Time and temperature dependent correlation functions of the 1D impenetrable electron gas

F. Göhmann^{y1}, A. G. Izergin^{z2}, V. E. Korepin^{y3}, A. G. Pronko^{z4}

†Institute for Theoretical Physics, State University of New York at Stony Brook, Stony Brook, NY 11794-3840, USA ‡Sankt-Petersburg Department of the V. A. Steklov Mathematical Institute, Fontanka 27, 191 011 Sankt-Petersburg, Russia

Abstract

We consider the one-dimensional delta-interacting electron gas in the case of infinite repulsion. We use determinant representations to study the long time, large distance asymptotics of correlation functions of local fields in the gas phase. We derive differential equations which drive the correlation functions. Using a related Riemann-Hilbert problem we obtain formulae for the asymptotics of the correlation functions, which are valid at all finite temperatures. At low temperatures these formulae lead to explicit asymptotic expressions for the correlation functions, which describe power law behavior and exponential decay as functions of temperature, magnetic field and chemical potential.

PACS: 05.30.Fk; 71.10.Pm; 71.27.+a Keywords: strongly correlated electrons; temperature correlations; quantum correlation functions; determinant representation

1e-mail: goehmann@insti.physics.sunysb.edu 2e-mail: izergin@pdmi.ras.ru 3e-mail: korepin@insti.physics.sunysb.edu 4e-mail: agp@pdmi.ras.ru

1 Introduction

We consider the electron gas with delta interaction in one space and one time dimension. It can be described by canonical Fermi fields ψ_α(x) with canonical equal time anti commutation relations

ψ_α(x)ψ^†_β(y) + ψ^†_β(y)ψ_α(x) = δ^α_β δ(x − y) . (1)

The spin index α runs through two values, α =↑, ↓. The Hamiltonian of the model is H = ∫ ∞ −∞ dx { ∂_xψ^†_α∂_xψ_α + c : ( ψ^†_αψ_α )2 : − μ ψ^†_αψ_α + B(ψ^†σ^zψ) } . (2)

Here μ is the chemical potential, and B is the magnetic field. σ^z is a Pauli matrix, and c is the coupling constant. In this paper we shall consider the case of infinite repulsion c = ∞. We shall also limit ourselves to moderate densities, μ < −|B|. We call the phase determined by this condition the electron gas phase.

The model can be solved exactly [1]. Its thermodynamics was described in [2]. The pressure P = T 2π ∫ ∞ −∞ dk ln ( 1 + e^{(μ+B−k2)/T} + e^{(μ−B−k2)/T} ) . (3)

serves as thermodynamic potential. T is the temperature. The number of upspin particles and the number of down-spin particles are separately conserved. The densities D_↑ of up-spin electrons and D_↓ of down-spin electrons are obtained as

D_↑ = ∂P ∂(μ − B) = 1 2π ∫ ∞ −∞ dk e^{−B/T} 2 cosh(B/T ) + e^{(k2−μ)/T} , (4)

D_↓ = ∂P ∂(μ + B) = 1 2π ∫ ∞ −∞ dk e^{B/T} 2 cosh(B/T ) + e^{(k2−μ)/T} . (5)

It is obvious from these expressions that they satisfy the relation

D_↓(B) = D_↑(−B) . (6)

The density D of the gas is

D = D_↑ + D_↓ . (7)

Note that the density vanishes exponentially at small temperatures,

D = √ T π e^{μ/T} 1 2 √ T π e^{(μ+|B|)/T} if B = 0 , B ≠ 0 . (8)

At very low temperatures density and pressure are related by the ideal gas law, P = DT . (9) This is one of the reasons why we call the phase determined by μ < −|B| the electron gas phase. For larger temperatures there are corrections to the ideal gas law.

In this article we study the two-point correlation functions G^±_α (x, t), α =↑, ↓, of local fields. We shall follow the approach of the book [3] to correlation functions of solvable models. The definitions of G^±_α (x, t) are given in the next section, where we remind a determinant representation for G^±_α (x, t), [4, 5], which is the starting point of our considerations. The correlation functions G^±_α (x, t) are not elementary functions. They are determined by a pair of coupled nonlinear differential partial equations [6] which is derived in section 3. In section 4 we shall formulate a corresponding Riemann-Hilbert problem [7, 8, 9]. It will fix the solution of the differential equations, which is relevant for the calculation of the correlation functions. Furthermore, the asymptotic solution of the Riemann-Hilbert problem for large x and t (x/t fixed) can be obtained by reducing it to a known form [10, 11, 12, 13, 14, 15]. This is done in section 5. Using the asymptotic solution of the Riemann-Hilbert problem and the differential equations we shall obtain the asymptotics of the correlation functions G^±_α (x, t) in terms of a contour integral in section 6. In section 7 we shall present explicit asymptotic expressions for G^±_α (x, t) at low temperatures. The asymptotic expressions for the correlation functions G^±_α (x, t) at low temperatures are products of correlation functions of free fermions and corrections caused by the interaction. The leading factors of the correction terms describe exponential decay. The next to leading factors are power law corrections. The leading factor of the asymptotics of the spinup correlation function G^+_↑ (x, t), for instance, is G^+_↑ (x, t) = e^{it(μ−B)}e^{ix2/4t}e^{−xD↓} . (10)

The factor e^{it(μ−B)}e^{ix2/4t} is the exponential part of the free fermionic correlation function. The factor e^{−xD↓} appears due to the interaction. The explicit form of the power law correction as a function of temperature, chemical potential and magnetic field will be given in section 7 (see eqs. (133), (132), (135), (128)). The occurrence of the density of down-spin electrons in equation (10) has a clear physical interpretation. Due to the Pauli principle and the locality of the interaction, up-spin electrons are scattered only by down-spin electrons. D_↓ appears as the reciprocal of the correlation length in eq. (10). The higher the density of down-spin electrons, the more often an up-spin electron is scattered and the smaller is the correlation length.

2 A determinant representation for correlation functions

We shall consider the following two-point correlation functions of local fields,

G^+_α (x, t) = tr ( e^{−H/T} ψ_α(x, t)ψ^†_α(0, 0) ) tr (e^{−H/T} ) , (11)

G^−_α (x, t) = tr ( e^{−H/T} ψ^†_α(x, t)ψ_α(0, 0) ) tr (e^{−H/T} ) , (12)

where α =↑, ↓. These correlation functions depend not only on space and time variables x and t, but also on the temperature T , the chemical potential μ (or the density D) and the magnetic field B. Due to the invariance of the Hamiltonian (2) under the transformation ↑ ⇀↽ ↓, B ⇀↽ −B, we have the identity G^±_↓ (x, t) = G^±_↑ (x, t) | | | B⇀↽−B . (13) Hence, we can restrict our attention in the following to the correlation functions G^±_↑ (x, t). These correlation functions were represented by means of determinants of integral operators [4, 5]. Now we shall remind these formulae:

G^+_↑ (x, t) = −e^{it(μ−B)} 2π ∫ π −π dη F (γ, η) 1 − cos(η) b_{++}det ( Î + γV̂ ) , (14)

G^−_↑ (x, t) = e^{−it(μ−B)} 4πγ ∫ π −π dη F (γ, η)B_{−−}det ( Î + γV̂ ) . (15)

It will take us some time to define notations. First of all

F (γ, η) = 1 + e^{iη} γ − e^{iη} + e^{−iη} γ − e^{−iη} (16) and γ = 1 + e^{2B/T} . (17) V̂ is an integral operator with a kernel V (k, p). It can be represented in the “standard form” (see page 316 of the book [3]) γV (k, p) = e_+(k)e_−(p) − e_+(p)e_−(k) k − p . (18)

Here

e_−(k) = √ γϑ(k) π e^{τ(k)/2} , (19)

e_+(k) = 1 2 √ γϑ(k) π e^{−τ(k)/2} { (1 − cos(η))e^{τ(k)}E(k) + sin(η) } , (20) γϑ(k) = 2 cosh(B/T ) 2 cosh(B/T ) + e^{(k2−μ)/T} , (21)

τ(k) = ik^2t − ikx (22) and E(k) = p.v. ∫ ∞ −∞ dp e^{−τ(p)} π(p − k) . (23)

The integral operator (18) closely reminds an integral operator which appears in the theory of correlation functions of the impenetrable Bose gas (cf. page 346 of [3]). The inverse of ( Î + γV̂ ) can be defined in the following way, ( Î + γV̂ ) ( Î − γR̂ ) = Î . (24)

The resolvent R̂ is an integral operator with kernel R(k, p). It can be represented in the “standard form”, γR(k, p) = f_+(k)f_−(p) − f_+(p)f_−(k) k − p , (25) where the functions f_±(k) can be defined as solutions of the integral equations

f_±(k) + ∫ ∞ −∞ dp γV (k, p)f_±(p) = e_±(k) . (26) This theorem is proven on page 318 of the book [3]. We should mention that both kernels V (k, p) and R(k, p) are symmetric, V (k, p) = V (p, k) , R(k, p) = R(p, k) . (27) At this point it is convenient to define potentials B_{ab} and C_{ab}, B_{ab} = ∫ ∞ −∞ dk e_a(k)f_b(k) , C_{ab} = ∫ ∞ −∞ dk ke_a(k)f_b(k) . (28) Here both indices a and b run through two values, a, b = ±. For example, the factor B_{−−} in (15) is defined as B_{−−} = ∫ ∞ −∞ dk e_−(k)f_−(k) . (29)

In order to define b_{++} we need the function G(x, t) = 1 2π ∫ ∞ −∞ dk e^{−τ(k)} = e^{−iπ/4} 2 √ πt e^{ix2/4t} . (30)

The factor b_{++} in (14) is defined as

b_{++} = B_{++} −(1−cos(η))G(x, t) = ∫ ∞ −∞ dk e_+(k)f_+(k)−(1−cos(η))G(x, t) . (31) In such a way we accomplished the description of the determinant representation of the correlation functions (14), (15). It reminds the determinant representation for correlation functions of the impenetrable Bose gas (see page 346 of the book [3]). Let us also mention that the symmetry of V (k, p) leads to B_{+−} = B_{−+}.

Let us discuss the factor 1−cos(η) in the denominator of (14). Let us show that there is no singularity at η = 0. Indeed, e_+(k), eq. (20), is proportional to η as η → 0. Hence b_{++} ∼ η^2, and there is no singularity. Let us change the integration variable to z = e^{iη}. Then

G^+_↑ (x, t) = e^{it(μ−B)} πi ∮ dz F (z) (z − 1)^2 b_{++}(z)det ( Î + γV̂ ) (z) , (32)

G^−_↑ (x, t) = e^{−it(μ−B)} 4πiγ ∮ dz F (z) z B_{−−}(z)det ( Î + γV̂ ) (z) . (33)

Here the contour of integration can be chosen as a circle of radius a little less than 1, and F (z) = 1 + z γ − z + 1 γz − 1 . (34)

3 Differential equations

Starting from a determinant representation for a quantum correlation function it is possible to derive differential equations which drive this correlation function (see [6] and chapter XIV of the book [3]). In our specific case calculations similar to the ones presented on pages 345 - 353 of the book [3] lead us to the following differential equations, − i ∂b_{++} ∂t = ∂^2b_{++} ∂x^2 + 2b^2_{++}B_{−−} , i ∂B_{−−} ∂t = ∂^2B_{−−} ∂x^2 + 2b_{++}B^2_{−−} .

(35)

We should notice that a change of variables,

x = −2x̃ , t = 2t̃ , (36)

leads to coincidence of our system of eqs. (35) with the system (5.47) on page 344 of the book. The system of equations (35) is called separated nonlinear Schrödinger equation. It is completely integrable. It has many solutions. The modern way to fix a solution of the system (35) is to formulate a corresponding Riemann-Hilbert problem (see chapter XV of the book [3]). We shall formulate this Riemann-Hilbert problem in the next section. We will be able to solve the Riemann-Hilbert problem asymptotically as x → ∞ and t → ∞ (x/t fixed). This will give us asymptotic expressions for b_{++} and B_{−−}. The solution of the Riemann-Hilbert problem will also give us asymptotic expressions for the other potentials B_{ab} and C_{ab} (28).

Let us now explain how to express det(Î+γV̂ ) in terms of these potentials. The logarithmic derivatives of the determinant can be expressed in terms of B and C,

∂_x ln det ( Î + γV̂ ) = iB_{+−} = iB_{−+} ,

∂_t ln det ( Î + γV̂ ) = −i(C_{+−} + C_{−+} + (1 − cos(η))GB_{−−}) .

(37)

We shall also mention several identities, which will be useful for further calculations:

∂_xB_{+−} = −iB_{−−}b_{++} , (38)

C_{−−} = i∂_xB_{−−} − B_{−−}B_{+−} , (39)

C_{++} = −i∂_xB_{++} − 2(1 − cos(η))GB_{+−} + B_{+−}B_{++} , (40)

C_{+−} − C_{−+} = B^2_{+−} − B_{++}B_{−−} . (41)

In the next section we shall introduce a Riemann-Hilbert problem and explain how one can express the potentials B_{ab} and C_{ab} in terms of its solution χ(k).

4 Riemann-Hilbert problem

The modern way to solve completely integrable differential equations is by means of an equivalent Riemann-Hilbert problem [7, 8, 9]. Solving a Riemann-Hilbert problem amounts to constructing a piecewise analytic matrixfunction. Let us formulate the Riemann-Hilbert problem connected to the separated nonlinear Schrödinger equation (35). Let us introduce a 2 × 2- matrix χ(k). The matrix χ(k) should be analytic as a function of k in the upper half plane, Im(k) > 0, and in the lower half plane, Im(k) < 0. In general, it has different limits χ_+(k) as k approaches the real axis from above and χ_−(k) as k approaches the real axis from below. These limits are related by means of a conjugation matrix G(k),

χ_−(k) = χ_+(k)G(k) for Im(k) = 0 . (42)

The conjugation matrix G(k) is of dimension two. It is defined only on the real axis. The matrix χ(k) should also satisfy the normalization condition

lim_{k→∞} χ(k) = I = ( 1 0 0 1 ) . (43)

The problem is to find such a matrix χ(k). In order to relate χ(k) to the integral operator (18) we shall use a conjugation matrix G(k) of the special form G(k) = ( 1 0 0 1 ) + 2πi

−e_−(k)e_+(k) e^2_+(k)

−e^2_−(k) e_+(k)e_−(k) . (44)

The Riemann-Hilbert problem with this form of conjugation matrix was studied in detail in chapter XV of the book [3]. Let us remind some fundamental facts:

One can prove that ( f_+(k) f_−(k) ) = χ(k) ( e_+(k) e_−(k) ) . (45)

The functions f_±(k) were defined by the integral equations (26). On the other hand, the Riemann-Hilbert problem can be solved by means of these functions χ(k) = ( 1 0 0 1 ) + ∫ ∞ −∞ dp p − k e_−(p)f_+(p) −e_+(p)f_+(p) e_−(p)f_−(p) −e_+(p)f_−(p) . (46)

In order to express the potentials B_{ab} and C_{ab} in terms of χ(k), let us study the asymptotics of χ(k) as k → ∞,

χ(k) = I + ψ_1 k + ψ_2 k^2 + O ( 1 k^3 ) . (47)

Comparing (46), (47) and (28) we obtain

ψ_1 = ( −B_{−+} B_{++} −B_{−−} B_{+−} ) , ψ_2 = ( −C_{−+} C_{++} −C_{−−} C_{+−} ) . (48)

In such a way we have formulated the Riemann-Hilbert problem and related it to the integral operator V̂ and to the correlation functions G^+_↑ (x, t) and G^−_↑ (x, t). Next we shall solve the Riemann-Hilbert problem at large space time separation x → ∞, t → ∞, x/t fixed. Then we shall calculate the potentials B_{ab} and C_{ab} from (47). The knowledge of the potentials will permit us to evaluate det(Î + γV̂ ), see (37). This will give us an asymptotic expression for the correlation functions (14), (15). We also want to note that

det G(k) = det χ(k) = 1 . (49)

5 Asymptotic solution of the Riemann-Hil-bert problem

In order to solve the Riemann-Hilbert problem asymptotically [7, 10, 11, 12, 13, 14, 15], we shall reformulate it twice. This will bring it into the canonical form, which was solved by S. V. Manakov [10, 11].

First reformulation: We want to simplify the conjugation matrix G(k). Let us define a matrix

χ_0(k) =

1 −(1 − cos(η)) ∫ ∞ −∞ dp e^{−τ(p)} 2π(p − k) 0 1 . (50)

Here τ(p) = ip^2t − ipx. The matrix χ_0(k) is analytic for Im(k) > 0 and for Im(k) < 0. At large k it approaches the unit matrix as a Taylor series in 1/k. Now, instead of the unknown matrix function χ(k), let us introduce a new unknown matrix function χ̃(k),

χ(k) = χ̃(k)χ_0(k) . (51)

Let us formulate the Riemann-Hilbert problem for χ̃(k).

(a) χ̃(k) is analytic for Im(k) > 0 and for Im(k) < 0.

(b) As k → ∞ χ̃(k) = I + χ̃_1 k + χ̃_2 k^2 + O ( 1 k^3 ) . (52)

(c) χ̃(k) has a discontinuity across the real axis, which is described by a conjugation matrix G̃(k),

χ̃_−(k) = χ̃_+(k)G̃(k) for Im(k) = 0 . (53)

Let us calculate

G̃(k) =

G̃_{11}(k) G̃_{12}(k) G̃_{21}(k) G̃_{22}(k)

= χ^+_0 (k)G(k)(χ^−_0 (k))^{−1} . (54)

Substituting (44) and (50) into (54) we obtain

G̃_{11}(k) = 1 + γϑ(k)(e−iη − 1) , G̃_{12}(k) = −i(1 − cos(η))e−τ(k)(1 − γϑ(k)) , G̃_{21}(k) = −2iγϑ(k)eτ(k) , G̃_{22}(k) = 1 + γϑ(k)(eiη − 1) , (55) where γϑ(k) = 2 cosh(B/T ) 2 cosh(B/T ) + e^{(k2−μ)/T} . (56)

Now the conjugation matrix is an elementary function of k, det G̃(k) = 1 and det χ̃(k) = 1.

Using (50) and (51) we can also evaluate the coefficients of the expansion (52) of χ̃(k) for large k,

χ̃_1 = ( −B_{−+} b_{++} −B_{−−} B_{+−} ) (57) and χ̃_2 =

−C_{−+} C_{++} + (1 − cos(η))(i∂_xG + GB_{+−}) −C_{−−} C_{+−} + (1 − cos(η))GB_{−−} . (58) Let us remind that G(x, t) = 1 2π ∫ ∞ −∞ dk e^{−τ(k)} = e^{−iπ/4} 2 √ πt e^{ix2/4t} . (59)

In order to prepare for the second step let us introduce a function α(k),

α(k) = exp { i 2π ∫ ∞ −∞ dp p − k ln ( 1 + γϑ(p)(e^{−iη} − 1) ) } . (60)

This function solves the scalar Riemann-Hilbert problem α_−(k) = α_+(k) ( 1 + γϑ(k)(e^{−iη} − 1) ) . (61)

The conjugation function here is the element G̃_{11}(k) of the conjugation matrix G̃(k), eq. (55). Later we shall need the coefficients α_1, α_2 of the expansion of ln(α(k)) for large k,

ln(α(k)) = α_1 k + α_2 k^2 + O ( 1 k^3 ) . (62)

Second reformulation: We want to bring the Riemann-Hilbert problem to the canonical form. Instead of χ̃(k) let us define another 2 × 2-matrix Φ(k) = χ̃(k)e^{−σz ln α(k)} . (63) This matrix function is analytic for Im(k) > 0 and Im(k) < 0. It approaches the unit matrix at large k,

Φ(k) = I +

Φ_1 k + Φ_2 k^2 + O ( 1 k^3 ) . (64)

It has a discontinuity on the real axis, which can be described by a conjugation matrix G_Φ(k), Φ_−(k) = Φ_+(k)G_Φ(k) . (65) Here G_Φ(k) = e^{σz ln α+(k)}G̃(k)e^{−σz ln α−(k)} . (66) The matrix elements of G_Φ(k) are

(G_Φ)_{11} = 1 , (G_Φ)_{12} = α_+(k)α_−(k)G̃_{12}(k) , (G_Φ)_{21} =

G̃_{21}(k) α_−(k)α_+(k)

, (G_Φ)_{22} = G̃_{11}(k)G̃_{22}(k) .

(67)

We also note that det G_Φ(k) = det Φ(k) = 1 . (68) Let us introduce the notations p(k) = −i(1 − cos(η))(1 − γϑ(k))α_+(k)α_−(k) , (69) q(k) = −2iγϑ(k) α_−(k)α_+(k)

. (70)

Then we can write the conjugation matrix G_Φ(k) in the canonical form

G_Φ(k) = 1 p(k)e^{−τ(k)} q(k)e^{τ(k)} 1 + p(k)q(k) . (71)

Here τ(k) = ik^2t − ikx. In the following the stationary point k_0 = x 2t (72) of the phase τ(k), ∂_kτ(k_0) = 0, will play an important role.

Let us express the potentials B_{ab} in terms of Φ_1, eq. (64),

Φ_1 =

−B_{+−} − α_1 b_{++}

−B_{−−} B_{+−} + α_1 . (73)

Here α_1 = 1 2πi ∫ ∞ −∞ dp ln ( 1 + γϑ(p)(e^{−iη} − 1) ) (74) is the first coefficient of the expansion (62) of ln(α(k)) for large k. Using (37) and (73) we obtain

∂_x ln det ( Î + γV̂ ) = iB_{+−} = iB_{−+} = −i((Φ_1)_{11} + α_1) . (75)

The time derivative of ln det ( Î + γV̂ ) can be expressed in terms of Φ_2, eq.

(64),

∂_t ln det ( Î + γV̂ ) = −i(C_{+−} + C_{−+} + (1 − cos(η))GB_{−−}) = i {tr(σ^zΦ_2) + 2α_2} , (76) where α_2 is the second coefficient in the expansion (62),

α_2 = 1 2πi ∫ ∞ −∞ dp p ln ( 1 + γϑ(p)(e^{−iη} − 1) ) . (77)

This is the end of the second reformulation.

The asymptotic solution of the Riemann-Hilbert problem with conjugation matrix G_Φ(k), eq. (71), is known. It is given by Manakov’s Ansatz (see page 452 of the book [3]). In order to describe Manakov’s Ansatz we first solve a scalar Riemann-Hilbert problem for a function δ(k), δ_+(k) = δ_−(k) (1 + p(k)q(k)θ(k_0 − k)) . (78) Here θ is the Heavyside step function, θ(k) = { 1 0 if k > 0 k < 0 . (79)

The solution is

δ(k) = exp { 1 2πi ∫ k_0 −∞ du u − k ln(1 + p(u)q(u)) } . (80)

Now we can define functions I^p(k) and I^q(k),

I^p(k) = 1 2πi ∫ ∞ −∞ du u − k δ_+(u)δ_−(u)p(u)e^{−τ(u)} , (81)

I^q(k) = 1 2πi ∫ ∞ −∞ du u − k q(u)e^{τ(u)} δ_+(u)δ_−(u)

. (82)

Using these functions we can write the solution of the Riemann-Hilbert problem (65), (71) as

Φ(k) = 1 −I^p(k) −I^q(k) 1 e^{σz ln δ(k)} . (83)

This solution is an asymptotic solution which is valid only as x → ∞, t → ∞ for fixed ratio x/t.

6 Asymptotics of the correlation functions

We solved the Riemann-Hilbert problem. Now we can calculate the logarithmic derivatives of the determinant,

∂_x ln det ( Î + γV̂ ) = iB_{+−} = iB_{−+} = −i((Φ_1)_{11} + α_1) , (84)

∂_t ln det ( Î + γV̂ ) = i {tr(σ^zΦ_2) + 2α_2} . (85)

In order to obtain Φ_1 and Φ_2 we have to decompose our asymptotic solution (83) into a Taylor series in 1/k (64). Then

−B_{+−} = α_1 + δ_1 . (86)

For α_1 see (74). In order to define δ_1 let us recall that

ln(δ(k)) = 1 2πi ∫ k_0 −∞ dp p − k ln (1 − 2(1 − cos(η))γϑ(p)(1 − γϑ(p))) , (87) k_0 = x/2t. Here we used (69) and (80). At large k, ln(δ(k)) can be decomposed into a Taylor series in 1/k, ln(δ(k)) = δ_1 k + δ_2 k^2 + O ( 1 k^3 ) . (88) So δ_1 = − 1 2πi ∫ k_0 −∞ dp ln (1 − 2(1 − cos(η))γϑ(p)(1 − γϑ(p))) , (89)

δ_2 = − 1 2πi ∫ k_0 −∞ dp p ln (1 − 2(1 − cos(η))γϑ(p)(1 − γϑ(p))) . (90) Substitution of α_1, eq. (74), and δ_1 into (84) gives B_{+−} = − 1 2πi ∫ ∞ −∞ dp sign(p − k_0) ln ( 1 + γϑ(p) ( e^{−iηsign(p−k0)} − 1 )) , (91) where k_0 = x/2t and sign(k) is the sign function, sign(k) = { 1 −1 if k > 0 k < 0 . (92) Using(84) we obtain

∂_x ln det(Î + γV̂ ) = − 1 2π ∫ ∞ −∞ dp sign(p − k_0) ln ( 1 + γϑ(p) ( e^{−iηsign(p−k0)} − 1 )) . (93) We shall calculate the time derivative in a similar way, tr(σ^zΦ_2) = 2δ_2 , (94) see (83) and (90). From (85) we have ∂_t ln det(Î + γV̂ ) = 2i(δ_2 + α_2) , (95) see (77) and (90). Finally,

∂_t ln det(Î + γV̂ ) = 1 π ∫ ∞ −∞ dp p sign(p − k_0) ln ( 1 + γϑ(p) ( e^{−iηsign(p−k0)} − 1 )) . (96)

Now we have calculated space (93) and time derivative of ln det(Î +γV̂ ). Let us integrate,

ln det(Î + γV̂ ) = 1 2π ∫ ∞ −∞ dp |x − 2pt| ln ( 1 + γϑ(p) ( e^{−iηsign(p−k0)} − 1 )) . (97) This is the leading term of the asymptotics. Let us remind that γϑ(k) = 2 cosh(B/T ) 2 cosh(B/T ) + e^{(k2−μ)/T} . (98)

In order to evaluate the correlation functions (14), (15) we also need b_{++} and B_{−−}.

b_{++} = (Φ_1)_{12} , B_{−−} = −(Φ_1)_{21} , (99) see (73). Using the explicit estimate for the error (see page 453 of the book [3]) of the asymptotic solution Φ(k), eq. (83), of the Riemann-Hilbert problem we find |b_{++}| ∼ 1 √ t , |B_{−−}| ∼ 1 √ t , (100)

which shows that b_{++} and B_{−−} decay with time. In order to get a more precise estimate of the asymptotics, we shall turn to the differential equations (35). We shall use some information from the book [3]. So we shall rewrite the differential equations (35) in the variables x̃ = −x/2, t̃ = t/2. Then k_0 = −x̃/2t̃, and − i ∂b_{++} ∂t̃ = 1 2 ∂^2b_{++} ∂x̃^2 + 4b^2_{++}B_{−−} , i ∂B_{−−} ∂t̃ = 1 2 ∂^2B_{−−} ∂x̃^2 + 4b_{++}B^2_{−−} .

(101)

The asymptotics of the decaying solutions of this system is well known [16, 17, 18]. The leading terms are

b_{++} = ũ_0 t̃^{−1/2−iν}e^{ix̃2/2t̃} ,

B_{−−} = ṽ_0 t̃^{−1/2+iν} e^{−ix̃2/2t̃} .

(102)

Here ũ_0 and ṽ_0 depend only on k_0, T , μ and B. Substitution of these asymptotic solutions into the differential equations (101) gives ν = −4ũ_0ṽ_0 . (103) In order to calculate ν we use the identity (38), ∂B_{+−} ∂x̃ = 2iB_{−−}b_{++} . (104) Let us substitute (91) here, ∂B_{+−} ∂x̃ = i 4πt̃ ln {1 − 2(1 − cos(η))γϑ(k_0)(1 − γϑ(k_0))} . (105) From (102) and (103) we have

2iB_{−−}b_{++} =

2iũ_0ṽ_0

t̃ = −iν 2t̃ . (106) Using (104), (105) we get ν = − 1 2π ln {1 − 2(1 − cos(η))γϑ(k_0)(1 − γϑ(k_0))} . (107) So we have calculated the asymptotics of b_{++} and B_{−−}, see (102). We can use the differential equations (101) even more. We can improve the asymptotic expression (97) for ln det(Î + γV̂ ). Following the steps from pages 455-457 of the book [3] we obtain

ln det(Î + γV̂ ) = 1 2π ∫ ∞ −∞ dp |x − 2pt| ln ( 1 + γϑ(p) ( e^{−iηsign(p−k0)} − 1 )) + ν^2 2 ln t . (108) I order to get the correlation functions (14), (15) let us calculate b_{++}det(Î + γV̂ ) = u_0t^{− 12 (1+iν)2} exp(ix^2/4t)

· exp { 1 2π ∫ ∞ −∞ dp |x − 2pt| ln ( 1 + γϑ(p) ( e^{−iηsign(p−k0)} − 1 ))} , (109)

B_{−−}det(Î + γV̂ ) = v_0t^{− 12 (1−iν)2} exp(−ix^2/4t)

· exp { 1 2π ∫ ∞ −∞ dp |x − 2pt| ln ( 1 + γϑ(p) ( e^{−iηsign(p−k0)} − 1 ))} . (110)

We did not calculate the coefficients u_0 and v_0 in these expressions. We calculated the leading exponential factor and power (of time) corrections. Further down, while substituting we shall not pay attention to numerical coefficients. Let us get all notations together, and let us present our asymptotic expressions for the correlation functions (11), (12), G^+_↑ (x, t) = e^{it(μ−B)+ix2/4t} ∮ dz (z − 1)^2 u_0F (z)t^{− 12 (1+iν(z))2} e^{tφ(z)} , (111)

G^−_↑ (x, t) = e^{−it(μ−B)−ix2/4t} ∮ dz z v_0F (z)t^{− 12 (1−iν(z))2} e^{tφ(z)} . (112)

Here the contour of integration is a circle of radius a little less than 1.

F (z) = 1 + z γ − z + 1 γz − 1 , (113) ν(z) = − 1 2π ln { 1 − (2 − z − z^{−1})γϑ(k_0)(1 − γϑ(k_0)) } , (114) tφ(z) = 1 2π ∫ ∞ −∞ dp |x − 2pt| ln ( 1 + γϑ(p) ( z^{−sign(p−k0)} − 1 )) , (115)

γ = 1 + e^{2B/T} , k_0 = x/2t , γϑ(k) =

2 cosh(B/T ) 2 cosh(B/T ) + e^{(k2−μ)/T} .(116)

At the end of section 2 we showed that b_{++} cancels the second order pole at z = 1. This means that u_0 will cancel the second order pole at z = 1 in (111). The remaining contour integrals in (111), (112) can be evaluated by the method of steepest descent (see next section). Eqs. (111), (112) are integral formulae for the large time, long distance asymptotics of correlation functions of local fields for the delta-interacting electron gas. These formulae are valid for arbitrary finite temperatures. They are the main result of the present article. In the next section we shall simplify our asymptotic expressions (111), (112) at low temperatures. Let us note that φ(z) can be written as φ(z) = 1 π ∫ ∞ −∞ dp |p − k_0| ln { e^{(k2+B−μ)/T} + γz^{−sign(p−k0)} e^{(k2+B−μ)/T} + γ } . (117)

7 Low temperature asymptotics

We obtained the asymptotic formulae (111), (112). The remaining contour integral should be taken by means of the steepest descent (saddle point) method. Let us consider here only the leading asymptotic factor. Then we can rewrite the simplified expression for the asymptotics as

G^+_↑ (x, t) = e^{it(μ−B)}e^{ix2/4t} Ω_+ , (118)

G^−_↑ (x, t) = e^{−it(μ−B)}e^{−ix2/4t} Ω_− , (119)

Ω_± = ∮ dz F (z)t^{− 12 (1±iν(z))2} e^{tφ(z)} . (120)

The saddle point equation ∂φ/∂z = 0 can be represented in the form ∫ ∞ 0 dk k 1 +^1_{γz} e^{((k−k0)2+B−μ)/T} = ∫ ∞ 0 dk k 1 +^z_γ e^{((k+k0)2+B−μ)/T}

, (121)

k_0 = x/2t, γ = 1 + e^{2B/T} . We prove in appendix A that there is only one solution of this equation in the interval 0 < z ≤ 1. Considering the pure time direction, k_0 = 0, we find the solution

z = 1 , (122)

which leads to Ω_± ∼ t^{−1} . (123) This result is valid for all finite temperatures.

Let us consider the other asymptotic regions, k_0 > 0, x → ∞ and t → ∞. In these regions the saddle point equation (121) can be solved explicitly only for small temperatures. There are two solutions z_± = ±z_c,

z_c =

T^{3/4} 2π^{1/4}k^{3/2}_0 e^{−k20/2T} . (124)

If we deform the contour of integration from a circle to a line through z_+ parallel to the imaginary axis, we pass the saddle point in the right direction (see appendix A).

In appendix A we obtain the following low temperature expansion for the phase tφ(z), tφ(z) = −2k_0Dt {( 1 − 1 z ) z^2_c + 1 − z } . (125)

Here D is the density (8), D = √ T π e^{μ/T} 1 2 √ T π e^{(μ+|B|)/T} if B = 0 , B ≠ 0 . (126)

Eq. (125) shows that at low temperatures the relevant parameter for the calculation of the asymptotics of Ω_± is 2k_0Dt = xD rather than t. The parameter xD has a simple interpretation. It is the average number of particles in the interval [0, x]. We have to distinguish two limiting cases.

(a) xD → 0, the number of electrons in the interval [0, x] vanishes. In this regime the interaction of the electrons is negligible. An electron propagates freely from 0 to x. Ω_± cannot be calculated by the method of steepest descent. We have to use (111), (112) to calculate the asymptotics of G^+_↑ (x, t) and G^−_↑ (x, t). Now tφ(z) and ν(z) tend to zero on the contour of integration. Thus G^±_↑ (x, t) ∼ t^{− 1}2 e^{±it(μ−B)±ix2/4t}, which, as expected, is the same as for free fermions. The proportionality factor is different for G^+_↑ (x, t) and G^−_↑ (x, t). To calculate it from (111), (112) we would have to know u_0 and v_0. By comparison with free fermions (see below) we expect it to be a number for G^+_↑ (x, t) and proportional to e^{(μ−B−k20 )/T} for G^−_↑ (x, t). (b) xD ≫ 1, the average number of electrons in the interval [0, x] is large.

Now the interaction becomes important, and we can use the method of steepest descent to calculate Ω_±. This is the most interesting case. In the following we will investigate it in detail.

The contribution of the saddle point to Ω_±, eq. (120), is Ω_± ∼ t^{−(1±iν(z+))} e^{−xD↓} . (127) where

ν(z_+) = −

2D_↓k^{3/2}_0 e^{−k20/2T}

π^{1/4}T^{5/4}

, (128)

D_↓ =^1_2 √ T π e^{(μ+B)/T} . (129)

D_↓ is the low temperature expression for the density of down-spin electrons, eq. (5).

We further have to take into account the pole of the function F at z = γ^{−1}. While deforming the contour, we could have crossed it. It turns out that the pole contributes to Ω_±, when the magnetic field B is below a critical positive value B < B_c = k^2_0/4 (130)

(see appendix A). The pole contribution always dominates the contribution of the saddle point. It is obtained as

Ω_± ∼ t^−(^{12 ±iν(γ−1)})e^{−xD↓} , (131)

ν(γ^{−1}) = − e^{(3B+μ−k20)/T} 2π . (132)

Finally, we have the following low temperature asymptotic expressions for the leading factors of the correlation functions. For B < B_c : G^+_↑ (x, t) = t^{− 12 −iν(γ−1)}e^{it(μ−B)}e^{ix2/4t}e^{−xD↓} , (133) G^−_↑ (x, t) = t^{− 12 +iν(γ−1)}e^{−it(μ−B)}e^{−ix2/4t}e^{−xD↓} , (134) where ν(γ^{−1}) is given by eq. (132), and for B > B_c : G^+_↑ (x, t) = t^{−1−iν(z+)}e^{it(μ−B)}e^{ix2/4t}e^{−xD↓} , (135) G^−_↑ (x, t) = t^{−1+iν(z+)}e^{−it(μ−B)}e^{−ix2/4t}e^{−xD↓} , (136) where ν(z_+) is given by eq. (128). Recall that we have assumed the average number of electrons in the interval [0, x] to be large, xD ≫ 1. The corresponding expressions for G^±_↓ (x, t) follow from equation (13).

The leading low temperature expressions for D and D_↓ agree for positive magnetic field. Hence, above the critical field B_c the correlation functions depend on the magnetic field only through the trivial factors e^{±it(μ−B)}. The system is saturated. Another way of looking at the condition (130), which would be appropriate for experiments with fixed magnetic field B, is the following. For positive magnetic field there are two different asymptotic regions. One is the space like region, where k^2_0 > 4B, the other one is the time like region, where k^2_0 < 4B. Correlation functions of local fields have asymptotics (133), (134) in the space like region and asymptotics (135), (136) in the time like region. For non-positive magnetic field there is no distinction between space like and time like region.

It is instructive to compare the asymptotic expressions (133) - (136) for the correlation functions with the corresponding asymptotics for free fermions. The two-point correlation functions for free fermions have the low temperature asymptotics tr ( e^{−H0/T} ψ_↑(x, t)ψ^†_↑(0, 0) ) tr (e^{−H0/T} )

= C_+ t^{− 12} e^{it(μ−B)}e^{ix2/4t} , (137) tr ( e^{−H0/T} ψ^†_↑(x, t)ψ_↑(0, 0) ) tr (e^{−H0/T} )

= C_− t^{− 12} e^{−it(μ−B)}e^{−ix2/4t} , (138)

as x → ∞, t → ∞. Here H_0 is the free Hamiltonian ((2) with c = 0). The leading low temperature contributions to the constants in (137) and (138) are C_+ = e^{−i π}4 /2 √ π and C_− = e^{(μ−B−k20)/T} e^{i π}4 /2 √ π. Comparing the free fermionic expressions with (133), (134) or (135), (136), respectively, we can interpret the factors t^{±iν(γ−1)}e^{−xD↓} and t^{− 1}2^{±iν(z+)}e^{−xD↓} as low temperature corrections, which appear due to the interaction. The occurrence of the density of down-spin electrons in the exponential factors in eqs. (133) - (136) has a natural interpretation. Correlations decay due to interaction. Because of the Pauli principle and the locality of the interaction in our specific model, eq. (2), up-spin electrons interact only with down-spin electrons. Therefore the correlation length is expected to be a decreasing function of the density of down-spin electrons, which diverges as the density of down spin electrons goes to zero. We see from (133) - (136) that the low temperature expression for the correlation length is just 1/D_↓ and thus meets these expectations.

In the limit B → −∞, μ → −∞, μ−B fixed there are no ↓-spin electrons left in the system, D_↓ → 0, D_↑ → D. This is the free fermion limit. In the free fermion limit B < B_c, and the asymptotics of G^+_↑ (x, t) and G^−_↑ (x, t) are given by eqs. (133), (134), which then turn into the expressions (137), (138) for free fermions.

So we have explicitly evaluated the asymptotics of correlation functions of local fields G^±_↑ (x, t), (11), (12). Our main results are formulae (111), (112). In this section we considered the saddle point calculation of the remaining contour integral, and we discussed the physical meaning of our asymptotics in the low temperature regime.

Acknowledgements

We would like to thank Alexander R. Its for helpful discussions. This work was partially supported by the National Science Foundation under grant number PHY-9605226 (V.K.), by the Deutsche Forschungsgemeinschaft under grant number Go 825/2-1 (F.G.) and by the grant INTAS-RFBR 95-0414 (A.I. and A.P.).

Appendix A Steepest descent calculation of the leading asymptotic factors

In this appendix we discuss how to calculate the leading asymptotic contribution to the integrals in (111), (112) by means of the method of steepest descent. The leading contributions determine the exponential decay and the power law behavior of the correlation functions (11), (12). We will neglect all sub-leading factors. Then we are left with the calculation of the contour integral (120), Ω_± = ∮ dz F (z)t^{− 12 (1±iν(z))2} e^{tφ(z)} . (A.1)

The contour of integration is a circle of radius a little less than 1.

F (z) = 1 + z γ − z + 1 γz − 1 , (A.2) ν(z) = − 1 2π ln { 1 − (2 − z − z^{−1})γϑ(k_0)(1 − γϑ(k_0)) } , (A.3) φ(z) = 1 π ∫ ∞ −∞ dp |p − k_0| ln { e^{(k2+B−μ)/T} + γz^{−sign(p−k0)} e^{(k2+B−μ)/T} + γ } . (A.4)

The integrand in eq. (A.1) is analytic in the complex plane except for two essential singularities at z = 0, z = ∞ and the two simple poles of F (z) at z = γ^{±1}. We may therefore deform the contour of integration as long as we never cross z = 0 and take into account the contributions from the residua, if we cross z = γ or z = γ^{−1}.

Let us comment on the somewhat unusual fact that t in eq. (A.1) appears not only in the exponent. Calculating an integral of the form (A.1) by the method of steepest descent amounts to deforming the contour of integration in such a way that we are left with a Laplace type integral. Let us therefore consider the large t asymptotics of the integral ∫ ∞ −∞ dx t^{g(x)}e^{−tf(x)} = ∫ ∞ −∞ dx e^{−t(f(x)−εg(x))} . (A.5) Here ε = ln(t)/t becomes small as t → ∞. We assume that f(x) has a unique minimum x_0. Then, first calculating the large t asymptotics of the right hand side of (A.5) by Laplace’s method and expanding for small ε afterwards, we obtain the leading asymptotics ∫ ∞ −∞ dx t^{g(x)}e^{−tf(x)} = √ 2π f^{′′}(x0) t g(x0)− 12 e−tf(x0) . (A.6)

This means that the factor t^{− 1}2^{(1±iν(z))2} in equation (A.1) can be treated the same way as a t-independent function. Thus, to leading order, a saddle point z_c contributes to Ω_± as

Ω_± ∼ t^{− 12 − 12 (1±iν(zc))2} e^{−tφ(zc)} . (A.7)

The saddle point equation ∂φ/∂z = 0 can be represented in the form ∫ ∞ 0 dk k 1 +^1_{γz} e^{((k−k0)2+B−μ)/T} = ∫ ∞ 0 dk k 1 +^z_γ e^{((k+k0)2+B−μ)/T}

, (A.8)

k_0 = x/2t, γ = 1 + e^{2B/T} . This is still a transcendental equation, which cannot be solved explicitly for z except at low or high temperatures.

Before turning to the case of low temperatures, let us show that (A.8) restricted to the positive real axis, z > 0, has a unique solution, which is located in the interval 0 < z ≤ 1. Let us define two functions

J_±(x) = ∫ ∞ 0 dk k 1 + xe^{(k±k0)2/T} . (A.9)

We will further use the abbreviation Λ = e^{(B−μ)/T} γ . (A.10)

Note that Λ > 0. Using the above conventions the saddle point equation (A.8) reads f(z) = J_+(Λz) J_−(Λ/z) = 1 . (A.11) Now f^′(z) = Λ { J^′_+(Λz)J_−(Λ/z) + (1/z^2)J_+(Λz)J^′_−(Λ/z) }/ J^2_−(Λ/z) , (A.12)

where the primes denote derivatives with respect to the arguments. Since

J^′_±(x) = − ∫ ∞ 0 dk ke^{(k±k0)2/T} (1 + xe^{(k±k0)2/T} )^2

< 0 (A.13)

and J_±(x) > 0 for all positive x, we conclude that f(z) is monotonically decreasing for positive z.

We can decompose J_−(x) into

J_−(x) = 2k_0 √ T I(x) + J_+(x) , (A.14)

where I(x) = ∫ ∞ 0 dk 1 1 + xe^{k2}

. (A.15)

It follows that f(1) =

J_+(Λ) 2k_0 √ T I(Λ) + J_+(Λ)

≤ 1 , (A.16)

since I(x), J_+(x) > 0 for all positive x. Thus the saddle point equation (A.8) has no positive real solution z with z > 1. We also learn from (A.16) that z = 1 solves the saddle point equation for k_0 = 0.

Let us work out the behavior of f(z) for z → 0+ and B, μ, T and k_0 fixed. We have the following asymptotic expansions of I(x) and J_+(x) for large positive x, I(x) = √ π 2 1 x + O ( 1 x^2 ) , (A.17)

J_+(x) = 1 x ∫ ∞ 0 dk ke^{−(k+k0)2/T} + O ( 1 x^2 ) . (A.18)

Hence

J_−(Λ/z) = (z/Λ) ( k_0 √ πT + ∫ ∞ 0 dk ke^{−(k+k0)2/T} ) + O(z^2) . (A.19)

We can further show that

lim_{x→0+} { J_+(x) −^1_2 (√ −T ln(x) − k_0 )2} = 0 , (A.20)

which implies that for small positive z

J_+(z) = −T ln(z)/2 + O (√ − ln(z) ) . (A.21)

Then f(z) = − ln(z) z T Λ 2 ( k_0 √ πT + ∫ ∞ 0 dk ke^{−(k+k0)2/T} )−1 + O √ − ln(z) z . (A.22) Eq. (A.22) shows that lim_{z→0+} f(z) = +∞. Since f(1) ≤ 1, eq. (A.16), we conclude that the saddle point equation (A.8) always has a real positive solution in the interval 0 < z ≤ 1.

At low temperatures we can solve the saddle point equation (A.8) explicitly. Recall that we are dealing with the gas phase |B| + μ < 0. In this phase Λ^{−1} = (1 + e^{−2|B|/T} )e^{(|B|+μ)/T} (A.23) becomes a small parameter as T goes to zero. We will solve the saddle point equation (A.8) selfconsistently. Let us assume that

Λ^{−1}e^{−k20/T} ≪ |z| ≪ Λ . (A.24)

We further assume that k_0 > 0, since the case k_0 = 0 can be treated for all temperatures (cf. eq. (A.16)). Define

I_± = ∫ ∞ 0 dk ke^{−(k±k0)2/T} . (A.25) (A.24) implies that |Λ/z| ≫ 1, and thus to leading order

J_−(Λ/z) = zI_− Λ . (A.26)

On the other hand |Λz|e^{k20/T} ≫ 1, which implies that

J_+(Λz) =

I_+ Λz . (A.27)

Inserting (A.26) and (A.27) into the saddle point equation (A.11) we obtain two solutions z_± = ±z_c, z_c = √ I_+/I_− . (A.28) The low temperature asymptotics of I_+ and I_− are easily calculated. We find

I_+ = ( T 2k_0 )2 e^{−k20/T} , (A.29)

I_− = k_0 √ πT + I_+ ≈ k_0 √ πT . (A.30)

It follows that z_c =

T^{3/4} 2π^{1/4}k^{3/2}_0 e^{−k20/2T} . (A.31)

Note that this solution is consistent with (A.24).

In order to determine the directions of steepest descent let us calculate φ^{′′}(z_±). First we rewrite φ(z), eq. (A.4), as φ(z) = 1 π ∫ ∞ 0 dk k ln { 1 + (zΛ)^{−1}e^{−(k+k0)2/T} 1 + Λ^{−1}e^{−(k+k0)2/T} 1 + zΛ^{−1}e^{−(k−k0)2/T} 1 + Λ^{−1}e^{−(k−k0)2/T} } . (A.32) For all z, which satisfy (A.24), we obtain the low temperature expansion φ(z) = 1 πΛ {( 1 z − 1 ) I_+ + (z − 1)I_− }

= −2k_0D {( 1 − 1 z ) z^2_c + 1 − z } , (A.33)

where D is the density, eq. (8). Thus

φ^{′′}(z_±) = ±

4k_0D z_c , (A.34)

which means that φ^{′′}(z_+) > 0, φ^{′′}(z_−) < 0. Therefore the path of steepest descent through z_− is part of the real axis, whereas the path of steepest

- 6 Re z

Im z

× × z_+ z_−

           6

           ?

    -
œ

Figure 1: Directions of steepest descent

descent through z_+ is perpendicular to the real axis. The directions of steepest descent are depicted in figure 1. We conclude from the figure that the relevant saddle point for the calculation of our integral (A.1) is z_+.

Now the saddle point contribution to the integral (A.1) follows from eq. (A.33). We obtain

φ(z_+) = −2k_0D(z_+ − 1)^2 ≈ −2k_0D . (A.35)

The exponent ν(z), which determines the power law behavior of the correlation functions, has the following low temperature expansion,

ν(z) = −^1_{2π} ln(1 − (2 − z − z^{−1})Λ^{−1}e^{−k20/T} ) . (A.36)

Since z_c satisfies (A.24) and z_c ≪ 1, we obtain

ν(z_+) = − e^{−k20/T} 2πz_cΛ = − 2Dk^{3/2}_0 e^{−k20/2T} π^{1/4}T^{5/4}

. (A.37)

Eqs. (A.35) and (A.37) determine the saddle point contribution to Ω_±,

Ω_± ∼ t^{−(1±iν(z+))} e^{−xD} . (A.38)

Here we suppressed ν^2(z_+), which is small compared to 1.

The function F (z), eq. (A.2), has two simple poles at z = γ^{±1}, which may contribute to the integral (A.1), if they are crossed in the process of deformation of the path of integration. Let us investigate this question in the low temperature limit. The cases B > 0, B = 0 and B < 0 have to be studied separately.

(a) B > 0: In this case γ = e^{2B/T} , γ^{−1} = e^{−2B/T} . Since z_+ becomes small at low temperatures, we may have crossed the pole at γ^{−1}. The condition for having no contribution from the pole is e^{−2B/T} < z_+, or, using (A.31), k^2_0 < 4B. Let us assume that

k^2_0 > 4B . (A.39)

Then z = γ^{−1} satisfies (A.24), and we can use the low temperature expansion (A.33) to obtain the contribution of the pole,

φ(γ^{−1}) = − 2k_0D((1 − γ)z^2_c + 1 − γ^{−1})

≈ − 2k_0D(1 − γz^2_c ) ≈ − 2k_0D . (A.40)

Here we used (A.39) once more to estimate that γz^2_c ≪ 1. We see that the contribution of the pole to the exponential decay is exactly the same as the contribution of the saddle point. This is no longer true for the power law. (A.39) implies that γΛ^{−1}e^{−k20/T} ≪ 1. Using this fact and the low temperature expansion (A.36) we obtain

ν(γ^{−1}) = − e^{(3B+μ−k20 )/T} 2π . (A.41)

(b) B = 0: In this case γ = 2, γ^{−1} =^1_2 and z_+ < γ^{−1}. The pole at γ^{−1} contributes to the integral (A.1). z = γ^{−1} =^1_2 satisfies (A.24). Thus

φ(γ^{−1}) = − k_0D(1 − 2z^2_c ) ≈ − k_0D . (A.42)

Comparing this expression with the saddle point contribution (A.35) we see that the pole now yields the leading contribution to the exponential decay. For ν(γ^{−1}) we find

ν(γ^{−1}) = − e^{(μ−k20)/T} 2π . (A.43)

(c) B < 0: Now both poles are very close to 1, γ = 1 + e^{2B/T} , γ^{−1} = 1 − e^{2B/T} + e^{4B/T} . The pole at γ^{−1} contributes to the integral, and z = γ^{−1} satisfies (A.24). Using again (A.33) we obtain

φ(γ^{−1}) = − 2k_0De^{2B/T} (1 − z^2_c ) ≈ −2k_0De^{2B/T} . (A.44)

Since B < 0, this gives again the leading exponentially decaying contribution to Ω_±. ν(γ^{−1}) is obtained from (A.36),

ν(γ^{−1}) = −^1_{2π} ln(1 + e^{4B/T} Λ^{−1}e^{−k20/T} ) ≈ − e^{(3B+μ−k20 )/T} 2π . (A.45)

Using the explicit formulae for the density D, eq. (8), we obtain a uniform description of the cases (a), (b) and (c),

Ω_± = ∮ dz F (z) t^{− 12 (1±iν(z))2} e^{tφ(z)} ∼ t^−(^{12 ±iν(γ−1)}) exp { −^x_2 √ T π e^{(μ+B)/T} } , (A.46)

ν(γ^{−1}) = − e^{(3B+μ−k20 )/T} 2π . (A.47)

For a physical interpretation of eq. (A.46) we look at the formula (5) for the density of down-spin electrons. Its low temperature expansion is

D_↓ =^1_2 √ T π e^{(μ+B)/T} . (A.48)

Inserting this expression into (A.46) we arrive at eq. (131) of the main text. Furthermore, comparing (A.48) and (8) we see that we can identify D_↓ with D, when the magnetic field is positive.Hence we may replace D by D_↓ in eqs. (A.37) and (A.38), which implies eqs. (127) and (128) in section 7.

We still have to discuss the range of validity of the above low temperature calculations. The low temperature expression for the saddle point z_c is sufficiently precise, as long as z_c satisfies (A.24). Yet, there is another condition to be satisfied. Note that the phase φ(z) in low temperature approximation, eq. (A.33), is multiplied by a factor which vanishes as the temperature approaches zero. We have tφ(z) = −2k_0Dt {( 1 − 1 z ) z^2_c + 1 − z } . (A.49)

Thus the large parameter, which we need for the saddle point approximation to be valid, is xD = 2k_0Dt rather than t.

References

[1] C. N. Yang, Phys. Rev. Lett. 19, 1312 (1967). [2] M. Takahashi, Prog. Theor. Phys. 46, 1388 (1971).

[3] V. E. Korepin, N. M. Bogoliubov, and A. G. Izergin, Quantum Inverse Scattering Method and Correlation Functions, Cambridge University Press, (1993).

[4] A. G. Izergin and A. G. Pronko, Phys. Lett. A 236, 445 (1997). [5] A. G. Izergin and A. G. Pronko. Temperature correlators in the two-component one-dimensional gas. PDMI preprint 19/1997, solvint/9801004, (1998).

[6] A. R. Its, A. G. Izergin, V. E. Korepin, and N. Slavnov, Int. J. Mod.

Phys. B 4, 1003 (1990).

[7] A. R. Its, A. G. Izergin, V. E. Korepin, and G. G. Varzugin, Physica D 54, 351 (1992).

[8] V. E. Zakharov and A. B. Shabat, Funkz. Anal. i Jego Prilozh. 13, 13 (1979).

[9] L. D. Faddeev and L. A. Takhtajan, Hamiltonian Methods in the Theory of Solitons, page 471, Springer-Verlag, Berlin, (1987).

[10] S. V. Manakov, Sov. Phys. JETP 38, 693 (1974).

[11] V. E. Zakharov and S. V. Manakov, Sov. Phys. JETP 44, 106 (1976). [12] A. R. Its, Sov. Math. Dokl. 24, 452 (1981).

[13] A. R. Its and V. Y. Novokshenov, The Isomonodromic Deformation Method in The Theory of Painlevé Equations, volume 1191 of Lecture Notes in Mathematics, Springer-Verlag, (1986).

[14] P. A. Deift, A. R. Its, and X. Zhou, in Important Developments in Soliton Theory, page 181, Springer-Verlag, (1993).

[15] P. A. Deift and X. Zhou, Ann. of Math. 137, 295 (1993).

[16] H. Segur and M. J. Ablowitz, J. Math. Phys. 17, 710 (1976). [17] M. J. Ablowitz and H. Segur, Solitons and the Inverse Scattering Transform, SIAM, Philadelphia, (1981).

[18] V. S. Buslaev and V. V. Sukhanov, Zap. Nauk. Semin. LOMI 120, 35 (1982).