Preprint-KUL-TF-98/13

CCR-algebra structure of normal k -mode fluctuations

T. Michoel^1, B. Momont^2, A. Verbeure^3

Instituut voor Theoretische Fysica Katholieke Universiteit Leuven Celestijnenlaan 200D B-3001 Leuven, Belgium

Abstract

For a quantum lattice system, the k-mode fluctuation of observables in a quasi-local C^∗-algebra A and a state ω are studied, and shown to be normal under mild cluster conditions.

1Aspirant van het Fonds voor Wetenschappelijk Onderzoek - Vlaanderen 1Email: tom.michoel@fys.kuleuven.ac.be 2Email: bruno.momont@fys.kuleuven.ac.be 3Email: andre.verbeure@fys.kuleuven.ac.be

1 Introduction

Fourier series transforms of operators are widely used in the physics literature. In [1], we gave a meaning of these Fourier transforms for product states via a noncommutative central limit theorem. The case k = 0 was treated before [2, 3, 4] and leads to a mathematical setup of the theory of fluctuation operators. For k ≠ 0, the k-dependence changes the local character of the fluctuations, such that a new proof of the central limit theorem must be conceived. Here we give the theorem of Fourier transforms for non-product states, which however do satisfy mild cluster conditions. It turns out that if k ≠ 0, the L^1-cluster condition can be weakened.

The paper is set up as follows. First we prove the central limit theorem for k ≠ 0, but for L^1-clustering. The proof is performed in such a way that it can be repeated after having relaxed the L^1-cluster condition for the state.

The systems under consideration are quantum lattice systems, i.e. we consider the lattice^ν and a one-site C^∗-algebra A_x of observables in each lattice site x ∈^ν. For each finite Λ ⊂^ν, the tensor product ⨂ x∈Λ A_x = A_Λ is the C^∗- algebra of the observables measurable in the volume Λ. The local algebra of observables of the system is given by ⋃ Λ A_Λ = A. For more details we refer to [5].

The group^ν of space translations acts as the group {τ_x|x ∈^ν} of ∗-automorphisms of A = ⋃ Λ A_Λ by A ∈ A_Λ → τ_xA ∈ A_{Λ+x} , x ∈^ν . We assume that ω is a state on A = ⋃ Λ A_Λ which is extremal translation invariant, i.e. for all x ∈^ν ω ∘ τ_x = ω, and for all A, B ∈ A, lim |x|→∞ ω(Aτ_xB) = ω(A)ω(B). The proof of our central limit theorem is an adaptation of the Bernstein argument used in [3, 4].

2 A BCH formula

The first result imposes no conditions on the state ω. It is a statement about convergence in norm. Theorem 2.1 below is a consequence of the normal scaling |Λ_n|^{−1/2} of the local fluctuations F^k_n (A) (2.1). The BCH-type formula (Baker- Campbell-Hausdorff) will be essential in order to determine the limiting algebraic CCR structure of the fluctuations.

We fix a k ∈ [0, π]^ν and define for every A ∈ A_0 the local k-mode fluctuations

F^k_n (A) = |Λ_n|^{−1/2} ∑ x∈Λn cos kx [ τ_x[A] − ω(τ_x[A]) ] . (2.1)

The ω-dependence of the local fluctuation is implicit. We used the notation

Λ_n = [−n, n]^ν ∩^ν (2.2)

and |Λ_n| is the number of lattice sites in Λ_n.

Theorem 2.1 Let A, B ∈ A_{0,sa} and F^k_n (A), F^k_n (B) their local fluctuations in the arbitrary state ω, then lim_{n→∞} ‖ ‖e^{iF kn (A)} e^{iF kn (B)} − e^{iF kn (A+B)} e^{− 12 [F kn (A) , F kn (B)]} ‖ ‖ = 0 . (2.3)

proof: Without loss of generality, assume that ω(A) = ω(B) = 0. To arrive at the general case, replace A by A − ω(A) and analogously for B. For such A, B ∈ A_{0,sa}, ‖ ‖e^{iF kn (A)} e^{iF kn (B)} − e^{i(F kn (A)+F kn (B))} e^{− 12 [F kn (A) , F kn (B)]} ‖ ‖ = ‖ ‖ ∏ x∈Λn { e^{i|Λn|−1/2τx[A] cos kx} e^{i|Λn|−1/2τx[B] cos kx} }

− ∏ x∈Λn { e^{i|Λn|−1/2(τx[A] cos kx + τx[B] cos kx)} e^{− 12 |Λn|−1τx[A,B](cos kx)2} }‖ ‖ = ‖ ‖ ∏ x∈Λn { e^{i|Λn|−1/2}a^x e^{i|Λn|−1/2}b^x } − ∏ x∈Λn { e^{i|Λn|−1/2(}a^{x +} b^{x)} e^{− 12 |Λn|−1[}a^{x,}b^{x]} }‖ ‖ ,

where we introduced the notation

τ_x[A] cos kx ≡ a_x and τ_x[B] cos kx ≡ b_x .

Now, number the sites in Λ_n from 1 to (2n + 1)^ν and use the rule

(2n+1)^ν ∏ x=1 f_x − (2n+1)^ν ∏ x=1 g_x =

(2n+1)^ν ∑ l=1 { ( l−1∏ x=1 g_x ) ( f_l − g_l ) ((2n+1)^ν∏ m=l+1 f_m ) }

to rewrite the norm above as the norm of a telescopic sum. Using the triangle and the product inequalities and the unitarity of the exponentials, we find that ‖ ‖ ‖ ∏ x∈Λn { e^{i|Λn|−1/2}a^x e^{i|Λn|−1/2}b^x } − ∏ x∈Λn { e^{i|Λn|−1/2(}a^{x +} b^{x)} e^{− 12 |Λn|−1[}a^{x,}b^{x]} }‖ ‖ ≤ ∑ x∈Λn ‖ ‖ e^{i|Λn|−1/2}a^x e^{i|Λn|−1/2}b^x − e^{i|Λn|−1/2(}a^{x +} b^{x)} e^{− 12 |Λn|−1[}a^{x,}b^{x]} ‖ ‖

= ∑ x∈Λn ‖ ‖ +∞∑ l=0 1 l! (i|Λ_n|^{−1/2}a_x)^l +∞∑ m=0 1 m! (i|Λ_n|^{−1/2}b_x)^m − +∞∑ p=0 1 p! (i|Λ_n|^{−1/2}(a_x + b_x))^p +∞∑ q=0 1 q! (− 1 2 |Λ_n|^{−1}[a_x, b_x])^q ‖ ‖ = ∑ x∈Λn ‖ ‖ + i |Λ_n|^{−1/2} [ a_x + b_x ]

− |Λ_n|^{−1}[ a_xb_x + 1 2 a^2_x + 1 2 b^2_x ] − i |Λ_n|^{−3/2} [ . . . ] + . . . − { + i |Λ_n|^{−1/2} [ a_x + b_x ] − 1 2 |Λ_n|^{−1} [a_xb_x − b_xa_x + (a_x + b_x)^2] − i |Λ_n|^{−3/2} [ . . . ] + . . . }‖ ‖ ≤ ∑ x∈Λn |Λ_n|^{−3/2} { exp ‖a_x‖ exp ‖b_x‖ + exp ‖a_x + b_x‖ exp 1 2 ‖ [a_x, b_x] ‖ }

≤ |Λ_n|^{−1/2} exp ‖A‖ exp ‖B‖ ( 1 + exp 1 2 ‖ [A, B] ‖ ) n→∞ −→ 0 .

3 Normal fluctuations

Definition 3.1 A translationally invariant state ω = ω ∘ τ_x on the algebra A on ν has normal fluctuations in the mode k ∈ [0, π]^ν for the subspace K of A_0 if

(i) for all A, B ∈ K ∑ x∈^ν | | |ω(Aτ_x[B]) − ω(A)ω(B) | | | < ∞ , (3.1)

(ii) for all A, B ∈ K_{sa} ⊆ A_{0,sa} and t ∈ IR lim_{n→∞} ω(e^{itF kn (A)}) = e^{− t22 sω(A,A)} (3.2) with s_ω(A, B) = lim_n Re ω ( F^k_n (A)F^k_n (B) ) . Note that condition (i) implies that ω is extremal translationally invariant or ergodic. Proposition 3.3 below, proves that s_ω is automatically well-defined because of condition (i).

In section 4, we prove that if the state ω satisfies certain clustering conditions, then it has normal fluctuations in all k-modes. Here, we assume that ω has normal fluctuations in a fixed mode k ∈ [0, π] and we focus on the algebraic structure of the local fluctuations F^k_n (A) in the limit n → ∞. A CCR algebra of macroscopic fluctuations is constructed.

We start by proving a lemma. For ease of notation, introduce

Λ_n(z) = Λ_n ∩ (Λ_n − z) (3.3)

for z ∈ Λ_{2n}, and its 1-dimensional analog

λ_n(z^j) = [max(−n, −n − z^j), min(n, n − z^j)] ∩ (3.4)

for z^j ∈ [−2n, 2n] ∩ .

Lemma 3.2 Let n ∈ IN_0 and z ∈ Λ_{2n}. For all q ∈ IR^ν and k ∈ [0, π]^ν,

(i) |Λ_n|^{−1} ∑ x∈Λn(z) e^{i qx} = ν∏ j=1 δ_qj (n, z^j) ≡ δ_q(n, z) (3.5)

(ii) |Λ_n|^{−1} ∑ x∈Λn(z) cos kx cos k(x + z) = 1 2 ~δ_k(n, z) , (3.6) where

δ_qj (n, z^j) = 1 −^{|zj |}_{2n+1} if q^j = 0 (mod 2π)

exp −^i_2 q^j z^j 2n+1 sin[^1_2 q^j (2n+1−|z^j |)] sin[^1_2 q^j ] if q

j ≠ 0 (mod 2π)

(3.7)

~δ_k(n, z) = 1 2 { e^{ikz}[δ_{2k}(n, z) + δ_0(n, z)] +e^{−ikz}[δ_{−2k}(n, z) + δ_0(n, z)] } (3.8)

proof: The exponential factorizes (cf. definitions (3.3) and (3.4)) |Λ_n|^{−1} ∑ x∈Λn(z) e^{i qx} = ν∏ j=1 { (2n + 1)^{−1} ∑ x^j ∈λn(z^j ) e^{i qj xj} }

and each factor is a simple geometric series ∑ x^j ∈λn(z^j ) e^{i qj xj} = 2n + 1 − |z^j| if q^j = 0 (mod 2π) e^{− i}2^{qj zj sin[ 12 qj (2n+1−|zj |)]} sin[^1_2 q^j ] if q

j ≠ 0 (mod 2π)

which proves (i).

Statement (ii) follows from

cos kx cos k(x + z) = 1 4 { e^{ikz}[e^{i2kx} + 1] + e^{−ikz}[e^{−i2kx} + 1] } .

The fact that

|δ_qj (n, z^j)| ≤ (2n + 1)^{−1} | sin q^j 2 |^{−1 n→∞}−→ 0 (3.9) when q^j ≠ 0 (mod 2π) and

|δ_qj (n, z^j)| ≤ 1 (3.10) otherwise will be important in the proof of the proposition below. Also note that for all fixed z ∈^ν , q ∈ IR^ν, and k ∈ [0, π]^ν

lim_{n→∞} δ_q(n, z) = δ_{q,0 (mod 2π)} , (3.11)

lim_{n→∞} ~δ_k(n, z) = ~δ_k cos kz , (3.12)

where ~δ_{k,k} = { 1 if 0 ≠ k^j ≠ π for some j = 1, . . . , ν 2 if k^j = 0 or = π for all j = 1, . . . , ν .

(3.13)

At this point we recollect that the factor 1 − |z^j|/(2n + 1) in equation (3.7) is the Fejér convergence factor and that absolute summability of a sequence ( f(z) ) z∈^ν implies Cesàro summability (cf. appendix A.2) ∑ z∈Λ_{2n} f(z) ν∏ j=1 [ 1 − |z^j| 2n + 1 ] = ν∏ j=1 [ 1 2n + 1 2n∑ x^j =0 x^j∑ z^j =−x^j ] f(z)^{n→∞}−→ ∑ z f(z) .

Proposition 3.3 Assume that the state ω on the quasi-local C^∗-algebra A satisfies condition (i) of definition 3.1 of normal fluctuations in the mode k ∈ [0, π]^ν for K ⊆ A_0. Then, for all A, B ∈ K, the limit lim_{n→∞} ω ( F^k_n (A)^∗F^k_n (B) ) = ⟨A, B⟩^k_ω , (3.14)

defines a positive sesquilinear form ⟨·, ·⟩^k_ω : K → C, which satisfies the Cauchy- Schwarz inequality |⟨A, B⟩^k_ω|^2 ≤ ⟨A, A⟩^k_ω ⟨B, B⟩^k_ω . (3.15) More explicitly ⟨A, B⟩^k_ω = 1 2 ~δ_k ∑ z ( ω(A^∗τ_z[B]) − ω(A^∗)ω(B) ) cos kz . (3.16)

proof: If the limit (3.14) can be proven, then the positivity and the Cauchy- Schwarz inequality are obvious by positivity of ω and the Cauchy-Schwarz inequality for the state ω. Assume that A, B ∈ K with ω(A) = ω(B) = 0, then by lemma 3.2 ω ( F^k_n (A)^∗F^k_n (B) ) = |Λ_n|^{−1} ∑ x,y∈Λn ω(A^∗τ_{y−x}[B]) cos kx cos ky = |Λ_n|^{−1} ∑ x∈Λn ∑ z∈Λn−x ω(A^∗τ_z[B]) cos kx cos k(x + z)

= |Λ_n|^{−1} ∑ z∈Λ_{2n} ω(A^∗τ_z[B]) ∑ x∈Λn(z) cos kx cos k(x + z) = ∑ z∈Λ_{2n} ω(A^∗τ_z[B]) 1 2 ~δ_k(n, z) .

Using the absolute summability of ( ω(A^∗τ_z[B]) ) z∈^ν (assumption (3.1)) and

hence the Cesàro summability, the proposition is a result of lemma 3.2 together with the remarks following it. Remember that k ∈ [0, π]^ν.

• 0 ≠ k^j ≠ π for some j = 1, . . . , ν : By (3.1) and the estimate (3.9), only the second and fourth term of (3.8) contribute in the limit n → ∞ ω ( F^k_n (A)^∗F^k_n (B) ) n→∞ −→ ∑ z ω(A^∗τ_z[B]) 1 2 cos kz . (3.17)

• k^j = 0 or = π for all j = 1, . . . , ν : In this case, all four terms of (3.8) contribute in the limit n → ∞ ω ( F^k_n (A)^∗F^k_n (B) ) n→∞ −→ ∑ z ω(A^∗τ_z[B]) cos kz . (3.18)

Putting the two cases together and remembering the definition (3.13) of ~δ_k, the proposition is proven.

Definition 3.4 Separating the real and the imaginary part of the restriction of the sesquilinear form to K_{sa} ⟨A, B⟩^k_ω = s^k_ω(A, B) + i 2 σ^k_ω(A, B) A, B ∈ K_{sa} (3.19) defines a real bilinear positive symmetric form s^k_ω and a symplectic form σ^k_ω s^k_ω(A, B) = 1 2 ~δ_k ∑ z ( Re ω(Aτ_z[B]) − ω(A)ω(B) ) cos kz (3.20) σ^k_ω(A, B) = ~δ_k ∑ z Im ω(Aτ_z[B]) cos kz = ~δ_k 1 2i ω([A, B]) (3.21) for k ∈ [0, π]^ν and A, B ∈ K_{sa}.

Note that the simplification in the expression for σ^k_ω arises from the fact that A and τ_z[B] commute when z ≠ 0.

The symplectic form σ^k_ω has a stronger characterization.

Lemma 3.5 The commutator of the local fluctuations of one-site observables in A_{0,sa} converges strongly when ω is an extremal translationally invariant state on A. Let (H_ω, π_ω, Ω_ω) denote the GNS representation of A associated with ω, then for all A, B ∈ A_{0,sa} and k ∈ [0, π]^ν,

strong – lim_{n→∞} π_ω ([ F^k_n (A), F^k_n (B) ]) = i σ^k_ω(A, B)_ω , (3.22) where_ω is the unity in π_ω(A).

proof: Take k ∈ [0, π]^ν and A, B ∈ A_{0,sa} with ω(A) = ω(B) = 0, then the commutator of F^k_n (A) and F^k_n (B) is [ F^k_n (A), F^k_n (B) ] = |Λ_n|^{−1} ∑ x∈Λn ∑ y∈Λn cos kx cos ky [ τ_x[A], τ_y[B] ]

= |Λ_n|^{−1} ∑ x∈Λn (cos kx)^2τ_x[A, B] =^1_4 |Λ_n|^{−1} ∑ x∈Λn ( e^{i2kx} + e^{−i2kx} + 2 ) τ_x[A, B] . The result follows by the mean ergodic theorem.

We are now in a position to formulate and prove the reconstruction theorem. Theorem 3.6 (Reconstruction theorem) Let the extremal translationally invariant state ω on the algebra A on^ν have normal fluctuations in the mode k ∈ [0, π]^ν for the subspace K of A_0 (cf. definition 3.1). Then lim_{n→∞} ω ( e^{iF kn (A)} ) = exp [ − 1 2 s^k_ω(A, A) ] for all A ∈ K_{sa}. (3.23) The state ~ω_k is the quasi-free state on the CCR algebra W(K_{sa}, σ^k_ω) which is determined by the bilinear form s^k_ω

~ω_k(W_k(A)) = exp [ − 1 2 s^k_ω(A, A) ] for all A ∈ K_{sa} . (3.24)

The W_k(A), A ∈ K_{sa}, are the Weyl operators; the forms σ^k_ω and s^k_ω are defined in equations (3.20) and (3.21).

More explicitly, the theorem states that for all A_1, A_2, . . . , A_l ∈ K_{sa}, lim_{n→∞} ω ( e^{iF kn (A1)} e^{iF kn (A2)} . . . e^{iF kn (Al)} ) = ~ω_k ( W_k(A_1) W_k(A_2) . . . W_k(A_l) ) .(3.25)

The state ~ω_k is regular and hence for every A ∈ K_{sa} there exists a self-adjoint Bosonic field Φ~_{ωk} (A) in the GNS representation (H~_ω, π~_ω, Ω~_ω) such that

π~_{ωk} (W_k(A)) = exp i Φ~_{ωk} (A) . (3.26)

This implies that in the sense of the central limit (3.25), the local fluctuations converge to the bosonic fields associated with ( W(K_{sa}, σ^k_ω), ~ω_k )

CLT – lim_{n→∞} F^k_n (A) = Φ~_{ωk} (A) . (3.27)

proof: We prove (3.25) by induction on l ∈ IN_0. The basis of the induction is part (ii) of the assumption that the state ω has normal fluctuations in the mode k (cf. definition 3.1).

To prove the induction step, assume that (3.25) holds for some l ∈ IN_0 and fix A_1, A_2, . . . , A_{l+1} ∈ A_{0,sa}. For convenience, write e^{iF kn (A1)} . . . e^{iF kn (Al−1)} ≡ W_n. By the BCH formula (2.3), lim_{n→∞} | | |ω ( W_n [ e^{iF kn (Al)} e^{iF kn (Al+1)} − e^{i(F kn (Al)+F kn (Al+1))} e^{− 12 [F kn (Al),F kn (Al+1)]} ])| | = 0 .

Use the Cauchy-Schwarz inequality to derive that | | |ω ( W_ne^{iF kn (Al+Al+1)} e^{− 12 [F kn (Al) , F kn (Al+1)]} ) − ω ( W_ne^{iF kn (Al+Al+1)} ) e^{− i2 σω(Al,Al+1)} | | | 2 = | | |ω ( W_ne^{iF kn (Al+Al+1)} [ e^{− 12 [F kn (Al) , F kn (Al+1)]} − e^{− i2 σkω(Al,Al+1)} ])| | 2 ≤ ω( ) ω ([ e^{12 [F kn (Al),F kn (Al+1)]} − e^{i2 σkω(Al,Al+1)} ][ e^{− 12 [F kn (Al),F kn (Al+1)]} − e^{− i2 σkω(Al,Al+1)} ]) = 2 − ω ( e^{12 [F kn (Al),F kn (Al+1)]} ) e^{− i2 σkω(Al,Al+1)} − ω ( e^{− 12 [F kn (Al) , F kn (Al+1)]} ) e^{i2 σkω(Al,Al+1)} . This expression converges to zero as n → ∞ because of the strong convergence of the commutator. Combining the induction hypothesis and the above result, we find that lim_{n→∞} ω ( W_n e^{iF kn (Al)} e^{iF kn (Al+1)} ) = lim_{n→∞} ω ( W_n e^{iF kn (Al+Al+1)} ) e^{− i2 σkω(Al,Al+1)} = ~ω_k ( W (A_1) . . . W (A_l + A_{l+1}) ) e^{− i2 σkω(Al,Al+1)} = ~ω_k ( W (A_1) . . . W (A_l) W (A_{l+1}) ) . The last equality results from the CCR algebraic structure of W ( K_{sa}, σ^k_ω ) . The only thing left to prove is positivity. Take A, B ∈ K_{sa} and use the definitions of σ^k_ω and s^k_ω along with the Cauchy-Schwarz inequality to derive that 1 4 |σ^k_ω(A, B)|^2 ≤ |⟨A, B⟩^k_ω|^2 ≤ ⟨A, A⟩^k_ω ⟨B, B⟩^k_ω = s^k_ω(A, A) s^k_ω(B, B) .

4 A central limit theorem

In this section, we prove that the k-mode fluctuations in a state ω are Gaussian when ω satisfies some clustering condition. The condition essentially requires that, in a sense to be made precise, the state ω carries only weak spatial correlations between far remote regions. Ultimately, one would want a theory that connects the microscopic interactions in a physical system with the clustering properties of its equilibrium states. Unfortunately, it appears to be very hard to make substantial progress in that direction in a rigorous framework. Near phase transitions, renormalization semi-group techniques have provided some tentative, mostly approximative results.

In this section, we impose exactly the same clustering condition on ω as in [3, 4] and generalize to the case k ≠ 0 the theorems which were proven there. We use essentially the same technique to prove the more general theorem. We wish to point out that the results can be generalized to the case of strictly local observables which do not necessarily have to be one-site observables. The idea [6] behind the proof is to divide the hypercube Λ_n with edges of ‘length’ 2n + 1 into smaller hypercubes Γ^γ_n with edges of length p(n). In the state ω, the spatial correlations between any two of these smaller hypercubes should then become negligible as n → ∞ because the minimal distance q(n) between the hypercubes tends to infinity as n → ∞. The hypercubes Γ^γ_n have to represent the bulk and hence the ratio q(n)/p(n) has to tend to zero fast enough as n → ∞. This Bernstein method is a standard technique to prove central limit theorems. In sections 18.4 and 18.5 in [7], this approach is used to prove some central limit theorems for mixing sequences of classical random variables. As in [3, 4], we introduce a clustering function α_ω for the translationally invariant state ω on the quasi-local algebra A on the ν-dimensional lattice^ν . This provides a rigorous tool to quantify the spatial correlations between disjoint regions. For N, d ∈ IR^+, define the clustering function

α_ω(N, d) = sup { β_ω(Λ, Λ^′) max {|Λ|, |Λ^′|} ≤ N and d(Λ, Λ^′) ≥ d } , (4.1)

where d(Λ, Λ^′) is the ‘taxi’ distance between Λ and Λ^′

d(Λ, Λ^′) = min { ν∑ j=1 |x^j − y^j| x ∈ Λ and y ∈ Λ^′ } (4.2)

and the function β_ω(Λ, Λ^′) is a measure for the correlation between the finite regions Λ and Λ^′ ∈ D(^ν) with respect to the state ω

β_ω(Λ, Λ^′) = sup {| |ω(AB) − ω(A)ω(B) | | A ∈ A(Λ), B ∈ A(Λ^′), ‖A‖ = ‖B‖ = 1 } . (4.3)

The distance of a site x ∈^ν to the origin is |x| = ν∑ j=1 |x^j| . (4.4)

The distance of x to a hypercube Λ_D, with D ∈ IN_0, is |x|_D = d({x}, Λ_D) . (4.5) The clustering function satisfies the following simple properties

α_ω(N, d) ≤ 2 for all N, d ∈ IR^+ , (4.6) α_ω(N, d) ≥ α_ω(N, d^′) if d ≤ d^′ , (4.7) α_ω(N, d) ≤ α_ω(N^′, d) if N ≤ N^′ . (4.8)

Theorem 4.1 (Central limit theorem) If the ergodic (i.e. extremal translationally invariant) state ω on the quasi-local C^∗-algebra A on^ν satisfies the clustering condition expressed by the scaling law

∃ η > 0 lim_{N→∞} N^{1/2} α_ω(N, N^{1/2ν} N^{−η}) = 0 , (4.9)

then ω has normal fluctuations in any mode k ∈ [0, π]^ν for A_0. That is to say, fix k ∈ [0, π]^ν, then

(i) for all A, B ∈ A_0 ∑ x∈^ν | |ω(Aτ_x[B]) − ω(A)ω(B) | | < ∞ , (4.10)

(ii) for all A ∈ A_{0,sa}

lim_{n→∞} ω(e^{iF kn (A)}) = e^{− 12 skω(A,A)} (4.11)

with s^k_ω(A, B) = lim_n Re ω ( F^k_n (A)F^k_n (B) ) . Before turning to the proof of the theorem, let us first remark that the clustering condition (4.9) is equivalent to

∃ η^′ > 0 lim_{d→∞} d^{ν+η′} α_ω(d^{2(ν+η′)}, d) = 0 . (4.12)

Either of the conditions could be called ‘L^1-clustering’, because they imply that the clustering function is summable in the following sense ∑ x α_ω(|x|^{2(ν+η′)}, |x|) < ∞ . (4.13) proof: The proof of (i) is straightforward. Take A, B ∈ A_0 and assume ω(A) = ω(B) = 0. Using the clustering condition (4.12) and the property (4.8), it then follows that ∑ x |ω(Aτ_x[B])| ≤ ‖A‖ ‖B‖ ∑ x α_ω(1, |x|)) < ∞ . This proves statement (i) of the theorem and as a result s^k_ω is well-defined by proposition 3.3.

To prove statement (ii), we use a Bernstein argument. Note that the Bernsteinpartitioning of Λ_n uses two functions p(n) and q(n) which are of a different order of magnitude but which both tend to infinity as n → ∞. Their ratio q(n)/p(n), however, tends to zero in the limit.

Fix η > 0 and η^′ > 0 such that the clustering conditions (4.9) and (4.12) are satisfied. Take A ∈ A_{0,sa} with ω(A) = 0. Define the functions p, q, r, and s for any n ∈ IN_0

r(n) = Int [ (2n + 1)^{12 −ϵ1} ] = ϑ(n^{12 −ϵ1} ) (4.14) s(n) = r(n)^{−1} (2n + 1) = ϑ(n^{12 +ϵ1} ) (4.15) q(n) = (2n + 1)^{12 −ϵ2} = ϑ(n^{12 −ϵ2} ) (4.16) p(n) = s(n) − q(n) = ϑ(n^{12 +ϵ1} ) (4.17)

where Int[x] denotes the integer part of x ∈ IR^+ and

0 < ϵ_1 < min {1/6, η^′/(8ν), 1 4 η^′/(η^′ + 2ν)} (4.18)

2ϵ_1 < ϵ_2 < min {νη, 1 2 η^′/(η^′ + ν), 1 2 (1 − 8νϵ_1/η^′)} . (4.19)

The only thing that really matters in these definitions of r, p and q is their order of magnitude as n → ∞. Take note that there is no contradiction in the choice of ϵ_1 and ϵ_2. The requirement that ϵ_1 <^1_4 η^′/(η^′ + 2ν) is exactly what is needed to make inequalities (4.18) and (4.19) consistent. Define r(n)^ν disjoint hypercubes Γ^γ_n with edges of ‘length’ p(n)

Γ^γ_n =^ν ∩ ⊗^ν_{i=1} [−n − 1/2 + γ^is(n), −n − 1/2 + γ^is(n) + p(n)[ , (4.20)

where γ ∈ R_n = {0, 1, . . . , r(n) − 1}^ν. Next, define

Γ_n = ⋃ γ∈Rn Γ^γ_n Δ_n = Λ_n \ Γ_n . (4.21)

The ‘volume’ |Δ_n| is bounded above by

ν q(n) r(n)(2n + 1)^{ν−1} = ϑ(n^{ν−ϵ1−ϵ2} ) , (4.22)

while |Γ_n| = ϑ(|Λ_n|) = ϑ(n^ν ).

For ease of notation, we drop the superscript k which is fixed anyway and use the notation

F^n_Λ (A) = |Λ_n|^{−1/2}|Λ|^{1/2}F^k_Λ(A) = |Λ_n|^{−1/2} ∑ x∈Λ τ_x[A] cos kx . (4.23)

It is important to note that, in this notation, the scaling |Λ_n|^{−1/2} is determined by the superscript n, while x is summed over the region Λ in the subscript. Remember that ω(A) = 0. Now,

F^k_n (A) = F^n_{Γn} (A) + F^n_{Δn} (A) , (4.24) F^n_{Γn} (A) = ∑ γ∈Rn F^n_Γγ_n (A) , (4.25)

[F^n_Γγ_n (A), F^n_{Γγ}′_n (A)] = 0 (4.26)

For ease of notation, we will often drop explicit reference to A ∈ A_{0,sa} F^k_n (A) ≡ F^k_n , . . . The proof of theorem 4.1 proceeds in three steps step 1: lim_{n→∞} | | |ω(e^{iF kn} ) − ω(e^{iF nΓ}n ) | | | = 0 , (4.27)

step 2: lim_{n→∞} | | |ω(e^{iF nΓ}n ) − ∏ γ∈Rn ω(e^{iF nΓγ}n ) | | | = 0 , (4.28)

step 3: lim_{n→∞} | | | ∏ γ∈Rn ω(e^{iF nΓγ}n ) − e^{− 12 skω(A,A)} | | | = 0 . (4.29)

proof of step 1: Using equation (A.1) of the appendix A.1 e^{iF kn} = e^{iF nΓ}n + ∫ 1 0 ds e^{isF nΓ}n iF^n_{Δn} e^{i(1−s)F kn} , we get |ω(e^{iF kn} − e^{iF nΓ}n )| ≤ ∫ 1 0 ds |ω(e^{isF nΓ}n F^n_{Δn} e^{i(1−s)F kn} )| ≤ ∫ 1 0 ds { |ω([e^{isF nΓ}n , F^n_{Δn} ] e^{i(1−s)F kn} )| + |ω(F^n_{Δn} e^{isF nΓ}n e^{i(1−s)F kn} )| }

≤ ∫ 1 0 ds {‖ ‖[e^{isF nΓ}n , F^n_{Δn} ] ‖ ‖ ‖ × 1 + √ ω([F^n_{Δn} ]^2) × 1 }

≤ 1 2 ‖ ‖[F^n_{Γn} , F^n_{Δn} ] ‖ ‖ + √ ω([F^n_{Δn} ]^2) , (4.30)

where we used the inequality |ω(X)| ≤ ‖X‖, the product inequality, the Cauchy- Schwarz inequality, and inequality (A.2).

The first term in (4.30) is zero, since [A, τ_z[A]] = 0 when z ≠ 0. The second term in (4.30) is easily seen to tend to zero as n → ∞ because of part (i) of the theorem

|ω([F^n_{Δn} ]^2)| ≤ |Λ_n|^{−1} ∑ x∈Δn ∑ y∈Δn |ω(Aτ_{y−x}[A])| ≤ |Λ_n|^{−1}|Δ_n| ∑ z |ω(Aτ_z[A])| = ϑ(n^{−ϵ1−ϵ2} ) . (4.31)

proof of step 2: Because of the commutation properties (4.26) exp iF^n_{Γn} = ∏ γ∈Rn exp iF^n_Γγ_n .

Order the elements γ of R_n from 0 to r(n)^ν − 1 ≡ r^ν − 1 and use a ‘telescopic sum’-trick | | | ω( ∏ γ∈Rn e^{iF nΓγ}n ) − ∏ γ∈Rn ω(e^{iF nΓγ}n ) | | | ≤ r^ν −2∑ m=0 | | ω( r^ν−1−m ∏ γ=0 e^{iF nΓγ}n ) r^ν −1∏ ζ=r^ν −m ω(e^{iF} n Γζn ) − ω( r^ν −2−m ∏ γ=0 e^{iF nΓγ}n ) r^ν −1∏ ζ=r^ν −1−m ω(e^{iF} n Γζn ) | | ≤ r^ν −2∑ m=0 | | ω( r^ν−1−m ∏ γ=0 e^{iF nΓγ}n ) − ω( r^ν −2−m ∏ γ=0 e^{iF nΓγ}n ) ω(e^{iF} n Γr ν−1−m n ) | | × 1 ≤ r(n)^ν α_ω ( (2n + 1)^ν, q(n) ) .

Introduce the notation (2n + 1)^ν ≡ N and make the estimate

r(n)^ν ≤ (2n + 1)^{ν( 12 −ϵ1)} = N^{12 −ϵ1} .

Also, since 0 < ϵ_2 < ην (remember equation (4.19)),

q(n) = (2n + 1)^{( 12 −ϵ2)} = N^{1/(2ν)} N^{−ϵ2/ν} ≥ N^{1/(2ν)}N^{−η} . end Using the property (4.7) of the clustering function, it is clear that | | | ω( ∏ γ∈Rn e^{iF nΓγ}n ) − ∏ γ∈Rn ω(e^{iF nΓγ}n ) | | | ≤ N^{12 −ϵ1} α_ω(N, N^{1/(2ν)}N^{−η}) .

Because of the clustering condition (4.9), this last expression converges to zero as n → ∞. Remember that ϵ_1 > 0 and N = (2n + 1)^ν. proof of step 3: Define h^γ_n(t) = ω(e^{itF nΓγ}n^{(A)}) . Because of Taylor’s theorem, there is a c^γ_n(t) ∈ [0, t] such that

h^γ_n(t) = h^γ_n(0) + t dh^γ_n dt (0) +^1_2 t^2 d^2h^γ_n dt^2 (0) +^1_{3!} t^3 d^3h^γ_n dt^3 (c^γ_n(t)) = 1 + 0 −^1_2 t^2ω ( [F^n_Γγ_n ]^2 ) −^i_{3!} t^3ω ( [F^n_Γγ_n ]^3e^{ic} γ n(t)F^n_{Γγn} ) . Here, t = 1 and we write c^γ_n(1) = c^γ_n. As a result of the above ω(e^{iF nΓγ}n ) = 1 − r(n)^{−ν} r(n)^ν { +^1_2 ω ( [F^n_Γγ_n ]^2 ) +^i_{3!} ω ( [F^n_Γγ_n ]^3e^{ic} γ nF^n_{Γγn} )} . Next, we want to use lemma A.1 from appendix A.4 with the substitutions x → γ , Λ_n → R_n , |Λ_n| → r(n)^ν = #R_n .

This will allow us to conclude that lim_{n→∞} | | | ∏ γ∈Rn ω(e^{iF nΓγ}n ) − e^{− 12 skω(A,A)} | | | = 0 , (4.32)

and complete the proof of theorem 4.1, if we can prove the following three lemmas.

Lemma 4.2 There is an M < ∞ such that for all n ∈ IN_0 and γ ∈ R_n | |r(n)^ν ω ( [F^n_Γγ_n ]^2 )| | ≤ M . Lemma 4.3 For all ε > 0, there is an n_0 ∈ IN_0 such that for all n ≥ n_0 | | |r(n)^ν ω ( [F^n_Γγ_n ]^3e^{ic} γ nF^n_{Γγn} )| | ≤ ε for all γ ∈ R_n .

Lemma 4.4

lim_{n→∞} ∑ γ∈Rn ω ( [F^n_Γγ_n ]^2 ) = s^k_ω(A, A) .

proof of lemma 4.2: Reorganizing the scaling factors, we get | |r(n)^ν ω ( [F^n_Γγ_n ]^2 )| | = r(n)^ν |Λ_n|^{−1}|Γ^γ_n| ω ( [F^k_Γγ_n (A)]^2 ) ≤ ω ( [F^k_Γγ_n (A)]^2 ) , where the last expression is nothing but the second moment of the normally scaled local fluctuation F^k_Γγ_n (A). This second moment is finite because of statement (i) of the theorem (see equation (4.10))

ω([F_Γ^γ_n ]^2) = |Γ^γ_n|^{−1} ∑ x∈Γ^γ_n ∑ y∈Γ^γ_n ω(Aτ_{y−x}[A]) cos kx cos ky ≤ |Γ^γ_n|^{−1} ∑ x∈Γ^γ_n ∑ z |ω(Aτ_z[A])| = ∑ z |ω(Aτ_z[A])| < ∞ .

proof of lemma 4.3: ¿From the Cauchy-Schwarz inequality, it follows that | | |r(n)^ν ω ( [F^n_Γγ_n ]^3e^{ic} γ nF^n_{Γγn} )| | 2 = | | |r(n)^ν ω ( [F^n_Γγ_n ]^2 e^{ic} γ nF^n_{Γγn} F^n_Γγ_n )| | 2 ≤ r(n)^ν ω ( [F^n_Γγ_n ]^4 ) r(n)^ν ω ( [F^n_Γγ_n ]^2 ) .

Because of lemma 4.2, the second part of the last expression is bounded by ∑ z |ω(Aτ_z[A])| < ∞. We still have to prove that the first part tends to zero when n → ∞. One would expect it to tend to zero as r(n)^{−ν}, because one anticipates that the fourth moment of a normally scaled local fluctuation converges. A straightforward estimation yields

r(n)^ν ω([F^n_Γγ_n (A)]^4) ≤ |Λ_n|^{−2} r(n)^ν ∑ x,y,z,u∈Γ^γ_n |ω(Aτ_{y−x}[A]τ_{z−x}[A]τ_{u−x}[A])| ≤ |Λ_n|^{−2} r(n)^ν |Γ^γ_n| ∑ x,y,z∈Λ_{p(n)} |ω(Aτ_x[A]τ_y[A]τ_z[A])| ≤ |Λ_n|^{−1} ∑ x,y,z∈Λ_{p(n)} |ω(Aτ_x[A]τ_y[A]τ_z[A])| .

We formulate the desired result as a lemma where we make the transformation p(n) → n and correspondingly n → n^{2/(1+2ϵ1)}. Lemma 4.5 For all A in A_0 with ω(A) = 0

lim_{n→∞} n^{−2ν/(1+2ϵ1)} ∑ x_1,x_2,x_3∈Λn

|ω(Aτ_{x1} [A]τ_{x2} [A]τ_{x3} [A])| = 0 . (4.33) proof of lemma 4.5: We first mention that because of the clustering condition (4.12), it holds for all ε < η^′ that lim_{d→∞} d^ε ∑ |x|≥d α_ω(d^{2(ν+η′)}, |x|) = 0 . (4.34)

This can be seen by making the following estimates d^ε ∑ |x|≥d α_ω(d^{2(ν+η′)}, |x|) ≤ d^ε ∞∑ j=d c_νj^{ν−1}α_ω(d^{2(ν+η′)}, j) ≤ d^ε ∞∑ j=d c_ν j^{ν−1}α_ω(j^{2(ν+η′)}, j) ≤ ϑ(d^{ε−η′} )^{d→∞}−→ 0 .

Now, we turn to the proof of equation (4.33). We, again, use a Bernstein-type argument. Partition the hypercube Λ_n

Λ_{q(n)} , Γ^2_n ≡ Λ_n \ Λ_{2q(n)} , Δ^{1,2}_n ≡ Λ_{2q(n)} \ Λ_{q(n)} , where for any real t ≥ 1, Λ_t = [−t, t]^ν ∩^ν. Also, introduce

Γ^1_n ≡ Λ_n \ Λ_{q(n)} . Then ∑ x1, x2, x3 ∈ Λ_n = ∑ x1, x2, x3 ∈ Λ_q + ∑ x1, x2, x3 ∈ Γ1_n + 1 2 ∑ π ∈ P3 { ∑ xπ(1),xπ(2)∈Λq x_π(3) ∈ Γ1_n + ∑ xπ(1)∈Λq x_π(2), x_π(3) ∈ Γ1_n

} ,

where the elements π of P_3 are the six permutations of (1, 2, 3). We examine the four parts in the summation separately. x_1, x_2, x_3 ∈ Λ_{q(n)} : n^{−2ν/(1+2ϵ1)} ∑ x_1,x_2,x_3∈Λq |ω(Aτ_{x1} [A]τ_{x2} [A]τ_{x3} [A])| ≤ ‖A‖^4 n^{−2ν/(1+2ϵ1)} (2q(n) + 1)^{3ν} = ϑ ( n^{−2ν/(1+2ϵ1)} q(n)^{3ν} ) ≤ ϑ ( n^{−ν (1−6ϵ1)/(2+4ϵ1)} ) n→∞ −→ 0 . x_1, x_2, x_3 ∈ Γ^1_n : Since n ≥ 1 4 (2n + 1) = 1 4 N^{1/ν} , where, as before N = (2n + 1)^ν, we can equivalently look at

N^{−2/(1+2ϵ1)} ∑ x_1,x_2,x_3∈Γ^1_n |ω(Aτ_{x1} [A]τ_{x2} [A]τ_{x3} [A])| ≤ ‖A‖^4 N^{−2/(1+2ϵ1)} ∑ x_1,x_2,x_3∈Γ^1_n α_ω(|Λ_n|, min{|x_1|, |x_2|, |x_3|}) ≤ 3 ‖A‖^4 N^{−2/(1+2ϵ1)}|Λ_n|^2 ∑ x∈Γ^1_n α_ω(|Λ_n|, |x|) ≤ 3 ‖A‖^4 N^{−2/(1+2ϵ1)} N^2 ∑ x∈Γ^1_n α_ω(|Λ_n|, |x|)

≤ 3 ‖A‖^4 N^{4ϵ1/(1+2ϵ1)} +∞∑ d=q ∑ |y|=d α_ω(|Λ_n|, |y|) ≤ 3 ‖A‖^4 q(n)^{8νϵ1/[(1−2ϵ2)(1+2ϵ1)]} ∑ |y|≥q α_ω(|Λ_n|, |y|) ≤ 3 ‖A‖^4 q(n)^ε ∑ |y|≥q α_ω(|Λ_n|, |y|) , where we choose ε such that 8νϵ_1/(1 − 2ϵ_2) < ε < η^′. This is possible because ϵ_1 < η^′/(8ν) and ϵ_2 <^1_2 (1 − 8νϵ_1/η^′). We want to use equation (4.34) to prove that this expression tends to zero and, hence, we need that |Λ_n| ≤ (q(n))^{2(ν+η′)} . This inequality is satisfied since

|Λ_n| = (2n + 1)^ν = q(n)^{2ν/(1−2ϵ2)} , and

2ν/(1 − 2ϵ_2) < 2(ν + η^′) because ϵ_2 < η^′/[2(ν + η^′)] by the choice (4.19) of ϵ_2. We consider the remaining two parts for a fixed, but unspecified, permutation π. x_{π(1)}, x_{π(2)} ∈ Λ_{q(n)} , x_{π(3)} ∈ Γ^1_n : n^{−2ν/(1+2ϵ1)} ∑ xπ(1),xπ(2)∈Λq x_π(3) ∈ Γ1_n |ω(Aτ_{x1} [A]τ_{x2} [A]τ_{x3} [A])|

≤ ‖A‖^4 n^{−2ν/(1+2ϵ1)} (2q(n) + 1)^{2ν}(2n + 1)^ν = ϑ ( n^{−2ν/(1+2ϵ1)} q(n)^{2ν} n^ν ) ≤ ϑ ( n^{−2ν(ϵ2−2ϵ1)/(1+2ϵ1)} ) . Again, this expression tends to zero by the choice (4.19) of ϵ_2. Alternatively, one could make a sharper estimate by means of the clustering function. x_{π(1)} ∈ Λ_{q(n)} , x_{π(2)}, x_{π(3)} ∈ Γ^1_n :

We make a further decomposition of the relevant summation ∑ xπ(1)∈Λq x_π(2), x_π(3) ∈ Γ1_n = ∑ xπ(1)∈Λq x_π(2), x_π(3) ∈ Δ1^,2_n + ∑ xπ(1)∈Λq xπ(2)∈Δ1,2n x_π(3) ∈ Γ2_n + ∑ xπ(1)∈Λq xπ(2)∈Γ2n x_π(3) ∈ Δ1^,2_n + ∑ xπ(1)∈Λq x_π(2), x_π(3) ∈ Γ2_n .

The first term can be bounded by

≤ ‖A‖^4 n^{−2ν/(1+2ϵ1)} (2q(n) + 1)^ν (4q(n) + 1)^{2ν} = ϑ ( n^{−2ν/(1+2ϵ1)} q(n)^{3ν} ) = ϑ ( n^{−2ν/(1+2ϵ1)} n^{3ν( 12 −ϵ2)} ) ≤ ϑ ( n^{−ν (1−6ϵ1)/(2+4ϵ1)} ) n→∞ −→ 0 .

The second and third term are bounded by

‖A‖^4 n^{−2ν/(1+2ϵ1)} (2q(n) + 1)^ν (4q(n) + 1)^ν (2n + 1)^ν = ϑ ( n^{−2ν/(1+2ϵ1)} q(n)^{2ν} n^ν ) ≤ ϑ ( n^{−2ν (ϵ2−2ϵ1)/(1+2ϵ1)} ) n→∞ −→ 0 . Finally, let π_2, π_3 be the numerical order of π(2), π(3) and write for convenience π(1) = π_1. then the fourth term is bounded by n^{−2ν/(1+2ϵ1)} ∑ xπ1 ∈Λq x_π2 , x_π3 ∈ Γ2_n |ω(Aτ_{x1} [A]τ_{x2} [A]τ_{x3} [A])|

= n^{−2ν/(1+2ϵ1)} ∑ xπ1 ∈Λq x_π2 , x_π3 ∈ Γ2_n |ω(Aτ_{xπ1} [A]τ_{xπ2} [A]τ_{xπ3} [A])|

≤ n^{−2ν/(1+2ϵ1)} ∑ xπ1 ∈Λq x_π2 , x_π3 ∈ Γ2_n

{| | |ω(Aτ_{xπ1} [A]) ω(τ_{xπ2} [A]τ_{xπ3} [A]) | | |

+ | | |ω(Aτ_{xπ1} [A]τ_{xπ2} [A]τ_{xπ3} [A]) − ω(Aτ_{xπ1} [A]) ω(τ_{xπ2} [A]τ_{xπ3} [A]) | | | }

≤ n^{−2ν/(1+2ϵ1)}‖A‖^4 { |Λ_n| [ ∑ x∈Λq α_ω ( 1, |x| )] [ ∑ y∈Λ_{2n} α_ω ( 1, |y| )]

+|Λ_q| ∑ xπ_2 ,xπ_3 ∈Γ^2_n α_ω ( 2, min{|x_{π2} |_q, |x_{π3} |_q} ) }

≤ n^{−2ν/(1+2ϵ1)}‖A‖^4 |Λ_n| { |Λ_q| ∑ x∈Γ^2_n α_ω ( 2, |x|_q ) + [ ∑ x∈Λ_{2n} α_ω ( 1, |x| )]2 }

≤ n^{−2ν/(1+2ϵ1)}‖A‖^4 |Λ_n| { [∑ x α_ω ( 1, |x| )]2 + |Λ_q| ∑ |x|≥2q α_ω ( 2, |x| ) }

≤ n^{−2ν/(1+2ϵ1)}‖A‖^4 |Λ_n| {[ ∑ x α_ω ( 1, |x| )]2 + |Λ_q| ∑ x α_ω ( 2, |x| )} . The last expression tends to zero because of the summability (4.13) of the clustering function and because n^{−2ν/(1+2ϵ1)} |Λ_n| |Λ_q| ≤ ϑ(n^{−ν(1−6ϵ1)/(2+4ϵ1)})^{n→∞}−→ 0 . This concludes the proof of lemma 4.5.

proof of lemma 4.4: It remains to prove lemma 4.4. We already know (see page 13) that s^k_ω is well-defined because of proposition 3.3 and statement (i) of the present theorem (theorem 4.1)

s^k_ω(A, A) = lim_{n→∞} ω([F^k_n (A)]^2) . Now, using the decomposition (4.24).

ω([F^k_n (A)]^2) = ω([F^n_{Γn} (A) + F^n_{Δn} (A)]^2) = ω ( [F^n_{Γn} ]^2 + [F^n_{Δn} ]^2 + 2F^n_{Γn} F^n_{Δn} ) . It is easy to see that the last two terms converge to zero as n → ∞, because |ω ( F^n_{Γn} F^n_{Δn} ) |^2 ≤ ω ( [F^n_{Δn} ]^2 ) ω ( [F^n_{Γn} ]^2 ) , and ω ( [F^n_{Γn} ]^2 ) ≤ |Λ_n|^{−1} ∑ x∈Γn ∑ y∈Γn |ω(Aτ_{y−x}[A])| ≤ |Λ_n|^{−1}|Γ_n| ∑ z |ω(Aτ_z[A])| ≤ ∑ z |ω(Aτ_z[A])| < ∞ . We already proved (see equation (4.31)) that lim_{n→∞} ω ( [F^n_{Δn} ]^2 ) = 0 because of the scaling. So, using the decomposition (4.25), s^k_ω(A, A) = lim_{n→∞} ω ( [F^k_n ]^2 ) = lim_{n→∞} ω ( [F^n_{Γn} ]^2 ) = lim_{n→∞} { ∑ γ∈Rn ω ( [F^n_Γγ_n ]^2 ) + ∑ γ≠ζ∈Rn ω ( F^n_Γγ_n F^n_Γζ_n )} . The second term converges to zero because of the property (4.34) | | ∑ γ≠ζ∈Rn ω ( F^n_Γγ_n F^n_Γζ_n ) | | ≤ |Λ_n|^{−1} ∑ γ≠ζ∈Rn ∑ x ∈ Γγn y ∈ Γ^ζ_n

| | ω ( A τ_{y−x}[A] ) | |

≤ |Λ_n|^{−1} ∑ γ ∈ R_n |Γ^γ_n| ∑ ζ ∈ Rn ζ ≠ γ ∑ z∈(Γ^ζ_n−Γ^γ_n) | | ω ( A τ_z[A] ) | | ≤ |Λ_n|^{−1} ∑ γ ∈ R_n |Γ^γ_n| ∑ z∈(Λ_{2n}\Λq ) | | | ω ( A τ_z[A] ) | | ≤ ‖A‖^2 ∑ z∈(Λ_{2n}\Λq ) α_ω(1, |z|)^{n→∞}−→ 0 .

This concludes the proof of the central limit theorem 4.1.

5 The central limiting behavior for k 6= 0

The central limit theorem 4.1 was proven under the L^1-clustering condition (4.9) or (4.12). One would expect, however, that a system in an extremal translationally invariant state exhibits Gaussian k-mode fluctuations for k ≠ 0 even if the state is not L^1-clustering [8, 9].

This is related to the following empirical finding. Consider a physical system in a critical translationally invariant state. Because of long-range correlations in the local order parameter field, the L^1-clustering condition may not be satisfied at criticality. A singularity in a susceptibility (e.g. magnetic susceptibility) of the system will appear at the wavevector k = 0. In other words, the response to infinite wavelength perturbations diverges. At wavevectors k ≠ 0, i.e. finite wavelengths, the susceptibility displays no singularities, however. As before, A is a quasi-local algebra on the square lattice^ν. The state ω is an ergodic (i.e. extremal translationally invariant) state on A and, hence, clusters in the mean. For simplicity, only one mode k ∈ ]0, π]^ν is considered. ¿From now on, this mode k ≠ 0 is fixed. The aim of this section is to find minimal conditions on the state ω such that for A ∈ A_{0,sa} the local fluctuation

F^k_n (A) = |Λ_n|^{−1/2} ∑ x∈Λn cos kx [ τ_x[A] − ω(τ_x[A]) ] (5.1)

displays Gaussian behavior in the limit n → ∞

lim_{n→∞} ω(e^{iF kn (A)}) = e^{− 12 skω(A,A)} (5.2)

with s^k_ω(A, B) = lim_n Re ω ( F^k_n (A)F^k_n (B) ) (condition (ii) of definition 3.1). Or less ambitiously formulated, in this section we make plausible that one should find Gaussian fluctuations for k ≠ 0 even in critical states. The argument is an adaption of the proof of the central limit theorem 4.1. In that proof, second and fourth moments of the fluctuations have to be estimated. The principal idea is to improve on the estimation and as a result allow a relaxation of the imposed clustering conditions. The improvement is obtained by ‘partially summing’ the k-dependent part of the moments before proceeding with the estimation. The remaining sums are sums of differences of correlation functions and should be bounded even in instances where sums of the correlation functions themselves are not bounded.

On the clustering function α_ω, which was defined in equation (4.1), the following very weak condition is imposed.

Assumption 1: The state ω satisfies the clustering condition

∀ 0 < η_1 < 1 2 , ∃ η_2 > 0 lim_{N→∞} N^{12 −η1} α_ω(N, N^{12ν} N^{−η2} ) = 0 . (5.3)

Because the condition has to be satisfied for η_1 close to 1/2 , the clustering condition is much weaker than the L^1-clustering condition (4.9) or (4.12). Along the way, we will derive which conditions have to be imposed on the correlation functions of A (see assumptions 2 and 3 on pages 30 and 35, respectively). Fix an arbitrary η_1 close to 1/2 and then an η_2 such that assumption 1 is fulfilled. Take A = A^∗ ∈ A_{0,sa} with ω(A) = 0. Make a Bernstein partitioning of the hypercube Λ_n much as in the proof of theorem 4.1. Define the functions p(n), q(n), r(n) and s(n) (cf. equations (4.14) to (4.17))

r(n) = Int [ (2n + 1)^{12 −ϵ1} ] = ϑ(n^{12 −ϵ1} ) (5.4) s(n) = O − Int [ r(n)^{−1} (2n + 1) ] = ϑ(n^{12 +ϵ1} ) (5.5) q(n) = E − Int [ (2n + 1 + 2D)^{12 −ϵ2} ] = ϑ(n^{12 −ϵ2} ) (5.6) p(n) = s(n) − q(n) = ϑ(n^{12 +ϵ1} ) , (5.7)

where Int(x), O − Int(x), and E − Int(x) are respectively the largest integer, odd integer, and even integer which are smaller than x ∈ IR^+. Take

0 < ϵ_2 < min{νη_2, 1 2 } , (5.8)

0 < max{ 1 2 − ϵ_2, η_1} < ϵ_1 < 1 2 . (5.9)

Define r(n)^ν disjoint hypercubes Γ^γ_n with edges of ‘length’ p(n)

Γ^γ_n =^ν ∩ ⊗^ν_{i=1} [−n + γ^is(n), −n + γ^is(n) + p(n) − 1] , (5.10)

where γ ∈ R_n = {0, 1, . . . , r(n) − 1}^ν. Also, define

Γ_n = ⋃ γ∈Rn Γ^γ_n Δ_n = Λ_n \ Γ_n . (5.11)

The following estimates hold

|Δ_n| ≤ ν (q(n) + 1) (r(n) + 1) (2n + 1)^{ν−1} = ϑ(n^{ν−ϵ1−ϵ2} ) , (5.12) |Γ_n| = ϑ(|Λ_n|) = ϑ(n^ν ) . (5.13)

Dropping explicit reference to the fixed k ∈ ]0, π]^ν and A = A^∗ ∈ A(Λ_D), we introduce the notation

F^n_Λ = |Λ_n|^{−1/2} ∑ x∈Λ τ_x[A] cos kx (5.14)

resembling equation (4.23). The superscript n indicates the scaling while the summation runs over the region Λ in the subscript. Remember that ω(A) = 0. Using this notation

F^k_n (A) ≡ F_n = F^n_{Γn} + F^n_{Δn} , (5.15) F^n_{Γn} = ∑ γ∈Rn F^n_Γγ_n , (5.16)

[F^n_Γγ_n , F^n_{Γγ}′_n ] = 0 (5.17)

The argument basically proceeds through the same three steps as the proof of theorem 4.1 (see page 15). For notational convenience, we work out the details only for the 1-dimensional case ν = 1. The three steps are step 1: lim_{n→∞} | | |ω(e^{iFn} ) − ω(e^{iF nΓ}n ) | | | = 0 , (5.18)

step 2: lim_{n→∞} | | |ω(e^{iF nΓ}n ) − ∏ γ∈Rn ω(e^{iF nΓγ}n ) | | | = 0 , (5.19)

step 3: lim_{n→∞} | | | ∏ γ∈Rn ω(e^{iF nΓγ}n ) − e^{− 12 skω(A,A)} | | | = 0 . (5.20) step 1: In exactly the same way as in the proof of step 1 of theorem 4.1, we arrive at the estimate | |ω(e^{iFn} − e^{iF nΓ}n ) | | ≤ 1 2 ‖ ‖[F^n_{Γn} , F^n_{Δn} ] ‖ ‖ + √ ω([F^n_{Δn} ]^2) , (5.21) and by the same token as there, the first term ‖[F^n_{Γn} , F^n_{Δn} ]‖ is zero. In the 1-dimensional case ν = 1, the second term is easily seen to converge to zero by the estimate (5.12), provided that ϵ_1 + ϵ_2 > 1/2 (see condition (5.9)) | ω([F^n_{Δn} ]^2) | ≤ |Λ_n|^{−1} ∑ x,y∈Δn | ω(Aτ_{y−x}[A]) | ≤ ϑ(n^{1−2ϵ1−2ϵ2} ) . (5.22)

The general case ν ≥ 1 would require a more careful estimation. Introducing the notations

Δ_n = ⋃ x∈Δn (Δ_n − x) , (5.23) Δ_n(z) = Δ_n ∩ (Δ_n − z) with z ∈ Δ_n , (5.24) C^k_2 (z, Δ_n) = ∑ x∈Δn(z) cos kx cos k(z + x) , (5.25)

the square of the second term of (5.21) can be written as

ω([F^n_{Δn} ]^2) = |Λ_n|^{−1} ∑ x∈Δn ∑ y∈Δn cos kx cos ky ω(Aτ_{y−x}[A]) = |Λ_n|^{−1} ∑ x∈Δn ∑ z∈(Δn−x) cos kx cos k(z + x) ω(Aτ_z[A]) = |Λ_n|^{−1} ∑ z∈Δn ω(Aτ_z[A]) ∑ x∈Δn(z) cos kx cos k(z + x) = |Λ_n|^{−1} ∑ z∈Δn ω(Aτ_z[A]) C^k_2 (z, Δ_n) . (5.26)

The estimation proceeds through analogous methods as the estimation of the second moments in step 3 below.

step 2: Because of the commutation properties (5.17),

exp iF^n_{Γn} = ∏ γ∈Rn exp iF^n_Γγ_n .

Proceed along the lines of the proof of step 2 of theorem 4.1 to find that | | | ω( ∏ γ∈Rn e^{iF nΓγ}n ) − ∏ γ∈Rn ω(e^{iF nΓγ}n ) | | | ≤ N^{12 −ϵ1} α_ω(N, N^{12ν} N^{− ϵ2ν} ) , (5.27)

where N = (2n + 1)^ν and α_ω is the clustering function (4.1). Using the weak clustering condition (5.3), expression (5.27) goes to zero because of the choices (5.8) and (5.9) for ϵ_1 and ϵ_2. Hence, step 2 (5.19) holds. step 3: Taylor’s theorem gives ω(e^{iF nΓγ}n ) = 1 − r(n)^{−ν} r(n)^ν { 1 2 ω ( [F^n_Γγ_n ]^2 ) +^i_{3!} ω ( [F^n_Γγ_n ]^3e^{ic} γ nF^n_{Γγn} )} , with c^γ_n ∈ [0, 1]. Lemma A.1, cast in the form lim_{n→∞} ∏ γ∈Rn ( 1 − a_n(γ) r(n)^ν ) = exp − ⟨a⟩ , (5.28)

with

a_n(γ) = r(n)^ν { 1 2 ω ( [F^n_Γγ_n ]^2 ) +^i_{3!} ω ( [F^n_Γγ_n ]^3e^{ic} γ nF^n_{Γγn} )} (5.29) ⟨a⟩ = lim_{n→∞} r(n)^{−ν} ∑ γ∈Rn a_n(γ) (5.30)

establishes that in the state ω, the fluctuation F^k_n (A) is Gaussian in the limit n → ∞ (5.2) provided that the following three conditions hold. condition 1 There is an M < ∞ such that for all n ∈ IN_0 and γ ∈ R_n | | |r(n)^ν ω ( [F^n_Γγ_n ]^2 )| | ≤ M . (5.31) condition 2 lim_{n→∞} ∑ γ∈Rn ω ( [F^n_Γγ_n ]^2 ) = s^k_ω(A, A) ∈ IR . (5.32)

condition 3 For any ε > 0, there is an n_0 ∈ IN_0 such that for all n ≥ n_0 | | |r(n)^ν ω ( [F^n_Γγ_n ]^3e^{ic} γ nF^n_{Γγn} )| | ≤ ε for all γ ∈ R_n . (5.33)

analysis of condition 1: Reorganizing the scaling factors, we get | |r(n)^ν ω ( [F^n_Γγ_n ]^2 )| | = r(n)^ν |Λ_n|^{−1}|Γ^γ_n| ω ( [F^k_Γγ_n (A)]^2 ) ≤ ω ( [F^k_Γγ_n (A)]^2 ) , where the last expression is nothing but the second moment of the normally scaled local fluctuation F^k_Γγ_n (A) ≡ F_Γ^γ_n . Similarly to the calculation (5.26) and with the notations

Γ^γ_n = ⋃ x∈Γ^γ_n (Γ^γ_n − x) ≡ Γ_n independent of γ , (5.34)

Γ^γ_n(z) = Γ^γ_n ∩ (Γ^γ_n − z) with z ∈ Γ_n , (5.35) C^k_2 (z, Γ^γ_n) = ∑ x∈Γ^γ_n(z) cos kx cos k(z + x) , (5.36)

the second moment of F_Γ^γ_n can be rewritten as

ω([F_Γ^γ_n ]^2) = |Γ^γ_n|^{−1} ∑ z∈Γn ω(Aτ_z[A]) C^k_2 (z, Γ^γ_n) . (5.37)

Now, for the 1-dimensional case ν = 1, we have that k ∈ ]0, π] and with p = p(n), q = q(n), r = r(n) Γ^γ_n = −n + γ(p + q) + {0, 1, . . . , p − 1} (5.38)

Γ^γ_n(z) = { −n + γ(p + q) + {0, 1, . . . , p − 1 − z} if Γ_n ∋ z ≥ 0 −n + γ(p + q) + {−z, . . . , p, p − 1} if Γ_n ∋ z ≤ 0 (5.39) Γ_n = {−p + 1, −p + 2 . . . , p − 1} (5.40)

where γ ∈ {0, 1, . . . , r − 1}. Hence,

ω([F_Γ^γ_n ]^2) = 1 p p−1∑ z=−p+1 ω(Aτ_z[A]) C^k_2 (z, Γ^γ_n) . (5.41)

It follows from a straightforward calculation that (remember that k ≠ 0)

C^k_2 (z, Γ^γ_n) = p (1 − |z|/p) cos kz if k = π , 1 2 [ p (1 − |z|/p) cos kz + sin[k(p − |z|)]^{cos[k(p−1−2n+2γ(p+q))]} sin k ] if k ≠ π . (5.42)

Transforming the Fejér convergence factor (1 − |z|/p) into a Cesàro average (cf. appendix A.2) and using Abel’s formula for partial summation (cf. appendix

A.3), the expression for the second moment—when k = π—becomes

ω([F_Γ^γ_n ]^2) = 1 p p−1∑ x=0 x∑ z=−x ω(Aτ_z[A]) cos kz = 1 p p−1∑ x=0 [ ω(Aτ_x[A]) C^k_1 (x, Λ_x) − x−1∑ z=−x Dω(Aτ_z[A]) C^k_1 (z, Λ_x) ] . In the above expression, D is the difference operator

Dω(Aτ_z[A]) = ω(Aτ_{z+1}[A]) − ω(Aτ_z[A]) (5.43) and C^k_1 (z, Λ_x) = z∑ y=−x cos ky = cos[k(z − x)/2] sin[k(x + z + 1)/2] sin k/2

, (5.44)

which is bounded independently of x, p, or z

|C^k_1 (z, Λ_x)| ≤ 1 sin k/2

. (5.45)

For the particular case k = π, the above bound is simply 1, of course. The case k ≠ π is slighly more involved, but is completely analogous to the case k = π and leads to bounds similar to (5.45).

Recapitulating | | |r(n)^ν ω ( [F^n_Γγ_n ]^2 )| | ≤ | | |ω ( [F^k_Γγ_n (A)]^2 )| | ≤ 1 p p−1∑ x=0 [| | |ω(Aτ_x[A]) C^k_1 (x, Λ_x) | | | + x−1∑ z=−x | | |Dω(Aτ_z[A]) C^k_1 (z, Λ_x) | | | ] . (5.46)

Assumption 2: As a result of the above, we see that condition 1 (5.31) is satisfied if we assume that ∑ x | | | Dω(Aτ_x[A]) | | | < ∞ . (5.47)

Note that it is the difference of the two-point correlation function which has to be summable. The sum of the two-point correlation function itself may diverge, which would indicate critical behavior. It is important to stress that l^1-summability of the two-point cluster function (condition (ii) of definition (3.1) of normal fluctuations) ∑ x | | ω(Aτ_x[A]) − [ω(A)]^2 | | < ∞ (5.48)

implies that assumption 2 (5.47) is fulfilled. We re-entered the expectation value ω(A) which was chosen to be zero before.

analysis of condition 2: The analysis of condition 1 showed that the second moment of the local fluctuation F^k_n (A) converges if assumption (5.47) is fulfilled. More in particular, this second moment was rewritten as a series which was assumed to be absolutely convergent. Hence, the symmetric bilinear form s^k_ω is well-defined on A

s^k_ω(A, A) = lim_{n→∞} ω([F^k_n (A)]^2) . (5.49)

What remains to be shown is that lim_{n→∞} ∑ γ∈Rn ω ( [F^n_Γγ_n ]^2 ) ? = lim_{n→∞} ω([F^k_n (A)]^2) . (5.50)

This is trivial, however, because the ‘cos kz’-part of C^k_2 (z, Γ^γ_n) (see equation (5.42)) which contributes to the limit of the second moment (5.41) is independent of γ. The ‘sin[k(p − |z|)]’-part of C^k_2 (z, Γ^γ_n) does not contribute in the limit because ω clusters in the mean. Hence, lim_{n→∞} ∑ γ∈Rn ω ( [F^n_Γγ_n ]^2 ) = lim_{n→∞} r(n) p(n) 2n + 1 ω ( [F_Γ^γ_n ]^2 )

= 1 × s^k_ω(A, A) (5.51)

since r(n) p(n) ∼ 2n + 1 in the limit n → ∞.

analysis of condition 3: ¿From the Cauchy-Schwarz inequality, it follows that | | |r(n)^ν ω ( [F^n_Γγ_n ]^3e^{ic} γ nF^n_{Γγn} )| | 2 = | | |r(n)^ν ω ( [F^n_Γγ_n ]^2 e^{ic} γ nF^n_{Γγn} F^n_Γγ_n )| | 2 ≤ r(n)^ν ω ( [F^n_Γγ_n ]^4 ) r(n)^ν ω ( [F^n_Γγ_n ]^2 ) . (5.52)

Because of condition 1, the second part of the last expression is bounded. It remains to check whether the first part with the fourth moment tends to zero when n → ∞. One would expect it to tend to zero like r(n)^{−ν}, because one anticipates that the fourth moment of the normally scaled local fluctuation for k ≠ 0 converges.

The computations and estimations for the fourth moment with the cosines are rather cumbersome. The law of conservation of misery ensures that the number of different terms increases from 1 to 2^4 = 16 when the cosines are written as complex exponentials. However, the 16 resulting terms can be treated on the same footing.

Because the state ω is translationally invariant and because p(n) ∈ 2IN + 1, the summations over Γ^γ_n can be rewritten as summations over

Λ p(n)−1_2 =^ν ∩ [^{−p(n)+1}_2 ,^{p(n)−1}_2 ]^ν . (5.53)

This creates a γ-dependent phase factor f_{γ,n}(κ). The notation κ has four components κ = (κ_x, κ_y, κ_z, κ_u) each of which can take on the values ±1, resulting in 16 possible combinations for κ. If we introduce the notation G^k_n(±, A) ≡ G_n(±) = |Λ_n|^{−1/2} ∑ x∈Λn e^{±ikx} [ τ_x[A] − ω(A) =0 ] , (5.54)

then r(n)^ν ω ( [F^n_Γγ_n ]^4 )

= 1 16 r(n)^ν |Λ_n|^2 ∑ κ ∑ x,y,z,u ∈ Γ^γ_n e^{ik(κxx+κyy+κzz+κuu)}ω(τ_x[A]τ_y[A]τ_z[A]τ_u[A])

= 1 16 r(n)^ν |Λ_n|^2 ∑ κ f_{γ,n}(κ) ∑ x′,y′,z′,u′ ∈ Λ(_p(_n)�1)_/2 e^{ik(κxx′+κyy′+κzz′+κuu′)}ω(τ_x′ [A]τ_y′ [A]τ_z′ [A]τ_u′ [A])

= r(n)^νp(n)^{2ν} 16 (2n + 1)^{2ν} ∑ κ f_{γ,n}(κ) ω ( ∏ ζ G^k_{(p(n)−1)/2}(κ_ζ, A) )

≤ 1 16 r(n)^ν ∑ κ f_{γ,n}(κ) ω ( ∏ ζ G^k_{(p(n)−1)/2}(κ_ζ , A) ) . (5.55)

The index ζ in the fourth moment of the ‘G-type’ fluctuations indicates x, y, z, or u in that order. The γ-dependent phase factor is a result of the transformations

x^j = x^{′j} − n + γ^js(n) + (p(n) − 1)/2 with j = 1, . . . , ν, (5.56) and similarly for y, z, and u. Explicitly,

f_{γ,n}(κ) = exp [ i ∑ ζ κ_ζ ν∑ j=1 k^j{−n + γ^js(n) + (p(n) − 1)/2} ] . (5.57)

We continue the computation for a fixed κ and focus on the fourth moment of the ‘G-type’ fluctuations. For convenience (p(n) − 1)/2 is rescaled to n, so we have to check whether (cf. the reformulations of condition 3 in (5.52) and (5.55)) n^{−ν 1−2ϵ11+2ϵ}1 ω ( G_n(κ_x) G_n(κ_y) G_n(κ_z) G_n(κ_u) ) n→∞ −→ 0 , (5.58)

where 1 − 2ϵ_1 > 0 because of (5.9). With the 4-point correlation function f(x, y, z, u) = ω(τ_x[A]τ_y[A]τ_z[A]τ_u[A]) = f(0, y − x, z − x, u − x) , (5.59) the fourth moment becomes ω (∏ ζ G_n(κ_ζ ) ) = 1 |Λ_n|^2 ∑ x,y,z,u ∈ Λ_n e^{ik(κxx+κyy+κzz+κuu)} f(x, y, z, u) . (5.60)

This expression will be partially summed. Note that [A, τ_x[A]] = 0 because A ∈ A_0, and hence f(x, y, z, u) = f(π(x), π(y), π(z), π(u)) (5.61) where π ∈ P_4 is any permutation of (x, y, z, u). Again, we restrict ourselves to the 1-dimensional case ν = 1. For the partial summation, we need the sum E^±_n (x) of the exponential e^{±ikx} with k ∈ ]0, π] (cf. appendix A.3). For x ∈ Λ_n,

E^±_n (x) = x∑ x^′=−n e^{±ikx′} = e^{±ik(x−n)/2} sin k(x + n + 1)/2

sin k/2

(5.62) = ±1 2i sin k/2

(e^{±ik(x+ 12 )} − e^{∓ik(n+ 12 )}) , (5.63)

and E^±_n (x) = 0 when x ∉ Λ_n. We have that |E^±_n (x)| ≤ 1 sin k/2 independent of ±, x, or n. (5.64)

By four times applying Abel’s partial summation to expression (5.60) (cf. appendix equation (A.25)), sixteen (= 2^4) terms emerge. Because of the symmetry (5.61) these reduce to five distinct terms

(2n + 1)^2 ω ( G_n(κ_x) G_n(κ_y) G_n(κ_z) G_n(κ_u) ) = (5.65) E^{κx}_n (n) E^{κy}_n (n) E^{κz}_n (n) E^{κu}_n (n) f(n, n, n, n) −4 n−1∑ x=−n E^{κx}_n (x) E^{κy}_n (n) E^{κz}_n (n) E^{κu}_n (n) D_1f(x, n, n, n) +6 n−1∑ x,y=−n E^{κx}_n (x) E^{κy}_n (y) E^{κz}_n (n) E^{κu}_n (n) D_1D_2f(x, y, n, n) −4 n−1∑ x,y,z=−n E^{κx}_n (x) E^{κy}_n (y) E^{κz}_n (z) E^{κu}_n (n) D_1D_2D_3f(x, y, z, n) + n−1∑ x,y,z,u=−n E^{κx}_n (x) E^{κy}_n (y) E^{κz}_n (z) E^{κu}_n (u) D_1D_2D_3D_4f(x, y, z, u) ,

where D_j, is the difference operator with respect to the j-th argument (cf. appendix equation (A.26)).

We still have to check the condition (5.58). In light of the scaling factor in that condition and because of the bound (5.64), the first 3 terms of (5.65) do not create any problems with respect to condition 3 (equation (5.33)). The last term of (5.65) can be simplified further by using the translational invariance (5.59) of the state ω n−1∑ x=−n n−1−x ∑ y,z,u= −n − x E^{κx}_n (x) E^{κy}_n (y + x) E^{κz}_n (z + x) E^{κu}_n (u + x) D_1D_2D_3D_4f(0, y, z, u)

= 2n−1∑ y,z,u= −2n + 1

D_1D_2D_3D_4f(0, y, z, u) (5.66)

× n−1−M ∑ x=−n−m E^{κx}_n (x) E^{κy}_n (y + x) E^{κz}_n (z + x) E^{κu}_n (u + x) ,

where the shorthand M = max{0, y, z, u} m = min{0, y, z, u} (5.67) was used. ¿From equation (5.63), we can write out the last factor of (5.66) as sixteen separate terms. It is clear that there will always be terms proportional to 2n − M + m as a result of the summation ∑n−1−M x=−n−m. These terms ‘use up’ one

scaling factor 2n + 1 of equation (5.65). Looking back at equations (5.58)) and (5.65) and noticing that −1 − 1 − 2ϵ_1 1 + 2ϵ_1 = − 2 1 + 2ϵ_1

, (5.68)

we see that the last term of (5.65) is under control if we require that

lim_{n→∞} n^{− 21+2ϵ}1 n∑ y,z,u=−n | | |D_1D_2D_3D_4f(0, y, z, u) | | | = 0 . (5.69)

In equation (5.65), there remains one more term to be estimated—the one with third order differences. Using the translational invariance (5.59) of the state ω, this term is under control as long as the following limit holds

lim_{n→∞} n^{−2− 1−2ϵ11+2ϵ}1 0∑ x,y,z=−2n | |D_1D_2D_3f(x, y, z, 0) | | = 0 . (5.70)

Comparing conditions (5.69) and (5.70) with lemma 4.5 on page 19, it is clear that the partial summation has indeed relaxed the imposed conditions. Lemma 4.5, which was proved under the assumption of L^1-clustering (4.9), implies conditions (5.69) and (5.70). Because of the difference operators D_j, the latter conditions should be satisfied also in situations where the state ω is not L^1-clustering. Assumption 3: The behavior of the 4-point correlation function f(x, y, z, u) = ω(τ_x[A]τ_y[A]τ_z[A]τ_u[A]) (5.71) is such that conditions (5.69) and (5.70) are fulfilled.

Finally, we wish to remark that the approach with the ‘G-type fluctuations’ can also be applied to the estimation of second moments.

A Some useful relations

A.1 Some estimates for

elements of a C^�-algebra

Let A be a C^∗-algebra and A_{sa} its self-adjoint part. For all x, y ∈ A_{sa} and z ∈ A

(1) e^{it(x+y)} = e^{itx} + ∫ t 0 ds e^{isx} iy e^{i(t−s)(x+y)} , (A.1) (2) ‖[e^{ix}, z]‖ ≤ ‖[x, z]‖ , (A.2) (3) ‖e^{i(x+y)} − e^{ix}‖ ≤ ‖y‖ , (A.3) (4) ‖[e^{ix}, e^{iy}]‖ ≤ ‖[x, y]‖ , (A.4) (5) ‖e^{i(x+y)} − e^{ix}e^{iy}‖ ≤ 1 2 ‖[x, y]‖ . (A.5) A.2 Fejér convergence factors and Cesàro averages

The Fejér convergence factor is sometimes used to define Fourier transforms on a set of functions which are not necessarily l^1-summable or L^1-integrable [7]. Λ_n is the centered hypercube in the square lattice^ν with edges of length 2n + 1

Λ_n =^ν ∩ [−n, n]^ν . (A.6)

For any function f on^ν (or sequence f when ν = 1)

f :^ν → C : z → f(z) , (A.7)

the following equality holds ∑ z∈Λ_{n−1} f(z) ν∏ j=1 [ 1 − |z^j| n ] = ν∏ j=1 [ 1 n n−1∑ x^j =0 x^j∑ z^j =−x^j ] f(z) . (A.8)

The left-hand side of this expression is a sum with a Fejér convergence factor ν∏ j=1 [ 1 − |z^j| n ] , (A.9) while the right-hand side is a Cesàro average. Since the argument does not intertwine dimensions, we only write out the proof of equality (A.8) for one dimension 1 n n−1∑ x^j =0 x^j∑ z^j =−x^j f(z^j) = 1 n n−1∑ z^j =0 n−1∑ x^j =z^j f(z^j) + 1 n −1∑ z^j =−n+1 n−1∑ x^j =−z^j f(z^j)

= 1 n n−1∑ z^j =0

[n − z^j] f(z^j) + 1 n −1∑ z^j =−n+1 [n + z^j ] f(z^j)

= n−1∑ z^j =−n+1 f(z^j) [1 − |z^j| n ] . (A.10)

Next, we recollect that summability of a sequence ( f(z) ) z∈^ν implies Cesàro

summability. Moreover, the limits are the same

lim_{n→∞} n∑ z=−n f(z) = a ∈ C =⇒ lim_{n→∞} 1 n n−1∑ x=0 x∑ z=−x f(z) = a . (A.11)

Note that the sequence (f(z))_z does not have to be absolutely summable (i.e. l^1- summable). For the sake of completeness, the proof of statement (A.11) follows. First, write | | |a − 1 n n−1∑ x=0 x∑ z=−x f(z) | | | = | | | 1 n n−1∑ x=0 g(x) | | | , (A.12)

with g(x) = a − x∑ z=−x f(z)^{x→∞}−→ 0 . (A.13)

With 0 < λ < 1, | | 1 n n−1∑ x=0 g(x) | | ≤ | | 1 n^{1−λ} 1 n^λ [(n−1)^λ] ∑ x=0 g(x) | | + | | 1 n n−1∑ x=[(n−1)^λ]+1 g(x) | | . (A.14)

The last expression tends to zero as n → ∞ because g(x)^{x→∞}−→ 0 (A.13) and sup_x |g(x)| < ∞. In the above expression, [x] denotes the integer part of x ∈ IR.

The generalization to higher dimensions is straightforward. For ξ ∈ IN^ν, denote Λ_ξ =^ν ∩ ⊗^ν_{j=1} [−ξ^j, ξ^j] (A.15) then

lim_ξ ∑ z∈Λ_ξ f(z) = a ∈ C =⇒ lim_{n→∞} ∑ z∈Λ_{n−1} f(z) ν∏ j=1 [ 1 − |z^j| n ] = a . (A.16)

The convergence in the premise is taken to mean that for all ε > 0 , there exists an N ∈ IN such that for all ξ ∈ IN^ν with ξ^j > N, j = 1, . . . , ν, | | |a − ∑ z∈Λ_ξ f(z) | | | < ε . (A.17)

A.3 Abel’s partial summation

Abel’s partial summation is nothing but a discrete version of partial integration of ordinary calculus.

Let Λ ∈ D(^ν) be a finite subset of the ν-dimensional square lattice^ν. Consider two functions f and g on the lattice

f , g :^ν → C : z → f(z) , g(z) (A.18) and define

G_Λ(x) = ∑ z∈Λ[x] g(z) (A.19) Λ[x] = {z ∈ Λ z^j ≤ x^j for all j = 1, . . . , ν} . (A.20) For the 1-dimensional case ν = 1,

g(x) = G_Λ(x) − G_Λ(x − 1) if x ∈ Λ . (A.21) While for the 2-dimensional case ν = 2, when x ∈ Λ

g(x) = G_Λ(x) − G_Λ(x − e_1) − G_Λ(x − e_2) + G_Λ(x − e_1 − e_2) , (A.22) with e_1 = (1, 0) and e_2 = (0, 1). The higher dimensional cases produce similar expressions which can be interpreted as discrete versions of partial derivatives. For notational convenience, we will proceed with the 1-dimensional case ν = 1. When ν = 1, by equation (A.21) ∑ z∈Λ f(z) g(z) = ∑ z∈Λ f(z) [G_Λ(z) − G_Λ(z − 1)] = ∑ z∈Λ f(z) G_Λ(z) − ∑ z∈(Λ−1) f(z + 1) G_Λ(z) = − ∑ z∈Λ∩(Λ−1) [f(z + 1) − f(z)] G_Λ(z) + ∑ z∈Λ\(Λ−1) f(z) G_Λ(z) − ∑ z∈(Λ−1)\Λ f(z + 1) G_Λ(z) . (A.23)

When the set Λ is an ‘interval’

Λ = ∩ [a, b] with a, b ∈ , (A.24) then b∑ z=a f(z) g(z) = f(b) G_Λ(b) − b−1∑ z=a [f(z + 1) − f(z)] G_Λ(z) ≡ f(b) G_Λ(b) − b−1∑ z=a Df(z) G_Λ(z) . (A.25) In this expression, D is a difference operator

Df(z) = f(z + 1) − f(z) , (A.26) and G_Λ(z) = z∑ y=a g(y) . (A.27)

A.4 A useful lemma

On the complex plane, define the logarithm function with a cut along the negative real axis ] − ∞, 0]. Then, for z_i ∈ C with |z_i| < 1,

ln (1 − z_i) = − +∞∑ l=1 1 l z^l_i (A.28) ln n∏ i=1 (1 − z_i) = n∑ i=1 ln (1 − z_i) (mod 2πi) . (A.29)

Lemma A.1 Consider a sequence of functions ( a_n(x) ) n such that a_n : x ∈ Λ_n → a_n(x) ∈ C, |a_n(x)| ≤ M < ∞ and lim_{n→∞} |Λ_n|^{−1} ∑ x∈Λn a_n(x) = ⟨a⟩ ∈ C, (A.30)

then lim_{n→∞} ∏ x∈Λn ( 1 − a_n(x) |Λ_n| ) = exp − ⟨a⟩ . (A.31)

proof: Take n large enough such that M < |Λ_n|. The properties (A.28) and (A.29) of the logarithm function give the equalities modulo 2πi ln ∏ x∈Λn ( 1 − a_n(x) |Λ_n| ) = ∑ x∈Λn ln ( 1 − a_n(x) |Λ_n| )

= ∑ x∈Λn − +∞∑ l=1 1 l (a_n(x) |Λ_n| )l

= −|Λ_n|^{−1} ∑ x∈Λn a_n(x) − ∑ x∈Λn +∞∑ l=2 1 l ( a_n(x) |Λ_n| )l . The last term goes to zero as n → ∞ | | ∑ x∈Λn +∞∑ l=2 1 l ( a_n(x) |Λ_n| )^l | | ≤ |Λ_n| +∞∑ l=2 1 l ( M |Λ_n| )l

≤ M +∞∑ l=1 ( M |Λ_n| )l

= M lim_{m→∞} M/|Λ_n| − (M/|Λ_n|)^m 1 − M/|Λ_n| = M^2 |Λ_n|^{−1} (1 − M/|Λ_n|)^{−1 n→∞}−→ 0 .

Using this estimate and the continuity of the exponential function, the existence of the limit (A.31) follows lim_{n→∞} ∏ x∈Λn ( 1 − a_n(x) |Λ_n| ) = lim_{n→∞} exp [ −|Λ_n|^{−1} ∑ x∈Λn a_n(x) − ∑ x∈Λn +∞∑ l=2 1 l ( M |Λ_n| )l]

= exp lim_{n→∞} [ −|Λ_n|^{−1} ∑ x∈Λn a_n(x) − ∑ x∈Λn +∞∑ l=2 1 l ( M |Λ_n| )l ]

= exp − ⟨a⟩ .

References

[1] B. Momont, A. Verbeure, Algebraic structure of k-mode fluctuations, Rep. Math. Phys. 40, 97 – 105 (1997)

[2] D. Goderis, A. Verbeure and P. Vets, Non-commutative central limits, Probab. Th. Rel. Fields 82, 527–544 (1989)

[3] D. Goderis and P. Vets, Central limit for mixing quantum systems and the CCR-algebra of fluctuations, Commun. Math. Phys. 122, 249–265 (1989)

[4] D. Goderis, A. Verbeure and P. Vets, Dynamics of fluctuations for quantum lattice systems, Commun. Math. Phys. 128, 533–549 (1990)

[5] O. Bratteli, D.W. Robinson, Operator Algebras and Quantum Statistical Mechanics 2, Second Edition, Springer Verlag Berlin, Heidelberg, New York 1996

[6] S.N. Bernstein, Sur l’extension du théorème limite du calcul des probabilités aux sommes de quantités dépendantes, Math. Ann. 97, 1–59 (1926)

[7] D.C. Champeney, Fourier theorems, Cambridge University Press, Cambridge 1987

[8] M. Broidioi and M. Van Canneyt, Scaling of fluctuations and critical exponents, J. Stat. Phys., 82, Nos.1/ 2, 115–129 (1996)

[9] A. Verbeure and V.A. Zagrebnov, Dynamics of quantum fluctuations in an anharmonic crystal model, J. Stat. Phys. 79, 377–393 (1995)