The absolutely continuous spectrum of one-dimensional Schrödinger operators with decaying potentials

Michael Christ^∗, Alexander Kiselev^†, and Christian Remling^‡

June 19, 1997

1991 AMS Subject Classification: 34L40, 81Q10

In this announcement, we are interested in the spectral theory of one-dimensional Schrödinger operators H = − d^2 dx^2 + V (x), (1)

acting on the Hilbert space L_2(0, ∞). One also needs a boundary condition at x = 0 in order to obtain self-adjoint operators. The operator (1) describes the motion of a quantum mechanical particle, and the spectral properties of H are intimately connected to the physics of this system (see, e.g., [19]).

We will view V as a perturbation of the free Hamiltonian H_0 = −d^2/dx^2. It is natural to expect that suitable smallness assumptions on V guarantee stability of the absolutely continuous part of H_0. This problem is one of the basic questions in quantum mechanics, and it has been studied extensively. It has been known for a long time that the spectrum of H is purely absolutely continuous on (0, ∞) if V ∈ L_1. More information is available for potentials satisfying certain additional assumptions. We mention the classical result of Weidmann [27] on potentials of bounded variation, a series of works on oscillating potentials of the type^{sin x} ff xfi [2, 3, 9, 15, 28], and works on potentials satisfying additional conditions on the derivatives, see, e.g., [1, 4, 10]. However, in all these results, the potential is required to have further properties, in addition to decaying sufficiently rapidly. In fact, a result going back to von Neumann and Wigner says that potentials V (x) = O(1/x) can already have positive eigenvalues [26], and one can construct potentials with decay arbitrarily close to O(1/x) and

∗Department of Mathematics, University of California, Berkeley CA 94720, USA †Mathematical Sciences Research Institute, Berkeley CA 94720, USA, E-mail:

akiselev@cco.caltech.edu

‡Universität Osnabrück, Fachbereich Mathematik/Informatik, 49069 Osnabrück, GER- MANY, E-mail: cremling@mathematik.uni-osnabrueck.de

dense point spectrum in (0, ∞) [18, 24]. In other words, decay conditions that are essentially weaker than V ∈ L_1 do not imply purely absolutely continuous spectrum on (0, ∞).

However, as was first noticed by one of us [11, 12], it is still true that the absolutely continuous spectrum is preserved if V (x) = O(x^{−α}) (α > 2/3) (see [12]), although, according to the above remarks, embedded singular spectrum can occur. Subsequently, Molchanov presented an alternate proof of the same result [17].

Our first result is a sharp version of this theorem. Recall that S is called an essential support of the measure μ if μ(R \ S) = 0 and μ(T ) > 0 for every subset T ⊂ S of positive Lebesgue measure.

Theorem 1 ([5, 21]) Suppose |V (x)| ≤ C(1+x)^{−α} with α > 1/2. Then Σ_{ac} = (0, ∞) is an essential support of the absolutely continuous part of the spectral measure. Moreover, for almost every E > 0, one can find solutions to the Schrödinger equation Hy = Ey with WKB asymptotic behavior:

y_±(x, E) = exp ± ( i √ Ex − i 2 √ E ∫_x 0 V (t) dt ) (1 + o(1)) (x → ∞).

This result is optimal, because the work on decaying random potentials [6, 7, 13, 14, 22] has shown that there are potentials |V (x)| ≤ C(1 + x)^{−1/2}, such that the corresponding Schrödinger operator has purely singular spectrum.

We have independently found two different proofs of Theorem 1. These proofs will be given in two separate publications [5, 21]. The approach of [5] is based on ideas developed in [11, 12] and, in particular, on new norm estimates for certain multilinear transformations which may be of independent interest. The method of [21] uses ideas from both proofs of the 2/3 result [12, 17].

Actually, our methods also yield a number of extensions and generalizations of Theorem 1. For example, we do not really need a pointwise bound on V ; we prove the result under considerably more general assumptions which allow, among other things, local singularities of V . However, we do need a certain amount of regularity in the decay of V ; we are as yet unable to treat general L_p potentials (see also the open questions below). We refer the reader to [5, 21] for details.

We also obtain a general criterion for the stability of the absolutely continuous spectrum of perturbed Schrödinger operators. We now consider the following situation: Given a Schrödinger operator H_0 = −d^2/dx^2 + U with absolutely continuous spectrum on some set S, we ask under what conditions this spectrum is stable under perturbations by V . Again, we give the result in the simplest form.

Hypothesis 2 Assume that for all E ∈ S, the Schrödinger equation −y^{′′} + Uy = Ey (2) has only bounded solutions. Assume further that one can choose a solution θ(·, E) (E ∈ S) of (2), such that the operator K : L_2((0, ∞), dx) → L_2(S, dE), defined for bounded functions f of compact support by (Kf)(E) = ∫_∞ 0 θ(x, E)^2 exp ( i Im θθ^′ ∫_x 0 V (t)|θ(t, E)|^2 dt ) f(x) dx, (3) is norm bounded.

Note that Hypothesis 2 in particular implies that Σ_{ac}(H_0) ⊃ S [23, 25]. The quantity Im θθ^′ is independent of x, since it is a multiple of the Wronskian of the two solutions θ, θ. Moreover, it is non-zero precisely if θ and θ are linearly independent. We have the following result, first obtained by methods of [5] (it can also be shown by methods of [21]):

Theorem 3 Suppose that Hypothesis 2 holds. If |V (x)| ≤ C(1 + x)^{−α} with α > 1/2, then Σ_{ac}(H_0 + V ) ⊃ S. Moreover, for almost every E ∈ S, one can find solutions y, y to the Schrödinger equation (H_0 + V )y = Ey with WKB type asymptotic behavior: y(x, E) = θ(x, E) exp ( i 2 Im θθ^′ ∫_x 0 V (t)|θ(t, E)|^2 dt ) (1 + o(1)) (x → ∞).

Hypothesis 2 can be verified for U = 0 and for periodic U (see [12]). Given this, it is clear that, in particular, Theorem 1 follows from Theorem 3.

We also have a result on decay conditions which imply purely absolutely continuous spectrum on (0, ∞). This result improves the elementary remark on L_1 potentials (on the power scale). This problem was brought to our attention by S. Molchanov, who has independently obtained related (but weaker) results using different methods [17].

Theorem 4 ([21]) If C := lim sup_{x→∞} x |V (x)| < ∞, then H_α is purely absolutely continuous on ((2C/π)^2, ∞). In particular, if V (x) = o(1/x), then H_α is purely absolutely continuous on (0, ∞).

The point of this Theorem is the absence of singular continuous spectrum. That E = (2C/π)^2 is a (sharp) bound on possible embedded eigenvalues appears already in [8, Section 3.2]. See also [13, Theorem 4.1] for further information on embedded eigenvalues.

We would like to conclude this paper with some open questions. We think that these questions are interesting, but they also look rather difficult at present.

1. Does Theorem 1 still hold under the assumption V ∈ L_2 (or V ∈ L_p for some p < 2)? Currently, we can show that if x^ϵV ∈ L_p for some ϵ > 0 and p ≤ 2, Theorem 1 holds. Still extending this result to L_p seems hard.

2. Are there potentials V (x) = O(x^{−α}), α > 1/2 with embedded singular continuous spectrum? We expect that the answer is yes. In this case, it would be interesting to construct such potentials.

We would also like to point out that in recently constructed examples with embedded singular continuous spectrum [16, 20], the essential support of the absolutely continuous part Σ_{ac} does not have full measure in the absolutely continuous spectrum σ_{ac} (which is the essential closure of the set Σ_{ac}).

3. Formulate general conditions on U which imply boundedness of the integral operator from (3).

These problems will be the subject of continuing research. Acknowledgments: We would like to thank S. Molchanov for showing us his proof [17] of the result of [12] and for stimulating discussions, and B. Simon for useful advice. M.C.’s work has been supported in part by NSF grant DMS96-23007. A.K’s work at the MSRI was supported in part by NSF grant DMS 9022140. C.R. would like to thank the hospitality of Caltech, where most of this work was done. He would also like to thank the Deutsche Forschungsgemeinschaft for financial support.

References

[1] P.K. Alsholm and T. Kato, Scattering with long range potentials, Partial Diff. Eq., Proc. Symp. Pure Math. Vol. 23, Amer. Math. Soc., Providence, Rhode Island, 1973, 393–399.

[2] H. Behncke, Absolute continuity of Hamiltonians with von Neumann- Wigner potentials, Proc. Amer. Math. Soc. 111 (1991), 373–384.

[3] M. Ben Artzi and A. Devinatz, Spectral and scattering theory for adiabatic oscillator and related potentials, J. Math. Phys. 20 (1979), 594–607.

[4] V.S. Buslaev and V.B. Matveev, Wave operators for Schrödinger equation with a slowly decreasing potentials, Theor. Math. Phys. 2 (1970), 266–274.

[5] M. Christ and A. Kiselev, Absolutely continuous spectrum for the onedimensional Schrödinger operators with slowly decaying potentials: some optimal results, preprint.

[6] F. Delyon, Apparition of purely singular continuous spectrum in a class of random Schrödinger operators, J. Statist. Phys. 40 (1985), 621–630.

[7] F. Delyon, B. Simon, and B. Souillard, From power pure point to continuous spectrum in disordered systems, Ann. Inst. H. Poincare 42 (1985), 283–309.

[8] M.S.P. Eastham and H. Kalf, Schrödinger type operators with continuous spectra, Research Notes in Mathematics, vol. 65, Pitman, London, 1982.

[9] D.B. Hinton and J.K. Shaw, Absolutely continuous spectra of second-order differential operators with short and long range potentials, SIAM J. Math. Anal. 17 (1986), 182–196.

[10] L. Hörmander, The existence of wave operators in scattering theory, Math.

Z. 146 (1976), 69–91.

[11] A. Kiselev, Absolutely continuous spectrum of one-dimensional Schrödinger operators and Jacobi matrices with slowly decreasing potentials, Commun. Math. Phys. 179 (1996), 377–400.

[12] A. Kiselev, Stability of the absolutely continuous spectrum of the Schrödinger equation under perturbations by slowly decreasing potentials and a.e. convergence of integral operators, to appear at Duke Math. J.

[13] A. Kiselev, Y. Last, and B. Simon, Modified Prüfer and EFGP transforms and the spectral analysis of one-dimensional Schrödinger operators, to appear at Commun. Math. Phys.

[14] S. Kotani and N. Ushiroya, One-dimensional Schrödinger operators with random decaying potentials, Commun. Math. Phys. 115 (1988), 247–266.

[15] V.B. Matveev, Wave operators and positive eigenvalues for Schrödinger equation with oscillating potential, Theor. Math. Phys. 15 (1973), 574–583.

[16] S. Molchanov, One-dimensional Schrödinger operators with sparse potentials, Preprint (1997).

[17] S. Molchanov, private communication and in preparation.

[18] S.N. Naboko, Dense point spectra of Schrödinger and Dirac operators, Theor. and Math. Phys. 68 (1986), 646–653.

[19] M. Reed and B. Simon, Methods of Modern Mathematical Physics, III.

Scattering Theory, Academic Press, London-San Diego, 1979.

[20] C. Remling, Embedded singular continuous spectrum for one-dimensional Schrödinger operators, submitted to Trans. Amer. Math. Soc.

[21] C. Remling, The absolutely continuous spectrum of one-dimensional Schrödinger operators with decaying potentials, to be submitted to Commun. Math. Phys.

[22] B. Simon, Some Jacobi matrices with decaying potentials and dense point spectrum, Commun. Math. Phys. 87 (1982), 253–258.

[23] B. Simon, Bounded eigenfunctions and absolutely continuous spectra for one-dimensional Schrödinger operators, Proc. Amer. Math. Soc. 124 (1996), 3361–3369.

[24] B. Simon, Some Schrödinger operators with dense point spectrum, Proc.

Amer. Math. Soc. 125 (1997), 203–208.

[25] G. Stolz, Bounded solutions and absolute continuity of Sturm-Liouville operators, J. Math. Anal. Appl. 169 (1992), 210–228.

[26] J. von Neumann and E. Wigner, Über merkwürdige diskrete Eigenwerte, Z.

Phys. 30 (1929), 465–467.

[27] J. Weidmann, Zur Spektraltheorie von Sturm-Liouville Operatoren, Math.

Z. 98 (1967), 268–301.

[28] D.A.W. White, Schrödinger operators with rapidly oscilating central potentials, Trans. Amer. Math. Soc. 275 (1983), 641–677.