Remarks on decay of correlations and Witten Laplacians { Brascamp-Lieb inequalities and semiclassical limit {

Bernard Helffer UA 760 du CNRS, Département de mathématiques Bat 425 F-91405 Orsay Cédex FRANCE

November 18, 1997

Abstract

As it appears in recent articles by Helffer or Sjöstrand and Naddaf- Spencer, the analysis, in the context of the statistical mechanics, of measures of the type exp �Φ(x) dx is connected with the analysis of suitable Witten Laplacians on 1-forms. For illustrating this point of view, we present here remarks about the Brascamp-Lieb inequalities and its extensions and prove the decay of the correlation in some cases when Φ is weakly non convex.

1 Introduction

Our aim^1 is to analyze Laplace integrals associated to a measure whose density with respect to the Lebesgue measure takes the form exp −^1_h Φ, up to a multiplicative normalization constant, in the case when the potential Φ is weakly convex or weakly non convex. We analyze as a starting point the

1A first version of these remarks was diffused in June 1996.

Brascamp-Lieb inequality or the Poincaré inequality in connection with the lowest eigenvalue of a suitable Witten Laplacian on one-forms. The role of this Laplacian which appears implicitly in [Sj2], [Sj3], [HeSj2] and [He3] was emphasized in [Sj6] with new applications. This was then used in [NaSp] and [He5] in connection with the Brascamp-Lieb inequality. We have in mind applications to a potential of the form

Φ(x) = m∑ j=1 v(x_j) + J 2 m∑ j=1 |x_j − x_{j+1}|^2 (1.1)

with the convention that x_{m+1} = x_1 and where the one particle phase v takes the form v(x) = λx^4 + νx^2. The parameters λ and ν (possibly depending on h) satisfy for the moment λ > 0 , (1.2) and ν ≥ 0 , (1.3)

but the case ν < 0 will also be analyzed under a condition of the type ν ≥ −ϵ(λ). More generally we will be interested in the similar problem attached to a d-dimensional (periodic) lattice Λ (identified (modulo translation) with a subset of ZZ^d)

Φ(x) = ∑ ℓ∈Λ v(x_ℓ) + J 2 ∑ j∼k |x_j − x_k|^2 , (1.4)

where j ∼ k means that j and k are nearest neighbors in Λ considered as living on a torus.

With this technique we can also consider examples like

Φ(x) = ∑ ℓ∈Λ v_ℓ(x_ℓ) + Φ_i(x) , (1.5)

where Φ_i(x) is a convex interaction potential with uniformly bounded second derivatives and t → v_ℓ(t) is a family of potentials whose dependence with respect to ℓ is controlled uniformly.

Our main problem will be to analyze the properties of the measure

dμ := exp −

Φ(x) h dx/ (∫ exp −

Φ(x) h dx ) (1.6) and more precisely the covariance associating to (f, g) Cov (f, g) = ⟨(f − ⟨f⟩)(g − ⟨g⟩)⟩ (1.7) where ⟨ · ⟩ denotes the mean value with respect to the measure dμ. As usual we denote the variance by

var g := Cov (g, g) . (1.8)

We shall sometimes use the notation var^{(m)}g and Cov^{(m)}(f, g) if we want to refer to the family of phases Φ = Φ^Λ with Λ = {1, · · · , m} and follow the uniformity with respect to m.

2 About Brascamp-Lieb

We follow partially [Sj6] or [He5]. H.J.Brascamp and E.Lieb [BraLi] have proved the following celebrated inequality which plays an important role in different contexts in the study of the Schrödinger equation.

Theorem 2.1 :

Let F (x) = exp(−Φ(x)), x ∈ IR^m, with Φ in C^2 and strictly convex. We assume that Φ has a minimum and consequently F decays exponentially in all directions. Let g ∈ C^1(IR^m), and let us assume that var g < ∞. Then

var g ≤ ⟨ ∇g · ((Hess Φ )^{−1}∇g) ⟩ (2.1)

where ∇g is the gradient of g.

Remark 2.2 :

In the semi-classical case, we obtain (for the normalized measure associated with exp −^Φ_h dx), var g ≤ h ⟨ ∇g · ( (Hess Φ )^{−1}∇g ) ⟩ (2.2)

We first recall a proof of this theorem inspired by [HeSj2], [He3], [Sj6] and [He5] which was only given for Φ uniformly strictly convex and with bounded second derivatives. We will remain rather sketchy and refer to the complete study given by J. Johnsen in [Jo] for a general justification. Note nevertheless that the proof is easier to verify in the case of our main example (1.1). For g in C^1, such that ∇g is bounded, we have seen that there exists f such that ⟨f⟩ = 0 and g − ⟨g⟩ = ∇Φ · ∇f − Δf =: A_0f . (2.3) The operator A_0 is selfadjoint^2 on L^2(IR^m; exp −Φ). If we take the formula giving the variance, we get

var (g)^{def}= ∫ (g − ⟨g⟩)^2 exp −Φ dx/ ∫ exp −Φ dx = ∫ (g − ⟨g⟩)(∇f · ∇Φ − div ∇f) exp −Φ dx/ ∫ exp −Φ dx = ( ∫ ∇f · ∇g exp −Φ dx)/ ∫ exp −Φ dx (2.4)

As in [HeSj2], we get by differentiation of (2.3) and with v := ∇f,

∇g = A_1v , (2.5)

where A_1 is the operator

v → A_1v = (∇Φ · ∇ − Δ)v + Hess Φ · v ,

which can be interpreted as a Witten Laplacian. This operator is positive and actually strictly positive (as first observed in [Sj6]) under rather weak assumptions^3 but without any assumption of strict convexity. The proof given in [Sj6] has been extended in [Jo] where technical conditions previously imposed by J. Sjöstrand are eliminated. In this paper, we shall actually get the strict positivity by explicit lower bounds. We can then rewrite (2.4) as

var (g) = (∫ A^{−1}_1 ∇g · ∇g exp −Φ dx ) / (∫ exp −Φ dx ) (2.6)

In the case when Φ is uniformly strictly convex, we observe the following inequality between selfadjoint operators

A_1 ≥ Hess Φ ≥ σ > 0 , (2.7)

2We do not discuss in detail the problem of the essential selfadjointness of A_0 and later of A_1. These problems are interesting in themselves. Let us just observe that we consider here the Friedrichs extension and that, for our particular examples, the essential selfadjointness can be easily analyzed because the operators are globally quasielliptic (see Helffer-Robert [HeRo], Helffer [He1]). A more general study is developed in Johnsen [Jo].

3The main assumption is the existence of δ > 0 such that x · ∇Φ(x) ≥ δ < x >^{1+ffi} −^1_ffi .

and, using abstract analysis (extending the result mentioned in [Ru]), we obtain A^{−1}_1 ≤ (Hess Φ)^{−1} . (2.8) The Brascamp-Lieb inequality is then an immediate consequence of (2.6). In the general case, let us denote by ρ_1 the lowest eigenvalue of A_1 which satisfies (as accounted for above)

ρ_1 > 0 . (2.9)

We now deduce from (2.6) the upper bound

var (g) ≤ ρ^{−1}_1 (∫ ∇g · ∇g exp −Φ dx ) / (∫ exp −Φ dx ) . (2.10)

This is of course a stronger result than the following consequence of the Brascamp-Lieb inequality in the convex case :

var (g) ≤ ( inf_x λ_{min}(Hess Φ(x)) )−1 (∫ ∇g · ∇g exp −Φ dx ) / (∫ exp −Φ dx ) . (2.11) We have indeed in this case

ρ_1 ≥ inf_x λ_{min}(Hess Φ(x)) (2.12)

as a consequence of (2.7). But what is the most interesting here is that the proof of (2.10) is independent of the convexity!

Coming back to the semi-classical situation, J. Sjöstrand ([Sj6]) observed that, after conjugation by the operator of multiplication by exp −^ϕ_{2h} , the operator h^2A_1 (defined by starting from the potential Φ/h) becomes the following more standard Witten Laplacian W_1,

W_1 := ∑ j ( −h∂/∂x_j + 1 2 ∂Φ/∂x_j ) ( h∂/∂x_j + 1 2 ∂Φ/∂x_j ) ⊗ I + h Hess Φ ,

(2.13) defined on the L^2 1−forms with respect to the standard Lebesgue measure on IR^m, with m = |Λ|. Let us recall also that W_1 is related to the Witten Laplacian W_0 on the 0-forms by

W_0 := ∑ j ( −h∂/∂x_j + 1 2 ∂Φ/∂x_j ) ( h∂/∂x_j + 1 2 ∂Φ/∂x_j ) , (2.14) through the identity W_1 = W_0 ⊗ I + h Hess Φ . (2.15)

The basic philosophy that we want to develop is that in many cases occuring in statistical mechanics, the results obtained in the uniformly strictly convex situation by use of the strictly positive constant

ρ_0 := inf_x λ_{min}(Hess Φ(x)) , (2.16)

will also be true in non-convex situations with ρ_0 replaced by ρ_1. This will be particularly important in the case when one can find strictly positive lower bounds of ρ_0 or ρ_1 which are suitably controlled with respect to Λ or the parameter h.

3 Lower bound for the spectrum of the Witten Laplacian in the semi-classical case

The aim of this section is to show that the approach developed in the preceding section is performant. As a typical example, we prove the following

Theorem 3.1 :

Let m ∈ IN and Φ^{(m)} = Φ the phase on IR^m

Φ(x) = m∑ j=1 λ_jx^4_j + ∑ j ν_jx^2_j + J 2 ∑ j |x_j − x_{j+1}|^2 , (3.1)

where the λ_j satisfy 0 < λ ≤ λ_j . (3.2)

and ν_j satisfies for some j and m independent sufficiently small ϵ_0 > 0

ν_j ≥ −ϵ_0h . (3.3)

Then there exists c > 0 and h_0 such that, for all m and all h such that 0 < h < h_0, ⟨W_1u | u⟩_L2 ≥ c h^2||u||^2 , (3.4) for all u in C^∞_0 (IR^m ; IR^m).

This proposition gives the following version of a “ uniform ” Poincaré inequality Corollary 3.2 :

There exists C > 0 and h_0 such that, for all m and all h, such that 0 < h < h_0, var g ≤ C ||∇g||^2_L2_{(exp −Φ/h)} / (∫ exp −Φ/h dx ) , (3.5) for any “temperate” C^∞ function g. In particular this corollary can be applied with g = 1 |Λ| ∑ j∈Λ x_j and we deduce for this case that var g ≤ C |Λ| . (3.6)

In particular this tends to 0 as |Λ| → +∞ and this can be interpreted as a sign of no phase transition. Remark 3.3 :

• This result contains non convex examples when ν_j is negative. • Our results can easily be extended to the case d > 1.

• In the case of a one dimensional lattice (d = 1), these problems can also be analyzed through the technique of the transfer matrix, that is by the analysis of a spectral problem attached to the operator

K_v = exp − v 2h · exp h d^2 dx^2 · exp − v 2h . • This problem can also be analyzed through Sokal’s approach [Sok].

Proof of Theorem 3.1:

Letting X_j = h∂_j +^1_2 ∂_jΦ, we start from ⟨W_1u | u⟩_L2 = ∑ j,k ||X_ku_j||^2 + h ∑ j,k ∫ ∂^2Φ ∂x_j ∂x_k u_j u_k dx . (3.7)

We first “omit” the terms ||X_k u_j||^2 with k ≠ j ⟨W_1u | u⟩_L2 ≥ ∑ j ( ||X_ju_j||^2 + h ∫ ∂2Φ ∂x_j ∂x_j u 2 j dx ) +h ∑ j≠k ∫ ∂2Φ ∂x_j ∂x_k uj uk dx . (3.8)

We then analyze for fixed j the term ⟨w_ju_j | u_j⟩ := ||X_ju_j||^2 + h ∫ ∂^2Φ ∂x_j ∂x_j u^2_j dx . Easy computations give ⟨w_ju_j | u_j⟩ = ||h∂_{xj} u_j||^2 + 1 4 ||( ∂Φ ∂x_j ) u_j||^2 + h 2 ∫ ∂^2Φ ∂x_j ∂x_j u^2_j dx . (3.9)

Of course we have the lower bound ||h∂_{xj} u_j||^2 + 1 4 ||( ∂Φ ∂x_j ) u_j||^2 ≥ h 2 ∫ ∂^2Φ ∂x_j ∂x_j u^2_j dx , (3.10)

using the standard commutator argument but this is of no interest because this does not give any new inequality. In order to go further, we introduce a possibly h-dependent ϵ with 0 < ϵ ≤ 1 and get first, using (3.9) and (3.10), ⟨w_ju_j | u_j⟩ = (1 − ϵ)⟨w_ju_j | u_j⟩ + ϵ⟨w_ju_j | u_j⟩ ≥ ϵ||h∂_{xj} u_j||^2 + (2 − ϵ)^h_2 ∫ ∂2Φ ∂x_j ∂x_j u 2 j dx . (3.11)

Let us treat the case ν_j = 0. We introduce the following decomposition of the phase Φ

Φ(x) = m∑ j=1 λ_jx^4_j + J 2 ∑ j∼k |x_j − x_k|^2 =: Φ_d + Φ_i , (3.12) where Φ_d is the sum of the single spin potentials v_j defined by v_j(t) = λ_jt^4,

Φ_d(x) = m∑ j=1 v_j(x_j) .

We rewrite (3.11) in the form ⟨w_ju_j | u_j⟩ ≥ ϵh ( ||h^12 ∂_{xj} u_j||^2 +^{2−ϵ}_{2ϵ} ∫ ∂2Φ_d ∂x_j ∂x_j u 2 j dx ) + (1 −^ϵ_2 )h ∫ ∂2Φ_i ∂x_j ∂x_j u 2 j dx. (3.13) We observe now the property that

||h^{12} ∂_{xj} u_j||^2 + 2 − ϵ 2ϵ ∫ ∂^2Φ_d ∂x^2_j u^2_j dx − 1 2 ∫ ∂^2Φ_i ∂x^2_j u^2_j dx is the quadratic form attached to a new “harmonic oscillator” (in the x_j variable) and a new commutator argument, using for the first time the structure of Φ_d, gives

||h^{12} ∂_{xj} u_j||^2 + 2 − ϵ 2ϵ ∫ ∂^2Φ_d ∂x_j ∂x_j u^2_j dx ≥ h^{12} (12λ 2 − ϵ 2ϵ )^{12} ∫ u^2_j dx . (3.14)

We realize that^h_ϵ has to be chosen sufficiently large in order to control −^1_2 ∫ ∂2Φ_i ∂x2_j u 2 j dx. We consequently look for 0 < ϵ < 1 in the form ϵ =^h_{C1} with C_1 to be determined large enough and get ⟨w_ju_j | u_j⟩ ≥ 1 C_1 h^2 ( (6λC_1)^{12} − J ) ||u_j||^2 + h ∫ ∂^2Φ_i ∂x_j ∂x_j u^2_j dx . (3.15)

The constant C_1 is now chosen in order to get

(6λC_1)^{12} − J > 0 . (3.16)

Returning to (3.8), we obtain the existence of C for which ⟨W_1u | u⟩_L2 ≥^{h2}_C ∑ j ||u_j||^2 +h ∑ j,k ∫ ∂2Φ_i ∂x_j ∂x_k uj uk dx . (3.17)

But Φ_i is convex and we have finally the existence of C such that ⟨W_1u | u⟩_L2 ≥ h^2 C ||u||^2 , (3.18)

as announced in the theorem.

The case when ν_j ≠ 0 is then easily obtained by a variant of the argument leading to (3.14).

Remark 3.4 :

As observed by V. Bach, T. Jecko and J. Sjöstrand in recent discussions (see also [BaJeSj]), the omission in the proof, of the positive terms ∑ j≠k ||Xkuj|| 2, when going from (3.7) to (3.8) will surely limit the class of interactions in consideration. We hope to come back to this point elsewhere [He10].

Remark 3.5 :

The condition “ h small enough ” appears when we assume that ϵ < 1 in our estimates.

Remark 3.6 :

We have only used in the proof the property that the interaction phase Φ_i is convex and that |∂^2Φ_i/∂x^2_j | is uniformly bounded on IR^m.

Remark 3.7 :

The paper by Sokal [Sok] treats similar models but an important assumption in the argument seems, when the interaction potential is given by

Φ_i(x) = ∑ jk J_{jk}x_j x_k , the condition that J_{jk} ≤ 0 for j ≠ k. Our assumption is simply a ”weak” convexity assumption. This convexity of the interaction appears also in a recent contribution by A&A. Antoniouk [AA].

The other point that we have to explore is when x_j ∈ IR^n (n > 1). The use of the GHS and zero-field Lebowitz inequalities is only possible for n ≤ 4. Our approach apparently does not meet such a restriction but this will probably give weaker results.

4 A proof of the correlation decay without the Maximum Principle

Inspired by a recent paper by J. Sjöstrand [Sj6], we use only an L^2 theory and avoid the use of the Maximum Principle which was playing an important role in [Sj5] or [HeSj2]. This was also used in a somewhat different context by A. Naddaf and T. Spencer [NaSp] (Theorem B).

This will permit us to weaken the assumption of convexity. We consider only the case when the lattice is of dimension 1 but this is only for simplification and we could also analyze correlations attached to periodic lattices in ZZ^d (d > 1).

The starting point (we take for simplification h = 1 and assume, after renormalization, ∫ exp −Φ dx = 1) is the formula for the correlation

Cov (f, g) = (∫ [ (A^{−1}_1 )∇f ] · ∇g exp −Φ dx ) (4.1)

We have in mind to take f = x_i, g = x_j with |i − j| large but much smaller than the size of the lattice |Λ|. We recall that we first consider the thermodynamic limit |Λ| → +∞ and then the behavior |i − j| large. We consider for simplicity Λ := ZZ/m ZZ that we identify with {1, · · · , m}. The idea^4, which was already present in [Sj1], [HeSj1], [HeSj2] and also in the more recent [NaSp] or [BaJeSj], is to introduce weighted spaces ℓ^2_ρ(ZZ/m ZZ), for suitable strictly positive weights satisfying

exp −κ ≤ ρ(ℓ)/ρ(ℓ + 1) ≤ exp κ , (4.2)

with κ to be determined later. For a given j satisfying 1 ≤ j ≤ m 2 , we are mainly thinking of weights of the form

ρ_j(ℓ) = exp (κ sup[0, (inf(ℓ − 1, 2j − ℓ)]) or ρ_j(ℓ) = exp − (κ sup[0, (inf(ℓ − 1, 2j − ℓ)]) .

4This is actually not different in spirit from the much older techniques by Combes- Thomas introduced for the study of the decay of eigenfunctions [CT].

Let us now associate with a given weight ρ the m × m diagonal matrix M defined by M_{kℓ} = δ_{kℓ} ρ(ℓ) . (4.3) For arbitrary slowly increasing functions f, g, we can rewrite (4.1) in the form Cov (f, g) = (∫ ( (M^{−1}A^{−1}_1 M)M^{−1}∇f ) · (M∇g) exp −Φ dx ) (4.4) and we deduce the estimate |Cov (f, g)| ≤ ||M^{−1} A^{−1}_1 M|| · ||M^{−1}∇f|| · ||M∇g|| . (4.5) We now take f(x) = x_1, g(x) = x_j and j <^m_2 and choose ρ_j as above so that (4.2) is satisfied. We immediately observe that for this choice ||M^{−1}∇f|| = 1 , ||M∇g|| = exp −κ(j − 1) . (4.6) Everything is then reduced to the control of M^{−1} A^{−1}_1 M in weighted L^2- norms. We have only here to analyze the effect of the “ distorsion ” by M. This will be done by a simple perturbation argument, once we have characterized the domain of the selfadjoint operator A_1 and verified that the domain is conserved in the distorsion. This is easily done in the case of our example (see [Jo] for more general situations). We observe that for this example (cf (3.1)) ||Hess Φ(x) − M^{−1}Hess Φ(x)M||_{L(ℓ}2_) = ||Hess Φ_i(x) − M^{−1}Hess Φ_i(x)M||_{L(ℓ}2_) . (4.7) In this example, observing that the coefficients of δ_M (Hess Φ_i) := Hess Φ_i(x) − M^{−1}Hess Φ_i(x)M vanish if k ≁ ℓ, it is immediate to get, uniformly with respect to m, that ||δ_M (Hess Φ_i)||_{L(ℓ}2_) ≤ J sup_{ℓ∼k} |(1 − ρ(ℓ) ρ(k) )| = O(κ) . (4.8)

We now estimate the operator M^{−1} A^{−1}_1 M. An immediate computation gives M^{−1}A^{−1}_1 M = A^{−1}_1 [I + δ_M (Hess Φ)A^{−1}_1 ]^{−1} , (4.9) where δ_M (Hess Φ) = δ_M (Hess Φ_i) is now considered as an operator (of order 0) on the L^2 1-forms. But the norm of this operator is O(κ) according to (4.7) and (4.8). We finally obtain the existence of C such that, if 0 < κ <^1_C ρ_1, then ||M^{−1}A^{−1}_1 M|| ≤ 1 ρ_1 [1 − C κ ρ_1

]^{−1} (4.10)

We are done and this gives more generally, each time that some latticeindependent lower bound of ρ_1 (the bottom of the spectrum of A_1) is available, a general scheme to get the decay for the correlation (without use of the Maximum Principle).

Returning to the semiclassical situation, and following the proof with respect to h, we obtain the following

Theorem 4.1 :

Under the same assumptions as in Theorem 3.1, there exists D and h_0, such that the correlation pair function Cov^{(m)}(x_1, x_j), for any pair (j, m) s.t. 1 ≤ j ≤ m 2 , and any h s.t. 0 < h ≤ h_0, satisfies

|Cov^{(m)}(x_1, x_j)| ≤ D exp − j h D . (4.11)

Remark 4.2 :

All the assumptions we have met are strongly related to the assumptions (H8) and (H9) given in [Sj6].

An important role is played in [Sj6] by the mean value of Hess Φ. This is probably another way to measure the effect of the quartic term. This could be interesting to compare also with the arguments by A. Sokal [Sok].

Remark 4.3 :

This theorem is not related to the property that the lattice is one dimensional. In the case when d = 1, the theorem is probably not optimal (See the next section). In the strictly convex case ν_j ≥ ν, we get the better result that, for some strictly positive D, and for j ≪ m,

|Cov^{(m)}(x_1, x_j)| ≤ D exp − j D . (4.12)

5 Comparison with the transfer matrix approach

In the case when d = 1, v_ℓ = v and Φ_i(x) =^1_4 ∑ j∼k |x_j − x_k|^2, we know from [He5] that all the interesting quantities are related to the spectral properties of the operator K_v = exp −^v_{2h} · exp hΔ · exp −^v_{2h} and particularly to the estimate of the quantity μ_2/μ_1 where μ_1 > μ_2 are the two largest eigenvalues of this compact operator, which is called in statistical mechnics “ transfer operator ”. Let us analyze the case when

Φ(x) = λ m∑ j=1 x^4_j + ν m∑ j=1 x^2_j + 1 4 m∑ j=1 |x_j − x_{j+1}|^2 . (5.1)

Here λ is strictly positive and ν may be of indefinite sign and h-dependent. We are interested in the correlation pair function that is

Cov^{(∞)}(x_1, x_j) =: lim_{m→+∞} (∫ x_1x_j exp −

Φ(x) h dx ) / (∫ exp −

Φ(x) h dx ) . It is easy to prove that this correlation pair function behaves like (μ_2/μ_1)^j. This operator K_v takes the form

c(h) exp − λx^4 + νx^2 2h · exp h d^2 dx^2 · exp − λx^4 + νx^2 2h . (5.2)

We shall analyze the “splitting” μ_2/μ_1 between the two first largest eigenvalues of the transfer operator. We will be rather sketchy and leave the details to the reader. We recall (cf for example [He7]) that in the case λ = 0, ν > 0, a dilation x = h^12 y reduces the problem to an h-independent “Kac” harmonic oscillator for which the splitting is explicitely computable. In the case when λ > 0, we use another dilation and introduce the change x = h^13 y which leads to the new (unitarily equivalent) operator

c(h) exp − 1 2 h^{13} ( λy^4 + ν h^{− 23} y^2 ) · exp h^{13} d^2 dy^2 · exp − 1 2 h^{13} ( λy^4 + ν h^{− 23} y^2 ) . (5.3) If ν satisfies for some constant C the condition

νh^{− 23} ≥ C , (5.4) then the possible non-convexity due to the presence of ν has no effect. One finds an estimate of the splitting in the form

μ_2 μ_1

∼ exp −Dh^{13} (5.5)

where D is a smooth function of λ and ν̃ = νh^{− 2}3 .

The comparison between the Kac operator and the Schrödinger operator can be done by the Trotter-Kato formula (See for example [He4]). Modulo an error of o(h^13 ) (cf in the quartic case [IT] or [DS]), this comparison leads to the study of the operator exp −h^13 S where S := − d^2 dy^2 + λy^4 + ν h^{− 23} y^2 .

The study of the Schrödinger operator S is relatively standard and was analyzed for example in [He2].

This gives eventually the following decay for the correlation

Proposition 5.1 :

Under the condition that ν satisfies (5.4), there exists D, C_1 and h_0 such that the correlation decays, for h < h_0, like

|Cov^{(∞)}(x_1, x_j)| ≤ C_1 exp −Djh^{13} .

In particular this is a sign of no phase transition.

6 Conclusion

In this paper, we have tried to show how simple the analysis through the Witten Laplacian can be for analyzing the decay of the correlations and other properties of Laplace Integrals. This was efficient in particular for considering weakly non-convex situations. We hope to come back in other publications [He8], [He9], [He10] and [He11] to the application to other problems like the uniqueness of the limiting measure or the logarithmic Sobolev inequality and to the case of strongly non-convex single spin phases but with small interaction [He10] and [He11].

Acknowledgement.

During the years 1996-97 where successive versions of these notes were written and many talks on this subject were given in Orsay, Aarhus, Berlin and Toronto, we were directly or indirectly inspired by discussions with many colleagues: V. Bach, T. Bodineau, J-D. Deuschel, I. Herbst, T. Jecko, J. Johnsen, J. Sjöstrand and W.M. Wang. We would like to thank all of them for their help, and particularly J. Johnsen for his careful reading of the manuscript.

We thank also the European Union which partially supported this research through the TMR Programme FMRX-CT 960001 of the European Commission – Network Postdoctoral training programme in partial differential equations and application in quantum mechanics –.

References

[AA] A.V. Antoniouk, A.V. Antoniouk : Decay of correlations and uniqueness of Gibbs lattice systems with nonquadratic interaction. J. Math. Phys. 37 (11), November 1996.

[BaJeSj] V. Bach, T. Jecko, J. Sjöstrand : Preliminary notes (March 97).

[BraLi] H.J. Brascamp and E. Lieb : On extensions of the Brunn-Minkovski and Prékopa-Leindler Theorems, including inequalities for Logconcave functions, and with an application to diffusion equation. Journal of Functional Analysis 22 (1976), p.366-389.

[CT] J.M. Combes, L. Thomas : Asymptotic behavior of eigenfunctions for multiparticle Schrödinger Operators, Comm. Math. Phys. 34 (1973), p.251-270.

[DeSt] J. D. Deuschel, D. Strook : Hypercontractivity and spectral gap of symmetric diffusions with applications to the stochastic Ising models, Journal of Functional Analysis 92, p. 30-48 (1990).

[DS] O. Dia, M. Schatzman : An estimate on the transfer operator. To appear in Journal of Functional Analysis (1997).

[He1] B. Helffer : Théorie spectrale pour des opérateurs globalement elliptiques, Astérisque, No 112, (1984).

[He2] B. Helffer : Problèmes de double puits provenant de la théorie statistico-mécanique des changements de phase II. Report LMENS-92- 16, September 1992.

[He3] B. Helffer : Spectral properties of the Kac operator in large dimension.

Proceedings on Mathematical Quantum Theory II: Schrödinger Operators, (August 1993), edited by J.Feldman, R.Froese, and L.M.Rosen. CRM Proceedings and Lecture Notes.

[He4] B. Helffer : Around the Trotter-Kato formula, Proceedings of the conference in Holzhau, Birkhäuser, Series of Operator Theory: Advances and Applications, p.161-174, M. Demuth et B.-W. Schulze (editors) (1995).

[He5] B. Helffer : Recent results and open problems on Schrödinger operators, Laplace integrals and transfer operators in large dimension, in Advances in PDE, Schrödinger operators, Markov semigroups, Wavelet analysis, Operator algebras, M. Demuth, B.W. Schulze, E. Schrohe and J. Sjöstrand (editors) , Akademie Verlag, Vol 11, p. 11-162 (1996).

[He6] B. Helffer : Semiclassical analysis for Schrödinger operators, Laplace integrals and transfer operators in large dimension: an introduction, Paris 11- Edition (1995).

[He7] B. Helffer : On Laplace integrals and transfer operators in large dimension: examples in the non convex case, Letters in Math. Physics (38) , p. 297-312 (1996).

[He8] B. Helffer : Witten Laplacians and Antoniouk’s results. Preliminary notes.

[He9] B. Helffer : Dobrushin’s criteria and Antoniouk’s results. Preliminary notes.

[He10] B. Helffer : Remarks on decay of correlations and Witten Laplacians – Analysis of the dependence on the interaction – Preliminary notes.

[He11] B. Helffer : Remarks on decay of correlations and Witten Laplacians – Application to logarithmic Sobolev inequalities– Preliminary notes.

[HeRo] B. Helffer, D. Robert : Propriétés asymptotiques du spectre d’OPD sur IR^n. Comm. in PDE (1982), p. 795-882.

[HeSj1] B. Helffer, J. Sjöstrand : Semiclassical expansions of the thermodynamic limit for a Schrödinger equation. Astérisque 210 (1992), p.135- 181.

[HeSj2] B. Helffer, J. Sjöstrand : On the correlation for Kac like models in the convex case. J. Statist. Physics, Vol. 74, n^∘1-2, p. 349-369 (1994).

[IT] T. Ichinose, S. Takanobu : Estimate of the difference between the Kac operator and the Schrödinger semi-group. To appear in Comm. in Math. Physics 186, p. 167-197 (1997).

[Jo] J. Johnsen : On the spectral properties of Witten-Laplacians, their range projections and Brascamp-Lieb’s inequality. Preprint August 1997.

[NaSp] A. Naddaf, T. Spencer : On homogeneization and scaling limit of some gradient perturbations of a massless free field. Comm. Math. Physics 183, 55-84 (1997).

[Ru] D. Ruelle : Statistical mechanics. Math. Physics monograph series, W.A.Benjamin, Inc. (1969).

[Sj1] J. Sjöstrand : Exponential convergence of the first eigenvalue divided by the dimension, for certain sequences of Schrödinger operator. Astérisque 210 (1992) p.303-326.

[Sj2] J. Sjöstrand : Potential wells in high dimensions I, Ann. Inst. Poincaré, Section Physique théorique, 58 (1)(1993), p.1-41.

[Sj3] J. Sjöstrand : Potential wells in high dimensions II, more about the one well case. preprint March 1991, Ann. Inst. Poincaré, Section Physique théorique, 58 (1)(1993), p.42-53.

[Sj4] J. Sjöstrand : Evolution equations in a large number of variables.

Mathematische Nachrichten 166 (1994), p.17-53.

[Sj5] J. Sjöstrand : Ferromagnetic integrals, correlations and maximum principles. Ann. Inst. Fourier, Tome 44 (2), p. 601-628.

[Sj6] J. Sjöstrand : Correlation asymptotics and Witten Laplacians. Preprint Ecole Polytechnique (December 1994). St Petersburg Mathematical J., Vol. 8, p. 160-191 (1997).

[Sok] A.D. Sokal : Mean-field bounds and correlation inequalities. Journal of statistical Physics, Vol. 28, n^0 3, (1982), p. 431-439.

[TY] L. Thomas, Z. Yin : Quantum Ising lattice systems, Comm. Math.

Phys. 91, p.405, (1983).

[Tho] C. Thompson : Mathematical statistical mechanics. The Macmillan company New York, (1972).