January 1997

The determinant representation for quantum correlation functions of the sinh-Gordon model

V. E. Korepin† and N. A. Slavnov‡

† ITP, SUNY at Stony Brook, NY 11794-3840, USA.

korepin@insti.physics.sunysb.edu

‡ Steklov Mathematical Institute, Gubkina 8, Moscow 117966, Russia. nslavnov@mi.ras.ru

Abstract

We consider the quantum sinh-Gordon model in this paper. Form factors in this model were calculated in [1]–[3]. We sum up all contributions of form factors and obtain a closed expression for a correlation function. This expression is a determinant of an integral operator. Similar determinant representations were proven to be useful not only in the theory of correlation functions [4]–[12], but also in the matrix models [13]–[16].

1 Introduction

The theory of massive, relativistic, integrable models is an important part of modern quantum field theory [17]–[24]. Scattering matrices in these models factorize into a product of two-body S-matrices [17]. Form factors can be calculated on the basis of a bootstrap approach [17]–[24].

The purpose of this paper is to calculate correlation functions. As usual correlation function can be represented as an infinite series of form factors contributions. In this paper we sum up all these contributions and obtain a closed expression for correlation functions of local operators (4.8). The idea of this summation is the following. We introduce an auxiliary Fock space and auxiliary Bose fields (we shall call them dual fields). These fields help us to represent the form factor decomposition of a correlation function in a form similar to “free fermionic” case. This approach was developed in [25], [26] and [6]. Finally a correlation function is represented as a vacuum mean value (in the auxiliary Fock space) of a determinant of an integral operator (5.1). This representation was proven to be useful [6], [8], [11]. It helps for asymptotical analysis of quantum correlation functions. Among other things this approach helped to calculate asymptotic of time and temperature dependent correlation function in Nonlinear Schrödinger equation [9].

In this paper we consider the sinh-Gordon model. It is the model of one (real) relativistic Bose field ϕ in 2D. The action is S = ∫ ∞ −∞ d^2x [ 1 2 (∂_μϕ(x))^2 − m^2_0 g^2 cosh gϕ(x) ] . (1.1)

It is the simplest example of the affine Toda field theories [27] with Z_2 symmetry ϕ → −ϕ. The model has only one massive particle. The two-body scattering matrix [18], [28] is given by an expression S(β, B) = tanh^1_2 ( β −^{iπB}_2 ) tanh^1_2 ( β +^{iπB}_2 ) ,

B = 2g^2 8π + g^2 . (1.2)

We shall consider a real g, which corresponds to a positive B. Later we shall use a variable x = e^β (1.3) instead of rapidity β .

We shall use a representation for form factors found in [1]–[3] (another representation can be found in [23]) F_n(β_1, . . . , β_n) = ⟨0|O(0)|β_1, . . . , β_n⟩ = H_nQ_n(s) n∏ i>j F_{min} (β_{ij}) x_i + x_j

. (1.4)

Here β_{ij} = β_i − β_j. A function F_{min} (β) is holomorphic for real β F_{min} (β) = N (B)Ξ(β), (1.5) where

Ξ(β) = exp 8 ∫ ∞ 0 dx x sinh

(_1 4 xB ) sinh

(_1 2 x ( 1 −^1_2 B )) sinh^1_2 x sinh^2 x sin^2 ( xβ̂ 2π ) , (1.6)

N (B) = exp −4 ∫ ∞ 0 dx x sinh

(_1 4 xB ) sinh

(_1 2 x ( 1 −^1_2 B )) sinh^1_2 x sinh^2 x

, (1.7)

and β̂ = iπ − β. The function F_{min} (β) has a simple zero at β = 0 and no poles at the strip 0 ≤ Im β ≤ π. At β → ∞ it goes to one: F_{min} (β) → 1. Functions Q_n(x_1, . . . , x_n) are symmetric polynomials of variables x_1, . . . , x_n given by [1] Q_n(s) = det_{n−1}M_{ij}(s), i, j = 1, . . . , n − 1, (1.8) where M_{ij}(s) = σ_{2i−j}[i − j + s]. (1.9) Let us explain the notations. Here and later we suppress the dependency of Q_n(s) on variables x_j. The index n − 1 in the expression det_{n−1} denotes the dimension of the matrix M_{ij}(s). The functions σ_k are elementary symmetric polynomials of the k-th order of the variables x_1, . . . , x_n:

σ_k ≡ σ^{(n)}_k (x_1, . . . , x_n) = n∑ i1<i2<...<i_k x_{i1} x_{i2} . . . x_{ik} , (1.10)

and σ_k = 0 if k < 0 or k > n. Here we also suppressed the dependency of σ_k on x_j. The symbol [m] is a “q-number” defined by

[m] = sin^{mB}_2 sin^B_2 = q^m − q^{−m} q − q^{−1} , (1.11) where q = exp{iB/2}. The number s in (1.8), (1.9) is an arbitrary integer, depending on specific choice of an operator O in (1.4).

Finally, the constants H_k in (1.4) are normalization constants

H_{2n+1} = H_1μ^n, H_{2n} = H_0μ^n, μ =

4 sin^{πB}_2 F_{min} (iπ)

, (1.12)

where H_0 and H_1 also depend on specific operator O. For instance, the form factor of local field is given by (1.4) with s = 0 and

H_0 = ⟨0|ϕ(0)|0⟩ = 0, H_1 = ⟨0|ϕ(0)|β⟩ = 1 √ 2 . (1.13)

A correlation function of an operator O can be presented as an infinite series of form factors contributions ⟨0|O(0, 0)O(x, t)|0⟩ = ∞∑ n=0 ∫ d^nβ n!(2π)^n |F_n(β_1, . . . , β_n)|^2 n∏ j=1 e^{−mr cosh βj} . (1.14)

In the present paper we sum up this series explicitly. Now let us present a plan of the paper. Section 2 is devoted to a transformation of the determinants (1.8), (1.9) to a form, which is convenient for summation. In section 3 we introduce auxiliary quantum operators—dual fields—in order to factorize an expression for a correlation function and to represent it in a form similar to “free fermionic case”. In section 4 we sum up the series (1.14) into a Fredholm determinant. In section 5 we use the Fredholm determinant representation for derivation of an asymptotic behavior of correlation functions.

2 A transformation of the form factor

A determinant of a linear integral operator I + V can be written as

det(I + V ) = ∞∑ n=0 ∫ dx_1 · · · dx_n n! det_n

V (x_1, x_1) · · · V (x_1, x_n) V (x_2, x_1) · · · V (x_2, x_n) · · · V (x_n, x_1) · · · V (x_n, x_n)

. (2.1)

Thus, in order to obtain a determinant representation for correlation functions one need to represent the form factor expansion (1.14) in the form (2.1). Determinants of integral operators, which we consider also can be called Fredholm determinants.

The form factors (1.4) are proportional to polynomials Q_n(s), which in turn are equal to determinants of (n − 1) × (n − 1) matrices (1.8)

Q_n(s) = det_{n−1}M_{ij}(s). (2.2)

The matrix M_{ij}(s) consists of (n − 1)^2 different functions, depending on the same set of arguments x_1, . . . , x_n: M_{ij}(s) = σ_{2i−j}[i − j + s], i, j = 1, . . . , n − 1. (2.3) The main goal of this and next section is to transform the matrix (2.3) to such a form, that entries of a new matrix will be parameterized by a single function, depending on different sets of variables, (like V (x_i, x_j) in (2.1)) M_{ij} → D̂_{ij}, D̂_{ij} = D̂(x_i, x_j). (2.4) Here D̂(x, y) is a function of two arguments. The element D̂_{ij} depends on i and j only by means of its arguments x_i and x_j.

First, it is useful to rewrite the representation (2.2) in terms of a determinant of a matrix n × n . To do this, notice that σ_{2n−j} = 0, if j < n, so M_{nj} = δ_{nj}[s] ∏n m=1 x_m. Thus, we obtain

Q_n(s) = [s]^{−1} n∏ m=1 x^{−1}_m det_nM_{ij}(s), i, j = 1, . . . , n. (2.5) The r.h.s. of (2.5) is well defined for all s ≠ 0 and n ≠ 0. These two cases should be considered separately. It is easy to see that for s = 0 and n ≠ 0 one have to understand (2.5) as a limit s → 0, because the determinant is proportional to [s]. However, for n = 0, the original representation (2.2) is not well defined, while it is natural to define the determinant det_0M_{ij} = 1 in (2.5). So, we obtain Q_0(s) = [s]^{−1} for s ≠ 0. On the other hand the case s = 0 corresponds to the form factor of local field. In this case we have H_0 = 0, and the form factor is equal to zero H_0Q_0(0) = F_0 = 0. Thus, we define Q_0(s) = [s]^{−1} for s ≠ 0. We do not define Q_0(0), but we simply put F_0 = 0 for s = 0.

In order to study correlation functions we need to find the square of polynomials Q_n(s).

Q^2_n(s) = [s]^{−2} n∏ m=1 x^{−2}_m det_nC_{jk}, (2.6)

where

C_{jk} = (M^T · M)_{jk} = n∑ i=1 [i − j + s][i − k + s]σ_{2i−j}σ_{2i−k}. (2.7) One can calculate the sum in (2.7) using an integral representation for elementary symmetric polynomials

σ_k = 1 2πi ∮ dz z^{n−k+1} n∏ m=1 (z + x_m). (2.8)

Here the integral is taken in positive direction with respect to an arbitrary circle |z| = ρ around the origin. Choosing the radius of the circle ρ > 1 and using (A.5) from Appendix A, we find

C_{jk} = 1 (2πi)^2 ∮ d^2z n∏ m=1 (z_1 + x_m)(z_2 + x_m)

(q − q^{−1})^2 z^{n−j+1} 1 z^{n−k+1}_2

× { q^{2n+2+2s−j−k} q^2z^2_1 z^2 − 1 + q^{−2n−2−2s+j+k} q^{−2}z^2_1 z^2 − 1 − q^{k−j} z^2_1 z^2 − 1 − q^{j−k} z^2_1 z^2 − 1 } . (2.9)

In order to get a common denominator we make replacements of variables in the braces: z_1q^{1/2} = w_1, z_2q^{1/2} = w_2 in the first term; z_1q^{−1/2} = w_1, z_2q^{−1/2} = w_2 in the second term; z_1q^{1/2} = w_1, z_2q^{−1/2} = w_2 in the third term and z_1q^{−1/2} = w_1, z_2q^{1/2} = w_2 in the fourth term. After simple algebra we arrive at C_{jk} = 1 (2πi)^2 ∮ d^2w w^{n−j+1} 1 w^{n−k+1}_2 w^2_1w^2 − 1

G^{(j)}(w_1)G^{(k)}(w_2), (2.10)

where

G^{(ℓ)}(w) = 1 q − q^{−1} ( q^{s+ n} �ℓ_2^n∏ m=1 (wq^{−1/2} + x_m) − q^{−s− n} �ℓ_2^n∏ m=1 (wq^{1/2} + x_m) ) . (2.11)

The matrix C still depends on n^2 different functions C_{jk}. However, this matrix can be transformed to a more convenient form. Let us introduce matrix A_{jk} (it is studied in Appendix B) A_{jk} = 1 (n − j)! d^{n−j} dx^{n−j} n∏ m≠k (x + x_m) | | | | | x=0 , (2.12)

with a determinant det A = n∏ a<b (x_a − x_b). (2.13)

Instead of matrix C it will be convenient to introduce matrix D D = A^T CA. (2.14) Determinants of matrices C and D are related by

det_nC = n∏ a>b (x_a − x_b)^{−2}det_nD, (2.15)

The calculation of the explicit expression for matrix D in (2.14) reduces to the summation of the Taylor series (see (B.8)), so we have D_{jk} = ∮ d^2w w_1w_2 (2πi)^2(w^2_1w^2 − 1)

Y (w_1, x_j)Y (w_2, x_k), (2.16)

where Y (w, x) = J(w) q − q^{−1} ( q^s wq^{1/2} + x − q^{−s} wq^{−1/2} + x ) , (2.17) and J(w) = n∏ m=1 (wq^{1/2} + x_m)(wq^{−1/2} + x_m). (2.18)

Taking the integral, for instance, with respect to w_2 (recall that |w_1w_2| > 1), we have after the symmetrization of the integrand D_{jk} = 1 8πi ∮ dw w ( Y (w, x_j) + Y (−w, x_j) )( Y (w^{−1}, x_k) + Y (−w^{−1}, x_k) ) . (2.19) Thus, we obtain a new representation for the square of the polynomial Q_n(s):

Q^2_n(s) = det_nD [s]^{2 n} ∏ m=1 x^2_m^n ∏ a>b (x_a − x_b)^2

. (2.20)

This brings us closer to (2.1).

3 Dual fields

The entries of the matrix D_{jk} are parameterized now by a single function D (2.19). However, an element D_{jk}, is still not a function of two arguments only, because of the product J(w) = ∏n m=1(wq^{1/2} + x_m)(wq^{−1/2} + x_m). This product depends on all x_m. In order to get rid of these products we introduce auxiliary Fock space and auxiliary quantum operators—dual fields. Dual fields are linear combinations of canonical Bose fields, see page 210 of [6] .

Let us define Φ_1(x) = q_1(x) + p_2(x),

Φ_2(x) = q_2(x) + p_1(x),

(3.1)

where operators p_j(x) and q_j(x) act in the canonical Bose Fock space in a following way (0|q_j(x) = 0, p_j(x)|0) = 0. (3.2)

Non-zero commutation relations are given by

[p_1(x), q_1(y)] = [p_2(x), q_2(y)] = ξ(x, y) = log ( (x + yq^{1/2})(x + yq^{−1/2}) ) . (3.3)

Due to the symmetry of the function ξ(x, y) = ξ(y, x), all fields Φ_j(x) commute with each other

[Φ_j(x), Φ_k(y)] = 0, j, k = 1, 2. (3.4)

However, despite of these simple commutation relations, the vacuum expectation value of the dual fields may be non-trivial, for example:

(0|Φ_1(x)Φ_2(y)|0) = (0|p_2(x)q_2(y)|0) = ξ(x, y). (3.5)

It is easy to show that an exponent of dual field acts like a shift operator. Namely, if f (Φ_1(y)) is a function of Φ_1(y) then (0| n∏ m=1 e^{Φ2(xm)}f (Φ_1(y)) |0) = (0| n∏ m=1 e^{p1(xm)}f (q_1(y)) |0)

= f ( q_1(y) + n∑ m=1 log ξ(x_m, y) ) |0) = f(log J(y)). (3.6)

Using this property of dual fields one can remove the products J(w) from the matrix D_{jk}.

Let us define

Ŷ (w, x) = e^{Φ1(w)} q − q^{−1} ( q^s wq^{1/2} + x − q^{−s} wq^{−1/2} + x ) , (3.7) and D̂_{jk} = 1 8πi ∮ dw w ( Ŷ (w, x_j) + Ŷ (−w, x_j) )( Ŷ (w^{−1}, x_k) + Ŷ (−w^{−1}, x_k) ) . (3.8)

Then, due to (3.6), we have

det_nD = (0| n∏ m=1 e^{Φ2(xm)}det_nD̂|0), (3.9) or det_nD = (0|det_n ( D̂(x_j, x_k)e^12^Φ2^{(x}j^{)+ 1}2^Φ2^{(x}k^) ) |0). (3.10)

The entries of the matrix D̂_{jk} depend on x_j and x_k only, and they do not depend on other variables x_m. Thus, we have presented the square of the polynomial Q_n(s) in terms of a vacuum expectation value of a determinant of a matrix n × n, similar to one of the terms in the r.h.s of (2.1). Entries of matrix D are parameterized by the single two-variable function D̂(x, y). Let us emphasize again that as an operator in the auxiliary Fock space D̂(x, y) belongs to an Abelian sub algebra.

Besides the polynomial Q_n(s) the form factor (1.4) is proportional to a double product ∏n a>b F_{min} (β_{ab}) (x_a + x_b)^{−1}. In order to transform (1.14) to (2.1) it is necessary to factorize this product. To do this we introduce another dual field Φ̃_0(x) = q̃_0(x) + p̃_0(x). (3.11)

As usual (0|q̃_0(x) = 0, p̃_0(x)|0) = 0. (3.12)

Operators q̃_0(x) and p̃_0(y) commute with all p_j and q_j (j = 1, 2). The only non-zero commutation relation is

[p̃_0(x), q̃_0(y)] = η(x, y), (3.13) where

η(x, y) = η(y, x) = 2 log | | | | | F_{min} ( log^x_y ) x^2 − y^2 | | | | | . (3.14)

Here we have used the fact that |F_{min} (z) | = |F_{min} (−z) |. It is worth mentioning also that the r.h.s. of (3.14) has no singularity at x = y, because F_{min} (x) has the first order zero at x = 0 and F^′_{min}(0) = ( i sin^{πB}_2 F_{min} (iπ) )−_1 (see [1]). Hence

η(x, x) = −2 log | | | |2x^2 sin πB 2 F_{min} (iπ) | | | | . (3.15)

Newly introduced dual fields also commute

[Φ̃_0(x), Φ̃_0(y)] = 0 = [Φ̃_0(x), Φ_j(y)]. (3.16)

However, due to the Campbell–Hausdorff formula, we have

(0| n∏ m=1 e^{Φ̃0(xm)}|0) = n∏ a,b=1 e^{12 η(xa,xb)} = λ^n n∏ m=1 x^{−2}_m n∏ a>b

| | | | | F_{min} ( log^{xa}_{xb} ) x_a + x_b | | | | | 2 , (3.17)

where λ = |2 sin πB 2 F_{min} (iπ) |. (3.18)

Combining the last formula and the representations (2.20), (3.10) for Q^2_n(s) we find

Q^2_n(s) n∏ a>b

| | | | | F_{min} ( log^{xa}_{xb} ) x_a + x_b | | | | | 2 = λ^n [s]^2

(0|det_nV̂ (x_j, x_k)|0). (3.19)

Here V̂ (x_j, x_k) = D̂_{jk}e^12^Φ0^{(x}j^{)+ 1}2^Φ0^{(x}k^), (3.20) and Φ_0(x) = Φ̃_0(x) + Φ_2(x). (3.21)

So we managed to represent a square of an absolute value of the form factor as a determinant, similar to one of the terms in the r.h.s of (2.1). In the next section we shall sum up all contributions of the form factors and obtain a determinant representation for a correlation function.

4 The determinant representation for a correlation function

In the previous sections we have obtained the representation for a square of an absolute value of the form factor F_n(β_1, . . . , β_n) = ⟨0|O(0, 0)|β_1, . . . , β_n⟩, (4.1) in terms of a determinant

|F_n(β_1, . . . , β_n)|^2 = 1 [s]^2

|H_n|^2λ^n(0|det_nV̂ (x_j, x_k)|0), (4.2)

Here constants H_n are equal to

H_{2n+1} = H_1μ^n, H_{2n} = H_0μ^n, μ =

4 sin^{πB}_2 F_{min} (iπ)

, (4.3) and 1 [s] H_0 = F_0 = ⟨0|O(0, 0)|0⟩, H_1 = F_1 = ⟨0|O(0, 0)|β⟩. (4.4)

We have the representation for a correlation function of operators O in terms of form factors: ⟨0|O(0, 0)O(x, t)|0⟩ = ∞∑ n=0 ∫ d^nβ n!(2π)^n |F_n(β_1, . . . , β_n)|^2 n∏ j=1 e^{−θ(xj )}, (4.5)

where θ(x) = mr 2 (x + x^{−1}). (4.6)

Substituting here (4.2)–(4.3) we arrive at a following representation

⟨0|O(0, 0)O(x, t)|0⟩ = (0| 1 [s]^2 { |H_0|^2 + |H_1|^2|μ|^{−1} 2 ∞∑ n=0 ∫ ∞ 0 d^nx n! ( |λμ| 2π )n

×det_n [V̂ (x_j, x_k) √x_jx_k e^{− 12 (θ(xj )+θ(xk))} ]

+ |H_0|^2 − |H_1|^2|μ|^{−1} 2 ∞∑ n=0 ∫ ∞ 0 d^nx n! ( − |λμ| 2π )n

×det_n [V̂ (x_j, x_k) √x_jx_k e^{− 12 (θ(xj )+θ(xk))} ]} |0). (4.7)

Both of these series have the form (2.1), so they can be summed up and written as determinants of integral operators (Fredholm determinants) ⟨0|O(0, 0)O(x, t)|0⟩ = (0| 1 [s]^2 { |H_0|^2 + |H_1|^2|μ|^{−1} 2 det(I + γÛ)

+ |H_0|^2 − |H_1|^2|μ|^{−1} 2 det(I − γÛ) } |0), (4.8)

where Û(x, y) = V̂ (x, y) √ xy e^{− 12 (θ(x)+θ(y))}, (4.9) and γ = 4 π sin^2 πB 2 . (4.10)

The determinant representation (4.8) is the main result of the paper, therefore we summarize here the basic definitions.

The integral operators I ± γÛ act on a trial function f(x) as [(I ± γÛ)f](x) = f(x) ± γ ∫ ∞ 0 Û(x, y)f(y)dy. (4.11) The kernel Û(x, y) is equal to Û(x, y) = D̂(x, y) √ xy e^{− 12 (θ(x)+θ(y))}e^{12 (Φ0(x)+Φ0(y))}, (4.12) where D̂(x, y) = 1 8πi ∮ dw w ( Ŷ (w, x)+Ŷ (−w, x) )( Ŷ (w^{−1}, y)+Ŷ (−w^{−1}, y) ) , (4.13) and Ŷ (w, x) = e^{Φ1(w)} q − q^{−1} ( q^s wq^{1/2} + x − q^{−s} wq^{−1/2} + x ) . (4.14)

The dual fields Φ_0(x) and Φ_1(x) were defined in the section 3 (see (3.1) and (3.11)). The main property of these dual fields is, that they commute with each other, so the Fredholm determinants det(I ± γÛ) are well defined. Certainly det(I ± γÛ) are operators in auxiliary Fock space, but they belong to the Abelian sub algebra. On the other hand, the vacuum expectation value of these operators is non-trivial. It follows from commutation relations (3.3), (3.13), that in order to calculate the vacuum expectation value, one should use the following prescription (0| M1∏ a=1 e^{Φ0(xa)} M2∏ b=1 e^{Φ1(xb)}|0) = M1∏ a=1 M1∏ b=1 e^{12 η(xa,xb)} M1∏ a=1 M2∏ b=1 e^{ξ(xa,xb)}. (4.15) Here

η(x, y) = 2 log | | | | | F_{min} ( log^x_y ) x^2 − y^2 | | | | | , (4.16) and ξ(x, y) = log ( (x + yq^{1/2})(x + yq^{−1/2}) ) . (4.17)

Recall also, that the determinant representation (4.8) is valid for an arbitrary s. If s = 0, one should understand the r.h.s. as a limit s → 0, taking into account that H_0 = 0.

Similar Fredholm determinant representations were useful not only in the theory of correlation functions [4]–[12], but also in matrix models [13]–[16]. A work on determinant representation for correlation functions led to the discovery of a determinant formula for a partition function of the six-vertex model with domain wall boundary conditions [29]. In the paper [30] it was shown that this partition function satisfies Hirota equation. In the paper [31] it was shown that the determinant formula for the partition function of the six-vertex model helps to solve a long-standing mathematical problem—to prove the alternating sign matrix conjecture.

5 Large r-asymptotic

In this section we shall demonstrate, how one can find a long distance asymptotic of a correlation function starting from the Fredholm determinant. We shall reproduce some known results.

The kernel of the integral operator Û(x, y) can be written in the form Û(x, y) = ∮ dwP_1(w, x)P_2(w, y), (5.1) where projectors P are

P_1(w, x) = 1 8πiw √ x ( Ŷ (w, x) + Ŷ (−w, x) ) e^{12 Φ0(x)− 12 θ(x)}, (5.2)

P_2(w, y) = 1 √ y ( Ŷ (w^{−1}, y) + Ŷ (−w^{−1}, y) ) e^{12 Φ0(y)− 12 θ(y)}. (5.3)

Let us remind here that w integration goes along a contour around zero in positive direction. A radius of the contour should be greater then 1. The Fredholm determinants of the kernels of type (5.1) can be written as determinants of operators acting in the space of variables “w”

det(I ± γÛ(x, y)) = det(I ± γŨ(w_1, w_2)), (5.4)

where Ũ(w_1, w_2) = ∫ ∞ 0 dxP_1(w_1, x)P_2(w_2, x). (5.5)

The integral operator Ũ(w_1, w_2) acts on a trial function f(w) as

[(I + Ũ)f](w_1) = f(w_1) + ∮ Ũ(w_1, w_2)f(w_2) dw_2. (5.6)

Consider the case r → ∞. Then the value of the integral in (5.5) can be estimated by means of a steepest descent method. The saddle point of the function θ(x) is x = x_0 = 1. Examination of commutation relations of dual fields (4.15) shows that dual fields can be considered as analytic functions in the vicinity of real axis. Hence, we can estimate the integral in (5.5) as

Ũ(w_1, w_2) = P_1(w_1, 1)P_2(w_2, 1) √ 2π mr + O(r^{−3/2})

. (5.7)

Thus, for the large r asymptotics the kernel Ũ(w_1, w_2) becomes a one-di-mensional projector, and its Fredholm determinant is equal to det(I ± γŨ) → 1 ± γ ∮ dwŨ(w, w). (5.8) In order to calculate a vacuum expectation value of Ũ(w, w) one can use prescription (4.15), however it is better to write down the dual field Φ_0(x) in terms of the original fields Φ_0(x) = Φ̃_0(x) + Φ_2(x). Then the contribution of the fields Φ̃_0(1) gives

(0|e^{Φ̃0(1)}|0) = e^{12 η(1,1)} = λ^{−1}. (5.9)

To find a contribution of the fields Φ_1(w) and Φ_2(x) we can use (3.6) and (2.18) (0|Ũ(w, w)|0) = e^{−mr} 8πiλw √ 2π mr ( Y_1(w, 1) + Y_1(−w, 1) )

× ( Y_1(w^{−1}, 1) + Y_1(−w^{−1}, 1) ) , (5.10)

where

Y_1(w, 1) =

(wq^{1/2} + 1)(wq^{−1/2} + 1) q − q^{−1} ( q^s wq^{1/2} + 1 − q^{−s} wq^{−1/2} + 1 )

= [s] + [s − 1/2]w. (5.11)

After substituting this into (5.8) it becomes clear that only a pole at w = 0 contributes into the integral, so we arrive at (0| ∮ dwŨ(w, w)|0) = [s]^2λ^{−1} √ 2π mr e^{−mr}, (5.12)

and hence (0| det(I ± γŨ)|0) → 1 ± [s]^2 γ λ √ 2π mr e^{−mr}. (5.13)

Finally, substituting this into (4.8), and using explicit expressions for λ (3.18), μ (4.3) and γ (4.10) we obtain the correct asymptotical expression ⟨0|O(0, 0)O(x, t)|0⟩ → |H_0|^2 [s^2]

+ |H_1|^2(2πmr)^{−1/2}e^{−mr}. (5.14)

Recall, that for the correlation function of local fields one should put H_0 = 0 = H_0/[s], therefore we see, that asymptotic formula (5.14) is well defined for arbitrary s. If H_1 = 0 (for the stress-energy tensor), then (5.14) gives a constant for an asymptotic. However, in this case one had to estimate the kernel Ũ(w_1, w_2) more accurately. Namely, one should take into account explicit expression for corrections of order r^{−3/2} in (5.7). In this case the kernel Ũ turns into two-dimensional projector and it is easy to show, that exponentially decreasing term behaves like exp(−2mr).

Summary

We was able to sum up contributions of all the form factors and to obtain the closed expression for correlation functions (4.8). We believe that it will be possible to do not only for Toda models [27] but also for all models of integrable massive relativistic field theory.

Acknowledgments

We are grateful to A. Berkovich, G. Mussardo, F. Lessage and S. Lukyanov for useful discussions. This work was supported in part by NSF under Grant No. PHY-9605226, by the RFBR under Grant No. 96-01-00344 and INTAS- 93-1038.

A Elementary symmetric polynomials

Consider an integral representation (2.8) for the elementary symmetric polynomials

σ^{(n)}_k (x_1, . . . , x_n) ≡ σ_k = 1 2πi ∮ |z|=ρ dz z^{n−k+1} n∏ m=1 (z + x_m), (A.1)

where ρ is arbitrary positive. Notice, that the representation (A.1) holds for arbitrary integer k including k < 0 and k > n.

Here we are deriving auxiliary formula, which is used in the section 2. Namely, let us consider a sum T_{jk}(α) = n∑ i=1 α^{2i}σ_{2i−j} σ_{2i−k}, j, k = 1, . . . , n, (A.2) where α is an arbitrary complex number. One can extend the summation in (A.2) from −∞ to n. Then we have T_{jk}(α) = n∑ i=−∞ α^{2i}σ_{2i−j}σ_{2i−k} = ∞∑ l=0 α^{2(n−l)}σ_{2n−2l−j}σ_{2n−2l−k}. (A.3) Using the integral representation (A.1) we find T_{jk}(α) = 1 (2πi)^2 ∞∑ l=0 ∮ d^2zα^{2n−2l} z^{2l+j−n+1} 1 z^{2l+k−n+1} 2 n∏ m=1 (z_1 + x_m)(z_2 + x_m). (A.4)

We can choose the integration contour in such a way that |αz_1z_2| > 1 at the contour. Then one can sum up the series with respect to l: T_{jk}(α) = α^{2n+2} (2πi)^2 ∮ d^2z z^{n−j+1} 1 z^{n−k+1}_2 α^2z^2_1 z^2 − 1 n∏ m=1 (z_1 + x_m)(z_2 + x_m). (A.5)

The integrand contains only two simple poles αz_1z_2 = ±1, therefore one can take the integral with respect to z_1 or z_2 and obtain a single integral expression for T_{jk}.

B Properties of the Vandermonde matrix

Consider a Vandermonde matrix W_{jk}: W_{jk} = z^{k−1}_j , j, k = 1, . . . , n, (B.1) with det_n(W_{jk}) = n∏ a>b (z_a − z_b). (B.2)

The inverse matrix W^{−1} can be written in a form

(W^{−1})_{jk} = 1 (j − 1)! d^{j−1} dx^{j−1} n∏ m≠k ( x − z_m z_k − z_m ) | | | | | x=0 . (B.3)

Indeed n∑ l=1 W_{jl}(W^{−1})_{lk} = n−1∑ l=0 z^l_j l! d^l dx^l n∏ m≠k ( x − z_m z_k − z_m ) | | | | | x=0 = n∏ m≠k ( z_j − z_m z_k − z_m ) = δ_{jk}. (B.4) Here we have used the fact, that the r.h.s. of (B.4) is a Tailor series for the polynomial of the (n − 1) degree ∏n m≠k(x − zm)(zk − zm) −1. In the section 2 we used the matrix A_{jk}: A_{jk} = 1 (n − j)! d^{n−j} dx^{n−j} n∏ m≠k (x + x_m) | | | | | x=0 . (B.5)

The determinant of this matrix is equal to

det_nA = n∏ a≠b (x_a − x_b) det A_{jk} ∏ m≠k (x_m − x_k)^{−1}

. (B.6)

It is easy to see that the matrix in the r.h.s. of (B.6) coincide with inverse Vandermonde matrix W^{−1} up to replacement x_m = −z_m and a permutation of rows. Thus, we obtain

det_nA = n∏ a<b (x_a − x_b). (B.7)

A calculation of products of the matrix A and matrices, containing powers of some complex numbers w, is simple. For example, deriving (2.16) we used n∑ l=1 1 (n − l)! d^{n−l} dx^{n−l} n∏ m≠j (x + x_m) | | | | | | x=0 · w^{n−l}_1 G^{(l)}(w_1)

= q^s q − q^{−1} n∏ m=1 (w_1q^{−1/2} + x_m) n∑ l=1 (w_1q^{1/2})^{n−l} (n − l)! d^{n−l} dx^{n−l} n∏ m≠j (x + x_m) | | | | | x=0 − q^{−s} q − q^{−1} n∏ m=1 (w_1q^{1/2} + x_m) n∑ l=1 (w_1q^{−1/2})^{n−l} (n − l)! d^{n−l} dx^{n−l} n∏ m≠j (x + x_m) | | | | | x=0 = n∏ m=1 (w_1q^{1/2} + x_m)(w_1q^{−1/2} + x_m) q − q^{−1} [ q^s w_1q^{1/2} + x_j − q^{−s} w_1q^{−1/2} + x_j ] . (B.8)

References

[1] A. Koubek and G. Mussardo, Phys. Lett. B 311 (1993) 193.

[2] A. Fring, G. Mussardo and P. Simonetti, Nucl. Phys. B 393 (1990) 413.

[3] C. Ahn, G. Delfino and G. Mussardo, Phys. Lett. B 317 (1993) 573.

[4] E. Barough, B. M. McCoy and T. T. Wu, Phys. Rev. Lett. 31 (1973) 1409; B. M. McCoy, J. H. H. Perk and R.E.Shrock, Nucl. Phys. B 220 (1983) 35.

[5] M. Jimbo, T. Miwa, Y. Mori and M. Sato, Physica D 1 (1990) 80.

[6] V. E. Korepin, N. M. Bogoliubov, and A. G. Izergin, Quantum Inverse Scattering Method and Correlation Functions (Cambridge University Press, 1993) p. 209.

[7] A. R. Its, A. G. Izergin, V. E. Korepin and N. A. Slavnov, Phys. Rev.

Lett. 70 (1993) 1704.

[8] F. H. L. Eßler, H. Fhram, A. R. Its and V. E. Korepin, J. Phys. A:

Math. Gen. 29 (1996) 5619.

[9] V. E. Korepin and N. A. Slavnov, Phys. Lett. A 236 (1997) 201. [10] D. Bernard, A. Leclair, Nucl. Phys. B 426 (1994) 534; Nucl. Phys. B 498 (1997) 619.

[11] E. K. Sklyanin, preprint PDMI 10 (1997), solv-int/9708007. [12] A. Leclair, F. Lesage, S. Sachdev and H. Saleur, Nucl. Phys. B 482 (1996) 579.

[13] F. J. Dyson, Commun. Math. Phys. 47 (1976) 117.

[14] C. A. Tracy and H. Widom, Commun. Math. Phys. 179 (1996) 1, 667;

Commun. Math. Phys. 163 (1994) 33.

[15] J. Harnad, C. A. Tracy and H. Widom, in Low-Dimensional Topology and Quantum Field Theory, ed. by H. Osborn, NATO ASI Series B, 314, (Plenum Press, New York, 1993) p. 231.

[16] P. J. Forrester and A. M. Odlyzko, Phys. Rev. E 54 (1996) R4493. [17] A. B. Zamolodchikov and Al. B. Zamolodchikov, Ann. Phys. 120 (1979) 253; A. B. Zamolodchikov, Advanced Studies in Pure Math. 19 (1989) 641; Int. J. Mod. Phys. A 3 (1988) 743.

[18] A. E. Arinshtein, V. A. Fatteev, and A. B. Zamolodchikov, Phys. Lett.

B 87 (1979) 3389.

[19] B. Berg, M. Karowski and P. Weisz, Phys. Rev. D 19 (1979) 2477;

M. Karowski and P. Weisz, Nucl. Phys. B 139 (1978) 445; M. Karowski, Phys. Rep. 49 (1979) 229.

[20] F. A. Smirnov, Form Factors in Completely Integrable Models of Quantum Field Theory (World Scientific, Singapore, 1992).

[21] Al. B. Zamolodchikov, Nucl. Phys. B 348 (1991) 619. [22] J. L. Cardy, G. Mussardo, Nucl. Phys. B 340 (1990) 387. [23] S. Lukyanov, Phys. Lett. B 408 (1997) 192; V. Brazhnikov and S. Lukyanov, preprints RU-97-58, CLNS 97/1488, hep-th/9707091.

[24] J. Balog, T. Hauer and M. R. Niedermaier, Phys. Lett. B 386 (1996) 224; Nucl. Phys. B 440 (1995) 603.

[25] V. E. Korepin, Commun. Math. Phys. 113 (1987) 177. [26] N. A. Slavnov, Zap. Nauchn. Sem. POMI 245 (1997) 270. [27] A. V. Mikhailov, M. A. Olshanetsky and A. M. Perelomov, Commun.

Math. Phys. 79 (1981) 473.

[28] I. Ya. Aref’eva and V. E. Korepin, JETP Lett. 20 (1974) 312. [29] A. G. Izergin, Sov. Phys. Dokl. 32 (1987) 878; A. G. Izergin, D. A. Coker and V. E. Korepin, Journal Phys. A: Math. Gen. 25 (1992) 4315.

[30] K. Sogo, Journal of Phys. Soc. Japan 62 (1993) 1887. [31] G. Kuperberg, Internat. Math. Res. Notices 3 (1996) 139.