FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS

Martin Florig and Stephen J. Summers

August 1997

Abstract. We construct a new class of representations of the canonical commutation relations, which generalizes previously known classes. We perturb the infinitesimal generator of the initial Fock representation (i.e. the free quantum field) by a function of the field which is square-integrable with respect to the associated Gaussian measure. We characterize which such perturbations lead to representations of the canonical commutation relations. We provide conditions entailing the irreducibility of such representations, show explicitly that our class of representations subsumes previously studied classes, and give necessary and sufficient conditions for our representations to be unitarily equivalent, resp. quasi-equivalent, with Fock, coherent or quasifree representations.

Typeset by AMS-TEX 1

I. Introduction

The canonical commutation relations (henceforth the CCR) were initially introduced in 1927 by Dirac as generalizations of Heisenberg’s commutation relations in order to discuss radiation theory [10]. Since then, the CCR have proven to be of central importance in the quantum description of bosonic systems. When rigorous mathematical analysis of the CCR in the case of infinitely many degrees of freedom - the case of relevance to quantum statistical mechanics and quantum field theory - began in the 1950’s, it was quickly realized that there are uncountably infinitely many unitarily inequivalent irreducible representations of the CCR [12], in striking contrast to the unique unitary equivalence class in the case of finitely many degrees of freedom [20], and that the choice of proper representation is crucial in any physical application. This last point deserves emphasis. It has become clear from rigorous study of concrete models in constructive quantum field theory that bosonic systems with identical kinematics but physically distinct dynamics require inequivalent representations of the CCR. Roughly speaking, the kinematical aspects determine the choice of CCR-algebra, whereas the dynamics fix the choice of the representation of the given CCRalgebra in which to make the relevant, perturbation-free computations. (It is also believed - and proven in a number of indicative special cases - that perturbation series in one representation provide divergent and at best asymptotic approximations to the physically relevant quantities in another representation, when the two representations are unitarily inequivalent.)

Many classes of representations of the CCR have been rigorously studied in the literature - we mention, in particular, the Fock, coherent, quasifree (or symplectic), infinite product, and, more recently, quadratic [26][22][29] and polynomial representations [30]. In this paper, we wish to construct and prove certain physically relevant properties of a broad class of representations of the CCR containing all of the above (except possibly the infinite product representations) as special cases.

We suggest heuristically the nature of these representations with the following easily describable examples. Let {q_k, p_k}^∞_{k=1} be a system of densely defined operators acting on the complex Hilbert space K and satisfying

[q_j , p_k] = iδ_{jk} · 1I ,

(along with [q_j , q_k] = 0 and [p_j , p_k] = 0) and for the standard annihilation and creation operators a_k ≡^{1√}_2 (q_k + ip_k) and a^†_k ≡^{1√}_2 (q_k − ip_k) let there be a vector Ω ∈ K such that a_kΩ = 0 for all k ∈ IN. In other words, we consider the Fock representation of a bosonic system with infinitely many degrees of freedom (in the so-called basis-dependent formulation). In this setting, the coherent, resp. quasifree, quadratic or polynomial canonical transformations can be written as

(coherent) q_k → q_k, p_k → p_k + λ_k · 1I , (quasifree) q_k → q_k, p_k → p_k + ∑ k_1 λ_{kk1} q_{k1} , (quadratic) q_k → q_k, p_k → p_k + ∑ k_1,k_2

λ_{kk1 k2} : q_{k1} q_{k2} : , (polynomial) q_k → q_k, p_k → p_k + ∑ k_1,... ,k_n λ_{kk1···kn} : q_{k1} · · · q_{kn} : ,

with all coefficients totally symmetric in the indices.^1 The canonical transformations of general degree we construct in this paper are of the form

(1.1) q_k → q_k, p_k → p_k + ∑ m,k_1,... ,k_m λ_{kk1···km} : q_{k1} · · · q_{km} : .

We emphasize that this generalization opens up a much larger class of representations of the CCR - representations, which differ from the original Fock representation by an extremely singular perturbation. Aside from the mathematical interest in this extension of the representation theory of an important class of C^∗-algebras, there are advantages for the quantum theory of bosonic systems with infinitely many degrees of freedom. As alluded to earlier, such representations allow rigorous treatment of interacting systems with extremely singular “bare” interaction. One may therefore handle systems with new classes of dynamics (for a suggestive treatment of the connection between representation and dynamics, see the discussion in [1]). This will entail that the divergences which typically arise in perturbation theory can be avoided, since the very need for a perturbation expansion from the “wrong” representation is obviated. Furthermore, as briefly shown in the final section of [22], but which is well-known to theoretical physicists, the Hamilton operator, which represents the total energy of the system, can often be simplified and in certain situations even be diagonalized by such canonical transformations. This leads to significant computational advantages. We postpone addressing these issues in detail to a later publication.

In Chapter II, the general setting of this work will be more precisely specified. The transformations of general degree will be constructed in Chapter III, and those which lead to regular representations of the CCR will be characterized in a number of different manners. Convenient sufficient conditions assuring the irreducibility of such representations will also be given. It will be shown in Chapter IV that the class of representations constructed in Chapter III subsumes the previously studied classes discussed above. In Chapter V we shall restrict our attention to the computationally more manageable canonical transformations of finite degree and shall prove in that context necessary and

1In point of fact, the polynomial representations of the CCR constructed in [30] were constructed globally and not via their infinitesimal generators as is done in this paper.

sufficient conditions for such representations to be quasi-equivalent to Fock, coherent or quasifree representations. For our purposes, the primary interest of these results is in the violation of the stated necessary and sufficient conditions - for then one has representations of bosonic systems of infinitely many degrees of freedom which describe new physics. However, in this paper we do not try to study the new physical content of these representations. Moreover, as an aside, the previously known conditions for unitary equivalence of quasifree states follow as a very special case of the results in Chapter V. The significantly less transparent conditions for unitary equivalence with the quadratic representations constructed in [22] will not be given here, though they are known. (See the end of Chapter V for a brief discussion.)

As this paper is an extension of [22] and employs a number of the results and arguments from that paper, we shall maintain the same notational conventions, as detailed in the next chapter. Early versions of some of the results presented in this paper appeared in the Diplomarbeit [11].

II. Notation and General Setting

We begin with an arbitrary real nondegenerate symplectic space (H, σ) with an associated regular Weyl system (K, W (f)) consisting of a complex Hilbert space K and a mapping W : H → U(K) from H into the group U(K) of unitary operators on K which satisfies the following axioms [16]:

(2.1) W (f)W (g) = e^{−iσ(f,g)/2}W (f + g), ∀f, g ∈ H,

(2.2) W (f)^∗ = W (−f), ∀f ∈ H, and (2.3) IR ∋ t → W (tf) ∈ B(K) is weakly continuous for all f ∈ H.

(B(K) denotes the set of all bounded linear operators A : K → K.) Condition (2.3) entails that the map IR ∋ t → W (tf) ∈ B(K) is actually strongly continuous, hence by Stone’s Theorem one knows that for each f ∈ H there exists a selfadjoint operator Φ(f) on K such that W (tf) = e^{itΦ(f)} for all t ∈ IR and by (2.1) the map f → Φ(f) is (real) linear. In fact, there exists a dense domain of vectors D_W ⊂ K which is a core of and left invariant by every Φ(f) [23][13]; it is on this domain that the linearity just mentioned can be verified. On this domain one also verifies that the generators satisfy the CCR:

(2.4) Φ(f)Φ(g) − Φ(g)Φ(f) = iσ(f, g)1I, ∀f, g ∈ H. We therefore also call the Weyl system (K, W (f)) and its associated generators as above a regular representation of the CCR over (H, σ). In the physical literature such infinitesimal generators Φ(f) are called field operators, and we shall use this language in the following.

We shall denote by A(H, σ) the C^∗-algebra on K generated by the operators {W (f) | f ∈ H}. As the notation indicates, the algebra A(H, σ) does not depend on the choice of representation of the Weyl operators {W (f) | f ∈ H} [36] or Theorem 5.2.8 in [6]. A(H, σ) is a simple, nonseparable C^∗-algebra [16][36]. There are, in fact, many different C^∗-algebras one can associate with the CCR (see [14] for a discussion of some of the alternatives), and the one we have chosen is minimal in the sense of set containment [19]; but, for practical purposes the choice is immaterial, since one is generally interested in a von Neumann algebra which is ‘generated’ by the C^∗-algebra, and all the C^∗-algebras discussed in [14] (realized concretely on a given representation space) have the same weak closure. In the following it shall be understood that one choice of σ has been fixed, and we shall write A(H) instead of A(H, σ).

For any real linear map J : H → H satisfying σ(Jf, Jg) = σ(f, g), −σ(Jf, f) > 0 (f ≠ 0), and J^2 = −1I, one can introduce a complex structure on H as follows^2 [14]: (α + iβ)f ≡ αf + βJf, for all f ∈ H, and α, β ∈ IR. Moreover, ⟨f, g⟩_H ≡ −σ(Jf, g) + iσ(f, g) defines a scalar product on H such that (H, ⟨·, ·⟩_H) is a complex preHilbert space [14], the completion of which we shall denote by H. If, on the other hand, one begins with a complex Hilbert space H with scalar product ⟨·, ·⟩_H, then with σ(f, g) = ℑm⟨f, g⟩_H, (H, σ) is a real symplectic space of the sort with which we began, and with ⟨f, g⟩ ≡ ℜe⟨f, g⟩_H, then (H, ⟨·, ·⟩) is a real Hilbert space.

With a choice of a σ-admissible complex structure J on (H, σ), there is an important representation of A(H) called the Fock representation. This is given as the GNS-representation {K, π_J , Ω} associated with the state [18] ω_J determined on A(H) by

(2.5) ω_J (W (f)) ≡ e^{σ(Jf,f)/4}. Given such a representation, one can define the following ‘annihilation’ and ‘creation’ operators:

(2.6) a(f) ≡ 1 √ 2 (Φ(f) + iΦ(Jf)), a^†(f) ≡ 1 √ 2 (Φ(f) − iΦ(Jf)),

where π_J (W (tf)) = e^{itΦ(f)}. One has then a(f)Ω = 0 for all f ∈ H.

For the purposes of this paper, we shall assume that a choice of σ-admissible complex structure J has been made on (H, σ) and held fixed, so we have the complex one-particle space H and a corresponding Fock representation. Since as sets H = H, we shall distinguish notationally the vector f viewed as an element of the real Hilbert space H from the same vector, denoted as f̃, viewed as an element of the complex Hilbert space H. If {ẽ_k}_{k∈IN} forms an orthonormal basis in H, then the set {e_k, Je_k}_{k∈IN} forms a symplectic orthonormal system

2It should be mentioned that such a J does not necessarily exist for arbitrary choice of symplectic space (H, σ) [28].

in H, in particular σ(e_k, e_l) = σ(Je_k, Je_l) = 0 , σ(e_k, Je_l) = δ_{kl} , ⟨e_k, e_l⟩ = ⟨Je_k, Je_l⟩ = δ_{kl} , ⟨e_k, Je_l⟩ = 0 . In this paper, whenever a choice of symplectic orthonormal basis {e_k, Je_k}_{k∈IN} has been made, the Hilbert subspace of H generated by {e_k}_{k∈IN} will be denoted by V .

With the choice of complex structure made as above, the corresponding Fock state ω_J : A(H) → C now satisfies ω_J (W (f)) = e^{−‖f‖2/4}, and the associated GNS-space may be represented by the symmetric Fock space F_+(H). We recall that the Fock space F(H) = ⨁_∞ n=0 H^n (H^0 = C, H^n the n-fold tensor product of H with itself), and that F_+(H) is the totally symmetric subspace ⨁_∞ n=0 P_+H^n of F(H), where P_+ is the projection

P_+(f̃_1 ⊗ f̃_2 ⊗ · · · ⊗ f̃_n) = 1 n! ∑ π f̃_{π(1)} ⊗ f̃_{π(2)} ⊗ · · · ⊗ f̃_{π(n)}

(f̃_i ∈ H, π: permutation on the set {1, 2, . . . , n}). The projection operator P_n : F(H) → H^n projects onto the n-particle subspace. The vector Ω ≡ (1, 0, 0, . . . ) ∈ F_+(H) is the Fock vacuum. F_0 is the finite-particle subspace, i.e. the linear span of the ranges of {P_n}_{n∈IN}. The elements of F_0 will be called finite-particle vectors. As is well-known, the GNS-representation for the Fock state may be identified with this Fock space representation.

With a(f̃) the usual annihilation operator in F_+(H) for f̃ ∈ H and the adjoint operator a^∗(f̃) (an extension of) the corresponding creation operator, then the linear self-adjoint operator Φ_S (f̃) ≡^{1√}_2 (a(f̃) + a^∗(f̃)) (the bar denotes the closure of the operator) is called the Segal field operator in F_+(H). If we also view f̃ ∈ H as an element of H, then we have Φ_S (f̃) = Φ(f), after identifying A(H) with π_J (A(H)) (since they are isomorphic). F_0 is a core for Φ(f), and for φ ∈ F_0, Φ(f) satisfies the bound ‖Φ(f)φ‖ ≤ √ 2 √ n_φ + 1‖f‖‖φ‖, where n_φ equals the smallest n ∈ IN such that P_N φ = 0 for all N > n. If {f_n}^∞_{n=1} converges in H to f, then for every φ ∈ F_0 the sequence {Φ(f_n)φ}^∞_{n=1} converges in F_+(H) to Φ(f)φ.

To make a notational connection to the discussion in Chapter I and in keeping with common harmonic oscillator conventions, if {e_k, Je_k} is a symplectic orthonormal basis in H, then the ‘position operator’ and the ‘momentum operator’ corresponding to the k-th degree of freedom are given by

q_k ≡ Φ_S (ẽ_k) = Φ(e_k) , p_k ≡ Φ_S (iẽ_k) = Φ(Je_k) .

A crucial technical tool in this paper is the use of Q-space techniques. Let {e_k, Je_k} be a symplectic orthonormal basis. Moreover, let x = (x_1, x_2, . . . ) be a point in Q ≡ ×^∞_{k=1} IR, and Σ be the σ-algebra generated by the cylinder sets of Q with Lebesgue measurable base. Then μ = ⊗^∞_{k=1} μ_k, where each μ_k is the Gaussian measure dμ_k = π^{− 12} e^{−x2k} dx_k, is a probability measure on (Q, Σ).

It is well-known that there exists a unitary map S of F_+(H) onto L^2(Q, dμ) such that [32][35][25]

SΩ_0 = 1 and S P_+ (ẽ_{k1} ⊗ ẽ_{k2} ⊗ · · · ⊗ ẽ_{kr} ) = (r!)^{− 12} ( √ 2)^r : x_{k1} x_{k2} · · · x_{kr} : , SΦ(e_k)S^{−1} ≡ q_k = x_k1I = (multiplication by) x_k, and

SΦ(Je_k)S^{−1} ≡ p_k = 1 i ∂ ∂x_k + ix_k1I ,

where the operator equations are understood to hold on the dense set SF_0. We shall drop the symbol S, when the identification is clear.

Let k = {k_1, k_2, . . . , k_r} be a multiple index in IN^{(r)} = ×^r_{j=1}IN, {λ_k}_{k∈IN}(r) a sequence of real numbers, totally symmetric in k , ∑ k λ^2_k < ∞, and I_n = {k | max{k_1, k_2, . . . , k_r} ≤ n}. Then f^{(r)}_n = ∑ k∈I_n λ_k e_{k1} ⊗ e_{k2} ⊗ · · · ⊗ e_{kr} ∈ H^{(r)} , with ‖f^{(r)}_n ‖^2 = ∑ k∈I_n λ 2 k. Since with m < n, we have ‖f^{(r)}_n − f^{(r)}_m ‖^2 = ∑ k∈I_n\I_m λ 2 k and ∑ k∈I_n λ 2 k converges with n → ∞, it follows that

f^{(r)}_n −→ f^{(r)} = ∑ k λ_k e_{k1} ⊗ e_{k2} ⊗ · · · ⊗ e_{kr} in H^{(r)} .

Consider the sequence of operators

A(f^{(r)}_n ) = ∑ k∈I_n λ_k : Φ(e_{k1} )Φ(e_{k2} ) · · · Φ(e_{kr} ) : ,

the Q–space realization of which is given by A_n = A(f^{(r)}_n ) = ∑ k∈I_n λ_k : x_{k1} x_{k2} · · · x_{kr} : 1I .

Note that since it is a polynomial, A_n = A_n(x) is in L^2(Q, dμ) with

‖A_n‖^2 = 2^{−r} r! ∑ k∈I_n λ^2_k = 2^{−r} r! ‖f^{(r)}_n ‖^2 ,

and ‖A_n − A_m‖^2 = 2^{−r} r! ‖f^{(r)}_n − f^{(r)}_m ‖^2 ( cf. the proof of Lemma I.18 of [35] ). Therefore, A_n(x) converges in L^2(Q, dμ), and we shall call the a.e.-defined limit A(x) = ∑ k λ_k : x_{k1} x_{k2} · · · x_{kr} :, which up to a factor of √ r! ( √ 2)^{−r} corresponds to f^{(r)} .

The advantage of the Q–space formulation is that all functions of the elements of {Φ(e_k) | k ∈ IN} become multiplication operators on L^2(Q, dμ). A_n(x) and A(x) are measurable, real-valued functions on Q which are finite almost everywhere with respect to μ. So with D(A) ≡ {φ | Aφ ∈ L^2(Q, dμ)} (similarly for D(A_n)), (A_nφ)(x) = A_n(x)φ(x) and (Aφ)(x) = A(x)φ(x) are self-adjoint operators ( cf. [24], VIII.3 Proposition 1 ). Thus, for every f^{(r)} ∈ P_+ H^{(r)}, A(f^{(r)}) represents a well-defined self-adjoint multiplication operator.

III. A General Class of Representations of the CCR

In Section 3.1 we shall use Q-space techniques to construct our general class of representations of the CCR, as motivated above. These techniques were already employed to establish some of the results proven in [22] about quadratic representations of the CCR. Our representations of general degree of the CCR will be defined in terms of linear maps Λ from the one-particle space H into Q-space itself. We shall give a number of characterizations of those Λ which yield representations of the CCR, i.e. which determine canonical transformations of the field operators. It will be shown in Section 3.2 that when such Λ are bounded, then the resulting representation is irreducible. We shall also explain how unbounded Λ can lead to reducible representations.

3.1 Canonical Transformations of Arbitrary Degree.

We shall use the basic facts that the set { : x_{k1} . . . x_{km} : | k_1, . . . , k_m ∈ IN } is an orthogonal basis in L^2(Q, dμ) and that

(3.1.1) ‖ ∑ k_1 ,... ,k_m λ_{k1...km} : x_{k1} . . . x_{km} : ‖^2 = ∑ k_1,... ,k_m λ^2_{k1...km} m! 2^m ,

for arbitrary λ_{k1 ...km} ∈ IR symmetric in the indices k_1 . . . k_m (see Section 4.3 in [22]). Thus, standard arguments entail the following lemma.

Lemma 3.1.1. Let F = ∑ k_1,... ,k_m c_{k1...km} : x_{k1} . . . x_{km} : ∈ L^2(Q, dμ) with complex

numbers c_{k1...km} symmetric in the indices k_1 . . . k_m. Then ⟨F, : x_{k1} . . . x_{km} :⟩ = c_{k1...km} m! 2^m , and F is real-valued (a.e. μ) if and only if c_{k1...km} ∈ IR for all k_1, . . . , k_m ∈ IN.

We also state a well-known fact about the Q-space representation of Fock space. Recall that for f ∈ V , x(f)1I = Φ(f), given our stated convention of dropping the unitary S.

Lemma 3.1.2. The set G equal to the linear span of {e^{ix(f)} | f ∈ V } is a core for the number operator N and for Φ(g), given any g ∈ H.

In the next proposition we relate the operators Φ(f) and Φ(f) + F 1I, for any F ∈ L^2(Q, dμ), via a unitary transformation.

Proposition 3.1.3. If F ∈ L^2(Q, dμ) is real-valued (μ a.e.), then the operator Φ(f) + F 1I, is essentially self-adjoint on L^∞(Q, dμ), when f ∈ V , and on e^{−iG}G, when f ∉ V (G will be defined shortly). Furthermore, if f ∉ V , then the closure of the corresponding operator is given in terms of the self-adjoint Φ(f) by

(3.1.2) Φ(f) + F 1I = e^{−iG}Φ(f)e^{iG} , for any choice of (μ a.e.) real-valued G ∈ L^2(Q, dμ) such that ∂G/∂x(f_2) = F , where f_2 is determined uniquely by f by the decomposition f = f_1 + Jf_2, f_1, f_2 ∈ V .

Proof. By Lemma 4.3.1 in [22], L^∞(Q, dμ) is a core for the corresponding multiplication operator for every F ∈ L^2(Q, dμ). If f ∈ V , then the operator Φ(f)+F 1I is symmetric, D(Φ(f)+F 1I) = D(Φ(f))∩D(F 1I), and, on L^∞(Q, dμ) ⊂ L^2(Q, dμ), it is equal to the operator corresponding to multiplication by the L^2-function x(f) + F , i.e. Φ(f) + F 1I is essentially self-adjoint on L^∞(Q, dμ).

One may assume that f ∉ V and therefore f = Je_1 + v for a suitable v ∈ V (after choosing the basis {e_k | k ∈ IN} appropriately). There exist suitable G_n, n ∈ IN∪{0}, in the subspace of L^2(Q, dμ), which includes the constant functions and the set {: x_{k1} . . . x_{km} :| k_1, . . . , k_m ≥ 2}, such that F = ∞∑ n=0 : x^n_1 : G_n .

Set G = ∑_∞ n=0 1 n+1 : x^{n+1}_1 : G_n. The series converges with respect to the L^2-norm, i.e. G ∈ L^2(Q, dμ), since

‖G‖^2 = ∑ n 1 (n + 1)^2

‖ : x^{n+1}_1 : ‖^2 ‖G_n‖^2

(3.1.1) = ∑ n 1 (n + 1)^2

2^{−n−1}(n + 1)!‖G_n‖^2 ≤ ∑ n 2^{−n}n!‖G_n‖^2 = ∑ n ‖ : x^n_1 : ‖^2 ‖G_n‖^2

= ‖F ‖^2 < ∞ ,

and G, G_n, n ∈ IN, are (μ-a.e.) real-valued, by Lemma 3.1.1.

Note that ∂ : x^k_1 : /∂x_1 = k : x^{k−1}_1 : is a polynomial of degree k − 1 with leading term kx^{k−1}_1 . It is evident that G ⊂ L^∞(Q, dμ), but one has, furthermore, e^{−iG}G ⊂ D(Φ(f)) and Φ(f)e^{−iG}φ = e^{−iG}(Φ(f) − F 1I)φ, for all φ ∈ G, since e^{−i} P^{mn=0 1n+1 :xn+11 :Gn} → e^{−iG} strongly as m → ∞ (see the proof of Lemma 4.3.1 in [22]) and

Φ(f)e^{−i} P^{mn=0 1n+1 :xn+11 :Gn} φ = ( ∂ i∂x_1 + ix_1 + x(v))e^{−i} P^{mn=0 1n+1 :xn+11 :Gn} φ

= e^{−i} P^{mn=0 1n+1 :xn+11 :Gn} (Φ(f) − m∑ n=0 : x^n_1 : G_n)φ → e^{−iG}(Φ(f) − F 1I)φ with respect to the L^2-norm. Therefore, e^{iG}(Φ(f) + F 1I)e^{−iG}φ = e^{iG}Φ(f)e^{−iG}φ + F φ = (Φ(f) − F 1I)φ + F φ = Φ(f)φ , for any φ ∈ G. Since G is a core for the self-adjoint operator Φ(f), the symmetric operator Φ(f) + F 1I is essentially self-adjoint on e^{−iG}G and (3.1.2) holds.

To see the truth of the final assertion of the proposition, note that if G_0 ∈ L^2(Q, dμ) satisfies^∂_{∂x1} G_0 = F , then G − G_0 is an element of the subspace generated by {: x_{k1} · · · x_{km} :| k_1, . . . , k_m ≥ 2} ⊂ L^2(Q, dμ), i.e. Φ(f) commutes with e^{i(G−G0)}.

We therefore see that for any real-linear, densely defined Λ : H → L^2(Q, dμ) we obtain self-adjoint transforms of the field operators Φ(f):

Φ_Λ(f) ≡ Φ(f) + Λf1I , f ∈ D(Λ) ,

where the closure is understood to be taken on D(Φ(f)) ∩ D(Λf1I). It is, of course, not true in general that the operators {Φ_Λ(f) | f ∈ D(Λ)} form a representation of the CCR. We shall concentrate upon those that do.

Definition 3.1.4. Let L be the set of all real-linear, densely defined maps from H to L^2(Q, dμ), and let L_{CCR} ⊂ L be the subset of L consisting of elements Λ such that

π_Λ(W (f)) ≡ e^{iΦΛ (f)} , f ∈ D(Λ) ,

defines a regular representation (π_Λ, L^2(Q, dμ)) of the CCR-algebra A(D(Λ)).

Note that, by Corollary 4.1.2 in [22], this definition coincides in the special case considered in [22] with the definition made there of L_{CCR}.

Hence, each Λ ∈ L_{CCR} induces a canonical transformation on the quantum fields Φ(f) → Φ_Λ(f), which itself is exponentiable to yield a regular representation of the algebra A(D(Λ)). We now wish to characterize the members of this set L_{CCR} and shall do so in more than one way. Let P_n : L^2(Q, dμ) → L^2(Q, dμ), n ∈ IN, be the orthogonal projection onto the subspace of n-particle vectors and P : H → H be the orthogonal projection onto the subspace JV .

Theorem 3.1.5. Let Λ ∈ L. Then Λ ∈ L_{CCR} if and only if Λh is a (μ a.e.) real-valued function, for each h ∈ D(Λ), and (3.1.3) ⟨Λf, a^∗(P g)ψ⟩ = ⟨Λg, a^∗(P f)ψ⟩ , for arbitrary f, g ∈ D(Λ) and ψ ∈ D(a^∗(P f)) ∩ D(a^∗(P g)). The assertion still holds if (3.1.3) is replaced by

(3.1.4) a(P f)P_nΛg = a(P g)P_nΛf ,

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS11

for all f, g ∈ D(Λ) and n ∈ IN.

Proof. Assume that Λ ∈ L_{CCR}. Then because the field operator Φ_Λ(h) must be self-adjoint, the function Λh must be real-valued (μ a.e.). Equations (3.1.3) and (3.1.4) are trivial if f, g ∈ V , so that P f = 0 = P g. Hence, one may assume that f = Je_1 + v_1 and g = c_1Je_1 + c_2Je_2 + v_2 for suitable c_1, c_2 ∈ IR and v_1, v_2 ∈ V , after choosing the basis {e_k, Je_k | k ∈ IN} appropriately. Differentiating the equation ⟨e^{itΦΛ(f)}φ, e^{isΦΛ(g)}ψ⟩ = e^{itsσ(f,g)}⟨e^{isΦΛ (g)}φ, e^{itΦΛ (f)}ψ⟩ with respect to s and t and evaluating at t = 0 = s, one can conclude, using Theorem VIII.7 in [24] that ⟨Φ_Λ(f)φ, Φ_Λ(g)ψ⟩ = ⟨Φ_Λ(g)φ, Φ_Λ(f)ψ⟩ + iσ(f, g)⟨φ, ψ⟩ , for any φ, ψ ∈ G ⊂ D(Φ_Λ(f))∩D(Φ_Λ(g)). Since Λf and Λg are μ a.e. real-valued, one has

0 = ⟨Φ_Λ(f)Ω, Φ_Λ(g)ψ⟩ − ⟨Φ_Λ(g)Ω, Φ_Λ(f)ψ⟩ − iσ(f, g)⟨Ω, ψ⟩ = ⟨Φ(f)Ω, Φ(g)ψ⟩ + ⟨ΛfΩ, Φ(g)ψ⟩ + ⟨Φ(f)Ω, Λgψ⟩ + ⟨ΛfΩ, Λgψ⟩ − ⟨Φ(g)Ω, Φ(f)ψ⟩ − ⟨ΛgΩ, Φ(f)ψ⟩ − ⟨Φ(g)Ω, Λfψ⟩ − ⟨ΛgΩ, Λfψ⟩ − iσ(f, g)⟨Ω, ψ⟩ = ⟨Φ(f)Ω, Φ(g)ψ⟩ − ⟨Φ(g)Ω, Φ(f)ψ⟩ − iσ(f, g)⟨Ω, ψ⟩ + ⟨ΛfΩ, Φ(g)ψ⟩ + ⟨Φ(f)Ω, Λgψ⟩ − ⟨Φ(g)Ω, Λfψ⟩ − ⟨ΛgΩ, Φ(f)ψ⟩ + ⟨ΛfΩ, Λgψ⟩ − ⟨ΛgΩ, Λfψ⟩ = ⟨ΛfΩ, Φ(g)ψ⟩ + ⟨Φ(f)Ω, Λgψ⟩ − ⟨Φ(g)Ω, Λfψ⟩ − ⟨ΛgΩ, Φ(f)ψ⟩ = ⟨Λf, (Φ(g) − Φ(g)Ω1I)ψ⟩ − ⟨Λg, (Φ(f) − Φ(f)Ω1I)ψ⟩ . By using

(Φ(f) − Φ(f)Ω1I)ψ = (Φ(Je_1) − Φ(Je_1)Ω1I)ψ = (Φ(Je_1) + ix_1)ψ = (Φ(Je_1) + iΦ(e_1))ψ = √ 2a^∗(Je_1)ψ = √ 2a^∗(P f)ψ and the similar equality (Φ(g) − Φ(g)Ω1I)ψ = √ 2a^∗(P g)ψ, one can conclude that (3.1.3) is fulfilled for ψ ∈ G.

The next step is to prove (3.1.3) for polynomials ψ ∈ L^2(Q, dμ). Since G is a core for N (Lemma 3.1.2), for arbitrary k_1, . . . , k_m ∈ IN there exists a sequence {ψ_n} ⊂ G which converges in L^2(Q, dμ) to : x_{k1} · · · x_{km} : such that also the sequence {Nψ_n} converges in L^2(Q, dμ) to N : x_{k1} · · · x_{km} :. For arbitrary h ∈ H one has

‖a^∗(h)(ψ_n− : x_{k1} · · · x_{km} :)‖^2 ≤

‖h‖^2⟨(ψ_n− : x_{k1} · · · x_{km} :), (N + 1)(ψ_n− : x_{k1} · · · x_{km} :)⟩ → 0 , as n → ∞, so that (3.1.3) holds for ψ =: x_{k1} · · · x_{km} :. It follows that

⟨Λf, a^∗(P g)ψ⟩ = ∞∑ n=0 ⟨P_nΛf, P_na^∗(P g)ψ⟩ = ∞∑ n=1 ⟨P_nΛf, a^∗(P g)P_{n−1}ψ⟩

= ∞∑ n=1 ⟨Λf, a^∗(P g)P_{n−1}ψ⟩ = ∞∑ n=1 ⟨Λg, a^∗(P f)P_{n−1}ψ⟩ = ⟨Λg, a^∗(P f)ψ⟩ , (3.1.5)

for ψ ∈ D(a^∗(P f)) ∩ D(a^∗(P g)). The chain of equalities (3.1.5) establishes the asserted equivalence of (3.1.3) and (3.1.4).

Assume now that (3.1.3) holds for arbitrary f, g ∈ D(Λ) and that Λh is μ a.e. real-valued, for each h ∈ D(Λ). The assertion in this direction will be established in part by appealing to another characterization of Λ ∈ L_{CCR} appearing in Theorem 3.1.6, which will be presented subsequently. In particular, here it will be shown that there exists an extension Λ^′ of Λ containing V in its domain of definition and satisfying the hypothesis of Theorem 3.1.6. It will then follow from Theorem 3.1.6 that both Λ^′ and Λ are contained in L_{CCR}.

Let g ∈ V ∩ D(Λ) be arbitrary but fixed. The set {P f | f ∈ D(Λ)} is dense in JV , so the set {a^∗(P f)ψ | ψ ∈ D(a^∗(P f)) ∩ D(a^∗(P g)), f ∈ D(Λ)} is dense in the orthogonal complement of the set {Ω}. Therefore, Λg must be a multiple of Ω, i.e. a constant function, whenever P g = 0, i.e. whenever g ∈ V (use the hypothesis (3.1.3)). Thus, the restriction of Λ to V ∩ D(Λ) determines a linear form ℓ : V ∩ D(Λ) → IR. But ℓ has a linear extension ℓ^′ to V , so Λ has a linear extension Λ^′ to D(Λ) + V such that Λ^′ | V = ℓ^′ and such that (3.1.3) holds with Λ replaced by Λ^′ (both sides of (3.1.3) under this replacement are equal to zero for the additional vectors g ∈ V and constant Λg). It shall be established that this extension Λ^′ fulfills the hypothesis of Theorem 3.1.6.

For arbitrary f_1, . . . , f_m ∈ JD(Λ^′) ∩ V , one has

a^∗(f_2) : x(f_3) · · · x(f_m) := √ 2 : x(f_2)x(f_3) · · · x(f_m) : ,

so that

⟨Λ^′Jf_1, : x(f_2) · · · x(f_m) :⟩ = 1 √ 2 ⟨Λ^′Jf_1, a^∗(f_2) : x(f_3) · · · x(f_m) :⟩ = − i √ 2 ⟨Λ^′Jf_1, a^∗(Jf_2) : x(f_3) · · · x(f_m) :⟩

(3.1.3) = − i √ 2 ⟨Λ^′Jf_2, a^∗(Jf_1) : x(f_3) · · · x(f_m) :⟩

= ⟨Λ^′Jf_2, : x(f_1)x(f_3) · · · x(f_m) :⟩ ,

and the conditions (i)-(iii) of Theorem 3.1.6 are satisfied for Λ^′.

We now give the announced second characterization of Λ ∈ L_{CCR}.

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS13

Theorem 3.1.6. If Λ ∈ L_{CCR}, then there exists an extension Λ^′ ∈ L_{CCR} of Λ with V ⊂ D(Λ^′). Moreover, if V ⊂ D(Λ), then Λ ∈ L_{CCR} is equivalent to the following three conditions:

(i) The functions Λh are μ a.e. real-valued, for all h ∈ D(Λ).

(ii) For arbitrary f_1, . . . , f_m ∈ JD(Λ) ∩ V ,

(3.1.6) ⟨ΛJf_1, : x(f_2)x(f_3) · · · x(f_m) :⟩ = ⟨ΛJf_2, : x(f_1)x(f_3) · · · x(f_m) :⟩ .

(iii) Λf is a (real) constant function for all f ∈ V .

Proof. The proof of Theorem 3.1.5 shows that Λ ∈ L_{CCR} implies that there exists an extension Λ^′ of Λ which fulfills conditions (i)-(iii) and V ⊂ D(Λ^′). It therefore remains only to prove that V ⊂ D(Λ) and (i)-(iii) imply Λ ∈ L_{CCR}. By applying a suitable coherent transformation, it may be assumed that ⟨Λh, Ω⟩ = 0, for all h ∈ D(Λ). By choosing a suitable basis {e_k | k ∈ IN} of V , it may also be assumed that {Je_k | k ∈ IN} ⊂ D(Λ).

Now let f, g ∈ D(Λ) be arbitrary but fixed. One can choose the basis of V such that f = c_1Je_1 + v_1, g = c_2Je_1 + c_3Je_2 + v_2, with c_1, c_2, c_3 ∈ IR and v_1, v_2 ∈ V . There are suitable λ_{k1 ...km} ∈ IR (m, k_1, . . . , k_m ∈ IN) such that λ_{k1...km} is symmetric in k_2, . . . , k_m and such that

ΛJe_{k1} = ∑ m ∑ k_2,... ,k_m λ_{k1...km} : x_{k2} · · · x_{km} : ,

for arbitrary k_1 ∈ IN. The λ_{k1 ...km} are symmetric in the indices according to Lemma 3.1.1 and (3.1.6):

λ_{k1 k2k3...km} = 2^m m! ⟨ΛJe_{k1} , : x_{k2} x_{k3} · · · x_{km} :⟩ = 2^m m! ⟨ΛJe_{k2} , : x_{k1} x_{k3} · · · x_{km} :⟩ = λ_{k2k1k3...km} .

The function defined by

G = ∑ m ∑ {1,2}∩{k_1,... ,k_m }≠∅ λ_{k1 ...km} m : x_{k1} · · · x_{km} : , is an L^2-function, since by (3.1.1) one has

‖G‖^2 = ∑ m ∑ {1,2}∩{k_1,... ,k_m}≠∅ λ^2_{k1...km} m^2 m! 2^m ≤ ∑ m ∑ 1∈{k_1,... ,k_m} λ^2_{k1...km} m^2 m! 2^m + ∑ m ∑ 2∈{k_1,... ,k_m} λ^2_{k1...km} m^2 m! 2^m ≤ ∑ m ∑ l_2 ,... ,l_m m λ^2_{1l2...lm} m^2 m! 2^m + ∑ m ∑ l_2 ,... ,l_m m λ^2_{l2...lm} m^2 m! 2^m = ∑ m ∑ l_2 ,... ,l_m λ^2_{1l2...lm} (m − 1)!

2^m + ∑ m ∑ l_2,... ,l_m λ^2_{l2...lm} (m − 1)!

2^m = 1 2 ‖ ∑ m ∑ l_2,... ,l_m λ_{1l2...lm} : x_{l2} · · · x_{lm} : ‖^2 + 1 2 ‖ ∑ m ∑ l_2,... ,l_m λ_{2l2...lm} : x_{l2} · · · x_{lm} : ‖^2 = 1 2 ‖ΛJe_1‖^2 + 1 2 ‖ΛJe_2‖^2 < ∞ .

Then ∂ ∂x_1 G = lim_{m0→∞}

m_0∑

m=1 m∑ j=1 ∑ k_i,i≠j λ_{k1...kj}�_{11kj+1 ...km} m : x_{k1} · · · x_{kj}�_1 x_{kj+1} · · · x_{km} : = ∑ m ∑ l_2,... ,l_m λ_{1l2...lm} : x_{l2} · · · x_{lm} : = ΛJe_1 .

But Λv_1 is a constant function and ⟨Λv_1, Ω⟩ = 0, so Λv_1 = 0 and c_1^∂_{∂x1} G = Λf. Prop. 3.1.3 then entails Φ_Λ(f) = e^{−iG}Φ(f)e^{iG} .

Similarly, one has ∂ ∂x_2 G = ΛJe_2 ,

and, since ∂ ∂x(c_2e_1 + c_3e_2)

G = c_2 ∂ ∂x_1 G + c_3 ∂ ∂x_2 G = c_2ΛJe_1 + c_3ΛJe_2 = Λg

(recall that^∂_{∂x(c2e1+c3e2)} = √ 2(a(c_2e_1 + c_3e_2)) = √ 2(c_2a(e_1) + c_3a(e_2)) = c_2^∂_{∂x1} + c_3^∂_{∂x2} and use Λv_2 = 0, as well), Prop. 3.1.3 also implies

Φ_Λ(g) = e^{−iG}Φ(g)e^{iG} .

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS15

Hence, one has Φ_Λ(f + g) = e^{−iG}Φ(f + g)e^{iG}, which implies

e^{iΦΛ (f)}e^{iΦΛ (g)} = e^{−iG}e^{iΦ(f)}e^{iΦ(g)}e^{iG} = e^{−iG}e^{− i2 σ(f,g)}e^{iΦ(f+g)}e^{iG} = e^{− i2 σ(f,g)}e^{iΦΛ (f+g)} , and the proof is complete.

It follows from Theorem 3.1.5 that each Λ ∈ L_{CCR} is of the form Λ = Λ_l +Λ_q, where Λ_l ∈ L_{CCR} is linear, that is to say, the associated field operators Φ_{Λl} (f), f ∈ D(Λ_l), are of the form Φ(g) + c1I, for suitable g ∈ H and c ∈ IR. In other words, the transformation Φ(f) → Φ_{Λl} (f) is one of the inhomogeneous linear canonical transformations studied by Shale [33] and Berezin [4], among many others. See Chapter IV for a more detailed discussion. It then follows that, with a suitable choice of linear Λ_l, the operator Λ_q ∈ L_{CCR} satisfies P_0Λ_qf = 0 = P_1Λ_qf, for any f ∈ D(Λ_q). The set of such operators Λ_q will be denoted by L^q_{CCR}. The superscript q is chosen because the degree of such transformations is quadratic or higher. The structure of the linear elements of L_{CCR} will be discussed in Chapter IV. Here we shall consider the elements of L^q_{CCR}. The following result generalizes Prop. 3.3.4 in [22] from the quadratic case to this general setting.

Proposition 3.1.7. Let Λ ∈ L^q_{CCR}. Then there exists a unique maximal extension Λ_{max} ∈ L^q_{CCR} of Λ.

Proof. By Theorem 3.1.6, it may be assumed that V ⊂ D(Λ), and by suitably choosing the basis {e_k | k ∈ IN} of V , it may also be assumed that {e_k, Je_k | k ∈ IN} ⊂ D(Λ). If f = f_1 + Jf_2 ∈ D(Λ) with f_1, f_2 ∈ V , then Lemma 3.1.1 and Theorem 3.1.6 entail

Λf = ∑ m,k_1,... ,k_m 2^m m! ⟨ΛJf_2, : x_{k1} x_{k2} · · · x_{km} :⟩ : x_{k1} · · · x_{km} : = ∑ m,k_1,... ,k_m 2^m m! ⟨ΛJe_{k1} , : x(f_2)x_{k2} · · · x_{km} :⟩ : x_{k1} · · · x_{km} : .

If Λ^′ ∈ L^q_{CCR} is an extension of Λ and f = f_1 + Jf_2 ∈ D(Λ^′), with f_1, f_2 ∈ V , then ∞ > ‖Λ^′f‖^2 = ‖ ∑ m,k_1,... ,k_m 2^m m! ⟨ΛJe_{k1} , : x(f_2)x_{k2} · · · x_{km} :⟩ : x_{k1} · · · x_{km} : ‖^2

(3.1.1) = ∑ m,k_1,... ,k_m 2^m m! |⟨ΛJe_{k1} , : x(f_2)x_{k2} · · · x_{km} :⟩|^2 . Hence, define Λ_{max} by D(Λ_{max}) = {f + Jg | f, g ∈ V, ∑ m,k_1,... ,k_m 2^m m! |⟨ΛJe_{k1} , : x(g)x_{k2} · · · x_{km} :⟩|^2 < ∞} and Λ_{max}f = ∑ m,k_1,... ,k_m 2^m m! ⟨ΛJe_{k1} , : x(f_2)x_{k2} · · · x_{km} :⟩ : x_{k1} · · · x_{km} : ,

for f = f_1 + Jf_2 ∈ D(Λ_{max}), f_1, f_2 ∈ V . Since all other assertions are now clear, it remains only to show that Λ_{max} ∈ L_{CCR}. But for f_1, . . . , f_m ∈ JD(Λ_{max})∩V (with f_l = ∑ k c_{lk}e_k), one sees ⟨Λ_{max}Jf_1, : x(f_2) · · · x(f_m) :⟩ = ∑ k_2 ,... ,k_m c_{2k2} · · · c_{mkm} ⟨Λ_{max}Jf_1, : x(e_{k2} ) · · · x(e_{km} ) :⟩ = ∑ k_2 ,... ,k_m c_{2k2} · · · c_{mkm} ⟨ΛJe_{km} , : x(f_1)x(e_{k2} ) · · · x(e_{km}�_1 ) :⟩ = ∑ k_m c_{mkm} ⟨ΛJe_{km} , : x(f_1)x(f_2) · · · x(f_{m−1}) :⟩ = ∑ k_m c_{mkm} ⟨ΛJe_{km} , : x(f_2)x(f_1) · · · x(f_{m−1}) :⟩ = ⟨Λ_{max}Jf_2, : x(f_1)x(f_3) · · · x(f_m) :⟩ .

Theorem 3.1.6 then implies Λ_{max} ∈ L_{CCR}.

We then can use this result to show, as in Section 3.3 of [22] for the quadratic case, that any Λ ∈ L^q_{CCR} has an explicit form, which leads to a convenient “standard” form for the corresponding field operators Φ_Λ(f). Proposition 3.1.8. For each Λ ∈ L^q_{CCR} there exist an orthonormal basis {e_k | k ∈ IN} of V and real numbers λ_{kk1 ...km} totally symmetric in the indices such that all of the following conditions are satisfied: ∑ m,k_1,... ,k_m λ^2_{kk1...km} m! 2^m < ∞ , for any k ∈ IN; moreover, if Λ^′ ∈ L^q_{CCR} is defined on the linear span of {e_k, Je_k | k ∈ IN} by Λ^′e_k = 0 and Λ^′Je_k = ∑ m,k_1,... ,k_m λkk1 ...km : xk1 · · · xkm :, then Λ ⊂ Λ^′_{max}.

Proof. Once again, it may be assumed that V ⊂ D(Λ) and {Je_k | k ∈ IN} ⊂ D(Λ). Set λ_{kk1 ...km} = 2^m m! ⟨ΛJe_k, : x_{k1} · · · x_{km} :⟩ . Then, by Lemma 3.1.1, one finds ∞ > ‖ΛJe_k‖^2 = ‖ ∑ m,k_1,... ,k_m λ_{kk1...km} : x_{k1} · · · x_{km} : ‖^2

= ∑ m,k_1,... ,k_m λ^2_{kk1...km} m! 2^m .

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS17

Prop. 3.1.7 then completes the proof.

Since Λ_{max} uniquely exists, one may consider Λ ∈ L^q_{CCR} as being defined on a symplectic orthonormal basis {e_k, Je_k}_{k∈IN} such that Λe_k = 0 and ΛJe_k = ∑ m,k_1,... ,k_m λkk1...km : xk1 · · · xkm :. Then one has q_k ≡ Φ(e_k) → Φ_Λ(e_k) = Φ(e_k) = q_k , and

p_k ≡ Φ(Je_k) → Φ_Λ(Je_k) = p_k + ∑ m,k_1,... ,k_m λ_{kk1...km} : x_{k1} · · · x_{km} : 1I = p_k + ∑ m,k_1,... ,k_m λ_{kk1...km} : q_{k1} · · · q_{km} : . In short, the standard form of a canonical transformation of arbitrary degree is that given in equation (1.1). This standard form, along with being physically more transparent, was useful in the special case of quadratic transformations in [22] to establish results concerning the unitary equivalence of such representations with the Fock representation. Though we do not prove such results here for transformations of arbitrary degree, we shall give necessary and sufficient conditions for unitary, resp. quasi-, equivalence between Fock, coherent, and quasifree representations and representations of finite degree in Chapters IV and V. 3.2 Irreducibility of the Representation.

In this section we shall show that for bounded Λ ∈ L_{CCR}, the corresponding representation π_Λ of the CCR is irreducible. If Λ is unbounded, then it can occur that π_Λ is reducible. We begin with a technical lemma concerning the closability and continuity properties of Λ ∈ L_{CCR} such that P_0Λ is the zero operator, i.e. such that the range of Λ is orthogonal to the vacuum vector Ω. Note that this is true of each Λ ∈ L_{CCR}, up to a linear transformation.

Lemma 3.2.1. Let Λ ∈ L_{CCR} with P_0Λ ⊂ 0. Then Λ is closable and Λ ∈ L_{CCR}. Furthermore, for any sequence {f_n}_{n∈IN} ⊂ D(Λ) such that f_n → f ∈ D(Λ) and Λf_n → Λf as n → ∞, then the operators {e^{iΦΛ (fn)}}_{n∈IN} converge strongly to e^{iΦ}Λ^{(f)} as n → ∞.

Proof. It will first be shown that such Λ are closable. Once again, it may be assumed that V ⊂ D(Λ) and {Je_k | k ∈ IN} ⊂ D(Λ). Let {g_n} in D(Λ) be a sequence such that g_n = h_n + Jh^′_n, with h_n, h^′_n ∈ V , g_n → 0 and Λg_n → F , for some F ∈ L^2(Q, dμ). Then for arbitrary m, k_1, . . . , k_m ∈ IN, Theorem 3.1.6 implies ⟨Λg_n, : x_{k1} · · · x_{km} :⟩ = ⟨ΛJh^′_n, : x_{k1} x_{k2} · · · x_{km} :⟩ = ⟨ΛJe_{k1} , : x(h^′_n)x_{k2} · · · x_{km} :⟩ → 0 , as n → ∞. Hence, F = 0 and Λ is closable. Since Λ fulfills (3.1.4), Theorem 3.1.5 entails Λ ∈ L_{CCR}.

In addressing the final assertion in the lemma, one may assume that V ⊂ D(Λ), Λ = Λ, f = Je_1 + v, with v ∈ V , and

Λf = ∑ m ∞∑ l=0 ∑ k_1,... ,k_m≥2 c_{lk1 ...km} : x^l_1x_{k1} · · · x_{km} : ,

for suitable c_{lk1 ...km} , symmetric in the indices k_1 . . . k_m. Set

G_n = ∑ 2≤k_1,... ,k_m≤n m+l≤n c_{lk1 ...km} 1 l + 1

: x^{l+1}_1 x_{k1} · · · x_{km} :

and G = ∑ m,l,k_1,... ,k_m c_{lk1 ...km} 1 l + 1

: x^{l+1}_1 x_{k1} · · · x_{km} : .

Note that the proof of Prop. 3.1.3 implies that G ∈ L^2(Q, dμ). Then one has

Φ_Λ(f_n)e^{−iGm} φ = Φ(f_n)e^{−iGm} φ + Λf_ne^{−iGm} φ → Φ(f)e^{−iGm} φ + Λfe^{−iGm} φ = Φ_Λ(f)e^{−iGm} φ , for φ ∈ G. But the set {e^{−iGm} φ | m ∈ IN, φ ∈ G} is contained in the domain of the strong graph limit of the sequence {Φ_Λ(f_n)}, and this strong graph limit is a symmetric and closed operator (see, e.g., Theorem VIII.27 in [24]). Furthermore, this strong graph limit acts upon the elements of this set as Φ_Λ(f). As in the proof of Prop. 3.1.3, one may conclude that e^{−iGm} φ converges to e^{−iG}φ as m → ∞ and, since^∂_{∂x1} G_m converges to Λf in the L^2-norm,

Φ_Λ(f)e^{−iGm} φ = e^{−iGm} (Φ(f) + Λf1I − ∂ ∂x_1 G_m1I)φ → e^{−iG}Φ(f)φ .

In other words, the set e^{−iG}G is contained in the domain of the strong graph limit of the sequence {Φ_Λ(f_n)}, and it acts upon this set as Φ_Λ(f) = e^{−iG}Φ(f)e^{iG}. But G is a core for Φ(f), so it follows that Φ_Λ(f) is, in fact, the strong graph limit of {Φ_Λ(f_n)}. The final assertion of the lemma then follows from Theorems VIII.21 and VIII.26 in [24].

We now provide a sufficient condition on Λ which entails that π_Λ is irreducible.

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS19

Theorem 3.2.2. Let Λ ∈ L_{CCR}. If a dense subset of V is contained in D(Λ − P_0Λ), then π_Λ is irreducible. In particular, π_Λ is irreducible for bounded Λ − P_0Λ, resp. for bounded Λ.

Proof. Let T : L^2(Q, dμ) → L^2(Q, dμ) be bounded and assume

[T, e^{iΦΛ(g)}] = 0 ,

for any g ∈ D(Λ). Then

(3.2.1) [T, e^{iΦ(g)}] = 0 ,

for g in a dense subset of V . But Lemma 3.2.1 implies that equation (3.2.1) holds for all g ∈ V . Since {e^{ix(f)} | f ∈ V } generates the maximally abelian von Neumann algebra L^∞(Q, dμ), T may be identified with an element of L^∞(Q, dμ) (or, more accurately, with the corresponding multiplication operator).

Now, Prop. 3.1.3 implies that for any g ∈ D(Λ) \ V there exists a G ∈ L^2(Q, dμ) such that e^{iΦΛ (g)} = e^{−iG}e^{iΦ(g)}e^{iG} . But [T, e^{iG}] = 0 entails equation (3.2.1) for g ∈ D(Λ) \ V and, therefore, by Lemma 3.2.1, also for any g ∈ H. Since any Fock representation is irreducible, it follows that T is a multiple of the identity.

We wish to show that there do exist Λ ∈ L_{CCR} such that π_Λ is reducible. To set this up properly, we first prove the following lemma.

Lemma 3.2.3. If K is a Hilbert space and T : K ⊃ D(T ) → K is an unbounded densely defined operator, then there exists a densely defined S ⊂ T such that R(S) ≠ K. Proof. The equality D(T^∗) = K would imply the boundedness of T^∗ and therefore of T . Thus, there exists an f ∈ K \ D(T^∗), with which one may define the operator S as the restriction of T to D(S) = {g ∈ D(T ) | ⟨f, T g⟩ = 0} . f ∉ D(T^∗) entails the existence of a unit vector f_n ∈ D(T ) such that lim_{n→∞}|⟨f, T f_n⟩| → ∞ . It may be assumed that f_n ∉ D(S). Let g ∈ D(T ) be arbitrary. Then g − ⟨f, T g⟩ ⟨f, T f_n⟩ f_n ∈ D(S) and g − ⟨f, T g⟩ ⟨f, T f_n⟩ f_n → g , as n → ∞. Hence, g ∈ D(S). Since D(T ) is dense in K, this establishes that D(S) = K.

We can now show that there exists a linear Λ ∈ L_{CCR} such that π_Λ is reducible. In fact, to each linear element Λ of L_{CCR} there corresponds a symplectic transformation, which is unbounded if Λ is unbounded (see [26]). According to Lemma 3.2.3, we may restrict the domain of any unbounded symplectic transformation to a set which is still dense in H in such a manner that the range of the restriction is not dense in H. However, the representation induced by a symplectic transformation is irreducible if and only if the range of the symplectic operator is dense in H, as we shall see in the next chapter (Lemma 4.1).

We also wish to point out that Corollary 4.1.2 in [22] is false as stated; in particular, the claim of irreducibility does not follow. As discussed in [11], the argument sketch given in [22] tacitly assumed that Λ is defined on a proper standard basis, which certainly follows if Λ = Λ_{max}, and hence also if Λ is bounded, but which is not true in general. Florig also provides an example of a reducible quadratic representation (see Section 2.3 in [11]).

IV. Quasifree States and Linear Canonical Transformations

In this chapter we shall restrict our attention to quasifree states on A(H) and the associated representations. The notion of quasifree state was introduced by D.W. Robinson [27] in his study of the ground state of the Bose gas. It was shown in [18] that such (pure) states can be obtained by Bogoliubov transformations of a Fock state, hence making it clear that the class of representations (commonly called symplectic representations) studied by Segal [32] and Shale [33], among others, essentially coincided with the quasifree representations. We wish to show that the GNS representation of any pure quasifree state is unitarily equivalent to one of the representations π_Λ constructed in the previous chapter, for a suitable choice of V ⊂ H and a linear Λ ∈ L_{CCR}. The polynomial representations constructed globally under certain boundedness restrictions in [30] are clearly included in the representations of finite degree (special cases in the class constructed in Chapter III) discussed in more detail in Chapter V. Since it is evident that the coherent representations and, certainly, the quadratic representations of [22] are also subsumed in the class of representations presented in Chapter III, we see that our methods serve to unify the approaches to these various classes of representations, as well as to extend them to arbitrary degree.

To elucidate more clearly what we mean by linear canonical transformations, we recall two well-studied classes of representations of the CCR - the coherent and the quasifree representations. If {K, W (f)} is a representation of A(H) and l : H → IR is a linear map, then π_l(W (f)) ≡ Ŵ (f) ≡ e^{i l(f)}W (f) , f ∈ H , determines a representation of A(H) generally called a coherent representation if {K, W (f)} is a Fock representation (see, e.g. [31]). This leads to the relationship Φ̂(f) = Φ(f) + l(f)1I, f ∈ H between the generators of the representations. One may equivalently start with a Fock state ω_J on A(H) with associated representation {K, π_J } and define a coherent state ω_l by

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS21

ω_l(W (f)) ≡ ω_J (W (f))e^{i l(f)} , f ∈ H . Of course, the GNS representation of A(H) corresponding to ω_l is given on K by π_l(W (f)) ≡ e^{i l(f)}π_J (W (f)) , f ∈ H . From Theorem 3.1 of [26] (but see also [34][4]) it follows that the representations π_l and π_J are unitarily equivalent if and only if the map l : H → IR is bounded.

Quasifree (or symplectic) representations can be obtained from a given (Fock) representation of the CCR-algebra A(H) by a Bogoliubov transformation Φ_T (f) ≡ Φ(T f) = Φ(f) + Φ((T − 1I)f) , (or equivalently π_T (W (f)) ≡ π_J (W (T f)) , using a symplectic operator T , i.e. one leaving the symplectic form invariant: σ(T f, T g) = σ(f, g), for all f, g ∈ H. It is known [33] that the representations π_J and π_T are unitarily equivalent if and only if the operator 1I − |T | is Hilbert-Schmidt. (See Theorem 3.2 in [26] for a basis-dependent formulation of this result.)

The canonical transformations associated with the coherent and quasifree representations constitute the inhomogeneous linear group of canonical transformations, which is discussed in detail in [4].

Given a dense subspace H_0 ⊂ H, we shall show that all the quasifree states on A(H_0) can be obtained from the Fock state ω_J by symplectic transformations Λ ∈ L_{CCR}. To begin, we consider pure quasifree states. It is known that, in our terminology, that a pure quasifree state is, up to a coherent transformation, a Fock state [18]. In order to be more precise, we need to introduce some notation.

Let ω^′_F be a Fock state on A(H_0), so there exists an associated scalar product s^′ on H_0 [17], with respect to which the completion of H_0 will be denoted by H^′ (and the induced scalar product on H^′ will again be called s^′). The scalar product s^′ is such that the symplectic form σ determining A(H) is continuous with respect to s^′, when restricted to H_0 [17]. Hence, the restriction of σ to H_0 extends uniquely to a nondegenerate symplectic bilinear form σ^′ on H^′. Moreover, there exists an operator J^′ : H^′ → H^′ which induces a complex structure on H^′ [14], so that, in particular, s^′(f, g) = −σ^′(J^′f, g) , for all f, g ∈ H^′. Since H_0 is dense in H, resp. H^′, with respect to s, resp. s^′, and σ and σ^′ are nondegenerate, we may assume f = f^′ ∈ H ∩ H^′, whenever (4.1) σ(f, h) = σ^′(f^′, h) f ∈ H , f^′ ∈ H^′ , ∀h ∈ H_0 . There is no loss of generality, since we do not assume that σ(f_1, f_2) = σ^′(f_1, f_2) for f_1, f_2 ∈ H ∩ H^′.

The existence of a symplectic T : H → H with s^′(f, f) = s(T f, T f), for all f ∈ H, was already proven for H = H_0 = H^′ in [18]. We shall need to generalize this result. First, we characterize symplectic maps and irreducible symplectic representations.

Lemma 4.1. An operator T : H ⊃ D(T ) → H is symplectic (with respect to σ), i.e. σ(T f, T g) = σ(f, g) for all f, g ∈ D(T ), if and only if −JT^{−1}J ⊂ T^∗ (it is not assumed here that T^{−1}, resp. T^∗, is necessarily densely defined). A self-adjoint operator T is symplectic if and only if −JT^{−1}J = T . For symplectic T , the representation π_T defined by

π_T (W (f)) = e^{iΦ(T f)} , f ∈ D(T ) ,

is irreducible if and only if R(T ) = H.

Proof. Let T be symplectic and g ∈ D(T ). Then one has for f ∈ D(JT^{−1}J)

s(−JT^{−1}Jf, g) = σ(−T^{−1}Jf, g) = −σ(Jf, T g) = s(f, T g) = s(T^∗f, g) . Hence, −JT^{−1}J ⊂ T^∗. The converse follows from the equalities σ(f, g) = s(JT^{−1}T f, g) = s(T^∗JT f, g) = s(JT f, T g) = σ(T f, T g) , for all f, g ∈ D(T ). If T is symplectic and self-adjoint, then T^{−1} is densely defined (T ’s null space is trivial), so, by the above result, T is a self-adjoint extension of −JT^{−1}J = −J(T^∗)^{−1}J = (−JT^{−1}J)^∗, and thus T = −JT^{−1}J.

Turning to the characterization of irreducible symplectic representations, if g ∈ R(T )^⊥, then e^{iΦ(Jg)} ∈ π_T (A(R(T )))^′, so that π_T is reducible if R(T ) ≠ H. Assume now that R(T ) = H. If the sequence {f_n}_{n∈IN} ⊂ H converges to f ∈ H, then {e^{iΦ(fn)}}_{n∈IN} converges to e^{iΦ(f)} strongly (use Lemma 3.1.1 with Λ = 0). Thus, an element of the commutant of π_T (A(R(T ))) must commute with the elements of π_J (A(H)), which is itself a Fock representation and, hence, irreducible.

With this in hand, we can now generalize the mentioned result of Manuceau and Verbeure.

Proposition 4.2. Given the above-established notation, there exists a subspace H_1 ⊃ H_0 of H ∩ H^′ such that the following conditions are fulfilled. If one defines an operator K by K ⊂ J^′ and D(K) = {f ∈ H_1 | J^′f ∈ H_1}, then −JK : H ⊃ D(−JK) → H is a symplectic (with respect to σ) positive self-adjoint (with respect to s) operator, and T = (−JK)^{1/2} is a symplectic transformation with D(T ) = H_1 and s^′(f, g) = s(T f, T g) , ∀f, g ∈ H_1 . Proof. By using Zorn’s Lemma, it is easy to show that there exists a subspace H_1 ⊃ H_0 of H ∩ H^′ such that H_1 is maximal with the property

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS23

(4.2) σ(f, g) = σ^′(f, g) , ∀f, g ∈ H_1 . Consider the restriction s^′_{H1} of the positive quadratic form s^′ determined by the form core Q(s^′_{H1} ) = H_1. Because of the aforesaid maximality, H_1 is closed with respect to the norm ‖f‖ = √ s^′(f, f) + s(f, f) , f ∈ H ∩ H^′ . The quadratic form s^′_{H1} determines a self-adjoint operator A : H ⊃ D(A) → H (use, e.g. Theorem VIII.15 in [24]), and the closure of D(A) with respect to the above norm ‖ · ‖ is H_1. Hence,

σ(f, JAg) = s(f, Ag) = s^′_{H1} (f, g) = σ^′(f, J^′g) , f, g ∈ D(A) ⊂ H_1 is also true for f ∈ H_1. But the equality σ(f, JAg) = σ^′(f, J^′g), for any f ∈ H_1 ⊃ H_0 entails the equality JAg = J^′g ∈ H ∩ H^′ (see (4.1)) and, thus, by the maximality of H_1, the equality JAg = J^′g ∈ H_1, for g ∈ D(A). According to the definition of K, one has Kg = J^′g, for g ∈ D(K), hence Ag = −JJ^′g = −JKg, for g ∈ D(A). From (4.2) one sees

s(f, −JKg) = σ(f, Kg) = σ^′(f, Kg) = −σ^′(Kf, g) = −σ(Kf, g) = s(−JKf, g) , for f, g ∈ D(−JK) ⊂ H_1 (so Kf, Kg ∈ H_1), thus the operator −JK ⊃ A is symmetric. Hence, −JK = A is positive and self-adjoint, and one can define the positive self-adjoint operator T = (−JK)^{1/2}. The equality s^′(f, g) = s(T f, T g), which holds for all f, g ∈ D(A), is therefore still true for f, g ∈ D(T ) = H_1, which is the closure of D(A) with respect to the norm ‖ · ‖.

The operator −JK is symplectic with respect to σ, since

σ(−JKf, −JKg) = σ(Kf, Kg) = σ^′(Kf, Kg) = σ^′(f, g) = σ(f, g) , for f, g ∈ D(−JK) ⊂ H_1 (so Kf, Kg ∈ H_1). It remains to prove that T is symplectic. From [33] and Lemma 4.1, one can decompose H and −JK as follows: H = U ⊕ JU , −JK = L ⊕ −JL^{−1}J , with L : U → U self-adjoint and 0 ≤ L ≤ 1I. Therefore, T = L^{1/2} ⊕ −JL^{−1/2}J = −JT^{−1}J is symplectic, by Lemma 4.1.

This permits us to characterize pure quasifree states. (If the proof is not yet clear, then read the first few lines of the proof of Prop. 4.4.)

Corollary 4.3. Let H_0 be a dense subspace of H. Each pure quasifree state ω on A(H_0) has a characteristic function of the form ω(W (f)) = e^{il(f)− s(T f,T f )4} , f ∈ H_0 , for some linear form l : H_0 → IR and a symplectic positive self-adjoint operator T : H_0 ⊂ D(T ) → H. With this result, we can characterize general quasifree states.

Proposition 4.4. Let H_0 be a dense subspace of H. Each quasifree state ω on A(H_0) has a characteristic function of the form ω(W (f)) = e^{il(f)− s(T f,T f )4} , f ∈ H_0 , for some linear form l : H_0 → IR and a symplectic operator T : H_0 ⊂ D(T ) → H. Proof. By [18], ω has a characteristic function of the form ω(W (f)) = e^{il(f)− s} 0_{(f,f )4} , f ∈ H_0 , for some scalar product s^′ on a Hilbert space M ⊃ H_0. The symplectic form σ can be continuously (with respect to s^′) extended to a bilinear form σ^′ on M (see inequality (2) in [18]). Let P : M → M be the orthogonal projection onto the closure of {f ∈ M | σ(f, g) = 0 , ∀g ∈ M} and set Q = 1I − P . The inequality (see, once again, (2) in [18]) |σ^′(f, g)|^2 = |σ^′(Qf, Qg)|^2 ≤ s^′(Qf, Qf)s^′(Qg, Qg) , for all f, g ∈ M, implies that one can define a state ω^′ on A(H_0) by ω^′(W (f)) = e^{−s} 0_{(Qf,Qf)/4} , for all f ∈ H_0, by Prop. 10 in [18]. According to Prop. 11 in the same paper, the state ω^′ is also primary, since the restriction of σ^′ to QM × QM is nondegenerate. The discussion in Section IV of [18] also implies the existence of a scalar product s_0 on H_0 associated with a pure state on A(H_0) such that s_0(f, f) ≤ s^′(Qf, Qf) , for all f ∈ H_0. Thus, there exists a symplectic operator S : H_0 → H such that s(Sf, Sf) = s_0(f, f) ≤ s^′(Qf, Qf) ≤ s^′(f, f) , for all f ∈ H_0, using Corollary 4.3. Furthermore, from Theorem VIII.15 in [24] one has s^′(f, g) = s(A^{12} f, A^{12} g) , ∀f, g ∈ D(A^{12} ) ⊃ H_0 , for a suitable self-adjoint A. But then s(A^{12} ·, A^{12} ·) − s(S·, S·) is a positive quadratic form on H_0, so, by appealing once again to Theorem VIII.15 in [24], there exists a positive self-adjoint operator B : H ⊃ D(B) → H such that

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS25

(4.3) s(Bf, Bf) = s(A^{12} f, A^{12} f) − s(Sf, Sf) , for all f ∈ H_0.

Now define isometries (with respect to s) U, V : H → H by

Ue_k = e_{3k} , UJe_k = Je_{3k} and V e_k = e_{3k+1} , V Je_k = Je_{3k+2} , k ∈ IN , and set T = US + V B. Then the equalities (by definition, U commutes with J)

σ(T f, T g) = σ((US + V B)f, (US + V B)g) = σ(USf, USg) = σ(Sf, Sg) = σ(f, g) , for all f, g ∈ D(T ), entail that T is symplectic. The claim then follows after noting that (4.3) implies s(T f, T f) = s(Sf, Sf) + s(Bf, Bf) = s(A^{12} f, A^{12} f) = s^′(f, f) , for all f ∈ H_0.

This permits us to prove the result announced at the beginning of the chapter.

Theorem 4.5. Let π be the GNS-representation associated to a pure quasifree state on A(H_0), where H_0 is a dense subspace of H. For a suitable choice of V ⊂ H, there exists a linear Λ ∈ L_{CCR} such that π is unitarily equivalent to π_Λ.

Proof. From the above discussion, it may be assumed that there exist a positive self-adjoint operator T : H ⊃ D(T ) → H with H_0 ⊂ D(T ) and a linear form l : H_0 → IR such that π(W (f)) = e^{iΦ(T f)+il(f)} , for all f ∈ H_0. From the proof of Prop. 4.2 it is clear that H and T decompose as H = U ⊕ JU , T = A ⊕ −JA^{−1}J , with A : U → U self-adjoint and satisfying 0 ≤ A ≤ 1I. Set U_1 = {(1I + JA)φ | φ ∈ U} ⊂ H . It is easy to see that JU_1 ⊂ U^⊥_1 . With φ ∈ U, the inclusions

φ = (1I + JA) 1 1I + A^2 φ − J(1I + JA) A 1I + A^2 φ ∈ U_1 ⊕ JU_1 and

Jφ ∈ J(U_1 ⊕ JU_1) = U_1 ⊕ JU_1 imply H = U_1 ⊕ JU_1. The restriction of T to U_1 is then an isometry, since T (1I + JA)φ = (A + (−JA^{−1}J)JA)φ = J(−JA + 1I)φ , for all φ ∈ U, and ‖T (1I + JA)φ‖^2 = ‖J(−JA + 1I)φ‖^2 = ‖JAφ‖^2 + ‖φ‖^2 = ‖(1I + JA)φ‖^2 .

One can similarly prove that H = T U_1 ⊕ JT U_1, so there exist a unitary (considering H instead of H) W : H → H such that W T is the identity on U_1. The equalities 0 = σ(W T f, W T g) − σ(f, g) = σ(f, (W T − 1I)g) , for f ∈ U_1, g ∈ D(T ), entail R(W T − 1I) ⊂ U_1. Choose now V = U_1 and define Λ : H_0 → L^2(Q, dμ) by Λf = l(f) + x((W T − 1I)f) for any f ∈ H_0. Then Λ ∈ L_{CCR} and Φ_Λ(f) = Φ(W T f)+l(f)1I. According to [33], since |W |−1I = 0 is a Hilbert-Schmidt operator, there exists a unitary L such that LΦ(f)L^∗ = Φ(W f), for all f ∈ H. In particular, one has LΦ(T f)L^∗ = Φ(W T f), for all f ∈ D(T ). It is therefore clear that the representation π_Λ corresponding to Φ_Λ(f) is unitarily equivalent to the representation π given by π(W (f)) = e^{iΦ(T f)+il(f)} , f ∈ H_0 .

To close this chapter, we give a characterization of our linear canonical transformations. Recall that P : H → H is the orthogonal projection onto the subspace JV .

Proposition 4.6. To every linear Λ ∈ L_{CCR} there corresponds a linear form l : D(Λ) → IR and a symmetric operator S : V ⊃ D(S) = JP D(Λ) → V such that

(4.4) Λf = x(SJP f) + l(f) ,

for every f ∈ D(Λ). Moreover, each such pair (l, S) defines a linear Λ ∈ L_{CCR} in this manner, with D(Λ) = D(SJP ).

Proof. Let Λ ∈ L_{CCR}. From Theorem 3.1.6 it may be assumed that V ⊂ D(Λ) and that Λ has the form given in (4.4). Thus, one sees that

Φ_Λ(f) = Φ(f) + Λf1I = Φ(f) + (x(SJP f) + l(f))1I = Φ(f + SJP f) + l(f)1I ,

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS27

since R(S) ⊂ V . But since Λ ∈ L_{CCR}, these operators must satisfy the CCR; hence, the operator 1I + SJP must be symplectic. The resultant equalities σ(f, g) = σ(f + SJP f, g + SJP g) = σ(f, g) + σ(f, SJP g) + σ(SJP f, g) = σ(f, g) + σ(P f, SJP g) + σ(SJP f, g) = σ(f, g) + s(JP f, SJP g) − s(SJP f, JP g) , (4.5)

for all f, g ∈ D(Λ), imply s(JP f, SJP g) = s(SJP f, JP g), in other words, S is a symmetric operator. The same computation (4.5) shows that if S is symmetric, then (4.4) defines an element Λ ∈ L_{CCR}.

V. Canonical Transformations of Finite Degree

In this chapter we restrict our attention to the computationally simpler canonical transformations of arbitrary but finite degree.^3 We provide necessary and sufficient conditions on the mapping Λ of finite degree so that the associated representation π_Λ of the CCR is unitarily equivalent to a Fock, a coherent or a quasifree representation. As we show, these results contain the previously known conditions [33][9] for the unitary equivalence of irreducible quasifree representations. The case of unitary equivalence with a quadratic representation is briefly indicated at the end of the chapter. We emphasize that when the conditions isolated in this chapter are violated, one has a representation of the CCR which can describe bosonic systems with infinitely many degrees of freedom manifesting physics different from that describable by the Fock, coherent, quasifree or quadratic representations.

Definition 5.1. Let L^{(n)}_{CCR} denote the set of elements Λ of L_{CCR} such that Λ = n∑ i=0 P_iΛ ≠ n−1∑ i=0 P_iΛ . Such elements and the corresponding canonical transformations and representations will be said to be of degree n.

Using the equality (3.1.1) given above and the estimate (4.3.5) given in [22], the following lemma can be easily proven. Lemma 5.2. There exist real constants C_{lm} > 0 such that

‖φ_lφ_m‖_2 ≤ C_{lm}‖φ_l‖_2 ‖φ_m‖_2 , for all φ_l ∈ R( ∑ j≤l P_j ) and φ_m ∈ R( ∑ j≤m P_j ). Therefore, the finite-particle vectors

are contained in the domain of the field operators Φ_Λ(f), for all f ∈ D(Λ), whenever Λ ∈ L^{(n)}_{CCR}.

Another straightforward fact we shall need is given in the next lemma.

3These are the counterparts in our approach to the polynomial representations of [30]. Note, however, that due to the boundedness assumptions made in [30], which do not need to be made here, we shall be discussing a larger class of representations. In any case, the questions treated below are not addressed in [30].

Lemma 5.3. Let Λ ∈ L^{(n)}_{CCR}. Then one has

P_mΦ_Λ(f) ⊂ P_mΦ_Λ(f) ∑ k≤n+m+1 P_k ,

for any m ∈ IN ∪ {0} and f ∈ D(Λ).

Proof. For arbitrary φ ∈ D(Φ_Λ(f)) and ψ ∈ L^2(Q, dμ), one sees from Lemma 5.2 that

⟨ψ, P_mΦ_Λ(f)φ⟩ = ⟨Φ_Λ(f)P_mψ, φ⟩ = ⟨ ∑ k≤max{n+m,m+1} P_kΦ_Λ(f)P_mψ, φ⟩ = ⟨ψ, P_mΦ_Λ(f) ∑ k≤n+m+1 P_kφ⟩ .

We give a characterization of the existence of strong graph limits of sequences of field operators in representations of degree n.

Lemma 5.4. Let Λ ∈ L^{(n)}_{CCR} and {f_m}_{m∈IN} ⊂ D(Λ). There exist vectors g_m, h_m ∈ V such that f_m = g_m + Jh_m, for every m ∈ IN. The strong graph limit of the sequence of operators {Φ_Λ(f_m)} exists if and only if the sequences {h_m} and {x(g_m) + Λf_m} converge in their respective Hilbert spaces. If this strong graph limit exists and the sequence {f_m} converges, then also the sequence {Λf_m} converges.

Proof. Assume that the strong graph limit indicated exists (the other direction can be proven using the argument of Lemma 3.2.1). Since this limit is densely defined, for arbitrary ϵ > 0 there exists a sequence {φ_m}_{m∈IN} such that both it and the sequence {Φ_Λ(f_m)φ_m}_{m∈IN} converge and such that ‖φ_m − Ω‖_2 < ϵ, for all m ∈ IN. Hence, the sequence {P_0φ_m}_{m∈IN} converges and one has ‖P_0φ_m‖ > 1 − ϵ. One may therefore choose the sequence {φ_m}_{m∈IN} such that, in addition, one has P_0φ_m = Ω, for all m ∈ IN. There also exists a real constant C such that C ≥ C_{kl}, for k, l ≤ 2n + 2, where the constants C_{kl} are those evoked in Lemma 5.2, and thus

‖Φ(f)φ‖_2 ≤ C‖f‖ ‖φ‖_2 ,

for arbitrary φ in the range of the projection ∑ l≤2n+2 Pl and f ∈ H. One also

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS29

has the following estimate, using previously established notation. ‖Φ_Λ(f_m)Ω‖_2 = ‖Φ(f_m)Ω + Λf_m‖_2 = ‖Φ(Jh_m)Ω + x(g_m) + Λf_m‖_2 = ‖ix(h_m) + x(g_m) + Λf_m‖_2 = (‖x(h_m)‖^2 + ‖x(g_m) + Λf_m‖^2)^{1/2}

(3.1.1) = ( 1 2 ‖h_m‖^2 + ‖x(g_m) + Λf_m‖^2)^{1/2} ≥ 1 2 max{‖h_m‖, ‖x(g_m) + Λf_m‖_2} ≥ 1 4 (‖h_m‖ + ‖x(g_m) + Λf_m‖_2) .

(5.1)

Of course, also the sequence { ∑_n j=0 P_j Φ_Λ(f_m)φ_m}_{m∈IN} converges. Now consider the estimate (obtained using Lemma 5.3) ‖ n+1∑ j=0 P_j Φ_Λ(f_m)φ_m − Φ_Λ(f_m)Ω‖_2 = ‖ n+1∑ j=0 P_j Φ_Λ(f_m) 2n+2∑

l=1 P_lφ_m‖_2

≤ ‖ n+1∑ j=0 P_j Φ(Jh_m) 2n+2∑

l=1 P_lφ_m‖_2 + ‖ n+1∑ j=0 P_j (x(g_m) + Λf_m) 2n+2∑

l=1 P_lφ_m‖_2

≤ ‖Φ(Jh_m) 2n+2∑

l=1 P_lφ_m‖_2 + ‖(x(g_m) + Λf_m) 2n+2∑

l=1 P_lφ_m‖_2

≤ C(‖h_m‖ + ‖x(g_m) + Λf_m‖_2) ‖ 2n+2∑

l=1 P_lφ_m‖_2

≤ C(‖h_m‖ + ‖x(g_m) + Λf_m‖_2) ϵ

(5.1)

≤ ‖Φ_Λ(f_m)Ω‖_2 4Cϵ .

From this estimate, one sees that the boundedness of the sequence {^{n+1} ∑ j=0 P_j Φ_Λ(f_m)φ_m}_{m∈IN} entails the boundedness of the sequence {‖Φ_Λ(f_m)Ω‖_2}_{m∈IN}.

Thus, for any δ > 0, there exist convergent sequences {φ_m}_{m∈IN} and {^{n+1} ∑ j=0 P_j Φ_Λ(f_m)φ_m}_{m∈IN} such that ‖ n+1∑ j=0 P_j Φ_Λ(f_m)φ_m − Φ_Λ(f_m)Ω‖_2 < δ ,

for all m ∈ IN. This implies the convergence of the sequence {Φ_Λ(f_m)Ω}. It may therefore be concluded that the sequences {h_m}_{m∈IN} and {x(g_m) + Λf_m}_{m∈IN} converge (use (5.1) with f_m replaced by f_{m1} − f_{m2} ).

It is easy to see that the following lemma is true. We simply record it here for later reference.

Lemma 5.5. Let π be a representation of a C^∗-algebra A, {A_n} a sequence of elements of A, and k a cardinal number. The strong graph limit of the operator sequence {π(A_n)} exists and is densely defined if and only if the strong graph limit of the operator sequence {kπ(A_n)} exists and is densely defined, where kπ is the direct sum of k copies of π.

We can finally prove our characterization of the quasi-equivalence of a representation π_Λ of degree n with the original Fock representation π_J . This generalizes Theorem 4.1 in [22], which was restricted to the case n = 2. Of course, if π_Λ is irreducible (see Theorem 3.2.2), then quasi-equivalence implies unitary equivalence.

Theorem 5.6. Let Λ ∈ L^{(n)}_{CCR}. The representation π_Λ is quasi-equivalent to the restriction of the Fock representation π_J to A(D(Λ)) if and only if the operator Λ is Hilbert-Schmidt.

Proof. Assume that the representations π_Λ and π_J | A(D(Λ)) are quasiequivalent. Let f ∈ H and {f_n}_{n∈IN} ⊂ D(Λ) be arbitrary with {f_n}_{n∈IN} converging to f. The convergence of the sequence {Φ(f_n)φ}_{n∈IN} to Φ(f)φ for finite-particle vectors φ entails that Φ(f) is the strong graph limit of {Φ(f_n)}_{n∈IN} (see Theorem VIII.27 in [24]). As quasi-equivalence is the same as unitary equivalence up to multiplicity (see e.g. Theorem 2.4.26 in [5]), Lemma 5.5 implies that the strong graph limit of {Φ_Λ(f_n)}_{n∈IN} exists, so that, by Lemma 5.4, the sequence {Λf_n}_{n∈IN} converges. This entails that Λ is bounded, and thus, by Lemma 3.2.1, one may assume that D(Λ) = H. According to Theorem 5.2.14 in [6] there must exist a dense subset K of L^2(Q, dμ) such that

(5.2) ∞∑ k=1 ‖(Φ_Λ(e_k) + iΦ_Λ(Je_k))φ‖^2 < ∞ ,

for all φ ∈ K, since a densely defined number operator exists. Thus, one must have ∞∑ k=1 ‖ n∑ l=0 P_l(Φ_Λ(e_k) + iΦ_Λ(Je_k))φ‖^2

= ∞∑ k=1 ‖ n∑ l=0 P_l(Φ_Λ(e_k) + iΦ_Λ(Je_k)) 2n+1∑

m=0 P_mφ‖^2 < ∞ , and, since the finite-particle vectors are in the domain of the number operator of the Fock representation π_J ,

(5.3) ∞∑ k=1 ‖ n∑ l=0 P_l(Φ_Λ(e_k) + iΦ_Λ(Je_k) − √ 2a(e_k)) 2n+1∑

m=0 P_mφ‖^2 < ∞ .

For each ϵ > 0 there exists a vector φ_ϵ ∈ K such that ‖φ_ϵ − Ω‖_2 < ϵ; and set

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS31

C ≡ max r,s≤2n+1 C_{rs} (see Lemma 5.2). Then, since ‖(Λe_k + iΛJe_k )P_0φ_ϵ‖_2 = ‖(Λe_k + iΛJe_k )‖_2‖P_0φ_ϵ‖_2 (P_0φ_ϵ is just a constant function), one has the estimate ‖ n∑ l=0 P_l(Φ_Λ(e_k) + iΦ_Λ(Je_k) − √ 2a(e_k)) 2n+1∑

m=0 P_mφ_ϵ‖_2

= ‖ n∑ l=0 P_l(Λe_k + iΛJe_k) 2n+1∑

m=0 P_mφ_ϵ‖_2

≥ ‖ n∑ l=0 P_l(Λe_k + iΛJe_k)P_0φ_ϵ‖_2 − 2n+1∑

m=1 ‖ n∑ l=0 P_l(Λe_k + iΛJe_k)P_mφ_ϵ‖_2

≥ ‖(Λe_k + iΛJe_k)P_0φ_ϵ‖_2 − 2n+1∑

m=1 ‖(Λe_k + iΛJe_k)P_mφ_ϵ‖_2

≥ ‖Λe_k + iΛJe_k‖_2‖P_0φ_ϵ‖_2 − 2n+1∑

m=1 C‖Λe_k + iΛJe_k‖_2‖P_mφ_ϵ‖_2 ≥ (1 − ϵ)‖Λe_k + iΛJe_k‖_2 − (2n + 1)Cϵ‖Λe_k + iΛJe_k‖_2 = (1 − ϵ − (2n + 1)Cϵ)‖Λe_k + iΛJe_k‖_2 .

(5.4)

Choosing ϵ > 0 such that 1 − ϵ − (2n + 1)Cϵ ≥^1_2 , one sees that ∑ k ‖Λe_k + iΛJe_k‖^2 < ∞ , so that Λ is a Hilbert-Schmidt operator (Λe_k and ΛJe_k are a.e. real-valued): ∑ k (‖Λe_k‖^2 + ‖ΛJe_k‖^2) = ∑ k ‖Λe_k + iΛJe_k‖^2 .

The asserted sufficiency of the condition will now be proven. Without loss of generality, one may assume that Λ = Λ and P_0Λ = 0. There exist real constants λ_{kk1···km} symmetric in the indices, such that (using (3.1.1)) ΛJe_k = ∑ m,k_1,... ,k_m λ_{kk1···km} : x_{k1} · · · x_{km} : and ∑ k ∑ m,k_1,... ,k_m λ^2_{kk1 ···km} m! 2^m = ∑ k ‖ΛJe_k‖^2 < ∞ . Setting G = ∑ m,k_1,... ,k_m λ_{k1 ···km} m : x_{k1} · · · x_{km} : ∈ L^2(Q, dμ) , one sees that e^{−iG}Φ(f)e^{iG} = Φ(f) , for all f ∈ V , as well as

e^{−iG}Φ(Je_k)e^{iG} = Φ_Λ(Je_k) ,

for all k ∈ IN, by Prop. 3.1.3. This then demonstrates that

e^{−iG}Φ(g)e^{iG} = Φ_Λ(g) ,

for all g in the linear span of {Je_k | k ∈ IN}. Lemma 3.2.1 completes the proof.

And next we give a characterization of the quasi-equivalence of a representation of degree n with a quasifree representation.

Theorem 5.7. Let Λ ∈ L^{(n)}_{CCR} and π be a GNS-representation of a pure quasifree state on A(D(Λ)). There exists a symplectic operator K : D(Λ) → H such that Φ_{P1Λ}(f) = Φ(Kf), for all f ∈ D(Λ). The representations π_Λ and π are quasi-equivalent if and only if the following conditions are fulfilled:

(i) π_{(P0+P1)Λ} and π are quasi-equivalent.

(ii) The closure of the restriction of (Λ − P_0Λ − P_1Λ)_{max} to the range of K is Hilbert-Schmidt.

Proof. By Lemma 4.1 and Corollary 4.4, it may be assumed that π is of the form

π(W (f)) = e^{i(Φ(T f)+l(f))} , f ∈ D(Λ) ,

for a symplectic operator T : D(Λ) → H with dense range and a linear form l : D(Λ) → IR. After a coherent transformation, one may assume that l is the zero mapping. Let the representations π and π_Λ be quasi-equivalent. Then the restriction of π_J to A(R(T )) and the representation π^′, defined by

π^′(W (f)) = e^{iΦΛ (T}

�1_{f)} , f ∈ R(T ) , are quasi-equivalent. The linear part of the field operators associated with π^′ is, up to constants, equal to Φ_{P1Λ}(T^{−1}f). There exists a symplectic transformation S : R(T ) → H such that Φ(Sf) = Φ_{P1Λ}(T^{−1}f). As in the proof of Theorem 5.6, one may extend π^′ to a representation of A(H) which is quasi-equivalent to π_J . This extension will also be denoted by π^′. The operator Λ ∘ T^{−1} is bounded; consequently S is bounded, as well. It may be assumed that S = S.

Proceeding as in the proof of Theorem 5.6, one needs to consider the linear part of the annihilation operators associated with π^′ separately. Furthermore, the operators a(e_k) in equation (5.3) must be replaced by somewhat different terms, discussed below. Let Φ^′(f), f ∈ H, denote the field operators associated with π^′.

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS33

The linear part of the associated annihilation operators^{1√}_2 (Φ^′(e_k) + iΦ^′(Je_k)) is given by 1 √ 2 (Φ(Se_k) + iΦ(SJe_k)) = 1 2 (a(Se_k) + a^∗(Se_k) + ia(SJe_k) + ia^∗(SJe_k)) = 1 2 (a((S − JSJ)e_k) + a^∗((S + JSJ)e_k)) . (5.5)

The operators S − JSJ and J commute, so that, if S − JSJ = UA is the polar decomposition, then U may be considered as a unitary operator on H. Therefore, (5.3) is still fulfilled if a(e_k) is replaced by a(Ue_k).

The bound (5.6) ‖(S − JSJ − 2U)f‖ ≤ ‖(S + JSJ)f‖ , will be proven for every f ∈ H. Note that for an arbitrary unit vector f ∈ H, one has ‖Af‖^2 = ‖(S − JSJ)f‖^2 = ‖Sf‖^2 + ‖JSJf‖^2 − 2⟨Sf, JSJf⟩ = ‖Sf‖^2 + ‖SJf‖^2 + 2σ(Sf, SJf) = ‖Sf‖^2 + ‖SJf‖^2 + 2σ(f, Jf) = ‖Sf‖^2 + ‖SJf‖^2 + 2 . Similarly, it follows that ‖(S + JSJ)f‖^2 = ‖Sf‖^2 + ‖SJf‖^2 − 2 . From the bound 1 = |σ(SJf, Sf)| ≤ ‖SJf‖ ‖Sf‖ it follows that ‖Af‖^2 ≥ ‖Sf‖^2 + 1 ‖Sf‖^2 + 2 ≥ 4 ,

and A ≥ 21I. This proves (5.6), as A ≥ 21I and U^∗U = 1I imply ‖(S − JSJ − 2U)f‖^2 = ‖(A − 21I)f‖^2 = ⟨f, (A^2 − 4A + 41I)f⟩ ≤ ⟨f, (A^2 − 81I + 41I)f⟩ = ‖(S − JSJ)f‖^2 − 4 = ‖(S + JSJ)f‖^2 . One can then proceed as in the proof of Theorem 5.6 to find suitable Hilbert- Schmidt conditions - one must simply modify (5.5) by the term −a(Ue_k), resp., replace a(e_k) in (5.3) by a(Ue_k). In the counterpart to (5.4) one finds the additional terms

‖a^∗((S + JSJ)e_k)P_0φ_ϵ‖_2^{(3.1.1)}= ‖(S + JSJ)e_k‖ ‖P_0φ_ϵ‖_2 , ‖a^∗((S + JSJ)e_k) 2n+1∑

l=1 P_lφ_ϵ‖_2 ≤ Cϵ‖(S + JSJ)e_k‖ ,

and

‖a((S − JSJ − 2U)e_k) 2n+1∑

l=1 P_lφ_ϵ‖_2

≤ C‖(S − JSJ − 2U)e_k‖ ‖ 2n+1∑

l=1 P_lφ_ϵ‖_2

(5.6) ≤ C‖(S + JSJ)e_k‖ϵ . It may therefore be concluded that S + JSJ is a Hilbert-Schmidt operator. Furthermore, the constant part of the field operator Φ^′(f) is a bounded linear form, so by Lemma 5.8 it may be assumed without loss of generality that it is trivial. Thus, the representations π and π_{P0Λ+P1Λ} are quasi-equivalent. The closure of the operator (Λ − P_0Λ − P_1Λ) ∘ T^{−1} is also Hilbert-Schmidt. That the mapping S^{−1} : R(S) → D(S) = H is bounded is implied by the bound ‖Sf‖ ‖S‖ ‖f‖ ≥ |σ(Sf, SJf)| = ‖f‖^2 , for every f ∈ H, as well as ‖Sf‖ ≥ 1 ‖S‖ ‖f‖ . Hence, recalling S = KT^{−1}, the operator

(Λ − P_0Λ − P_1Λ) ∘ T^{−1} ∘ S^{−1} = (Λ − P_0Λ − P_1Λ) ∘ T^{−1} ∘ T ∘ K^{−1}

= (Λ − P_0Λ − P_1Λ)_{max} ∘ P ∘ K^{−1}

= (Λ − P_0Λ − P_1Λ)_{max} | R(K)

is Hilbert-Schmidt.

To prove that the stated Hilbert-Schmidt conditions imply the desired quasiequivalence, it is sufficient to show that the representation admits a densely defined number operator, in other words, by Theorem 5.2.14 in [6] it suffices to show that for any finite-particle vector φ = ∑_m l=0 P_lφ, and any orthonormal basis {f_k, Jf_k | k ∈ IN} of H, one has

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS35

∑ k ‖(Φ^′(f_k) + iΦ^′(Jf_k))φ − √ 2a(Uf_k)φ‖^2 ≤ D^{(m)}(‖S + JSJ‖^2_{HS} + ‖(Λ − P_0Λ − P_1Λ)_{max} | R(K)‖^2_{HS} ) ‖φ‖^2 < ∞ ,

for a constant D^{(m)} ∈ IR which does not depend on the choice of the basis (the Hilbert-Schmidt norm of an operator is denoted by ‖ · ‖_{HS} ). This can be done by using arguments already employed above (see Lemma 5.2 and equations (5.5) and (5.6)). It follows then that ∑ k ‖(Φ^′(f_k) + iΦ^′(Jf_k))φ‖^2

is bounded by a finite real number, which only depends on m, ‖φ‖_2, ‖S+JSJ‖^2_{HS} , and ‖(Λ − P_0Λ − P_1Λ)_{max} | R(K)‖^2_{HS} .

Taken together, Theorems 5.6 and 5.7 give conditions so that our higher order representations are inequivalent to the well-studied class of representations associated with inhomogeneous linear canonical transformations, and hence so that they can describe bosonic systems with different physics.

Lemma 5.8. Let π be a GNS-representation of a quasifree state ω on A(H_0), where H_0 is a dense subspace of H. There exists a linear form k : H_0 → IR and a scalar product s^′ on H_0 such that

ω(W (f)) = e^{ik(f)− s} 0_{(f,f )4} , for all f ∈ H_0 [18]. If l : H_0 → IR is a linear form, then the representation π_l of A(H_0) defined by π_l(W (f)) = e^{il(f)}π(W (f)) is quasi-equivalent to π if and only if l is bounded with respect to s^′.

Proof. By Corollary 4.4, it may be assumed that the linear form k is trivial and that π(W (f)) = e^{iΦ(T f)}, f ∈ H_0, for a symplectic mapping T : H_0 → H. Suppose the indicated representations are quasi-equivalent. The convergence f_n^s 0 → 0 implies the convergence T f_n^s→ 0, so that the strong graph limit of {Φ(T f_n)} is 0. The assumed quasi-equivalence implies also that 0 is the strong graph limit of the sequence {Φ(T f_n) + l(f_n)}. Appealing to Lemma 5.4, one concludes that also {l(f_n)} converges to 0.

Assume now that the linear form l is bounded with respect to s^′, so that l(f) = s^′(g, f) for some element g in the completion of H_0 with respect to s^′. There exists a sequence {g_n} ⊂ H_0 converging to g with respect to s^′; hence the sequence {T g_n} converges to some element h ∈ H with respect to s. Then, for f ∈ H_0, one sees e^{iΦ(Jh)}Φ(T f)e^{−iΦ(Jh)} = Φ(T f) − σ(Jh, T f)1I = Φ(T f) + s(h, T f)1I = Φ(T f) + lim_n s(T g_n, T f)1I

= Φ(T f) + s^′(g, f)1I = Φ(T f) + l(f)1I .

We provide an extension to Prop. 3.1.7 for irreducible representations of finite degree.

Proposition 5.9. Let Λ ∈ L^q_{CCR} ∩L^{(n)}_{CCR} determine an irreducible representation π_Λ of A(D(Λ)). If l : H_0 → IR is a linear form such that the representation π_l of A(H_0) defined by π_l(W (f)) = e^{il(f)}π_Λ(W (f)) is unitarily equivalent to π_Λ, then l has the form l(f) = σ(g, f), for all f ∈ D(Λ), for some g ∈ D(Λ_{max}). Therefore, the set D(Λ_{max}) is the maximal extension of the test function space D(Λ).

Proof. Let U : L^2(Q, dμ) → L^2(Q, dμ) be unitary such that

U^∗Φ_Λ(f)U = Φ_Λ(f) + l(f)1I ,

for all f ∈ D(Λ). Then the operator π_{Λmax} (W (g))U^∗π_{Λmax} (W (−g))U commutes with the elements of π_Λ(A(D(Λ))), for all g ∈ D(Λ_{max}). By the assumed irreducibility, it must be a multiple of the identity. Thus, for each g ∈ D(Λ_{max}) one has U^∗π_{Λmax} (W (g))U = e^{icg} π_{Λmax} (W (g)) , for suitable c_g ∈ IR.

It shall next be shown that e^{icg} = e^{il}

0_{(g)} , for a suitable linear form l^′ : D(Λ_{max}) → IR. But the equality e^{ict}1^g e^{ict}2^g = e^{ic(t}1^{+t}2^{)g} implies e^{ictg} = e^{itk}, for all t ∈ IR and a suitable k ∈ IR. Thus, it has been shown that U^∗Φ_{Λmax} (tg)U = Φ_{Λmax} (tg) + tk1I , in other words, U^∗π_{Λmax} (W (f))U = e^{il} 0_{(f)} π_{Λmax} (W (f)) , for all f ∈ D(Λ_{max}), with l^′ : D(Λ_{max}) → IR linear. Hence, there exists an extension l^′ : D(Λ_{max}) → IR of l such that the representation π_l0 of A(D(Λ_{max})) defined by π_l0(W (f)) = e^{il}

0_{(f)}

π_{Λmax} (W (f)), for f ∈ D(Λ_{max}), is unitarily equivalent to π_{Λmax} . Therefore, it may be assumed that l = l^′ and Λ = Λ_{max}.

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS37

Let {e_k, Je_k | k ∈ IN} ⊂ D(Λ) be an orthonormal symplectic basis in H. For each f ∈ D((P_mΛ)_{max}), there exist real constants λ_{k1···km} (f), which are totally symmetric in the indices, such that

(P_mΛ)_{max}f = ∑ k_1,... ,k_m λ_{k1···km} (f) : x_{k1} · · · x_{km} : . If {f_n} is a convergent sequence in V , then the strong graph limit of {Φ(f_n)} exists, so that also the strong graph limit of {Φ(f_n) + l(f_n)} exists. Therefore, the restriction of l to V is bounded. Set l_k ≡ l(e_k), h ≡ ∑ k l_kJe_k ∈ H and A_l(f) ≡ Φ_Λ(f) − ∑ m ∑ k_1,... ,k_m≤l λ_{k1···km} (f) : x_{k1} · · · x_{km} : 1I , with D(A_l(f)) = D(Φ_Λ(f)) ∩ (∩_{k1,... ,km≤l}D(x_{k1} · · · x_{km} 1I)). Then the operator A_l(f) is symmetric and the sequence {A_l(f)φ}_{l∈IN} converges to Φ(f)φ for every φ ∈ G. Since G is a core for Φ(f) (Lemma 3.1.2), it follows from Theorem VIII.27 of [24] that Φ(f) is the strong graph limit of {A_l(f)}_{l∈IN}.

With U^∗x_kU = x_k + l_k and p_l(f) suitable polynomials of degree n − 2, one sees therefore that the strong graph limit of U^∗A_l(f)U = U^∗Φ_Λ(f)U − n∑ m=2 ∑ k_1,... ,k_m≤l λ_{k1···km} (f)U^∗ : x_{k1} · · · x_{km} : U = Φ_Λ(f) + (l(f) + p_l(f) − ∑ k_1,... ,k_n�_1≤l λ_{k1···kn}�_1 (f) : x_{k1} · · · x_{kn}�_1 :)1I

− ∑ k_1,... ,k_n≤l (λ_{k1···kn} (f) : x_{k1} · · · x_{kn} : +λ_{k1 ···kn} (f) n l_{kn} : x_{k1} · · · x_{kn}�_1 :)1I (5.7)

is U^∗Φ(f)U. According to the proof of Lemma 5.4, the existence of the indicated strong graph limit entails the convergence of p_l(f) − ∑ k_1,... ,k_n�_1≤l λ_{k1 ···kn}�_1 (f) : x_{k1} · · · x_{kn}�_1 : − ∑ k_1,... ,k_n≤l (λ_{k1 ···kn} (f) : x_{k1} · · · x_{kn} : +λ_{k1 ···kn} (f) n l_{kn} : x_{k1} · · · x_{kn}�_1 :) .

Following the argument of Lemma 3.1, it can also be shown that the strong graph limit of {U^∗A_l(f)U}_{l∈IN} is of the form Φ(f) + F 1I, for a suitable F ∈ R( ∑_{n−1} k=0 P_k) ⊂ L^2(Q, dμ). Hence, there exists a Λ^′ ∈ L^{(n−1)}_{CCR} such that

U^∗Φ(f)U = Φ_Λ0(f) ,

for all f ∈ D(Λ) = D(Λ^′).

According to Theorem 5.6, Λ^′ is a Hilbert-Schmidt operator. Hence one sees that ∞ > ∑ k ‖P_{n−1}Λ^′(Je_k)‖^2 = ∑ k ‖ ∑ k_1,... ,k_n λ_{k1 ···kn} (Je_k)l_{kn} n : x_{k1} · · · x_{kn}�_1 : ‖^2

(3.1.1) = ∑ k ∑ k_1 ,... ,k_n�_1 ( ∑ k_n λ_{k1 ···kn} (Je_k)l_{kn} n)^2 (n − 1)! 2^{n−1} = n^2

(n − 1)! 2^{n−1} ∑ k ∑ k_1,... ,k_n�_1 ( ∑ k_n λ_{k1···kn} (Je_k)l_{kn} )^2 (Lemma 3.1.1) = n n! 2^{n−1} ∑ k ∑ k_1,... ,k_n�_1 ( ∑ k_n 2^n n! ⟨ΛJe_k, : x_{k1} · · · x_{kn}�_1 x_{kn} :⟩l_{kn} )^2

= 2n ∑ k,k_1,... ,k_n�_1 2^n n! ⟨ΛJe_k, : x_{k1} · · · x_{kn}�_1 x(−Jh) :⟩^2 ,

which entails h ∈ D((P_nΛ)_{max}) (see the proof of Prop. 3.1.7).

There exists a G ∈ L^2(Q, dμ)∩R(P_{n+1}) such that Φ_{(PnΛ)max} (h) = e^{−iG}Φ(h)e^{iG}. By replacing U by e^{iG}Ue^{−iG} and Φ_Λ(f) by e^{iG}Φ_Λ(f)e^{−iG}, which is the same as replacing Λ by another element of L_{CCR} differing from Λ only in the component of degree n, it may be assumed that (P_nΛ)_{max}h = 0 and hence that the range of the mapping (P_nΛ)_{max} lies in the subspace of L^2(Q, dμ) generated by {: x(f_1) · · · x(f_n) :| σ(h, f_1) = . . . = σ(h, f_n) = 0, f_1, . . . , f_n ∈ V } (use (3.1.3) and the fact that a(h)(P_nΛ)_{max}f = 0, for f ∈ D((P_nΛ)_{max})). The operator e^{iΦ(h)} commutes with these elements. From the definition of h, the adjoint actions of e^{iΦ(h)} and U on the field operators Φ_Λ(f) = Φ(f), f ∈ V , are identical, inducing the same coherent canonical transformation. Hence, e^{−iΦ(h)}U commutes with e^{ix(f)}, for all f ∈ V , and thereby may be identified with the multiplication operator corresponding to some suitable element of L^∞(Q, dμ), as in the proof of Theorem 3.2.2. Thus, one has

U^∗((P_nΛ)_{max}f)U = (P_nΛ)_{max}f ,

for all f ∈ D((P_nΛ)_{max}), and it therefore follows that U^∗Φ_{(Λ−PnΛ)max} (f)U = Φ_{(Λ−PnΛ)max} (f) + l(f)1I , for all f ∈ D(Λ_{max}).

Next, one can consider Λ−P_nΛ instead of Λ and prove h ∈ D((P_{n−1}Λ)_{max}). Repeating this process finitely many times, one concludes that h ∈ D(Λ_{max}) and U^∗Φ(f)U = Φ(f) + l(f)1I ,

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS39

for all f ∈ D(Λ_{max}), with U a suitable unitary. As before, the boundedness of l follows, and thus, again, the existence of a g ∈ H such that l(f) = σ(g, f), for all f ∈ H, is assured. But then the equalities σ(g, e_k) = l(e_k) = l_k = −σ(h, e_k) , for all k ∈ IN, imply that g + h ∈ V and, thus, g ∈ D(Λ), since V ⊂ D(Λ) and h ∈ D(Λ). Theorem 5.10. Let Λ ∈ L^{(n)}_{CCR} and π be a GNS-representation of a quasifree state on A(D(Λ)). Assume that π_Λ and π_{P1Λ} are irreducible (see Theorem 3.2.2). The representations π_Λ and π are quasi-equivalent if and only if the following conditions are fulfilled:

(i) π_{(P0+P1)Λ} and π are quasi-equivalent.

(ii) The closure of the operator (1I − P_0 − P_1)Λ is Hilbert-Schmidt.

Proof. (⇐) Since π_{P1Λ} is irreducible and since quasi-equivalence is an equivalence relation, after applying a suitable linear transformation, it may be assumed that P_0Λ ⊂ 0 and P_1Λ ⊂ 0, and then Theorem 5.6 yields the quasi-equivalence of π and π_Λ.

(⇒) Now let π and π_Λ be quasi-equivalent. Let s^′ be the scalar product associated to π and H^′ be the completion of D(Λ) with respect to s^′, as above. By Corollary 4.4, it may further be assumed that π(W (f)) = e^{il(f)}e^{iΦ(T f)} , f ∈ D(Λ) , for a symplectic T : D(Λ) → H and a linear form l : D(Λ) → IR. By applying a suitable coherent transformation, one has l ⊂ 0. By Lemma 5.5, if a sequence {f_n} in D(Λ) converges with respect to s^′, then the strong graph limit of {Φ(T f_n)} exists, as does the strong graph limit of {Φ_Λ(f_n)}. From Lemma 5.4 and P_1Λ ⊂ 0, one notes that the sequences {f_n} and {Λf_n} also converge, so it may be assumed that D(Λ) is closed with respect to s^′, i.e. T is closed. Theorem 5.9 entails that each coherent transformation of π_Λ inducing a quasi-equivalent representation is of the form

Φ_Λ(f) → Φ_Λ(f) + σ(f, g)1I ,

for all f ∈ D(Λ) and some suitable g ∈ H. From Lemma 5.8 one concludes that such coherent transformations of π are of the form Φ(T f) → Φ(T f) + s^′(f, g)1I , for all f ∈ D(Λ) and some suitable g ∈ H. Thus, the assumed quasi-equivalence implies that, for arbitrary f ∈ D(Λ) and arbitrary but fixed g ∈ D(Λ), one has s(T f, T g) = s^′(f, g) = σ(f, g^′) = s(f, −Jg^′) , for a suitable g^′ ∈ H. Hence, T g ∈ D(T^∗), for all g ∈ D(T ) = D(Λ), which implies consecutively the boundedness of T (since T is closed) and then of Λ.

Let T |_V = U |T |_V | be the polar decomposition of the restriction T |_V . By considering the quasifree quasi-equivalent representations π | A(V ) and π_Λ | A(V ), one may conclude that |T |_V | − 1I is a Hilbert-Schmidt operator. Since T is symplectic, one has σ(f, g) = 0, for all f, g ∈ R(U), so that JR(U) ⊂ R(U)^⊥. Let P : H → H, resp. Q : H → H, be the orthogonal projection onto R(U), resp. JR(U). Note that |T |_V | is invertible, since for any 0 ≠ f ∈ H there exists a g ∈ H such that σ(T f, T g) = σ(f, g) ≠ 0. Hence, one can define the operator S on H by S = U|T |_V |^{−1}U^∗ − JU|T |_V |U^∗J + (1I − P − Q) . By Lemma 4.1, S = −JS^{−1}J is symplectic. Furthermore, the operator |S| − 1I = S − 1I is Hilbert-Schmidt, so we may replace T by ST , since quasi-equivalence is an equivalence relation. Note that T |_V = U is an isometry. By replacing T with W T for a suitable W , which is unitary when viewed as an operator on H, it may further be assumed that R(U) ⊂ V .

There exist real constants λ_{k1...km} (f), symmetric in the indices, such that

Λf = ∑ m,k_1,... ,k_m λ_{k1 ...km} (f) : x_{k1} · · · x_{km} : , f ∈ H . As in the proof of Theorem 5.8, one applies the inverse transformation of Λ to π_Λ and π. One then uses the strong graph limit of the sequence

{Φ_Λ(f) − ∑ m ∑ k_1,... ,k_m≤l λ_{k1 ...km} (f) : x_{k1} · · · x_{km} : 1I}_{l∈IN} , which is Φ(f), to show that π_J is quasi-equivalent to a representation π^′ defined by π^′(W (f)) = e^{iΦ}

0_{(f)} , f ∈ H , where (note that x(Ue_k) = Φ(T e_k))

(5.8) Φ^′(f) = Φ(T f) − ∑ m,k_1,... ,k_m λ_{k1...km} (f) : x(Ue_{k1} ) · · · x(Ue_{km} ) : 1I .

As in the proof of Theorem 5.6, one can derive Hilbert-Schmidt conditions. In equation (5.3), one only has to replace a(e_k) by a(Ue_k), since the linear term of the annihilation operators^{1√}_2 (Φ^′(e_k) + iΦ^′(Je_k)) is, by (5.8), 1 √ 2 (Φ(T e_k) + iΦ(T Je_k)) = 1 √ 2 (Φ(Ue_k) + iΦ(T Je_k))

= a(Ue_k) + i √ 2 Φ((T J − JU)e_k) . In the counterpart to (5.4), one obtains the additional terms

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS41

‖Φ((T J − JU)e_k)P_0φ_ϵ‖_2^{(3.1.1)}= 1 √ 2 ‖(T J − JU)e_k‖ ‖P_0φ_ϵ‖_2 , and

‖Φ((T J − JU)e_k) 2n+1∑

l=1 P_lφ_ϵ‖_2 ≤ C‖(T J − JU)e_k‖‖ 2n+1∑

l=1 P_lφ_ϵ‖_2 ≤ Cϵ‖(T J − JU)e_k‖ . One may therefore conclude that the closure of the mapping Λ − (P_0 + P_1)Λ is Hilbert-Schmidt, thus implying the quasi-equivalence of π_Λ and π_{(P0+P1)Λ} and hence the quasi-equivalence of π and π_{(P0+P1)Λ}.

A further immediate consequence is the following result.

Corollary 5.11. Let Λ ∈ L^q_{CCR} ∩ L^{(n)}_{CCR} determine an irreducible representation π_Λ of A(D(Λ)). π_Λ is quasi-equivalent to a GNS-representation of a quasifree state if and only if Λ is a Hilbert-Schmidt operator. If Λ ∈ L^{(n)}_{CCR} is bounded, then π_Λ is quasi-equivalent to a GNS-representation of a quasifree state if and only if Λ − P_1Λ is a Hilbert-Schmidt operator.

Proof. Under the given hypothesis, one has P_1Λ ⊂ 0. Thus, with Theorem 3.2.2, the stated assertions follow at once from the previous Theorem.

The results in this paper can be used to provide an alternative proof to a well-known criterion for the unitary equivalence of two pure quasifree states [33][9]. Recall that pure quasifree states are Fock.

Theorem 5.12. Let π = π_J and π^′ = π_J0 be two pure quasifree states on A(H_0), where H_0 is a dense subspace of H. Then they are unitarily equivalent if and only if J − J^′ is Hilbert-Schmidt with respect to s, the scalar product on H associated with π_J (equivalently, Hilbert-Schmidt with respect to s^′).

Proof. Using notation already established in Chapter IV, it follows easily from Lemma 5.4 that if two Fock states ω_F = ω_J and ω^′_F = ω_J0 on A(H_0) are unitarily equivalent then the associated scalar products s and s^′ are equivalent - this entails H = H^′. By Prop. 4.4, Theorems 4.5 and 5.7, the operator (employing the notation of Prop. 4.2)

(|T | − 1I)(|T | + 1I) = |T |^2 − 1I = −JK − 1I = −JJ^′ − 1I ,

resp. J^′ − J = J(−JJ^′ − 1I), is Hilbert-Schmidt with respect to s, resp. s^′.

As in Theorem 5.12, one can use the results of Chapters IV and V, particularly Theorems 4.5 and 5.10 and Prop. 4.4, to give an alternative proof of the criteria characterizing the quasi-equivalence of quasifree states (see [33][9][8][2][3] for increasingly general results), but we shall not give the details here.

In [11] are given necessary and sufficient conditions so that two irreducible quadratic representations (see [22]) are unitarily equivalent. One could generalize that result in order to obtain necessary and sufficient conditions so that an irreducible quadratic representation and an irreducible representation of finite degree are unitarily equivalent. But, as these conditions are not particularly transparent, we shall not present them here.

Finally, we mention that in this paper and in the previous ones, [26][22], the choice of the complex structure, and thus the choice of the Fock representation, has been held fixed. It is therefore of interest to point out that in [11] the unitary equivalence of two quadratic representations constructed from different Fock representations is characterized. Those arguments can also be generalized to the case of the representations of finite degree discussed in this chapter, but once again the conditions which emerge are not particularly edifying.

Acknowledgements

The research program of which this paper is a continuation would not have taken place without Georg Reents’ impetus and participation. In addition, early versions of some of the results of this paper appeared in [11], a Diplomarbeit carried out under Dr. Reents’ direction. We have also benefitted from an exchange with Prof. Paul Robinson concerning our differing approaches to these problems.

REFERENCES

(1) H. Araki, Hamiltonian formalism and the canonical commutation relations in quantum field theory, J. Math. Phys., 1, 492-504 (1960).

(2) H. Araki, On quasifree states of the canonical commutation relations, II, Publ. R.I.M.S., Kyoto Univ., 7, 121-152 (1971/72).

(3) H. Araki and S. Yamagami, On quasi-equivalence of quasifree states of the canonical commutation relations, Publ. R.I.M.S., Kyoto Univ., 18, 283-338 (1982).

(4) F.A. Berezin, The Method of Second Quantization, Academic Press, New York, 1966.

(5) O. Bratteli and D.W. Robinson, Operator Algebras and Quantum Statistical Mechanics, Vol. I, Springer-Verlag, New York, Heidelberg and Berlin, 1979.

(6) O. Bratteli and D.W. Robinson, Operator Algebras and Quantum Statistical Mechanics, Vol. II, Springer-Verlag, New York, Heidelberg and Berlin, 1981.

(7) J.M. Cook, The mathematics of second quantization, Trans. Amer.

Math. Soc., 74, 222-245 (1953).

(8) A. van Daele, Quasi-equivalence of quasi-free states on the Weyl algebra, Commun. Math. Phys., 21, 171-191 (1971).

(9) A. van Daele and A. Verbeure, Unitary equivalence of Fock representations on the Weyl algebra, Commun. Math. Phys., 20, 268-278 (1971).

(10) P.A.M. Dirac, Emission and absorption of radiation, Proc. Roy. Soc.

London, 114, 248 (1972).

FURTHER REPRESENTATIONS OF THE CANONICAL COMMUTATION RELATIONS43

(11) M. Florig, Kanonische Transformationen von Quantenfeldern, Diplomarbeit, University of Würzburg, 1995.

(12) L. Gårding and A.S. Wightman, Representations of the commutation relations, Proc. Nat. Acad. Sci., 40, 622-626 (1954).

(13) G.C. Hegerfeldt, Gårding domains and analytic vectors for quantum fields, J. Math. Phys., 13, 821-827 (1972).

(14) D. Kastler, The C^∗-algebras of a free boson field, Commun. Math.

Phys., 1, 14-48 (1965).

(15) J.R. Klauder and B.-S. Skagerstam, Coherent States: Applications in Physics and Mathematical Physics, World Scientific, Singapore, 1985.

(16) J. Manuceau, C^∗-algèbre de relations de commutation, Ann. Inst. Henri Poincaré, 8, 139-161 (1968).

(17) J. Manuceau, F. Rocca and D. Testard, On the product form of quasi-free states, Commun. Math. Phys., 12, 43-57 (1969).

(18) J. Manuceau and A. Verbeure, Quasi-free states of the CCR-algebra and Bogoliubov transformations, Commun. Math. Phys., 9, 293-302 (1968).

(19) J. Manuceau, M. Sirugue, D. Testard and A. Verbeure, The smallest C^∗-algebra for canonical commutation relations, Commun. Math. Phys., 32, 231-243 (1973).

(20) J. von Neumann, Die Eindeutigkeit der Schrödingerschen Operatoren, Math. Ann., 104, 570-578 (1931).

(21) M. Proksch, Quadratische Kanonische Transformationen von Quantenfeldern, Ph.D. thesis, University of Würzburg, 1992.

(22) M. Proksch, G. Reents and S.J. Summers, Quadratic representations of the canonical commutation relations, Publ. R.I.M.S., Kyoto Univ., 31, 755-804 (1995).

(23) M. Reed, A Gårding domain for quantum fields, Commun. Math. Phys., 14, 336-346 (1969).

(24) M. Reed and B. Simon, Methods of Modern Mathematical Physics, I.

Functional Analysis, Academic Press, New York, 1972.

(25) M. Reed and B. Simon, Methods of Modern Mathematical Physics, II.

Fourier Analysis, Self-Adjointness, Academic Press, New York, 1975. (26) G. Reents and S.J. Summers, Beyond coherent states: higher order representations, in: On Klauder’s Path: A Field Trip, edited by G.G. Emch, G.C. Hegerfeldt and L. Streit, World Scientific, Singapore, 1994, pp. 179-188.

(27) D.W. Robinson, The ground state of the Bose gas, Commun. Math.

Phys., 1, 159-171 (1965).

(28) P.L. Robinson, Symplectic pathology, Quart. J. Math., 44, 101-107 (1993).

(29) P.L. Robinson, Quadratic Weyl representations, preprint. (30) P.L. Robinson, Polynomial Weyl representations, preprint. (31) G. Roepstorff, Coherent photon states and spectral condition, Commun.

Math. Phys., 19, 301-314 (1970).

(32) I.E. Segal, Foundations of the theory of dynamical systems of infinitely many degrees of freedom, I, Mat. Fys. Medd. Danske Vid. Selsk., 31, # 12 (1959).

(33) D. Shale, Linear symmetries of the free boson field, Trans. Amer. Math.

Soc., 103, 149-167 (1962).

(34) D. Shelupsky, Translations of the discrete Bose-Einstein operators, J.

Math. Phys., 7, 163-166 (1966).

(35) B. Simon, The P(Φ)_2 Euclidean (Quantum) Field Theory, Princeton University Press, Princeton, 1974.

(36) J. Slawny, On factor representations and the C^∗-algebra of canonical commutation relations, Commun. Math. Phys., 24, 151-170 (1971).

Department of Mathematics, University of Florida, Gainesville, FL 32611, USA