ∫ ψ_{k1 ↑}ψ̄_{p1↑} · · · ψ_{kn ↑}ψ̄_{pn↑} dμ_C × ∑ π∈S_n ϵ_π κδ_{k1 ,pπ1} C(−k_1) · · · κδ_{kn ,pπn} C(−k_n)

= ∞∑ n=0 ( −^λ_{κ2} )_n n! ∑ k_1,···,k_n (−1)^n ∫ ψ_{k1↑}ψ̄_{k1↑} · · · ψ_{kn↑}ψ̄_{kn↑} dμ_C n!C(−k_1) · · · C(−k_n)

= ∞∑ n=0 ( −^λ_{κ2} )_n ∑ k_1,···,k_n (−1)^nC(−k_1) · · · C(−k_n) ∑ π∈S_n ϵ_πκδ_{k1 ,kπ1} C(k_1) · · · κδ_{kn ,kπn} C(k_n) Say that the permutation π is of type t(π) = 1^{b1} · · · n^{bn} if the decomposition into disjoint cycles contains b_r r-cycles for 1 ≤ r ≤ n. Necessarily one has 1b_1 + · · · + nb_n = n. The number of permutations which have b_r r-cycles for 1 ≤ r ≤ n is n! b_1! · · · b_n! 1^{b1} · · · n^{bn}

The sign of such a permutation is given by

ϵ_π = (−1)^{(1−1)b1+(2−1)b2+···+(n−1)bn} = (−1)^{n−} ∑_n r=1 b_r Therefore one obtains Z = ∞∑ n=0 ( −^λ_κ )_n ∑ k_1,···,k_n (−1)^nC(−k_1) · · · C(−k_n) ∑ π∈S_n ϵ_πδ_{k1,kπ1} C(k_1) · · · δ_{kn ,kπn} C(k_n)

= ∞∑ n=0 ( −^λ_κ )_n ∑ k_1,···,k_n (−1)^nC(−k_1) · · · C(−k_n)× n∑ b1,···,bn=0 1b1+···+nbn=n ∑ π∈Sn t(π)=1b1 ···nbn ϵ_πδ_{k1 ,kπ1} C(k_1) · · · δ_{kn ,kπn} C(k_n)

= ∞∑ n=0 ( −^λ_κ )_n^n∑ b1,···,bn=0 1b1+···+nbn=n n! b_1! · · · b_n! 1^{b1} · · · n^{bn}

(−1)^n(−1)^{n−} ∑_n r=1 b_r × {∑ k [C(k)C(−k)]^1 }_{b1} · · · {∑ k [C(k)C(−k)]^n }_{bn}

= ∞∑ n=0 n∑ b1,···,bn=0 1b1+···+nbn=n n! n∏ r=1 1 b_r! { −^1_r ∑ k [( −^λ_κ ) C(k)C(−k) ]_r }_{br}

The only factor which prevents us from an explicit summation of the above series is the n!. Therefore we substitute n! = ∫_∞ 0 e^{−x}x^ndx and obtain Z = ∫_∞ 0 e^{−x} ∞∑ n=0 n∑ b1,···,bn=0 1b1+···+nbn=n n∏ r=1 1 b_r! { −^1_r ∑ k [ −^λ_κ x C(k)C(−k) ]_r}^{br} dx

= ∫_∞ 0 e^{−x} ∞∏ r=1 ∞∑ b_r =0 1 b_r! { −^1_r ∑ k [ −^λ_κ x C(k)C(−k) ]_r }_{br} dx

= ∫_∞ 0 e^{−x} ∞∏ r=1 e^− 1 r ∑ k [ −^λ_κ x C(k)C(−k) ]_r dx

= ∫_∞ 0 e^{−x}e^− ∑ k ∑_∞ r=1 1 r [ −^λ_κ x C(k)C(−k) ]_r dx

= ∫_∞ 0 e^{−x}e ∑ k log [ 1+ λxκ C(k)C(−k) ] dx

= 2κ ∫_∞ 0 e^{−κ} ( ρ^2 −^1_κ ∑ k log [ 1+^{λρ2} k2 0 +e2k ]) ρ dρ

= 2κ ∫_∞ 0 e −κ ( ρ^2 −^1_{Ld} ∑ k^{1β} log

[_{cosh( β2} √_{e2}

k^{+λρ2)}

cosh β2 ek

]_2) ρ dρ which coincides with (II.14).

III. The Model with Forward, Exchange and BCS Interaction

Let H = H_0 + H_{int} where H_0 =^1_{Ld} ∑ σ∈{↑,↓} ∑ k∈M ek a^+k_σak_σ (III.1) and H_{int} =^1_{L3d} ∑ σ,τ∈{↑,↓} ∑ k,p,q U(k − p) a^+k_{,σ}a^+q_−k_{,τ} ap_{,σ}aq_−p_{,τ} (III.2)

Then Z = T r e^{−β(H0 +Hint)} T r e^{−βH0} = ∫ e^{−V(ψ,ψ̄)}dμ_C (ψ, ψ̄) (III.3) where the exponent in the fermionic integral is given by (κ = βL^d) V(ψ) =^1_{κ3} ∑ σ,τ∈{↑,↓} ∑ k,p,q U(k − p) ψ̄_{k,σ}ψ̄_{q−k,τ} ψ_{p,σ}ψ_{q−p,τ} (III.4)

and k = (k_0, k) ∈^π_β (2Z + 1) × M.

The forward, exchange and BCS approximation is obtained by restricting the above sum to the following terms forward : δ_{k,p} , exchange : δ_{k,−p} , BCS : δ_{q,0} . (III.5) We consider the approximation V(ψ, ψ̄) ≈ U(ψ, ψ̄) where U(ψ, ψ̄) =^1_{κ3} ∑ σ,τ∈{↑,↓} ∑ k,p,q U(k^′ − p^′) [ δ_{k,p} + δ_{k,−p} + δ_{q,0} ]¯ ψ_{k,σ}ψ̄_{q−k,τ} ψ_{p,σ}ψ_{q−p,τ} (III.6) and

U(k^′ − p^′) = 1 2 n∑ ℓ=−n λ_{|ℓ|}e^{iℓφk} e^{−iℓφp} + λ_0 2 if d = 2 n∑ ℓ=0 ℓ∑ m=−ℓ λ_ℓȲ_{ℓm} (k^′) Y_{ℓm} (p^′) if d = 3 =: N∑ l=0 λ_l y_l(k^′) ȳ_l(p^′) (III.7)

This model can be solved explicitely.

Theorem III.1: Let U(ψ, ψ̄) be given by (III.6) and let Z(β, L, {s_{k,σ}}) = ∫ e^{−U(ψ,ψ̄)+ 1κ} ∑ k,σ s_{k,σ}ψ̄_{k,σ}ψ_{k,σ} dμ C (ψ, ψ̄) Let w ∈ R, ξ^l_{στ} = a^l_{στ} + ib^l_{στ} , ϕ^l_{στ} = u^l_{στ} + iv^l_{στ} ∈ C for 0 ≤ l ≤ N, (στ) ∈ {↑↑, ↓↓, ↑↓} and define the fields

Ξk_{↑↓} = N∑ l=0 (2λ_l)^{12} ξ^l_{↑↓} y_l(k^′) , Ξ̄k_{↑↓} = N∑ l=0 (2λ_l)^{12} ξ̄^l_{↑↓} ȳ_l(k^′)

Ξk_{σσ} = N∑ l=0 λ^{12}_l ξ^l_{σσ} y_l(k^′) , Ξ̄k_{σσ} = N∑ l=0 λ^{12}_l ξ̄^l_{σσ} ȳ_l(k^′) ,

Γk_↑ = U^{12}_0 w + iΞk_{↑↑} + iΞ̄k_{↑↑} , Γk_↓ = U^{12}_0 w + iΞk_{↓↓} + iΞ̄k_{↓↓} ,

Φk_{↑↓} = N∑ l=0 (2λ_l)^{12} ϕ^l_{↑↓} y_l(k^′) , Φ̄k_{↑↓} = N∑ l=0 (2λ_l)^{12} ϕ̄^l_{↑↓} ȳ_l(k^′)

Φk_{σσ} = N∑ l=0 λ^{12}_l ϕ^l_{σσ} [y_l(k^′) − y_l(−k^′)] , Φ̄k_{σσ} = N∑ l=0 λ^{12}_l ϕ̄^l_{σσ} [ȳ_l(k^′) − ȳ_l(−k^′)] .

where U_0 = U(k = 0) = ∫ d^dx U(x). For each k = (k_0, k), let S_k be the 8 × 8 skew symmetric matrix

S_k = −i

0 −^1_i A_{k↑} Φ̄k_{↑↓} 0 Ξ̄k_{↑↓} 0 0 Φ̄k_{↑↑} 1 i A_{k↑} 0 0 Φk_{↑↓} 0 −Ξk_{↑↓} Φk_{↑↑} 0 −Φ̄k_{↑↓} 0 0 −^1_i A_{−k↓} 0 −Φ̄k_{↓↓} Ξ_−k_{↑↓} 0 0 −Φk_{↑↓}^1_i A_{−k↓} 0 −Φk_{↓↓} 0 0 −Ξ̄_−k_{↑↓} −Ξ̄k_{↑↓} 0 0 Φk_{↓↓} 0^1_i A_{k↓} −Φ_−k_{↑↓} 0 0 Ξk_{↑↓} Φ̄k_{↓↓} 0 −^1_i A_{k↓} 0 0 −Φ̄_−k_{↑↓} 0 −Φk_{↑↑} −Ξ_−k_{↑↓} 0 Φ_−k_{↑↓} 0 0^1_i A_{−k↑} −Φ̄k_{↑↑} 0 0 Ξ̄_−k_{↑↓} 0 Φ̄_−k_{↑↓} −^1_i A_{−k↑} 0

where A_{kσ} = a_k − s_{kσ} − Γ_{kσ} = ik_0 − ek − s_{kσ} − Γ_{kσ} and let PfS_k be the Pfaffian of S_k given by Lemma III.2 below. Then: a) Z(β, L, {s_{k,σ}}) = ∫ ∏ k0>0 k∈M {( 1 a_ka_{−k} )_2 PfS_k } dν_κ(w, ξ, ϕ)

where dν_κ(w, ξ, ϕ) = (_κ 4π ) 1_2 e^{− κ4 w2} dw^NΠ_{l=0} Π_{στ} {(_κ π )_2 e^{−κ(|ϕlστ |2+|ξlστ |2)}du^l_{στ} dv^l_{στ} da^l_{στ} db^l_{στ} } b) ⟨ψ̄_{pσ}ψ_p′_σ⟩ = βL^dδ_{p,p}′ ∫^∂_{∂spσ} PfS_p PfS_p e −κV (w,ξ,ϕ)dw Π dξdϕ ∫ e^{−κV (w,ξ,ϕ)}dw Π dξdϕ where the effective potential V is given by

V (w, ξ, ϕ) =^1_4 w^2 + ∑ στ N∑ l=0 (|ϕ^l_{στ} |^2 + |ξ^l_{στ} |^2) −^1_{βLd} ∑ k∈M log Π_{k0 >0}^{PfSk}_{a2k a2−k} (III.8)

and Π dξdϕ = Π_{στ}^NΠ_{l=0} dξ^l_{στ} dϕ^l_{στ} . Here στ ∈ {↑↑, ↓↓, ↑↓}.

Remark: The product Π_{k0 >0}^{PfSk}_{a2ka2−k} in the effective potential (III.8) where PfS_k = PfS_k(a_k, a_{−k}) has to be computed according to the rule ∏ k_0>0 PfS_k a^2_ka^2_{−k}

= lim_{ϵ→0} ϵ<0 ∏ k_0>0 PfS_k(e^{ik0ϵ}a_k, e^{−ik0ϵ}a_{−k}) a^2_ka^2_{−k}

That there are cases where it is necessary to make the phase factors explicit can be seen in looking at the example given in the proof of Lemma IV.1.

Proof: Since we assume U(p − k) = U(k − p), one has

U(ψ, ψ̄) =^1_{κ3} ∑ σ,τ ∑ k,p U(0) ψ̄_{k,σ}ψ̄_{p,τ} ψ_{k,σ}ψ_{p,τ} +^1_{κ3} ∑ σ,τ ∑ k,p U(k^′ − p^′) ψ̄_{p,σ}ψ̄_{k,τ} ψ_{k,σ}ψ_{p,τ} +^1_{κ3} ∑ σ,τ ∑ k,p U(k^′ − p^′) ψ̄_{p,σ}ψ̄_{−p,τ} ψ_{k,σ}ψ_{−k,τ} = −^1_{κ2}^{U0}_κ ∑ k,p ( ψ̄_{k↑}ψ_{k↑} + ψ̄_{k↓}ψ_{k↓} )( ψ̄_{p↑}ψ_{p↑} + ψ̄_{p↓}ψ_{p↓} )

+^1_{κ3} ∑ k,p U(k^′ − p^′) { ψ̄_{p↑}ψ_{p↑}ψ̄_{k↑}ψ_{k↑} + ψ̄_{p↓}ψ_{p↓}ψ̄_{k↓}ψ_{k↓} + 2ψ̄_{p↑}ψ_{p↓}ψ̄_{k↓}ψ_{k↑} }

+^1_{κ3} ∑ k,p U(k^′ − p^′) { ψ̄_{p↑}ψ̄_{−p↑}ψ_{k↑}ψ_{−k↑} + ψ̄_{p↓}ψ̄_{−p↓}ψ_{k↓}ψ_{−k↓} + 2ψ̄_{p↑}ψ̄_{−p↓}ψ_{k↑}ψ_{−k↓} }

We substitute U(k^′ − p^′) = ∑_N l=0 λ_ly_l(k^′)ȳ_l(p^′) and use the identities

e^{12 X2} =^{1√}_{2π} ∫ R e^{Xw}e^− 1 2 w^2 dw

e^{−2XY} =^1_{2π} ∫ R^2 e^{iXϕ+iY ϕ̄}e^− 1 2 |ϕ|^2 dudv

to obtain e^{−U(ψ,ψ̄)} =∫ exp {(_{2U} 0 κ ) 1_2

w^1_κ ∑ k [ ψ̄_{k↑}ψ_{k↑} + ψ̄_{k↓}ψ_{k↓} ]} × exp {∑ l [ i (_{λl} 2κ ) 1_2¯ ξ^l_{↑↑}^1_κ ∑ k ȳ_l(k^′) ψ̄_{k↑}ψ_{k↑} + i (_{λl} 2κ ) 1_2 ξ^l_{↑↑}^1_κ ∑ k y_l(k^′) ψ̄_{k↑}ψ_{k↑} ]} × exp {∑ l [ i (_{λl} 2κ )^1_2¯ ξ^l_{↓↓}^1_κ ∑ k ȳ_l(k^′) ψ̄_{k↓}ψ_{k↓} + i (_{λl} 2κ )^1_2 ξ^l_{↓↓}^1_κ ∑ k y_l(k^′) ψ̄_{k↓}ψ_{k↓} ]} × exp {∑ l [ i (_{λl} κ )^1_2¯ ξ^l_{↑↓}^1_κ ∑ k ȳ_l(k^′) ψ̄_{k↑}ψ_{k↓} + i (_{λl} κ )^1_2 ξ^l_{↑↓}^1_κ ∑ k y_l(k^′) ψ̄_{k↓}ψ_{k↑} ]} × exp {∑ l [ i (_{λl} 2κ )^1_2¯ ϕ^l_{↑↑}^1_κ ∑ k ȳ_l(k^′) ψ̄_{k↑}ψ̄_{−k↑} + i (_{λl} 2κ )^1_2 ϕ^l_{↑↑}^1_κ ∑ k y_l(k^′) ψ_{k↑}ψ_{−k↑} ]} × exp {∑ l [ i (_{λl} 2κ ) 1_2¯ ϕ^l_{↓↓}^1_κ ∑ k ȳ_l(k^′) ψ̄_{k↓}ψ̄_{−k↓} + i (_{λl} 2κ ) 1_2 ϕ^l_{↓↓}^1_κ ∑ k y_l(k^′) ψ_{k↓}ψ_{−k↓} ]} × exp {∑ l [ i (_{λl} κ ) 1_2¯ ϕ^l_{↑↓}^1_κ ∑ k ȳ_l(k^′) ψ̄_{k↑}ψ̄_{−k↓} + i (_{λl} κ ) 1_2 ϕ^l_{↑↓}^1_κ ∑ k y_l(k^′) ψ_{k↑}ψ_{−k↓} ]} dν(w, ξ, ϕ) where

dν(w, ξ, ϕ) =^{1√}_{2π} e^{− 12 w2} dw Π_l Π_{(στ )∈} {↑↑,↓↓,↑↓} 1 (2π)^2 e

−^1_2 (|ϕ^l_{στ} |^2+|ξ^l_{στ} |^2)dul στ dv^l_{στ} da^l_{στ} db^l_{στ}

By a substitution of variables and collecting terms, one obtains e^{−U(ψ,ψ̄)} = ∫ exp { 1 κ ∑ k [ U^{12}_0 w + i ∑ l λ^{12}_l ( ξ̄^l_{↑↑} ȳ_l(k^′) + ξ^l_{↑↑} y_l(k^′) )] ψ̄_{k↑}ψ_{k↑} } × exp { 1 κ ∑ k [ U^{12}_0 w + i ∑ l λ^{12}_l ( ξ̄^l_{↓↓} ȳ_l(k^′) + ξ^l_{↓↓} y_l(k^′) )] ψ̄_{k↓}ψ_{k↓} } × exp {∑ l [ i(2λ_l)^{12} ξ̄^l_{↑↓}^1_κ ∑ k ȳ_l(k^′) ψ̄_{k↑}ψ_{k↓} + i(2λ_l)^{12} ξ^l_{↑↓}^1_κ ∑ k y_l(k^′) ψ̄_{k↓}ψ_{k↑} ]} × exp {∑ l [ iλ^{12}_l ϕ̄^l_{↑↑}^1_κ ∑ k ȳ_l(k^′)−ȳ_l(−k^′) 2 ψ̄_{k↑}ψ̄_{−k↑} + iλ^12_l ϕl_{↑↑}^1_κ ∑ k y_l(k^′)−y_l (−k^′) 2 ψ_{k↑}ψ_{−k↑} ]} × exp {∑ l [ iλ^{12}_l ϕ̄^l_{↓↓}^1_κ ∑ k ȳ_l(k^′)−ȳ_l(−k^′) 2 ψ̄_{k↓}ψ̄_{−k↓} + iλ^12_l ϕl_{↓↓}^1_κ ∑ k y_l(k^′)−y_l (−k^′) 2 ψ_{k↓}ψ_{−k↓} ]} × exp {∑ l [ i(2λ_l)^{12} ϕ̄^l_{↑↓}^1_κ ∑ k ȳ_l(k^′) ψ̄_{k↑}ψ̄_{−k↓} + i(2λ_l)^{12} ϕ^l_{↑↓}^1_κ ∑ k y_l(k^′) ψ_{k↑}ψ_{−k↓} ]} dν_κ(w, ξ, ϕ) where dν_κ(w, ξ, ϕ) is defined in the statement of the theorem. Using the definition of the fields Ξ, Γ and Φ, the above expression reads e^{−U(ψ,ψ̄)} = ∫ exp { 1 κ ∑ k [ Γk_↑ ψ̄_{k↑}ψ_{k↑} + Γk_↓ ψ̄_{k↓}ψ_{k↓} + iΞ̄k_{↑↓}ψ̄_{k↑}ψ_{k↓} + iΞk_{↑↓}ψ̄_{k↓}ψ_{k↑}

+ iΦ̄k_{↑↓}ψ̄_{k↑}ψ̄_{−k↓} + iΦk_{↑↓}ψ_{k↑}ψ_{−k↓} +^i_2 ∑ σ (¯ Φk_{σσ}ψ̄_{kσ}ψ̄_{−kσ} + Φk_{σσ}ψ_{kσ}ψ_{−kσ} )] } dν_κ We now rewrite the exponent in order to perform the fermionic functional integral. Since, if the set of spatial momenta satisfy k ∈ M = −M, ∑ k Γ_{k↑} ψ̄_{k↑}ψ_{k↑} = ∑ k_0∈^π_β (2Z+1) ∑ k∈M Γ_{k↑} ψ̄_{k↑}ψ_{k↑} = ∑ k_0 >0 ∑ k∈M [ Γ_{k↑} ψ̄_{k↑}ψ_{k↑} + Γ_{−k↑} ψ̄_{−k↑}ψ_{−k↑} ]

=^1_2 ∑ k k0>0 [ Γ_{k↑} (¯ ψ_{k↑}ψ_{k↑} − ψ_{k↑}ψ̄_{k↑} ) + Γ_{−k↑} (¯ ψ_{−k↑}ψ_{−k↑} − ψ_{−k↑}ψ̄_{−k↑} )]

one obtains, using the antisymmetry of the Φ_{kσσ}, Φ̄_{kσσ} ∑ k { Σ_σ Γkσ ψ̄kσψkσ + iΦ̄k↑↓ψ̄k↑ψ̄−k↓ + iΦk↑↓ψk↑ψ−k↓ + iΞ̄k_{↑↓}ψ̄_{k↑}ψ_{k↓} + iΞk_{↑↓}ψ̄_{k↓}ψ_{k↑} +^i_2 Σ_σ (¯ Φk_{σσ}ψ̄_{kσ}ψ̄_{−kσ} + Φk_{σσ}ψ_{kσ}ψ_{−kσ} )}

=^1_2 ∑ k k0>0 { Σ_σ [ Γk_σ (¯ ψ_{kσ}ψ_{kσ} − ψ_{kσ}ψ̄_{kσ} ) + Γ_−k_σ (¯ ψ_{−kσ}ψ_{−kσ} − ψ_{−kσ}ψ̄_{−kσ} )]

+ iΦ̄k_{↑↓} (¯ ψ_{k↑}ψ̄_{−k↓} − ψ̄_{−k↓}ψ̄_{k↑} ) + iΦ̄_−k_{↑↓} (¯ ψ_{−k↑}ψ̄_{k↓} − ψ̄_{k↓}ψ̄_{−k↑} ) + iΦk_{↑↓} ( ψ_{k↑}ψ_{−k↓} − ψ_{−k↓}ψ_{k↑} ) + iΦ_−k_{↑↓} ( ψ_{−k↑}ψ_{k↓} − ψ_{k↓}ψ_{−k↑} ) + iΞ̄k_{↑↓} (¯ ψ_{k↑}ψ_{k↓} − ψ_{k↓}ψ̄_{k↑} ) + iΞ̄_−k_{↑↓} (¯ ψ_{−k↑}ψ_{−k↓} − ψ_{−k↓}ψ̄_{−k↑} ) + iΞk_{↑↓} (¯ ψ_{k↓}ψ_{k↑} − ψ_{k↑}ψ̄_{k↓} ) + iΞ_−k_{↑↓} (¯ ψ_{−k↓}ψ_{−k↑} − ψ_{−k↑}ψ̄_{−k↓} ) + i Σ_σ [ Φ̄k_{σσ}(ψ̄_{kσ}ψ̄_{−kσ} − ψ̄_{−kσ}ψ̄_{kσ}) + Φk_{σσ}(ψ_{kσ}ψ_{−kσ} − ψ_{−kσ}ψ_{kσ}) ]}

Since, if a_k = ik_0 − ek dμ_C (ψ, ψ̄) = Π_{k,σ}^κ_{ak} e^{− 1κ} ∑ k,σ a_kψ̄_{k,σ}ψ_{k,σ} Π_{k,σ} dψk,σdψ̄k,σ one obtains Z(β, L, {s_{k,σ}}) = ∫ e^{−U(ψ,ψ̄)+ 1κ} ∑ k,σ s_{k,σ}ψ̄_{k,σ} ψ_{k,σ} dμ C (ψ, ψ̄) = Π_{k,σ}^κ_{ak} ∫ ∫ e^{− 12 1κ} ∑ k0>0 ∑ k⟨Ψ^k ,S^kΨ^k ⟩ Π k,σ dψ_{kσ}dψ̄_{kσ} dν_κ(w, ξ, ϕ)

= ∫ ∏ k0>0 k∈M {( κ^2 a_k a_{−k} )_2 ∫ e^{− 12 1κ ⟨Ψk ,SkΨk ⟩}dψ̄_{k↑}dψ_{k↑}dψ̄_{−k↓}dψ_{−k↓}×

dψ_{k↓}dψ̄_{k↓}dψ_{−k↑}dψ̄_{−k↑} } dν_κ(w, ξ, ϕ)

= ∫ ∏ k0>0 k∈M {( 1 a_k a_{−k} )_2 PfS_k } dν_κ(w, ξ, ϕ)

where Ψ_k = (¯ ψ_{k↑}, ψ_{k↑}, ψ̄_{−k↓}, ψ_{−k↓}, ψ_{k↓}, ψ̄_{k↓}, ψ_{−k↑}, ψ̄_{−k↑} ) and PfS_k is the Pfaffian of the 8 × 8 skew symmetric matrix S_k defined in the statement of the theorem. We used that Π_{k,σ} dψkσdψ̄kσ = Π_{k0>0} Π k { + dψ̄_{k↑}dψ_{k↑}dψ̄_{−k↓}dψ_{−k↓}dψ_{k↓}dψ̄_{k↓}dψ_{−k↑}dψ̄_{−k↑} }

Part b) of the theorem follows from 1 κ ⟨ψ̄_{pσ}ψ_{pσ}⟩ =^∂_{∂spσ |s=0} log Z(β, L, {s_{kσ}}) •

Lemma III.2: Let S_k be the skew symmetric 8 × 8 matrix of Theorem III.1. Then the Pfaffian of S_k is given by

PfS_k = ( A_{k↑}A_{−k↓} + Φ̄k_{↑↓}Φk_{↑↓} )( A_{−k↑}A_{k↓} + Φ̄_−k_{↑↓}Φ_−k_{↑↓} ) + A_{k↑}A_{−k↑}Φk_{↓↓}Φ̄k_{↓↓} + A_{k↓}A_{−k↓}Φk_{↑↑}Φ̄k_{↑↑} + Φk_{↑↑}Φk_{↓↓}Φ̄k_{↑↓}Φ̄_−k_{↑↓} + Φ̄k_{↑↑}Φ̄k_{↓↓}Φk_{↑↓}Φ_−k_{↑↓} + Φk_{↑↑}Φk_{↓↓}Φ̄k_{↑↑}Φ̄k_{↓↓} + iΞk_{↑↓}A_{−k↑}Φ̄k_{↑↓}Φk_{↓↓} + iΞ̄k_{↑↓}A_{−k↑}Φk_{↑↓}Φ̄k_{↓↓} − iΞk_{↑↓}A_{−k↓}Φ_−k_{↑↓}Φ̄k_{↑↑} − iΞ̄k_{↑↓}A_{−k↓}Φ̄_−k_{↑↓}Φk_{↑↑} + iΞ_−k_{↑↓}A_{k↓}Φk_{↑↓}Φ̄k_{↑↑} + iΞ̄_−k_{↑↓}A_{k↓}Φ̄k_{↑↓}Φk_{↑↑} − iΞ_−k_{↑↓}A_{k↑}Φ̄_−k_{↑↓}Φk_{↓↓} − iΞ̄_−k_{↑↓}A_{k↑}Φ_−k_{↑↓}Φ̄k_{↓↓} + Ξk_{↑↓}Ξ̄k_{↑↓}A_{−k↑}A_{−k↓} + Ξ_−k_{↑↓}Ξ̄_−k_{↑↓}A_{k↑}A_{k↓} + Ξk_{↑↓}Ξ̄_−k_{↑↓}Φ̄k_{↑↓}Φ_−k_{↑↓} + Ξ_−k_{↑↓}Ξ̄k_{↑↓}Φ̄_−k_{↑↓}Φk_{↑↓} − Ξk_{↑↓}Ξ_−k_{↑↓}Φ̄k_{↑↑}Φk_{↓↓} − Ξ̄k_{↑↓}Ξ̄_−k_{↑↓}Φk_{↑↑}Φ̄k_{↓↓} + Ξk_{↑↓}Ξ̄k_{↑↓}Ξ_−k_{↑↓}Ξ̄_−k_{↑↓}

Proof: The Pfaffian of S_k is given by the sum of all contractions ∑ Π⟨ψψ⟩ of the fields ψ̄_{k↑}, ψ_{k↑}, ψ̄_{−k↓}, ψ_{−k↓}, ψ_{k↓}, ψ̄_{k↓}, ψ_{−k↑}, ψ̄_{−k↑} where the value ⟨ψψ⟩ is given by the corresponding matrix element. That is, the Pfaffian can be evaluated by using Wick’s Theorem or integration by parts. Since S_k is an 8 × 8 matrix, one has Pf[−S_k] = PfS_k and PfS_k =⟨ψ̄_{k↑}ψ_{k↑}ψ̄_{−k↓}ψ_{−k↓}ψ_{k↓}ψ̄_{k↓}ψ_{−k↑}ψ̄_{−k↑}⟩_{Sk} = − A_{k↑}⟨ψ̄_{−k↓}ψ_{−k↓}ψ_{k↓}ψ̄_{k↓}ψ_{−k↑}ψ̄_{−k↑}⟩_{Sk} − iΦ̄k_{↑↓}⟨ψ_{k↑}ψ_{−k↓}ψ_{k↓}ψ̄_{k↓}ψ_{−k↑}ψ̄_{−k↑}⟩_{Sk} − iΞ̄k_{↑↓}⟨ψ_{k↑}ψ̄_{−k↓}ψ_{−k↓}ψ̄_{k↓}ψ_{−k↑}ψ̄_{−k↑}⟩_{Sk} + iΦ̄k_{↑↑}⟨ψ_{k↑}ψ̄_{−k↓}ψ_{−k↓}ψ_{k↓}ψ̄_{k↓}ψ_{−k↑}⟩_{Sk} = + A_{k↑}A_{−k↓}⟨ψ_{k↓}ψ̄_{k↓}ψ_{−k↑}ψ̄_{−k↑}⟩_{Sk} + iA_{k↑}Φ̄k_{↓↓}⟨ψ_{−k↓}ψ_{k↓}ψ_{−k↑}ψ̄_{−k↑}⟩_{Sk} + iA_{k↑}Ξ_−k_{↑↓}⟨ψ_{−k↓}ψ_{k↓}ψ̄_{k↓}ψ̄_{−k↑}⟩_{Sk} + Φ̄k_{↑↓}Φk_{↑↓}⟨ψ_{k↓}ψ̄_{k↓}ψ_{−k↑}ψ̄_{−k↑}⟩_{Sk} − Φ̄k_{↑↓}Ξk_{↑↓}⟨ψ_{−k↓}ψ_{k↓}ψ_{−k↑}ψ̄_{−k↑}⟩_{Sk} − Φ̄k_{↑↓}Φk_{↑↑}⟨ψ_{−k↓}ψ_{k↓}ψ̄_{k↓}ψ̄_{−k↑}⟩_{Sk} − Ξ̄k_{↑↓}Φk_{↑↓}⟨ψ̄_{−k↓}ψ̄_{k↓}ψ_{−k↑}ψ̄_{−k↑}⟩_{Sk} − Ξ̄k_{↑↓}Ξk_{↑↓}⟨ψ̄_{−k↓}ψ_{−k↓}ψ_{−k↑}ψ̄_{−k↑}⟩_{Sk} − Ξ̄k_{↑↓}Φk_{↑↑}⟨ψ̄_{−k↓}ψ_{−k↓}ψ̄_{k↓}ψ̄_{−k↑}⟩_{Sk} + Φ̄k_{↑↑}Φk_{↑↓}⟨ψ̄_{−k↓}ψ_{k↓}ψ̄_{k↓}ψ_{−k↑}⟩_{Sk} − Φ̄k_{↑↑}Ξk_{↑↓}⟨ψ̄_{−k↓}ψ_{−k↓}ψ_{k↓}ψ_{−k↑}⟩_{Sk} − Φ̄k_{↑↑}Φk_{↑↑}⟨ψ̄_{−k↓}ψ_{−k↓}ψ_{k↓}ψ̄_{k↓}⟩_{Sk} = + ( A_{k↑}A_{−k↓} + Φk_{↑↓}Φ̄k_{↑↓} ) ⟨ψ_{k↓}ψ̄_{k↓}ψ_{−k↑}ψ̄_{−k↑}⟩_{Sk} + ( A_{k↑}iΞ_−k_{↑↓} − Φ̄k_{↑↓}Φk_{↑↑} ) ⟨ψ_{−k↓}ψ_{k↓}ψ̄_{k↓}ψ̄_{−k↑}⟩_{Sk} + ( A_{k↑}iΦ̄k_{↓↓} − Φ̄k_{↑↓}Ξk_{↑↓} ) ⟨ψ_{−k↓}ψ_{k↓}ψ_{−k↑}ψ̄_{−k↑}⟩_{Sk} − Ξ̄k_{↑↓}Φk_{↑↓}⟨ψ̄_{−k↓}ψ̄_{k↓}ψ_{−k↑}ψ̄_{−k↑}⟩_{Sk} − Ξ̄k_{↑↓}Ξk_{↑↓}⟨ψ̄_{−k↓}ψ_{−k↓}ψ_{−k↑}ψ̄_{−k↑}⟩_{Sk} − Ξ̄k_{↑↓}Φk_{↑↑}⟨ψ̄_{−k↓}ψ_{−k↓}ψ̄_{k↓}ψ̄_{−k↑}⟩_{Sk} + Φ̄k_{↑↑}Φk_{↑↓}⟨ψ̄_{−k↓}ψ_{k↓}ψ̄_{k↓}ψ_{−k↑}⟩_{Sk} − Φ̄k_{↑↑}Ξk_{↑↓}⟨ψ̄_{−k↓}ψ_{−k↓}ψ_{k↓}ψ_{−k↑}⟩_{Sk} − Φ̄k_{↑↑}Φk_{↑↑}⟨ψ̄_{−k↓}ψ_{−k↓}ψ_{k↓}ψ̄_{k↓}⟩_{Sk} = + ( A_{k↑}A_{−k↓} + Φk_{↑↓}Φ̄k_{↑↓} )( A_{k↓}A_{−k↑} + Φ_−k_{↑↓}Φ̄_−k_{↑↓} ) + ( A_{k↑}iΞ_−k_{↑↓} − Φ̄k_{↑↓}Φk_{↑↑} )( −Φk_{↓↓}Φ̄_−k_{↑↓} − iΞ̄_{−k↑↓}A_{k↓} ) + ( A_{k↑}iΦ̄k_{↓↓} − Φ̄k_{↑↓}Ξk_{↑↓} )( −iΦk_{↓↓}A_{−k↑} − Ξ̄_{−k↑↓}Φ_−k_{↑↓} ) − Ξ̄k_{↑↓}Φk_{↑↓} ( −iΦ̄k_{↓↓}A_{−k↑} − Ξ_−k_{↑↓}Φ̄_−k_{↑↓} ) − Ξ̄k_{↑↓}Ξk_{↑↓} ( −A_{−k↓}A_{−k↑} − Ξ_−k_{↑↓}Ξ̄_−k_{↑↓} ) − Ξ̄k_{↑↓}Φk_{↑↑} ( A_{−k↓}iΦ̄_−k_{↑↓} + Φ̄k_{↓↓}Ξ̄_{−k↑↓} ) + Φ̄k_{↑↑}Φk_{↑↓} (¯ Φk_{↓↓}Φ_−k_{↑↓} + iΞ_−k_{↑↓}A_{k↓} ) − Φ̄k_{↑↑}Ξk_{↑↓} ( A_{−k↓}iΦ_−k_{↑↓} + Ξ_−k_{↑↓}Φk_{↓↓} ) − Φ̄k_{↑↑}Φk_{↑↑} ( − A_{−k↓}A_{k↓} − Φ̄k_{↓↓}Φk_{↓↓} )

By multiplying out the brackets one obtains the stated formula •

Before we consider some special cases in section IV where the effective potential and the two point functions are computed more explicitely, in the following theorem we write down the integral representation for the generating functional of the connected amputated Greens functions.

Theorem III.3: Let U(ψ, ψ̄) be given by (III.6) and let V be the effective potential (III.8) Let G(η) = log ∫ e^{−U(ψ+η,ψ̄+η̄)}dμ_C (ψ, ψ̄) be the generating functional for the connected amputated Greens functions. Then, if ζ_k denotes the eight component vector ζ_k = (a_kη_{k↑}, −a_kη̄_{k↑}, a_{−k}η_{−k↓}, −a_{−k}η̄_{−k↓}, −a_kη̄_{k↓}, a_kη_{k↓}, −a_{−k}η̄_{−k↑}, a_{−k}η_{−k↑}) and S_k = S_k(w, ξ, ϕ) is the 8 × 8 matrix of Theorem III.1, one has the following integral representation

G(η) − G(0) = −^1_κ ∑ kσ a_kη̄_{kσ}η_{kσ} + log ∫ e^{− 12 1κ} ∑ k⟨ζ_k ,S^{−1}_k ζ_k ⟩e−κV (w,ξ,ϕ)dw Π dξdϕ ∫ e^{−κV (w,ξ,ϕ)}dw Π dξdϕ

Proof: By a substitution of Grassmann variables, ∫ e^{−U(ψ+η,ψ̄+η̄)}dμ_C =

e^{− 1κ} ∑ kσ a_kη̄_{kσ} η_{kσ} ∫ e^{−U(ψ,ψ̄)} Π_{kσ}^κ_{ak} e^{1κ} ∑ kσ a_k [ψ̄_{kσ}η_{kσ} +η̄_{kσ} ψ_{kσ} −ψ̄_{kσ} ψ_{kσ} ] Π kσ dψ_{kσ}dψ̄_{kσ} As in the proof of Theorem III.1, one has e^{−U(ψ,ψ̄)− 1κ} ∑ kσ a_kψ̄_{kσ} ψ_{kσ} = ∫ e^{− 12 1κ} ∑ k0>0 ∑ k⟨Ψ^k ,S^kΨ^k ⟩dνκ(w, ξ, ϕ) such that ∫ e^{−U(ψ,ψ̄)} Π_{kσ}^κ_{ak} e^{1κ} ∑ kσ a_k[ψ̄_{kσ}η_{kσ} +η̄_{kσ} ψ_{kσ}−ψ̄_{kσ} ψ_{kσ} ] Π kσ dψ_{kσ}dψ̄_{kσ} = ∫ ∫ Π_{k0>0,} k (_{PfSk} a^2_k a^2_{−k} ) e^{1κ} ∑ kσ a_k [ψ̄_{kσ}η_{kσ} +η̄_{kσ} ψ_{kσ} ]×

Π_{k0 >0,} k κ^4 PfS_k e

−^1_2^1_κ ∑ k0>0 ∑ k⟨Ψ^k ,S^kΨ^k ⟩dνκ(w, ξ, ϕ) Π kσ dψ_{kσ}dψ̄_{kσ} = ∫ ∫ Π_{k0>0,} k (_{PfSk} a^2_k a^2_{−k} ) e^{1κ} ∑ k0>0,k⟨Ψk ,ζ k⟩× Π_{k0 >0,} k κ^4 PfS_k e

−^1_2^1_κ ∑ k0>0 ∑ k⟨Ψ^k ,S^kΨ^k ⟩ Π k_0>0,k dΨ_k dν_κ(w, ξ, ϕ) = ∫ Π_{k0>0,} k (_{PfSk} a^2_ka^2_{−k} ) e^{− 12 1κ} ∑ k0>0,k⟨ζ k ,S −1 k ζ_k ⟩ dν_κ(w, ξ, ϕ) where dΨ_k = dψ̄_{k↑}dψ_{k↑}dψ̄_{−k↓}dψ_{−k↓}dψ_{k↓}dψ̄_{k↓}dψ_{−k↑}dψ̄_{−k↑}

By definition of V Π_{k0>0,} k (_{PfSk} a^2_k a^2_{−k} ) dν_κ(w, ξ, ϕ) = e^{−κV (w,ξ,ϕ)}dw Π dξdϕ which proves the theorem •

IV. Some Special Cases

IV.1 A Delta Function Interaction with Forward, Exchange and BCS Term We consider the model Z(β, L, {s_{k,σ}}) = ∫ e^{−U(ψ,ψ̄)+ 1κ} ∑ k,σ s_{k,σ}ψ̄_{k,σ}ψ_{k,σ} dμ C (ψ, ψ̄) (IV.1) where U(ψ, ψ̄) =^λ_{κ3} ∑ σ,τ∈{↑,↓} ∑ k,p,q [ δ_{k,p} + δ_{k,−p} + δ_{q,0} ]¯ ψ_{k,σ}ψ̄_{q−k,τ} ψ_{p,σ}ψ_{q−p,τ} (IV.2)

In that case one has N = 0 in Theorem III.1 and all fields are independent of k:

Ξk_{↑↓} = (2λ)^{12} ξ_{↑↓} , Ξ̄k_{↑↓} = (2λ)^{12} ξ̄_{↑↓} , Ξk_{σσ} = λ^{12} ξ_{σσ} , Ξ̄k_{σσ} = λ^{12} ξ̄_{σσ} , Γk_σ = Γ_σ = λ^{12} (w + iξ_{σσ} + iξ̄_{σσ}) = (2λ)^{12 w+2iaσσ√}_2 if ξ_{σσ} = a_{σσ} + ib_{σσ} and Φk_{↑↓} = (2λ)^{12} ϕ_{↑↓} , Φ̄k_{↑↓} = (2λ)^{12} ϕ̄ and Φk_{↑↑} = Φk_{↓↓} = 0. Substituting 2λ by λ, the Pfaffian of S_k becomes PfS_k = (A_{k↑}A_{−k↓} + Φ_{↑↓}Φ̄_{↑↓})(A_{−k↑}A_{k↓} + Φ_{↑↓}Φ̄_{↑↓}) + (A_{k↑}A_{k↓} + A_{−k↑}A_{−k↓})Ξ_{↑↓}Ξ̄_{↑↓} + 2Ξ_{↑↓}Ξ̄_{↑↓}Φ_{↑↓}Φ̄_{↑↓} + (Ξ_{↑↓}Ξ̄_{↑↓})^2 = (A_{k↑}A_{−k↓} + λρ^2)(A_{−k↑}A_{k↓} + λρ^2) + (A_{k↑}A_{k↓} + A_{−k↑}A_{−k↓})λx^2 + 2λ^2x^2ρ^2 + λ^2x^4 (IV.3) where ρ = |ϕ|, x = |ξ_{↑↓}| and A_{kσ} = ik_0 − ek − s_{kσ} − Γ_σ. We assume ek = e_−k. The two point function ⟨ψ̄_{p↑}ψ_{p↑}⟩ is given by ⟨ψ̄_{p↑}ψ_p′_↑⟩ = βL^dδ_{p,p}′ ∫_{∂∂sp↑ PfSp} PfS_p δκ(Γσ, x, ρ) dwda↑↑da↓↓xdxρdρ (IV.4)

where

δ_κ(Γ_σ, x, ρ) = e^{−κV (Γσ ,x,ρ)} ∫ e^{−κV (Γσ ,x,ρ)}dwda_{↑↑}da_{↓↓}xdxρdρ (IV.5)

is, if the volume or κ = βL^d goes to infinity, a δ-sequence which forces the variables w, a_{σσ}, x and ρ to take values where the real part of the effective potential

V (Γ_σ, x, ρ) =^1_4 w^2 + a^2_{↑↑} + a^2_{↓↓} + x^2 + ρ^2 −^1_{βLd} ∑ k∈M log Π_{k0>0}^{PfSk}_{a2k a2−k}

has its global minimum.

A detailed analysis to find the global minimum, in particular for the case discussed in section IV.2, we plan to give in a forthcoming paper. Here we simply write down the two point function under certain assumptions of what the minimum may be.

Since V is symmetric in a_{↑↑} and a_{↓↓}, we substitute (IV.4) by

⟨ψ̄_{p↑}ψ_p′_↑⟩ = βL^dδ_{p,p}′ ∫ F^{↑↑}_p (w, a, x, ρ) e^{−κV (w,a,x,ρ)}dwdaxdxρdρ ∫ e^{−κV (w,a,x,ρ)}dwdaxdxρdρ (IV.6)

where V (w, a, x, ρ) =^1_4 w^2 + a^2 + x^2 + ρ^2 −^1_{βLd} ∑ k∈M log Π_{k0>0}^{PfSk}_{a2k a2−k} (IV.7)

and, for s_{kσ} = 0, A_{k↑} = A_{k↓} = ik_0 − ek − γ where γ = λ^{12} (w + √ 2 a). Then the two point function is given by F^{↑↑}_p (w, a, x, ρ) = ∂ ∂sp↑ PfSp PfS_p |s^{pσ} =0 = −

A_{−p}(A_pA_{−p}+λρ^2 )+A_pλx^2 (A_pA_{−p}+λρ^2)^2+(A^2_p+A^2_{−p}+2λρ^2 )λx^2+λ^2x^4 (IV.8)

To proceed one has to compute the effective potential, that is, the product in (IV.7).

Lemma IV.1: a) Let a_k = ik_0 − ek, e_−k = ek and let b, c, d be some complex numbers. Then ∏ k_0∈^π_β (2Z+1) a_k a_{−k} +ba_k +ca_{−k}+d a_ka_{−k} := lim_{ϵ→0} ϵ<0 ∏ k_0∈^π_β (2Z+1) a_ka_{−k} +be^{iϵk0} a_k +ce^{−iϵk0} a_{−k} +d a_k a_{−k} =^{cosh β2} √_{e2k+ω+} cosh^β_2 ek cosh^β_2 √_{e2k+ω−} cosh^β_2 ek e β 2 (b+c) (IV.9)

where ω_± =^{p±} √_{p2−4q} 2 with p = (b+c−ek)^2 −e^2_k −4bc+2d and q = 4bce^2k −2(b+c)ekd+d^2.

In particular, for b = c and d = c^2 ∏ k_0∈^π_β (2Z+1) ( 1 +^c_{ak} ) := lim_{ϵ→0} ϵ<0 ∏ k_0∈^π_β (2Z+1) ( 1 + e^{−iϵk0 c}_{ak} ) =^{1+e−β(ek−c)} 1+e^{−βe}k

b) Let A_k = a_k − γ, γ a complex number, and let

PfS_k = PfS_k(a_k, a_{−k}) = (A_kA_{−k} + λρ^2)^2 + (A^2_k + A^2_{−k} + 2λρ^2)λx^2 + λ^2x^4

Then ∏ k0∈ πβ (2Z+1) k0>0

PfS_k (a_k ,a_{−k}) a^2_ka^2_{−k} := lim_{ϵ→0ϵ<0} ∏ k0∈ πβ (2Z+1) k0>0

PfS_k(e^{iϵk0} a_k ,e^{−iϵk0} a_{−k}) a^2_k a^2_{−k}

=^{sinh2( β2 i} √ λ x) + cosh^2(^β_2

√_{(ek+γ)2+λρ2 )}

cosh^{2 β}_2 ek e −βγ (IV.10)

Proof: We first explain why the definition of the product given in the lemma is the right one.

Consider the quadratic perturbation

H = H_0 + λN =^1_{Ld} ∑ kσ ek a^+k_σak_σ +^λ_{Ld} ∑ kσ a^+k_σak_σ

One finds by explicit computation of the trace Z(λ, β) =^{T r e−β(H0+λN)} T r e^{−βH}0 = Πkσ 1+e^{−β(e}k^{+λ)} 1+e^{−βe}k On the other hand, by explicit summation of the perturbation series or equivalently, by performing the fermionic functional integral, one obtains Z(λ, β) = ∫ e^{λβLd} ∑ kσ ψ̄_{kσ}ψ_{kσ} dμ_C = Π_{kσ}^{βLd}_{ik0−ek} ∫ e^{λβLd} ∑ kσ ψ̄_{kσ}ψ_{kσ} e^{− 1βLd} ∑ kσ (ik_0−ek)ψ̄_{kσ} ψ_{kσ} Π_{kσ} dψkσdψ̄kσ = Π_{kσ}^{ik0−ek−λ} ik_0 −ek = Πkσ Πk_0 ( 1 −^λ_{ak} ) (IV.11)

In the perturbation expansion the product in the last equation results from Π_{kσ} ( 1 −^λ_{ak} ) = e ∑ kσ log (_{1− λa} k ) = e^− ∑_∞ r=1 λr r ∑ kσ 1 akr

The term for r = 1 requires special attention since ∑ k_0 1 ik_0 −ek is not absolutely convergent.

This sum enters the perturbation series as the propagator

C(x_0 − x^′_0, x − x^′) =^{T r e−βH0 T ψ(x0}x^{)ψ+(x′0}x^{′)} T r e^{−βH}0

evaluated at x_0 − x^′_0 = 0. Here T ψ(x_0x)ψ^+(x^′_0x^′) is defined to be ψ(x_0x)ψ^+(x^′_0x^′) if x_0 ≥ x^′_0 and −ψ^+(x^′_0x^′)ψ(x_0x) if x_0 < x^′_0. By explicit computation one finds that for x_0 ≠ x^′_0

C(x_0 − x^′_0, x − x^′) =^1_{Ld} ∑ k e^ik^(x^−x^{′)}e^{−ek(x0−x′0 )} [θ_β (−ek)θ(x^′_0 − x_0) − θ_β (ek)θ(x_0 − x^′_0)]

=^1_{βLd} ∑ k,k0 e^ik^(x^−x^{′)−ik0 (x0−x′0 ) 1}_{ik0−ek}

and for x_0 = x^′_0

C(0, x − x^′) =^1_{Ld} ∑ k e^ik^(x^−x^{′)}θ_β (−ek) = lim_{ϵ→0} ϵ<0 1 βL^d ∑ k,k0 e^ik^(x^−x^{′)−ik0 ϵ 1}_{ik0 −ek}

Here θ is a step function being 1 for positive arguments and θ_β (−v) =^{e−βv}_{1+e−βv} is an approximate step function. Therefore the k_0-sums have to be evaluated according to ∑ k_0 1 ik_0−ek = ∑ k_0 ϵ 1 ik_0−ek := lim_{ϵ→0} ϵ<0 ∑ k_0 e^{−ik0 ϵ 1}_{ik0−ek} = βθ_β (−ek) = β^{e−βek}_{1+e−βek} We emphasize this point because the following computation leads to a wrong result ∑ k_0 1 ik_0−ek = ∑ k_0 sym 1 ik_0−ek := 1 2 ∑ k_0

[_1

ik_0 −ek + 1 −ik_0 −ek ] = ∑ k_0 −ek k^2_0 +e^2k = − β 2 1−e^{−βe}k 1+e^{−βe}k Therefore the product in (IV.11) is found to be

Π_{k0} ( 1 −^λ_{ik0−ek} ) = Π_{k0}^ϵ ( 1 −^λ_{ik0−ek} ) = e^− ∑_∞ r=1 λr r ∑_ϵ k0 1 (ik0−ek)r = e^− ∑_∞ r=1 λr r ∑_{sym} k0 1 (ik0−ek)r e ∑_{sym} k0 λ ik0−ek − ∑_ϵ k0 λ ik0−ek = Π_{k0}^{sym} ( 1 −^λ_{ik0−ek} ) e^{− β2 λ} = Π_{k0>0}^{k20 +(ek+λ)2}

k^2_0 +e^2k e

−^β_2 λ

(II.6)

=^{cosh β2 (ek+λ)}

cosh^β_2 ek e

−^β_2 λ = 1+e^{−β(e}k^{+λ)} 1+e^{−βe}k (IV.12)

which proves (IV.9) for b = c and d = c^2.

In the general case one may proceed similarly to obtain (using a_k + a_{−k} = −2ek) Π k_0∈^π_β (2Z+1) a_k a_{−k} +ba_k +ca_{−k}+d a_ka_{−k} = lim_{ϵ→0} ϵ<0 Π_{k0} ( 1 +^{beiϵk0 ak +ce−iϵk0 a−k +d} a_k a_{−k} ) =: Π_{k0}^ϵ · · · = Π_{k0}^{sym} ( 1 +^{bak +ca−k +d} a_ka_{−k} ) e^{b(} ∑_ϵ k0 − ∑_{sym} k0 )^1_{a−k} +c( ∑_ϵ k0 − ∑_{sym} k0 )^1_{ak} = Π_{k0>0}^{(ak a−k+bak +ca−k +d)(ak a−k+ba−k +cak +d)} (a_k a_{−k} )^2 e β 2 (b+c) = Π_{k0>0}^{(ak a−k)2+ak a−k (−2ek(b+c)+2d+b2+c2)+bc(a2k +a2−k )−2ekd(b+c)+d2} (a_k a_{−k} )^2 e β 2 (b+c)

Since a^2_k + a^2_{−k} = −2k^2_0 + 2e^2k = −2a_ka_{−k} + 4e^2k one obtains

Π^ϵ

k_0∈^π_β (2Z+1) a_k a_{−k} +ba_k +ca_{−k}+d a_k a_{−k} = Πk_0>0

(a_k a_{−k} )^2+pa_k a_{−k} +q (a_k a_{−k} )^2 e β 2 (b+c)

= Π_{k0>0} ( 1 +^{ω+}_{aka−k} ) ( 1 +^{ω−}_{ak a−k} ) e^{β2 (b+c)} where p = −2ek(b + c) + 2d + (b + c)^2 − 4bc and q = 4bce^2k − 2ekd(b + c) + d^2. Application of Lemma II.2 proves part (a) of the lemma. Part b) One has A_kA_{−k} = a_ka_{−k} − γ(a_k + a_{−k}) + γ^2 and

A^2_k + A^2_{−k} = a^2_k + a^2_{−k} − 2γ(a_k + a_{−k}) + 2γ^2 = 2A_kA_{−k} + (a_k − a_{−k})^2

which gives

PfS_k = (A_kA_{−k} + λρ^2 + λx^2)^2 + (a_k − a_{−k})^2λx^2

= [A_kA_{−k} + λρ^2 + λx^2 + iλ^{12} x(a_k − a_{−k})] [A_kA_{−k} + λρ^2 + λx^2 − iλ^{12} x(a_k − a_{−k})] = [ a_ka_{−k} − (γ − iλ^{12} x)a_k − (γ + iλ^{12} x)a_{−k} + γ^2 + λρ^2 + λx^2 ] × [ a_ka_{−k} − (γ + iλ^{12} x)a_k − (γ − iλ^{12} x)a_{−k} + γ^2 + λρ^2 + λx^2 ]

Therefore one obtains Π^ϵ_{k0>0}^{PfSk(ak ,a−k)} a^2_k a^2_{−k} = lim_{ϵ→0ϵ<0} Πk_0 a_k a_{−k}−(γ−iλ^12 x)e^{ik0ϵ}a_k −(γ+iλ^12 x)e^{−ik0ϵ}a_{−k} +γ^2+λρ^2+λx^2 a_ka_{−k} (a) =^{cosh β2} √_{e2k+ω+} cosh^β_2 ek cosh^β_2 √_{e2k+ω−} cosh^β_2 ek e −βγ

where

p = (ek + 2γ)^2 − e^2k − 4(γ^2 + λx^2) + 2γ^2 + 2λρ^2 + 2λx^2 = 4γek + 2γ^2 + 2λρ^2 − 2λx^2

q = 4(γ^2+λx^2)e^2k+4γek(γ^2+λρ^2+λx^2)+(γ^2+λρ^2+λx^2)^2 = (2γek+γ^2+λρ^2+λx^2)^2+4λx^2e^2k

such that

p^2

4 − q = −4(2γek + γ^2 + λρ^2)λx^2 − 4λx^2e^2k = −4 [ (ek + γ)^2 + λρ^2 ] λx^2 and therefore

e^2k + ω_± = (ek + γ)^2 + λρ^2 − λx^2 ± 2iλ^{12} x [ (ek + γ)^2 + λρ^2

] 1_2 = {[ (ek + γ)^2 + λρ^2

] 1_2

± iλ^{12} x

}_2 which results in

Π^ϵ_{k0>0}^{PfSk (ak ,a−k)} a^2_ka^2_{−k} = cosh^β_2 { [(ek+γ)^2+λρ^2 ]^12 +iλ^12 x } cosh^β_2 ek cosh^β_2 { [(ek+γ)^2 +λρ^2]^12 −iλ^12 x } cosh^β_2 ek e −βγ =^{sinh2( β2 i} √ λ x) + cosh^2(^β_2

√_{(ek+γ)2 +λρ2 )}

cosh^{2 β}_2 ek e −βγ •

Using the lemma above the effective potential (IV.7) becomes

V (w, a, x, ρ) =^1_4 w^2+a^2+x^2+ρ^2− ∫ M d^d k (2π)^d 1 β log

[_{sinh2( β} 2 i √ λ x) + cosh^2(^β_2

√_{(ek+γ)2+λρ2 )}

cosh^{2 β}_2 ek e −βγ ]

(IV.13) To compute the two point function, one has to find the global minimum of the real part of (IV.13).

For attractive λ = g^2 > 0 one has sinh^2(^β_2 i √ λ x) = − sin^2(^β_2 gx) and it seems likely that ρ > 0 and x = 0 at the global minimum. Furthermore it seems favorable to put the imaginary part of γ = g(w + √ 2 ia) to 0. That is a = 0 and w may be non zero to shift the Fermi surface to ek_g = ek + gw. The two point function becomes in that case lim_{κ→∞}^1_κ ⟨ψ̄_{k↑}ψ_k′_↑⟩ = −^{A−k(Ak A−k+λρ2 )} (A_k A_{−k}+λρ^2 )^2 = ik_0+ek_g k^2_0 +e^2k_g +g^2ρ^2 (IV.14)

For repulsive λ = −g^2 < 0 sinh^2(^β_2 i √ λ x) = sinh^2(^β_2 g x) and the values ρ = 0 and x > 0 seem favourable. The imaginary part of γ is now given by w which again we put equal to 0. The value of a may be non zero to shift ek to ek_g = ek + 2^{12} ga ≡ ek + δ_g. Under these assumptions the two point function becomes lim_{κ→∞}^1_κ ⟨ψ̄_{k↑}ψ_{k↑}⟩ = −^{Ak A2−k+Ak λx2} A^2_k A^2_{−k}+(A^2_k +A^2_{−k} )λx^2+λ^2x^4 = − A_k A^2_k−g^2x^2

= −^1_2

[_1 ik_0−ek_g −gx + 1 ik_0−ek_g +gx ] (IV.15)

which, at zero temperature, results in a momentum distribution

nk = lim_{L→∞}⟨a^+k ak⟩_{β,L} = lim_{ϵ→0} ϵ<0 ∫ R dk_0 2π 1 2 [_1 e^{ik}0^ϵ(ik_0−ek)−δ_g −gx + 1 e^{ik}0^ϵ(ik_0 −ek)−δ_g +gx ]

=^1_2 [ χ(ek_g − gx < 0) + χ(ek_g + gx < 0) ] = 1 if ek_g < −gx 1 2 if −gx < ek_g < gx 0 if gx < ek_g (IV.16)

IV.2 BCS with Non Zero Angular Momentum Terms

We consider the model Z(β, L, {s_{k,σ}}) = ∫ e^{−U(ψ,ψ̄)+ 1κ} ∑ k,σ s_{k,σ}ψ̄_{k,σ}ψ_{k,σ} dμ C (ψ, ψ̄) (IV.17)

with ek = k^2_{2m} − μ, C(k) =^1_{ik0 −ek} and

U(ψ, ψ̄) =^1_{κ2} ∑ σ,τ∈{↑,↓} ∑ k,p 1 κ U(k^′ − p^′) ψ̄_{k,σ}ψ̄_{−k,τ} ψ_{p,σ}ψ_{−p,τ} (IV.18) The electron electron interaction is given by (III.7)

U(k^′ − p^′) = 1 2 n∑ ℓ=−n λ_{|ℓ|}e^{iℓφk} e^{−iℓφp} + λ_0 2 if d = 2 n∑ ℓ=0 ℓ∑ m=−ℓ λ_ℓY_{ℓm} (k^′) Ȳ_{ℓm} (p^′) if d = 3 =: N∑ l=0 λ_l y_l(k^′) ȳ_l(p^′)

where k^′ = √ 2mμ k_|k_| is the projection of k onto the Fermi surface ek = 0. For simplicity, we write Y_{ℓm}(k^′) instead of Y_{ℓm} ( k^′_{kF} ) . To write down the effective potential and the two point functions in this case, we first have to compute the Pfaffian of the matrix S_k of Theorem III.1. Since we consider only a BCS interaction, the Ξ and Γ fields are zero. With Lemma III.2 one obtains

PfS_k = ( a_{k↑}a_{−k↓} + Φ̄k_{↑↓}Φk_{↑↓} )( a_{−k↑}a_{k↓} + Φ̄_−k_{↑↓}Φ_−k_{↑↓} ) + a_{k↑}a_{−k↑}Φk_{↓↓}Φ̄k_{↓↓} + a_{k↓}a_{−k↓}Φk_{↑↑}Φ̄k_{↑↑} + Φk_{↑↑}Φk_{↓↓}Φ̄k_{↑↓}Φ̄_−k_{↑↓} + Φ̄k_{↑↑}Φ̄k_{↓↓}Φk_{↑↓}Φ_−k_{↑↓} + Φk_{↑↑}Φk_{↓↓}Φ̄k_{↑↑}Φ̄k_{↓↓} where a_{kσ} = a_k − s_{kσ}. In particular, for s_{kσ} = 0

PfS_k = (a_ka_{−k} + Ω^+k )(a_ka_{−k} + Ω^−k )

where Ω^±k are the solutions of the quadratic equation

Ω^2 − ( Φ̄k_{↑↓}Φk_{↑↓} + Φ̄_−k_{↑↓}Φ_−k_{↑↓} + Φk_{↑↑}Φ̄k_{↑↑} + Φk_{↓↓}Φ̄k_{↓↓} ) Ω + Φk_{↑↓}Φ̄k_{↑↓}Φ_−k_{↑↓}Φ̄_−k_{↑↓} + Φk_{↑↑}Φk_{↓↓}Φ̄k_{↑↓}Φ̄_−k_{↑↓} + Φ̄k_{↑↑}Φ̄k_{↓↓}Φk_{↑↓}Φ_−k_{↑↓} + Φk_{↑↑}Φk_{↓↓}Φ̄k_{↑↑}Φ̄k_{↓↓} = 0 (I.8)

Using Lemma II.2 again to compute the product over k_0, the effective potential becomes

V (ϕ) = ∑ στ∈{↑↑,↓↓,↑↓} N∑ l=0 |ϕ^l_{στ} |^2 −^1_{βLd} ∑ k∈M log Π_{k0 >0} {_{aka−k +Ω+k} a_k a_{−k} a_k a_{−k} +Ω^−k a_k a_{−k} }

= N∑ l=0 ( |ϕ^l_{↑↓}|^2 + |ϕ^l_{↑↑}|^2 + |ϕ^l_{↓↓}|^2 ) − ∑ ϵ∈{+,−} ∫ M d^dk (2π)^d 1 β log

[_{cosh( β} 2 √_{e2k+Ωϵk)}

cosh^β_2 ek ] (IV.19)

In the following we consider the case of an even and an odd interaction U(k^′ − p^′). For even U, the sum in (III.7) goes only over even angular momenta and one has y_l(−k^′) = y_l(k^′). That is, Φk_{↑↑} = Φk_{↓↓} = 0 and Φ_−k_{↑↓} = Φk_{↑↓}. The quadratic equation becomes

Ω^2 − 2Φ̄k_{↑↓}Φk_{↑↓}Ω + (¯ Φk_{↑↓}Φk_{↑↓}

)_2 = 0 which gives Ω^±k = Φ̄k_{↑↓}Φk_{↑↓} and

V (ϕ_{↑↓}) = N∑ l=0 |ϕ^l_{↑↓}|^2 − ∫ M d^dk (2π)^d 2 β log

[_{cosh( β} 2 √_{e2k+Φ̄k↑↓Φk↑↓)} cosh^β_2 ek ] (IV.20)

The two point function is given by 1 κ ⟨ψ̄_{pσ}ψ_{pσ}⟩ = ∫_1 κ ψ̄_{pσ}ψ_{pσ} e^{−U(ψ,ψ̄)}dμ_C (ψ, ψ̄)

= − ∫_{a−p} a_pa_{−p}+Φ̄k_{↑↓}Φk_{↑↓} e −κV (ϕ_{↑↓}) N Π_{l=0} du^l_{↑↓}dv^l_{↑↓} ∫ e^{−κV (ϕ↑↓) N}Π_{l=0} du^l_{↑↓}dv^l_{↑↓} (IV.21)

For a pure odd interaction the sum in (III.7) contains only odd values of l and one has Φ_−k_{στ} = −Φk_{στ} . Furthermore, since V is symmetric with respect to ϕ^l_{↑↑} ↔ ϕ^l_{↓↓}, one

may substitute ϕ^l_{↑↑} = ϕ^l_{↓↓} = ϕ^l, Φk_{↑↑} = Φk_{↓↓} = Φk = ∑ l λ^{12}_l y_l(k^′)ϕ^l and the integral over du^l_{↑↑}dv^l_{↑↑}du^l_{↓↓}dv^l_{↓↓} by an integral over du^ldv^l. The quadratic equation becomes in that case

Ω^2 − 2 ( Φ̄k_{↑↓}Φk_{↑↓} + ΦkΦ̄k ) Ω + Φ̄^2k_{↑↓}Φ^2k_{↑↓} − Φ^2kΦ̄^2k_{↑↓} − Φ̄^2kΦ^2k_{↑↓} + Φ^2kΦ̄^2k = 0

which gives Ω^±k = (Φk_{↑↓} ± Φk)(Φ̄k_{↑↓} ± Φ̄k) The two point function reads in this case

1 κ ⟨ψ̄_{pσ}ψ_{pσ}⟩ = ∫ Fp(ϕ) e^{−κV (ϕ) N}Π_{l=0} du^l_{↑↓}dv^l_{↑↓}du^ldv^l ∫ e^{−κV (ϕ) N}Π_{l=0} du^l_{↑↓}dv^l_{↑↓}du^ldv^l (IV.22)

where Fp(ϕ) = −^{a−p[apa−p+Φp↑↓Φ̄p↑↓+ΦpΦ̄p]} (a_pa_{−p}+Ω^+p )(a_pa_{−p}+Ω^−p ) (IV.23)

A detailed analysis to compute the infinite volume limit of (IV.21,22) we plan to give in a forthcoming paper. In the following, concerning the two dimensional case, we only report on a result which is still under investigation of A. Schuette. In three dimensions, we argue in Theorem IV.2 below using only symmetry considerations that, if e(k) has SO(3) symmetry, then the ⟨a^+k_σak_σ⟩ expectations also have to have SO(3) symmetry.

Consider first the two dimensional case. An analysis done by Albrecht Schuette from ETH Zürich indicates the following result:

Let U(k^′ − p^′) = ∑_n ℓ=−n λℓe iℓ(φk−φp), suppose that λ

m > 0 is attractive and λ_m > λ_ℓ for all ℓ ≠ m. Then lim_{κ→∞}^1_κ ⟨ψ̄_{pσ}ψ_{pσ}⟩_{β,L} =^{ik0+ep} p^2_0+e^2p+λ_m ρ^2_m (IV.24)

where ρ_m is determined by the BCS equation 1 −^{λm}_{4π} ∫ d|k||k|^{tanh( β2} √_{e2k+λm ρ2m)} √_{e2k+λρ2m} = 0

The form of the two point function (IV.24) can still be obtained by applying the standard mean field formalism [AB], [BW]. However, the situation is different in 3 dimensions. Before we state the corresponding theorem, we shortly recall the mean field equations [AB], [BW]:

The ⟨a^+a⟩ expectations are given by

⟨a^+k_σak_σ⟩ =^1_2 ( 1 − ek [_{tanh( β2} √_{e2k+Δ∗kΔk)} √_{e2k+Δ∗kΔk} ] σσ ) (IV.25)

where the 2 × 2 matrix Δk, Δ^Tk = −Δ_−k, is a solution of the gap equation

Δp = ∫ M d^dk (2π)^d U(p

′ − k^′) Δk^{tanh( β2}

√_{e2k+Δ∗kΔk)} 2 √_{e2k+Δ∗kΔk} (IV.26)

In 2 dimensions, if one substitutes U(p^′ − k^′) by a single attractive term λ_ℓe^{iℓ(φp−φk)}, then (IV.26) has the unitary isotropic solution Δk = Δ

(_0 −e^{iℓφ}k e^{iℓφ}k 0 ) for even ℓ and

Δk = Δ

(_{cos ℓφk}

sin ℓφk sin ℓφk − cos ℓφk ) if ℓ is odd. In that case Δ^∗kΔk = |Δ|^2Id and (IV.25) coincides with (IV.24).

In 3 dimensions, it has been proven by Feldman, Knörrer and Trubowitz [FKT] that for all ℓ ≥ 2 (IV.26) does not have unitary isotropic (Δ^∗kΔk = const Id) solutions. In view of that result, the symmetry considerations below indicate that in 3 dimensions for ℓ ≥ 2 the standard mean field approach may be misleading since one would no longer expect SO(3) invariance for the ⟨a^+k_σak_σ⟩ expectations according to (IV.25). But this is indeed the case.

Theorem IV.2: Let ℓ be even, λ_ℓ > 0 be attractive and let U(ψ, ψ̄) =^{λℓ}_{L3d} ∑ k,p ℓ∑ m=−ℓ Ȳ_{ℓm}(k^′)Y_{ℓm}(p^′) ψ̄_{k↑}ψ̄_{−k↓}ψ_{p↑}ψ_{−p↓}

Then, if e_Rk = ek for all R ∈ SO(3), one has lim_{κ→∞}^1_κ ⟨ψ̄_{pσ}ψ_{pσ}⟩_{β,L} = lim_{κ→∞} ∫_1 κ ψ̄_{pσ}ψ_{pσ} e^{−U(ψ,ψ̄)}dμ_C (ψ, ψ̄) = ∫ S^2 ip_0+ep p^2_0+e^2p+λ_ℓρ^2_0| Σ_m α^0_mY_{ℓm}(x)|^2

dΩ(x)_{4π} where ρ_0 ≥ 0 and α^0 ∈ C^{2ℓ+1}, Σ_m |α^0_m|^2 = 1, are values at the global minimum (which is degenerated) of

V (ρ, α) = ρ^2 − ∫ M d^3k (2π)^3 1 β log

[_{cosh( β} 2 √_{e2k+λℓρ2| Σm αmYℓm(} k^′)|^2)

cosh^β_2 ek

]_2

In particular, at zero temperature the momentum distribution np is given by

np = lim_{L→∞}⟨a^+p_σap_σ⟩_{β,L} = ∫ S^2 1 2 ( 1 −^{ep}

√_{e2p+|Δ(} x)|^2

)_{dΩ(} x)_{4π}

and has SO(3) symmetry. Here Δ(x) = λ^{12}_ℓ ρ_0 Σ_m α^0_mY_{ℓm}(x).

Proof: Substituting u^l_{↑↓} by u_m and u^l_{↑↓} by −v_m in (IV.21), one has to compute the infinite volume limit of 1 κ ⟨ψ̄_{pσ}ψ_{pσ}⟩ = − ∫ R^{4ℓ+2 a−p} a_pa_{−p}+|Φp|^2 e −κV (ϕ) Πℓ m=−ℓ dumdvm ∫ R^{4ℓ+2} e^{−κV (ϕ)} Π^ℓm=−ℓ du^mdv^m (IV.27)

where

V (ϕ) = ℓ∑ m=−ℓ |ϕ_m|^2 − ∫ M d^3 k (2π)^3 1 β log

[_{cosh( β} 2 √_{e2k+|Φk|2)}

cosh^β_2 ek

]_2

and Φk = λ^{12}_ℓ ℓ∑ m=−ℓ ϕ̄_mY_{ℓm}(k^′)

Let U(R) be the unitary representation of SO(3) given by

Y_{ℓm}(Rk^′) = ∑ m^′ U(R)_{mm}′ Y_{ℓm}′ (k^′)

and let ∑ m(Uϕ)_mY_{ℓm}(k^′) =: (UΦ)k. Then for all R ∈ SO(3) one has ( U(R)Φ ) k = Φ^{R−1}k and V ( U(R)ϕ ) = ∑ m |[U(R)ϕ]_m|^2 − ∫ M d^3 k (2π)^3 1 β log

[_{cosh( β} 2 √_{e2k+|[UΦ]k|2)}

cosh^β_2 ek

]_2

= ∑ m |ϕ_m|^2 − ∫ M d^3 k (2π)^3 1 β log

[_{cosh( β} 2 √_{e2k+|ΦR−1k|2)} cosh^β_2 ek

]_2

= ∑ m |ϕ_m|^2 − ∫ M d^3 k (2π)^3 1 β log

[_{cosh( β} 2 √_{e2k+|Φk|2)}

cosh^β_2 ek

]_2

= V (ϕ) (IV.28)

Let S^{4ℓ+1} = {ϕ ∈ C^{2ℓ+1} | ∑ m |ϕ_m|^2 = 1}. Since U(R) leaves S^{4ℓ+1} invariant, S^{4ℓ+1} can be written as the union of disjoint orbits,

S^{4ℓ+1} = ∪_{[α]∈O}[α]

where [α] = {U(R)α | R ∈ SO(3)} is the orbit of α ∈ S^{4ℓ+1} under the action of U(R) and O is the set of all orbits. If one chooses a fixed representant α in each orbit [α], that is, if one chooses a fixed section σ : O → S^{4ℓ+1}, [α] → σ_{[α]} with [σ_{[α]}] = [α], every ϕ ∈ C^{2ℓ+1} can be uniquely written as ϕ = ρ U(R)σ_{[α]} , ρ = ‖ϕ‖ ≥ 0, α =^ϕ_{‖ϕ‖} , [α] ∈ O and R ∈ SO(3)/I_{[α]} where I_{[α]} = I^σ_{[α]} = {S ∈SO(3) | U(S)σ_{[α]} = σ_{[α]}} is the isotropy subgroup of σ_{[α]}. Let ∫ R^{4ℓ+2} Π^m du^mdv^m g(ϕ) = ∫ R^+ Dρ ∫ O D[α] ∫ [α] DR g ( ρ U(R)σ_{[α]} ) be the integral in (IV.27) over R^{4ℓ+2} in the new coordinates. That is, for example, Dρ = ρ^{4ℓ+1}dρ. In the new coordinates

|Φp|^2 = λ_ℓρ^2 | | | ∑ m ( U(R)σ_{[α]} ) mY_{ℓm}(p^′) | | |^2 = λℓρ^2 | | | ∑ m σ̄_{[α],m}Y_{ℓm} ( R^{−1}p^′ )| |^2

such that −a_{−p} a_pa_{−p}+|Φp|^2 = −a_{−p} a_pa_{−p}+λ_ℓρ^2| Σ_m σ̄_{[α],m} Y_{ℓm}(R^{−1}p^′)|^2 ≡ f(ρ, [α], R

−1p)

Since V (ϕ) = V (ρ, [α]) is independent of R, one obtains

1 κ ⟨ψ̄_{pσ}ψ_{pσ}⟩ = ∫_{−a−p} a_pa_{−p}+|Φp|^2 e −κV (ϕ) ℓ Π_{m=−ℓ} dumdvm ∫ e^{−κV (ϕ) ℓ}Π_{m=−ℓ} du_mdv_m = ∫ R^+ Dρ ∫ O D[α] ∫ [α] DR f(ρ, [α], R^{−1}p) e^{−κV (ρ,[α])} ∫ R^+ Dρ ∫ O D[α] ∫ [α] DR e^{−κV (ρ,[α])}

= ∫ R^+ Dρ ∫ O D[α] vol([α]) ∫ [α] DR f(ρ,[α],R^{−1}p) ∫ [α] DR e^{−κV (ρ,[α])} ∫ R^+ Dρ ∫ O D[α] vol([α]) e^{−κV (ρ,[α])} (IV.29)

It is plausible to assume that at the global minimum of V (ρ, [α]) ρ is uniquely determined, say ρ_0. Let O_{min} ⊂ O be the set of all orbits at which V (ρ_0, [α]) takes its global minimum. Then in the infinite volume limit (IV.29) becomes

lim_{κ→∞}^1_κ ⟨ψ̄_{pσ}ψ_{pσ}⟩ = ∫ O_{min} D[α] vol([α]) ∫ [α] DR f(ρ_0,[α],R^{−1}p) ∫ [α] DR ∫ O_{min} D[α] vol([α])

(IV.30)

Consider the quotient of integrals in the numerator of (IV.30). Since f ( ρ, [α], R^{−1}p ) = f ( ρ^2 | |Σ_m σ̄_{[α],m}Y_{ℓm} (R^{−1}p) | |^2 )

= f ( ρ^2 | |Σ_m(U(S)σ_{[α]})_mY_{ℓm} (R^{−1}p) | |^2 )

= f ( ρ^2 | Σ_m σ̄[α],mYℓm ( (RS)^{−1}p )|_2) = f ( ρ, [α], (RS)^{−1}p ) for all S ∈ I_{[α]}, one has, since [α] ≃ SO(3)/I_{[α]} ∫ [α] DR f(ρ_0, [α], R^{−1}p) ∫ [α] DR = ∫ SO(3)/I_{[α]} DR f(ρ0, [α], R −1p) ∫ I_{[α]} DS ∫ SO(3)/I_{[α]} DR ∫ I_{[α]} DS = ∫ SO(3)/I_{[α]} DR ∫ I_{[α]} DS f(ρ0, [α], (RS) −1p) ∫ SO(3)/I_{[α]} ∫ I_{[α]} DR DS = ∫ SO(3) DR f(ρ0, [α], R −1p) ∫ SO(3) DR = ∫ S^2 dΩ(x) ∫ SO(3)x_→p DR f(ρ0, [α], R −1p) ∫ S^2 dΩ(x) ∫ SO(3)x_→p DR = ∫ S^2 dΩ(x) f(ρ0, [α], x) ∫ SO(3)x_→p DR ∫ S^2 dΩ(x) ∫ SO(3)x_→p DR (IV.31)

where SO(3)x_→p = {R ∈SO(3)|Rx = p}. If one assumes that DR has the usual invariance

properties of the Haar measure, then ∫ SO(3)x_→p DR does not depend on x and it cancels

out in (IV.31). Then (IV.30) gives

lim_{κ→∞}^1_κ ⟨ψ̄_{pσ}ψ_{pσ}⟩ = ∫ O_{min} D[α] vol([α]) ∫ S2 dΩ(x) f(ρ,[α],x) ∫ S2 dΩ(x) ∫ O_{min} D[α] vol([α])

(IV.32)

Now, since the effective potential, which is constant on O_{min}, may be written as V (ρ, [α]) = ∫ S^2

dΩ(x)_{4π} G ( ρ^2 | |Σ_m σ̄_{[α],m}Y_{ℓm} (x) | |^2 )

with G(X) = ρ^2 − ∫_{dk k}2 2π^2 log

[_{cosh( β} 2 √_{e2k+λℓ X)} cosh^β_2 e_k ] , it is plausible to assume that also ∫ S^2 dΩ(x) f(ρ0, [α], x) ∫ S^2 dΩ(x) = ∫ S^2

dΩ(x)_{4π} ip0+ep

p^2_0+e^2p+λ_ℓρ^2_0| Σ_m σ̄_{[α],m} Y_{ℓm}(x)|^2

is constant on O_{min}. In that case also the integrals over O_{min} in (IV.32) cancel out and

the theorem is proven •

References

[AB] P.W. Anderson, W.F. Brinkman, Theory of Anisotropic Superfluidity in Basic Notions of Condensed Matter Physics by P.W. Anderson, Benjamin/Cummings, 1984.

[BW] R. Balian, N.R. Werthamer, Superconductivity with Pairs in a Relative p Wave, Phys.

Rev. 131, p.1553-1564, 1963.

[FKT] J. Feldman, H. Knörrer, E. Trubowitz, A Remark on Anisotropic Superconducting States, Helv. Phys. Acta 64, p.695-699, 1991.

[FT] J. Feldman, E. Trubowitz, Perturbation Theory for Many Fermion Systems, Helv.

Phys. Acta 63, 1990, p.156-260; The Flow of an Electron-Phonon System to the Superconducting State, Helv. Phys. Acta 64, p.214-357, 1991.

[H] E.R. Hanson, A Table of Series and Products, Prentice-Hall, 1975, Sec. 89.5.